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Abstract

We study the geometrical meaning of higher-order terms in matrix models of Yang-
Mills type in the semi-classical limit, generalizing recent results [[l] to the case of 4-
dimensional space-time geometries with general Poisson structure. Such terms are ex-
pected to arise e.g. upon quantization of the IKKT-type models. We identify terms
which depend only on the intrinsic geometry and curvature, including modified versions
of the Einstein-Hilbert action, as well as terms which depend on the extrinsic curvature.
Furthermore, a mechanism is found which implies that the effective metric G on the
space-time brane M C RP “almost” coincides with the induced metric g. Deviations
from G = g are suppressed, and characterized by the would-be U(1) gauge field.
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1 Introduction and background

This paper is a continuation of our previous work ﬂ], where gravitational actions, in par-
ticular an analog of the Einstein-Hilbert action, were obtained from higher-order terms in
matrix models of Yang-Mills type.

In this framework E, E, E], space-time is realized as quantized Poisson manifold M c RP
with an induced metric g, and Poisson tensor §#”. These structures determine an effective
gravitational metric G* = 6*00“",0””,%/”/, to which matter couples more-or-less as in
general relativity (GR). Since generic 4-dimensional geometries can be realized (at least
locally) as sub-manifold M c R!® B], this provides a suitable framework for a pre-geometric,
“emergent” theory of gravity. As an illustration, a realization of the Schwarzschild geometry
in this approach is presented in Ref. H]

The dynamics of gravity in this framework and its relation resp. deviation from general
relativity is not yet very well understood. Upon quantization, various higher-order terms
are expected to arise in the matrix model, or alternatively such terms can be added by
hand. In ﬂ], we identified a matrix model action which in the semi-classical limit reduces
to [ d*z./ge* Rg], for the most natural case of geometries with Guv = G- However, it
turns out that there are several possible matrix actions which reduce to the same semi-
classical form for G\, = g.,. Moreover, in order to derive the equations of motion for the
geometry, it is necessary to consider variations which violate this condition. In the present
paper, we obtain a slightly modified action which for coinciding metrics reduces to the
Einstein-Hilbert action, and which is tensorial (i.e. depends only on the intrinsic geometry
of M C RP) for general Guv # guw- We also identify several other terms which have an
intrinsic geometrical meaning. Some of these terms depend also on the Poisson structure.



There are also “potential” terms which may set the non-commutativity (NC) scale ™7, as

well as terms which depend on the extrinsic geometry, i.e. the embedding of M C RP. This
should be the beginning of a more systematic study.

An important issue which arises in this context is the role of the Poisson or NC structure
0", which in particular determines the difference h,, = G, — g, This Poisson structure
can be viewed as would-be U(1) gauge field, and is governed mainly by the “bare” Yang-Mills
term in the matrix model. We show that this action suppresses h,,, and singles out self-
dual and anti-selfdual Poisson structures with G, = g, as vacuum solutions. In the case
of Minkowski signature, this holds once a specific complexification of Poisson structures is
adopted, which appears to be very natural. This is important progress in the understanding
of emergent gravity in these models, and exhibits more clearly the relation with general
relativity.

In the present work, we restrict ourselves essentially to the semi-classical limit of the
matrix model. Of course, the main appeal for this framework compared with other de-
scriptions of gravity is the fact that it goes beyond the classical concepts of geometry:
Space-time is not put in by hand but emerges, realized as non-commutative space with an
effective geometry, gauge fields, and matter. Moreover, the IKKT matrix model [[] (which
is the prime candidate of this class of models with D = 10) can alternatively be viewed as
N = 4 supersymmetric Yang-Mills gauge theory on R#, and hence it is expected to define a
good quantum theory. Therefore these models provide promising candidates for a quantum
theory of fundamental interactions including gravity. Moreover, there are several intrigu-
ing hints that the role of vacuum energy in this framework may be different than in GR.
Nevertheless, much more work remains to be done in order to fully understand this class
of models, and we hope that the current paper provides useful results and tools for that
purpose.

This paper is organized in the following way: We start by reviewing properties and
important relations of the current framework of matrix models and emergent gravity in
Section Bl This will also fix our notation for the remaining sections. We then continue
Section A by deriving relations for the special case of a 4-dimensional embedded manifold
M* c RP, and discuss connections and curvature. Section Hwill be devoted to higher order
extensions to Yang-Mills matrix models and their semi-classical limit, whose implications
will be discussed in Section H

2 DMatrix models and their geometry

We briefly collect the essential ingredients of the matrix model framework for emergent
gravity, referring e.g. to the recent review [£] for more details.
2.1 Reviewing the basic ingredients

The starting point is given by the matrix model of Yang-Mills type,
Sy = —Tr[X?, X°) (X, X Mactba » (2.1)

where 7, is the (flat) metric of a D dimensional embedding space (i.e. a,b,c,d € 1,..., D).
It can be purely Euclidean, or have one or more time-like directions. The “covariant coor-
dinates” X® (cf. [§]) are Hermitian matrices, resp. operators acting on a separable Hilbert



space H. The commutator of two coordinates will be denoted as
(X7 X°) =g, (2.2)

We are interested in configurations which can be interpreted as 2n dimensional non-com-
mutative space M2", in the spirit of non-commutative geometry. Thus we consider con-
figurations where 2n of the matrices (henceforth called X*) generate a non-commutative
algebra interpreted as non-commutative spaces M2", and the remaining D — 2n matrices
are (quantized) functions of the X*, i.e. functions on M2". In other words, we splitﬂ the
matrices resp. coordinates as

X = (X" 4¢'), p=1,...,2n, i=1,...,D—2n, (2.3)

so that the ¢*(X) ~ ¢(z) in the semi-classical limit define an embedding of a 2n dimensional
submanifold
M RP. (2.4)

Moreover, we can interpretﬂ
[XH, XY] ~ 0" (2) (2.5)

in the semi-classical limit as a Poisson structure on M?". Thus we are considering quan-
tized Poisson manifolds (M?" V), with quantized embedding functions X*. Throughout
this paper, ~ denotes the semi-classical limit, where commutators are replaced by Poisson
brackets. We will assume that 0# is non-degenerate, so that its inverse matrix Hljyl defines
a symplectic form on M?". The sub-manifold M?"* C RP is equipped with a non-trivial
induced metri

g,uv(x) = a,uxaauxbnab = Nyuv + 8u¢iau¢j"7ij > (2-6)

via pull-back of 7,;. Finally, we define the following quantities [ILd]:

1
G = e, n=7¢"G" g,

— \/det 65}, —o___P 2.7
p ST € \/m ( )

The last relation gives a unique definition for e~? provided n > 1, which we assume. It is
easy to see that the kinetic term for scalar fields on M?" is governed by the effective metric
Guv(x), and in fact the same metric also governs non-Abelian gauge fields and fermions in
the matrix model (up to possible conformal factors), so that G, must be interpreted as
gravitational metric. Since the embedding ¢’ is dynamical, the model describes a theory of
gravity realized on dynamically determined submanifolds of R”. We also recall that

2n$
Tr ~ / éw)n VG e 7 ¢(x) (2.8)

"More generally, all of the X* are interpreted as functions on M2" subject to D — 2n relations. Examples
for such NC submanifolds realized by matrix models have been known for a long time, cf. [, d].

%In the special case where 6" is constant, this leads to non-commutative field theories — see |10, [L1] for
a review of the topic. However, a dynamical commutator seems essential in the context of gravity.

3For a related discussion see e.g. [ILd].



in the semi-classical limit, and note the remarkable identity
G (2)] = g ()], 2n=4 (2.9)

which holds on 4-dimensional M* ¢ RP. It is also useful to define the following tensor

Tty = e 2o gy, = —e72GHg L (2.10)
which satisfies
(j2)up = _GMVng’
trg? = —de n=—(gG), (2.11)

where ‘tr” denotes the trace over Lorentz indices.
In Ref. [l], we focused on the particular case of 4-dimensional geometries with

GH = g — n=ce’. (2.12)

Clearly, this defines an almost-Kihler manifold with almost-complex structure J? = —1.
For such geometries to be consistent in the case of Minkowski signature, we have to assume
that 0# has imaginary time-like components, which is natural in view of the correspondence
X0 — 4T, as discussed in [4]. It is not hard to see that this corresponds to §#¥ being self-
dual with respect to the metric g, (cf. Section EZZ and Ref. [14]). Such 0" indeed exist for
generic geometriedd. We then showed that the Einstein-Hilbert action can be obtained by a
certain matrix action (ZZ0). However, variations of 6" away from a self-dual case lead to
metric variations

G = Guv + by . (2.13)

Therefore, in order to derive the equations of motion for both the (embedding) metric as well
as the Poisson structure 6/, it is necessary to allow at least small deviations from G, = g,
We will in fact identify a mechanism in Section Bl which generically implies G = ¢ to a very
good approximation, at least for geometries with mild curvature. This justifies to consider
only linearized corrections in h,,, and provides an important step towards clarifying the
relation with general relativity.

Notation. We will adopt the convention that Latin matrix indices are raised and lowered
with 74, throughout this paper (resp. d4 in the Euclidean case). As we consider deviations
from the self-dual geometries introduced above, we will inevitably encounter two types of
covariant derivatives: those with respect to the effective metric V := V]G], and those
with respect to the induced metric V' := V[g]. We will use this notation throughout the
remainder of this paper. Furthermore, we will use the abbreviations (Gg) = G""g,, and
(Gg)t = G gy

2.2 Special relations in 2n = 4 dimensions

In this section we collect some basic results on the geometry of M* C R” in the presence
of the structures defined above. We consider the case of general metrics G, # g, on
2n = 4 dimensional manifolds where the tensor J#, defined in (EXI) becomes unimodular,

4with suitable technical assumptions, such as global hyperbolicity or asymptotic flatness.



i.e. det J = 1. This leads to the existence of a remarkable identity which we will now derive.
Consider first the Euclidean case. Since everything is formulated in a tensorial way, we can
diagonalize the embedding metric at that point g,.|, = 0,., and bring the Poisson tensor
resp. the symplectic form into canonical form

w=0"1(adz’dz® £ a " dx'dz?) (2.14)
at p € M using a suitable SO(4) rotation. This leads to
GH = diag(a?, a2, a2, a?) at pe M, (2.15)
and similarly J#, = —diag(a?,a"2,a72,a?) at p € M. In particular, it follows that

1 1
Z(Gg) =e n= §(a2 +a7%) > 1. (2.16)
Furthermore, we obtain the following characteristic equationﬂ for 72 [14]:
()", +2end", + (T %), =0, (217)

or equivalently

v 1

(GgG)" = — (T*G)" =2e7nGH — g = 5 (GG — g (2.18)
Furthermore, observe that x(dz%dz3) = dz'dxz? where x denotes the Hodge star defined by
et’P? and g, on M?*. This means that the corresponding symplectic form is (anti-) self-dual
((A)SD) if and only if

sw=+w & a=lresp.en=1 & Gu=g, & J =-1, (2.19)

in which case M* becomes an almost-Kihler manifold with almost-complex structure 7.
These statements generalize to the case of Minkowski signature, provided we consider com-
plexified #* with imaginary time-like components 6%, see [4].

Furthermore, we also note the following useful identity

B (p6") = 0 (2.20)

which holds in any coordinates, and follows from the Jacobi identity. On 2n = 4-dimensional
branes, it implies

0 = (e 7/|g|0") = /]g| VL (e~76")
= Ou(e 7V/|G|0"Y) = /|G| Va(e 7617) (2.21)
using |g| = |G|. Note furthermore that
GHVLOL = Vo (GF6)) — 0, V.G
= —V,(e770"g,,) — QZJV;G“O‘
-1 le'
= -0, V,G" (2.22)

using the basic identity (2ZZII).

SIf we would consider real #*” in the Minkowski case, this relation would be replaced by J?2 4+ 2™ °n —

J2=0.



Determinants. Consider the scalar function
det J = e "7 det(6"") det (g ) (2.23)
which satisfies det J = 1 in 2n = 4 dimensions. In that case, it follows that

e = Do det(0#7g,,) = €% 670} 0o (0" gp)
= 2 (077”1%9”” + g""@agw) . (224)

We can replace 0, with any covariant derivative operator V,, in this formula. In particular,
for V' = V]g| we obtain

Oae® = €0, V,0"". (2.25)
Similarly, using J#, = —e?/ QG""H;,} we get
Oae™? = e7270"V,0,,, (2.26)
so for 2n = 4 we have
2000 = 0,,VL,0"" =0, V0" (2.27)

Since det(G*"gy,) =1 in 2n = 4 dimensions, a similar argument yields

0 = 0o det(G*"gny) = "7 Gov0a (G gnu)
= G 0aG"" + " Oy (2.28)

and likewise for any covariant derivatives. This implies

9"V ogyy = 0= G, VL,G. (2.29)
In the computations of the subsequent sections, we will make use of the important relations
E13), Z20), X)) and (Z29) in many places.
2.3 Intrinsic curvature.

Since we consider general geometries G, # g, in this paper, we will inevitably encounter
the tensor

Ca;uu = 8axavuauxa = (vugua + vugua - vaguu) ) (230)

N —

in subsequent computations. Contracting this tensor with G*¥, one derives

0 Dsta = V(G ) — 20(e™m) = Vg0 — 50a(9G). (2.31a)

2t G Vg (2.31b)

002"V 0%, = %8H(Gg), (2.31c)
n=4

where the 4D identity (EZI3) is used in (B23IH) and “l.h.s.”= r.h.s.” denotes equality iff
2n =4.



Keeping these relations in mind, we now derive the curvature tensor with respect to
the metrics G, and g,,: For a general embedding M C RP with Cartesian embedding
functions 2% : M — RP, consider the expression

VoV, 2V, Vyzeg — VeV, 2V, V2,
= Vo (Vu2'V,Vyx,) = V,u2'VoV, Vyzg, = V,(VeV,y2'V ) + V,VoV,2oV 2,
= VoCupw = VpCriov + [V, Vo V,2"V 24
= VoCup — VpCuov + (Gg)nuRpavn G]. (2.32)

Unless stated otherwise, we will always understand R,5,; = Rj0uy[G] throughout this paper.
All the terms in (EZ32) are tensorial, and we obtain

(G9) Rpoiy|G] = VoV ,29V Vg — Vo V,2°V 1V pta = VoCripy + VCruiow - (2.33)

Repeating this calculation with V replaced by the covariant derivative with respect to the
induced metric V[g] = V', we recover the Gauss-Codazzi theorem due to V},z*V|V;x, = 0:

Roovuld) = 9urRlGlpor” = v;v;x“v;v;xa - V;V,’,x“VLV;xa. (2.34)

For the self-dual case C.p, = V,2°V,V, 2, = 0, and both curvature tensors (Z3J) and

([Z33A) coincide.

Relating R[g] and R[G]. The covariant derivatives V,, and V), are related via the tensors
Co;uv as follows:

ViV = Vi = Coyuwg™Vs =V, Vi + Coyu GV, (2.35)

for some vector V,,, and where CN’OW,, is defined by replacing g with G (and hence V with
V') in (E230). This implies

1
gaﬁca;,uu = 59046 (v,ugua + vugua - vag/w)

~ 1
=GPl = _§Gaﬁ (V1.Goa + V,,Gua — Vo.Gu) (2.36)
which has a number of useful consequences:
1 ~ 1
gauca;,uu = igauvugua = _GaMCa;uu = _§GanLGua =0,
v 2n=4 v
gaﬁgu Ca;;w n= gaﬁgu V,Gve = —Vug“ﬂ

1
= _GOCBQMVVLGV& + §Ga66a (QMVGMV) s
1
977G Cogr = "GV gy — 597 0a(Gy)
= _Ga,@GulleGya — v;GHﬁ , (237)

where we have used (ZZZd). Furthermore, we may define projectors on the tangential resp.
normal bundle of M C RP as

P%b _ guua“xaayxb’ 73%3 = nab — P%b . (2.38)



Hence, by the very definition of the covariant derivative associated to g,,, we have

VI V,2® = VeV,2® — ¢°°Cp.py 0nz”
=V,V,z"* — gaﬁaaxaagxbvgv,,xb
— PYV, V. (2.39)
This allows to relate the curvature tensor£ associated to G, resp. guu:
Roovulg] = Vo V,2°V V20 — Vo V2V, V2,
AV v VS 2 VAR VA VR V)
= (GQ)ZRPUVW (Gl + VoClupy — VpCion — Ca;wcﬁ;pvgaﬁ + Ca;wcﬁ;upgaﬁ )
Roulgl = Rp[G] + ¢7"V e Cpipp — 9"V pCliion — gauca;aucﬁ;pvgaﬁ + gwca;ovcﬁ;upgaﬁ )

(2.40)
using (Z38) and EZ3J). The last terms can be evaluated using
gaﬁCa;UVCﬁ;upgpygw = _%gm’vygﬁuvpguﬁ - %gpuvﬁgpvvygﬁu’ (2.41a)
gO‘BCa;gug‘ng;pygp” m=d gﬁyvagaﬁvpgp” , (2.41b)
G Coig Cpyp GG =1 40, (e77m)0" (€77n) + 200 (77 1) V6"
—zvygﬁ“V”gug - %G“gvagﬂpvpgaﬂ, (2.41c)
9"V Cpy — 97"V Coy = %gauva(vpgw +Vodou = Vugpw) — %ngpvv%u
= %( — VoV = Rpg gl go + (p < V))
%Dgh,ﬂ, 4 Rus[g)h®? + O(h?), (2.41d)

as derived in Appendix [l Hence to leading order in h,, = G, — g, we have

Roulg] = RulG) — 5 (Vo + Roglglh® gou + (0 = )) + 500k + Ragi gl
+O(h?),
Rlg) = Rp[Glg” — V¥V h,, + O(h?),
R[G] = Rp[g|G*" + V"' VFh,, +O(h?). (2.42)

2.4 Cartesian tensors

Now consider the following expressions, which play an important role in the following;:

1
HY = XXX~ e G0,
H = H%q =X XX, Xg] ~ —e"G"g,, = —4n(x). (2.43)

bcp. also [1LA].



The matrix “energy-momentum tensor” is then defined by [[L3]

1
T% = g — Zn“bH ~ - eUG”’j@anayxb. (2.44)

It is instructive to consider the projectors defined in Eqn. (ZZ238) acting on these expressions
in the semi-classical limit, i.e. (PrH)® ~ H® and (PyT)%® ~ nP3. In the special case of
9w = G, the semi-classical limit of the energy-momentum tensor becomes truly related
to the projectors:

T~ P8, and H® ~ —"PP. (2.45)

Moreover, then
1
T0X,0X, — §T“bDHab ~ R, (2.46)

as showrll in []. However, there are several similar matrix actions which for g, = G,
reduce to the same semi-classical form. It turns out that for general g, # G, which we
study in the present paper, the left-hand side of (ZZZH) is no longer intrinsic, i.e. it depends
also on the embedding M C RP. This makes the derivation of the equations of motion
more difficult. However, we will identify a slightly modified matrix action which is intrinsic
for general geometries in the semi-classical limit.

Before we continue, let us add a brief remark concerning H% in 2n = 4 dimensions: The
4D identity ([ZI3) implies

1
(HB)ad _ _H(HQ)ad + eZJHad ~ _e2U(Gg)//;c (eJ(GgG)pl/ _ 27]pr + eagpu) auxaayxd

2
240, (2.47)
This means that e 7H® has 3 eigenvalues {0,a% a2} with e™7n = 1(a? + a~2) and

H ~ —4n (cf. Section B2 and Ref. [14]). Hence the last relation essentially characterizes
the 4-dimensional nature of M*, and it also encodes the reality structure of 6* at the
matrix level because it is non-linear.

Semi-classical limit of the tangential conservation law. The following useful results
for various Poisson brackets are essentially obtained in [14]: Since H is a scalar field on
M C RP, we havel

{2qe, H®Y = —H“”t%xav,,(e“Go‘Baaxaagxb)
e <8yagﬂac9“”8/gxb + HWV,,gua@gxb + g,mﬁ“”v,,@gxb)
= —GPO"N (€% gua)Opa” . (2.48)
This is again tensorial, and can be written in a number of different ways:
{2a, H®} = —€"G*PV, (0" g10) 05"

= —eoGaﬁV”(eaﬂlﬁ)aﬁxb
= (0an — €"VPgpa — 200,0) Hﬁo‘ﬁgazb
= (e7Oga®0pz® + 0am) HQﬁaﬁxb (2.49)

"The derivation given in [T] for fd4x G e?° R also applies without the integral resp. trace.
8Notice, that we use the same symbols H® and T for their respective semi-classical limits whenever it
is clear from context what is meant.

10



using the identity (ZII) and
0710, = "V (G g 07) + €70V P g + 200710 0 (2.50)
which follows from the Jacobi identity [14]. Together with (EZ3Id), we obtain
{24, T} = €7 (Oga0az®) 2P 952" (2.51)

which also follows directly from the matrix identity (EZ23). For Yang-Mills matrix models,
the tangential conservation law [X,, 7] = 0 holds in fact at the matrix level [LI] as a
consequence of the symmetry X% — X% + ¢®1. However, higher order terms in the matrix
model as considered below may modify this relation. Note also that for 4-dimensional

branes, (E2310) implies
{20, T} =% eV 10" Ga0*P0pa? (2.52)

so that the tangential conservation law is equivalent to V,g*" = 0.

Exact matrix identities. The above semi-classical conservation law (EZ2dl) can also be
obtained from the following matrix identities:

X i) = (D% (X XL + 50

[Xa, T = S[OXc, [X", X4 . (2.53)

1
2
3 Extensions of the matrix model action

We now want to consider more general terms in the matrix model, which in general have
the form
SplX] =Te(X ... X)) Py, a, (3.1)

where P, o is an invariant tensor of SO(D) (resp. SO(1,D — 1) etc. in the case of
Minkowski signature). Imposing also translational invariance X* — X® 4 ¢%1, only terms
built out of commutators are admissible. We will organize such polynomial terms in the ma-
trix model according to the power £ of matrices X%, as well as the number d of commutators.
It is clear that translational invariance implies d > ¢/2, and that k = d — £/2 corresponds
to the number of derivatives of geometrical tensors such as 0¥ in the semi-classical limit.
It is thus natural to consider an expansion in k as well as /.

3.1 Matrix operators

Before diving into the possible extensions to the matrix model action, we collect some basic
“building blocks” for which we derive the following semi-classical results:

Lemma 1 For any matrices ® ~ ¢(z), ¥ ~ (x), we have

1 Xa, ®)[X5, U] ~  —e"GM 0, (3.2a)
O0d = [X9 [X,,®]] ~ —{a%{z° ¢} mpe = —e° O, (3.2b)

11



HY[X,, ®][X}, 0] ~ €*(GgG)" 8,0, (3.2¢)
HYX,, [Xp,®]] ~ ¥ (GgG)P"V 30,6 + e“dze? (GgG)"P 0,6

L7(0,(69) - (0,010,

15 20ge. (3.2d)

In particular, for 2n = 4-dimensional branes, we have

1
EHn“b)[Xa, P|[Xp, V] ~ —e*7g" 0,00, (3.2¢)

(X (O — SH®) (X0, 0]~ ¢ (O + ¢ 0u00,) (3.21)

(Hab .

Proof. Relations (BZd) and (B2H) are by now well-known [14], and (BZZd) can be com-
puted straightforwardly as

H®[X,, ®][Xp, 0] ~ e7G"8,0°0,2°0%P 001,0500% % 0 205)
= ¥ (GgG)" D, 0,1 (3.3)

Now (BZ2d) can be shown either by a direct computation which is given in Appendix Bl
or more elegantly by considering the following bilinear form

Tr (@1H“b[Xa, X, @z]]) = Tr (—[Xa,H“b] [Xp, Bo]®1 — HP[X), Bo][Xa, @1]) (3.4)

for any matrices ®; ~ ¢;(x). The first term vanishes for self-dual 6 (up to O(h?), resp. is
easy to evaluate), and reads

4
Tr([Xq, H®)[ Xy, §o]®1) ~ — / (;l ”)62 VG e 1 (e°Ogacdate + 0an)0* 852°0M 8,240, 2
T
d4$ o 3 1 1 av
— om)? VGe 1| V7980 — Zaa(gG) + Zaaa(gG) G*0,0¢9, (3.5)

using (ZZ9) and (EZ31A). The second term of (B) can be computed using (B2Zd) yielding

ab d4.%' o v
T (H™[X}, [ Xy, By]) ~ / LG e (GG Bybady i

(2m)?
4
S /(;ng)”z\/é@ (Vo (GgG)* 0o + €7V g GF10,,090 + €7 (GgG)H' NV 1, 0ph2)
(3.6)
Hence
Tr(Q1HY (X0, [Xp, @2]]) = Tr( — [Xa, H)[Xp, @)1 — H[ Xy, $2][ X, B1])
d4 g 1 av

[ VG or(§ 0u(66) — duo(9G)) G0

FV,(GIGY™ bz + (GoGY* V) (3.7)

12



which implies (B2d) since ¢; is arbitrary. Further simplification of this formula can be
achieved in 2n = 4 dimensions, where [BZd) follows directly from (BZZd) using the 4D
identity ([ZI3). Hence in particular

1

(27)Tr (o[ X, (H? — 5Hnab)[xb, ®q]]) = —(2m)*Tr ((H™ — %Hn“b)[Xa, D5][Xp, D1])

~ [atoygeng a0,
=— /d4x\/§g“y¢2VL(e”8,,¢1), (3.8)
which for arbitrary ¢ implies (B820). |}

Finally, we also note the following identity which will be useful below:

HY[ Xy, [Xp, ®]] = [Xo, H®[ X, @] — [Xo, H)[ X5, P]
~ e’ (2n0g¢ — €7 ¢g"'V ,0,¢0 + 2G* 0,n0,¢ — V(€7 ") 0,,9)
— €% (e°Ogate + 0an) G Dy
= & (277006 — 9" V94 + (e TG Dyn — ¢V ,0)Du0) . (3.9)

3.2 Potential terms k£ =0

For k = 0, consider first the following terms

1 14 d4ﬂf o ¥
Tr(— ZH) N/W\/Ee nt,  forleN. (3.10)

For ¢ = 1, we recover the basic Yang-Mills matrix model

S L m /d4x\/5 —o (3.11)
=—-TrH ~ e n. .
YM 1 (2m)2 n
Now recall that (EZI0)
1
e n=-(a?+a?)>1, (3.12)

2

which assumes its minimum e~?7 = 1 if and only if a = £1, i.e. for g, = G,,. This means
that for fixed embedding, the minimum of the action Sy s is achievedll if o = +1, ie. if
01 is self-dual w.r.t. g,,. Curvature terms as discussed below may lead to small deviations
from self-duality,

Guw = Guv + by (3.13)

however the potential is expected to dominate as long as the curvature is “small”’. This
is an important mechanism, which justifies to focus on geometries where G, ~ g,,,. The
deviations from (anti-)self-duality will be studied in more detail in Section B e.g. it will
also be shown that e=7n = 1+ O(h?).

Thus assuming G = g, the above potential terms for £ > 1 amount to

1 ¢ d*x g~G d*x
ool L\ o [T (=)o (=0 \0 I /_ (t-1)o 14
r( 1 ) /(277)2VG6 (e7n) (277)2VG6 (3.14)

9This is certainly true in the Euclidean case, and in the Minkowski case provided we adopt complexified
0" as discussed in Section B2 and Ref. [14].
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Then these terms essentially determine a potential

~G d4
Spot = 3 a/TrH! X /ﬁ\/a Vo), (3.15)
l

for e?. This is very interesting: if V(o) has a non-trivial minimum, it will dynamically
determine the vacuum expectation value of e and hence the scale of non-commutativity.
Thus e? will be essentially constant, simplifying considerably some of the considerations
below. This is also important in order to preserve the equivalence principle, at least approx-
imately, because the effective metric for fermions and scalars a priori differ by a conformal
factor ~ e?/3 [, [L7]. There are other terms with k = 0 of type Tr(H® H,.H*) etc. For
g ~ G, they essentially reduce to the same potential terms as above due to the projector
property 4Hny, H Ye — HH9 which holds for 9w = G, assuming 2n = 4. However this
type of terms also depends on the dimension of M C RP, and might help to single out
4-dimensional branes. This should be investigated elsewhere. (In fact, g, = G, is only
possible for 2n = 4, which alone would single out 4-dimensional branes.)

We can summarize these observations as follows: In the case of near-flat geometries the
potential terms with £ = 0 are expected to dominate, leading to g,, ~ G,, and e’ =~
const. Additional terms with k& > 0 involving more commutators typically correspond to
curvature contributions as shown below, and may lead to small deviations from g = G.
In fact, it turns out that ¢ = const. is incompatible with self-dual 0*” resp. g = G for
general geometriesE. Nevertheless, the presence of a potential V(o) should ensure that o is
constant to a very good approximation, even in the presence of curvature. This is important
because e’ determines e.g. the gauge coupling constant. It also suggests that the symplectic
structure obtained in [f] based on self-duality will be modified near the horizon, such that
e? =~ const. is preserved. This should be studied in more detail elsewhere.

3.3 O(X%) terms

For the sake of systematics we start our discussion of k& > 0 terms with the O(X9), although
the O(X'Y) turn out to be much more appealing. As shown in [l], there are only two
independent terms of order X%, given by

Sg = Tr <aDX“DXa + g[XC, (X9, X)X, [Xa,Xb]]> . (3.16)

In the general case g, # G, it seems that the easiest way to evaluate them is in terms of
RJ[g] (also allowing us to compare with the one-loop results in [1'7]). We start our derivation
by considering
OX" ~ =040,V (0900 ) = = (e7GPV, 05 + €0, )G V7,070 par”)
= —e? (GM"'V, V2" — G”pVﬁ,x“H"”VLé?;pl) , (3.17)
since 0,2°V!,0qzp, = 0. Tt follows that

OX“0X, ~ 2 (G GOV V0"V, Vi, + ¢ GGGV ,,0, 1,0, )

pn’op ¥V aler

= ¢ (eUGﬂ”Gaﬁv;v;xav;vgxa + ngVLGW’V’aGO‘T) , (3.18)

For example, such a self-dual 6** was determined for the Schwarzschild geometry in [£], and it turns out
that e” # const.
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using (ZZ) for the second term (which is manifestly order O(h?)). The second part of Sg
is derived in Appendix [BZ, and using the 4D identity (ZIH) we find

d*z

(27)?

d*x o Ao . )
+ﬂ/(27r)2 ge’ [26 0" 0P R(g) pve — G G’ Rlg)upve — (GgG )" RG]

Se ~ (a+ 6)/ ge’GM GV V,x VY x,

+ (Z(GQ)GMV — g“”) 0,00,0

d41’ !/ 1A wii e}
+ « W\/EVMG Va(Gg)p

vYTp

d*z 1/3
ol = pvo! o / g o/ 1 T
* ﬂ/(?w)Q vge 9 <2G VM(GQ) qu (G9)> 0yo +g""V,0_,0™"0,0

v o —1p7 -1 %
— VI (Gg)LGPNLO- 0T — ' (Gg)L0, VLG

veTp o’ pT
1 ,
+ 5ef’(wv;czpp 0,05, VG (3.19)
where X
G = GH g 0 (3.20)

is an anti-symmetric tensor. This is manifestly tensorial for « = —3. Using Eqn. (ZZ39) the
first line of Sg in the semi-classical limit Eqn. (BZX) can also be written as

((ij;)f /d4x 7" P¥0gz,Ocxs - (3.21)
The action (BTd) simplifies considerably in the self-dual case g, = G, reducing to the
one previously computed in Ref. [I]. Furthermore, the terms surviving that limit are of
the same type as those induced at one loop when coupling fermions to the matrix model,
as was found in Ref. [17]. The leading order deviations from the self-dual case may be
studied by expanding the above action around G, = guw + hyw: To order O(h) the action
S semi-classically reads

« + ﬂ o} a 14 a
Se ~ W/d%v ge (Dgx — 2h* VLV:,x )Dgxa

B o
+ 2n)? /d4x ge

267 g (ew - hwgaﬁeﬁa) Rlglupvo — 2R[g] + 41" R[gl,u
+ 20,00"0 — 3h""0,,00,0 + QV;LhWa,,J - %8”(@)8”0
+ 9"V ,0, 0700 + v;h”Pv’Ve;l}eTM]
+ o). (3.22)

As explained in Section @, h,,, can be parametrized in terms of the deviation of the symplectic
structure around its self-dual version, i.e. 9;3 = HJVl—kFW where 9;3 is self-dual with respect
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to gu- Then the above action can be simplified further by considering terms only up to

order O(F). This implies that (hg) = O(F?) can be dropped, and g"*V,0;) = ¢"*V, F;, =

O(0h). The same type of matrix model terms have also been considered on 2-dimensional

branes in [[L8], where Sg for o+ 3 = 0 reduces essentially to an integral over the Ricci scalar.
We also note that

1
Ruvpo 910707 = Winpalgl0""0"7 — 2¢7 Ry, [g]G" + 2 e Rlgl(Gg) — (3.23)

where [1L1]

1 1
W,uupa = R,uupa - §(gupRm/ - guasz/ - gupRa,u + gVO‘Rp/J,) + E(Rgupgou - Rg,uogpz/)
(3.24)

is the Weyl tensor on the 4 dimensional submanifold M?. In the case of (anti-)self-dual ¢
we have ¢ = G, and

2
Ryvpolg]0M 0P = Wi o g0t 077 — ge"R[g] . (3.25)

This is interesting for the following reason: As discussed below, it may be appropriate to
average over the moduli space of Poisson structures #”, which essentially consists of (anti-)
self-dual 2-forms with fixed determinant. This averaging over the asymptotic orientations
leads to Wy pe[g](0#0P7) = 0 since (0**0P7) is Lorentz-invariant for (A)SD 6, so that the
term Ry, p0[g]0" 077 essentially reduces to the Ricci scalar.

3.4 O(X'9) terms

We now consider O(X1?) terms with ¥ > 0 (i.e. ignoring contributions to the potential as
discussed above in Section B2). We are especially interested in a combination of terms which
semi-classically more or less leads to the Einstein-Hilbert action. For g,,, # G, the answer
is not as simple as Eqn. (ZZH) derived in Ref. [l]. As a starting point, we hence consider
the term H%OH,, which previously has been shown to be the “central piece” leading to
the Ricci-scalar in the semi-classical limit (i.e. the additional matrix terms were needed to
make it intrinsic). The corresponding derivation is given in Appendix BZd It reveals that
the following combination of terms depend only on the intrinsic geometry through G, 9.,
and e, independent of the embedding M* c RP:

H®OH,, + 20X HY®[X,, [ X, X.]]
3
~ = ((GgGg)e™ Oae” + 8¢~ (Dand*n = ndand” ) — 5V1g" V" gy + 29" 9,5V g™
+ (GQ)RMH [G](GQG)MU - QR[G] - QVM’(GMM,guﬁvagaﬁ) - Guﬁvagupvpgaﬁ

+2V59°0 67 0 — 4TV 10" 0a + 29" CiaV 59" Dy0) (3.26)

The second term in the first line is needed in order to cancel extrinsic terms, and in the
self-dual limit it semi-classically coincides with its counter part of Ref. [ll] (resp. the first

term of Eqn. (ZZ0)).

In order to make the following results more transparent, we keep only terms of order
O(h) and drop higher-order terms in h. This is justified by the observation in Section B2
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that the Yang-Mills action Syjs is quadratic in h, and therefore suppresses the deviation
from self-duality. Then the above result yields

Tr(H®OH,, 4+ 20X H®[X,, [ X3, X.]])
d4
~ / V@& (Rn[G](GgG) ~ 2RIG] + 46~ Cige” + 4V36" 000 ) + O(0I)
(3.27)

Using the intrinsic terms (B30d), (B30H), we also obtain the following forms

1
Sp = Tr(5T"0Hg + DX H[X,, [X3, X))

4
~— / (gﬂ"’; VG ¥ (3RIG] - 2Ry [Glg" +2V59°7000)  +O@h?),  (3.289)

S = Tr( H(OH,y — (X, [X°, H]) + DX H[X,, [X;, X.])

~ = / (;ljr"’)“; VG e (3R[G] — 2R, [G] ng) +OOh?), (3.28b)
noting that n = e + O(h?) as well as
2R, [G)(GgG)" — R[G] = (47— 1)R[G] — 2R, [G]g""
= 3R[G] - 2R,,[G]g"" + O(h*p?). (3.29)

Here p? stands for the curvature scale of the gravitational field R[G], and we will assume
that O(h?p?) = O(0h?). For G = g, we recover the result obtained in [I], and the “local”

formula (ZZ0) follows from (B=2H).

Additional O(X!Y) terms. Consider the following terms, whose semi-classical limit is
obtained easily from our previous results (ZZ3), (ZZ9) and E2310):

(X Hp)[XP H] ~ 4e%(e7Vag?*05m — GPd,ndan)

= 4% (Vo hP*950 — G*Pd,0050) + O(h?), (3.30a)
(X H|[X,, H] ~ —16¢” G*,nd,n
= —16¢* G"9,00,0 + O(h?). (3.30b)

There are additional O(X'?) terms which are of order O(h?), which we will not discuss in
this paper. These include

HPOXOXY = %G, Vag® Vg™ = 0(0h?), (3.31a)
[Xa, Hab] [(X¢ Hy| ~ —e* (Dgzvaaaxa + e_aaan) 90"685:61’ (Dcha(;xc + 6_0857’]) 957873:1)
= &% (—Gagvvgmv,{gﬁ“ + 267”Vagﬁa8577 — efQUGaﬁaanagn)
= O(0h?). (3.31b)
The trace of the last term can in fact be written in a number of different ways,
Tr([XajHab][Xc’Hbc]) _ _Tr(Hab[Xa’ [chHbcH)
= Tr(H"[XC [H, X)) + Te(H[H", [X*, X°]]))
= Tr([X¢, H®|[X H*]) + Tr([H®, H*|[X", X)) . (3.32)
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Extrinsic terms. The O(X!) terms above have been tailored to be tensorial, i.e. such
that they only depend on the intrinsic geometry of M in the semi-classical limit. There are
of course also terms which depend on the “extrinsic curvature” i.e. on the embedding of
M C RP. The prototype of such a term is given by

OX°0X, ~ e OczOczg, (3.33)

cf. I0), or similarly

1 d*z
TOX[X", (Hie — gme )XY, X]] ~ / V¢ Oex Qyra + 9 Oy dla)

d*x y
= /W ge’ (D(;x“Dgxa —g" GVango‘Baua) ,
HOX°OX? ~ —4e*n0czOg, - (3.34)

For g,, ~ Gy, these terms essentially coincide, and single out harmonic embeddings
Ogx® = 0 as vacuum geometries. In general, such terms should be expected to arise upon
quantization, and their physical significance must be investigated. It seems plausible that
they become important at cosmological scales where the intrinsic curvature is small, leading
to long-distance modifications of gravity somewhat along the lines of the “harmonic” solu-
tions given in [I14, 2(]. Such long-distance modifications are very interesting in view of the
major puzzles in cosmology, notably in the context of dark energy and dark matter.

On the other hand, the term Ogz*Ugx, might also serve as a UV cutoff for perturbation
theory, since it behaves as (p?)? on R}, where p denotes the momentum scale.

4 Gravitational action and degrees of freedom

Now consider the matrix model action combining (I) with curvature terms such as (B223),
which in the semi-classical limit become

Sp~ — / di@é“(:ﬂ%{(}] — 2R, [G]g"") + O(Oh?)

(2m)?
d*z - , y
- /(27r)2 9% (Rlg] — 3R" [g|h,w + V'""V'""h,,) + O(0Rh?), (4.1a)
~ 1
Ssimple = Sp+ iTr[Xa’ Tab] [Xb’ H]
d*x % » )
~ = | e e (Blo] — 3R lglhy) + O(0R). (4.1b)

using (ZZ32) where
G = g + b (4.2)

and therefore G# = g — h*" + O(h?). The term V'"V'*h,, can be eliminated by sub-
tracting suitable terms of type (B=30d), (BZ30H) from the action. We will therefore drop it
and consider Sgmple in order to simplify the presentation. For the same reason the possible
additional contributions from S¢ (B=Z) will also be omitted here. We will furthermore drop
all terms of order O(0h?), however we keep the O(h?) e.g. in the Yang-Mills terms and the
potential terms, which are expected to be important for weak gravity. This will be justified
below, and ensures a well-defined and compact moduli space of vacuum solutions for 6#*.
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Because these actions are tensorial (i.e. independent of the embedding M* C R”), the
semi-classical equations of motion are obtained simply by varying the independent geomet-
rical degrees of freedom encoded in g,, and 6#”. To understand these degrees of freedom,
note that in a given “coordinate patch”, the embedding metric g, = 7, + augbi@,,gbj 7ij is
determined by the scalar fields ¢(x). The Poisson tensor #*¥ can be parametrized as

O = 0.+ Fu (4.3)

where éljyl is self—duaﬂ with respect to g,,,, and F w = Oy A, —0,A,. Thus the independent
degrees of freedom are given by the embedding ¢' and F},, resp. A,.

In principle, one could now derive the equations of motion resulting from () as well
as from the other possible terms such as Sg, Eqn. (B224). This is straightforward as long
as only “intrinsic” terms are considered, which depend on g,, and 6#”. The variation of
the fundamental degrees of freedom can be separated into variations d4 of the embedding
leading to

o Guv = 00 ¢ mi; + &5 mij (4.4)

and the variation d4 of the Poisson tensor given by
0aF,, = 0,04, —0,0A,. (4.5)

We postpone this straightforward but tedious task to future work, and only draw some
generic and qualitative conclusions below. In the presence of terms which also depend on
the embedding resp. extrinsic curvature such as Ogz®Cax®, the action would lead to higher-
order equations of motion in the embedding ¢°. In particular, this leads to the “harmonic
branch” as discussed in [2(], whose physical relevance requires further study. It may suffice
here to say that such extrinsic terms may lead to very interesting cosmological solutions
[1€], while the viability for solar system gravity is not clear.

Yang-Mills action and vacuum configurations for 6#¥. We can gain some important
insights even without deriving equations of motion. Let us expand the Yang-Mills term
to O(F?), but keep only O(OF) resp. O(Oh) in the curvature terms due to the explicit
gravitational momentum scale. This gives

0" = ((L+0F)" o)™
= (0 —0F0 + 0FOF0)" + O(F3)

= OM 4+ GG Fyy + (OFOFO)™ + O(F3), (4.6a)
_o_ 5 _ 1 _

T = G = G = —€7(07 g F )y = €7 (Fg0 ™ )y = 59 (OF) + O(F?), (4.6b)
guuhuy =0+ O(FQ) s (4.60)
huh" = 2(0FOF) — 2¢° (FgFyg) — (OF)(OF) + O(F?), (4.6d)

e = e 7 det(1 4 OF)"/?

i 1 - 1 1
= e 7(L+ 5(0F) + S (0F)(0F) — 2(0FOF) + O(F3)), (4.6¢)
(0g0g) = —4¢? + 2¢7 (F) + ¥ (gFgF) — 2¢° (OFOF) + O(F3), (4.6f)

" One could equally well consider the case of small perturbations around anti-self-dual 6_?;1,1
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1(Gg) = 17 (6gbg) = 1 + L(OFOF) — S(BF)(BF) ~ 1" (9FgF) + O(F?)
=1+ ghWhW + O(F3). (4.6g)

Here we use a condensed notation where neighbouring indices are contracted and () denotes
a trace (e.g. OF = 0" F,, and (0F) = "'F,,), as well as

76 = —(Aghg)* V., =0. (4.7)

The relation (ERd) is in fact a consequence of |G| = |g| in 4 dimensions, (EZd) holds for any
self-dual GWI, and & is defined through 0"V, so that [J%, defines an almost-complex structure.
We will assume h,,, to be small, and accordingly we will drop all terms of order O(OF 2.

The r.h.s. of acquires a geometric meaning due to the relation

1, - - 1, - -
g(FH)(FH) — Z(FGFH) = Pfaff(F,, )Pfaff(6"") , (4.8)
(cf. []) where
HHv 1 DY 0pn 11 ouv (. D'V v
Pfaff(0") = g@wpn‘g 0P = 1 \/@«9 (kg G e = £/ |0H]. (4.9)

Note that Pfaff(d) is positive (negative) for (anti-) self-dual #**. Then the Yang-Mills matrix
model action () in the semi-classical limit become

4IE
Sy ~ / )zf e ’n = /(;lw)ﬂ/g(l + éhwh“” + O(F?))

1 - ’ ’ —
/ 5 :ng(w 1€ FurFuirg’ 67— Praff(F )PRafi(8) + O(F))

4.
- /(d )2\/_ (1 + ée (F ?*gF)W(F?*QF)MV/QWIQW/ + O(F3)> ) (4.10)
where x, denotes the Hodge star w.r.t. g,,, and F is minus for self-dual 6" and vice versa.
Recalling that any 2-form can be decomposed into self-dual (SD) and anti-selfdual (ASD)
components we arrive at an important result: ASD fluctuations F),, around a SD back-
ground 9 1 give a positive contribution to Sy and are hence suppressed, consistent with
E10). On the other hand, the SD part of F,,, does not contribute to Syj; but determines
the “dilaton field” e?. Conversely, SD ﬂuctuations around an ASD background are sup-
pressed by Sy, while €? encodes ASD fluctuations. This justifies to focus on geometries
with G = g, and makes clear that it is the embedding rather than the 0;1,1 which plays
the central role for the emergent gravit
In particular, it follows that the moduli space of vacuum configurations of Sy s (for fixed
embedding) consists of 2 disjoint components ¥ = £+ U ¥~ given by the space of (A)SD

12Tt is interesting to compare this with the action for non-Abelian field strength [14], which has a somewhat
similar structure. The Abelian case has also been considered by A. Schenkel (unpublished).

131t is nevertheless interesting to recall that this subject was sparked by the observation that the U(1)
“would-be” gauge modes acquire a geometrical meaning through G*”, leading to h,, which do give Ricci-flat
fluctuations around flat backgrounds [, 21]. This gauge sector is given a central role in [22]. The ultimate
physical relevance of these U(1) modes is still to be understood.
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symplectic structures éljyl w.rt. gu, and Syys provides a positive definite action which
suppresses fluctuations away from . These sectors & are disconnected, and characterized
by the sign of Pfaff(#*"). Now observe that e° defines a scalar function on ¥ (EBd) which
measures the “strength” of 6%, i.e. the non-commutativity scale. Hence a potential V' (e”)
as in (BId) with a non-trivial minimum,

1
V(GJ) =W+ EMQ(CU — 560)2 + ...

:V()+%M2(ea—:c0—%ea(éF))2+..., (4.11)
where Vy, M and x( are constants, will set the NC scale resp. the vacuum scale e = const.
Then ¥ becomes compact, e.g. £* = S2 in the near-flat case. On the other hand, terms
in the gravitational action such as R, h*" may lead to small deviations from (anti-)self-
duality. Moreover, e’ = const. may not be compatible with (A)SD 0;1,1 in the presence of
curvature, cf. [A]. Then () suggests (0F) ~ 2(1—e %xg) # 0if M is large, with ' — 0 as
x — o0. Therefore the physical moduli space ¥ = ¥TUX ™ of vacua will consist of symplectic
forms 9;3 = éljyl + Fj,, which are small deformations of (A)SD fields, characterized (in the
asymptotically flat case) by the asymptotic orientation of 6?;”1

If the function V' (e”) has flat directions, then one can pick a vacuum with arbitrary scale
e?. The kinetic term 0#cd,0 would still suppress variations of o.

We conclude that the above type of action represents a well-defined variational prob-
lem for the geometry, and leads to metrics with g, ~ G, as well as e’ =~ const. Note
that although we focused on the case of Euclidean signature, the steps go through in the
Minkowski case provided one adopts complexified 8*¥ as discussed above, which do admit
(anti-)self-dual configurations x40 = =£if. This provides an important simplification and
progress for the analysis of the emergent gravity theory.

Further perspectives and physical implications. One obvious class of vacuum so-
lutions of (B28H) and () is given by Ricci-flat spaces along with an (A)SD 6#¥ (hence
hu, = 0) such that e” = const. The problem is that in general, Ricci-flat spaces may not
admit such (A)SD 6#” such that ¢” = const. This is illustrated in [f] where a self-dual 6}
was found with e? # const.

The above analysis suggests the following strategy to find solutions for the coupled
system (g,.,,0"): for a given metric g,,, compute first a self-dual symplectic form é;l};
this will lead to some e’ which in general is not constant. Then F}, resp. h,, should
be determined through the full equations of motion, which will take the form of modified

inhomogeneous Maxwell equations, schematically
G (7 F ) = J5 (4.12)

Here J* will depend on 8,V (e?) and (AF), and may include matter contributions which
turn out to act as dipole sources 4]. In the presence of a suitable potential V' (e?) and/or
a kinetic term 0"00,0, this will lead to e’ ~ const. Since the gauge coupling as well as
the NC scale depends on €7, this is probably essential to meet precision tests of general
relativity and the time-independence of the fine structure constant.

The example of the Schwarzschild geometry [fl] indicates a certain tension between the
requirements e’ = const. and g, = G, since 0/ is determined by solving Maxwell-like
equations with non-trivial boundary conditions. This would presumably be acceptable if
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hy = O(R) for asymptotically flat 4-dimensional geometry, where R denotes the scale of
the gravitational curvature. In that case, the additional terms in the gravitational action
such as W R, = O(R?) are suppressed at least in the case of weak gravity, leading to
nearly-Ricci-flat spaces Ry, =~ 0 as (vacuum) solutions in agreement with general relativity.
However, this has not been shown at this point.

Even if the equations governing 6*” are so rigid that h,, cannot be neglected, one
might still effectively recover an (almost)-constant e’ along with (almost)-ASD «9;3 e.g. by
considering branes with compact extra dimensions, such as M* x 2 C R'. This is very
natural also to obtain non-Abelian gauge groups as required for particle physics (cf. [24]),
and will be studied elsewhere in more detail.

There is another interesting point which should be kept in mind. Once a solution for
0 is found, the quantization of the theory requires to integrate over the fluctuations in
F,, (recall that this would-be U(1) gauge field couples only to the gravitational sector).
However, there is in fact a moduli space ¥ of solutions 0¥, corresponding to different
asymptotic orientations of 6*” (this is obvious in the flat case). The question then arises
whether one should also integrate over this moduli spaceE. In particular, this would amount
to an integration over all configurations corresponding to different asymptotics of 6#* related
by Lorentz rotations. The Lorentz-violating term W66 (BZd) would then disappear from
the action. This issue boils down to the question whether or not there really is a non-trivial
VEV (0#), spontaneously breaking Lorentz invariance. Note that this is not essential for
the mechanism of gravity presented here, which works also (and in fact simplifies) under
weaker assumptions such as (##7) = 0 but (§#0#"") £ 0.

Finally, we should perhaps comment on the cosmological constant problem, which in the
present setting amounts to explaining why V’ = 0 implies V = 0, i.e. that V = 0 at its
minimum (cp. ([EII)). At this stage (in the “Einstein branch” [4]) this problem may appear
to be similar as in standard GR, but again there are additional ingredients such as extrinsic
curvature, compact extra dimensions, an additional (harmonic) branch of solutions, etc.
which may shed new light on this problem.

5 Concluding remarks

The results of this paper represent a further step in the long-term project of studying the
effective gravity theory emergent from matrix models of Yang-Mills type. One important
new insight is that the “bare” Yang-Mills term defines a positive-definite action for h,, =
G — gy, which implies that the effective metric approximately coincides with the induced
(embedding) metric. Furthermore, we studied the geometrical meaning of higher-order terms
in the matrix model for general backgrounds, identifying in particular an action which is
very similar to the Einstein-Hilbert action, taking into account G, ~ g,, and e’ ~ const.
Such terms are expected at the level of the quantum effective action, or alternatively they
can be added to the action by hand. These results are very welcome in the quest for a
realistic theory of (quantum) gravity.

We also identified some specific issues and potential problems in clarifying the physical
viability and the relation with general relativity. One issue is a certain “tension” between
self-dual 0*” and e’ = const, which both seem natural and desirable in view of the above
results. Once this is understood, one can proceed to reliably analyze the equations for the

14Gee also [ILL] for a related discussion in the context of non-commutative field theory.
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embedding resp. for the effective metric, which then describes gravity and its deviation from
GR.

The bottom line is that the model defines a highly non-trivial coupled system for the
embedding g,,, and the Poisson structure #*”, and contains some (quantum) theory of
gravity. This complexity is of course essential for any serious candidate for a realistic theory,
but makes the identification of the “relevant” configurations and solutions non-trivial. An
additional complication is that quantum effects must be taken into account, e.g. through
higher-order terms as discussed here. Furthermore, the case of compact extra dimensions
and the implications of non-trivial extrinsic terms such as Ogx®Ugz® must be studied
systematically. Clearly much more work is needed before the physical viability of these
models can be reliably addressed. On the other hand, the models are sufficiently clear-cut
such that their physical content can finally be understood.
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Appendix A: Derivation of (ZZ41d) and (241d))
Consider
GaﬁCa;ovcﬁ;quwGw

1
= ZGaﬁ (vygaoz + Vogva — vagau) (vugpﬁ + vpg,uﬁ - vﬁgpu) GG+

1 1
= §Ga6 (vugaaGau - _vagauGau> (v,ugpﬁ + vpguﬁ - v,@gp,u) G™

1 14
= 3 (V (2¢~ nGﬁ” — g ") — —G Vaga,,G ”) G (Vu9p8 + V9u8 — Vagou)

= ( ﬁ“& — —Vygﬁ“)V”g 58— GBv,, (ef"nG”p — %g“p) (Vpgug — %Vggpu>

= 20, m)0" (Gg) — SVgMT g5 — Ou(e ) V(26 NG — )
—i—EVag“pr(Qe_"n(SZ‘ — Guggo"g)

= 49,(e”7n)d"(e”n) — Zvugﬁ“V”guﬁ + 204 (e”Tn)V g — %Guﬁvag"”vpgaﬁ (A.1)

assuming 2n = 4, where we have used ([ZZI3).
The relation (2ZId) can be seen as follows:

gauvoc,u;pz/ - gdﬂvpc Hoa %

1
_gguvpvugau

1
= _gouvo(vpg/w + vz/gp,u - v,ugpzl) - 9

2
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1
59" ((vpv(,gw VoV 0on — VoV ) — VoV o

+(Rapuagow + Ropuagua) + (Roupaga,u + Rau,uagpa))

L5
59 K (vpvog,uu + vuvogpu - vov,ugpu - vpvugo,u>

1 a a «
+5 (87 RopnslGG9). + 9 Rovps | GN(G9)]] = 2Rap[GIG7)
1

5( — Y,V Ry — Vo Vi + Oghpy + g"“vpvth)

1
+§( — Ry[9)h"* gaw — Ruplglh*® gap + 2Rapsnlg]h” ) +O(r?).  (A2)

Now (EZId) follows noting that g**VVh,, =0+ O(h?) due to [ED).

Appendix B: Semi-classical results for matrix model exten-

sions

B.1 Derivation of (B2d)
To see (B2Zd), consider

HP[ X, [Xp, @] ~ €7GM0,2%0,2°0P 002005(0770,240,0)

= 7 (Gg)” 0" (epngypaﬁangb + 0p(07 9, ) Oy — aﬁayxbepﬂapxbangﬁ)
= ¥(GgG)930,¢ + €” 0" 95(e G0} )0
= e (GgG)*0y0 + €7 Dpe’ (GgG)" 8,0
1 A
+¢(Gyg)? ,05G"° D¢ — §e200”ﬂap0;10’ma,7¢ (B.1)

using the fact that oHv is anti-symmetric, and

050950, = —é”ﬂa,)e;g—é”ﬂayeglj
2070040, = —6"°0,0,;. (B.2)

On the other hand, consider

1
(GgGY"TLIG) = (GG (0uGup + 0uGup = 03Gu) G

using

1
= —(G9)" 40,6 — (GgG)" 95Gu G
o 1 v no - o
= —(Gg)"30,G*" + 5 (G Dag, +20 $0,0,5 — (Gg)dz0)G*?
1.1 N 1 o
= —(Gg)"30,G*" + 5(505(Gg) + 0°79,0_ 5 — 5(G9)9p0)G &
1 af no3 -1 1
59u(G9) = G 0ugap + 070055 — 5(Gg)0u0 . (B.3)
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Therefore we get
H[X,, [Xp, ¢l ~ €¥(GgG)"030,¢ + €7 0pe” (GgG)" 0,0
—e*((GgG)"' T, — iap(Gg)G"” + i(Gg)apaG’”’)@m
= ¥ (GgG)P"V 30,6 + e“Dge’ (GgG)"P 0,6
16 (0,(Gg) ~ (Go)2y) G0y, (B.4)

which is indeed tensorial.

B.2 Derivation of (BI9)

We use the (constant) background metric 74, to pull down Latin indices, i.e. z, = xbnab,
and consider first

1 1
SIXEL X X [Xes (X, X ~ 576779 (070,205 ) Vi (67 Orwademy)

1
— O GQVe (eaGaTv;V;x“V’UV’T% + §ga7-gﬂevlyc90¢ﬁv,a¢97'5> )

(B.5)
From the Jacobi identity
HWV'OCHW + HVO‘V;H”“ + HUO‘V:XHW =0, (B.6)
it follows that
v __ o nvo o nra —1
V;H“ = (0107 — 6179 )V;Hm , (B.7)

which enables us to simplify the second term of (BX) further:

1 _
Egmgﬂev’yaaﬁvgan = Gar g8V 000N 0, )
=0V, (e7(Gg)*) V0, + €7 (Gg)L V.07V 0,

uYop nYop
o 1. - T T —
—¢ <aya§9wvj,ew} + (V1 (Gg)E07 + (Gg)2V,07™) v;90p1> :
(B.8)
where 6 := (Gg)*0. Hence,

T 2
%Tr([Xc, (X XN [Xe, [Xa, X3]))

1

N / Ao yG eGP (GO VLV, Vg + 0,0 50" V40,

+ (Vi(Gaho™ + (Gg)eV,0™) V0,

1~
_ / g e (GG, Va0V, Vg + G 0,050 40,,)
+ GV (GgH0TPY 0, — (0,0G7 + V1,G"7) (Gg)P6,, V0™

— G"0, 1V, (Gg)e V0T — G”U(Gg)p0_1VLV;67“>

TVop

25



= /d4x ge’ (G”"GO‘TV:,V;x“V;V’Txa + G"?9,0e V' n
— G0,V (Gg)EV 07" + (0,0G" + V,G") (Gg)L6,, V.07

a’Tp

— GY70, 1V (Gg)t V0T — (GgG) 0} ([V,, V10T + V., (9,00™)) )
1

- /d4g; ge° (G””GO‘TV;V’OCQJ“V’UV’T% - ZGVM&,O' (V,.(Gg) + (Gg)d,o0)
=G0, (Vi (G)i V07 + V,(Gg)eV,0™)
+ 0,0(GgG)" 0 V0™ + V!, (Gg)n.GP 07} V,,07"
- (GgG)Vp9;7'1 (R[g]meenu + R[g]uneTn)
— (Gg@)"* (V0,0 + 0,00, V.,67™) )

1
= /d4x ge’ (G”"GO‘TV;V;xaV;V’T% + ZGVMQVO' (V).(Gg) + (Gg)d,0)
—VL(Go V) (G077 4 GPGH) — GO0, (G VLA

- 28“0'(GQG)VPVLG;F,197” + V., (GgG)"?d,0 + (GgG)"*d,00,0
+ €0 R[gluums0™ ~ (GG) Rlgluy )
1

- / dia\ /g e (G””Gafv;v;xav;v;xa + G0, (9,(Gg) + (Gg)9,0)

— VI(Gg)4 GV 0, 07 — V1,G 0LV G0 g

1 "' n—1p— vo 1 v —1p7 v

+5¢7 GG 0,10, VG —2(GgG + 59) N0 070 + Y, (GgG) P D0

+ (GgG)"P0, 00,0 + e 0P R[g|,ums0™ — (GgG)”pR[g],,p) (B.9)
using (Z18), (ZZ0), (ZZJ), and the identities V,n = 1(g09),, V,0" and (Gg)gﬁgul =
—(Gg)305, as well as
G0,V (Gg)tV 0™ = =V, GV, (70 L G™)G* 0,

="V, GV, 0, GG 0, + ¢C GTIV,GPPN0, GO0,
— VG0V (7 GTG0,,

! —1 ~Tppgro 01 T / —1 wop—
= = V(G gop) V07, G707 + &7 SGTIV LGN (0,,G70,,)

p'VTr

! n— o AT vo n— 01 T ' n—1p— vo
— VG0V, (7 GTG0,) — e 5G mLGP, 0, VG

=V1,(Gg)u V0 GO — %G”@M(Gg)&a — e"VIL,GP GRG0 0,0

v/Tp T/op

— eav;GPP’el;iv;GWGWe;g — eU%GWv;GPP’e— Tomaviledd

vp'Top

=V, (Gg)y V.07, G077 — g' V6. 0" D0
/ 1 /
o/ —1xv/ T wopn—1 o= T/ —1 -1/ rwo
—e’V,G" GP/TV,,G "G"70,, —e §G "G GVP,HJP V.G (B.10)
where the last step follows from
eJVLG””/GT“@;}_H;I}GWa,,U = e_UV;LGpp/(gp/THT“)(gJPHW)&,J
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—0 1 T, vo
= e VL(i(Gg)gTU—GTU>6 1Yo, 0
1
= —5G"0,(Gg)0,0 + g V0,507 D0

w’ oo’

using the 4D identity (ZI3), since

e IV, G070, 0 = e 7V (e7050 L7 )00 0,0
= V0197 0D, — g"7 V0.0V D,0 — " 0,000
= —0 g7V, 0,0 — g7 V0,10V 0,0 — 6" 8,00,0
= —g"'V0,10"0,0 (B.11)

due to (). Together with the definition of the curvature tensor with respect to the

induced metric (Z338) we obtain (BIU).
B.3 Derivation of O(X'%) terms
Consider first
H®OH,, ~ —62"G“”aux“&,xbﬂg(e"G“,”lau/xaﬁ,/xb)
= —eQ‘TG“”auxa&,xb (DGeUG“/”/ﬁu/xa&,/xb + QeUG“,”,D(;@H/xa&,/xb
407 G (B oDy + 267GV 0Dy, VO )
= 30 ((GgGg)e_UDGeU + 26 GV GOBC i C
+ 2(GgG) ™ (9,2 V wOga + Ryn(Gg)ly + 2 a0 )
= —e% ((GgGg)e_UDGeU + 26 GV G“ﬁCmau/ By

+2(GgG) ™ (2C, 500 0%0 — GV wVag®? — V,00,0Ogxq + (Gg)s Ry [G]))
(B.12)

using (EZ3IH). The second term is elaborated in (ZZId), and using the 4D identity (EZ3),
(233) and (ZZ) we obtain

1 3
H"OH,, ~ ¢ ((GgGg)e™"Doe” + 50,(G)d" (Gg) + 0(Go)V g™ = 5Vg™ Vg,
+ ((Gg)G™ = 2g"") (2C)s0pe 0°0 — V1 0,2°Ogia + Ry (Gg)T )
— 2G““/gugvu/vago‘ﬁ — Guﬁvagupvpgaﬁ)
—0 g 1 124 107 3 v
= —c"((GgGg)e™"Doe” + 50,(G9)" (Gg) + a(GOIV 9" = 5Vug™ V" g5
— GVag""V g™ + (Gg) (aa(Gg)a% — Oga®Oca + Ry [G](GgG)“”)

= 26" 43V Vag™ + 20"V 00,3 Ogza — 2RIG] ) (B.13)

Note that there are two terms g““/VM/ L 2?Ugr, and Ogz®Uga,, which are not tensorial
but depend on the embedding of M* C R”. They coincide in the self-dual case where
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9w = G, but in general they are independent. In order to obtain tensorial expressions,
we must cancel these terms. This can be achieved using (BX):

H®OH,, + 20X°HY[X,, [ X}, X.]]
—0 g 1 174 13 3 12
~—e ((GgGg)e Dae” + 50,(G9)0” (Gg) + 0a(Gg)V " — 5VVgﬁ”V 9up — 2R[G]
— GuaVag""V 5% + (Gg) (9a(G9)0"0 + Run[Gl(GgG)™") = 26,5V ,4 ¥ ag™)
— 2e3°Dchauxc(e*"G””6yn —g"V,0o)
—0 g 1 174 13 3 12
— e3"((GgGg)e Oge” + 50,(G9)2” (Gg) + 0a(Gg)V,ug"* 5vygﬂﬂv 9
+ (G9) Ry [Gl(GgG)*" — 2R[G] = 2V 1 (G 9,5V 0g™) + 2V" 4,5V 09"
— GV 0"V g% + (G9)0a(Gg)0%a + 2V 590 €7 0o — QgWGWvﬁgaﬁaya>, (B.14)

where we also used (EZ31H). This is manifestly tensorial, and can be rewritten in various
ways. Under the integral, (BXId) can be simplified further using

/d4:c Ge* V,,(G’“’guﬂvago‘ﬁ) = /d4x Ge* (29’“’Gm7vaga"8ua - 467”77Vagaﬁ8,,0) ,
so that
(2m)2 Tr(H®OHyy, + 20X H®[ X, [Xp, X¢]])
1 3
~— / d'aVG e ((GQGQ)GﬂTDG@U + 50,(G9)0" (Gg) + 0a(GOV 9" = 5V0g" V" g

+ (Gg) R,y [GI (GG — 2R[G] + 8¢ 7NV 0g* 8,0 + 2V 9,5V 0 g’
— Guﬂvagupvﬁ,gaﬂ + (Gg)0.(Gg)0%0 + 2Vggaﬁe_”8an - Gg””GuaV[ggo‘B@VJ)

_ / VG ¥ (4~ 0ge” + AR, [G)(GgG)™ — 2R(G) + 4Vag™ 0y +O(1?)),
(B.15)

noting that (Gg) = 4 + O(h?) due to [EEd), (GgGg) = 3(Gg)(Gg) — 4 and n = e + O(h?).
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