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ABSTRACT

We construct, at the linearized level, the three-dimensional (3D) N = 4 super-
symmetric “general massive supergravity” and the maximally supersymmetric N' = 8
“new massive supergravity”’. We also construct the maximally supersymmetric lin-
earized N = 7 topologically massive supergravity, although we expect N' = 6 to be
maximal at the non-linear level.
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1 Introduction

The “on-shell” N-extended one-particle supermultiplets available for massless particles
of four-dimensional (4D) field theories are well-known. Generically, these supermulti-
plets will appear in CPT-dual pairs but there are some special supermultiplets that
are CPT self-dual; these are unique for a given choice of maximal spin, and have the
property that N is maximal for that spin. The corresponding field theories generally
have improved ultra-violet (UV) behaviour. For example, N' = 4 is maximal for max-
imum spin 1, and there is a unique N = 4 self-dual supermultiplet, which is realized
by the UV-finite NV = 4 super-Yang-Mills (SYM) theory. Similarly, N' = 8 is maximal
for maximum spin 2, and there is a unique N' = 8 self-dual supermultiplet, which is
realized by N' = 8 supergravity; the UV status of this non-renormalizable theory is
still a matter of dispute but it is certainly “improved”; see [1] for a recent review.

This paper is motivated by the observation that there is a one-to-one correspon-
dence between the massless on-shell supermultiplets of A -extended 4D supersymmetry
and the massive on-shell supermultiplets of N-extended three-dimensional (3D) super-
symmetry. The N 3D Majorana spinor supercharges Q', i = 1,---, N, obey the
anticommutation relations

{Q4, Q) = 2(4"C)ap Pud” (1.1)
where P, is the three-momentum, «* are the 3D Dirac matrices and C' is the charge
conjugation matrix. Choosing a real representation of the Dirac matrices with C' = ~Y

and choosing the rest frame three-momentum P, = (—M,0,0) for a particle of mass
M, one finds that the following combinations

(@) = Q1 +iQy) ., o = 3(Q)—iQ}) , (1.2)
obey the anticommutation relations
{a', (@)1} = MY, {d',d} = {(a), ()T} = 0. (1.3)

The operators a and a' can thus be seen as raising and lowering operators. Moreover,
it can be checked that they increase or decrease the space-time helicity by 1/2 (see
e.g. [2]). The construction of the supermultiplets is thus straightforward. Starting from
a ‘Clifford vacuum’ |Q); with helicity j one can act N times with the raising operators
af. This leads to a massive multiplet with 2V states of helicities ranging from j to
j+N /2, as shown in Table 1 for j + A /2 = 2. Only the multiplets containing the +2
helicities are shown for N'=1,---,7. Parity flips the helicities and hence takes these
into multiplets containing a state of helicity —2 but not +2. The AN = 8 multiplet
is exceptional because it contains both helicities +2 and —2 and is therefore “parity
self-dual”. One sees that this is formally the same construction as massless particle
supermultiplets of four-dimensional N-extended supersymmetry?.

'If the anticommutator (1.1) is modified to allow additional (non-central) charges then one can
find additional, parity-preserving, multiplets that do not correspond to 4D multiplets because they
are acted upon by twice as many supercharges as those discussed here [3].



Table 1: Some 3D massive supermultiplets

helicity +2 +3/2 +1 +1/2 0 -1/2 -1 -3/2 -2

N=1 1 1

N=2 1 2 1

N=3 1 3 3 1

N=4 1 4 6 4 1

N=5 1 3 10 10 D 1

N=6 1 6 15 20 15 6 1

N=17 1 7 21 35 35 21 7 1
N=8 1 8 28 26 70 56 28 8 1

This 4D /3D correspondence holds for each value of A/ although it should be ap-
preciated that the 3D theory has half the total number of supersymmetries (because
the minimal spinor in 3D has half as many independent components as the minimal
spinor in 4D). It should also be appreciated that the one-to-one correspondence is for
supermultiplets, and not free field theories?; this is because a CPT-dual pair in 4D
corresponds to a pair of 3D massive supermultiplets paired by parity, but locality in
3D does not require this pairing. This means that there can be parity-violating massive
3D field theories that have no 4D analog; the simplest (N = 0) examples are “topo-
logically massive electrodynamics” (TME) [4-6] and “topologically massive gravity”
(TMG) [6,7].

Thus we can expect to find (at least at the linearized level) parity-preserving massive
3D SYM and massive 3D supergravity theories for each of the corresponding massless
4D SYM and supergravity theories. This expectation is realized in the SYM case by
the M-extended 3D SYM-Higgs theories, expanded about a Higgs vacuum in which all
particles are massive. This yields 3D theories of massive spin-1 particles with N/ =
1,2, 4 supersymmetry. Parity may then be broken by the addition of a supersymmetric
Chern-Simons (CS) term, but such a term exists only for N' = 1,2,3, so N' = 3 is
maximal for spin 1 if parity is violated [8]. This feature can be understood directly
from the supermultiplet structure: the A/ = 4 spin-1 supermultiplet is equivalent to a
parity-dual pair of N’ = 3 spin-1 supermultiplets, so any parity violation that is visible
in the linearized theory will split the degeneracy of this pair, thereby breaking ' = 4
to N = 3.

In the supergravity case, the 4D /3D analogy leads us to expect parity-preserving
3D supergravity theories propagating massive graviton supermultiplets with N =

2Interactions must be considered on a case-by-case basis.



1,2,3,4,5,6,8. Until recently, it was far from obvious how such theories could be
constructed, but the N' = 0 example of “New Massive Gravity” (NMG) [9] has shown
the way, because it propagates precisely massive helicity 42 modes. Furthermore, one
can add a Lorentz Chern-Simons (LCS) term to the NMG action to obtain a parity-
violating “General Massive Gravity” (GMG) that has both NMG and TMG as limiting
cases [9]. The N' = 1 supersymmetric extension of these 3D gravity theories has now
been constructed [10,11] as has the linearized N' = 2 extension, which nicely combines
NMG with the Proca action for spin 1, and combines both CS and LCS terms in a
single A/ = 2 superinvariant [10]. The main purpose of this paper is to present results
for the N > 2 massive supergravity theories.?

We shall work exclusively at the linearized level, leaving the problem of inter-
actions to future work. Even so, there are a number of issues that we are able to
address, and resolve. Firstly, we recall that NMG consists of the Einstein-Hilbert ac-
tion, with the “wrong” sign, and a curvature-squared invariant constructed from the
scalar K = G"S,,, where G, is the Einstein tensor and S, the Schouten tensor.
We therefore need an N = 8 extension of the Einstein-Hilbert action (the lower N
cases can then be obtained by truncation). This involves coupling the N' = 8 off-
shell Weyl supermultiplet [13] (which contains the graviton field subject to linearized
diffeomorphisms and linearized Weyl rescalings) to 8 compensating N/ = 8 scalar su-
permultiplets (containing only scalar and spinor fields). Each off-shell NV = 8 scalar
supermultiplet has an infinite number of auxiliary fields (arising from the expansion of
a field defined on N' = 8 harmonic superspace [14]). These should be eliminated only
after the addition of an N' = 8 extension of the NMG K-invariant, but the compen-
sating supermultiplets decouple from the K-superinvariant at the linearized level as a
consequence of an “accidental” linearized superconformal invariance; this allows us to
trivially eliminate all auxiliary fields of each compensating supermultiplet and work
with the simpler on-shell-supersymmetric* N' = 8 scalar supermultiplet.

Starting with the N' = 8 super-NMG model, we might expect to be able to construct
a parity-violating N/ = 8 super-GMG model by the addition of an N' = 8 super-
LCS term. Let us recall that the LCS term is, by itself, the action of 3D conformal
gravity [15] and that there exists an N/ = 8 superconformal gravity [16]. However, the
N = 8 spin-2 supermultiplet is equivalent to a degenerate parity-dual pair of N' = 7
spin-2 supermultiplets, and this degeneracy is lifted if parity is violated. It follows
that, at best, N' = 7 is maximal for super-GMG and also for its TMG limit. In fact,
for reasons that we will give later, we believe that N' = 6 is actually maximal® for

3A “disjoint” family of massive 3D A = 1 supergravity theories was recently found in [12] by
dimensional reduction of a 6D theory with curvature-squared terms. These may also have N > 1
extensions but we shall have nothing to say about that here.

4By “on-shell-supersymmetric” we mean that the equations of motion are needed for closure of the
supersymmetry algebra, due to the implicit elimination of auxiliary fields.

5This recalls the conjecture that A = 6 is maximal for an off-shell realization of N’ = 8 4D
supergravity [17].



the non-linear TMG and generic GMG. However, we verify that there is an N = 7
linearized super-GMG theory by constructing the linearized off-shell N' = 7 super-LCS
invariant; this can be added to the N/ = 8 super-NMG action because it does not
couple to the compensating supermultiplet. We also explain why the N/ = 8 super-
LCS invariant cannot be similarly used to construct an N' = 8 super-GMG theory; in
brief, it is because there is no off-shell-supersymmetric N' = 8 super-LCS term.

The method of construction of the linearized N’ = 7, 8 massive gravities that we
have just sketched, can be applied for any N. As a preliminary, we begin with a sketch
of how the construction works for each value of A/. This involves a determination
of the off-shell Weyl supermultiplet and the compensating multiplets needed for the
construction of the linearized N-extension of the Einstein-Hilbert term. For N' < 3,
not only does a single scalar supermultiplet suffice but there is also an SO(N) singlet
in this multiplet than can be identified with the compensating scalar for the local
scale invariance of the Weyl multiplet. The situation for N = 4 is quite different. In
this case, the scalar multiplet is the 3D version of the 4D hypermultiplet, but there
are two distinct versions of it in 3D, and both are needed. Furthermore, the local
scale compensator is necessarily composite because neither hypermultiplet contains a
singlet of the R-symmetry group. In several respects, the N’ = 4 case is similar to
the N' = 8 case, but much simpler, so we discuss N' = 4 in detail. This serves to
illustrate features that we take over to N' = 8, thus obtaining the linearized N' = 8
super-NMG theory. Finally, we construct the off-shell N'= 7 LCS invariant and hence
the maximally-supersymmetry parity-violating super-GMG and super-TMG theories,
again at the linearized level. We conclude with a discussion of open problems.

2 N-extended Weyl and Poincaré supermultiplets

To construct the N-extended supersymmetric LCS term, one needs only the fields of
an NM-extended “Weyl supermultiplet”. At the linearized level, this multiplet contains
the metric perturbation h,, and N Majorana anti-commuting vector-spinors 1/1/’; (1=
1,...,N) subject to the linearized transformations

5huu == a(ny) + nul/w7 577Z)Z1, = aMnQ + IYMGS I (2]‘)

for Minkowski 3-vector v, scalar w and the anticommuting Majorana spinor parameters
of @- and S-supersymmetry. At the linearized level we must distinguish between the Q-
supersymmetry gauge invariances and the rigid supersymmetry that relates the various
fields of the multiplet; it is only after the inclusion of interactions that these combine to
become N local supersymmetries. The linearized Weyl multiplet also includes N (N —
1)/2 abelian gauge fields V/fj in the adjoint irrep of the Spin(N) R-symmetry group,
and subject to the gauge transformation

SV = 9,A7 . (2.2)



For N' > 3 there are additional fields in the Weyl multiplet, and for N/ > 6 these
include additional gauge fields, although N/ = 8 is exceptional in this respect, as we
shall see.

To construct the NM-extended supersymmetric EH term, or N-extended “Einstein
supergravity”, we need more than just the Weyl supermultiplet. We need a Poincaré
supermultiplet in which the fields are subject only to the standard supergravity gauge
transformations and not the additional ones of conformal supergravity. We therefore
need to introduce additional degrees of freedom. One way to do this is as follows [18,19].
We start from a standard flat space action invariant under rigid superconformal trans-
formations, for a supermultiplet (or supermultiplets) containing physical scalar and
spinor fields (and possibly vector or antisymmetric tensor gauge fields); if the field
supermultiplets used to construct this action are off-shell supersymmetric then there
will generically be auxiliary fields too but their inclusion is optional. This action is
then coupled to an off-shell N -extended Weyl supermultiplet (e.g. by the Noether pro-
cedure) to give an action that is invariant under local superconformal transformations.
Then one fixes the ‘unwanted’ superconformal symmetries by imposing conditions on
the physical scalar and spinor fields of the multiplet(s). To do so, one needs sufficient
multiplets so as to have a sufficient number of physical scalar and spinor fields, and
with luck there will be none left over. In this case, the conformal coupling to the scalar
fields will produce the Einstein-Hilbert term on gauge fixing and the rest of the action
will be just what is required for the N-extended supersymmetrization of this term.
One says that the original ‘scalar’ supermultiplets are ‘compensating multiplets’. The
auxiliary fields of these compensating multiplets become auxiliary fields of the final
N-extended Einstein supergravity action.

If we wish to construct generic higher-derivative actions in the way just described
then the auxiliary fields of the compensating multiplets must be included because the
starting flat space action for the conformal compensator multiplets must be a higher-
derivative one in which the ‘auxiliary’ fields also propagate. The LCS term is an
exception to this rule because it is superconformally invariant. In contrast, the 4th
order curvature-squared term of NMG is not conformally invariant, so one really needs
a full superconformal tensor calculus to construct AN -extended NMG. Some aspects of
this calculus have been worked out for N' = 1,2 [20] but, even so, special ‘tricks’ were
needed for the construction of the N’ = 1 supersymmetric super-NMG model [10, 11]
and only linearized results have been found for N/ = 2 [10].

However, although we need an N-extended superconformal tensor calculus to con-
struct the full MV-extended NMG action, we do not need it to construct the quadratic
approximation to this action. This is because the NMG 4th order invariant has the
property (shared with an infinite series of yet higher-order invariants) that its quadratic
approximation is invariant under the linearized super-Weyl gauge invariances, so com-
pensating multiplets are not needed. Moreover, this quadratic approximation to the
4th order NMG invariant may be added to the quadratic approximation to the N-
extended Einstein supergravity to give the quadratic approximation to N -extended



NMG. The upshot is that to construct the N-extension of linearized NMG, and more
generally the linearized GMG, we do not need a full superconformal tensor calculus. In
particular, we need conformal compensator supermultiplets only for the construction of
the N-extended Einstein supergravity, and as we need that only to quadratic level, it
is sufficient to consider the cubic interaction of the compensator supermultiplets to the
Weyl multiplet and a few other quartic interactions that contribute to the quadratic
action after fixing the superconformal gauge.

In what follows we will consider sequentially the cases from N = 2,...,8, pre-
senting some details of the Weyl multiplet and determining the type and number of
compensating multiplets that are needed. For the convenience of the reader we have
summarized some details about this in Table 2. The N’ = 2 case has already been
dealt with in some detail [10,13] but it will serve to illustrate the issues involved.

Table 2: Some properties of the N—extended Weyl multiplets. The fourth column indicates the
number of basic compensating supermultiplets needed to obtain (Einstein, TMG or GMG)

supergravity.
N # off-shell d.o.f. R-symmetry # multiplets
2 4+4 SO(2) 1
3 8+8 SO(3) 1
4 16416 Spin(4) = SU(2) x SU(2) 2
5 32432 Spin(5) = Spy 2
6 64+64 Spin(6) = SU(4) 4
7 128+128 Spin(7) 8
8 128+128 SO(8) 8
21 N =2
The off-shell linearized Weyl multiplet has the field content
(M Vi Vi) i=1,2. (2.3)

We use semicolons to separate fields of different mass dimensions, which increase by
steps of 1/2. The vector field is the SO(2) gauge field. Taking all gauge invariances
into account, we are left with 4 + 4 remaining off-shell field components.

To construct a Poincaré supermultiplet suitable for the construction of massive su-
pergravities, we need to add additional degrees of freedom that will allow us to fix
the scale and S-supersymmetry transformations, at least, but we may also fix the R-
symmetry gauge invariance. For example, consider the N = 2 scalar multiplet with

7



4 + 4 off-shell field content (¢,¢; A S, P). After coupling to the Weyl multiplet, we
may fix the scale and SO(2) gauge invariances by setting ¢ = 0 and ¢ = 0, while the
S-supersymmetry gauge invariances may be fixed by setting A\* = 0. This leaves the
auxiliary fields S and P, which survive as auxiliary fields of the off-shell Poincaré super-
multiplet, which has the 848 off-shell field content (5, ; 1/1/3; Vy, S, P), now subject only
to diffeomorphisms and local Q)-supersymmetry gauge transformations. This multiplet
was called the (1,1) Poincaré supermultiplet in [13] in order to distinguish it from the
(2,0) Poincaré supermultiplet found by taking the compensator fields to belong to the
4 + 4 off-shell vector multiplet, which has the field content (p, A,; \%; D). In this case,
we use  and \¢ to compensate for the scale and S-supersymmetry transformations, as
before, but we leave uncompensated the local SO(2) gauge invariance. The linearized
Poincaré supermultiplet now has the 8 + 8 off-shell field content (h,,;A,; wi; V.; D).
In the construction of the supersymmetric Einstein-Hilbert term the (2,0) Poincaré
supermultiplet leads to a VdA Chern-Simons type term [13], and a D? term for the
auxiliary field D.

Variant choices of conformal compensator multiplets therefore lead to variant ver-
sions of the supersymmetric EH action; in this case the (1,1) or (2,0) versions. What-
ever the choice, one can add to this action any off-shell supersymmetric N’ = 2 super-
conformal action, such as LCS. Also, at the linearized level, we can add the quadratic
approximation to the N = 2 supersymmetric 4th order invariant of NMG, thereby
constructing the A/ = 2 extension of linearized GMG. This was done for the (1, 1) case
in [10]. The generic GMG model propagates one multiplet of helicities (2,3/2,1) with
mass m4 and another multiplet of helicities (—1, —3/2, —2) with mass m_. The same
computations may be done for the (2,0) case, but with more difficulty because the zero
Weyl weight of the vector field A means that the starting flat space action cannot be
quadratic. Nevertheless, it can be done and the final spectrum is the same but the spin
1 modes are propagated differently. In the (1,1) case the action for the spin 1 modes
is the Proca action for V' with a CS term®. In the (2,0) case one finds that the action
for the spin 1 modes has the Lagrangian

1~ ~ 1 ~ 1 -
Ly =—-F?+ A*G, + —V'G, + —G? 2.4
1=+ o 2" +5 (2.4)
where
Ft =9, A,, G =e"Po,V,. (2.5)

One may verify that this propagates two spin 1 modes of helicities =1 and masses m4
given by

m?=mym_ pw=m?/(m_ —my), (2.6)

exactly as for the (1,1) case.

6But here we use a different notation: what was called A in [10] is V here.



2.2 N =3

The off-shell NV = 3 linearized Weyl multiplet has 8 + 8 components and the field
content

(huws ¥ Visx),  i=1,2,3. (2.7)

The minimal N = 3 scalar multiplet has the physical (i.e. non-auxiliary) field content
(0, % A\, AY); i.e. both scalars and spinors are in the 1 @ 3 representation of the SO(3)
R-symmetry group. There is an off-shell version of this multiplet with a finite number
of auxiliary fields (a 3D version of the relaxed hypermultiplet [21]) but it is not needed
for present purposes. The 1 @& 3 scalars are precisely those needed to compensate for
the one scale and three SO(3) gauge invariances. The fermion triplet A\* compensates
for the three S-supersymmetries. This leaves the singlet spinor A. In the context of the
N = 3 supersymmetrization of the Einstein-Hilbert action, the pair of spinors (x, \) is
auxiliary. As the (non-gauge) vectors Vlfj are also auxiliary in this context, only &,
and 1, remain as the 'physical’ fields, which actually do not propagate modes.

In the context of N’ = 3 super-TMG there is a Yy term associated with the Lorentz-
Chern-Simons term and this means that x is no longer a Lagrange multiplier for the
constraint A = 0. The combined effect of the ‘YA’ terms is to propagate one spin-
1/2 mode. Thus, the physical field content in the context of TMG is (h,y; w;, A; Vlf; X)
subject only to linearized diffeomorphism and local Q-supersymmetry transformations.
Note that the effect of the compensating multiplet is no longer merely to reduce the
gauge invariances of the Weyl multiplet fields, as is the case for N' = 2, but also to
provide an additional spinor field. The physical field content for NMG is the same
as for TMG but we expect the higher-order interactions to lead to a second massive
particle supermultiplet of opposite helicities in exactly the way spelled out for NV = 2
in [10].

As for N' = 2, we could consider how things change if we use vector multiplets in
place of scalar multiplets, but this is already much more complicated for N' = 3 so we
shall henceforth restrict the discussion to scalar supermultiplets.

23 N =4
The off-shell N' = 4 Weyl multiplet, with 16416 components, has the field content

(hws; Uy Vi Esx5 D), i=1,2,3,4. (2.8)

The R-symmetry group is now reducible: Spin(4) = SU(2) x SU(2). As a consequence,
the vector fields may be written as

VU=V VY ceV MV = v (2.9)

This sum of self-dual and anti-self-dual terms corresponds to the direct sum represen-
tation (3,1) @ (1,3). This sum is of course unchanged under a switch in the duality



assignments of V., which amounts to an exchange of the two SU(2) factors of Spin(4)
by an outer Z, automorphism. However, the scalars £, D and the spinors x* are odd
under this Zs, exchange”.

The minimal scalar NV = 4 supermultiplet is the 3D analog of the 4D, N' = 2
hypermultiplet with 4 + 4 physical degrees of freedom. However, in 3D there are two
distinct versions of the hypermultiplet. The hypermultiplet scalars transform as a
complex doublet of one or the other of the SU(2) factors of the R-symmetry group.
Whichever SU (2) factor we choose, the spinor fields will transform as a complex doublet
of the other SU(2) factor. In other words, we have a hypermultiplet with physical
fields (%, A\%) or one with physical fields (%, A\%), where a = 1,2 and & = 1,2 are
spinor indices for the two SU(2) factors of Spin(4). The SU(2) currents that may be
constructed from these scalars will be either self-dual or anti-self-dual, according to
which of the two versions of the hypermultiplet we choose. Without loss of generality,
we may assume that the scalar fields ¢ yield a self-dual current Jfrj and that the scalar
fields ¢ yield an anti-self-dual current current J*.

Both types of hypermultiplet are needed for conformal compensation, because we
have to compensate for both SU(2) gauge invariances. Another difference from the
N = 3 case is that any R-symmetry singlet constructed from the scalar fields of the
compensating multiplets must be at least quadratic in the scalar fields. The scalar
bilinears

P = 0%at s, PR = 0%0a — s (2.10)
are respectively even and odd under the Zs exchange. The former acts as a compensator

for the dilatations. After fixing the dilatation gauge by imposing ¢% = 1, one finds
that the Spin(4) currents take the form

T =000 +..., (2.11)

where goii are, collectively, Spin(4) Stueckelberg scalars that may be used to compen-
sate for the local Spin(4) gauge invariance.

In contrast to A/ = 3, the conformal compensation mechanism is closer to the non-
2

linear Higgs mechanism than it is to the linear Stueckelberg mechanism, because ¢
can be identified as the field of a residual Higgs boson that survives the ‘spontaneous’
breaking of symmetries implied by the conformal gauge condition ¢% = 1. However,
this Higgs boson field is set to zero by the D field equation of the Weyl multiplet. The
details of the construction will be discussed in the next section.

"It was suggested in [13] that there should exist an 8+8 Weyl multiplet that contains only V, or
V_, and without the higher dimension fields (E;x%; D), but it does not appear to be possible to close
the supersymmetry algebra on this smaller set.
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24 N =5

The off-shell linearized Weyl multiplet for N' = 5 has 32 + 32 components and the field
content
(hi 0 Vi B XY 6 DY), i=1,2,3,4,5. (2.12)

Fields with multiple indices are antisymmetric in these indices. Thus, the vectors are
in the adjoint 10 irrep of Spin(5) = Sp,, as are the spinors x¥.

The minimal scalar supermultiplet now has 8 4+ 8 physical fields, in the complex
4 representation of Spy. Let (¢® A*) (o = 1,2,3,4) be these physical fields. As for
N = 4, we need two scalar supermultiplets, ¢; and ¢,. The 16 scalar fields in these
two multiplets may be traded for scalar bilinears in the 1 & 5 representations of Sps,
and currents in the adjoint 10 of Sp,. The singlet bilinear is Qagcp‘f‘gog , which we set
to unity to fix the local scale invariance. The currents then become derivatives of a
10 of Stueckelberg scalars, to linear order, which may be set to zero to compensate for
the local Sp, invariance. The 5-plet of scalar bilinears is set to zero by the D? field
equation.

25 N =6

The off-shell linearized Weyl multiplet now has 64 + 64 components, and the field
content
(s Wi ViZ Vi, B9 X% X DY) i=1,2,3,4,5,6. (2.13)

Fields with multiple indices are again antisymmetric in these indices. The R-symmetry
group is Spin(6) = SU(4), but the gauge symmetry is enhanced to U(4), because of
the presence of the additional gauge field V,.

The minimal scalar multiplet again has 848 physical fields (¢%, x%) in the (complex)
4 of SU(4). We can choose a gauge given by the sum of squares of all the scalars equal
to one to fix the dilatations. There will be 15 additional constraints coming from the
D-field equation. The U(4) currents then become to linearized order the derivatives of
16 Stueckelberg scalars, which we set to zero to fix the U(4) invariance. We therefore
need a total of 32 scalar fields and hence four scalar multiplets.

26 N=7
The off-shell linearized Weyl multiplet has 128 4+ 128 components, and the field content
(s Wy W Vi Vi, BPS XIR XI5 DY) 0=11,2,3,4,5,6,7. (2.14)

Fields with multiple indices are again antisymmetric in these indices. The R-symmetry
group is Spin(7) but the presence of 7 additional vector fields implies an enhancement
of the gauge symmetry. We also have an additional Rarita-Schwinger field implying
an enhanced local supersymmetry at the non-linear level, but we avoid the associated
difficulties here by restricting to the linear theory.
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The minimal scalar multiplet has 8 + 8 components in the spinor representation of
Spin(7). The D-fields now impose 35 constraints on scalar bilinears. In addition, we
need 1 + 21 + 7 = 29 scalars to compensate for the scale and gauge invariances. In
total we need 64 scalars and hence eight compensating scalar multiplets.

2.7 N =38
The off-shell Weyl multiplet, again with 1284128 components, has the field content
(hu 3 ), 5 VI B Wk DMy i=1,2,3,4,5,6,7,8. (2.15)

Fields with multiple indices are again antisymmetric in these indices, and E“* and
D%* have "opposite SO(8) dualities”: they are, respectively, self-dual and anti-selfdual,
or vice-versa. As there are two choices of duality assignments, there are two (equivalent)
versions of the N/ = 8 Weyl multiplet.

The minimal scalar multiplet has 8 4+ 8 physical components and also comes in two
versions. One version has the scalars in the spinor representation and the fermions
in the conjugate spinor representation of Spin(8) and vice versa for the other version.
These are the only possibilities consistent with the supersymmetry parameter being
a vector of SO(8). However, only one of the two versions of the scalar multiplet
can be consistently coupled to a given version of the Weyl multiplet, and hence all
compensating supermultiplets must be of the same type. The D-field will impose 35
constraints on scalar bilinears and we need 1 + 28 scalars to compensate for the scale
and SO(8) gauge invariances. We therefore need a total of 64 scalars and hence eight
compensating scalar multiplets.

3 N =4 Massive Supergravities

In this section we present details of the construction of linearized 3D N = 4 super-
gravities with various higher-derivative interactions using the superconformal tensor
calculus. In particular, we obtain the NV = 4 extension of linearized GMG and its
limits. Essential to all these constructions is the 16 + 16 component linearized Weyl
multiplet of (2.8). The linearized supersymmetry transformation rules (in the same
conventions as in [10]) are

5hu1/ = Ezﬁ)/(uwrl/)a

0, = =3O = Vi,

5‘/53* _ %g[iqﬁ] + elihlghn L
oFE = iéixi , (3.1)
5Xi = %Eijklﬁy%lFﬁlin) + 'YuauEGi + De' )

0D = iEi’y“&LXi )
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Here F (’flif) and the (dependent) S-supersymmetry gauge field ¢L are given by

Fio =€"a,V,7 . 6, =% %Rl R

(lin) (lin) = PO (3.2)

We furthermore insist on gauge invariance with respect to the linearized gauge trans-
formations of (2.1) and (2.2). The supersymmetry algebra now closes in the sense that
the commutator of two supersymmetries on any field, with parameters ¢; and ey, gives
a translation plus (field-dependent) gauge transformations (represented by the dots):

(&1 e) Op+ -+ . (3.3)

5(e1),6(ea)] =

3.1 Further properties of the Weyl multiplet fields

The transformation laws given above for the independent fields of the Weyl multiplet
imply the following supersymmetry transformation of the dependent S-supersymmetry
gauge field:

56, = 7€ S — e Fl (3.4)

where S, is the linearized 3D Schouten tensor

n n 1 in in) — v in
Slin) = Rllin) Z”“”R(l ), RUm = g gl (3.5)
Using the expression
R = —1[0h,, — 20k, + 0,0,h] . hy =00k, h=10"h, (3.6)

one can verify that the linearized Weyl transformation of the linearized Schouten tensor
takes the following simple form

n 1
5,8k = — 5 0u0u (3.7)
It follows that the linearized Cotton tensor, defined as
ol — 2, 7p, 5l (3.8)

is linearized Weyl invariant; this is a consequence of the Weyl invariance of the non-
linear Cotton tensor, which is the 3D analog of the 4D Weyl tensor. The linearized
Cotton tensor, which is parity odd, satisfies the identities

8“0&") =0, clin) = ¢llin) 77“”0,%") =0, (3.9)

pv vp

which are also consequences of similar identites satisfied by the full Cotton tensor.
The superpartner of the Cotton tensor is the Cottino tensor. The linearized N' = 4
Cottino tensor is
C(*{fn) = v”ayRﬁfn) + PO, R, (tim) - (3.10)
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It satisfies the identities

The linearized Cotton, Cottino and SO(4) curvature tensors have the following super-
symmetry transformations:

50(1;1) - _ € /y pa Czhn
0Cliy = W Cliny + € 17 D F G, (3.12)
SRl = 4 [Zcz;:n ek

These transformation rules define an AN/ = 4 conformal field-strength multiplet with
components

lin 7 g ‘
{C0 Cliay s Fliy s X' D, E} (3.13)

With the above definitions in hand we may construct various conformal higher-
derivative actions for the conformal multiplet. Below we give a few examples of such
actions where the leading term, bilinear in the graviton field, has 3,4,5 and 6 derivatives.

3.2 N =4 linearized Weyl multiplet actions

Let us now consider invariants that may be constructed from the Weyl multiplet fields
alone, at least in the quadratic approximation.

(1) N = 4 Supersymmetric LCS

One may verify that the following action containing a linearized Lorentz Chern-
Simons term is supersymmetric,

St = / d’x {h“”CSf,n) + U5 Cliy — 2V PG+ 16X'X — 128ED} . (314

As this action is the quadratic approximation to an A/ = 4 superconformal extension of
the LCS term, no compensating fields are needed to construct the non-linear invariant.

(2) N = 4 Supersymmetric NMG invariant

Using (3.12), one may verify invariance of the following action:

52/1\[24 _ /dgl'{ . %EHTph/JVaTCé}/in) . wz &zzu (lin) + FZ] FIMJ

w (lin) (hn)

+32FE0F — 8Y'9x" + 32D2} : (3.15)

The leading term is just the linearization of the fourth-order K invariant of NMG [9].
To see this we note first that K = R* R, — %RQ = G"S,,. A convenient form for the
linearized 3D Einstein tensor is

G

1 T vno
(lin) = —55" P17 0,0phpe - (3.16)
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Using this, one may show that
1 .
GliinyS: (lin) —55”%“”8702,’") + total derivative . (3.17)
The expression on the right hand side makes manifest the linearized Weyl invariance.
(3) N = 4 Supersymmetric Ricci times Cotton

One can also construct a fifth-order parity-odd action that starts with the product
of a Ricci tensor with a Cotton tensor:

Sé\/:4 _ /de {R/(thn C hn) + C(lln Cﬁlzn + GMVPFIEHH) ijaVFlglin) ij
+16Y'0x° — 128EDD} . (3.18)

(4) N = 4 Supersymmetric Cotton Tensor Squared

It is not difficult to construct linearized higher-derivative supersymmetric actions
by using the following observation. Schematically the supersymmetric action (3.14)
consists of terms that are all of the form

Weyl x Weyl®, (3.19)

where Weyl indicates a field from the Weyl multiplet and Weyl® denotes a field from
the conformal field-strength multiplet (3.13). The fact that the supersymmetry trans-
formations are linearized and thus global has the following immediate consequence:
Given a set of fields {Weyl} that transforms as (3.1), the set of fields

{Weyl™} = {O"Weyl} (3.20)

transforms in the same way. This means that the action that is obtained from (3.15)
by replacing in each term the first factor Weyl by Weyl™ | such that we obtain

Weyl™ x Weyl®, (3.21)

also defines a linearized supersymmetric invariant. The case n = 1 is particularly in-
teresting since one can rewrite, using conformal gauge transformations, the action such
that each term is bilinear in the fields of the conformal field-strength Weyl multiplet.
This leads to the supersymmetric Cotton tensor squared action:

1-.
N=4 _ 3 v (lln = Ai(lin) 7 7
97 = [t { o~ 16 + FuBFR ¢

+32E 0°F — 8¢'0 9’ + 32D DD}. (3.22)

This concludes our discussion of linearized higher-derivative actions that can be
constructed from the fields of the Weyl multiplet alone.
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3.3 N =4 Einstein supergravity

To obtain the N/ = 4 supersymmetric Einstein action we need two compensating hyper-
multiplets, one of each type, for reasons explained in the previous section. Following
the superconformal approach we couple these compensating hypermultiplets to the
Weyl multiplet and take suitable gauge choices for the superfluous (super-) conformal
symmetries. This general procedure simplifies due to the fact that we only consider
the linearized version of N' = 4 Einstein supergravity.
The hypermultiplet with physical fields (¢, \,) has the supersymmetry transfor-
mations _
5% = ENga' P P i’y“@uwﬁeiafm, (3.23)
where o = (1, —ic®) and &' = (1,i0") (with ¢ the usual Pauli matrices). Similarly,
the hypermultiplet with physical fields (¢4, A%) has the supersymmetry transformations

§po = EXYTL O = 119,05 . (3.24)
These transformations leave invariant the following action with 8 4+ 8 on-shell degrees
of freedom:
S = / d*x (—8”<Pdautpa — 0" 00,0 — AN O\ — 45\37"8“)\5> : (3.25)
where
va= ()" ¢ =(pa), M=), Aa=d0)N (3.26)

After coupling to conformal supergravity, the action (3.25) gets extended by many
terms which are schematically of the form

(matter)? x {14 (Weyl) + (Weyl)*}, (3.27)

where the terms in brackets denote factors that are independent, linear or bilinear in
the fields of the conformal supergravity multiplet. In particular, the (matter)? x (Weyl)?
terms contain a term proportional to Ry?, and this gives rise to the Einstein-Hilbert
term on fixing the conformal gauge. Similarly, there will be a term 1¢¢? from which
the gravitino kinetic term follows, after fixing the conformal gauge, on substitution for
4.,

It turns out that many terms in the action are irrelevant for the determination of
the final quadratic expression. To keep things simple we only present those terms in
the action that contribute to the final answer. These terms, collectively denoted by

LN=4 are given by

quadr.’
LN = —8D"*Dyps — 8D"p, D™ — 32344 D, g — 32257 D, N
— R} — il of — 64D — 32E%p%
+ 16X (6" Naps — 0L A %) (3.28)
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where 2 and ¢? are defined in (2.10).

Note that the Ry? term is precisely such that the scalar wave equation is conformally
coupled to the background metric. Note also that the action is invariant under the
exchange of the two SU(2) factors of the R-symmetry group because the D, E and x*
fields are odd under this exchange. The covariant derivatives D,, are covariant with
respect to Lorentz and SO(4) rotations only. Defining

VI = (09) V% + (69)a V%5 (3.29)

the covariant derivative D,¢, is given by

D,ugpa = OpPa — Vuaﬁgpﬁ . (330)

In principle, all coefficients in the action (3.28) follow from the supersymmetry of the
full non-linear action. In practice, it is much easier to take the action (3.28) only
as a guideline to obtain the final quadratic expression. The coefficients in this final
expression are easily determined by requiring (linearized) supersymmetry.

After coupling to conformal supergravity the fields of the two hypermultiplets trans-
form under local dilatations and S-supersymmetry transformations as follows:

% = we®, Ny = agggpgni, (3.31)
0pa = WP, SAY = 7P’ (3.32)

To fix the dilatations and S-supersymmetry transformations we impose the gauge
choices
et =1, T NP4 + 0L AN PY =0, (3.33)

respectively. These gauge choices can be used in (3.28). The D and x fields are
Lagrange multipliers that lead to a single bosonic constraint

d=p*=0 (3.34)
and 4 fermionic constraints
U =0 N aps — 0L A" =0, (3.35)

respectively. Since we are going to add further higher-derivative terms to the action in
the next subsection we leave these Lagrange multipliers in the action.

Using the gauge choices (3.33), the field equation of the 6 vector fields allows for
these vector fields to be solved in terms of the scalars:

Vil = (69), 20D + (67)a 0 Oip. (3.36)
We next fix the local SO(4) by imposing the following 6 conditions:
00,05 +he. =0, @ Oups +hc. =0, (3.37)
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which implies V/fj =0.

We note that for pure Einstein supergravity (no further higher-derivative terms
added to the action) the 848 matter fields of the compensating hypermultiplets are all
fixed by the constraints and gauge choices, as the following counting shows:

bosons : 8 — 1 (D-gauge) — 6 (SO(4)-gauge ) — 1 (constraint) = 0,
fermions : 8 —4 (S-gauge) — 4 (constraints) = 0. (3.38)
Using the gauge choices (3.33) and (3.37), one can show that it is possible to rewrite
the kinetic terms of the compensating matter scalars and fermions, appearing in the

conformal action, as standard kinetic terms for ® and ¢ only. One thus obtains the
following linerarized N’ = 4 supersymmetric Einstein action

= 1 v in vp i i %]
54\[_4 = / Pz {Qhﬂ Ggu ) + e pw,uauwp o V,ujvﬂij — 3287

—8P1p + 169y — 64DP + 32@5@} . (3.39)

Using the fact that the gauge-fixing requires a compensating S-transformation and
SO(4) transformation with parameters

=31, AT = iyl (3.40)

respectively, we find that the action (3.39) is invariant under the following supersym-
metry rules

5h,uu = E%’Y(pﬂ/}f/)a

(577Z)L = _iﬁ/paaphuaei _ V;JEJ + %,yu,yp‘/pzjej ’
i o= gl i 1,

Vi = Ao+ My - eMEg B =S8, (3.41)
i 1 ijkl gk 1 " ; ; ]_714 i

o' = ge Y FM(lin)e +y ((%E)e +De', 0D = 16 Dy,
i 1 i y i i L

oyt = geﬂ VIR + Ee +4(9,)€" 6b = T

Note that the action (3.39) does not describe any massive degrees of freedom.
Several fields could be integrated out to leave us with only the Einstein term and the
kinetic term of the gravitino. We do not do this because the equations of motion
of these fields change as soon as we add one of the superconformal higher-derivative
actions constructed in the previous subsection.
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3.4 N = 4 massive supergravities

In this subsection we will consider the sum of the supersymmetric Einstein action and
the conformal higher-derivative actions constructed in subsection 3.2 with 3,4 and 5
derivatives thereby introducing three mass parameters p, m and M, respectively. This
leads to the following action that is left invariant under the same transformation rules
(3.41) derived in the previous subsection:

SN= = / d*z {%h“”GSiVn) + PP oL — VIV, — 32E7
—8P) + 169y — 64DP + 32@5@}
+i{wq§;n> + P Cly — 2V FLS + 16X — 128ED}
L g, ~ Lo« g s
+32E0F — 8¢') ' + 3202}
| Bl Ol + CLChs + {00, F{

+16x'0y" — 128E|Z|D} .

To analyze which massive supermultiplets are propagating for the different values
of the mass parameters, it is enough to consider the scalar equations of motion:

2 1 2
E+2D—- —0OE+-—0D = 0
* MVE ’

pooom?
2 1 2
¢+ —-FE—-—D+_-—0F = 0 3.43
L R v : (3.43)
o —-D = 0,

and the fermionic equations of motion:

szi,
P+ x — —é‘)x + 5 SOX' =0. (3.44)

We may now analyze the following models
(1) Supersymmetric Einstein: p,m, M — oo
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We find
E=D=0®=1yi=y =0, (3.45)

and hence there are no propagating multiplets.
(2) Supersymmetric TMG: m, M — oo
We find one independent propagating scalar that satisfies
12
oo — ZcI> =0, (3.46)

and hence there is one propagating massive spin 2 supermultiplet. For the fermions we
find

pot=x", W= —%x", (3.47)
and hence
Py = —gw. (3.48)
Applying an extra @ leads to
Oy — “{w =0, (3.49)

which is in agreement with the AV = 4 spin 2 supermultiplet content displayed in
Table 1.

(3) Supersymmetric NMG: p, M — oo
We find two independent scalars with

0D —m?D =0, OF —m?E =0, (3.50)

and hence there are two propagating N/ = 4 massive multiplets, of the same mass but
with opposite helicity. For the fermions we find:

=X N =mP (3.51)

Upon diagonalization of these equations one infers that their mass eigenvalues are £m,
which implies that they describe opposite helicities, as required. By applying @, one
finds

Oy —m?x' =0, Oy’ —m?yY' =0, (3.52)

which is again in agreement with the scalar analysis.

(4) Supersymmetric GMG: M — oo
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We now have

2 1
E+°D- —0E = 0,
W m
2 1
o+ E-—D = 0, (3.53)
W m
O0d—D = 0

4m* 2m*
0D — (m*+ —)D-""E = 0,
I I
OF —2m?’D —m*E = 0. (3.54)

After a diagonalization we find two propagating multiplets with different masses :

m? (2m2 + p? 4+ 2¢/m2(m? + ,uQ))
mi = " : (3.55)

such that® )
mim_ =m?, m_ —my = o (3.56)
i

The corresponding eigenscalars are D + b E, where

_m2 + m4 + m2,u2

by =
112

(3.57)

For the fermions we find
' =x"
. . 2m2 .
@XZ = mzdjz —+ TXZ . (358)
By applying @ and similar manipulations as done for the scalars, one arrives at

Dwz _ 2m2XZ o m2wi — O,
, amty . 2mt
Oy — <m2 + —Q)XZ - yi—o. (3.59)
H H
This is the same system of equations as encountered in the scalar case, with D — x*,
E — 4. The diagonalisation procedure and mass? eigenvalues are thus the same as in

the scalar case.

(5) Supersymmetric NTMG: M — oo, u,m — 0 such that m?/u = const.

8We have fixed the sign of m_ — m, in accordance with [9]. To compare, use that ji = 2m?/u?.
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We now have one propagating scalar,

4 4
DE——E=0, (3.60)
1

and hence one propagating multiplet. Similarly, we find for the fermions:

i i i 2m? i
from which one derives o
Oy — ——x' =0, (3.62)
1

again in agreement with the scalars.

(6) Supersymmetric ENMG: m? — oo, i, M — 0 such that u/M3 = const.

This is the case of ‘Extended New Massive Gravity’ (ENMG) discussed in the third
reference of [9]. This case leads to the scalar equations

1 1 1 1
“D+-—0OD=0 —E+-—0OE=0. 3.63
PR Ve ’ PRl TE (3.63)

Since in the action we have
EOD ~ ADA — BOB, EFE=A+B,D=A-B, (3.64)

we end up with one physical and one ghost multiplet, each with (mass)2 = M3/p.
For the fermions we find
;xi +—=0x' =0, (3.65)

which also implies one physical and one ghost multiplet.

We have summarized the analysis of the different models in Table 2.

4 N =8 Maximal Supergravity

In this section we consider the case of maximal supersymmetry. Since the application
of the superconformal tensor calculus has been explained in the previous section we
will be brief whenever there is overlap with the V' = 4 case.
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Table 3: Some 3D higher-derivative sugra models. The second column indicates the number of
derivatives in the different terms for the spin 2 field. The 3rd and 4th column indicate the
massive spin 2 multiplets described by the corresponding supergravity model. The last 2
columns indicate the masses of these N' = 4 multiplets, respectively. The boldface number

in the lowest row indicates a ghost multiplet.

sugra model action N =4 opposite helicity (mass)® (mass)?
Einstein 2 - - - -
T™MG 243 1 - 12 -
NMG 2+4 1 1 m? m?
GMG 243+4 1 1 m2 m?
NTMG 3+4 1 - m*/ —

ENMG 3+5 1 1 M3y M3/

4.1 The N = 8 conformal multiplet

The D = 3, N = 8 linearized conformal supergravity multiplet has 128+128 field
degrees of freedom and contains the following components:

{huuawiavjj 7EijklaxijkaDijkl} ) (41>

with h,, = h,, the linearized graviton, @Z)la (i =1,---,8) the 8 gravitini and V/fj = —V/ji
the SO(8) R-symmetry gauge field. The matter fields E“* and D%* (of different mass
dimension) are in the antisymmetric selfdual 351 and anti-selfdual 35~ representation
of SO(8), respectively, while the fermions x*/* form an antisymmetric 56 -plet of SO(8).

The linearized supersymmetry transformations are given by [13] (using the same
conventions as in [10])

5h,uu = EZ’Y(M/J;)a

R

VI = Ll 4 &y \TF

SEUR — _diydkl 4 qual, (4.2)
5Xijk _ _27“Fiiflin)€k] _f_vu(auEz‘jkl)el_}_Dijklel’

SDUR —  _gigydkl _ qual .

Here F (Pﬁf) and QSL are defined in an analogous manner as in (3.2) for N' = 4. We insist
on gauge invariance with respect to the analogue of the linear gauge transformations
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of (2.1). Finally, the supersymmetry algebra closes in the same way as in the N’ = 4
case.

4.2 N = 8 conformal higher-derivative actions

Using the same definitions of the Cotton and Cottino tensor as in the NV = 4 case
we may construct the following parity-even conformal higher-derivative actions for the
N = 8 conformal multiplet.

(1) N' = 8 supersymmetric R*

There exists a supersymmetric action of the N' = 8 conformal multiplet that starts
with the linearized version of the RIZW — %RQ term of NMG [9]. More precisely, the
transformation rules (4.2) leave the following action invariant:

= 1 T v in 1 YK in)i ?
$7 = / dg‘”{ = 3¢9, 0L = SUL e+ F

g
w1 (lin) F(hn) +
2 ik 4 iika ijk | 2 ijki pyigkl

Under the rigid supersymmetry rules (4.2) the Cotton, Cottino and SO(8) curvature
tensors transform as follows

SCHM = —Léy, Lo,

0Cliy = W Cliny + @ 11 D F (4.4)
q 7 ijk

(5F(‘l‘m] =1 [C(lm + &P,

These transformation rules define a A' = 8 conjugated Weyl multiplet with components

{C(hn C/fn F(‘flﬁf) R DM i) (4.5)

(2) N = 8 supersymmetric Cotton tensor squared

Following the same procedure as in the N/ = 4 case, making use of the conjugated
Weyl multiplet (4.5), we obtain the following supersymmetric Cotton tensor squared
action:

1-.
N=8 __ 3 |24 (11n =i (lin) wij
S6 - /d z {C(hn C 4C,u m(hn (hn) F(hn)
_'_gEijle2Ez’jkl _ éiijkm Dy* + gDijleDz’jkl (4.6)
3 3 3 ' '
This concludes our discussion of the (parity-even) conformal higher-derivative ac-

tions. In the next subsection we consider the case of (non-conformal) A" = 8 Einstein
supergravity.
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4.3 N = 8 Einstein supergravity

To obtain supersymmetric Einstein we introduce 8 scalar multiplets and couple them to
conformal supergravity. The supersymmetry transformation rules of 8 scalar multiplets
with components (¢4, x4) (A =1,---,8) are given by

590CMA _ Ez(,}ﬂ)aﬁ)\?,

1 aA\zi i
e R (4.7)
where (i,a,&) = (1,---,8) denote the 8-dimensional v,s and c representations of

SO(8), respectively. For the SO(8) Dirac matrices we use the notation of [22].
The transformation rules (4.7) leave the following action invariant

S = /d3x {0,002t + AN PN} (4.8)
We next couple the above action to N = 8 conformal supergravity and follow precisely

the same steps as in the N/ = 4 case. From now on we identify A = a and write

0B = ©#_ This leads to the following Einstein supergravity action

1 . — A . 2
M= = / d%{iwag;n)+6M”P¢;ay¢;—v,jﬂvmj—gE”’“EW

48 4 9
—gt/)”k@@/)”k + g@/)”sz‘jk - gDUkl@ijkl + g@”klt@z‘jkz} - (4.9)

We find that this action is invariant under the following supersymmetry rules:

5huy = EZV(M@Z)Z))

0, = —1P7,hee — ViIE 4 Ly 4PV

SV = Leligl 4 &y ik — &g,k
SEUR = _gliydkl 4 dual (4.10)
Sk = _%,YMFL[LZ']'GH_}_,yu(auEijkl)el_’_Dijklel’
SDUR = _dig\kl _ dual

oYt = 3yl BUME (9,0

SPUKL = ikl qual .

4.4 N = 8 new massive supergravity

To obtain N' = 8 new massive supergravity we add the supersymmetric R? action
(4.3), which we give a coefficient 1/m?, to the supersymmetric Einstein action. Since

25



the conformal multiplet is off-shell we retain supersymmetry. The combined action is
given by

_ 1 . — , g 2 ..
Sthie = / &’z {th”ij;“> + Y00, = Vil Vi — SEVH By

4. 8 _. 4 92
_gd)wkﬁd)mk + gd)kaz‘jk o gDZ]quDijkl + gq)zjkllj@ijkl}

1 1 pr v (lin) 1 70 (lin)i ij wij
+ﬁ{ — 20RO = U i Fn
4 kg ik | 2 pijk 2 ikt
3 I+ gE OFijm + gD Dija ¢ - (4.11)

It is invariant under the same supersymmetry transformations (4.10). The only thing
that changes with respect to the pure Einstein supergravity action is that the equations
of motion of the conformal fields F, D,V and Y, receive 1/m? corrections which leads
to propagating massive degrees of freedom. To be precise, the corrected equations of
motion read:

Eiji — %DEUM = 0, (4.12)
vmj—%awﬁ‘;}(m = 0, (4.13)
ikl _ %Dzjkl = 0, (4.14)
W]"f-%@xiﬂ“ = 0. (4.15)

The first equation shows that the E scalars describe 35 massive helicity 0 d.o.f. The
third equation, together with the uncorrected equation for ®¥*,

Ok — pidkl — | (4.16)

can be used to show that the D scalars satisfy
. 1 .
DVH — — oDV =0, (4.17)
m

and hence describe another 35 helicity d.o.f. of the same mass m. From the second
equation it follows that the vector fields describe 28 helicity £1 states:

. 1 .
Vil = 50V =0. (4.18)

Concerning the helicity +1/2 degrees of freedom we end up with the following two
equations of motion:

DIF — ik = 0 Pt — R =, (4.19)
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By taking sums and differences we see that this system describes 56 +1/2 helicity states
and 56 —1/2 helicity states of the same mass m, i.e.

- 1 - - 1 -
- Iy =0, Yt — oy =0, (4.20)
m m
Adding up all massive degrees of freedom, including the helicity £2 and +3/2 states,
we precisely obtain the content of the N' = 8 massive super multiplet given in Table 1,
as it should be.

5 Linearized N =7 TMG

In this section we study maximal supersymmetry for parity-odd actions. We first
consider the Lorentz Chern-Simons (LCS) term. It turns out that there does not exist
a N = 8 supersymmetric LCS action for the full conformal multiplet. The reason for
this is that such an action would require a term of the form E“* D%* but, due to the
opposite dualities of the E' and D fields, such a term does not exist. The best one
can do is write down the following so-called “pseudo-action” assuming that E¥* and
Dk are not (anti-)selfdual (the Cotton tensor C' and the Cottino tenor C are defined
below):

S8 = /dgff {hwcﬁn) + 0yCliy — 2V Fi) + gxijk ijk} : (5.1)
This action is invariant under supersymmetry up to terms proportional to E“* or
Dk Indeed, up to a total derivative, the variation of the above action is given by

16 .. 16
S5SN8 = / &z {gx”kv“elﬁuE”’“ - gx”’“elD”’”} : (5.2)

The (anti-)selfduality of the £ and D fields is only imposed at the level of the equations
of motion. Note that setting E¥¥ = D¥* — ( in the conformal multiplet leads to
equations of motion for the remaining fields that can be integrated to an action which
is precisely the above action [16]. We have not been able to write down a similar pseudo-
action for the combined Einstein-Chern-Simons system. This is only possible if one can
impose (anti-) selfduality in the equations of motion for D¥* and E%*. This seems
unlikely since we expect an equation of motion of the form E“* = iDijkl + - -+ where
[ is a mass parameter. Such an equation obviously is inconsistent with the duality
properties of the £ and D fields. The non-existence of such a AN/ = 8 topologically
massive supergravity theory can also be anticipated from the fact that such a theory
would lead to a N/ = 8 supersymmetric massive supermultiplet with broken parity.
According to Table 1 such a multiplet does not exist.

Although a supersymmetric N’ = 8 LCS action does not exist, one can construct a
supersymmetric N' = 7 version. In order to do this, one decomposes the R-symmetry
index ¢ as i = {I,8}, where I = 1,--- 7. Performing this decomposition, one arrives
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at the following fields:

b Yo Uw=UE. VI VISV IR T =y,
EIJKL) EIJK = EIJKS7 DIJKL7 DIJK = DIJKS. (53)

The transformation rules can be found from the N/ = 8 ones, by making the above
decomposition and by putting € = 0. In this way one finds

5hu1/ = EI’Y(sz{)a

1
(51% = —Z’yp"ﬁphwel — VHIJGJ,
S, = VS,

1
1J I ,J] | =K. IJK
oV, = 56[ qﬁu} +E VX

1
5VMI = Z€I¢M—€J%XU

5XIJK — _Z’YMF/EIJGK} +’}/M6MEIJKL€L + DIJKL€L7
5EIJKL — —E[IXJKL] o %GIJKLMNOEMXNO’
5DIJKL — I@XJKL ; IJKLMNO M&XNO (54)

where ¢, = gbi The (anti-)self duality conditions for EZ75L and D!/%L no longer hold

but are instead replaced by

EIJKL  _ % (I TKLMNO pMNO
DIJKL  _ _%GIJKLMNODMNO ' (5.5)
(One could as well remove E!/K and D!/K using these rules.) The combination

ETELDIJKEL §g thus no longer zero and can be added to the action. One obtains

that the following action is invariant
_ . 8
Sé\f77 _ /d3.fL' {huucp(bl;n + wlclﬁi N QVIJF(IfIrIIJ 3>—<IJKXIJK
16 17kL pIIKL I L] I ol
_EE D =8N AV F — uCliy ¢ s (5.6)

where the definitions of F(‘fi{l) and C(;, are the usual definitions of the (dual) field
strength of VHI and Cottino tensor of v, respectively.

Adding the N' = 7 supersymmetric LCS action to the N/ = 8 supersymmetric
Einstein action we obtain the action of N/ = 7 topologically massive supergravity:
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_ 1 : — ) . 2 .
St = / d’x {5’1“”(;851) + P00, — Vi Vi — gE” " Eijn

4 _.. | 8 _.. 4 .. 2.
_ng]k@wz]k + ng]kxijk o gDZ]qu)ijkl 4 gq)wklqu)ijkl}

1 v in 7. 8 o
_1_;{;#4 C,Sly ) + ¢icgi£) _ QVLLIJF(IfirIISI + gXIJKXIJK

16 _
_gEIJKLDIJKL . 8XIJXIJ 4 4V;F(/fl€1) . wucﬁin)} ) (57)

One may verify that the equations of motion lead precisely to a N' = 7 spin 2 massive
supermultiplet, see Table 1. The analysis is similar to the N’ = 4 case treated in the
section 3.

6 Conclusions and Outlook

The correspondence between massless supermultiplets of 4D supersymmetry and mas-
sive supermultiplets of 3D supersymmetry, and the existence of N -extended 4D super-
gravity theories for N' = 1,2,3,4,5,6 and N = 8 suggests the existence of analogous
parity-preserving 3D massive supergravity theories, with A" now counting the number
of 3D two-component Majorana spinor supercharges. In particular, the analogy sug-
gests the existence of an N = 8 maximally supersymmetric extension of “new massive
gravity” [9]. We also expect additional parity-violating supergravity theories, such
as “topologically massive supergravity” [7,23] but representation theory only allows
N < 7 in this case.

The general massive N' = 1 3D supergravity was constructed in [10,11], as was
one version of the linearized N/ = 2 3D supergravity. A simplifying feature of these
unitary higher-derivative models is that the higher-derivative terms have a quadratic
approximation (in an expansion about the Minkowski vacuum) that is invariant un-
der linearized superconformal gauge invariances. As a consequence, the superconformal
compensating multiplets needed for the construction of generic higher-derivative invari-
ants are needed, at the linearized level, only for the construction of the supersymmetric
extension of the Einstein-Hilbert term. This means that we do not need a full su-
perconformal tensor calculus to construct the linearized theories, which is fortunate
because this has not been worked out for A/ > 3 and must involve an infinite number
of auxiliary fields for N' > 5.

We have discussed the general picture of compensating fields for all A/. In partic-
ular N' = 3 is similar to the N' = 2 case discussed in [10], in that we only need one
compensating multiplet which is a Stueckelberg multiplet in the sense that its coupling
to the Weyl multiplet is bilinear. For N' > 4, we need multiplet copies of the compen-
sating multiplet, and the Weyl multiplet couples to bilinears of them. The R-symmetry
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group gets spontaneously broken when we fix the scale transformations and the corre-
sponding Goldstone bosons are the Stueckelberg fields. We have presented the details
of how things work out for N' = 4, thereby constructing the general linearized massive
3D N = 4 supergravity, as well as a number of (non-unitary) linearized models with
yet higher derivative terms.

Maximally supersymmetric supergravity models are of particular interest, and we
have constructed the linearized maximally-supersymmetric A" = 8 “new massive super-
gravity”. The inclusion of the parity-violating Lorentz-Chern-Simons term necessarily
breaks N’ = 8 supersymmetry, so that N’ = 7 is maximal for models such as topologi-
cally massive gravity and we have constructed a linearized N' = 7 topologically massive
supergravity action. However, it is not clear that N' = 7 is realizable beyond the linear
level, because there are eight Rarita-Schwinger fields in the N' = 7 multiplet; we think
it likely that A" = 6 is maximal for TMG.

The extension of our results to the full non-linear level is a challenging task that we
leave to the future. Given the striking properties of N' = 8 supergravity in four dimen-
sions, one may hope that the 3D “new massive” N = 8 supergravity will have similar
nice properties. For example, a cosmological extension of the N’ = 8 massive gravity
might allow an AdS vacuum preserving all 16 supersymmetries, in which case it might
have a holographic dual 2D conformal field theory with maximal (4,4) supersymmetry.
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