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Abstract

We present a novel class of particle methods with deformable shapes that achieve high-
order convergence rates in the supremum norm. These methods do not require remappings
or extended overlapping or vanishing moments for the particles. Unlike classical convergence
analysis, our estimates do not rely on a smoothing kernel argument but rather on the uni-
formly bounded overlapping of the particles supports and on the smoothness of the charac-
teristic flow. In particular, they also apply to heterogeneous “particle approximations” such
as piecewise polynomial bases on unstructured meshes. In the first-order case which simply
consists of pushing forward linearly transformed particles (LTP) along the flow, we provide an
explicit scheme and establish rigorous error estimates that demonstrate its L> convergence
and the uniform boundedness of the particle overlapping. To illustrate the flexibility of the
method we also develop an adaptive multilevel version that includes a local correction filter
for positivity-preserving hierarchical approximations. Numerical studies demonstrate the con-
vergence properties of this new particle scheme in both its uniform and adaptive versions, and
compare it with traditional fixed-shape particle methods with or without remappings.

1 Introduction

Efficient and simple particle methods are extremely popular for the numerical simulation of trans-
port equations involved in many physical problems ranging from fluid dynamics [8, 12] to kinetic
(e.g., Vlasov) equations [7, 18]. However, particle methods also suffer from weak convergence prop-
erties that lead to important disadvantages in many practical cases. Specifically, it is known that
they only converge in a strong sense when the particles present an extended overlapping, that is,
when the number of overlapping particles tends to infinity as the mesh size h of their initialization
grid tends to 0, see e.g., Refs. [3, 25]. Moreover, convergence rates are known to be suboptimal
and for high orders they require additional constraints (namely, vanishing moments) that are not
satisfied by positive shape functions. In practice, extended particle overlapping can be expensive
and it involves an additional parameter to be optimized, such as the overlapping exponent ¢ < 1
for which the particles radius behaves like h? > h. In Particle-In-Cell (PIC) codes for instance,
this amounts to increasing the number of particles per cell together with the number of cells, as
the latter determine the effective radius of the particles [7]. In Smoothed Particle Hydrodynamics
(SPH) schemes it amounts to increasing the number of interacting particles [24]. Because of these
issues, many particle simulation methods do not meet the conditions of convergence which can re-
sult in numerically intensive simulations for acceptable accuracy. Also, limited numerical resources
often produce strong oscillations seen as a statistical noise that hamper interpretation of results
and can further cause large scale errors.

To suppress noise, many methods (like the Denavit redeposition scheme [16], recently revisited
as a Forward Semi-Lagrangian scheme (FSL), see e.g., Refs. [23, 11, 14]) use periodic remappings,
i.e., particle re-initializations that smooth out the evolution. However, frequent remappings can
introduce unwanted numerical diffusion which leads some authors to introduce high-order adaptive
remappings, see, e.g. Refs. [6, 28], and in many cases contradicts the benefit of using low-diffusion
particle schemes.
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In this article, we present a new class of particle methods with deformable shapes that converge
in the supremum norm without requiring remappings or extended overlapping or vanishing mo-
ments for the particles. Unlike classical error estimates based on a smoothing kernel argument, our
analysis applies to general particle collections with Lipschitz smoothness and bounded overlapping
properties. In particular our estimates easily extend to the transport of heterogeneous particle
approximations, such as standard finite elements bases.

Our results are threefold. On a formal level first, we establish high-order convergence rates in
L for a class of transport operators where the particle shapes are deformed with polynomial map-
pings, the coefficients of which involve spatial derivatives of the backward flow. In particular, the
first-order case is a linearly-transformed particle method (LTP) where the particles are deformed
with the Jacobian matrices of the backward flow. It corresponds to a method already studied by
Cohen and Perthame [10] who established its first-order convergence in L! but did not provide
a numerical scheme for the deformation matrices. It can also be viewed as a modified version of
Hou’s method [20] where instead of using a global deformation mapping, each particle is trans-
formed by the linearized flow around its trajectory. On a numerical level, we provide an explicit
scheme for the LTP method that is based solely on pointwise evaluations of the forward flow, and
we establish rigorous a priori estimates for both the transport error and the particle overlapping.
To illustrate the flexibility of our approach we also present an adaptive multilevel LTP scheme
where local estimates for the single-particle transport errors are used to decide which particles are
dynamically refined, and a local correction filter for high-order positivity-preserving hierarchical
approximations is presented. On a practical level we eventually present some academic test cases
and show that the LTP scheme converges faster than the traditional “smoothed” particle method
with extended overlapping (TSP). Here the convergence is significantly improved by introducing
periodic remappings, but compared with the FSL scheme we also show that optimal remapping
frequencies are much lower with LTP, leading to lower numerical diffusion and computational cost.
Finally we verify that our adaptive LTP scheme enhances the convergence of solutions with sharp
edges by equi-distributing the transport error.

As we have pointed out, deforming the particles is not a new idea. Dynamic adaptation,
i.e., refinement and coarsening of particles, also has a substantial history. In vortex methods for
instance, Cottet, Koumoutsakos and others have introduced a variety of algorithms to handle
particles with spatially varying sizes based on global or local mappings, see e.g. [13, 5]. In kinetic
(PIC) schemes, Lapenta, Assous and others developed “rezoning” algorithms to increase or lower
the number of particles per grid cell, while preserving grid moments such as charge, current or
energy density, see e.g. [21, 1]. For pure transport problems, Bergdorf and Koumoutsakos [6] have
studied a wavelet-based FSL scheme with adaptive, high-order remappings. However, although the
list is not exhaustive we observe that these methods only adapt the size of the particles, and not
their shape. A noteworthy exception is the Complex Particle Kinetic method developed by Bateson
and Hewett for the simulation of plasmas [2, 19] where in addition to having their Gaussian shape
transformed by the local shearing of the flow, the particles can be fragmented to probe for emerging
features, and merged where fine particles are no longer needed. When mature, our adaptive scheme
will naturally have to be compared with the above methods.

The outline of the article is as follows. In Section 2 we begin with a brief overview of the main
particle methods, we introduce some notations and state our main results. In Section 3 we present
our class of high-order particle methods with polynomial deformations, and provide a fully discrete
LTP scheme with a priori estimates. Section 4 is then devoted to the description of an adaptive
multilevel LTP scheme based on refinable B-splines, and our numerical studies are presented in
Section 5.

Readers mostly interested in the practical aspects of the LTP scheme may prefer to first read
Sections 2.3, 3.1, 3.3 and 3.4. Its main properties are stated in Theorem 3.2, and its adaptive
multilevel version is summarized in Algorithms 4.1, 4.2 and 4.4.

2 A brief overview of particle methods

To introduce some notations and state our main results we begin with a rapid overview of some
important particle methods. Following [25, 10] we consider the linear d-dimensional transport
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equation

Ouf(t,2) +u(t,z) - Vf(t,z) =0, telo,7], zeR? (1)

associated with an initial data fi* : R? — R, a final time 7 and a velocity field u : [0, 7] x R? — R9,
In fluid problems for instance, we have d = 2,3, while in kinetic formulations R? is a phase space
with d < 6, and wu is a generalized velocity field with components of velocity and acceleration. In
any case, we assume that u is smooth enough for the characteristic trajectories X (t) = X (¢, to, zo),
solutions to

X/(t) = u(t, X(t)), X (to) = o, (2)

to be defined on [0, 7], for all zop € R? and ¢, € [0, 7], see, e.g., [25]. In particular, the corresponding
characteristic flow Fy, ; : 2o — X (t) is invertible and satisfies Fy ¢, = (F}, )~ *. Hence solutions to
(1) read

ft,z) = f(to, (Fyyr) () for all to,t € [0,7] and € R%.

For simplicity, we restrict ourselves to the incompressible case where divu = 0. In particular, the
flow is measure preserving in the sense that its Jacobian matrix Jr, ,(r) = (9, (Fto,t)i)1<i i<d has
a constant determinant equal to 1, -

det (JFtU_’t(m)) =1 for all to,t € [0,7] and = € R%.

2.1 The traditional smoothed particle method (TSP)

In the standard “academic” particle method [25], numerical solutions are typically computed as
follows: considering deterministic initializations for simplicity, the initial data is first approximated
by a collection of particles on a regular (say, cartesian) grid of step h > 0, i.e., we set

frel@) =Y wi(fMee(z —an) = (),  zeRY,

keza

with x; = hk and weights defined by
wy (™) 12/ [ v f(x)dz  or  wi(f™):= hdfin(ack). (3)
oet[=3.5

Here ¢, = e~ %p(-/e) is the particle shape function with radius proportional to e, usually seen as a
smooth approximation of the Dirac measure obtained by scaling a compactly supported “cut-off”
function ¢ for which a common choice is a B-spline. Particle centers are then updated at each
time step ¢ = nAt by following the flow F™ = Fyn ;nt1 or its numerical approximation, and the
weights are kept constant, leading to

@) =) we(fM)pe(m — apth) & f(E ) with 2= F"(a}), keZ,
kezd

and where we have set 9 = z,. In the classical error analysis [3, 25], the above process is seen as (i)
an approximation — in the distribution sense — of the initial data by a weighted collection of Dirac
measures, (ii) the exact transport of the Dirac particles along the flow, and (iii) the smoothing
of the resulting distribution , wy( fi“)émz with the convolution kernel .. The classical error
estimate reads then as follows: if for some prescribed integers m > 0 and r > 0, the cut-off
¢ has m-th order smoothness and satisfies a moments condition of order r, namely if [¢ = 1,
J1z|"¢(z)] dz < co and

/x‘;l...x;‘i@(xl,...,xd)dxz() for seN? with 1 <s;4+---+s5<7—1,

then there exists a constant C' independent of fi*, h or €, such that for all n < 7/At we have

1FE™) = Fieelln < C(€ 1 lwen + (Bf)™ £ s ) (4)
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with 1 < g < 0o. More recently, Cohen and Perthame [10] observed that defining the weights as
w7 = [ fr)one — o) do )

with weighting function @;, = @(-/h) derived from a compactly supported ¢ € C°(R?) such that

Zkfl...kjdcﬁ(:cfk):x‘il...xgd for seN? with 0<s1+---+s4<m—1,
kezd

one has the improved estimate
1£GE™) = Fitelln < C(€ 1w + (B/)™ 1 £ ) (6)

with a new constant that is again independent of f» h or e. Note that (6) is better than (4)
in that m is not constrained by the smoothness of ™, which allows to reach higher convergence
rates. Indeed balancing the error terms in the above estimates suggests to take ¢ ~ h? with
q = 745, vielding a convergence in h#+7 . In particular, if fi® € W*# for some integer s then
the best possible rate with standard weights is only 7%/2||f™ |y s, obtained with m = r = s.
With the improved weights instead, one can take a higher value for m and obtain estimates close
to || f||wswn. Moreover, the latter approach also allows to improve (i.e., reduce) the particle
overlapping, since the corresponding exponents are q = % and mLM ~ 1, respectively. In either
case indeed, we see from the term h9”|| fI*||yy~.« in the estimates that extended particle overlapping
does not only make the simulations more expensive, it also deteriorates their convergence order.

2.2 The forward semi-lagrangian scheme (FSL)

In Forward Semi-Lagrangian schemes (the new name for the periodically remapped particle method
introduced by Denavit [16]), extended overlapping is usually not required and particles have the
same scale than their initialization grid, i.e., ¢ = h. Instead, their weights and centers are re-
initialized on a regular grid once every N, time steps. Thus, denoting by

Ap g Y wi(g)pn(e — )
kezd

the particle approximation operator with z; = hk and weights computed, e.g., as in (3), and by
T pn(- = ag) = on(- — F"(x}))
the fixed-shape particle transport operator, the FSL scheme takes the form

Apffrif mod (n,N,) =0

m otherwise,

e S ) = TR with ::{ @

kezd

where T has been extended to collections of particles by linearity.

2.3 The linearly-transformed particle method (LTP)

In this article we shall develop a lesser-known approach already studied by Cohen and Perthame [10]
who observed that by deforming the particles with the linearized flow around their trajectories,
one obtains a convergent method (in L') with particles scaled with their initialization grid, and
no remappings. On a formal level this amounts to defining linearly-transformed particles as

onx(t, ) = on (Jk(t)(x - xk(t))) with  zy(t) = Fo (o) and Jy(t) := Jr, o (zx(t)). (8)

In practice, we have seen that occasional remappings are needed for accurate solutions. We may
then rewrite the numerical LTP scheme in a form similar to (7), but particles are now associated
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with invertible d x d deformation matrices D} representing backward Jacobian matrices at 7.

Thus, numerical solutions read

fi@) =Y wighp(z) = Y wion(Di(z —af)) (9)

kezZe keZd

and transporting the particles consists in updating the deformation matrices D}’ together with the
particle centers z}. In section 3.3 we will describe a numerical method for doing so, that is solely
based on pointwise evaluations of the (approximated) forward flow F. We may then summarize
our findings as follows.

Main results. The formal LTP method (8) converges with order 1 in L™, and arbitrary orders
can be reached with proper polynomial deformations which coefficients involve the derivatives of
the backward flow (see Theorem 3.1). On the numerical side, an explicit implementation of the
LTP transport operator based on finite-difference approximations of the forward Jacobian is also
shown to converge with order 1 in L® with no remappings required (see Theorem 3.2). In practice
this leads to improved convergence compared to both TSP and FSL schemes, with lower remapping
frequencies than the latter (see Section 5.1). Moreover, local error estimates for the single-particle
transport errors are established (see Theorem 3.2 again) that can be used for dynamic refinements
in a hierarchical particle framework (see Section 5.2).

In the sequel it will be convenient to use the maximum norm ||z||s := max;|x;| for vectors and
the associated [[Allo := max; };[A; ;| for matrices. For functions in Sobolev spaces W™ (w)
with integer index m > 0 we will use semi-norms defined as

d

d
|U|m,w = IIlle{ Z Z ||811 ~~~81mvi||Loo(w)},

l1=1 lm=1

and for conciseness we shall drop the domain w C R? when it is the whole space.

3 Particle methods without smoothing

In this section we develop particle methods that deviate from the existing “smoothed” approaches
described in Sections 2.1 and 2.2 in the following sense.

e Convergence (including high-order) is proved without resorting to a smoothing kernel argu-
ment as with TSP schemes. Instead particles have their radius proportional to the meshsize
h of their initialization grid, which

(i) permits using not only one single particle shape but also heterogeneous collections such
as standard finite element bases, as no vanishing moments or high-order smoothness is
required ;

(ii) allows to compute their weights with standard approximation schemes, including hier-
archical ones ;

(iii) yields uniformly bounded numbers of overlapping particles.

e Remappings are not required for convergence as in FSL schemes, although they may improve
the results in practice.

To simplify the presentation we shall focus on homogeneous spline particles, although het-
erogeneous bases could be used, see Remark 3.2 below. Thus, in Section 3.1 we first recall one
local approximation scheme with B-splines, then in Section 3.2 we introduce the particle transport
operators with polynomial shape transformations that converge without smoothing arguments.
In Section 3.3 we next describe one explicit implementation of the first-order transport operator
Ti, and after giving one practical tool for localizing arbitrary particles with linearly transformed
supports in Section 3.4, we establish rigorous error estimates in Section 3.5, that prove both the
uniform convergence and the uniformly bounded overlapping of the deformed particles.



hal-00649821, version 1 - 8 Dec 2011

3.1 High-order quasi-interpolations with B-spline particles

For simplicity, we shall consider homogeneous particles based on tensorized B-splines. Specifically,
the univariate (centered) cardinal B-spline B, is a piecewise polynomial of degree p, globally CP~!

and supported on [—L;l, %] It can be defined recursively by

1
x+5
and Bp(x):(sp_l*zao)(x):/ By, for p>1,

By = X
-2

11
—2:3]

and its integer translations span the space of cardinal splines of degree p, see, e.g., [15]. Thus
Bi(z) = max{l — |z|,0} is the traditional hat-function, Bs is the centered cubic B-spline, and so
on. Specifically, our reference particle shape function will be the tensorized, centered B-spline of
odd degree p,

o(x) = HBp(zi) supported on  supp(p) = [—¢p, cp]? with ¢, := p—‘gl. (10)

Note that B-splines of odd degree are refinable, which will later allow us to reformulate our particle
method in a hierarchical, multilevel framework.

Since our particles are scaled with their initialization (or remapping) grid, we can use standard
approximation schemes that rely on the fact that the span of their integer translates

onk(x) =pp(z —a) = hidgp(hflz — k), k ez, (11)

contains the space P, of polynomials with coordinate degree less or equal to p. Specifically,
we shall consider quasi-interpolation schemes described by [9] and [27], where high-order B-spline
approximants are locally obtained by pointwise evaluations of the target function. In the univariate
case they take the form

Agd) i Zwk (9)¢n  with normalized weights wg(g) :=h Z a; g(h(k +1))
kEZ [<my,

and symmetric coefficients a; = a_; defined in such a way that Agd) reproducts the space P;,ld).
They can be computed with the iterative algorithm in [9, Section 6]: for the first orders we obtain
e m,=0and ay=1forp=1,
e m, =1and (ag,a1) = (§,—¢) for p =3,
o my, =4 and (ag,a1,a2,a3,a4) = (33, —ég%, %, 3605 Tiigo) for p=5.

In the multivariate case we can tensorize the above, as it is easily checked that the operator

Ap g Zwk(g)gph,k with wy(g) := h? Z a;g(h(k+1)) and a; := H a;, (12)
kezd Il oe<my 15i<d

reproducts any polynomial = € P,. Moreover, we have

1ARgllz < (2¢5) lonll :ugllw;c(g)l < (2¢p) Il L= llaller [lg] o (13)
€

with |la||p = EHle<mp|al|, by using the fact that no more than (2¢,)¢ B-splines can overlap. It
follows that Ay, is uniformly bounded in L®°, with

[ Angll Lo
ARl £(zoe) := sup < (2¢p) Il < llaller-
g9

#0  llgllz
In particular, we can localize the above bounds and write, with an integer ¢ < p, that
|Arg = gl (Boo@rny) < infrep, {I1An(g — 7)o (B (wr0)) + 19 = Tl oo (Boc (wroh))
< infrep, {([Anllziz) + DIlg = Tl 2o (B (o h(mpten))) |

mp+cp q+1
< (| Anll ooy + 1)UL |glg 1 B (e by )
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where B (z, p) denotes the open cube of center z and radius p, and where the last inequality is
obtained by choosing for 7 the g-th Taylor expansion of g around z, namely 7(z) = Y7 _, %gzﬁ(r) (0)
with ¢(s) = g(zx + s(z — x1)). Hence the high-order global accuracy

[Ang = gllL= < calglgrr,  a<p (14)

(mp +Cp)q+1

with c4 = ([[Anllzz=) +1) (gD

3.2 High-order particle transport with polynomial shape transforma-
tions

We now address the problem of transporting a collection of particles

= wepnk~ "

kezd

along the flow F' = Fj ; associated with the whole time domain, with no remappings. Here we
consider particles initially centered on the cartesian grid (11), with weights satisfying

lwe| < cwh®|| fP e, ke Z? (15)

with a fixed ¢,, > 0, as it should be with any standard approximation scheme — if fp = Ay, fin this
is clearly the case, with ¢,, = ||al|;2. Moreover, to simplify the analysis we begin by forgetting the
time discretization (when studying a discrete particle scheme we will take into account the time
approximation errors, see Section 3.3 and following) and consider that F is known and can applied
exactly. Thus, in the traditional method particles keep their shape and are simply translated with

T = T(O) D Phk @h(' — ii'k), with z, = F(xk) (16)
Note that the exact transport operator reads
Tex 19— g(F_1<~)) (17)

so that (16) is exact for point (Dirac) particles. For finite-size particles however, the method does
not converge: consider the two dimensional case where p = 1, i.e., ¢ is the standard hat function,
and the infinitely smooth problem consisting of f* = 1 and u(t,z) = (—x2,71) over the time
interval [0, F]. Then any reasonnable initialization will give wy = h?, hence, f7)(x) = 1, and clearly
the exact final solution is f(§,z) = 1. Now, since at the final time the particle centers will have
rotated of 7 = 7§, every particle ¢, ,, with |k1|+ |k2| = 1 will be centered on (cos(0+ 7 ),sin(6+ 7))
with § € ZN, and hence contributes to @ = 0 with T{g)pn,x(0) = h~2(1 — %)2, in addition to ¢y o
which does not move. Since other particles do not contribute to = 0, the final error satisfies

1(Toy = Tex) fill = = |T0) f(0) = £(5,0) = 2(vV2 = 1)%, regardless of h.

Now, to improve the accuracy of the transport operator let us analyze its error based on the
main property that the transported particles are localized by the relation

supp(Tonk) C Bk = Boo(Tk, hpn k) (18)

with radius parameters uniformly bounded by p := sup,~¢ rezd Pnx < 00 (which is clearly the
case for T(gy, with ppr = ¢, = p). Thus, we first observe that if 7" is such that (18) holds,
then the particles overlap in a bounded way. Indeed for all x, k such that Ty, x(x) # 0 we have
Ik =P~ P (@)oo < ATHE T |2k — 2lloo < ok 1, hence

Suﬂg #({k VAR Topr(x) # 0}) <0:= (2ﬁ|F_1|1)d. (19)
zERY

Moreover, it is easily seen that the particles transported with the exact operator (17) also satisfy
a bounded overlapping: if k is such that Toxpp k(z) # 0 then ||k — A~ F~1(2)| 00 < ¢p, hence

su]é) #({k € Z: Toxpn () # 0}) < Oex 1= (2¢,)".
z€R
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In particular, we can decompose the global error (T' — Tey) f,? in terms of particle transport errors
enk = (T — Tex)Ph ks 8S

(T = Tex) fRll = < ©c sup [wi(f™)enr ]l < hlew [ f™]L=Oc sup [len, Lo
kezd kezd

holds with © := © + O, where we have used (15). Next we observe that the support of Texpn i
is localized with

Texni(z) #0 = F~Y(z) € Ep i := supp(pn,k) = Boo (@, heyp)
— Hl‘ — i’k”oo < _1(*7") - kaoo < th|F|lth,lc7

i.e., we have
supp(Texnk) = F(Xnk) = F(Boo(Tk, hep)) C Boo (T, hep| Fli s, 0 )- (20)

Hence the localization supp(en ) C B;k i= Boo (T, hpp, 1,) for the error terms, with a new constant
P, 1 = max(pn k, cp| Fl1,s, ) < p° := max(p,cp|F[1). In the case of particle translations, i.e., for
T =T\, it follows that

lennllLe = sup,epelen(@ — zk) — on(F~H(z) — F~H(a)]
< |‘Ph|ISUPxeB§”(F71(x) —x) = (FHaw) -2 )”00 (21)
< h7p il [ FTY — I8¢,

where we have used the scaling |¢pn|; < h=(4FD|p|; derived from (11). Thus, by gathering the
above steps one finds

1(T(o) = Tex) fill e < COH|F™H = Il ™1 (22)

with a constant C' depending only on d,p. Note that since det(Jp+1(x)) = 1 is valid for all z, we
have 1 < ||Jp+1 ()]0 < |F*!|; and hence (22) holds with ©, = 2(2|F~!|1¢,)? and p¢ = c,|F|;.

Not surprisingly, the above analysis fails short of proving the convergence of particle transla-
tions. It also suggests one way to improve their accuracy: setting indeed

or(s) == (F~' = I)(ZTh + s(x — Zy)) (23)

we may see the approximation (F~1(z) —z) ~ (F~1(Z; %) — 1) involved in (21) as the zero-order
Taylor expansion ¢ (1) ~ ¢4(0), and hence consider replacing ¢y (z — Zx) by n Pk, (), 7 > 1,
where 1

Oy () (2) = 2 — Tp + G,(0) + - + ﬁ<z>,<j)(0) ~ F Y (z) — zy, (24)

is formally an r-th order approximation. Note that one could also consider expansions of the
alternate ¢x(s) = (I — F)(zx + s(F~(z) — zx)) since ¢x(1) — ¢ (0) = ¢x(1) — ¢x(0), but the
particular form of (23) gives

T

d d
-3 gjph (T = D)@+ s(e = 20) [[(@ = 2. (25)
=1 =1

i=1

so that @y, () is a polynomial mapping which coefficients involve evaluations of space derivatives
of F~1 at 7. Also, (25) allows to specify the accuracy of the Taylor expansions (24) as follows:
for all » > 1 and every z in a localized domain w C By (Zg, hp,,) with p, > 0, we have

1@,y (x) — (F~ ()

r+1 r (Pw)r+1 —
) as| s e P e (26)

where (w) denotes the convex hull of w.
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Thus, for r = 1 we find ®y (,y(z) = Jp-1(Z)(x — T) where Jp-1(Zy) = Jp(xk)~ ! is the in-
vertible Jacobian matrix of the backward flow. In particular, ® (, is invertible and the resulting
linearly-transformed particles given by

T(l)@h,k(x) = @h(tﬁk)(l)(x)) = @p (Jk(m — jk)) with Z, = F(Jik-), Jr = JF—l(i‘k) = JF(:ck)71
(27)
have a localized parallelogram support,

supp(T(1)on.k) = Tr + Ji ' (Boo(0,hep)) € Boo(Ph i, hiey| Ty Hloo),s

i.e., (18) now holds with py j, := CPHJ}:,Ilc”OO < p=cp|F|i. It follows that the above analysis applies
readily to 7{;), the only noticeable change being that instead of (21) we now write

llen kL~ = SUPze By |<Ph (Cbk,(l)(ﬂ?)) — ¥n (F_l(x) - F_l(m)ﬂ
< lenlrsup,epe  19n,) (@) = (F7H @) — 2k)lloo (28)
S G

with pf, . = ¢, max(||J; oo, [F]1,500) = ¢l Fl1,5, . leading to
I(Tex = Ty) fll e < hCO()* [ F ™ ol £ £ (29)

with p° = ¢p|F|1 = supgeza pf, 1o Oc = (2¢,)%(1 4 |[F7H{|F|{), and where as above, C' depends
only on d, p.

For larger values of r, care must be taken when defining 7},). Indeed, as ®; ) may not be
invertible, there is no guarantee that ||z — Zx||oc < h in the support of ¢;(®y (y). To overcome
this difficulty we can define the transported particle as a restriction of the latter to a domain iﬁ} &
that is a priori close to F(3, 1), namely

Ty pn k() = on(®Pr v () X533, (2), (30)

where again ®;, .y is the polynomial mapping defined by Equations (24)-(25), x denotes the set
characteristic function, and where we have set

Shk = (Pr,1) " (Boo(0,hep(1+N)) = 2k + J;, ' (Boo (0, hep (1 4+ X)) (31)

Here ) is a free (and possibly local) parameter to be set in such a way that (X, 1) = supp(Tex¢n.x)
is contained in Eﬁ, > which will allow us to restrict the particle error term to the latter domain, and
carry on the error estimates as in (28). In the remaining part of this section it will be convenient
to let

prne(N) = cp(L+ N)|Flis,, and  Bpi(\) := Boo (@, hpn (M)

Indeed we can check that T\, satisfies (18) with pp r = pnx()\), hence the corresponding particle
transport errors ep 1, := (T(;) — Tox)@n,k satisfy a bounded overlapping property similar to (19)
with O, = (2¢,)%(1 + (1 + N4 F|{|F~1|{). Moreover, we infer from (20) that

supp(en,k) C (supp(T(r)@nk)Usupp(Texn k) C (F(Eh,k)Uiﬁ,k) C (Bnk(0)UB 1(N) = Bpp(N).
Our estimate for the error amplitude is given by the following Lemma.

Lemma 3.1. Given h >0 and k € Z¢, the domains introduced in (20), (31) satisfy

F(Xpx) C if{’k provided that A > /\I,{“k“ = %hcp|F|%7Eh,k|F71|2th,,k(0)' (32)
In particular, the particle transport error ey, has its support in iﬁ,k, and satisfies

(Pne(A)

Lo < Ry 1) [F 1,8, 0 (33)

||€h7k
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Proof. Based on the above discussion, for any y € Xj, ; we know that x := F(y) is in By, x(0).
Hence using (26) we write

1@,y (@)oo < Ny — illoe + [ Pr, 1) (2) — (F~H2) — 1) |00
< hep + %h2(ﬁh,k(0))2|F_1|2,Bh,k(o)
S th(l + >‘)7

which shows (32). Turning to the error estimate, we then have

lenkllze = sup ey lenk(z)]

< Supxeiﬁ,k ‘90]' ((I)k,(r) (:L‘)) - wj(F_l(x) - ‘Tk)|

_ (34)
< lenlisupes, o1k (@) = (F71(x) — 21)]lo
rf = AL
<h d\@h%w N1, B ()
which completes the proof. O

A global estimate is then easily derived from the above results.

Theorem 3.1. As above we consider B-spline particles pp 1, of degree p, initially centered on the
reqular nodes x, = kh, k € Z% and supported on the cubes Ehk = Boo(xg, hep) with ¢, = %, see
(10)-(11), and we denote by F = Fy . the exact characteristic flow associated with Equation (1)
on the time domain [0,7]. We let T{, be the r-th order particle transport operator defined by (27)
forr =1, or by (30)-(31) for r > 2. In the latter case we consider for simplicity a uniform
localization parameter X > Lhcy|F|3|F~1|y and if r = 1 we take A = 0. Then the transported
particles are localized by (18) with pp x(A) = cp(1 + X)|F|1,5, ., and in particular they satisfy a
uniformly bounded overlapping property

Sél@#({k € Z%: Tiypn () #0}) < ((p+ 1)(1+ N|F|1[F~ 1)

Moreover, for any particle approzimation f) for which (15) holds, the global transport error satisfies

(cp(L+ N[F)"™
(r+ 1)

with O, = (2¢,)4(1 + (1 + N F|¢|F~Y4) and a constant C that only depends on d,p.

1 .
1Tty = Tex) fill L < CHO, [ S i 128

Remark 3.2 (heterogeneous “particle” approximations). As previously pointed out, our arguments
do not rely on a smoothing kernel unlike classical analysis of particle methods [3], [25], and it is a
simple exercise to extend the estimates stated in Theorem 3.1 to the heterogenenous case where the
“particles” pp i, are not derived from a reference ¢ but instead are defined as piecewise polynomials
with global continuity constraints (e.g., standard finite element bases) on unstructured meshes of
R?, under the usual shape regularity and quasi-uniformity assumptions.

3.3 A finite difference implementation of the LTP method

We now describe and analyze a finite difference implementation of the particle transport operator
T(1), that will only make use of the numerical flow

F" =~ FeT}L( = Ftn,tn«{»l (35)

given by some explicit solver for the ODE (2) over the time step [t",t"T1]. Specifically, we consider
the following approximations. First, the exact transport operator

T = Tex[F - ‘Pg,k; — @Z,k © (Fg()_la (36)

when applied to a linearly transformed particle ¢y . = i (Dy (- — 23)) as in (9), is approached by
the first-order operator (27) defined in the previous section, namely

TlFad enr = on(DRJiel — Fi(2})))  with  Ji o = (Jrg (a3) 7

10
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The Jacobian matrices involved in the latter are then approached by a finite difference scheme,
and finally the values of F are replaced by those of the numerical flow F". Thus, we set

T =TRF": o o o = oD -2t (37)

with 2! == F"(2}) and Dy := DptJp. Here J' ~ (Jpn (27)) 7! is a numerical approximation of
the backward Jacobian matrix obtained by first approximating the forward Jacobian by a centered
finite difference scheme,

(Ji)ig o= 2h) T ((F™)i(ay + hey) — (F™)i(ay — hej)) = 0;(Fa)i(ay), 4,5 =1,...,d, (38)

and then letting L ~
JP=det(JM)a(J) Tt orsimply  JP = (JP) 7, (39)
whether one desires a conservative transport operator (i.e., such that [ Ty sy = Ik ©}, x)s or not.

Note that det(Jp» ) =1 on RY, therefore it is reasonnable to assume that the d x d matrix J}' is
invertible. In the following Lemma we establish a sufficient condition for this, together with some
a priori estimates for the resulting approximations.

Lemma 3.3. Let e}, = |[F" — FX||r~ denote the error associated with the ODE solver. We have

det(Jp) > 0f :=1—dh(ui )" b, (40)

; noo._ n —1_n n ._1 n —2_n noo.__ n
with pi3 j, == |F& |1y, +dh™ eR,, pg = |Fl2.my, +dh™%e}, and By := Boo(a}, h). More-
over, the approximated Jacobian matriz J}' satisfies

TR = Jipn -1 (Fo(@i) oo < hd®(05) 72 ()2 s (41)
and s
1T ™ = (-1 (FR @) oo < R(14(07) 70 (i) ) i1 (42)

provided 0 > 0. In particular, for all x € w C Boo(wZH, hpy) with p, > 0, we have

177 (@ = 2™ = ((Fa) ™ @) = @)oo < B2 pu (d®(07) 2 (11 1) >V 13+ £l (F2) ™ 2, ()
where again, (w) is the conver hull of w.

Proof. For conciseness, we drop the superscripts n and denote Ji* := Jip, -1 (F(w)), j,‘jx =
(JX)~ = Jp, (zx) and let J} ~ J& be the finite difference approximation obtained by substituting

F by Fex in (38), so that ||j,’c — jk||oo < h~ldea;. We first observe that by construction, and with
our particular choice of norms, we have

1T loos 1 klloo < 1 Fexlt, and [ Jklloe < I klloo + 1k = Jklloo < [Fexlt,m, . + 7™ dea: -

= M1,k
(43)
Next we write two Taylor formulas for s — Fex(xk + se;) with I =1,...,d, namely

ch
Fox(x1 + ohey) = Fox(xr) + 0chO Fex(z1) + / (ch — s)@fFeX(mk + se)ds, o=+1,
0

which lead to

h
(2h)_1[Fex]”+he’ = OpFox(xr) + (2h)_1 / (h—s) (812Fex(xk + sep) — O?Fex(xk — sel)) ds,

rk—hel
0

hence the finite difference approximations of j{;‘x satisfy

17t = T¢lloe < 3hlFedlap,  and [k = gl < k(3| Fuxloip,, +h 2dess)  (44)

= H2,k

11
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(note that one could gain one order in the estimate here, but we will not need it for the convergence
order). We then derive from the multilinearity of the determinant that

[det(Jy) — 1] = |det(Jy) — det(J5)| < dl|Tx = Jg¥loo max (|| Jilloos 15 [loo) " < hedpaz,go(p,6) "

(45)

which shows (40). Next if 05 > 0, by using the cofactors formula for the inverse matrices we find
that

|| ~ede—l

det(j,j")

! 1
< doy (pawe)t?

[ [BORS

d-1 71 Al |
|FexllBhk_d(M1k) and [|J; oo < d m

hence the non-conservative approximated Jacobian Jy := J ! satisfies

1Tk = T Nloo < 185 ool Tk — T lloo | Tk lloe < hd20; " (p1,6) > pa .

Turning to the conservative case, we next infer from ), < min{1,det(.J;)} that
N det jk) N
1 det(Jo)*] = | / 0zl dz| < a0 11 — det(),  for a<1.  (46)
1
Using (46) with v = 1, we then obtain

ex FNE/FN— Jex\— FL 7 \— 7 \— T Tex ex
[ Je = T = [ldet(J) @ (Jx) ™ = (JF) 7 < [det( k)@ = 1[[(Je) ™+ 1) ~H I = TN
< hd®0; 2 (1,1) > g
which proves (41). Next we note that (44) gives ||J, ' — (J£%)™!|loc < hp2 in the non-conservative
case, while in the conservative case we write
15" = (T2 oo = lldet(Ji) ™4 Tk = J¥lloo < [det (i)™ = L[l Telloc + 1Tk = Ti¥lloc
< h(L+ (0k) 7 ok

where we have used (46) with o = —21 . together with (45), (43). This shows that (42) is valid in
both cases. We finally invoke (26) with = 1 to complete the proof. O

3.4 Intermission: localization of particles with deformed shape

For practical purposes, such as the computation of pointwise density values f;'(z) = Y, wr@} (),
it is important to access in a reasonnable amount of time the particles which support contain any
given x € R?. This can be done with a localization pre-processing that subdivides the phase space
into simple domains such as dyadic cells ,,, = 277 ( H?Zl [mi,m; +1]), m € Z%, with 277 ~ h, and
then writes in the scope of every such cell the indices of the overlapping pamtlcles7 namely

Kl ={k€Z: o} 1.(Qn) #0},  meZ’ (47)

In practice, one can run a cell marking algorithm for each newly transported particle @l g, starting
with the (left) cell Q,, containing 7, i.e. m = [2727], and recursively testing the adjacent cells to
see whether they overlap the parallelogram support of ¢} ;. To perfprm this test we can use the
following result with A = (D})~!, B = B (0, hc,) and B’ = Boo (277 (m + §) — 2, 27971),

Lemma 3.4. Let B = H?Zl[xi — rims + i) and B = [, [} — rl, @) + r}] be two orthotopes

=1 [ERad?
aligned with the coordinate axes, and A an invertible d x d matriz. We have

ABNB #0 <= |[(Az—a')| <747, and |(x—A7'2)| <ri+7 for i=1...d

with 7; 1= Z?:1|Ai,j\rj and 7 := Z] 1AL |r

12
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Proof. Observe that B := [, [(Az);—74, (Az);+7i] and B’ = [[°_, [(A~'x);—7, (A~ a);+7] are
the smallest orthotopes aligned with the coordinate axes that contain AB and A~'B’, respectively.
Since the above two sets of inequalities hold iff B and B intersect B’ and B’ respectively, the =
direction is easily checked. In order to prove the < direction we make use of the fact that two
disjoint convex polytopes can always be separated by the hyperplane supported by one d — 1
dimentional face of one polytope. Thus, if AB and B’ are disjoint, we can choose a face of B’ or a
face of AB. This respectively implies that BN B’ = () or BN B’ = (), and hence ends the proof. [

3.5 A priori estimates for a fully discrete LTP scheme

In this section we establish a priori estimates for the fully discrete particle scheme consisting of
an initialization step using the B-spline quasi-interpolation (12), and of a series of transport steps
using the LTP transport operator (37)-(39), and no remappings. Thus, we consider

fo = Apf™ and = TPfr for n=0,...,N -1, (48)

with At = 7/N. L* convergence of this scheme will be established in Theorem 3.2, together with
uniform bounds for the particle overlapping. A local (single particle) error estimate will be shown
as well, that will be of practical use in the adaptive multilevel LTP scheme described in Section 4.

To express our estimates in terms of the smoothness of the velocity field u, we begin with local
bounds for the characteristic flow.

Lemma 3.5. Given a domain w C RY, an integer m and two instants s,t € [0, 7], we denote

|u|m,(s,t,w) ‘= Sup |u(t/7'>|m,Fs_t/(w) = Sup Imax { Z Z SUP ’all almuz t , Fs t’( ))|}

t'€s,t] ‘ t'€fs,t] =1 =1
where Fs v is the flow of u between s and t', as above. Then we have
|Fot — 11w < c1uexp(ciu) and |Fs tl2,0 < c2.u exp(cru)(l 4 c1uexplcru)) (49)
With ¢m oy = [t — 8||[tlm,(s,t,w), M = 1,2.
Proof. Rewriting (2) as 0,Fs ;(z) = u(t, Fs (), we obtain that for i, =1,...,d,
0t01(Fst — I)i(x) = 010(Fs)i(w)

= Sl Ortilt, Foa (1) O0(Fa ) ()
= S0y O, Fo o (2))0y(Fsy — D (2) + Qui(t, Fu ().

In particular, using F s = I we find

1) = [ | S Bl e )M Fa — D) + Ol Fo ()] .

s l’l

so that taking the supremum over x € w, summing over [ = 1,...,d and taking the maximum over
i=1,...,d yields

[Fot — I < |ult,(stw) (|t — 8|+ fst|Fs,t/ — I dt/)
)

where the second inequality follows from the Gronwall Lemma in integral form [4]. This shows the
first part of (49). In particular, using |I|; , = 1 this shows that

< [t = sffulr,s,0.0) exp (

[Fstl1,w < 14 [t = slluli(s,t0) eXP (|t - 3Hu|1,(s,t,w))~ (50)

13
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Turning to the second derivatives, using again F, ; = I we write

00,0, (Fe)i(x) = [1 [0 Zy 320y g O Oyt Fapr ()0, (Fir )y ()0, (Fl )1y ()
+ Y0y Ovtti (', Fayr (2))01, 0hy (Fa )i ()] !

so that taking the supremum over x € w, summing over l,lo = 1,...,d and taking the maximum
over i = 1,...,d now gives

|Fs tl20 < U2, (s tw) fst|Fs,t’ iw dt’ + |ul1,(s,t,0) f:|Es,t’|2,w dt’
< Julz, (e ) (i1 P R 0) exp (|t = sl[ul1, 1))
< [t = sl s s p0) (1 + £ = [l 5.0 XDt = ][l 5..9)) * exD(It = 8] 1l (5,10
where we have used again the Gronwall Lemma, and (50). This shows the second part of (49). O

Corollary 3.6. Let v}, := |ul1,c exp (At|uli¢) and vi,, := |ulac exp (At|uly¢) (1 + Atv},,) with
&= (t" " w). Then we have

(FL)  Mirn ) = [Flhe <1+ A7, and  [(FL) orn w) = |Fol2w < At vy (51)

X —= —= 2w

In particular, denoting v} := v'pa yields
(FR) ) <1+ Atvy and  |(F)*e < Atvd. (52)

Proof. The first estimate is obtained with Lemma 3.5, observing that Fyn+1 (Fl(x)) = Fyn 4(x).
The second one follows from the fact that F, is a diffeomorphism. O

Assumption 3.7. In view of Corollary 3.6, one can expect to derive from Lemma 3.3 that the
error resulting from the linearization of the flow around a:Z‘H behaves like
_ _ d— h—2en
177 (@ = ™) = ((Fa) ™ @) — 2 || S Atllz — 2P0+ Atf + hteR )0 (v + 2552)
so that it seems natural to ask that h=2e}, ~ At. Therefore we will assume in the sequel that h

and At are such that
h=2ek, < alt, (53)

where « > 0 is a fixed constant. Note that if an r-th order ODE solver is used to compute
. oy 2 . .

the numerical flow, the above condition reads At < Cah+ with a constant C' depending on the

smoothness of u, typically through |u|, 1 (tn gn+1 Ray-

For the subsequent analysis it will be convenient to introduce the following measures of the
velocity smoothness,

n JUE 7 n R n d— n
KT (i = Vigp  Fhdos 65 g 1= 2d(1+ ALY g, 1) 7RG 0

fig(h,k) = %Z/S’B;:Yk + da, /@Zf’(h’k) =d*(1+ hAt/fg,(h’k))z(l + Atn?}(h’k))Q(d_l)fig(h,k) (54)
and their global-in-space versions,
K1 =1 + hda, Ky, = 2d(1+ Atn{ﬁh)d_l,‘@g’h,
Ky = %ug + dao, Ky p o= d*(1+ hAtng,h)Q(l + At/ﬁih)z(d_l)n’;,h, (55)
and finally their global-in-time counterparts «; 5, 2 = 1,...,4, defined using

vi = |ulycexp (Atlulre) and  vo = |ulo¢ exp (Atlulr¢)(1+ Atry)  with € = (0,7, R%). (56)

Equipped with the local measures (54), we now derive the following estimates from Lemma 3.3.

14
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Corollary 3.8. Provided h and At satisfy (53) and the additional mild condition

hAtKg,(h,k:) S 1 (57)

the finite-difference approzimation (38) of the forward Jacobian yields an invertible matriz j,?
satisfying }
det(Ji) ™t < (07) 71 < 1+ hALKY ) - (58)

In particular, the operator T} is well defined by (37)-(39). Moreover, given w C Boo(x}, hpy)
with p,, > 0, the linearized flow based on the approrimated backward Jacobian Jj' satisfies

supl|Ji (& — a3 ™) = ((Fo) ™' (@) = 2f) oo < 12 (Atpurl 1) + (00)*|(FE) o) (59)

TEW
where (w) is the conver hull of w.

Proof. According to (51), we have
1 (n gy < 1A ALRY g, 1) and g (g gy < AR (g - (60)

For hAt/{g}(h’k) < 1, we then infer from (40) that
det(Jp) > 03 = 1— hd(1 + Ak}, 1)) ALY (4, ) = 1 — FhALES ), 1) > ShALES ), 1) > 0.

This shows the invertibility of J* and also gives (58), hence the first claim. Estimate (59) follows
then from Lemma 3.3, without difficulty. O

We are now in position to state a priori estimates for the local (single particle) transport error,
the particle overlapping and the global convergence of the fully discrete LTP scheme. Again, let
us emphasize that although the following result is established for B-spline particles, the same
arguments would easily apply to more general approximation settings such as continuous finite
element basis functions, see Remark 3.2.

Theorem 3.2. Let f be the solution of Equation (1), and h, At = 7/N be such that conditions (57)
and (53) hold with a fized o > 0. Then the numerical solutions computed by the scheme (48) satisfy

17— FE)ILe < hler|| e + calf™)) for n=0,...,N, (61)

and with constants cr, ca independent of h and At. Moreover, the particles ¢y, ;. = op(Dy (- — 7))
composing f]' have uniformly bounded supports Yhp = supp(go}ik) and overlapping constants.
Specifically, we have

S i C Boo (2}, hep exp(T(55% + k1,1))) (62)
and
sup #({k SYARE A= EZ),J) < Oy == (2exp(T11)(cp exp(T(2E + K1p)) + hTa))d (63)
z€Rd
forn=0,...,N, withc, = p—;l and velocity smoothness measures v;, ki p defined in Corollary 3.6

and Equations (55)-(56). Finally, the single particle transport errors eZ:’,;l = (17 = TS e g can
be estimated by

n — e,n+1 n e,n+1 —
||€hj€1HL°° <h' d|‘P|1||D17cl||OO(AtPh,k "@f,(h,k) + Py (&) 1‘2,(22;1UF&(Z};,V))) (64)
with
n+l ny— n i n n
pz’zﬁ' := ha + ¢||(D}) ™! || oo max {(1 + hAt/ﬁl3,(h7k)) a (1 + Atml’(h)k)), 1+ Atul)zh} (65)

and local smoothess measures defined in Corollary 3.6 and Equation (54).

15
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Proof. We first observe that the particles supports satisfy
Zh i = supp(@h i) = 2t + (D)7 (Boo (0, hey)) C Boo (s hey[[(DR) ™ loo): (66)

hence particles transported along the exact flow FZ} are supported on

supp(Texph ) = Fox(Sh k) C Boo( ™, €Xy + heyl|(DR) ™ Hloo| Fixl1 sy, )-
Turning to the single-particle transport errors e;lH,;l I -1% )(ph = cp;fkl TEh 1, we next
derive from (43), (60) that 3
i Nloe < 1+ AET (1) (67)

and using (J7*)~' = J? or (39), (58) in the conservative case, we write
1) oo < max (1, det (7)) [ TR o < (1 RALE, g, 1)) 7 (14 AP 1)
It then follows from Dyt = DRJP that
supp(ep ) C IpLT U FL(S] )
C Boo (2™, €k + hep|(DF) " Hloo max{[|(J7) ™ oo, [F 15y, }) (68)
C B (), ntl hoy "H)

with pi’féﬂ defined as in (65). According to (59), this gives

ek iz = sup,exmtypn S [ on(DR IR (& = 23™Y) = on (DR ((Fo) ~H(x) — 27) |
< |90h|1||DkHoosqueZ"“uF"(E“ T (@ =2yt = (Fa) (@) — 2 [l (69)
< h'~4el ||Dn||oo(AtpenH"ﬂ4 (h, k)JF(PZZH) |(Fe) ™ 1|2 (Sphlurn (E}l,k)))

which is (64). To establish global estimates, we next let © . denote an upper bound for the
overlapping constant of the transport errors, i.e.,

max sup #({k SYAR hx(x) # 0}) < Ope

nSN g eRrd
and use the bound |wg ()| < |lale || f| L satisfied by the weights obtained with (12) to write

I(T7 = T8 fi e = 1 keze wi(f™)en i o < Onesupgezallwi(f™)en ko

< hAtO el plicy T (K] ) + et V) (supgeza | DE lloo) lallen | £ | o

(70)

with c"+1 = ha + ¢ (supgezal[(DR) " loo) (1 + hALKY L) (14 Atk ). We next observe that
n—1 B
DR Moo < TIOR8 loo < (14 At ) & (1+ Aty p)" < exp(r(%5 +rip))  (71)
m=0

holds for all n < N in both the conservative and the non-conservative cases, since ;" < 1. Using
(66), this yields uniform bounds for the both the particles and the transport error supports: we
indeed obtain (62) in the one hand, and in the other hand we can bound the localization constant
n (68) with

cztl < ha+ ¢y (1 4 Atks, h) (1 + Atky h)"+1 < ho + ¢ exp(7( il" + K1.1)) = Chies

where we have used that v < 11 < k1 . We observe that (71) also allows to bound the overlapping
of both the particles and the transport errors. Indeed, considering an arbitrary z" € supp(apz, %)
and letting 2™ = (F™)~1(a™T1) for m =n —1,...,0, we first derive from (52) that

2™ = @i loo < 1(Fei) "M llz™ ™ = FE (@i oo < (14 Atwr)([|l2™ 7 = 27" H|oo + €Ry)

16
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where e}, := ||[F™ — F%| L~ is the ODE solver error introduced in Lemma 3.3. Using (53) and
(71) we then write

<AL+ Atvn)" (ep||(DR) oo + hrar)
< hexp(tv1)(cpexp(T(= + k1,n)) + hra).

[2° — 2glloo < (1+ Atry)"([|2™ — 2} || + nh?Ata)

Since the initial particles are centered on the structured nodes z; = hk, k € Z%, this shows that
the number of overlapping particles is bounded uniformly with (63), and as for the errors terms
we have

@h,e S 29h7

given that the particle overlapping is not increased by the exact transport operator. To finally
prove the global error estimate, we next derive from Corollary 3.8 that

n—1
det(Dy) < H (O~ < (14 Atrgp)™ < exp(Tka.p)

m=0

in the nonconservative case, whereas det(D}) = 1 by construction in the conservative case. Noting
that (71) becomes ||(Dy) ™ oo < (1 + Atkq,,)™ in this latter case, and using the cofactor formula
A~ = det(A)~1C? that involves the transposed cofactor matrix, with a little algebra we find in
both cases that

ID}loe < ddet(DR)[(DF) & < dexp (r(kan + r1n(d —1))). (72)
Gathering the above estimates yields then an a priori estimate for the transport error (70),
I(T5 = TE) [l < cnrRAE| f7]| Lo

with
Ch,r ‘= 26h‘<ﬁ|lch,e(54,h + ch’eug)dexp (T(li&h + Klﬁh(d — ].))) ||aHg1.

In particular, for the global error e} ™! := fpt — f(¢"+1) = TP f1 — T2 f(t") we obtain

lep ™ e < I(Tp = To) fill oo + 1 Toep | 1=
< TR = TS Rl + [leq] L
<Y om—ol(T =T fit o + 15 — f™ e
< h(ren | L +cal 1)

where we have used Estimate (14) with ¢ = 1, i.e. ¢4 only depends on p, d and ||| L. The
final convergence result follows then by observing that cj » increases with h, and is bounded by a
constant that only depends on hmax, d, o, 7 and on the velocity smoothness through u |ul; (o, - r4),
i=1,2.

4 Adaptive transport with multilevel particles

To illustrate the flexibility of our approach, we now describe one adaptive version of the LTP
scheme. Here the goal is to save computational time where low resolution approximations do
not deteriorate the global accuracy of the simulations, and to implement that principle we use a
hierarchy of particles with dyadic scales h = 277, corresponding to integer levels j = jo, ..., jmax-

In Section 4.1 we first propose one B-spline version of the common hierarchical approach for
building adaptive approximations of a given data with prescribed error tolerance e, and in Sec-
tion 4.2 we suggest a local filter that makes the resulting adaptive approximations positivity-
preserving, without noticeable loss of accuracy. In Section 4.3 we then describe a dynamic strategy
to refine the particles in the course of their transport, so that the associated transport error is on
the order of a (possibly different) prescribed tolerance &’.
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For notational simplicity we now label with j the objects that were previously labelled with
their resolution h = 277. For instance, we shall denote by

(P;k = @j(D;L,k:(' - x?,k))a

the deformed particles from Equation (9) with resolution A = 277, and so on.

4.1 Adaptive approximations with multilevel B-splines

To build adaptive B-spline approximations of a given function g, we can apply the quasi-interpolation
operator (12) in a hierarchical setting where significant approximations errors are corrected by lo-

calized layers of finer particles. Thus, starting from the coarse approximation g;, = Aj g we
consider its successive corrections Zkezd Wil kP41, = Aj+1(g — gj), J =170+, Jmax, Where
J
9= Y Y Wi kP (73)
J'=jo keZ?

denote the resulting approximations. Adaptivity is then classically obtained by selecting “signif-
icant” particles in this process. For instance, we may see small weights as negligible corrections,
indeed discarding every particle ¢; ; for which

ikl < ¢(e) =27 Ye((2¢,) Il =)~ (74)

yields an error |3, j<¢; (e) WikPs.kl| Lo that is bounded by ¢j(£)2% (2¢,) ||l = €. Moreover,
we can restrict the above test to regions where the residual g — g;_1 has a chance to be significant.
Specifically, we shall procede as follows (see Algorithm 4.1 below for a summary). Assume that for
some j we have determined a domain 2;_1 4 where the residual has a chance to satisfy |g—g;—1| > €,
and that we have gathered in a set K; 1 the indices of the level-j particles needed for the correction
on that domain, namely the k’s for which X, ; := supp(p;,x) overlaps €;_; ;. Then we can restrict
the test (74) to those particles, and let K; denote the resulting set of significant, i.e., selected
particles. To find candidates K11 4 for the next level we only need to consider a domain € 4
that consists of (i) the supports of selected particles with k € K, (where the residual remains
to be estimated), and (ii) the (possibly overlapping) part of ,_; . where the residual g — g;_1
is actually measured above €. Note that to determine this later part we can consider the cubes
Boo(®j,27771) with k € Kj 4 (which cover ©;_1 1), and estimate the approximation errors
et =119 = gi—1llLoe (B (2).,2-5-1)) While computing the weights w; . involved in (74). Since level-
J B-splines are supported on cubes of radius 277¢,, see (10), this amounts in building K 4 with
respectively, every k' = 2k+1 such that k € K; and ||l||c < 3¢, —1, and every k' = 2k+1 such that
k € Kj_ with eﬁk > ¢ and ||l||oo < ¢p. Let us summarize the resulting adaptive approximation
operator A, as follows.
Algorithm 4.1 (Adaptive particle approximation, A, : g — gj,... = ;f]’; W)k Pik)-

1. At the coarsest level jo, preactivate every particle (i.e., make it a candidate for a possible

selection) by letting Kj, 1 := 7.

2. Then for j = jo,...,Jjmax, compute and select the active particles as follows:

(a) for allk € K; 1, compute approzimation weights wﬁk = wﬁk(g—gj,l) according to (12),

and evaluate the local errors 63% = lg—9gj-1lle(Bu (@;.,2-5-1))- Then select significant

particles according to (74), i.e., let K; :={k € K  : |w34k| > (i(e)} and set
o Jw if ke K,
Wi,k = .
0 otherwise ;

(b) if § < jmax, preactivate particles at the finer level for possible selection by letting
Kiip=1{2k+1: k€ Kj |lllc <3¢y =1} U{2k+1:k € Kj 4, el > [llc < cp}

(thus, adaptive regions at a given level are candidates for selection at the next level) ;
(c) if the option is set, apply the positive correction filter (see Algorithm 4.2 below).
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4.2 Positivity preserving hierarchical approximations

If the target function ¢ is nonnegative, one may ask that its particle approximation is nonnegative
as well. However, it is easily seen that the above scheme is likely to yield some negative weights. A
first reason for this is that the single-level scheme (12) is not positive for p > 1. A second reason is
due to the hierarchical framework: wherever g;_; is below the target, the residual takes negative
values which are likely to be approximated by negative level-j particles.

The latter issue can be addressed by locally decreasing g;_; in the neighborhood of a negative
weight wj i, so as to increase the residual and hopefully correct the negativity of w; . Since
B-spline particles satisfy a scaling relation

Py k= Z 0195/ +1,2k +1 (75)

(1] oo < BEL

it is possible to do so by refining coarse particles which contributions to ¢; ; will increase its weight.
An attractive feature of such corrections is that they do not require new evaluations of the target
function, or iterative approximations of updated residuals. Let us specify one such algorithm.
Because it may be necessary to refine particles over several levels, it is useful to consider the
multi-level scaling relations that one easily derives from (75),

5
Pi’ k" = Z Ul( )%"+5,26k'+l (76)
o <ss
. . . e (8) (6-1) (1)
with multi-level refinement coefficients satisfying ;" := ZHl”oogsé—l Om 0,9, S5:=285_1+1,
and initialized with o) = ¢, s; = pT'H. Indeed, we can observe that if all the particles at the level
j—90,0 > 1, were to be refined up to level j, the resulting increase to w; , would be

. 1)
ijg(],k) = E 01(67)2%,10]-,57,@/.
k'ezd

Therefore, we define the correction level associated to some given negative particle as

max {j' < j:wjk + Y52, Cir(j. k) = Sy (. k) >0} if S5, (j, k) > 0,

, | (77)
jo otherwise.

jcor(j7 k) = {

It corresponds to the coarser level from which neighboring particles should be refined in order to
correct the weight w; . Obviously, it is not necessary to refine every such coarse particle, since
only those satisfying ||k — 2°k’||o < ss do contribute to (4, k). Moreover, we do not need to fully
refine them up to level j. Instead, the same increase to w;; can be obtained by refining them
one level at a time, and only considering those contributing to (4, k) in the process, namely those
(5, k) with [|2079'K — kl|og < ;-

We note that these corrections are indeed local. However, we also observe that for p > 1, it may
happen that some weights w; ; remain negative after performing the above corrections. In this case
we suggest to simply discard such weights w; . Clearly, this can deteriorate the approximation
accuracy, but in a hierarchical framework one can hope that finer layers of details will essentially
correct the resulting errors. In practice we have indeed observed such a behavior, see Section 5.2.
Let us now summarize the above correction filter, to be applied to the weights wj: ., 7' = jo,. .., J,
computed on step 2a of Algorithm 4.1. Note that here we compute the correction levels before
refining the contributing particles so as not to break the possible symmetries in the particle grid.

Algorithm 4.2 (Positive correction filter). Let K; := {k € K : w;;, < 0} denote the indices of
the active particles to correct at level j. Then,

1. if j > jo,
(a) set jeor(d, k) < j as in (77), for all k € K ;
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(b) then, refine every contributing particle. Namely, for allk € K and all j = jeor(j, k), - - -
1, refine every particle (j', k') such that |20k — k||o < s;_;» by setting

Wy 1 2k +1 2= Wirg1 2k +1 + 1wy g for all |lfjoc <51, and  wjrp =0
2. for allk € K, set wjy = max(0, w; ).

Remark 4.3. We observe that there is no need to preactivate further patches of finer particles
for the next approzimation level. Indeed the correction refinements on step (i) do not change the
approximation g;, hence the residual. The only change to g; occurs when discarding a negative
weight w;j . There a significant error may be introduced, but since k € K; a finer patch is already
preactivated, see step 2b of Algorithm 4.1.

4.3 Dynamic particle refinement without remapping
In order to achieve some prescribed accuracy € when transporting the multilevel particles

Jmax

P = 2 > Wi (D = af),s

j=jo kezd

it is in general necessary to refine some of them over time. Indeed, the errors induced by the
discrete transport operator will essentially depend on both their resolution level and the local
smoothness of the flow, however at the initialization step their resolution only depends on the local
smoothness of f. Furthermore, the flow may become suddenly less smooth in some regions, and
finer particles will be needed there to maintain a constant accuracy. Therefore, rather than follow a
conservative approach and automatically refine patches of particles to resolve the emerging features
that may appear in the solutions, we decided to use the local error estimates from our previous
error analysis to determine which particles are admissible for discrete transport, and which need
to be refined. Given that both the number of levels and the number of overlapping particles per
level are uniformly bounded, we have indeed ||[(T™ — T2) f? |lpe S supj’kszke?’leLm hence a

Jmax

particle w7, ¢’ will be said admissible for transport if it satisfies
[wikInjr < Cre’, (78)

where 77 is a computable estimate for the single-particle transport error He?",tl [ (see Appendix)
and C7r is an ad-hoc constant, see Section 5.2.

We next observe that, although it is possible to represent exactly a deformed level-j particle in
terms of the finer ones with

(D} p(z —2%,)) = Z o10j11(Dfp(x — 27, ,))  with 27, =2, + 27j71(D§L,k)7llv
1Tlloo<cp

refining unadmissible particles in such a way can result in a dramatic increase of their total number.
Assume indeed that every level-j particle needs be refined in f™. Since there is no reason why we
should have D%, = D7}, and a7, ; = a7}, ;, for k" and I’ such that 2k +1 = 2k’ +1, replacing every
@), by its exact finer representation is likely to add ~ 2%(2¢, + 1)? new level-(j + 1) particles,
which is much more than the particles involved by a uniform discretization at level 5 + 1, and
similar phenomena may happen on further time steps as well.

For that reason we propose instead to refine unadmissible particles ¢ in a “retroactive”
fashion, by representing them in terms of the level-(j + 1) particles that would have been present
in f™ if the original (structured) gp?_’k had been refined from the start. Note that some of those
fine particles may already be present in f", and in such a case it suffices to update their weight.
In particular, this approach allows to refer to any particle by its multivelel space-time indices
without ambiguity: for all j, k, n we indeed have ¢}, = ¢;(D7 (- —z;)) with particle center and
deformation matrix given by

n—1
afy = F @) = FP (- FO2fy)--+)  and  Djy = Dyctant = H ™ (79)
m=0
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where x?k = 277k, and where J7}, is computed as described in Section 3.3, see (38)-(39). Let us
summarize our adaptive transport algorithm for multilevel particles as follows.

Algorithm 4.4 (T : f7 s f™*1). Forj = jo,..., jmax, and then for k € Z% such that wiy # 0,

Jmax max

1. if § = jmax or if the admissibility condition (78) is met, then the particle is transported by
setting wzzl =wly, acg‘zl = F"(z7) and Dzzl = D% J7 according to (37)-(39) ;

2. otherwise, it is dynamically refined by adding oyw? ;. to w7, 5y for [[l]jec < % — which
may involve the activation of new particles according to (79) — and finally setting wi), = 0.

Remark 4.5. A major drawback of the above strategy is the need to apply past numerical flows
FO ..., F"~1 when refining particles at time step n. Alternative procedures involving local ap-
prozimations of the flow F™ are currently being tested and will addressed in a forthcoming article.

5 Numerical experiments

In this section we compare the numerical performances of the different particle methods in a
computational domain © = [0, 1]?, using Leveque’s swirling velocity field [22]

ug(t, ©) = — sin®(mxo) sin(2mz1)g(t), uy (t, ) = sin® (w1 sin(2mwzo ) g(t) (80)

with g(t) = cos(nt/7), t € [0,7]. The corresponding flow is easily pictured from the space pattern
of u shown in Figure 1, and from the symmetry of g with respect to 7/2 which reverts the solutions
to their initial state at ¢t = 7. We will take 7 = 2.5 which corresponds to a moderate stretching at
t = 7/2 (see Figures 2 and 4 below) and a fixed time step At = 0.025.

Figure 1: Leveque’s swirling velocity field (80) at time ¢ = 0.

Although the time symmetry may simplify the measure of the numerical errors, we note that
by considering only the final accuracy one misses the intermediate errors resulting from the inac-
curate transport of the particle shapes, which yields biased estimates for particle methods with
no remappings. Therefore, we shall only make use of that feature in Section 5.2 when comparing
the performances of the uniform and adaptive versions of the linearly transformed particle (LTP)
scheme, with one remapping at least. In Section 5.1, where the traditional smoothed particle
method (TSP) is compared to the forward semi-lagrangian (FSL) and the LTP schemes, we will
only solve the equation on the half time interval [0, 7/2], and hence measure the numerical errors at
the instant of maximal stretching, using a reference numerical solution obtained with substancially
higher space and time resolution.

5.1 Numerical comparison of the TSP, FSL and LTP schemes

To compare the LTP scheme with the classical TSP and FSL methods reviewed in Section 2, we
consider the two following cases.
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05 05

Figure 2: Solution profile at ¢t = 0 or 7 (left) and 7/2 (right) for the smooth hump (81).
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Figure 3: Convergence curves (relative L errors at t = 7/2 vs. average number of active particles)
for the smooth hump test case shown in Figure 2, using the TSP, FSL and LTP schemes with B-
spline particles of degree 1 and 3. Triangles represent slopes of 0.5 and 1, ¢ is the overlapping
exponent and NN, is the number of time steps between two remappings.
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05

0.5

Figure 4: Solution profile at t = 0 or 7 (left) and 7/2 (right) for the Zalesak’s slotted disk (82).
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Figure 5: Convergence curves (relative L! errors at t = 7/2 vs. average number of active particles)

for the Zalesak’s test case shown in Figure 4, using the TSP, FSL and LTP schemes with B-spline

particles of degree 1 and 3. Triangles represent slopes of 0.5 and 1, ¢ is the overlapping exponent
and NV is the number of time steps between two remappings.
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e First, a smooth hump centered on (0.5,0.75) given by

fin(.T) _ %(1 + erf (CL + b\/(xo — 05)2 + (J}l — 075)2)) (81)

with a = 3.43 and b = 21.43. Here erf(s) = % fos eV’ dy is the standard “error function”

that smoothly spans [—1, 1], see Figure 2.

e Second, a discontinuous Zalesak’s slotted disk of radius 0.15 centered on (0.5,0.7)

f™(z) = H(0.15— /(20 — 0.5)% + (z1 — 0.7)2) (1 — (1 — H(|zo— 0.5/ —0.02))(1— H (21 —0.8)))
(82)
where H(s) = x{s>0) denotes the Heaviside step function, see Figure 4.

In Figures 3 and 5 the relative errors are plotted versus the average number of active particles
at t = 7/2, in order to avoid a biased measure for the TSP method as explained above. For
the smooth hump case we measure the errors in L°°, and for the discontinuous Zalesak disk we
use the L' norm. Here all three method have been run with B-spline particles with degree 1
or 3, initialized (and remapped, in the FSL and LTP cases) with the quasi-interpolation scheme
(12) of corresponding order. For the TSP method we show the effect of varying the overlapping
exponent g such that e = h?, see Section 2.1, and for the FSL and LTP schemes we plot the runs
corresponding to decreasing remapping frequencies, i.e., increasing values of the number N, of time
steps between two remappings. Observe that the higher ¢ or IV, the cheaper the simulations. In
every set of curves we have used a thick line to emphasize the cheapest run: for the TSP scheme
that corresponds to the case ¢ = 1 (particles radii are proportional to the initial meshsize) and
for the FSL an LTP schemes that corresponds to the case with no remappings. In particular, we
note that the FSL and TSP method coincide with such parameters. From these plots we make the
following observations.

e First, we see that a necessary condition for the TSP method to converge is indeed that
particles present an extended overlapping, i.e., the ratio €/h must go to co as h goes to 0.
Moreover, the convergence is relatively slow, and it is not much improved by the use of third-
order B-splines (although that helps in the cases of moderate particle overlapping, g 2 0.8).
This is not surprising since the theoretical convergence analysis requires vanishing moments
for high-order accuracy, which the B-splines do not have.

e Again, our numerical tests confirm the announced necessary condition for the FSL scheme
to converge: remapping frequency must be high. On the plus side, we note that on the
smooth test case (81), the FSL scheme exhibits significantly higher convergence rates than
the TSP method when Bjs particles are used. However, to our view the method is severly
hampered by the following dilemma: for values of N, close to 1, problems with sharp edges
such as the discontinuous Zalesak disk give rise to a strong numerical diffusion that can be
seen (especially with Bs particles) from the increase of active particles and the deterioration
of the accuracy ; decreasing the remapping frequencies helps reducing that effect, but doing
so always leads to a loss of convergence (the lower the frequency, the sooner the stagnation).

e As expected from our analysis, the LTP scheme always converges including in the cheap,
non-remapped runs. Moreover in the smooth case shown in Figure 3 the convergence rates
are significantly higher than with the TSP method, and there the benefit of using Bjs splines
is obvious, just as in the FSL method. The striking result is that the loss of convergence
observed in the FSL runs with low remapping frequencies is completely suppressed by the
linear deformation of the particles.

5.2 Numerical study of an adaptive LTP scheme

To assess the ability of our adaptive particle strategy to improve the computational efficiency, we
compare its convergence curves to those of the uniform LTP scheme, using the two following cases.

e First, the smooth hump (81) shown in Figure 2.
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e Second, a smoothed version of the discontinuous Zalesak’s slotted disk shown in Figure 4, de-
signed so as to get solutions of highly non uniform smoothness that still can be approximated
in the supremum norm. Indeed our adaptive refinement strategies are aimed at balancing the
local errors in the L> norm, hence they have no reason to exhibit better convergence when
the error is measured in another norm. The initial data f is then obtained by substituting
the discontinuous Heaviside step function H(s) = x{s>0} in Equation (82) with its smooth
approximation H.(s) = (1 + erf(s/e)) corresponding to a transition zone with approximate
diameter of 4e. In the numerical tests we take e = 0.01.

In both cases, we thus plot the L> convergence curves corresponding to the uniform LTP
scheme using various values of N, as above, and those obtained with our adaptive particle method
using the optimal value observed in the uniform runs, namely N, = 25. Since we now consider
particle methods with at least one remapping step, numerical accuracy can be measured on the
final time ¢ = 7 where the exact solutions revert to their initial state. Here we have set the
prescribed tolerances with ¢’ = & (whose value varies along the curve) and fixed the constant Cr
from Condition (78) to 2 to optimize the numerical performances. However we note that a proper
study of how these parameters should be set in the general case remains to be done. As for the
numerical estimate Nk involved in (78), after trying the various options described in the Appendix
we have chosen to compute it with the first strategy, i.e., (86), with the simplification mentioned
in Remark 5.1.

From Figure 6 we see that using adaptive particles with dynamic refinements yield a clear gain
in terms of active particles. Moreover, in the Zalesak case where the numerical solutions are likely
to strongly oscillate in the vicinity of the sharp edges, we also plot a series of runs obtained with
our multilevel correction Algorithm 4.2 that enforces positive weights, hence positive particles.
The resulting observation is that the numerical efficiency does not seem to suffer much from this
local (and somewhat crude) positivity-preserving filter. To illustrate the behavior of the adaptive
particle method, we also show on Figures 7 and 9 the distribution of active particle centers and
associated level maps

Jmap s @y max {j 0 Y wl el | # 0} (83)
kezd

at t = 7/2, corresponding to the adaptive runs that give the final error distributions displayed on
Figures 8 and 10 for the hump and smoothed Zalesak initial data, respectively.

uniform vs adaptive LTP runs uniform vs adaptive LTP runs

0.1 ¢

0.01

100 1000 10000 100000 100 1000 10000 100000

Figure 6: L* convergence curves for the smooth hump (left) and the smoothed Zalesak’s slotted
disk (right) cases in Leveque’s swirling flow. The relative L errors are plotted vs. the average
number of particles. Triangles represent slopes of 0.5 and 1 and N, is the number of time steps
between two remappings.

Finally, we present one relevant feature of our adaptive particle scheme on Figures 8 and 10,
showing the final error distributions obtained with uniform and adaptive runs using similar numbers
of active particles for the hump and smoothed Zalesak initial data, respectively. In both cases we
indeed observe that resorting to adaptive particles does not only reduce the maximum error, but
it also balances its distribution over the computational domain, as it should be.
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particle centers at t=T/2, before remapping particle levels at t=T/2, before remapping
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particle centers at t=T/2, after remapping particle levels at t=T/2, after remapping
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Figure 7: Particle centers (left) and level maps (right) at ¢ = 7/2 for the smooth hump test case
shown in Figure 2, before (top) and after (bottom) being remapped on a cartesian grid at t = 7/2.
Here we have used the same simulation parameters as in the adaptive runs shown in Figure 6, left,
and a prescribed tolerance parameter ¢ set so as to get an average number of particles corresponding
to a uniform run of level j = 7, see Figure 8 below.

error at t=T with uniform particles of level j=7 error at t=T with adaptive multilevel particles
1 1
0.03 i 0.03
05 05
0 0
0 0
0 0.5 1 0 05 1

Figure 8: Final error distributions obtained for the smooth hump test case with a uniform run of
level j = 7 using about 10164 particles in average (left), and the adaptive run shown on Figure 7,
using about 10498 particles in average (right).
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particle centers at t=T/2, before remapping particle levels at t=T/2, before remapping
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particle centers at t=T/2, after remapping particle levels at t=T/2, after remapping
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Figure 9: Particle centers (left) and level maps (right) for the smoothed Zalesak’s slooted disk
(see Figure 4), before (top) and after (bottom) being remapped on a cartesian grid at ¢t = 7/2.
Here we have used the same simulation parameters as in the nonpositive adaptive runs shown in
Figure 6, right, and a prescribed tolerance parameter ¢ set so as to get an average number of
particles corresponding to a uniform run of level j = 7, see Figure 10 below.

error at t=T with particles of level j=8 error at t=T with adaptive multilevel particles
1 1
0.05 ” ﬂj 0.05
05 05
0 0
0 0
0 0.5 1 0 05 1

Figure 10: Final error distributions obtained for the smooth Zalesak’s slooted disk with a uniform
run of level j = 7 using about 11864 particles in average (left), and the adaptive run shown on
Figure 9, using about 11964 particles in average (right).
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Appendix: estimating the single particle transport error

To compute a practical estimate 0k for the local transport error involved in the admissibility
condition (78), one can think of various approaches derived from our error analysis in Section 3.5.

e Inspired by the a priori bound (64), a first strategy consists of local estimates for the space
derivatives of the velocity field u(t").

e Based on the approximated Jacobian matrix J 1> a second strategy computes a direct esti-
mate of the second line in (69).

Let us first describe the second strategy which is simpler. It consists in (i) replacing the supremum
in (69) by a maximum over the stencil

F' @l o) = F @l + (D)) 12 qpoer), oe{-1,1}, 1=1,....d (84)

that spans approximatively F"(X7,) ~ FI (X7 ,) U Z;ngl (see Corollary 5.3 for an assessment of
that claim), and (ii) using the numerical flow in place of the exact one. Thus, we set

M7y = maxe || 7 (F™ (25 4 (5 ) — xﬁgl) - (D;‘L,k)fl(ijUel)Hoo
~ maxo,l||J;fk(Fn($?,k,[g,l]) - w}‘il) - ((Fgc)_l(Fn(l’?,Ng,z])) - x?k)HOO

RSPt (s o) 17 (2 — 250 = (FE) (@) — ) oo

so that 7, := 2(d+1)j|g0|1||D;L_k||ooﬁZk is a reasonnable indicator for the local transport error.
The first strategy relies on finite difference approximations for the space derivatives

Alu(t)(z) = 2 (u(t,x + 2777 e)) — u(t,x — 2777 e))) ~ duult, z), A{l,lzu(t) = A{l (A{Qu(t)).

Thus, we mimic the local smoothness measures introduced in Lemma 3.5 and Corollary 3.6 with
0l g, = max SO |A (") ()| ol 57, = 3 A (1) a5 )
l

|u|§,ng = m?XZ|Alj1,z2“i(tn)($?,k)| |u|2 L mameax\A A2 u (" )(w}fk,[a,z})l

l,l2 l,l2
(where the auxiliary nodes xl (o] spanning X are given in (84)), and
V{L: = |ul] , exp(Atlul] ), VS: = |ul3,, exp(Atful] ,)(1 + Atu;’j) with w = B} or X7
The auxiliary x coeflicients are then set accordingly, with

{ Ky Gy =V En + 277 da { m3 (Jk —2d(1+At/€71L(*]k))d 1“36,@
Ry

(*jk) 1V2 B, + do /<a4’(mk) =d*(1+2~ Atﬁg * k)) (1+ Atn;’”*.

G2 VRY

:(5,k)
and following (65) we let

entlx  _ o—j n — —q n,* 1 e n 1
cj,k"' =27 a+¢||(D},) " ||oo max { (1+2 TALRG 1) (1+ Atk Gay) THALS oo J=e A

In order to compute an estimate for rhs in (64), it thus remains to find a numerical approximation
for the backward flow term. One practical option is to see the domain F; (X7,) as a reasonnable

approximation of (E?:l U F (27 )), and estimate in view of (51)
|(F£<>_1|2,<2;;IUF;((z;k)) ~ |(F;)_1|2,Fg;(2§"k) < Alvggn, = At”;,’;;yp (85)
Thus, we may define
+1,% * +1,% J*
Wi 1= 270D A Dl (€57 R + (5228 ) (36)

as a computable approximation of the upper bound in (64).
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Remark 5.1. In practice the above estimate can be simplified by replacing the velocity smoothness
measures |ul; =7, with the pointwise quantities |ul} B, i =1,2. In our numerical tests indeed, we

have not notzced any appreciable change when domg s0.
Let us end this section by observing that, although (85) may be sufficient in practice, it is
possible to make it rigorous by using slight extensions Z;Lk)‘ =y —|—(D§L,€)’1 (Boo(0,277¢, (14 X))

of the domain X7, = E;l ,S . Specifically, Lemma 5.2 below gives one sufficient condition on the
extension parameter A > 0 for the following inequalities to hold true,

n\—1 m \—1 "
|(F&) |27<2;;1UFL§(E?J€)) < (F&) |2’F&(Z}L,’t?) < Aty g (87)

Tk

Lemma 5.2. For A\ > 0, we let i?j;“ = Fo(a?)) + (Jen (@7 ) (D7) 7 (Boo (0,277 ¢, (14 )

be an affine approrimation of F;(Z;Lk)‘) Then we have

AzoiAtL, = xrfto s (88)
A>20IAL, = F(Zh,) c ot (89)
and A > A+ 2_jAtL3(5\) = iﬁ;“ - F(E}L;?) (90)

with

Ly = (1+ At} B,,)[—+(1+2 AT jk))—*( + ALY ) 655 G (D) ™ o) I1DF 1l
Ly:=(1 ‘*‘AtVl,B;ﬁk)sz;{k?H( D7)~ "2 D7 ll oo

L3(A) = (1+AtVﬁB;k)2(At)71|(F£() ', S L1+ XD ) 2D o

In particular, (87) holds as long as A\ > 279 At(max{L1, Ly }+Ls(\)), with X = 277 At max{Ly, Ly}

As a consequence, it is possible to derive a rigorous versions of (85), involving the global
smoothness measure v = vl 5 R S€€ Corollary 5.3. We shall also describe below a recursive
algorithm for localizing this estlrnate

Proof. For the sake of conciseness, we simplify the notations as in the proof of Lemma 3.3. For
the first embedding we consider y € £, i.e., y = Z, + Jy 1D 1z with [|z]] < 277¢,, and observe
that y € EQ iff || Doy J5(y — Fex(24))|loc < 277¢,(1 4+ A). Now, we have

D3Iy = Fex(@))lloo < 1D5J (@ = Fex(24)) oo + | Dy IS5 D5 2 oo
<Dy 5 se€he + 12 llo0 + 1Dy 5 oo [[(J5) 7 = I3 H oo DT 2]l
. Y o —1-1 _
<277¢y + 27Dy |||Fexlr b, (2% €R, + 05 7 1] 112,411 D5 Hlsocp)
<27¢,(1+277AtLy)

hence the first result. Turning next to (89), we now consider y € X, i.e., y = x, + D'z with

|z|l < 277¢,, and observe that Fey(y) € ii‘ iff [| Dy S (Fex(y) = Fox(4))[loo < 277 ¢p(1 + ). Using
a Taylor expansion for s — Fey(xy + s(y — x)), we first write

[Fex(y) = Fex(24) = (J$) "y —24) [0 < 3|
It follows that

1D T (Fex(y) = Fex(@Dlloo < 12lloo + 1057 oo | Fex(9) — Fx(y) = (J) 2y — )l
< 277e,(14 27 AUD, | (1 + At ) Fra, | D5 1]12)

VU i -
(2776 D 0)? < 27 At (| D o).

hence the second embedding. For the last one, we take y € f),s;, Le., y = Fex(zy)+ (J) "D (2)
with ||2]|ee < 277¢, (14 ), and observe that S,AY C Fex(33) iff | Dy (FL (1) —24) loo < 277¢p(14X).
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Using that EA C Boo(Fex(4),277¢p (1 + A) (D4 J) |0, we now write with a Taylor expension
of s = F1( ex(azv) s(y — Fex(z4))) that

IF () = 2y = IS = Fex(2))lloo < 51FS 55 (277 (14 NI D5 I5) ™ oo)?.
It follows that
ID5(Fet () = 2)lloe < l1zlloe + 1D5 (Fi (y) = 2y = J5*(y = Fex(24))) [l
<2796y (14 A+ 271Dy [loo | FG 55 F 1L+ MID3 oo (L + At 5)]),
hence the final result. O

Because the above result also involves a local smoothness measure of the backward flow, it is not
directly applicable to find the optimal extension parameter Aopy = 277 At(max{Ly, Lo} + L3(5\))
However, it gives a first estimate based on the global smoothness measure of u, which can be
refined recursively as follows.

Corollary 5.3. Let A := 277 AL|| D} g lloo max{Ly, Ly} and define

A0 = X+ 279 AH DYoo LS with LS 1= Juge, (14 At} o )2(1+ A2[(D7) & = La(N).

Then we have

|(Fe) ™

2,(srtluRn (s, ) S < |(F) ™, grid S |(F<37;()_1|2Fn(2n1k*(0)) < Atv? Ok (91)
Tk ex\ ik Gk

Moreover, it is possible to improve the above estimate. We have indeed

Lo(h) < 137 i= 307 o enlL A )L+ MPI(D5) 7 < L5,

s0 that (91) holds with A1) := 5\+2’jAt||D;fk||OOL§1) < X and this argument can be carried out
recursively to improve the resulting estimates of |(Fe'§<)_1|27(E;LI1UF£((E%)>.

6 Conclusion and further work

We have introduced a formal class of particle methods for transport problems with high-order
polynomial deformations, and established the convergence of an explicit LTP scheme for the first-
order case. Our preliminary numerical results demonstrate the improved convergence of the LTP
scheme compared to the traditional “smoothed” particle method (T'SP) with extended overlapping,
as well as the need of lower remapping frequencies compared to the FSL scheme, leading to lower
numerical diffusion and computational costs. On a practical level we emphasize that implementing
the FSL scheme is made simple by the fact that it only involves pointwise evaluations of the
numerical forward flow, a numerical object at the core of any particle scheme. We also note that
for computational efficiency of algorithms involving pointwise evaluation of the numerical solutions
(e.g., remapping or plotting routines) one may want to first localize the particles in a logical mesh.
For that purpose one can use the criterion given in Section 3.4.

In a near future we shall develop methods to deal with non-linear transport problems arising,
e.g., in plasma models, and further investigate the properties of our adaptive multilevel scheme.
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