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BOUNDARY BEHAVIOR OF o-HARMONIC FUNCTIONS ON
THE COMPLEMENT OF THE SPHERE AND HYPERPLANE

TOMASZ LUKS

ABSTRACT. We study a-harmonic functions on the complement of the
sphere and on the complement of the hyperplane in Euclidean spaces of
dimension bigger than one, for o € (1,2). We describe the corresponding
Hardy spaces and prove the Fatou theorem for a-harmonic functions. We
also give explicit formulas for the Martin kernel of the complement of the
sphere and for the harmonic measure, Green function and Martin kernel
of the complement of the hyperplane for the symmetric a-stable Lévy pro-
cesses. Some extensions for the relativistic a-stable processes are discussed.

1. INTRODUCTION

Let X, be a symmetric a-stable Lévy process on R%, d > 2, with the index
a € (0,2) and the characteristic function

(1) Eei€ (X2 — o=tE" e e RY ¢ >0.

Here E* is the expectation for the process starting from x and - denotes the
standard inner product. The study of the a-harmonic functions, i.e., functions
which are harmonic for X; (see Preliminaries for the definition), has been of
interest in recent years, see [0, 19, 6, 7, 37, 41, 4,9, 35, 11,29, 12, 13, 8, 17,

, 10]. In some respects, the behavior of these functions contrasts sharply
with that of the classical harmonic functions of the Laplacian (for which see,
e.g., [12, 43, 28, 3, 1]). This is due to jumps of the process X;. One of the
most important properties distinguishing X; from diffusions is the fact that X,
does not hit the boundary while leaving a sufficiently regular domain. Instead
it jumps to the interior of the complement of the domain. Discontinuity of
the trajectories at the exit time has a significant influence on the boundary
properties of a-harmonic functions. For example, it allows the existence of a
positive a-harmonic function on the unit ball in R? with the boundary limits
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identically equal to oo, see [3, Example 3.3., p. 59]. In the classical case of the
Laplacian, when the underlying process is the Brownian motion, such examples
do not exist because of the Fatou theorem and the so-called nontangential
convergence of positive harmonic functions, see [14, 42, 43, 2,45, 28, 21, 3, 1].
In fact, Fatou-type theorems for a-harmonic functions require an appropriate
normalization, see [9, 35, 29, 36] and [1].

In this paper we show that better analogues of the classical theory are
obtained for sets which are complements of smooth surfaces, rather than for
smooth domains. We proceed by considering two particular examples: the
surface of the sphere S := {x eR: x| = 1} and of the hyperplane L :=
{z=(21,..,34) €R?:24=0}. Here d > 2 and o € (1,2).

We should note that S and L are non-polar sets for X; whenever a € (1,2).
The hitting probability of S for X} is given in [39, Theorem 2.1]. Correspond-
ingly, the last coordinate of X; = (X}, ..., X¢) is a one-dimensional symmetric
a-stable Lévy motion, which hits zero almost surely for o € (1,2) (i.e., X2
is pointwise recurrent, see [39]). We give the explicit formula for the hitting
distribution of L for X} in Section 4, see (18) and Proposition 4.1. It turns out
that the trajectories of X; are almost surely continuous on hitting S and L, as
in the case of the Brownian motion. We would like to recall the following fact.
If u is a nonnegative a-harmonic function on an open set D and 7p is the first
exit time from D for X;, then M; = u(Xia-,) is a positive supermartingale.
By Doob’s theory, M; has limits as t — oco. If X; is continuous at ¢t = 7p, then
we can translate the convergence of M, into the existence of the nontangential
limits for w. Such approach has been proposed by Doob in [21] in order to
prove the classical Fatou theorem and serves us as a motivation for studying
D := R4\ S and H := R?\ L. The corresponding a-harmonic versions of the
Fatou theorem on D and on H are given as Theorem 3.11 and Theorem 4.18.
We should recall that the result does not hold for nonnegative a-harmonic
functions on bounded domains, even for domains with very regular boundary
([8, Example 3.3., p. 59]).

We are also interested in the Hardy spaces of a-harmonic functions on D
and on H. The topic was intensively studied for classical harmonic functions,
mainly on the ball and on the half-space, but also on bounded smooth and
Lipschitz domains, see [22, 12, 13, 28, 32, 3] (wider classes of diffusion operators
were considered in [11, 31]). The classical Hardy spaces on the unit ball in R?
are defined by the condition

sup /S|u(rx)|pa(dx) < 00,

0<r<1

where o is the surface measure. We consider analogous (analytic) definitions of
Hardy spaces of a-harmonic functions for D and H. The analytic Hardy spaces
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are denoted by h? (D) and h?(H), respectively (see Definitions 3.5 and 4.11),
and they are characterized in Theorems 3.6, 3.10 and 4.17. We also discuss
the probabilistic version of Hardy spaces, denoted by HZ(D) and HZ(H), re-
spectively (Definitions 3.13 and 4.8). We refer the reader to [10], where the
spaces were first described by the so-called Hardy-Stein identity for arbitrary
open sets in RY. We show that the analytic and the probabilistic definitions
are equivalent on D for all p € [1,00), see Lemma 3.8 and Theorem 3.15, while
the space HE (H) is essentially bigger than h? (H), see Theorem 4.10.

In the paper we also prove the following new explicit formulas: for the Mar-
tin kernel of D for X; (Proposition 3.1), for the hitting distribution of L for X,
(Proposition 4.1; the formula has been proved in [27] only for d = 2), and for
the Green function and the Martin kernel of H for X; (Proposition 4.2). The
existence of such formulas was one of the main motivations for this work. An-
other motivation is to encourage the study of the boundary value problems for
the fractional Laplacian A%/2. Our study shows that the boundary conditions
of Dirichlet type are of substantial interest when defined on smooth surfaces
for a € (1,2).

When « € (0,1], S and L are polar for X; (the hitting probability is zero),
so the above mentioned probabilistic motivation disappears. However, it is
possible to consider the conditional Hardy spaces in the spirit of [36] and [10].

In the last part of the paper we show that similar problems can also be
studied for other types of processes with discontinuous trajectories. As an
example we give the so-called relativistic a-stable process X", where m > 0
is a parameter (see Section 5 for details). We prove that the sphere and the
hyperplane are non-polar for X;™ if and only if « € (1,2) (Proposition 5.1 and
Remark 5.2). We also give the explicit formula for the so-called A-harmonic
measure of H for X" in the particular case A = m, o € (1,2) (Proposition 5.3).

The paper is organized as follows. In Section 2 we give basic definitions
and facts concerning the potential theory of the symmetric a-stable processes
and we recall the main results of [39]: the hitting probability of S, the hitting
distribution of S and the Green function of D for X;. In Section 3 we prove
the explicit formula for the Martin kernel of D for X; and we characterize
the structure of the a-harmonic Hardy spaces on ID. We also prove the Fatou
theorem for a-harmonic functions. Analogous problems for H are discussed in
Section 4. In Section 5 we analyze the case of the relativistic stable processes.

2. PRELIMINARIES

Throughout the paper, (X;, P*) will denote a symmetric a-stable Lévy pro-
cess on RY starting from z and given by the characteristic function (1). We
will consider only the index a € (1,2) and the dimension d > 2 unless stated
otherwise. For a set B C R? let 9B denote the boundary of B, and let
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g = inf{t >0: X, ¢ B}, Tg = 7. be the first exit time and the first entry
time for B, respectively. In the paper we use a convention that constants de-
noted by small letters may differ in each lemma, while constants denoted by
capital letters do not change. The notation ¢ = ¢(a, b) means that the constant
¢ depends only on a and b.

Let D C R? be open. A Borel function u: R — R is called a-harmonic on
D if for every bounded open U C D with U C D (denoted U CC D) we have

(2) u(zr) =E°u(X,,), xelU.

If w =0 on D then u is called singular a-harmonic on D. If (2) holds with
U = D, then u is called regular a-harmonic on D. By the strong Markov
property, every regular a-harmonic function on D is also a-harmonic on D.

Equivalently, a Borel function « on R? is a-harmonic on D if it is continuous
on D, fau lu(y)|(1+ [y|)~**dy < oo, and

(3) A2y () = lim Ay _q / Lﬁx}dy =0, ze€D,
e—0 |z—y|>e |l’—y| “

see [7, Theorem 3.9]. Here Aq, = T'((d — 7)/2)/(27¥2|T(v/2)|) for —2 <
v < 2. The operator A%? is called the fractional Laplacian and it is the
infinitesimal generator of the process X;.

For z € D, the a-harmonic measure for D is the measure w”(-, D) on D¢
given by

(4) w(A, D) =P"(X,, € A;7p <), ACDC

i.e., w*(-, D) is the exit distribution from D for X; starting from z. The Green
function of D for X, is defined by

GD(Ivy) = Ad,a <‘I - y‘aid - /
The Poisson kernel of D for X;, D # R?, is given by the formula
Gp(z,z
(5) Pp(z,y) = Ad,a/ M
D

|z — yld+e
We have

ly — z[o"dwm(dz, D)> . z,y €RL

dz, x€ D,ye D"

(A, D) = / Po(w,y)dy, € D,AC (DY,

i.e., Pp(x,y) is the density of w”(-, D) with respect to the Lebesgue measure
on (D)¢ and corresponds to the effect of leaving D by a jump (see [10] for
details). If D = B(a,r) is a ball of center a € R? and radius r > 0, then we
have

(6) Potar(.4) = C, (

r? — |z — al? /2 1
ly —al? —r? |z —y|®’



BOUNDARY BEHAVIOR OF a-HARMONIC FUNCTIONS 5

where C; = I'(d/2)7~'=%?sin(ra/2). For D =D or D = H we have D = R?
and the right hand side of (5) is equal to oo for all x € D and y € D¢ (see the
proof of Propositions 3.2).

By [39, Theorem 2.1], the hitting probability ®(z) := P*(Ts < c0) is given
by

C 2 q(a/2)- 1— d/2P1 d/2 ( |z|2+1 D 0
7 o = Gl =1 (Ei). zebao,
Co/T'(d/2), r=0,

where C, = m/22*7D((a+d)/2—1) /T ((v—1)/2) and P is the usual Legendre
function of the first kind. Since ® is radial, for r > 0, r # 1 we let ¢(r) :=
®(rz), z € S. By [23, Vol. 1, formula 20, p. 164] we have ¢(r) — 1 when
r — 1 and from [23, Vol. I, formula 3, p. 163] it follows that ¢(r) — 0 as
r — 00.

Let o be the normalized surface measure on S. By [39, Theorem 3.1], the
hitting distribution of S for X} (or the a-harmonic measure for D) has a density
with respect to o given by

Co ||z — 1"
F(d/2) |l' . y|d+a727

In particular, ®(z) = [ Pp(z,y)o(dy). We will call Pp(z,y) the Poisson
kernel of I for Xt By the symmetry we have

(9) Po(ry,2) = Po(rz,y), v,z €8S,7>0,7# 1.
By [39, Theorem 4.1}, the Green function of D for X; is given by
Ada
10) GDx,y:—’{l CID( x—ylly )], x,y € D.
( (@) = e e v/l
For an open set D C R and a nonnegatlve function f on R? we define

(1) Folfl(w) = sup E*f(Xy,)

The function F will play an important role in our study. Basically, we will
consider only Fp and Fy, but the following result remains true for arbitrary
open subsets of R%.

(8) 77]1))(33, y) =

reD,yeSs.

Lemma 2.1. Let D C R? be open and let u be a-harmonic on D. Suppose
that for some x € D and some p € [1,00) we have FpllulP](z) < co. Then
Fpl|ulP] is the minimal c-harmonic majorant of |u|P on D.

Proof. Let U, be a sequence of open bounded sets such that U, C D, U, C
Upt1 for every n and |J, U, = D. Set 7, :== 1y,. Then 7, < 7,44, so by the
strong Markov property and the Jensen inequality we have

E|u(Xy,)[" < BB [u(Xe, )] = BT fu(Xe, )"
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Hence Fpl|ul’](z) = lim, E*|u(X,,)|P. The monotone convergence theorem
and the Harnack inequality (see [12, Theorem 1]) imply that either Fp[|u|?]
is a-harmonic on D or Fp[|ul’] = co. Therefore, if Fp[lul’](x) < oo for some
x € D and some p € [1,00) then Fp||ulf] is a-harmonic and nonnegative on D.
By Jensen’s inequality we have |ul? < E*|u(X,,)[” < Fp[|ulP]. Furthermore, if

h is nonnegative and a-harmonic on D such that |u|P < h, then E*|u(X,,)[P <
E*h(X,,) = h(z) for every n. Hence Fp[|ulP] < h, as desired. O

3. @-HARMONIC FUNCTIONS ON THE COMPLEMENT OF THE SPHERE

In this section we will characterize the behavior of a-harmonic functions on
D = R4\ S. We denote by C(S) the space of continuous functions on S and by
M(S) the space of finite signed Borel measures on S. For p € M(S) let ||pul|
denote the total variation norm of u. For 1 < p < oo and a Borel function f

on S let U
1= ([ @patan)

and let || ]| denote the essential supremum norm on S with respect to o.
For f € L*(S,0) and u € M(S), we define the Poisson integrals of f and p
on D as

%wmzé%mwmm,%mmzé%mwmwm»
For every f € L'(S, o), the function u given by

U(l’) _ P]]])[f](l‘), T e D,
f(z), x €S,

is regular a-harmonic on D, and hence Pp[f] is a-harmonic on D. For every
w € M(S), Pplu| is also a-harmonic on I, what can be shown by considering a
sequence of continuous functions on S which converges to p in weak* topology.
See also Proposition 3.2.

We define the Martin kernel of D for X, as

(12) Mp(z,z) = lim Go(z,y)

, eD,zeSuU )
om0 T z {oo}

By [12, Theorem 2], the limit in (12) always exists. Directly from (10) we get
1—®(x)
1—®(0)
For z € S the formula is given in the next proposition, and it shows the relation
between the Martin kernel and the a-harmonic measure of . We would like

to remark that, probably, this observation may be generalized for wider class
of open sets with non-polar boundary.

(13) Mp(z,00) =
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Proposition 3.1. For all x € D and z € S we have

_ Po(w,z) _ [P -1

14 M _ _ ,
( ) ]D)(l', Z) P]D)(O; Z) |Q? . Z|d+a—2

Proof. We show the proposition only for |z| < 1, for || > 1 the proof is
similar. Since the limit in (12) exists for every z € S, we may assume that
y =1z, and take r — 17. Let

Tz

wy |z —z/r|.

- |rz — x|
Then |w,| > 1, w, — z as r — 1~ and by (10) we have
1 1 - (w,)
M - lim — Y
p(@:2) = e M T

By [23, Vol. I, formula (9), p. 123 and formula (18), p. 125] we have the
following expansion of the Legendre function

_ d—« 2
P24 = fi(d, o, t)F 1_%_.2_ ; ——
—a/2 () .fl( y & ) 2a 2 ) a71+t

a d+« 2
d,a,t)F | — — 1,0, —— t>1
+f2( , O ) (27 9 ’a,l—{—t)’ )

where F'is the hypergeometric function given by

F(a,b;c;s) = Z (a)n(b)ns”, c#0,-1,-2, ..,

— (c)an!
() :==T(- +n)/T(-), and
21722 (q — 1)
T -

2

fild, o) = (t A 1) YA 2 q)d/Am12

2T (1-a)
S R C

2 2

. (t 4 1)1/27d/47a/2(t . 1)d/471/2.

For v € D, |v| > 1 denote
I(d,a,v) = Cy (Jof? = 1) o2,

Then we have )
_ 1
D(v) = I(d,a,v) P <|”|—+)

o> =1

=1(d,a,v) {fl <d Q W—+1> + fa <d,a |U|2—+1> +G(d,04,v)] ,

S P —1 PP -1
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where
o+ 1 o~ 1)"
Gt =i (4o |U|2—1)ZA o ("5
2 2 1\ "
oh (s H)ZB o (M)
" (-9, () (5), (4 1)
(-9, NONCED)
Anld, @) = (2—a),n! Bnld, @) = (a)nn! '
We have
vf* +1 _ I'(a—1) Clla=1=d/2 (12 _ 1\17/2
fl (daaa ‘U|2 — 1) - T (%) T (a_—2i-d _ 1) |U| (|U| 1) 9

> +1 I'(l—a) | 1—d/2—a 2 1\e/2
(o) - rogr -

Furthermore, using the duplication formula,

lv]? + 1 o
I(d,Oé,'U)fl (duaa ‘UP 1 = ’U| d'

We write
2 1 o
](d,Oé,U)fQ (d,a, ||,U:2—+1) =cC (|U|2 — ]_) 1 |U|2—d—a7
v J—

W]ier'e c = c(d,a) = C2°’T(1 — a)/[T' (1 —a/2)T((d — a)/2)]. Hence we

1—®w) =1— o> —c (o = 1) o~ = I(d, 0, v)G(d, a, v)

— (loP - 1)0471 [ 1- |v[““il ~ efuftie — [(d,a,v)G(d,_oi,v)] ‘
(v =1)" (> =1)"

Since a < 2,

e L

=1+ (]2 = 1)
Furthermore,

o 9 n—1
e T =) e (M)
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and thus
I(d,a,v)G(d,o,v)
=1t (o2 =1
We have
rz 2 1—7r2)(1—|z?
1= | e ]| 1= S
Therefore

1—-® 2_1 o—1 1—7r2)(1 — 2 a—1
i L8 (e =N T A=) (= )
r—1-1—=®(z/r) r—1- \z/r]>?—1 1 | rz — 22(1/r2 = 1)

(1 —laP)™ < 11 ) (1= af?)"
= - 1m _— = -

|z —xf2e2 ;2= \1/r2 -1 |z — x|2e=2

O

Proposition 3.1 shows that the Martin kernel and the Poisson kernel of D are
the same objects up to a multiplicative constants. This property together
with the results of [12] give us the following representation for nonnegative
a-harmonic functions on D.

Proposition 3.2. For every nonnegative measure yu € M(S) and every con-
stant ¢ > 0 the function u given by

(15) u(z) = / Pole, yuldy) + c(1 - &(z)), z€D

1s a-harmonic on D. Conwversely, if u is nonnegative and a-harmonic on D
then there exists a unique nonnegative measure p € M(S) and a unique con-
stant ¢ > 0 satisfying (15).

Proof. Since (ﬁ)c = () and 9D = S is of the Lebesgue measure 0, every a-
harmonic function on ID can be considered as a singular a-harmonic function
on . The proposition is then a consequence of [12, Lemma 14], (8), (13) and
(14) since all points of S U {oo} are accessible from D (see [12, p.347] for the
definition of accessibility). For z € S this property can be deduced from [12,
(75) and (76)] and the fact, that Gp_ (z,y) < Gp(z,y), where B, is a ball
contained in I and tangent to S at z. By (5) and (6) we then have

G]D)(O7y)
p ly — 2|4+

On the other hand, from (10) it follows that Gp(0,y) & Ag.|y|* (1 — ®(0))
as y — oo. Hence fRd Gp(0,y)dy = oo, which gives the accessibility of the
point at infinity. 0

dy > Pg_ (0, z) = oc.
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Proposition 3.2 implies that for every pair (u,c) € M(S) x R the function
u(z) = Pplu|(z) + ¢(1 — &(z)) is a-harmonic on D. This is a consequence of
the Hahn decomposition p = put — pu~.

For r > 0, r # 1 and a function v on D we define the function u, on S by

(16) ur(z) == u(rz), z€S8.

Lemma 3.3. Poisson integrals on D have the following properties:

() 1 1 € M(S), then |Polpl, |l < Il for every
(ii) If 1 <p< oo and f € LP(S,0), then | Po[f].|l, < |Ifll, for every r.
(iii) If f € C(S), then |Po[f]r — fllo — 0 as r — 1.

(iv) If 1 <p < oo and f € LP(S,0), then |Po[f]. — fll, = 0 as r — 1.

(v) If p € M(S), then Pplu), — 1 weak® in M(S) asr — 1.

(vi) If f € L*>(S,0), then Pp[f], — f weak* in L>(S,0) asr — 1.

Proof. We start with the property (iii). Let f € C(S). For x € S and r > 0,
r # 1 we have

Polflr(x) = f2)] =

/S Po(re.y)f (y)o(dy) — (z)

< / Polra, )| () — F@)lo(dy) + (1 — 6(r)|f ()]

Let € > 0. Since S is compact, there exists § > 0 independent of x such that
|f(z) = f(y)] < eif |[x —y| < J. Hence the last term is less than

4 [ Pl f@lotd) + (= o))

§s+2|!f\|oo/ Po(z,y)o(dy) + (1 = ¢(r))[| fll

lz—y[>6
<e+|flle [2CiT(d/2) = 12T+ 1= ¢(r)]
The statement now follows from the fact that ¢(r) — 1 as r — 1 (see Prelimi-
naries) and « € (1,2). We prove the other statements of the lemma using the
symmetry property (9) and the Jensen inequality, in a similar way as in the
proofs of analogous properties in the classical case in [3, Theorem 6.4, 6.7 and

6.9]. O

Corollary 3.4. Suppose u is a harmonic on D. Then u(z) = Pplul(x) +
c(1 — ®(x)) for some pair (p,c) € M(S) x R if and only if there exists a
nonnegative c-harmonic function v on D such that |u| < v. Furthermore, p
and ¢ are unique.

Proof. In view of Proposition 3.2, we obtain the first part of the corollary
in the same way as in the proof of [36, Lemma 1]. The uniqueness of the
representation follows from Lemma 3.3 (v). O
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Definition 3.5. For p € [1, 00] we define the Hardy space h? (D) as the family
of functions v a-harmonic on I such that

[ullyp = sup Jup[l, < oo
reR\{1}

Note that since o(S) < oo, for 1 < p < g < 0o we have hZ(D) C kA2 (D), and

[ul[poe = sup [u(z)].
zeD

We will describe the spaces h2 (D) in terms of the Poisson integrals. The first
part is the following.

Theorem 3.6. Let u be a-harmonic on D.

1. Ifu(x) = Pplp](z) +c(1—®(z)) for some pair (u,c) € M(S) xR, then
u € (D) and [[ull = ] V |}

2. Letp € (1,00]. If u(x) = Pplf](z) +c(1 — ®(x)) for some pair (f,c) €
LP(S,0) x R, then u € hE (D) and ||ul[pe = || fll, V |c]-

Proof. Let u(z) = Pplu)(z) + c(1 — ®(z)) for some (u,c) € M(S) x R. By
Lemma 3.3 (i) we have ||Pp[u]||l,: < [|u||. Since @ is bounded, we have u €
hl(D). From Lemma 3.3 (v) it follows that ||| < liminf, 1 |Pp[g]. |1, so

il = i [Pl = 1 Polil

We have ||Pp[p],||1 — 0 when r — oo. Furthermore, ¢(r) — 1 as r — 1 and
¢(r) — 0 as r — oo. Since

lurlly = [1Polplelly = [el(1 = o(r))],
we have ||u||s1 > ||]] V |¢|]. On the other hand, by (9) we have

lurlly < /SLPD(Tx,y)\u\(dy)U(dx) +c|(1 = ¢(r))

_ / / Po(ry, 2)o ()]l (dy) + | (1 - 6(r))

= [lullg(r) + lel(X = ¢(r)) < [lull V |el.
This gives the first part. To prove the second part choose p € (1,00] and
suppose that u(x) = Pp[f](x) + ¢(1 — ®(x)) for some (f,c) € LP(S,0) x R.
Then by Lemma 3.3 (i) we have ||Pp[f]||»» < ||f]lp, and since ® is bounded
we have u € h? (D). Using Lemma 3.3 (iv) and (vi) we obtain

[Polf]llw = 1mn [Pol1 = 11

Since

[urllp = 1Pl flrllp = [el(X = ¢(r))],
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as in the case p = 1 we conclude that ||u||» > || f]|, V |c|. On the other hand,
for p < oo we have

ool < ( [ ] [ Potre. st <dx>)’1’+|c|<1—¢<r>>.

By Jensen’s inequality and (9), the last term above is less than

<¢(7‘)pl/s/SPD(Ty,x)a(dx)!f(y)\%(dy))é + el (1 = o(r))

= o) fllp + el (1 = o(r)) < I Fllp v lel-
For p = oo it suffices to estimate f by || f||c- O

Our aim now is to prove the inverse implication of Theorem 3.6. In order to do
this, we will first show that the spaces h2 (D) can be equivalently characterized
by the function Fp. For n = 2,3, ... let

D, ={z:|z|<1=1/n}U{z:1+1/n<|z| <n}.

D,, are bounded, D,, ¢ D, D,, C D41 for every n and |J,D, = D. The
following property of the Poisson kernels Pp, (z,y) will be important in our
approach.

Lemma 3.7. Fixn € Nyn > 2. For allr € [0,1 —1/n)U (1 4+ 1/n,n),
se(1—-1/n,141/n)U(n,00) and y € S we have

(17) / L(rz, sy)o(dx) = /PDn (ry, sz)o(dz).
S
Furthermore, the integrals are constant with respect to y.

Proof. The identity (17) follows from the fact, that for r, s as above and all
xz,y € S we have Pp, (rx,sy) = Pp,(ry,sz). This is a consequence of the
rotation invariance and of the symmetry of the process X;. Clearly, for any
rotation 7 on R? and all z,y € D, we have Gp,(z,y) = G, (Tz,Ty).
Obviously, 7D,, = D,,. Fix now z,y € S, r € [0,1 —1/n) U (1 + 1/n,n) and
s€(1—-1/n,1+1/n)U(n,o0). Let Ty be a rotation on R? for which Zyz = y.
Then (5) and the rotation invariance imply that

Pp, (rz, sy) = P]D)n(r’]a_lx, ST).
Furthermore, by the symmetry,
Pp, (7"’]5_1:13, st) = Pp, (rToz, sz) = Pp, (ry, sz).

To prove the second part of the lemma, fix an arbitrary rotation 7. Then for
y € S and r, s as before we have

/S Py (rz, sTy)o(dz) = /S Py, (P72, y)o(dz) = / Py (12, sy)o(dz).

S
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Clearly, 0(7 (F)) = o(F) for every Borel set E C S. O

As a consequence of Lemma 3.7 we have the following equivalent characteri-
zation of the spaces h2 (D) for p € [1, 00).

Lemma 3.8. Let u be a-harmonic on D. Then u € hE(D) for a given p €
[1,00) if and only if Fpllul’](z) < co for some x € D. Furthermore, |ul}, =
1T {[ef?][]n-

Proof. Suppose first that Fp[lul’](z) < oo for some p € [1,00) and some
z € D. Then by Lemma 2.1, Fp[|u|?] is nonnegative and a-harmonic on I and
from Proposition 3.2 and Theorem 3.6 it follows that Fp[|ulf] € kL (D). Since
|ulP < Fp[|ul?], we have u € h2 (D).

Conversely, suppose that u € h2(D) for a given p € [1,00). Let

Follul’l(x) := B [u(X ()", n=2,3,..

By the Jensen inequality we have |u|? < F,[|ul?] for every n. Therefore, by
Fubini theorem, for any r € [0,1 — 1/n) U (1 + 1/n,n) we obtain

lurlly < ([ Fnllul?l]l;

=[] B rdsetan = [ ot piotaniuray

_ ( /1 j/l:n+ /n oo) /S /S Py (rz, s2)o(dz)|u(s2)Po(dz)s"ds.

By Lemma 3.7, the last term is equal to

1+1/n 00
+/ f(r, s)||us||£sd’1ds
1-1/n n

1+1/n )
< flullze ( +/ ) /PDH(Tw,Sw)U(dJJ)Sd_IdS = [lullh-
n S

1-1/n

In the last integral, w € S is arbitrary. Therefore, F,,[|u|?] is finite o-a.e. onrS.
In view of the Harnack inequality (see [12, Theorem 1]), F,[|u|?] is finite and
a-harmonic on D, for every n. As in the proof of Lemma 2.1 we conclude that
the sequence F,,[|ul?] is nondecreasing and Fp[|u[f] = lim,, F,[|u|P]. Therefore,
by the monotone convergence theorem we obtain

lurlly < 1 Fpllullrll < flullh < oo,

and from Lemma 2.1 it follows that Fp||u|?] is finite and a-harmonic on D.
Taking the supremum over r we obtain |lul|7, = || Fp[|u[F]||n, as desired. O
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Corollary 3.9. Let u be a-harmonic on D. Then u € h2(D) for a given
p € [1,00) if and only if there exists a nonnegative a-harmonic function v on
D such that |ulP <.

Proof. If such a v exists, then as in the proof of Lemma 2.1 we get Fp[|ul?] <
and the corollary follows from Lemma 3.8.

IN O<

The next theorem completes the characterization of the spaces h2 (D), 1 <
oo, that we introduced in Theorem 3.6.

3

Theorem 3.10. Let u be a-harmonic on D.
1. Ifu € hL(D), then u(x) = Pplu)(z)+c(1—®(z)) for some pair (u,c) €
M(S) x R. Furthermore, p and ¢ are unique.
2. Ifu € k(D) for a given p € (1,00], then u(x) = Pp[f](x)+c(1—P(x))
for some pair (f,c) € LP(S,0) x R. Furthermore, f and ¢ are unique.

Proof. The first part of the theorem follows immediately from Corollary 3.9
and Corollary 3.4. To prove the second part choose p € (1,00] and suppose
that w € h2(D). Then u € hl(D) and by the first part, u(z) = Pplu](x) +
c(1 — ®(x)) for a unique pair (u,c) € M(S) x R. Hence, it suffices to show
that du = fdo and f € LP(S,0). Since @ is bounded, ¢(1 — ®(-)) € h2(D)
and thus Pp[u] € h2(D). Therefore, the family {Pplul, :r > 0Ar # 1} is
norm-bounded in LP(S, o). By Banach-Alaoglu theorem, there is a sequence
rn, tending to 1 such that Pplu]., tends weak* to some f € LP(S,0), i.e., for
qg=p/(p—1) (¢ =1 when p = 00) and every g € LI(S, o) we have

/Sg(x)PD (1] (rpz)o(de) == | g(x)f(x)o(dz).

s
On the other hand, by Lemma 3.3 (v), for every g € C(S) we have

/S o) Poll(r,a)o(dn) "= | glayu(d)

Since C(S) C L4(S, o), we have du = fdo. O

We will now show that the Fatou theorem holds for a-harmonic functions on
D. For y € S and 8 > 0 we define the cone I's(y) as

Foy) ={z eD: |z —yl <1+ F)1— |z}
We say that a function u on D has a nontangential limit L at y € S if, for
every 3 > 0,

lim wu(z) = L.
Lp(y)sz—y

Theorem 3.11. Let yu € M(S) and let p(dx) = f(x)o(dx) + v(dx) be the
Lebesgue decomposition of n with respect to o. Then Ppu| has the nontangen-
tial limit f(y) at o-almost every y € S.
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Proof. For y € S and r > 0 let K(y,r) := B(y,r) N S. Define

£ll(y) = sup %

Following [3, Theorem 6.39 and 6.42] it is enough to show that for any 5 > 0
there is a constant ¢ = ¢(«, 5,d) > 0 such that for every y € S we have

sup |Polu] (2)] < cLlu)(y).

z€ls(y)

Fix y € Sand x € I'3(y). If |z| > 2, then Pp(z, z) < ¢, where ¢ = ¢(a,d) > 0,
SO

|Polul(z)] < /SPD(%Z)W(dZ) < d|ull < eLlu)(y).

Suppose that |z| < 2 and denote n = |z — y|. We have

Polul(x)] < / Po(x, 2)|l(dz) = / Po(z, 2)|l(dz)

z—y|<2n

oy o, )|ul(dz).
=2 v 28 In<|z—y|<2Fn

Furthermore,

|| — 1>~ ¢ 1-d

z — y|d+a—2 = 1[d-1 s 6

where ¢y = ¢o(a, 3,d) > 0. Hence

/I— . Po(x, 2)|p|(dz) < con~ul(K (y,2n))

(K (y,2m) _
S K2 < e L) (y),

for some c3 = c3(a, 3,d) > 0. For 2*71n < |2 — y| < 2%n, k > 2 we have

Po(z,2) < ¢ EE

x—z| > |z —y| =y —a| > 2" —n>2"7,
and so
||z — 1]>~! n*! Cy

Po(x,2) < — dfaz SO (2k—2pp)dra—2 - Ok(d+a—2)yd—1

< o
— 2MeDo (K (y,2Mn))’
where ¢5 = ¢5(a, 3,d) > 0. Therefore

cs |l (K (y, 2°n)) e
Po(z, 2)|p)(dz) < < Llp](y)-
/2k1n<|z—y|<2kn ID>( )‘ |( ) 2k(o¢—1)o-(K(y’2kn)) ok(a—1) [ ]( )
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Since o > 1 we have cg = Y o, 27¥@ D < 00 and hence

Polu] ()] < esllul(y) +

[~]e
X0
&

k(a_1)£[u](y) = (3 + esce) L) ()

e
[|

2

O

Corollary 3.12. Suppose u is a-harmonic and nonnegative on ID. Then u has
a nontangential limit at o-almost every y € S.

Proof. The corollary follows from Proposition 3.2 and Theorem 3.11. U

At the end of this section we will look at the probabilistic approach to the
Hardy spaces discussed in [10] and [30].

Definition 3.13. For p € [1,00) we define the space H2(D) as the family of
functions v a-harmonic on D such that

1
lullyg, = sup (E%ju(Xn,)[P)"? < oo.
ucch

In view of (11) we have |lullsp = (Fp[|u|?](0))}/P. Then Lemma 3.8 implies
immediately that HE2(D) = h2(D) for all p € [1,00). To identify the norm
|||z we will need the following result.

Lemma 3.14. Let u be a-harmonic on D.
1. If u(z) = Pplp)(x) +c(1—D(x)) for some pair (1, c) € M(S) xR, then
Fplul(z) = Pollull(z) +[c[(1 — (z)).
2. Letp € (1,00). Ifu(x) = Pplf](z) + c(1 — ®(z)) for some pair (f,c) €
LP(S,0) x R, then Fpllul’](x) = Pol[f["](x) + |c| (1 — (x)).

Proof. Let u(x) = Pplu](z) + ¢(1 — ®(x)) for some pair (u,c) € M(S) x R
and set h(x) = Ppl|u|](z) + |¢[(1 — ®(z)). Then h is nonnegative a-harmonic
on D and |u| < h. Hence Fplu] < h, and by Lemma 2.1, Fp|u] is nonnegative
a-harmonic on D. By Proposition 3.2, Fplu|(z) = Pp[v](z) + &(1 — &(z)) for
some nonnegative v € M(S) and ¢ > 0. As in the proof of [36, Theorem 1] we
conclude that v < |u| and ¢ < |¢|. On the other hand, since Fplu] —u > 0, by
Proposition 3.2 and Corollary 3.4 we have Fplu](z) — u(z) = Pplv — pl(x) +
(¢—c)(1—=®(x)),s0 v—p >0and é—c > 0. Applying the same argument to
—u and taking into account the Hahn decomposition of 1 we obtain v > |u|
and ¢ > |c|. This gives the first part.

Let now p € (1,00) and let u(z) = Pplf](z) + c¢(1 — ®(z)) for some
(f.c) € LP(S,0) x R. Set h(z) = Po[|f’](z) + |c[’(1 — &(z)). Then by the
Jensen inequality we have |u[P < h and thus Fp[|ul’] < h. Using Lemma 2.1,
Proposition 3.2 and the arguments from the previous part we conclude that
Fol|u|P](x) = Pplg](z) + ¢(1 — ®(z)) for some positive function g € L(S, o)
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with ¢ < |f|P? and 0 < ¢ < |¢[P. On the other hand, by the arguments given in
the proof of Theorem 3.6 we have

1710 = Y [ P < B ol 1 = gl
Hence g = |f|? o-a.e. Furthermore,
P = tim [u(@)P < lim Fpllul?](x) =
so ¢ = |c]?. O
By Theorem 3.6, Theorem 3.10 and Lemma 3.14 we obtain the following com-
plete characterization of the spaces HE (D).

Theorem 3.15. Let u be a-harmonic on D. Then
1. w € HL(D) if and only if u(x) = Pplu](x) + c(1 — ®(x)) for some pair
(u,c) € M(S) x R. Furthermore, j1 and ¢ are unique and
[ullz, = @O)[[pll + le[(1 — ©(0)).

2. u € HE(D) for a given p € (1,00) if and only if u(xz) = Pp[f](x) +
c(1 —®(x)) for some pair (f,c) € LP(S,0) x R. Furthermore, f and ¢
are unique and

1/
lully, = [@O)IFIE +[el"(1 — 2(0))] .
In particular, for any p € [1, 00) and any a-harmonic function u on D we have
[2(0) A (1 = @O)] flullne < [l < [lul|pe-

We will see in the next section that such a relation does not hold for analogous
constructions of Hardy spaces on H.

4. a-HARMONIC FUNCTIONS ON THE COMPLEMENT OF THE HYPERPLANE

We will study the behavior of a-harmonic functions on H = R?\ L. We will
identify L = OH = {a:' = (21,...,1q) ERY: 14 = 0} with the euclidean space
Rt and for # € R? we will denote z = (7, 24), where 7 € R 2, € R. Let
C(R41) denote the space of continuous functions on R4~ and let M(R%1)
be the space of finite signed Borel measures on R¢~! with the total variation
norm |- ||. In this section, we also denote by Cy,(R%1), Cy(R41), C.(R?1) the
subspaces of C(R41) of functions bounded on R*"!, vanishing at co at having
a compact support on R4~! respectively. For simplicity, we will adapt the
notation of the LP-norm from the previous section, i.e., for a Borel function f
on Rt and 1 <p < oo let

= ([ vepa)
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and let ||f||« denote the essential supremum norm on R?~! with respect to
the (d — 1)-dimensional Lebesgue measure.

We shall return to the question of the hitting probability of L for X;. As
we mentioned in the Introduction, the last coordinate of X; = (X}, ..., X2) is
a one-dimensional, symmetric a-stable Lévy process. Since we consider only
a € (1,2), such a process is pointwise recurrent (see [39]). Hence

(18) P*(Ty, < 00) = P"(Tpy < 00) =1, 2z €H.

Here P*@ means the distribution of the one-dimensional process X starting
from x4 and Tyoy := inf {t > 0: X = 0}. We will now calculate the hitting
distribution of L for X; (i.e., the a-harmonic measure for H). The formula has
been proved in [27] only in two-dimensional case. Recent results of [16] allow
us to give the proof for all d > 2.

Proposition 4.1. The a-harmonic measure for H has a density with respect
to the (d — 1)-dimensional Lebesgue measure on L given by

|xd‘a—1

PH(:E’ y) = CB y|d+a_27

r et yel,
|z —

where C3 = T~V ((a+ d) /2 — 1) /T ((a — 1)/2).
Proof. We use the methods of [16, Section 3]. Let Y(t) = (B%(t),Y(t)) be

a (d + 1)-dimensional diffusion with independent components, where B%(t) =
(Bi(t), ..., By(t)) is the standard Brownian motion in R? and Y (¢) is the Bessel
process with index —a/2. Let

L= {Z = (21,....2a11) ERT iy =0 A4y =0}

and set H = R4\ L. Let T = inf {t >0:Y(t) ¢ Jﬁl} and define Z(t) =

V/(Ba(t))2 + (Y (t))2 Then Z(t) is the Bessel process with index § = (1—a)/2.
Since 1 < a < 2 we have —1/2 < § < 0 and hence, for any ¢ > 0 and
To = inf{t > 0: Z(t) =0} we have P*(Ty < oo) = 1. Therefore, for any
T = (z1,...,24,0) € H x {0} we obtain

P* (15 < 00) = PI(Ty < 00) = 1.

Moreover, since 0 is regular for Z(t), every point of L is regular for L with

respect to Y. Let x € H and set T(‘)gﬁd| = T, with the starting point Zy = |z4].
As before we set 7y = inf {t > 0: X (¢) ¢ H}. Then by [L0, Proposition 3.1,
see also Lemma 6.2, Lemma 6.4 and Corollary 6.5], for A C R~ we have

P* (X (r) € A x {0}) = B* (B“H (Tg””d') e A) .
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By [14, p. 75] we have

. —26 -1 —a?
P*(Tp € dt) = B T (1 = 0) exp (Q_t) dt, a>0.

Since B4! and Z are independent, we obtain

7 (Bd—l (T'“”d') e A> / T BB € AYPE(T, € di)

(a+1)

> 1 —IT—@F) (a—-1)t— =" <—de!2)
= ————exp — exp dydt
/0 / (2mt) T ( 2t |:cd|1 23 T (2£1) 2t
(o — 1)|zal*™ —(Iz =7 + |zal*)
= 2d+a 1 1 a+1 exp ot dtdy.

Because for a > 1 and b > O,

/ t%e bt = bl_“/ 5 %e%ds = b'T'(a — 1),
0 0

P (X () € A {0}) = _

(a—=1)T (% — ) |zq|® 1/ ( 2 ) 2
- dy
2 r ) T =9 + [z ’

’xdla 1 -
o} =G

We will call Py(x,y) the Poisson kernel of H for X;. A simple consequence of
Proposition 4.1 is the following symmetry property

(19) ,PH((fvt)ﬁy) :PH((yat)vx)v T,y GL,t GR\{O}

Let Gu(z,y) be the Green function of H for X; and let e¢; = (0,...,0,1). We
define the Martin kernel of H for X; by

GH('T ?J)
2 M lim — )
(20) u(z, z) = W Gl )

we obtain

O

reH,ze LU{oco}.

By [12, Theorem 2], the limit in (20) always exists. We will calculate Gy and

My using the methods of [13]. The inversion with respect to S is defined by
z/|z?, 2 € R\ {0},
(21) Tx =< oo, x =0,

0, T = 00.
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This map takes spheres containing 0 onto hyperplanes. Let T be the inversion
with respect to the sphere S(—eq4, v/2), i.c.,

(22) Tx :=2T(x + eq) — eq,

and let H' := H\ {—ey}. Then we have H' = T(D) and L = T(S \ {—e4}).
By [13, Theorem 2], the scaling property and the translation invariance of the
symmetric stable processes we obtain

(23) G (2,y) = 27z + eq|* |y + ea|* G (T, Ty).
Proposition 4.2. We have

Ao 4 qyq
24 Gu(r,y) = ———— (1 — ¢ 1+ ,  x,y € H,
24 (@ 4) |z — y|d-e [ < |z —y|?

where ¢ is the hitting probability given in (7) and Aqe is defined in (3). Fur-
thermore,

Pu(x, 2) |zg|* ™ eq — z|d+a_2
25 M, = = cH z€L
( ) H(fE, Z) PH(€d7 Z) |x - Z’d+a_2 ’ x % )
and
(26) My(z,00) = |z4|*", =€ H.

Proof. For all z,y € R?\ {0} we have |Tx — Ty| = |x — y|/(|z||y|). Hence we
obtain
2|z — y|

Tx —Ty| = ,
| | |z + eq||y + eql

.y € R\ {—eq}.
By (23) we obtain

24703 4 eg|* 4y + eq|*? 8

Gu (z,y) = Aga ~ ~
(2, ) * | Tz — Ty|t—
T - T
T — Tyl | Ty|? o —yl*=e
where
T - T T T
N(xay):# TZL‘— ~y2 - = ~y ~ | | _"’_y
Tz — Ty Ty | Ty|| Tz — Tyl Tyl
T . . . . 1
= =t (TP (el —2(T. Ty) + 1)
[ Ty||Tx — Tyl
Ty T 7012 P = 2\]?
S - [\Tx — Ty|* + (1 — |Tz| ) (1 — |Ty| )]
[ Ty|| Tz — Tyl
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7y [ (- 1Tp) (1= 17p)
_ = ]. + = s
Ty Tz — Tyl|?

Furthermore,

4l‘d

L= Taf = 4(T(o + ea) ) = 4T + o) = 27,

Ty f 4xqyq

Since {—eg4} is a polar set, for all z,y € H' we have Gy(z,y) = Gw(z,y), and
the continuity of Gy gives (24).

To obtain (25) and (26) we observe first, that Teq = 0. From (20) and (23)
it follows that

My(z,2) = 2972 + eg|* " Mp(Tx,Tz), ze€H, zeLU{co}.
By (14), for x € H' and z € L we have

SO

{f 2 _ qla-l a—1 _ |dta—2
My(z, z) = 2472 + eq|* ¢ U, a — | = 24" Jed de—2
|Taw — Tz|dta—2 |z — |
Furthermore, since Too = —eq, for x € H' we have
f 2 _ qla-l
My(z,00) = 297z + 4] H~ id | = |zq|* "

|Tx 4 eq|dto—2

Finally, the continuity of My(-, z) for all z € L U {oco} gives (25) and (26), so
the proposition is proved. [l

We remark that, in opposite to the previous case of D, the Poisson kernel and
the Martin kernel of H are no longer the same objects. In the next part of this
section, for x € H and 7 € R?"! we will use the notation Py(z,7) := Pr(z,y)
where y = (7,0) € L. Analogously we define My(z,7).

Proposition 4.3. For every nonnegative measure p € M(R*Y) and every
constant ¢ > 0 the function u given by

(27) u(@)= | Mu(z,g)u(dy) +clzd*, @ € H,

Rd-1
s a-harmonic on H. Conversely, if u is nonnegative and a-harmonic on H
then there exists a unique nonnegative measure u € M(R?1) and a unique
constant ¢ > 0 satisfying (27).
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Proof. We use similar arguments as in the proof of Proposition 3.2. How-
ever, it could be slightly more complicated to see directly from (24) that
Ji Gu(eq, y)dy = oo (the accessibility of the point at infinity). We may avoid
this difficulty by the fact that oo is accessible from H if and only if 0 is acces-
sible from T'(H) = H (see [12, (82)]). O

For € M(R%1) and f € LP(R 1Y), 1 < p < oo, we define the Poisson
integrals of p and f on H as

Palille) = [ Paleiutdn), Pelfla) = [ Pula) @)

d—1

Analogously we define the Martin integral My[u] for p € M(R?1). Propo-
sition 4.3, (25) and the Hahn decomposition for signed measures imply that
M), Pulp] and Pgy[f] are a-harmonic on H for every p € M(R1) and
f € LP(RTY), 1 < p < co. Furthermore, by (25) we get that Pylu] is well-
defined and a-harmonic on H for a measure p with not necessarily finite vari-
ation, but verifying

|1l (dz)
28) /R lea— (@, 0)] o2 =

To simplify the notation, we let w,, := w®(-,H) be the a~-harmonic measure for
H with the starting point e;. Clearly, by Proposition 4.1, w, is a probability
measure on R~ given by

Csdx
leq — (T, 0)|To—2

In view of (28), for any f € LP(R* ! w,), 1 < p < oo, Pg[f] is well-defined
and a-harmonic on H. We remark that LP(R?"! w,) is essentially bigger than
LP(RI7Y) for every p € [1,00). Let || - ||,.o denote the norm associated with the
space LP(R%1 w,). We also adapt to the present case the notation introduced
in (16), i.e., for t € R\ {0} and a function u on H we define the function u;
on R by

(30) uwy(Z) = u(z,t), TR

The next 3 lemmas characterize the behavior of the Poisson and Martin inte-
grals on H.

(29) wo(dT) = Pu(eq, T)dT =

Lemma 4.4. Poisson integrals on H have the following properties:

(1) If p € M(RT), then || Pulplells < [|pl| for every t.
(ii) If 1 <p < oo and f € LP(RY), then ||Pulflll, < |Ifl, for every t.
(iii) If f € Co(RTY), then || Pulf]i — flloo — 0 ast — 0.
(iv) If 1 <p < oo and f € LP(RYY), then | Pulf]: — fll, — 0 ast — 0.
(v) If p € M(RIY), then Pylu); — p weak® in M(R¥1) ast — 0.
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(vi) If f € L=®(R1Y), then Pulf]: — f weak® in L®(RY1) ast — 0.

Proof. Using the property (19) and the Jensen inequality, we follow the proofs
of the classical counterparts in [3, Theorems 7.4, 7.6, 7.8 and 7.10]. 0

Lemma 4.5. Let u(z) = My[u](x) + cxg|*~t for some (u,c) € M(R41) x R.
Then the family of measures

pi(dT) = w(T)wo (dT), 0 < |t] <e,
is norm-bounded in M(R41) for every e > 0. Furthermore, u& — u weakly

ast — 0.

Proof. Let ¢ > 0. First we will show that there exists a constant ¢; > 0
depending only on €, and d such that for every 7 € R4"! and 0 < [t]| < & we
have

G  Ma((@,0), () < 1.
Rd—1
For any t # 0 the left-hand side of (31) is equal to

217, 0) — eqfto-2
o(dT
/ @0 - (7.0)rez el )

a-lodta—2 (1@0) - @1 V@1 —e)™ >
< [t /R B o s WaldT)

7. 1) — d+a—2
<peizie (14 [ ASDZELE ).
ra-1 | (T, 1) — (7, 0)]4Fe2
There is a constant ¢, > 1 depending only on ¢ such that for every 7 € R4}

and [t| < e we have |(T,t) — eq| < 2|(Z,0) — eq|. Hence, for 0 < [t| < & we
obtain

|(f, t) _ 6d|d+a—2 / C3Cg+a—2 _
(dT) < d
/ R A S SN S T

C d+a—2

_ / _ 362_ AT = |t|1_an+a_2.
ra-1 [(T,0) = (7, )] 2

Therefore (31) follows with ¢; = 2¢F72(g971 4 d+o=2) For 0 < |t < ¢ we

now have

Il = [ M@+l foa(dm) < [ Malll @) + el

- / [ M@ 0), B (D)l (d9) + [t < el + el
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To prove the second part of the lemma, choose g € Cy(R4"!). We have

[ s@ustan) = [ [ @@, peadm)ddg) i Palgea)
Rd-1 Rd-1 JRd-1

Obviously, c[t|* ' Pylg](eq) vanishes as t — 0. Furthermore, by (31),

/Rdlg(@MH((f,t),y)wa(df) < c1lgllso-

By (25) and (19)

e [ PEDD,
[ s @M@ ). Dein) = [ o@Dy e, )
Pal@),T) o o PalgPulea @)
ri-1 Puled,7) () Pulea, )T = Puledy)

and since gPu(eq, ) € Co(R4Y), by Lemma 4.4 (iii) we have

PulgPu(eq, ):([y) t—0 . _ .
Paler.d) — 9@, yeR"

Hence, by the dominated convergence theorem we obtain

/Rd1 /Rdl 9(Z)Mu((Z,t), y)wa (dT) u(dy) =0 (@) u(dp),

Rd-1

so the lemma is proved. 0]

Corollary 4.6. Let u be a-harmonic on H. Then u(x) = My[u|(z) + c|zq|*™*
for some pair (u,c) € M(RYY) x R if and only if there exists a nonnegative
a-harmonic function v on H such that |u| < v. Furthermore, p and ¢ are
unique.

Proof. In view of Proposition 4.3 and Lemma 4.5 the proof is similar as in the
case of Corollary 3.4. O

Lemma 4.7. Let f € LP(R* Y, w,) for a given p € [1,00). Then ||Pxl[f]: —
fllpa — 0 ast— 0.

Proof. Fix f € LP(R* ! w,) and ¢ > 0. Choose g € C,(R%!) such that
|/ = gllp.a < e. Then we have

[Palfle = fllpe < 1Palfl — Palglllpe + Palgl = gllp.a + &

By Lemma 4.4 (iii), Py[g]: — ¢ uniformly as t — 0, so ||Pulg]: — g||p.a < € for
|t| sufficiently small. Furthermore, by the Jensen inequality,

IPal7l = Palablfa = [ Pulfli@) = Pulgh(2)Pn (a2
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< [ ] Pal@.015G) - o) P an).

By (19), (25) and Fubini theorem, the last term above is equal to

/ [ Ma((3.0), ) () () — 5) P (D),

and by (31), for 0 < [t| < 1 we get

[Palfle — Palglll}o < cllg = flpa < e,

where ¢ depends only on d and «. Since ¢ was arbitrary, we conclude that
| Pulf]: — fllpa — 0 when ¢ — 0, as desired. 0

We will now describe the corresponding Hardy spaces on H. In opposite to
the previous section, we start with the probabilistic definition of HZ (H).

Definition 4.8. For p € [1,00) we define the space H2(H) as the family of
functions v a-harmonic on H such that

lullz, == sup (E“Ju(Xy,)P)"" < oo,
UCCH
In view of (11), |Jullxz = (Fal|u[’](eq))'/?. By the Jensen inequality, for
1 < p < q < oo we have |ullpz < |lullpe and hence HE(H) C HE(H). The
following is a counterpart of Lemma 3.14.

Lemma 4.9. Let u be a-harmonic on H.
1. If u(z) = Mylp](z) + clzg|®™t for some (u,c) € M(R*1) x R, then
Fulu](x) = Mu[|pl](x) + |c]|zq|*".
2. Let p € [1,00). If u = Pglf] for some f € LP(R w,), then
Fallul’] = Pall f17].

Proof. In view of Proposition 4.3, Corollary 4.6 and Lemma 4.7, the proof is
similar as in the case of Lemma 3.14. U

The next theorem fully characterizes the spaces H? (H) in terms of the Martin
and Poisson integrals.

Theorem 4.10. Let u be a-harmonic on H.

1. w € HL(H) if and only if u(z) = Mylp](x) + c|lzg|*™t for some pair
(1, ¢) € M(R1) x R. Furthermore, p and ¢ are unique and ||u||3 =
ell + e

2. u € HE(H) for a given p € (1,00) if and only if u = Py[f] for some
function f € LP(R“ w,). Furthermore, f is unique and |ull2 =

1/ 1.
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Proof. If u(x) = Mylu](z) + c|zg|*~t for some (u,c) € M(R?1) x R, then
by Lemma 4.9 we have Fylu](z) = Myl|u|](z) + |c[|zq|*". Hence [jully =
Fulul(eq) = ||lpl| + |c| and v € HL(H). Conversely, if u € H!(H) then
by Lemma 2.1, Fylu] is finite and a-harmonic on H and |u| < Fylu]. By
Corollary 4.6 we have u(z) = My[u](x) + c|xq|*! for a unique pair (u,c) €
M(R?1) x R. This proves the first part.

Let now p € (1,00). If u = Pylf] for some f € LP(R¥! w,), then by
Lemma 4.9 we have Fyg[|ul?] = Pgl|f[?]. Hence |lullzp = (Fallul?](eq))/? =
| fllpe and w € HE(H). Conversely, suppose that v € HE(H). Then by
Lemma 2.1, Fy[|ulP] is finite and a-harmonic on H and |ul? < Fg[|u/P]. Since
HE(H) C ‘HL(H), by the first part of the theorem we have u(x) = My[u](z) +
c1]zq|~t for a unique pair (u, c;) € M(R?1) x R. Because |24/~ is bounded
in the neighborhood of L, there exists a nonnegative a-harmonic function v
on H such that |Mg[u](z)[P < v(z) for every x € R? such that 0 < |z4 < 1/2.
Furthermore, by Proposition 4.3 we have v(z) = My[v|(z) + ca|zq|*! for a
unique nonnegative measure v € M(R?!) and a constant ¢, > 0. Hence, for
0 < |t] < 1/2 we obtain

[ slih@Ponn) < [ Mall@wa(dn) + a1/
Rd-1 Rd-1

By Lemma 4.5 we conclude, that the family Mg[ul;, 0 < [t| < 1/2 is norm-
bounded in LP(R%!, w,). By Banach-Alaoglu theorem there is a sequence t,
tending to 0 such that My[u];, tends weak* to some function f € LP(R! w,),
ie., for g =p/(p—1) and every g € LI(R*! w,) we have

/R 9@ Ml (F)ewal(dT) — 9(7) f (T)wa(dT).

Rd-1
On the other hand, by Lemma 4.5, for any g € Cj,(R41)

[ @Ml @walan) = [ g(@tan)

Rad-1 Ra-1

Since Cp(R4Y) C LY(RI¥1 w,) we have u(dz) = f(T)wa(dT) and Myu] =
Pu(f]. Therefore u(z) = Py[f](x) + c1|za|* . Because both |ulP and |Pwl[f][?
have nonnegative a-harmonic majorants, we conclude that also |c; |[P|aq[P@")
has an a-harmonic majorant. By Proposition 4.3 we have |c;[P|z4/P@~Y <
My[?)(x) + cs|zq|®t for a positive measure 7 € M(R?1) and a constant
c3 > 0. Taking z,, = neg, n = 1,2, ... we obtain

— d+a—2
p p(a71)< a—1 |€d_(y70)| 7 (dg) + a—1
e o [ (=) oo

<n* HP|| + esn® ! = eyt
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Since the above estimate is false for ¢; # 0 and sufficiently big n, we have
c1 =0 and u = Py|f], as desired. O

We will now focus on the analytic case. We recall that in this section, the
notation wu; is given by (30).

Definition 4.11. For p € [1,00] we define the space hP(H) as the family of
functions u a-harmonic on H such that

[ullp := sup luell, < oo,
teR\{0}

We remark that the spaces h? (H) are slightly more difficult to study than the
spaces h? (D) since OH = L is not compact. For € > 0 we define

H. = {z = (z1,...,35) € R?: |z4] > £}.

We have H. C H for every ¢ > 0, H., C H,, for e > e9 > 0 and UE>0 H, = H.
H. will play the role of the sets D, from the previous sections. However,
since H, is unbounded, not every a-harmonic function on H satisfies the mean
value property (2) with U = H.. A simple counterexample is |z4/*"'. We
solve partially this problem in the next lemma by giving a sufficient (but not
necessary) condition for the property to be verified.

Lemma 4.12. Let u be a-harmonic on H and let € > 0 be fixed. Suppose that
u is bounded on H, and E* |u (X (mg,))| < oo for some xo € H.. Then

(32) u(z) =E% (X (mm.)), =€ H..
Proof. For n = 1,2, ... set U, := B(0,n) NH.. Then for every n > ¢ we have
T, < TH. a.s. and
u(z) =E* [u(X(1v,)); v, = ] + E* [u(X(70,)) s 70, < ]
Since u is bounded on H., there is a constant ¢ > 0 independent of x and n
such that
E* [Ju (X (r0,)| 70, < 1] < P (70, < 7m,).-
For fixed x € H, and n > |z| we have P*(7y, < m.) < P*(7p(0,n) < TH.), 5O
lim P*(ry, < m.) < lim P* (700 < TH.) = Px(ﬂ {TB(Om) < THE}).

n—oo n—oo
n

Since
{mm. <oo}n ﬂ {TB0om <.} =0

and P*(my, < 00) = 1, we have

lim |[E°[u (X (1y,)); 10, < mm.]| < ¢ lim P*(ry, < m.) = 0.

o0
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On the other hand,
E*[u (X (r0,)) 70, = 1] = /( Py (2, y)uly)dy.
H,

Since Gy, (x,y) /" Gu(z,y) as n — oo, from (5) and the monotone con-
vergence theorem we have Py, (z,y) / Pu.(x,y) for every y € (H.)°. Be-
cause E™ |u (X (m.))| < oo, by the Harnack inequality (see [12, Theorem 1]),
E? |u (X (mm.))| < oo for every z, and the lemma follows from the dominated
convergence theorem. O

Lemma 4.13. Suppose that u € h (H) for somep € [1,00]. Then u is bounded
on H, for every e > 0.

Proof. Since for p = oo the result is obvious, we assume that 1 < p < co. Let
u € h?(H) and let € > 0, zy € H, be fixed. Set r = ¢/3 and

7o =inf{t > 0: X(t) ¢ B(xo,7)}, 7,=inf{t>0:X(t) ¢ B(z,2r)}.

For € B(xo,r) let fi(z) = E* |u(X(10))|", fo(z) = E* |u(X(72))[’. Since
B(zo,7) C B(z,2r) for all z € B(zo,r), we have 7y < 7,. Moreover, B(z,2r) C
H. By the strong Markov property and the Jensen’s inequality we have

filz) = B [EX™u(X ()] < B [EX) [u(X (7))"] = fal).

Furthermore,

/ fz(m)d:v:/ / Pp(z,or) (%, y)[uly) [Pdydz
B(zo,r) B(zo,r) J2r<|y—z|<3r

+ / / Pge2r) (2, y)|u(y) Pdyde = I, + I.
B(wo,r) J|y—z|>3r

By (6) we have
47,2 a/2 u p
L :Cl/ / ( 5 2) | <y)|ddyd:c
B(zo,r) J2r<|y—z|<3r |$ - y| —4r |$ — y|
- / / ) PB(y,%)(?J, x)|u(y)|p1{2r<|yfx|<3r}(l', y)dydz
zo,r z0,4r
- / ) / PB(?JQ”)(Z/? $)1{2r<|y—x|<3r}(~x, y)dx]u(y)]pdy
xo,4r ﬂCO r

zd+4r
<[ tpays [ [ G opdp< sl
B(z,4r) zd Rd-1

where z{ is the last coordinate of z5. On the other hand,

42 a/2 p
oo e
B(xzo,r) J|y—z|>3r |‘T - y| 4r |$ - y|
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<¢ / / ‘x_ ‘d
B(zo,r) J|y—z|>3r Yy

For fixed © € B(zo,r) we set

={y:zqg—dr<yg<zxgt+4r}n{y:|z—y|l>3r},
Ay ={y:zg—nr<ys<zg—(n—1r}u

{y:zg+(n—1r<yg<wzqg+nr}.

Then we obtain

lu(y)|? / /
/yx>3r |z — y[? a0 17— yl? yld Z |z — yld

o0

_ _ 1
< (3r) 98 Jully, + 20 ullh, Z CE
n=>5

Since d > 2, we have Iy < ¢; |Jul]?,, where ¢; = ¢;(a, d, 1) < oo. Hence

/’ ﬁ@ﬂxs/“ fal@)dz < (8r + 1) [lullly
B(zo,r) B(zo,r)

Finally we have

r? —|xg — z|? a/2 u(y) P
/ fila)de = C / / ( | 0 |2) [u(v)] _dyda
B(z0,1/2) B(wo,r/2) J |zo—y|>r lzo —y[2 =7 |z —y

2 2 a/2 p
& Cl/ dx/ ( - /2 2) d|u<y>| 2y
B(zo,r/2) lco—y|>r |950 - ?J| -r 2 |$o - yl

:g/ Pistan.ry (0, ) u(y) Py > colu(ao)|?,
zo—y|>r

where ¢o = ca(a, d,r) and the last estimate follows from Jensen’s inequality.

Therefore, |u(zg)| < [(87 + c1)/ca]'/P ||ul|,». This gives the conclusion of the
lemma. O

Remark 4.14. Lemma 4.13 can also be proved using a modified Poisson kernel
for the ball, described in [7, p.65]. Here we present a different method, which
may be of independent interest.

The next property of the Poisson kernels Py_(z, y) is a counterpart of Lemma 3.7
from the previous section. In the present context, the result is a consequence
of the translation invariance of the symmetric stable processes.
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Lemma 4.15. Fiz ¢ > 0. For all t,s € R such that |s| < e < |t| and all
7 € R4 we have

[, Pu@o.Gsnaa= [ (@)

Furthermore, the integrals are constant with respect to 3.

Proof. We proceed as in the proof of Lemma 3.7, using the translation invari-
ance of X, instead of the rotation invariance. O

We will now apply the last three lemmas to obtain the relation between ||u||»
and F[|ulP].

Lemma 4.16. If u € h2(H) for a given p € [1,00), then Fyl|u|P] is finite.
Furthermore, Fyl|ulP] € ht(H) and || Ful|ulP]||an = |jull},.
Proof. Fix p € [1,00) and let u € h?2 (H). Set

Fullul)(z) == B [u (X ()"

By Fubini theorem we have

ALl = [ /( .y P (@O D Py

- /_5 /Rd1 [u(@, s)” /Rdl P, ((7,1), (¥, s)) drdyds.

By Lemma 4.15 the last term above is equal to

fe(t, s) /Rd_l lu(y, s)|Pdyds

<ttty [ [ P (@) (o5 dods =l

In the last integral above, w € R ! is arbitrary. Therefore, F.[|ul?] is fi-
nite a.e. on {x ERY:zy= t} with respect to (d — 1)-dimensional Lebesgue
measure. In view of the Harnack inequality (see [12, Theorem 1]), F.[|u|?]
is finite everywhere on H., and thus a-harmonic on H,. By the Jensen in-
equality, F.[ul? < F.[|ul?], so F.[u] also is finite. Hence, by Lemma 4.13 and
Lemma 4.12, u satisfies the mean value property (32) for every ¢ > 0 and
x € H,, and thus |[ul? < F.[|ul’]. Furthermore, if &1 > 5 > 0, then by the
strong Markov property,

Feullull(x) < Foy [Fo, [[ul]l () = Fo, [|ul?] ().

Hence the limit v = lim._o F.[|ul?] exists. Since ||F:[|ulf]¢|li < [Jul/}, for
all t # 0 and € > 0, the monotone convergence theorem and the Harnack
inequality imply that v is a-harmonic on H and ||v|[;1 < |Jul]},. Obviously,
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lulP < v and hence ||v||p = ||ul|},. Furthermore, Fy[lu[’] < v by Lemma 2.1.
Therefore Fy[|u[P] € hl and as in the case of u we conclude that Fyl|u|?]
satisfies the mean value property (32) for every ¢ > 0 and x € H.. Hence
Fl|ulP] < Ful|ulP] for every e > 0, which gives v < Fy[|ul’], so the lemma is
proved. 0]

From Lemma 4.16 it follows that h2(H) C H2(H) for every p € [1,00). The
next theorem shows that the equality is no longer true in opposite to the
previous section.

Theorem 4.17. Let u be a-harmonic on H.
1. w € hL(H) if and only if w = Pylu] for some p € M(R). Further-
more, i is unique and ||Palpu]|[n = [|p]l
2. uw € h2(H) for a given p € (1,00] if and only if u = Pylf] for some
f € LP(RY). Furthermore, f is unique and | Pulflll = || fl,-

Proof. If u = Pglu] for some p € M(R1), then by Lemma 4.4 (i) we have
|ullp < |lul|, what gives u € hl(H). Moreover, by Lemma 4.4 (v), u; —
weak® as t — 0, so ||p|| < liminf; o ||w]|;. Hence

ol = [y = ]

Conversely, suppose that v € hl(H). Then by Lemma 4.16, Fglu] is finite
and ||Fglu)||pr = ||u||n. By Theorem 4.10, u(x) = Mylu](x) + c|zg|*™! for a
unique pair (i, c) € M(R41) xR and by Lemma 4.9, Fglu](z) = Mg[|u|](z)+
|c||zq|*t. As |zg|*"! ¢ h2(H) for any p € [1, 00|, we have ¢ = 0. By (25) we
have u = Py[v|, where v(dZ) = p(dT)/Pu(eq, T). Hence Fylu] = Pyl|v|] and
for t € R\ {0} the identity (19) gives

1Falidh = [ [ Pat@ 0.0l @)z

_ / /  Pal(@.t),7)dzlv|(dg) = v,

so v € M(R4). This gives the first part.

Let now 1 < p < co. If f € LP(R%1) and u = Pyg[f], then from Lemma 4.4
(ii), (iv) and (vi) it follows, in the same way as for p = 1, that v € h2(H) and
lullpe = ||f|l,- Conversely, suppose that u € h2(H) for a given p € (1, 00).
Then by Lemma 4.16, Fy[|ul?] is finite and || Fg[|ulP]|[n = ||u|]},. By Theo-
rem 4.10, u = Py[f] for a unique function f € LP(R* ! w,). Furthermore, by
Lemma 4.9, Fyl|u|’] = Pu[|f|?] and exactly as in the case p = 1 we obtain
[ Fallullells = [[f||p for any t # 0, so f € LP(R?'). Finally, let u € h>(H).
Then u is bounded on H, and hence Fg[|u|?] is finite for every ¢ € [1,00).
Therefore, by Theorem 4.10, u = Pylg] for a unique measurable function g
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such that ||g|l,a = (Fullu|?])(eq))*? < |Jullpe. Hence ||g|l < 00, so the proof
is complete. 0

We will now discuss the corresponding version of the Fatou theorem for the
a-harmonic functions on H. For y € L and # > 0, the cone I's(y) on H is
defined as
Tsly) ={z eH: |z —y| <1+ )|zdl}.
Analogously to the previous section we define the nontangential limits of func-
tions on H. For a function u on R? we also define the Kelvin transform of u
by
Kolu)(x) = |2[*""u(Tz), = #0,
and the modified Kelvin transform of u by
[?a[u] (z) = 20W=/2|p 4 ed|a’du(fx), T #£ —eq,

where T, T are the inversions defined in (21) and (22). Let D C R%\ {0} be
open. In view of [13, Lemma 7], a function u is a-harmonic on D if and only if
K,lu| is a-harmonic on T'D. The scaling property and the translation invari-
ance of symmetric stable processes imply that a function  is a-harmonic on
H' = H\ {—e4} if and only if K,[u] is a-harmonic on T(H') = D. In particular,

if u is a-harmonic on H, then K,[u] is a-harmonic on . Furthermore, since
T is conformal (see [3, Proposition 7.18]), v has a nontangential limit at y € L
if and only if K,[u] has a nontangential limit at T’y € S.

Theorem 4.18. Suppose € M(RY™1) and let p(dz) = f(T)wa(dT) + v(dT)
be the Lebesque decomposition of p with respect to w,. Then Mylu] has the
nontangential limit f(y) at almost every y = (y,0) € L with respect to the
(d — 1)-dimensional Lebesque measure.

Proof. Using the modified Kelvin transform, Theorem 3.11 and Lemma 4.7 we
proceed as in [3, Theorems 7.28 and 7.29]. O

Corollary 4.19. Suppose u is a-harmonic and nonnegative on H. Then u
has a nontangential limit at almost every y € L with respect to the (d — 1)-
dimensional Lebesgue measure.

Proof. The corollary follows from Proposition 4.3 and Theorem 4.18. O

We will finish this section with few examples of a-harmonic functions that
do not belong to any of the considered Hardy spaces. Let d = 2 and let
u(z) = u(zy, 22) = z;. Then one can easily check that A®/?y = 0 if and only
if « € (1,2) (for a € (0, 1] the integrals in (3) are not absolutely convergent).
First obvious observation is that u ¢ h?(H) for any p € [1,00]. Furthermore,
u ¢ hl(D) (and hence u ¢ hE(D) for any p € [1,00]) since u is unbounded
at infinity. Finally, [; |21]Pu(es, (21,0))dz; = oo, so in view of Lemma 4.5
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and Theorem 4.10, u ¢ HL(H), and therefore u ¢ HE(H) for any p > 1. To
obtain an example of a function bounded at infinity we take K,[u] = xq|x|*~%.
Since TH = H, K,[u] is a-harmonic on H by [I13, Lemma 7]. Furthermore,
K, is linear, preserves nonnegative a-harmonic functions and K,[K,[v]] = v
for any function v on H. Let H, (H) denote the set of nonnegative a-harmonic
functions on H. By Theorem 4.10 and Proposition 4.3 we have H}(H) =
Ho(H) — Ho(H), and hence K,[H:(H)] = HL(H). Therefore K,[u] ¢ HE(H).
The last example we give is Ko[u](z) = 249/2z |z + e5]*~4, the modified
Kelvin transform of u. K,[u] is a-harmonic on I and bounded at infinity.
Furthermore, for |z + e3] < 1 we have

|71] |71 1
> =S| ——
|z + et T |z + eyf? “\1re )|

where z = x9 + 27 and $(1/(1 + 2)), the imaginary part of 1/(1 + z), is a
well known example of harmonic function of the Laplacian not being in the
classical Hardy space h! on the unit ball in R? (see, e.g., [30, p. 178]). Since

the norm of hl (D) is analogous to the classical one, we have K,[u] ¢ hl(D).

5. HITTING PROBABILITIES FOR RELATIVISTIC STABLE PROCESSES

In this section we will discuss the behavior of a discontinuous process differ-
ent than the symmetric a-stable one in context of the hitting probabilities of S
and L. Namely, we will consider the so-called relativistic a-stable process. For
a given m > 0 and «a € (0,2), the relativistic a-stable process X" is defined
as a process with the following characteristic function

i€ (X —a) _ gmt—t((eP4m?/®)e/2 e cpd s )

X" is a Lévy process with the infinitesimal generator equal to m — (—A +
m?*)*/2. The potential theory of this process has been widely studied in

recent years, see [10, 20, 33, 25, 30, 26, 31, 15, 16, 18]. The boundary behavior
of functions harmonic for X" reminds the one of a-harmonic functions on
bounded regular domains, see [10, 20, 29, 25, 30]. However, in the case of
unbounded sets the behavior is slightly different (see [26, 15, 18]), and many
properties are still unknown, such as, for example, the Martin representation
for nonnegative functions harmonic for X;* (see [30], where the result was

proved for bounded k-fat sets). In this section we aim to show that S and
L are non-polar for X;* for v € (1,2), what may serve as a motivation for
studying the boundary value problems for m — (—=A +m?®)*/2 on D and H.

For a set B C R? denote 75 = inf {¢t > 0: X" ¢ B}, T® = 7. Let S be
the usual a/2-stable subordinator given by the Laplace exponent 1)(\) = \%/2,
and let S} be the relativistic «/2-stable subordinator, i.e., the subordinator
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with the Laplace exponent 1,,(\) = (A + m?**)*/2 —m. Denote by h(t,z),
hm(t, z) the transition densities of S; and S, respectively. We have

(33) hon(t, ) = €™e™ ™" h(t, ),

see [10]. It is a well known fact that the potential density of S; is equal to
29271 /T (a/2), see, e.g, [, p. 97]. Furthermore, the potential density of S™
is given by

(34) am(T) = _mwa""xo‘/Q—lEa/Q,a/Q(mma/Q), x>0,
where
oo tn
E’Yﬁ(t)zz ) 7767t>07
= I(8+n)

is the two parameter Mittag-Leffler function, see [8, p. 97]. Let Z" := | X}"|
and let B; be the usual Brownian motion on R?. Set Y (t) := |B;|. Then Z™
and Y'(S]") are equivalent provided that Y (t) and S;" are independent. It is
well known (see, e.g., [39, p. 116]) that the transition function of Y'(¢) is given
by

P(Y(t) € A) = / £t 2, y)(dy),

where p(dy) = 2742[['(d/2 + 1)]"'y?dy, and

) )=ty (2) e |25 1 ()

where [y is the modified Bessel function of the first kind. This then implies,
that the transition function of Z;" is given by

P2 € A) = / Fult, 2, 9)(dy),

where 1 was defined above and

(36) fm(t,z,y) = /000 hon(t,8) f(s,2,y)ds.

Furthermore, the potential density of Z" is given by

(37) (2, ) = / " (0 (2 ).

For r > 0 let S, :=rS. It is clear that S, is polar for X;" if and only if {r} is
polar for Z". Let ®7"(z) := P*(T§" < oo) be the hitting probability of S, for
X{". In the next proposition we consider only d > 2.



BOUNDARY BEHAVIOR OF a-HARMONIC FUNCTIONS 35

Proposition 5.1. {r} is polar for Z" provided o € (0,1]. When « € (1,2)
then 1 is regular for {r} for Z" and for all ¥ € R? we have

1 d=2
38 O (7) = e ’
(38) 2 () {ufﬂxrr)), 4> 3.

Proof. We apply the methods of [39, proof of Proposition 2.1]. For A > 0 we
define the A-potential of Z* by

uy (2, y) =/ e M fult,z,y)dt, x,y>0.
0

By (33), (36) and Fubini theorem we have

W)= [ e sy [ eV s)avds,
0 0

In view of (34), for 0 < A < m we obtain

(39) un, (. y) =/ ™m0 f (5, 2, y) Bajs,age((m — N)s®/2)ds.
0
We have
E,5(t) = 4 1@20/C0et -y o
see, e.g., [21, Theorem 1|. Here f(t) = ¢(t) means that the ratio of f and

g tends to 1. Furthermore, we have the following asymptotics of the Bessel
function Iy:

1 r\?
1 ~ (= +
= g (5) s o0

Iy(r) = (27r) Y%, r — .
Hence, for z,y > 0 we get
—m?2/eg a/2— «
e f(s,z,y)s/? "Eajaase((m—N)s /%)

F(d/2) d/2—2_—1/2 1—d)/2 —m?/*s _—(z—y)?/(4 —-3)/2
(40) o~ 7 9d/2-2—1/ (xy)( )/2p=m* s = (x=y)*/(4s) g(a )/’ s — 0F.
['(a/2)
When z =0 or y = 0, then
efm2/asf(5’ z, y)Sa/271Ea/2,a/2((m . )\)Sa/2)
(41) ~ F(a/2)—12—d/26—m2/0‘s€—(z2+y2)/(45)$a/2—d/2—1’ s — 0+’

and for all z,y > 0 we get
efm2/asf(5’ z, y)Sa/271Ea/2,a/2((m . )\)Sa/2)

(42) = a—121—d/2(m _ )\)2/04—1e[(m—)\)Q/a—mQ/a]se—(:C2+y2)/(4s)S—d/2’ 5 — 00,
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Therefore, for o € (0,1] and y > 0 we have u), (z,y) — oo when x — y, while
for o € (1,2), u,(x,y) is bounded and continuous in x in a neighborhood of .
For r > 0let T/ :=inf {t > 0: Z” = r}. As in the proof of [39, Proposition
2.1] we conclude that if « € (0,1] then {r} is polar for Z}" for every r, while
for a € (1,2) we have

A
(43) E (e T < 00) = -0 S g0 4> 0,0 > 0.

This then implies that r is regular for {r} for Z*. Suppose first d > 3. In
view of (37), (39), (40), (41) and (42), for all x > 0, r > 0 and a € (1,2) we
have u) (x,7) — Uy, (z,7) < 00 as A — 0. Hence

um(|Z],7)

O™ (%) = PER(T™ < 00) = )

, T eRY

Let now d = 2. Then by (42), u),(x,7) — wy,(x,7) = 00 as A — 0, while (40),
(41) and (42) imply that w) (z,r)/u) (r,r) — 1 as A — 0. By (43) we get
d™(7) =1 for all 7 € RY, as desired. O

Remark 5.2. For d = 1 the relativistic a-stable process is pointwise recurrent
(i.e. hits points almost surely) for o € (1,2) and transient for o € (0, 1]. This
can be proved using similar methods as in the proof of Proposition 5.1, see also
[38] for the symmetric a-stable case. Furthermore, from the subordination it
follows that the coordinates of X;" are one-dimensional relativistic a-stable
motions. As a consequence, for d > 2 and « € (1,2) the process X/* hits L
almost surely (see formula (18)).

We would like to point out that in view of (7), for d = 2 and « € (1,2) the
hitting probability of S for the symmetric a-stable process is strictly less than
1, in opposite to the present case. It seems to be an interesting problem to find
some estimates of the harmonic measures of D and H for X7, a € (1,2). We
will give here the explicit formula only for the so-called A-harmonic measure
of H for X" in the particular case A = m.

For an open set D C R? the \-harmonic measure of D for X" is given by

wffm(A, D) = E* [exp(= A1) 14(X™(T])); 7]y < o], x€ D,AC D",

where 14 is the indicator of A. For simplicity denote wy,, (A4, D) := wy, .. (A, D).
The measure w;, can be regarded as the harmonic measure for the relativistic
a-stable process killed at an independent exponential time with expectation
1/m. The infinitesimal generator of this process is equal to —(m?/® — A)*/2,
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Proposition 5.3. Let o € (1,2). The measure wi,(-,H) has a density with
respect to the (d — 1)-dimensional Lebesque measure on L given by
a—1
Py (z,y) = 64%}(@ (m"*|z —y|), reHyeL,
[z —yl 2 :
where Cy = ((a — 1)(m!/®/2)d+e=2)/2) /(z(d=D2D (o 4 1)/2)) and Ky is the
modified Bessel function of the third kind.

Proof. The proof is based on the results of [10] and is a small modification of
the proof of Proposition 4.1. We use the following integral representation of
the function Ky(z):

Ky(z) = D /oo e—te—zQ/(4t)t—19—1dt7
0

where R(2%) > 0, |argz| < I, ¥ € R, see [23, Vol. II, 7.11 (23)]. O
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