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In this paper the optimal energy efficiency and high cycle pressure problem in single stage refrigerating carbon dioxide vapour compressor units operating in transcritical conditions is addressed. Literature approximated solutions to the optimisation problem are analysed and critically discussed. A numerical model for CO 2 heat exchangers and refrigerant systems is developed. Different gas coolers are simulated in order to investigate the effect of literature simplifying assumptions on the optimal pressure determination: the analysis showed a strong sensitivity of the gas cooler outlet temperature from the secondary fluid temperature, from its capacity rate and from the heat exchanger geometry.

Nevertheless it resulted that approximated solutions obtained considering the

Introduction

Carbon dioxide is one of the oldest refrigerants, as it was already employed at the end of the nineteenth century, mainly where safety was essential. After a long decline, due to the came into use of synthetic refrigerants, at the end of the past century CO 2 was revived thanks to its very low environmental impact. In 1994, the Norwegian professor Gustav Lorentzen [START_REF] Lorentzen | Revival of carbon dioxide as a refrigerant[END_REF] first proposed again this refrigerant as a working fluid for vapour compression inverse cycles and from that moment many other Authors have extensively studied such applications.

The contributions of Cavallini and Nekså [START_REF] Cavallini | Prospects for the return of CO 2 as a refrigerant[END_REF], Nekså [START_REF] Nekså | CO 2 heat pump systems[END_REF], Groll [START_REF] Groll | Review of recent research on the use of CO 2 for air conditioning and refrigeration[END_REF], Cecchinato et al. [START_REF] Cecchinato | Thermodynamic analysis of different two-stage transcritical carbon dioxide cycles[END_REF] and Kim et al. [START_REF] Kim | Fundamental process and system design issues in CO 2 vapour compression systems[END_REF] appear to deserve a mention within the scope of the present paper.

CO 2 is seen as an effective solution to the problem of the ozone depletion and of the direct contribution to the global warming of anthropic origin, since its ODP is zero and its GWP is negligible. However, the CO 2 transcritical simple vapour compression inverse cycle poor energy efficiency, when compared with a traditional subcritical cycle, especially for some applications, might result in a higher indirect contribution to the global warming of anthropic origin.

Experimental results in the automotive sector ( [START_REF] Brown | Comparative analysis of an automotive air conditioning systems operating with CO 2 and R134a[END_REF], [START_REF] Liu | Experimental investigation of a CO 2 automotive air conditioner[END_REF]) and in commercial refrigeration applications ( [START_REF] Girotto | Commercial refrigeration system using CO 2 as the refrigerant[END_REF], [START_REF] Bernabei | Design and experimental analysis of a carbon dioxide transcritical chiller for commercial refrigeration[END_REF]) show that it is possible to compete with state-of-the-art HFC systems energy efficiency. Carbon dioxide operating according to a transcritical cycle is regarded as an energy efficient option also for heat pump water heaters: the gas cooling process well fits the temperature profile of a finite water stream during heating, resulting in a quite large temperature lift in water without significant penalisation in the cycle coefficient of performance (COP), as it was clearly demonstrated in the technical literature ( [START_REF] Nekså | CO 2 heat pump systems[END_REF], [START_REF] Fornasieri | CO 2 heat pump for domestic hot water[END_REF], [START_REF] Nekså | CO 2 -heat pump water heater: characteristics, system design and experimental results[END_REF], [START_REF] Cecchinato | Carbon dioxide as refrigerant for tap water heat pumps: A comparison with the traditional solution[END_REF]).

In general terms an inverse CO 2 operated cycle is very different from a traditional one since the high pressure is often supercritical and the resulting refrigerating cycle does not entail condensation, but a simple cooling process of dense fluid accomplished in the so-called 'gas cooler'. As a consequence, unlike the common subcritical cycle, the flow factor of the expansion valve determines the gas cooler pressure, which is no more related only to the temperature of the heat transfer process. Then for the best utilisation of such a technology it is necessary that in each working condition the system operates at optimal value of the cycle high pressure, that is the one which leads to the maximum COP ( [START_REF] Lorentzen | Revival of carbon dioxide as a refrigerant[END_REF], [START_REF] Kim | Fundamental process and system design issues in CO 2 vapour compression systems[END_REF], [START_REF] Casson | Optimisation of the throttling system in a CO 2 refrigerating machine[END_REF]).

Several Authors, Inokuty [START_REF] Inokuty | Approximate graphical method of finding compression pressure of CO 2 refrigerant machine for max. coefficient of performance[END_REF], Kauf [START_REF] Kauf | Determination of the optimum high pressure for transcritical CO 2 refrigeration cycles[END_REF] , Liao et al. [START_REF] Liao | A correlation of optimal heat rejection pressures in transcritical carbon dioxide cycles[END_REF], Sarkar et al. [START_REF] Sarkar | Optimisation of a transcritical CO 2 heat pump cycle for simultaneous cooling and heating applications[END_REF],

Sarkar et al. [START_REF] Sarkar | Natural refrigerant-based subcritical and transcritical cycles for high temperature heating[END_REF] and Chen and Gu [START_REF] Chen | The optimum high pressure for CO 2 transcritical refrigeration systems with internal heat exchangers[END_REF] faced up the optimisation problem of a
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transcritical system high pressure. By means of different simplifying assumption, the same Authors theoretically worked out expressions to define the optimal cycle high pressure as a function of the refrigerating cycle variables, which are mainly the gas cooler refrigerant outlet temperature and the evaporating temperature. Cabello et al. [START_REF] Cabello | Experimental evaluation of the energy efficiency of a CO 2 refrigerating plant working in transcritical conditions[END_REF] compared optimal gas cooler pressures of an experimental plant with the proposed relations, finding significant deviations between the experimental and calculated values.

In this paper the approximated optimisation problem solutions are analysed and the simplifying hypotheses are critically discussed. In Section 2, the problem of optimal rejection pressure determination is discussed. In Section 3 a numerical model for CO 2 heat exchangers and refrigerant systems is introduced. In Section 4 different gas coolers are simulated varying the heat exchanger heat transfer area and the heat rejection fluid temperature and heat capacity rate.

The optimal pressure values are numerically obtained and compared to the theoretical expressions proposed by the formerly cited Authors. In Section 5 both a commercial refrigeration plant and a heat pump water heater are simulated in order to find optimal pressure values under variable working conditions and to compare these values with the approximated solutions.

Conclusions are drawn in Section 6.

The optimal heat rejection pressure

Problem definition

The reference transcritical carbon dioxide circuit is presented in Figure 1. The p-
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h diagram of the corresponding inverse cycle is represented in Figure 2 pointing out a non-isentropic and non-adiabatic compression process (1-2d), a nonisobaric heat rejection process in the gas cooler (2d-3) and an isobaric heat rejection process (3-3') in the internal heat exchanger (IHX) high pressure side, both of them taking place in the high pressure side. An adiabatic expansion process (3'-4'), an isobaric evaporation process (4'-1') and an isobaric heating process (1'-1) occurring in IHX low pressure side are further shown. The theoretical coefficient of performance (COP) of this cycle is defined as:

1' 3 ' 1 3 1 3 2 1 2 1 2 1 is s h h h h h h COP h h h h h h η - - - = = = - - - , (1) 
where (1-2s) represents adiabatic reversible compression process, (1-2) corresponds to a irreversible adiabatic compression process and the isentropic efficiency of the compressor, is η , is defined as following:

η - = - 2 1 2 1 s is h h h h , (2) 
Considering the transcritical refrigerating unit represented in Figure 1, the following simplifying hypothesis have been assumed:

1) isentropic and volumetric compression efficiency are influenced only by the compression pressure ratio and, for the range of variation of this parameter, a linear variation can be considered;

2) constant gas cooler heat sink fluid mass flow rate and specific heat at constant pressure;

3) constant evaporator secondary fluid mass flow rate and specific heat at constant pressure; 4) negligible refrigerant pressure drops in refrigerant lines (compressor discharge and suction lines, liquid line after the gas cooler).
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The system represented in Figure 1 is ideally equipped with an accumulator that can manage the refrigerant charge variation occurring in each component, so that there is no influence of the refrigerant charge on the cycle pressures, and so on the optimal high pressure. The accumulator has not been represented, as it can be located in different places of the circuit, as it will be detailed in section 5.

The evaporator outlet point (1' in Figure 2) has been represented in the superheated vapour region, depending on the chosen application it could be also in the two-phase or saturated zone. In this case, please consider the evaporator outlet quality variable, x e,o , instead of the evaporator outlet superheat value, ∆T SH,e , which is used in the following. Now, expressing the enthalpies in terms of the corresponding pressures and temperatures the following relations can be written:

( )

1 1 1 , e h h p T = , (3) 
( ) = 2 2 1
, ,

s s d e h h p p T , (4) 
( )

3 3 3 , c h h p T = . ( 5 
)
where p d , p c and p e are the pressure values at the compressor discharge, gas cooler outlet and evaporator outlet respectively. The heat dissipation factor, HDF, can be now introduced to account for the heat rejection process of the compressor crankcase to the surrounding environment, or to a cooling fluid, as a function of the specific compression work:

1 2 1 2 1 2 2 1 2 1 1 2 2 2 1 h h h h h h h η h h h η h h h h HDF s d s d is s is d - - - = - -         - + = - - = , (6) 
the following equation can be deduced for the gas cooler inlet refrigerant enthalpy:
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)
The compressor discharge pressure and gas cooler outlet pressure are related by the following implicit equation accounting for gas cooler pressure drops:

( ) , , , , ,

d c d d hs i hs gc p p f p h m T C , (8) 
The heat capacity rate & hs C is mass flow rate multiplied by specific heat.

Considering p c as an independent variable equation ( 8) can be written as:

( ) = Φ & & 2 ,
, , , , ,

d d c d hs i hs gc p p p h m T C , (9) 
Considering ( 4), ( 7) and ( 9), the following functions for the suction temperature, T 1 , for the high pressure side IHX outlet enthalpy, h 3' , for the suction pressure and for the gas cooler outlet temperature, p e and T 3 , are introduced:

( ) 1 1 3 , , , , , , c e SH e ihx 

T T p p T T m

= ∆ Φ & , (10) ( ) 3 ' 3 ' 3 , 
, , , , , 

c e SH e ihx h h p p T T m = ∆ Φ & , (11) ( ) ( ) 
= ∆ Φ = ∆ Φ Φ 3 ' , , 3 , , , , , , , , , , , , , , e e 
= Φ = Φ & & & & 3 3 2 , (12) ( ) ( ) η 

T T p p h m T C T p p T m T C HDF

. ( 13 
)
Both evaporation and heat transfer at IHX were assumed not-isobaric; the pressure losses dependencies for each processes can be easily inferred with expressions similar to equations ( 8) and [START_REF] Girotto | Commercial refrigeration system using CO 2 as the refrigerant[END_REF].

The compressor isentropic and volumetric efficiency are expressed as linear functions of the pressure ratio and of the compressor model empirical

constants, K is , C is , K v and C v : 1 c is c is is is is e is e p K p C K C p C p η   = - = -     , (14) 
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)
Considering the compressor swept volume, V & , the refrigerant mass flow rate can be now written as:

( ) η ρ ρ   = ⋅ ⋅ = ⋅ - ⋅     & & & 1 1 1 1 , c v v v e v e p K m V V C p T C p . ( 16 
)
Using equations [START_REF] Nekså | CO 2 heat pump systems[END_REF][START_REF] Groll | Review of recent research on the use of CO 2 for air conditioning and refrigeration[END_REF][START_REF] Cecchinato | Thermodynamic analysis of different two-stage transcritical carbon dioxide cycles[END_REF] and [START_REF] Bernabei | Design and experimental analysis of a carbon dioxide transcritical chiller for commercial refrigeration[END_REF][START_REF] Fornasieri | CO 2 heat pump for domestic hot water[END_REF][START_REF] Nekså | CO 2 -heat pump water heater: characteristics, system design and experimental results[END_REF][START_REF] Cecchinato | Carbon dioxide as refrigerant for tap water heat pumps: A comparison with the traditional solution[END_REF][START_REF] Casson | Optimisation of the throttling system in a CO 2 refrigerating machine[END_REF][START_REF] Inokuty | Approximate graphical method of finding compression pressure of CO 2 refrigerant machine for max. coefficient of performance[END_REF] into equation (1) leads to: T . Moreover COP as expressed in equation ( 17) depends on the gas cooler, evaporator and IHX geometric characteristics Φ gc , Φ e , Φ ihx , and on the compressor heat dissipation factor HDF, swept volume & V and on the empirical

( ) = ∆ Φ Φ Φ & & & , , , , , , , , , , , , , , , , , c SH 
constants K is , C is , K v , C v .
Please observe that the evaporator superheat can be reasonably considered an independent variable since in the most common carbon dioxide systems lay-out either a thermostatic expansion valve or a low pressure receiver are present.

Previous studies ([1], [START_REF] Kim | Fundamental process and system design issues in CO 2 vapour compression systems[END_REF], [START_REF] Casson | Optimisation of the throttling system in a CO 2 refrigerating machine[END_REF]) show that there exists an optimal heat rejection pressure that gives a maximum COP for given values of the other variables. At the optimal heat rejection pressure p c,opt , the partial derivative of the COP with respect to the heat rejection pressure should equal zero:

, 0 c c opt c p p COP p = ∂ = ∂ , (18) 
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10 accordingly to equation ( 17), the following expression can thus be inferred for the exact solution to [START_REF] Sarkar | Optimisation of a transcritical CO 2 heat pump cycle for simultaneous cooling and heating applications[END_REF]: 

( ) = ∆ Φ Φ Φ & & & , , , , , , , , , , , , , , , , , 
p p T T T C C HDF V K K C C . (19) 
Equation [START_REF] Sarkar | Optimisation of a transcritical CO 2 heat pump cycle for simultaneous cooling and heating applications[END_REF] shows the dependence of the optimal heat rejection pressure both on semi-empirical refrigerant reference equation of state [START_REF] Span | A New Equation of State for Carbon Dioxide Covering the Fluid Region from the Triple-Point Temperature to 1100 K at Pressures up to 800 MPa[END_REF] and on the heat transfer phenomena occurring in the heat exchangers.

Literature approximated methods

Several Authors, Liao et al. [START_REF] Liao | A correlation of optimal heat rejection pressures in transcritical carbon dioxide cycles[END_REF], Sarkar et al. [START_REF] Sarkar | Optimisation of a transcritical CO 2 heat pump cycle for simultaneous cooling and heating applications[END_REF], Kauf [START_REF] Kauf | Determination of the optimum high pressure for transcritical CO 2 refrigeration cycles[END_REF] and Chen and Gu [START_REF] Chen | The optimum high pressure for CO 2 transcritical refrigeration systems with internal heat exchangers[END_REF] obtained numerical solutions to [START_REF] Sarkar | Optimisation of a transcritical CO 2 heat pump cycle for simultaneous cooling and heating applications[END_REF] and thus approximated polynomial expressions for the optimal gas cooler pressure. All of them, except Kauf [START_REF] Kauf | Determination of the optimum high pressure for transcritical CO 2 refrigeration cycles[END_REF],

consider a single-stage refrigerating cycle working with an internal heat exchanger in their mathematical analysis. All the above expressions are based on several assumptions that differ one from another and also vary with the experimental behaviour of the facility. With respect to the former analysis, Liao et al. [START_REF] Liao | A correlation of optimal heat rejection pressures in transcritical carbon dioxide cycles[END_REF] transform the gas cooler outlet temperature, T 3 and the suction pressure and temperature, p e and T 1 , into independent variables, thus neglecting equations ( 12), ( 13) and [START_REF] Bernabei | Design and experimental analysis of a carbon dioxide transcritical chiller for commercial refrigeration[END_REF]. Moreover these Authors disregard the influence of the compressor volumetric efficiency and heat dissipation. The compressor efficiency influence is considered and equation ( 14) is introduced.

Combining equations ( 1), ( 3), ( 4), ( 5) and ( 14) Liao et al. express the COP as:

( ) ( ) (
) ( )

1 1 3 3 2 1 1 1 , , 1 , , , e c is c is is e s c e

e h p T h p T K p COP C C p h p p T h p T

-   = -   -   . ( 20 
) M A N U S C R I P T A C C E P T E D ACCEPTED MANUSCRIPT 11 
Equation ( 20) indicates that the system COP depends on the heat rejection pressure p c , the suction pressure p e , the suction temperature T 1 , the gas cooler outlet temperature T 3 , and the compressor empirical constants K is , C is :

( ) 1 3 
, , , , ,

c e is is COP COP p p T T K C = . ( 21 
)
It can be pointed out that assuming gas cooler outlet temperature, suction pressure and temperature as independent variables caused the COP to be independent by the evaporator, gas cooler and IHX characteristics and by the heat exchangers secondary fluids thermo-physical properties and mass flow rates.

Equation ( 18) still defines the optimal heat rejection pressure. From equations ( 18) and ( 20), it can be inferred that the empirical constants K is and C is exert their influence on the optimal pressure in the form of is is K C . Accordingly for the optimal value the following equation is proposed:

  =     , , 1 3 
, , ,

is c Liao c Liao e is K p p p T T C . ( 22 
)
The Authors suggest the following approximate thermodynamic expression of equation ( 22) neglecting the influence of suction temperature, T 1 , and considering the refrigerant biunique relation between suction pressure, p e , and refrigerant dew point evaporation temperature, T e : 

+ ⋅ - ⋅ + ⋅ - ⋅ = ⋅ - + ⋅ + ⋅ + ⋅ + ⋅ , 3
is is e e is is c Liao is is e e is is K K T T C C p T K K T T C C . ( 23 
)
Since Liao et al. [START_REF] Liao | A correlation of optimal heat rejection pressures in transcritical carbon dioxide cycles[END_REF] solved the problem of optimising equation ( 21), which domain is constrained by equations (10, 12 and 13), in the unconstrained
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domain of the thermodynamic variables T 3 and p e , the proposed approximated solution can't be considered an optimal one for the constrained function.

Furthermore, if the approximated solution is implemented on board of a real unit control system, the gas cooler outlet temperature and evaporation temperature can't be considered as independent variables. Considering equations (3-5) and

(10-15) and applying Liao et al. [START_REF] Liao | A correlation of optimal heat rejection pressures in transcritical carbon dioxide cycles[END_REF] equation, the system working pressure value is determined solving the following system of equations: 

, , 3, , , , 3, 3 , , , , 2. 
K T C p T K T C K T C K T C T T p T T T C C + ⋅ - ⋅ = ⋅ + + ⋅ + ⋅ + ⋅ - ⋅ - + ⋅ + ⋅ = ∆ & & ( ) ( ) ( ) , , , , , , , , , , , , , , , , , , , , , , , , , , , , , 
HDF V K K C C p p p T T T C C HDF V K K C C T T p              Φ Φ Φ    = ∆ Φ Φ Φ    =   & & & & . ( 24 
)
Sarkar et al. [START_REF] Sarkar | Optimisation of a transcritical CO 2 heat pump cycle for simultaneous cooling and heating applications[END_REF] make a similar analysis but they neglect the influence of the compressor characteristic is is K C ratio in the determination of their approximated expression for equation ( 22):

= + ⋅ - ⋅ + ⋅ 2 , 3 3 
4.9 2.256 0.17 0.002

c Sarkar e p T T T . ( 25 
)
The real system working pressure is obtained substituting equation [START_REF] Gnielinski | New equations for heat and mass transfer in turbulent pipe and channel flow[END_REF] approximated solution for Liao's expression in system [START_REF] Idelchik | Handbook of Hydraulic Resistance[END_REF] and solving it.

On similar assumptions, Chen and Gu [START_REF] Chen | The optimum high pressure for CO 2 transcritical refrigeration systems with internal heat exchangers[END_REF] propose a thermodynamic approximate expression of the optimal high pressure problem. These Authors
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13 ignore the effect of suction pressure but keep the suction temperature, T 1 , as a dependent variable. In fact, the IHX efficiency is defined:

( ) [ ] ( ) [ ] { } ' 1 3 ' 1 3 ' 1 1 , , , min T p h h h T p h h h c e ihx - - - = ε , (26) 
and equation [START_REF] Bernabei | Design and experimental analysis of a carbon dioxide transcritical chiller for commercial refrigeration[END_REF] replaced by: ( )

1 1 3 ,
, , , , ,

c e e o ihx T T p p T x m ε = & , ( 27 
)
where the evaporator outlet quality, x e,o , replaces the evaporator superheat,

∆T SH,e , variable, considering Chen and Gu's system lay-out. Furthermore, the gas cooler outlet temperature, T 3 , is expressed as a function of the heat sink fluid temperature, and equation ( 13) is substituted by the following:

2 3
, , 0.0015269 0.028866 7.7126

hs i hs i T T T = - ⋅ - ⋅ + . ( 28 
)
As Sarkar et al. [START_REF] Sarkar | Optimisation of a transcritical CO 2 heat pump cycle for simultaneous cooling and heating applications[END_REF], Chen and Gu [START_REF] Chen | The optimum high pressure for CO 2 transcritical refrigeration systems with internal heat exchangers[END_REF] ignore the influence of the compressor characteristic is is K C ratio in the determination of optimal pressure, obtaining: 

( ) ( ) ε ε = ⋅ + , , , , , , c Chen 
Kauf [START_REF] Kauf | Determination of the optimum high pressure for transcritical CO 2 refrigeration cycles[END_REF] doesn't approach the problem only from a thermodynamic point of view but simulates the system cycle introducing heat exchangers efficiency. For the gas cooler, the Author gives the following efficiency definition:

2 3 2 , d gc d hs i T T T T ε - = - . ( 31 
)
So instead of equation ( 13), the following can be written:

( )

T T T T ε = - - ⋅ , (32) 
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which the Author, considering a constant gas cooler efficiency, reduces to: 3 , 2.9

hs i T T + . ( 33 
)
For the evaporator, Kauf introduces the following efficiency definition:

ε - = - , ,
,

hsr i hsr o e hsr i e T T T T . ( 34 
)
So instead of equation ( 12), the following can be written:

( ) ε = , ,
, ,

e e e hsr i hsr o p p T T . ( 35 
)
As the analysed system has no IHX, considering ( 33) and (35), equation [START_REF] Liao | A correlation of optimal heat rejection pressures in transcritical carbon dioxide cycles[END_REF] can be written as:

( ) ε = ∆ & , , , , , , , , , , , , , , , 
c SH e hs i hsr i hsr o e is v is v COP COP p T T T T HDF V K K C C . ( 36 
)
In the determination of the approximated solution to equation ( 18), Kauf [START_REF] Kauf | Determination of the optimum high pressure for transcritical CO 2 refrigeration cycles[END_REF] neglects the influence of the compressor swept volume, heat dissipation factor and efficiency parameters. Furthermore the influence on the optimal high cycle pressure of the evaporator efficiency, superheat and secondary fluid temperature and mass flow rate is ignored. The approximated solution to equation ( 18) is thus expressed in this simple form:

= ⋅ , , 2.6 c Kauf hs i p T . (37) 
In the derivation of the previous approximated solutions to equation ( 18), all the Authors made different simplifying assumptions concerning the independent variables present in the functional form of the exact problem solution [START_REF] Sarkar | Natural refrigerant-based subcritical and transcritical cycles for high temperature heating[END_REF], that can be summarised as follows:

1) completely neglecting the influence of one or more variables, as for example all the Authors did with the compression swept volume, V & ;

2) to remove the dependency of some refrigerant thermodynamic variable on one or more of the independent variables in order to solve the problem on a
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thermodynamic basis, i.e. Liao et al. [START_REF] Liao | A correlation of optimal heat rejection pressures in transcritical carbon dioxide cycles[END_REF] considered the gas cooler outlet temperature as an independent variable and ignored its dependency on the cycle high pressure, the gas cooler geometric characteristic and other variables (see equation ( 13));

3) to introduce empirical correlations instead of equations [START_REF] Bernabei | Design and experimental analysis of a carbon dioxide transcritical chiller for commercial refrigeration[END_REF][START_REF] Fornasieri | CO 2 heat pump for domestic hot water[END_REF][START_REF] Nekså | CO 2 -heat pump water heater: characteristics, system design and experimental results[END_REF][START_REF] Cecchinato | Carbon dioxide as refrigerant for tap water heat pumps: A comparison with the traditional solution[END_REF] in order to make the problem dependent only on refrigerant thermodynamic variables, for example Chen and Gu [START_REF] Chen | The optimum high pressure for CO 2 transcritical refrigeration systems with internal heat exchangers[END_REF] related the gas cooler outlet temperature to the heat sink fluid temperature (see equation ( 28)).

The first kind of hypothesis must be in general verified. Depending on the considered application and working conditions, the resulting approximated solution could be sufficiently close to the exact one or not. The second kind of hypothesis could lead to misleading approximated solutions because they are obtained removing some constraints to the optimisation problem. Finally the use of empirical correlations instead of equations (10-13) might be an acceptable assumption, provided that the most important functional dependencies are maintained. For example Chen and Gu [START_REF] Chen | The optimum high pressure for CO 2 transcritical refrigeration systems with internal heat exchangers[END_REF] related the gas cooler outlet temperature to the heat sink fluid temperature but not to cycle high pressure nor to the gas cooler geometry or to the secondary fluid heat capacity rate.

Changing the gas cooler heat transfer surface would result in a different empirical correlation, and thus in a new approximated solution to the pressure problem.

Different applications are simulated in the following to compare the deviations of the analysed approximated expressions to the numerical solutions and the effect of these deviations on the COP. In Section 4 only the dependencies of the optimal pressure from the gas cooler secondary fluid heat capacity rate and temperature, from the gas cooler geometric characteristics and from the
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16 compressor empirical constants, K is , C is , are analysed. In Section 5 a commercial refrigeration plant and heat pump water heater are analysed under different working conditions and optimal pressures are matched up to the approximated expressions.

Heat exchangers and system modelling

For the numerical solution of heat exchangers and refrigeration systems, a Finite Volume (FVM) based model was adopted. In the code heat exchangers are defined by their geometrical parameters and the phenomenological coefficients which characterise heat transfer and pressure drops are evaluated according to common correlations reported in open literature (see Table 1). For a complete vapour compression system, comprising an evaporator, a gas cooler, an internal heat exchanger and a compressor, the governing equations of each component (for the compressor a simple lumped parameter model based on equations ( 14) and ( 15) was adopted) can be reduced to this general form:

( ) = & , , , , 0 i o i o f p p h h m . ( 38 
)
Therefore, the problem is reduced to calculate the solution to a non-linear system of equations written in equation ( 38) form. The system of equations is solved using Powell's hybrid algorithm [START_REF] Powell | Restart procedures for the conjugate gradient method[END_REF]. More details about the numerical models and their validation are reported in [START_REF] Casson | An innovative model for the simulation of a finned coil evaporator[END_REF], [START_REF] Cecchinato | Carbon dioxide as refrigerant for tap water heat pumps: A comparison with the traditional solution[END_REF], Zilio et al. [START_REF] Zilio | An assessment of heat transfer through fins in a fin-and-tube gas cooler for transcritical carbon dioxide cycles[END_REF], Cavallini et al. [START_REF] Cavallini | Experimental Analysis of Carbon Dioxide Coiled Evaporators[END_REF]. The finned coil gas cooler model considered the heat conduction phenomena through fins as detailed in Singh et al. [START_REF] Singh | Numerical approach for modeling air-to-refrigerant fin-and-tube heat exchanger with tube-to-tube heat transfer[END_REF].

The effect of the outlet gas cooler temperature simplifying assumptions on optimal pressure determination

In this section the dependencies of the optimal pressure on the gas cooler secondary fluid heat capacity rate and inlet temperature and on the gas cooler geometric characteristics are analysed. Several finned coil air cooled and coaxial water cooled heat exchangers were simulated. The influence of suction temperature, IHX outlet enthalpy, suction pressure, heat dissipation factor and compressor volumetric efficiency on the optimal pressure was not considered.

These variables are kept constant in the simulation as specified in Table 2 for finned coil and coaxial gas coolers. Liao's compressor isentropic efficiency equation is assumed. Tables 3 reports the baseline simulated finned coil gas cooler "A" geometric characteristics, "B" and "C" heat exchangers are obtained from the baseline one reducing by 56% tube length and air mass flow rate respectively.

Tables 4 reports the baseline simulated coaxial gas cooler "A" geometric characteristics, "B" and "C" heat exchangers are obtained from the baseline one varying by +18% and -26% water mass flow rate respectively.

In the considered hypothesis, all the heat exchangers were simulated to find the numerical solution to equation ( 19) under different heat sink fluid inlet temperature. For the finned coil, air inlet temperature was varied from 25 °C to 40 °C, while water inlet temperature of the coaxial heat exchangers ranged from 10 °C to 35 °C. In Table 5 and 6 the optimal pressu re and efficiency results are matched up to those obtained with the approximated solutions presented in Section 2 for finned coils and coaxial heat exchanger respectively. Optimal pressure (∆p c ) and COP (∆COP) deviations of the authors' expressions are
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reported. Each approximated solution is applied only within the validity range suggested by its authors. From the comparison presented in Table 5 and 6, it can be observed that the solutions that best fit the optimal one are those of Liao and Sarkar.

As explained in Section 2, these authors considered gas cooler outlet temperature T 3 as an independent variable in the determination of their approximated solutions. The dependency of this variable on the cycle high pressure and secondary fluid inlet temperature, which is expressed by equation ( 13), is instead evident in Figure 3 in the case of baseline coaxial heat exchanger ("A" configuration in Table 4). In the mentioned example, the strong dependence of T 3 from p c is related to the specific heat exchanger geometric characteristics and secondary fluid heat capacity rate and temperature. If the gas cooler outlet refrigerant thermodynamic state happens to be in the pseudocritical region, T 3 reaches its maximum value, because of the sudden increase in the CO 2 isobaric heat capacity. T 3 becomes almost independent from p c when the slope of the isotherm curves in the thermodynamic p-h diagram result near vertical. In Figure 3 the optimal high pressure value curve is also plotted together with Liao and Sarkar approximated solution pressure curves showing significant deviations up to -10 10 5 Pa. The corresponding COP trends are reported in Figure 4, the maximum COP deviation is -5.4% and occurs at 15 °C.

In the case of the finned coil baseline gascooler ("A" configuration in Table 3), gas cooler outlet temperature happens not to be much influenced by gas cooler pressure, thus better fitting to the Liao and Sarkar simplifying hypothesis and resulting in limited Liao and Sarkar COP deviations from the optimal one (Table 5).
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To obtain their approximated solution, Kauf and Chen and Gu substitute equation ( 13) for an equation correlating gas cooler outlet temperature only with heat sink fluid inlet temperature (see equations ( 28) and ( 33)). The dependency of this variable on the gas cooler heat transfer area and secondary fluid heat capacity rate is clearly pointed out in Figure 5. The refrigerant gas cooler outlet temperature is plotted against secondary fluid inlet temperature for the different considered finned coil heat exchangers at different pressures. Kauf and Chen and Gu trends don't match the operating curves of the different simulated heat exchangers which are affected by heat exchange area, air flow rate and operating pressure. Analysing Table 5 and 6 data, it appears that approximated solutions adopting a priori gas cooler outlet temperature equations based on secondary fluid temperature behaves worse than solutions obtained with the independent variable refrigerant outlet temperature hypothesis. If the a priori correlations implemented in the machine controller are far from the gas cooler real behaviour, the efficiency will be far lower than the optimal one. Compare for example Figure 5 trends of "A" unit with Chen and Gu equation, in this case the COP penalisation reaches 9%. Instead when Liao or Sarkar's solution are implemented on board of a real unit control system, the operating pressure value is determined solving system [START_REF] Idelchik | Handbook of Hydraulic Resistance[END_REF]. In particular Liao's high pressure is determined by the measured gas cooler outlet temperature, which is obviously influenced by heat sink fluid temperature but also by its capacity rate and by the heat exchanger geometry (see the second equation in system [START_REF] Idelchik | Handbook of Hydraulic Resistance[END_REF]). This is clearly pointed out in Figure 3, where for each water inlet temperature, the working condition of a unit controlled by Liao's equation is determined by the intersection between Liao's equation curve and the gas cooler operating outlet temperature profile.
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Approximated optimal pressure solutions applied to commercial refrigeration plants and heat pump water heaters

In the analysis of different carbon dioxide vapour compression systems, some of the hypotheses of Section 4 must be evaluated in order to correctly solve the high pressure optimisation problem. In particular the following assumptions should be certainly discussed:

1) constant gas cooler heat sink fluid mass flow rate;

2) the compression swept volume, & V , is an independent variable.

To this regard, the following CO 2 applications will be analysed: 

Commercial refrigeration unit

For the commercial refrigeration system, relations (3-5) and (10-15) are still valid but the following expression for the swept volume, & V , as function of the cooling load, Q, can be written:

( ) ( ) η ρ = ⋅ = ∆ Φ Φ Φ ⋅ -, , , 1 1 3 1 , , , , , , , , , , , , , , c SH e hs 
i hsr i hs hsr gc e ihx is v is v v Q V V p T T T C C HDF K K C C Q h h . ( 39 
)
The introduction of equation (39) in equations ( 17), [START_REF] Sarkar | Natural refrigerant-based subcritical and transcritical cycles for high temperature heating[END_REF] and in system [START_REF] Idelchik | Handbook of Hydraulic Resistance[END_REF], points out the dependency on the system cooling load, and not more on the compression swept volume, of both the exact optimal pressure problem solution and of Liao et al. [START_REF] Liao | A correlation of optimal heat rejection pressures in transcritical carbon dioxide cycles[END_REF] and Sarkar et al. [START_REF] Sarkar | Optimisation of a transcritical CO 2 heat pump cycle for simultaneous cooling and heating applications[END_REF] approximated equations.

The system was simulated at constant evaporation pressure with the operating conditions specified in Table 7. The system was equipped with the baseline "A" finned coiled gas cooler of Table 3. Compressor isentropic and volumetric efficiency equations of Table 7 were obtained from the results presented in Bernabei et al. [START_REF] Bernabei | Design and experimental analysis of a carbon dioxide transcritical chiller for commercial refrigeration[END_REF]. Four compressor volumetric capacity steps were simulated.

In Table 8 the optimal pressure and efficiency results are matched up to those obtained with the approximated solutions. Optimal pressure (∆p c ) and COP (∆COP) deviations of the authors' expressions are reported. This case differs from the ones presented in Section 4 because: a) the volumetric and isentropic compressor efficiency are representative of the performance of real compressors;
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b) the effect of different compressors capacity is considered for a specific gas cooler.

Considering full load conditions, again Liao and Sarkar's equations give better performances than Chen and Gu correlation. In this case Kauf high pressure is close to the optimal value in its range of validity. The effects of the plant cooling capacity control are pointed out in Figure 8, where the optimal high cycle pressure is compared to the Authors correlations for 25% and 100% compressor volumetric capacity. With the exception of Chen and Gu correlation, all other approximated solutions give a maximum pressure deviation of 4. 3 10 5 Pa and COP deviation of -2.1%.

Heat pump water heater

For the heat pump water heater, relations [START_REF] Nekså | CO 2 heat pump systems[END_REF][START_REF] Groll | Review of recent research on the use of CO 2 for air conditioning and refrigeration[END_REF][START_REF] Cecchinato | Thermodynamic analysis of different two-stage transcritical carbon dioxide cycles[END_REF] and [START_REF] Bernabei | Design and experimental analysis of a carbon dioxide transcritical chiller for commercial refrigeration[END_REF][START_REF] Fornasieri | CO 2 heat pump for domestic hot water[END_REF][START_REF] Nekså | CO 2 -heat pump water heater: characteristics, system design and experimental results[END_REF][START_REF] Cecchinato | Carbon dioxide as refrigerant for tap water heat pumps: A comparison with the traditional solution[END_REF][START_REF] Casson | Optimisation of the throttling system in a CO 2 refrigerating machine[END_REF][START_REF] Inokuty | Approximate graphical method of finding compression pressure of CO 2 refrigerant machine for max. coefficient of performance[END_REF] are still valid but the following expression for the gas cooler secondary fluid heat capacity rate, & hs C , as function of its outlet water temperature set-point, T hs,o , can be written: 

( ) ( ) η ρ ⋅ ⋅ ⋅ - = = ∆ Φ Φ Φ - 1 2 '' 3 , , , , , , , , , , , , , , , , , , , 
V h h C C p T T T T C HDF V K K C C T T . ( 40 
)
This correlation is the consequence of the control system that fixes the hot water temperature at the set-point value. The introduction of equation (40) in equations ( 17), [START_REF] Sarkar | Natural refrigerant-based subcritical and transcritical cycles for high temperature heating[END_REF] and in system [START_REF] Idelchik | Handbook of Hydraulic Resistance[END_REF], points out the dependency on the gas cooler water outlet set-point temperature, and no more on the water mass flow rate, of both the exact optimal pressure problem solution and of Liao et al. [START_REF] Liao | A correlation of optimal heat rejection pressures in transcritical carbon dioxide cycles[END_REF] and Sarkar et al. [START_REF] Sarkar | Optimisation of a transcritical CO 2 heat pump cycle for simultaneous cooling and heating applications[END_REF] approximated solutions.

The system was simulated at constant water outlet temperature with the operating conditions specified in Table 7. The system was equipped with the
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baseline "A" coaxial gas cooler of Table 4. Compressor isentropic and volumetric efficiency equations of Table 7 were obtained from the results presented in [START_REF] Fornasieri | CO 2 heat pump for domestic hot water[END_REF]. The simulations were carried out for two different water inlet temperature values and four evaporator air inlet temperatures with a relative humidity equal to 80%. The main characteristics of the finned-coil evaporator and of the coaxial IHX that were used in the simulations are summarised in Table 9. In Table 10 the optimal pressure and efficiency results are matched up 

Conclusions

In this work the optimal energy efficiency and high cycle pressure problem of single stage refrigerating vapour compressor units operating with carbon dioxide as refrigerant in a transcritical cycle was addressed. Literature approximated solutions to the optimisation problem were questioned and critically discussed. The analysis of different gas coolers pointed the strong sensitivity of the refrigerant outlet temperature not only from the secondary fluid temperature but also from its capacity rate and from the heat exchanger geometric characteristics. Nevertheless it resulted that approximated solutions obtained considering the carbon dioxide gas cooler outlet temperature as an independent variable behaves better than solutions correlating it to secondary fluid inlet temperature. The analysed finned coil gas coolers, under the assumption of constant suction conditions, compressor mass flow rate and at different heat capacity rates and temperatures of the inlet air, showed a COP maximum deviation of -3% with respect to the optimal one, when using correlations that consider the gas cooler outlet temperature as an independent variable, and -22% with those correlating it to the air inlet temperature. The same analysis, under similar assumptions, was extended to coaxial heat exchangers, showing -6.3% and -20.6% maximum deviations respectively, due to the stronger dependency of the gas cooler outlet temperature on the gas cooler pressure. The simulation of a commercial refrigeration plant with compressor cooling capacity control showed similar performance of the considered approximated solutions with respect to the optimal one (maximum deviation was -5.6%). Finally a heat pump water heater with supply water temperature control varying its mass flow rate pointed out large energy penalisation of all the literature solutions, up to -30.1%. It can be concluded that
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an approximated correlation must be critically evaluated before implementing it in a real controller. The underlying simplifying hypotheses can be acceptable or not, depending on the considered application, its design, heat sink fluid heat capacity and temperature level, and finally on its control system. The control of a refrigeration system based on a priori solutions is, indeed, a critical issue.

Controllers presently employed on the market are based on a PID feedback loop that aims at tracking a reference set-point generated by an approximated equation. This can eventually configure an adaptive control architecture but, being the solution not the optimal one, the system overall energy efficiency is penalised. This control technique might be efficiently used only if the implemented approximated solution is obtained by considering the operating characteristics of the specific refrigeration unit. In order to obtain such a tailored equation, an experimental or simulation campaign is needed for each unit, thus requiring dedicated tuning for each controller. A more efficient solution requires the implementation of a real-time algorithm for determining the optimal (or quasi-optimal) pressure value in the constrained domain of the independent variables. A viable solution to this optimisation problem could be provided by computational intelligence algorithms. 

(3) (4) 4). Optimal, Liao and Sarkar high pressure value curves are also plotted. 3). Optimal, Liao and Sarkar high pressure value curves are also plotted. 

∆T

  SH superheat (K) Sarkar approximated Sarkar [18] et al. solution ε heat exchanger efficiency (-) v volumetric

a)

  Medium temperature direct expansion multi-compressor commercial refrigeration plant with air cooled condensers (Figure 6). The system is equipped with an intermediate pressure receiver (4), to manage the seasonal and load associated charge variations. In transcritical operation, the gas cooler air flow rate is kept constant. Instead the compressors are alternatively switched on and off in order to keep the evaporation pressure close to a set-point value when the cooling load varies. A relation between the cooling load and the swept volume must be introduced for the problem solution; b) Heat pump water heater with supply water temperature control varying the water mass flow rate (Figure 7). The system is equipped with a low pressure receiver (5), to manage the seasonal and load associated charge variations. The heat sink fluid flow rate is intrinsically variable while the compression swept volume is constant. A relation between the M A N U S C R I P T A C C E P T E D ACCEPTED MANUSCRIPT 21 outlet water temperature set-point and the water mass flow rate must be introduced for the problem solution.

  to those obtained with Liao and Sarkar's solutions with respect to a water set point value of 60 °C. The other correlations were n ot applicable in their range of validity. Optimal pressure (∆p c ) and COP (∆COP) deviations of the authors' expressions are reported. For a unit with outlet water temperature control actuated varying its mass flow rate, the results clearly point out that the approximated solutions high pressure values are far from the optimal ones. Pressure deviations are up to of -12.5 10 5 Pa and COP deviations ranging from 10.3% up to 30.1%. The behaviour of the heat pump controlled by Liao's equation is pointed out in Figure 9. Water and refrigerant gas cooler outlet temperature and COP are plotted as a function of high cycle pressure and water mass flow rate at 20 °C external air temperature an d 15 °C gas cooler water inlet temperature. In the graphs, the unit operating points locus is indicated by shadowed grey lines. Liao's control law crosses this line in correspondence of 84.0 10 5 Pa. For this pressure the water mass flow rate is very low in order to keep constant the 60 °C water set point value, grea tly reducing the gas cooler efficiency. This result in a high refrigerant gas cooler outlet temperature and, consequently low COP value, observed in Figure 9 in correspondence of Liao's operating conditions (full circle markers).
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Table 3 .

 3 Finned coil gas coolers geometric characteristics.

	Finned coil gas cooler		A	B	C
	Tube arrangement (material)			staggered (Cu)	
	Longitudinal tube spacing (*)	[mm]		21.7	
	Transverse tube spacing (**)	[mm]		25.0	
	Inside tube diameter	[mm]		6.52	
	Outside tube diameter	[mm]		8.52	
	Inside tube surface			smooth	
	Fins geometry (material)			plain (Al)	
	Fin spacing	[mm]		2.1	
	Fin thickness	[mm]		0.10	
	Number of rows			4	
	Number of tubes per row			88	
	Number of circuits			44	
	Tube length	[mm]	3200	1400	3200
	Air mass flow rate	[kg/s]	14.69	6.43	6.43
	Air face velocity	[m/s]	1.83	1.83	0.80
	(*) Along the air flow (**) Normal to the air flow		

Table 4 .

 4 Coaxial gas coolers geometric characteristics.

	Coaxial gas cooler		A	B	C
	Refrigerant dislocation			shell	
	Heat exchanger length	[m]		30	
	Number of internal tubes	[-]		1	
	Inner tube internal diameter	[mm]		12.0	
	Inner tube external diameter	[mm]		14.0	
	Outer tube internal diameter	[mm]		18.0	
	Water mass flow rate	[kg/s]	0.090	0.074	0.113
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 1. Phenomenological coefficients used in numerical code.

Pressure Drop Heat Transfer

Localised

Distributed

Air Wang et al. [START_REF] Wang | Heat transfer and friction characteristics of plain fin-and-tube heat exchangers[END_REF] Wang et al. [START_REF] Wang | Heat transfer and friction characteristics of plain fin-and-tube heat exchangers[END_REF] Idelchik [START_REF] Idelchik | Handbook of Hydraulic Resistance[END_REF] Water Gnielinski [START_REF] Gnielinski | New equations for heat and mass transfer in turbulent pipe and channel flow[END_REF] Churchill [START_REF] Churchill | Friction-factor equation spans all fluid flow regimes[END_REF] Idelchik [START_REF] Idelchik | Handbook of Hydraulic Resistance[END_REF] CO 2

Transcritical

Dang and Hihara [START_REF] Dang | In-tube cooling heat transfer of supercritical carbon dioxide. Part 1. Experimental measurement[END_REF] Churchill [START_REF] Churchill | Friction-factor equation spans all fluid flow regimes[END_REF] Idelchik [START_REF] Idelchik | Handbook of Hydraulic Resistance[END_REF] CO 2

Subcritical, twophase evaporation Cheng at al. [START_REF] Cheng | New Flow Boiling Heat Transfer Model and Flow Pattern Map for Carbon Dioxide Evaporating inside Tubes[END_REF] Friedel [START_REF] Friedel | Improved friction pressure drop for horizontal and vertical two-phase pipe flow[END_REF] Idelchik [START_REF] Idelchik | Handbook of Hydraulic Resistance[END_REF] CO 2

Subcritical, single phase Gnielinski [START_REF] Gnielinski | New equations for heat and mass transfer in turbulent pipe and channel flow[END_REF] Churchill [START_REF] Churchill | Friction-factor equation spans all fluid flow regimes[END_REF] Idelchik [START_REF] Idelchik | Handbook of Hydraulic Resistance[END_REF] M A N U S C R I P T A C C E P T E D