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Abstract.

Half-supersymmetric geometries of N = 2 five-dimensional gauged supergravity
have recently been fully classified using spinorial geometry techniques. We use
this classification to determine all possible regular half-supersymmetric near-horizon
geometries, assuming that all of the gauge-invariant spinor bilinears are regular at the
horizon. Four geometries are found, two of which have been found previously in [1, 2].
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1. Introduction

Half supersymmetric solutions of gauged N = 2, D = 5 supergravity for which at least
one of the Killing spinors generates a timelike Killing vector, were recently considered
in [3, 4]. The solutions found fall into six classes. In all cases, the spacetime metrics are
represented by

ds* = f4(dt +Q)* — f2dsh (1)
where ds% is the four dimensional base manifold. The Killing vector 9/t is a symmetry
of the full solution, f is a t-independent function and €2 is a t-independent 1-form on
the base manifold B. In addition to the metric, the solutions are also specified by scalar
fields X7 and Abelian gauge field strengths F/. A summary of these solutions is given
in the Appendix.

The starting point in the analysis of [3] is the construction of Killing spinors as
differential forms [5, 6, 7]. Gauge symmetries are then employed in order to simplify
the spinor as much as possible; this approach was originally used to analyse higher
dimensional supergravity solutions in [8, 9, 10, 11]. The conditions for the solutions
to admit one time-like Killing spinor i are then obtained. Such conditions restrict the
base manifold B to be Kéhler. The half supersymmetric solutions are then analysed
by substituting the conditions for the existence of one time-like Killing spinor into the
generic Killing spinor equations. We remark that all backgrounds preserving half of the
supersymmetry automatically solve all of the equations of motion, provided the gauge
fields satisfy the Bianchi identity. This is not the case for solutions preserving only
1/4 of the supersymmetry. Furthermore, the Killing spinor equations, when expressed
in terms of Dirac spinors, are linear over C. This implies that the allowed fractions
of preserved supersymmetries are 1/4, 1/2,3/4 or 1. A great amount of work has
been devoted recently to classify and study all these solutions (see [12]-[21]). The only
maximally supersymmetric solution is AdSs; with vanishing gauge field strengths and
constant scalars.

In this paper we consider black hole solutions of N = 2, D = 5 gauged supergravity
coupled to an arbitrary number of Abelian vector multiplets. We will assume that
our black holes are supersymmetric and asymptotically AdSs with a single connected
horizon. The reasoning given in [22] implies that such solutions have a time-like Killing
spinor. Therefore these solutions must at least preserve 1/4 of the supersymmetry.
In addition, we assume that the solutions exhibit enhancement of supersymmetry in
the near horizon limit. As it has been shown that 3/4 supersymmetric solutions are
locally AdSs with vanishing gauge field strengths, we shall therefore concentrate on
half-supersymmetric solutions classified in [3] and further simplified in [4] and we make
extensive use of the results of these papers.

In our analysis, we shall assume that the scalar fields X’ are smooth in some
neighbourhood of the horizon, and that all of the Spin(4,1) and U(1) -invariant bilinears

1 We refer to time-like Killing spinors as those spinors that generate time-like Killing vectors as
bilinears.
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constructed from the spinors are regular at the horizon. The Killing vectors constructed
from the Killing spinors can be timelike or null.

If the bulk black hole geometry admits a Killing spinor, then the event horizon
should be preserved by the corresponding Killing vector, which must therefore be
tangential to the horizon at the horizon, and so has to become null at the horizon.
So the event horizon is a Killing horizon of this Killing vector. However, not all of
the spinors associated with the near-horizon geometry can be extended to give spinors
in the bulk geometry away from the horizon, though we shall assume that at least
two of the four spinors in the near horizon geometry generate a Killing vector which
corresponds to the timelike Killing vector in the bulk, for which the event horizon is a
Killing horizon. In particular, this means that in general, the Killing vectors associated
with the additional spinors in the near-horizon geometry do not have to preserve the
horizon, as these spinors do not generate isometries of the bulk geometry. However, in
the analysis presented here, we shall assume that all of the Killing vectors obtained as
Killing spinor bilinears become null at the horizon. Using these constraints, we obtain
necessary conditions for the half supersymmetric solutions of [3] to describe regular near
horizon geometries. It is found that the constraints are incompatible with five of the
six classes of solution found in [3], and hence these classes cannot describe near horizon
geometries. The remaining class of solution, described in section 6 provides four possible
near horizon geometries. Two of these solutions, given in (76) and (93) have already
been found in [1, 2]. The other two solutions are given in (88) and (100).

Our work is organised as follows. In section 2, we study the regularity of gauge
invariant spinor bilinears. This immediately excludes two classes of solutions of [3] as
horizon geometries. In sections 3, 4, 5 we investigate the constraints that the existence
of a horizon imposes on three other classes of solutions in [3], and prove that these
solutions cannot contain regular horizons. In section 6, the remaining class of solutions
is analysed, and four types of possible near horizon geometry are constructed. In section
7, we analyse some aspects of the causal structure of the two solutions found in section
6 which were not obtained in the classification in [1, 2]. In section 8 we present our
conclusions.

2. Spinorial Regularity

We follow the notation of [3] and denote the Killing spinors by complexified forms on
R2. In particular,

€1 :f; 62 :f612’

n' =X+ pPel +oe'?, 0P = -0 — e (p') e + Nl (2)
The horizon H corresponds to the hypersurface f = 0. Let B be the Spin(4,1) invariant
inner product on spinors given in [19]. We shall impose a “spinorial regularity” condition

on the solutions. The spinor components transform under gauge transformations and
thus cannot individually be taken to be regular at the horizon. We shall require that
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all gauge invariant spinor bilinears are regular at the horizon.

In particular, this implies that B(e!, €?), B(n',n?), B(e',n?) — B(e*,n'), B(e',n') +
B(e%,n?) are regular. Moreover, observe that these scalars are both Spin(4,1) invariant
due to the Spin(4,1) invariance of B, and also U(1) invariant; where we recall that
under U(1) transformations, symplectic Majorana Killing spinors ', n? transform as

n' — cosOn' — sin On?,
n* — sinfn' + cos On? (3)

where 6 € R, so that n' +in? — ¢?(n + in?).

Observe also that B(e!' + ie?, n' + in?)B(e! — ie?, n' — in?) is Spin(4,1) x U(1)
invariant. Evaluating these scalars in the basis used in [3], we observe that f2
A2 4 Jof? = 1 = 1212, FOA+X), f(o +0%) and f2((A — X + (o — 0°)?) must
be regular at the horizon. Hence f2(|A\|? + |o]?) and f?(|u'|* 4+ |#??) must also be
regular at the horizon.

Furthermore, recall that the spinors €', €2, n', n? generate two globally well-defined
Killing vectors with components B(e!, v#€?) and B(n', v*n?). These Killing vectors have
norms 4 and (|[M\?+|o|*—|u'|*—|u?|?)? respectively; so they are therefore either timelike
or null. We assume that the Killing vector spinor bilinear generated by €, €2 extends to
give an isometry of the bulk geometry, which must preserve the horizon. Hence

f—0 (4)
at the horizon. We shall further assume that the Killing vector associated with 7', n?
also becomes null at the horizon, so

AP+ lo* = '] = *]* — 0, ()

at the horizon as well. We remark that both these limits must hold, as a consequence
of the reasoning set out in [22], if one assumes that not only the near-horizon geometry,
but also the black hole bulk geometry preserves half the supersymmetry.

Next, recall from [3] that on defining the real vector field K on the Kéhler base B
by

KP=if?u?,  KP=—if*(uP)* (6)
one has
K? = 2K,K? = 2f*(|u'|” + |1[?) = 22 2 (| 1 + |]?). (7)

Hence K? — 0 as f — 0.

These conditions can be used to immediately exclude solutions of type (4), because
they have f = 1, and also solutions of type (6) are excluded, because for these solutions
it has been shown that K? is a non-zero constant (see the Appendix). Hence it remains
to examine solutions of type (1), (2), (3) and (5).
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3. Near-Horizon Analysis of Type (1) Solutions

For these solutions, we first recall some useful relations presented in [3]. The v co-
ordinate is related to K? via [3]

K2
= s (8)

and hence, at the horizon, v — 0. Furthermore, cosY and sinY are defined in terms of

v

the spinor components via

Re (02 + (\*)?) Im (02 + (\*)?)

cosY = NEToE sinY = BYEESPE 9)
with A, o constrained via

Im (Ao) = 0. (10)
To proceed, it is convenient to define = by

H? =2 f 0+ = (11)
where H? is defined in [3] as

H2 = [ RA(AR + |of?) (12)

Note also that
o= = —fcosY, o= = —0H?vsin’Y. (13)
Ov ou

These conditions are obtained by using (A.12) to compute dH, and then using (A.11)

and (A.12) to compute df, using the conditions on X; implied by (A.11) together with

the identity X?dX; = 0 which follows from the constraints of Very Special geometry.
Next observe that

= =22 P+ )N + o = [t = 1)) (14)

and hence = is regular, and = — 0 at the horizon. There are then two possible cases,
according as to whether the constant 6 is zero or nonzero.

3.1. Solutions with 6 # 0

In the first case # # 0. Then (A.11) together with (11) can be used to rewrite the
conditions on the scalars as

—_

fxp =X (i+1) v+ (15)
c \ v v

for constant ¢;. This expression implies, on contracting with X’ and using the condition

X; X! =1 obtained from the Very Special geometry of the scalar manifold, that

V2x a X
VX (AR + o2 = 1t = [2) = (£ - 2vi) X7 (16)

[+
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This implies that at the horizon
vf 2 —h (17)

where h is a regular function.
Furthermore, one also finds that

~ V2 X
vf? (Xf + T(IAI2 + ol = ') = [PP)Vi | = Vit ar (18)

so that if X;j,, denotes the restriction of X; to the horizon,
hXIhor =dqr- (]-9)
If h =0 at any point of the horizon then ¢q; = 0 for all /. In this case

X 2 =
X;=—=f(1+—)V. 20
1= =2+ )V (20)
Then from the constraints of the very special geometry,
£ (9—15 + 1) - (21)
v

for constant 8. However, note that f2Zv~=! — 0 at the horizon, and so § = 0. This
implies that

== —bv. (22)
But then ‘g—f = 0, which implies that sinY = 0; however for this class of solutions,

sinY # 0 (see the Appendix, also the original derivation of the solutions in [3]) . Hence
h # 0 on the horizon, and we can write

Xinor = h 7 qr (23)

on the horizon. The constraints of very special geometry force h to be constant at the
horizon, and hence without loss of generality, we can set h = 1 on the horizon, so that

Xrhor = qi- (24)
Next consider vH?, note that one can write
2v2
ol? = 22 AR 4 o) (PP + 12 P))? (25)
hence vH? is regular at the horizon. Furthermore,
vH? = Zv + 0P f 0 — &2 (26)

at the horizon. In addition,

c (f?(a — ")+ f2 (A — A*)Q) (27)

cosY—le I fi 2
so it follows that cosY is also globally well-defined and regular in some neighbourhood
of the horizon.

To proceed, recall that we have shown that the scalars X; should be constant on

the horizon. However, we are assuming that the half-supersymmetric solution we are
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investigating is already the near-horizon limit of some black hole (or ring) solution, so
taking the near horizon limit of the scalars twice will not alter them, i.e. we must take
X1 = g for our solution This implies that

——f( —+ DVi+ (7 = 1)ar = 0. (28)

If 2071 =0 everywhere then = = —fv and again ‘gi = 0 implies that sinY = 0,
in contradiction with our assumption that sinY # 0. Hence, there is a (non-zero) real
constant ¢ such that ql =0V}, and so

——f ( +1)+5(f2 1) =0 (29)
Note that X'V, = §~ 1.

It is convenient to rewrite (13) using the expression

dch
== v+ %(1 ~ ) (30)
to give
oF  x
P Xieosy — 1
ov 50(005 )
OF X . 9, 9.3 dch
— == Y (c*F —u(l—F 1
5 = 5o Sl (PF? — v + , v( ), (31)
and
oy sinY’
— = - » (3xco ' F? — 0v),
ov (c2F3—9U2+%U(1—F))
g—}; = sinY (2xcd 'F? +0v + %( —-1))

+ sinY cos Y (3xcd ' F? — 0v),
(32)

where we have set F' = vf~2. F is regular in the near-horizon geometry and F' — 1 at
the horizon.
The equations (31) and (32) imply that

OF 5 5 dct B OF  0c,0F 1o
(%2( AF? — v + Xv(l F)) = 2(% X(av))(3xc5 F* — 6v)
(33)
which can be integrated to give
oF 5 5 0ch dct 1 5 _—
» (CF° — 6v® + " v(l —F)) , (F 2F )+ 2xco T F° = G(u)
(34)

for some function G(u). Acting on this expression with é% we find that G must be
constant. Set G = k.
We therefore find
oF _ (k+ MU(F — 5F?) = 2xcd ™' F9)
v (02F3—91}2+%v(1 —F))

(35)
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and note further that (31) also implies that
OF  (4ex’F? —20°cH(F — 5F?) — 2kx0)
Ou — 4x26(—c2xF3 + Oxv? — dchu(1 — F))

1
x (—28%C*0(F — §F2) + 4xdchv(F — 1) + 40x*v* — 2ckxd). (36)

One can use (36) to change co-ordinates from (u,v) to (F,v) and hence obtain an
explicit expression for the metric. Setting /' =1+ y we find

1
— T —— V| 3 _ Oyw? — cuy \dt'd
TESmE Xc(1+y)2( cx(1+y) XU c vy) )

# 2 2 3 (52 ’
+ (1 +y)? <(4CX v+ 26" xy) (14 y)” — (670 + 2kx5)v)dt dw
0 <2k>< + 509) <4cx2(1 +y)* — 6% — zkx(s) )
B (1 +y)? dw
0

2
- 4. <a - 2
+ 2L 9)° < (0%l + 2kdx)(dcy + xv)

+ (2x%c* 6y + 4xPcv) (1 + y)g) dpdw

N (1+y)
2620(y? — 1) — 2ckxd + 4x0v(dcy + xv)

4xed?(1 +y) <02x(1 + )3 — Oxv? — 509vy>

<4X2dv2 + 4écxdvdy>

T (250057 — 1) = 20kx0 + 4xB0(0cy + x0)
1 2
g (dex?(1+y)? — 2kxd + 026 (y? — 1))dy
Pxv +ocy)” o (37)

Ax*e(1+y)?

Next consider the Killing vector % — 21—0%. It is straightforward to show that the
norm of this vector tends to 1 as v — 0 and y — 1, so the Killing vector is timelike at

the horizon; this then implies that this geometry cannot contain an event horizon.

3.1.1. Solutions with & = 0 For solutions with § = 0, = is constant. However, the
requirement that Z — 0 at the horizon fixes = = 0 everywhere, and hence H? = c?v?f~6.
It is then straightforward to integrate up equations (A.12) and (A.13) (setting 6 = 0),
to find

v 3% =6(1+cosY) (38)
for constant 0 > 0. Next note that

cosY +1 = ﬁv1f2(f2()\+)\*)2+f2(a+a*)2) (39)
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which implies that
V25 = PPN+ Ao+ 07) (40)
and hence v=2f* is regular (and in particular bounded above) in some neighbourhood

of the horizon.
Next recall that

o= = L2 ) (a1
which is also regular at the horizon. In order for v=2f* to be regular, vf~2 cannot
vanish at any point of the horizon. Hence v~! f? is also regular in some neighbourhood
of the horizon. Therefore, from (39), cosY is also regular in some neighbourhood of the
horizon.
It is also straightforward to show that from the constraints given in the Appendix
that

0 o 0 9
s —“X;)=0. 42
(81} * c? 8u) (vf 1) =0 (42)
Defining
2 2
y:v—%u, z:v—i—%u, (43)

we observe that vf~2 and X; depend only on y and not z. The remaining content of
(A.15) can be then written as

d X
—(FX;)=-=Vi(2—-6"'F? 44
TEXy) = =2y ) (4)
where F' = vf~2. Observe that this equation implies that
Xi ar
Xi=(HE)Vi+—=. 45
I (VI) 1+ V-F (45)

This equation, together with the constraints of the very special geometry, can be used

to fix the function % in terms of F, and hence X7 in terms of F'. It remains to compute

the spacetime metric: we find
2
2 Y 2 cF X —17-3
ds® = ﬁdt/ — QCth/(d¢ +[- Y(Vj) +u(=24 6 F77)]dw)

c? 20F 20F

— —F(2—-0""F3dw? — —dv® — dvdF
) ( Jdw a2 exViX! v

oF
— dF?. (46)

(XViXT)?(2 = 6-1F73)
Now consider the Killing vector % — %%. This has norm v?F~2 4 ¢F which tends
to cF on the horizon. However, by the definition of the co-ordinate v in terms of K?
in (8), it follows that c¢F' is positive everywhere on the horizon, so this Killing vector is
timelike on the horizon. Again, this implies that this geometry cannot contain an event

horizon.
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4. Near Horizon Analysis of Type (2) Solutions

For these solutions, the co-ordinate v is again related to K? via
K2

V= — 47
NG (47)
so v — 0 at the horizon. The scalars satisfy
2x PI
X = -2Vi+ —= 48
=1 ( Vit K2) (48)

for constants p;. Suppose that p; = 0 for all /. Then X; = —2%‘ 2V/;. The constraints of
very special geometry imply that f2? must be constant. However, f2 — 0 at the horizon,
so f = 0 everywhere, in contradiction to our initial assumption. Hence, as not all p; are
vanishing, and the scalars are regular in some neighbourhood of the horizon, it follows
that [];—22 must also be regular in some neighbourhood of the horizon. Furthermore,

K2
72 = 2P0+ 1) (49)

which is also regular. It follows that both ;;—22 and £

Tz are regular, and non-vanishing in
some neighbourhood of the horizon.

Moreover, we find that X; — IJ;—QQp ; at the horizon. This implies that If(—z is constant
on the horizon, without loss of generality, we can set ;;—22 = 1 on the horizon, so that
X1 = pr on the horizon. However, by assumption, X; is already in its near-horizon

limit, so we set X; = p;. Hence we find

2x 1 1
Ay = — . 90
c 1P ( Iz K?) (50)
As not all p; are zero, there exists a constant ¢ such that
1 1
b o b (51)

so that —%XVI =dpr. If 0 =0, then V; = 0 for all I, in contradiction to the assumption
that not all V; vanish. Hence 6 # 0. Note that

2 f?
K'=——- 2
and hence
2
o V2 (53)
1+ vV20cv
We then obtain the spacetime metric explicitly; if 8 # 0 then
20202 V2 1
ds* = ———dt* — T2(1 +V26cv)dto" — 1+ v26cv)(c")?
(14 v25cv)? 0 ( ) \/509( )
1

T (L VI + ()

B 1+ v26cv v
V2c(6v? + 21%(1 +/26cv)3) ’
(54)
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and if § = 0,
st = ﬂdﬂ +2v2¢3 (1 + V20 cv)dto?
(14 v25cv)?

— V21 + V26cw) ((6%)? + (6)?) —

2
——?
(1 +v/20cv)?

In all cases, it is straightforward to see that one can choose an appropriate linear

(55)

combination of % and ¢! in order to obtain a Killing vector which has a positive,

non-vanishing norm in the limit v — 0. Hence these geometries cannot contain an event
horizon.

5. Near Horizon Analysis of Type (3) Solutions

For these solutions, the co-ordinate v is again related to K? via
K2
B \/ﬁc

so v — 0 at the horizon. Also recall that the scalars X! are constant. Then the

v (56)

constraint
4 V2, 50 2 —4 1, ¢ ¢
—sez — erd AP+ o) + 3vVax ST ViX + 5l =0 (57)
can be rewritten (taking without loss of generality K2 = f?) as
—0K* = V2(|A? + |0 — [P = [2]) + 3v2xVi X' = 0. (58)

Taking the limit of the LHS as one approaches the horizon, we obtain the constraint
VX1 =0 (59)

hence we note that these solutions cannot arise in the minimal gauged supergravity. It
is convenient to define

9
A=cl - —

V2
Then if A # 0, the metric is

Qv V. (60)

V2c cb
ds® = 2202 dt? + ——dto! +
A V2A2

9 1

(o)

1

— v — ———((6*)% + (6%)? 61
Tt~ e+ @ (61)

and if A =0,

1
ds* = 202v2dt2+20dt01+\/500(01)2—170!1}2—((02)2—1—(03)2).(62)
3= V2chv?

Again, in all cases, one can choose an appropriate linear combination of % and o! in

order to obtain a Killing vector which has a positive, non-vanishing norm in the limit
v — 0. Hence these geometries cannot contain an event horizon.
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6. Near Horizon Analysis of Type (5) Solutions

For these solutions,
1 2
K?= ?eﬂg v (63)
and hence ¢y — —oo at the horizon. To proceed, we must consider the cases for which
(ImA)? + (Im )2 # 0, or Im A = Im ¢ = 0 separately.

6.1. Solutions with (Im \)? + (Im )2 # 0

To proceed with the analysis of solutions for which (Im )% + (Im 0)? # 0, note that
there exist constants cs, ¢4 such that ¢ + ¢3 = ¢* # 0, and one obtains constraints on
the spinor components [3]:

* * 2 LQQ’lﬂ
cs( A+ X") +ca(o + %) = 207 tueva® | (64)
and
* * UQ —LQQ’lﬂ
c4()\+/\)—03(0—|—0):?e vat ot (65)
It follows that
1 2 [ 2071 u?Q*
1 = AP = Jof? = gV | 2 (g ) - L
— g2t2u2e‘/§92w. (66)
Therefore
WP P = N2 fof? = —Sue e e, (67)
0
Next note that
—2
_ u
K37 = 2 P+ ) = (68)
Hence u~2 must be regular at the horizon.
Consider the constraints on the scalars:
u X = éQVI +qr, (69)

as the left hand side of this expression is regular at the horizon, and not all of the V;
vanish, it follows that ¢ must also be regular at the horizon. Then from (A.33) we see
that G2 + H? must also be regular at the horizon. Furthermore, as

fAN+ X)) —csf(o+0") = éuQQ, (70)

u?@Q must also be regular.
To proceed further, note that

X; = u? (%QVI + qf) . (71)
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Then there are two possibilities. If at least one q; # 0, then regularity of the scalars
X7 and of u2Q implies that u? is also regular at the horizon. In the second possibility,
qr = 0 for all 1. Then

X; = %zﬂQVI (72)

which together with the constraints of very special geometry, implies that u2Q is a
(non-zero) constant, and the scalars X are also constant, with V; X7 # 0, and

X
1= EuQQV]XI. (73)
In order to obtain additional constraints on the function wu, observe that
1 1
QIJF/L/FJIW =2u*0* + Q" V1V, (—EQQU‘S +4+ Eﬁu‘a)
— 12V XTQu* + 2uPQ? + €ub. (74)

This expression must be regular at the horizon, as a consequence of the Einstein
equations (together with the assumption that the scalars are regular at the horizon).
We have already shown that u~2 is regular near the horizon. Suppose then that
we are in the case for which Qu? and the scalars X; are constant. Suppose further that
u~? — 0 at some point of the horizon. Then there must exist a sequence of points p,,
tending towards the horizon such that u(p,) — oo as n — oo. So consider (74) at these
points. The LHS must be regular at the horizon, however the RHS diverges; if £ # 0
then the divergence is as u®, whereas if £ = 0 then the divergence is as u*. In both cases

there is a contradiction. Hence u 2

is bounded below by a nonzero positive number on
the horizon. It follows that u? is also regular near the horizon.

Finally, note that if & > 0 then the RHS of (66) tends to —oo at the horizon,
whereas the LHS tends to zero. Hence we must have £ < 0.

Having obtained these results, we are now in a position to write down the near-
horizon metrics in Gaussian Null co-ordinates; let ¢ = —L?. For the case with L > 0,

make the following co-ordinate transformations:

V20
" Lu? ’
th=t+ !
N 20%u2r’
0
2 =z— log(u?r). 75
L toglur) 75)

In the new co-ordinates, the metric is

ds* = L*u®r*(dt')* + 2dt'dr
du Lu®

+ 2rdt’ |20 —dQ —
dQ V202

(Qdo — 07 (20*u™% — L?)d2)
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Qo’
(—L2 4+ 20*u~")

(Q° + L* — 20"u%)dg?

utl?
2010

(—L? + 20*u=%)(d2' — do)?

u—2

+ (—L% + 20*u~9)

1
+ SuTte Q% + L = 200u™0) TNdQ

(76)

Although it appears that g is a free parameter of the solution, one can without loss of
generality set o = 1. To see this, make the rescalings

U = Qiz/&a qr = Q4Cj[7 Q = Q8Q7

L=¢L,  ¢=070, =077, (77)
and then drop the”, one then obtains the solution with o = 1. In the case for which
the scalar manifold is symmetric, this solution has been been found in [2], it is the

“non-static” near horizon geometry with non-constant scalars. To see this, recall that
when the scalar manifold is symmetric, one has the identity

9

5C”KXIXJXK =1 (78)
where

CIJK — 5[[’5JJ’5KK’CI/J/K/ ) (79)

It is then possible to construct the metrics explicitly. As mentioned previously, we
shall set ¢ = 1 without loss of generality. To proceed, it is convenient to set

9
§=§0Mwwm» (80)
and we assume that £ # 0. Also define K, x by
2
- K -~ 81
ar 2D Q@ gXCQ% (81)
where C' > 0 is constant. Next, define
9
CAYO - §CIJNK]KJKN,
9
= —CVK K,V
aq 2% INgVN,
. 9
Qg = 2—§QCIJNKIVJVN ) (82)
so that
1
wﬁ:§cﬁi (83)
where
H = 2° + 3ap2° + 3417 + Gy . (84)
Then, on defining
4A 1
L= 2= CSa?, b = —V26ya?, t' = —wv, (85)

ct’ T A4V2A,
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where Ay > 0 is constant, we recover the metric found in [2] §.
In the special case when L = 0, it is convenient to define R by

t=e VYR (86)
and note that (66) implies that
PP+ 10 = AP = [of?) = —o*R? (87)

so it follows that R — 0 at the horizon. The metric in the new co-ordinates is given by
V2
0?
_ L _ _ I 5 _ _ _ _
R (§Q Q2 — u?)d? — T Su~2(2u% — Q%) 1dQ>.
(83)

ds® = u*(dR — V20°Rdy)? — “2u(dR — V20> Rdv) (Qdg — 20u~%dz)

Again, one can rescale and set o = 1 without loss of generality; the rescalings are given

by

u = 972717 qr = 94qu7 Q = Q8Q7 (b = 972(257
v=0%, R=¢'R, z=0"% (89)

and on dropping the ", one obtains the solution with o = 1.

6.2. Solutions with (Im \)? = (Im 0)? =0
When Im A =Im ¢ =0, and set r = e‘/%%; one obtains
3V X! 2

2 _ .2 B _ 2 _
ds® = r* |dt Vg (do + ) (do + B)

1 2 2
— M
501 dr® — ds*(M)

(90)

where the scalars X' are constant, and the constraints on ds*(M) and  are given in
the Appendix. It is convenient to define

3X I
)= ViX'. 91
V2gr ! oy
Note that in order for the metric (90) to describe an event horizon, _aa¢> cannot be

timelike at the horizon; this implies that 6> — 1 < 0. Consider first the case 6> < 1. On
defining the co-ordinates t/, ¢’ by

i
V202
B 0
Ry

§ Up to a constant shift in the x co-ordinate, which can be used to set & =0

' =t+

¢’ log 7, (92)
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one can write the metric in Gaussian null co-ordinates:

V2
ds® = r?(dt"? — 20rdt' (dd’ + B) + ————

+ (6% = 1)(d¢’ + B)* — ds*(M). (93)

This class of solutions corresponds to the second class of “non-static” solutions

dt'dr

found in [2], when the scalars are constant. It is straightforward to see that the
geometries are isometric, by making the identification

= —v20*V1 - 6% (94)

and setting
A=V2AVI—8,  Z'=V1-&d# +0), B= a, (95)

and noting that

A%+ ¢®\ = 20" + QY —2XI XYWV v, = %(M)R : (96)
In the special case of §2 = 1, it is convenient to define R by
t=deVXVR (97)
and define ¢’ by
d=o-% (98)
It is then straightforward to show that
PP + ] = AP = o) = 0" R (99)

so R — 0 at the horizon, and the metric in the new co-ordinates is

ds* = (dR — V20* Rdy))(—2(d¢' + B) — V20* Rdy)) — dyp* — ds*(M). (100)

7. Causal Structure

In this section, we analyse the causal structure of the two classes of possible near horizon
metric (88) and (100) which do not correspond to solutions constructed in [1, 2].

To proceed, consider causal geodesics in the spacetime given by (100) which pass
through the horizon. As -2, is a Killing vector, one finds that

ag’
R—V20°R{ =k (101)
for constant k;, where = %, and 7 is the affine parameter. We assume that the geodesic

passes through the event horizon in a finite affine parameter. Then the R component
of the geodesic equation can be written as

Do 4 B) - VEPRY) + V2 k

dr
V20— 2¢ + ) — V2 RY) = 0
(102)
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where 3 denotes the restriction of the 1-form 3 to the worldline of the geodesic. Hence,

—2(¢/ + B) — V20 Rip = —ky + koe V¢ (103)
for constant ky. Next, the ¢ component of the geodesic equation implies

40" R*Y + 2v/20*R(¢' + ) — 20 — V20°RR = ks (104)
for constant k3. Using (103) this constraint can be simplified to

—20) — V20 kyRe V20V = [y (105)

It is straightforward to see that ks # 0, because k3 = 0 implies that —2¢) = ks.
However, this is not possible, because one must have ¢y — —oco at the horizon. Hence,
on combining (105) and (101), we obtain

. )
= —Eg%be‘ﬂg v, (106)

If V is the tangent vector to the geodesic, then
V2 = —k2 — ) 4 kykge V2OV |V, (107)

where Vj; denotes the portion of the tangent vector pointing in the directions
corresponding to the 2-manifold M. Hence, for causal geodesics, one must have k1ky > 0
(otherwise, one is forced to take 1/1 = 0, in contradiction to the fact that ¢» — —oo at
the horizon). On integrating (106) we find

—? + kg VY = ky, (108)
for constant k4. Moreover, as
V= —ki+ks— VY (109)

it follows that for causal geodesics, one must have ky > 0 (otherwise, one must have
ki1 = 0, again giving a contradiction). Then (105) implies that

R= meﬂ@%( — ks £ 2\/k1k26—ﬂ@2w — ky) (110)
2

so, as expected, R — 0 as » — —oo. Finally, on integrating (108) one finds that

» = §10g<\/§lz2sin(\/@(7—m))) (111)

for constant 75 and hence

R %ﬁ%(—kgsin%\/@ﬁ—m))
+9 msjn(\/@(f—TO))COS(\/@(T—TO))). (112)

The geodesic passes through the horizon when sin ( 942’“4 (1 —10)) = 0.
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Next, consider the geodesics of the metric (88). We set o = 1 without loss of

generality. As %, % and % are Killing vectors, there are three constants ky, ko, k3
satisfying
w2 (R —V2RY) = ky, (113)
—V20Qku® 4+ (u*Q* — 2u™)p = ks, (114)
—2V2Rubky 4+ 2Ru*(Qo — 2u%) — 2u™%) = ks, (115)

and the R component of the geodesic equation can be integrated up to give
1 .
(kg + 2uH)) = kge VY, 116
\/QR( 3 @Z)) 4 ( )

for constant k4. On evaluating the norm V? of the tangent vector to the geodesic one

finds
Vie — kb + k:lk:4u2e_*/§w — u_2@/}2
L L+ VoQuE 1, @

—U . 117
> i —2u? 2" QP_au (117)
In addition, as the Killing vector % must be either null or spacelike on the horizon,

Q? — 2u~% cannot be positive at any point of the horizon. Hence, for the geodesic to be
causal, we must have kjky > 0 (k1ky = 0 would force @/) = 0, which is not possible, as
1) — —oo at the horizon).

It is then straightforward to integrate up (113) and (116) to find

eV2U

R pu—
V2ky

for constant k5. Moreover, we also find

( By \/4k1k4e—ﬂw e 2\/§k4k5>, (118)

. 1
kerkque V2 — yH)? = —qu? (kS + 2v/2k k). (119)

Hence, by comparing with (117), it is clear that for causal geodesics, one must have
k2 +2v/2ksks < 0. Finally, it is useful to make a change of parameter from 7 to y, where

dy 2

from the properties of u derived in the previous section, this change of parameter is
well-defined in some neighbourhood of the horizon. Then (119) can be rewritten as

dy\® 1
(%) = kﬂ@;eiﬁw + Z(k% + 2\/§]€4]€5), (121)
which can be integrated up. One finds that the dependence of 1) and R on y is (up to

redefinition of constants), the same as the 7-dependence of the metric (100). Finally, to
determine the behaviour of ) along the geodesic, note that

2
(%) = 2V + %(kg + 2v2ksks))(Q* — 2u™%)

— (K20 + 2V 2k ko Q + 4K2). (122)
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Suppose that the scalar manifold is symmetric. It is straightforward to show that u

2 and

cannot vanish along any timelike geodesic. This is because, if u — 0, then () ~ u~
the RHS of the above expression diverges as —4V2u~%, whereas the LHS is non-negative.

The same holds for those null geodesics for which k2 + 2/ 2k ks + k2 > 0.

8. Conclusions

We have derived all possible half-supersymmetric regular near horizon black hole
solutions in N = 2 five-dimensional gauged supergravity, subject to the assumption that,
in the near-horizon limit, the event horizon is a Killing horizon of both Killing vectors
generated from the Killing spinors (!, €?) and (n', %), and that all of the Killing spinor
bilinears are regular at the horizon. There are four geometries. Two of the geometries
have already been found in [1, 2]. The other two geometries are given by:

i) ds* = (dR—V20* Rdip)(—2(d¢'+B)—V/20° Rdyp) —dip* —ds* (M) ,(123)
where M is S?, R? or H? and
dB = V20%dvol (M) . (124)

The scalars X' are constant.
ii)
ds* = u*(dR — V2Rd)? — V2(dR — V2Rdy)(Qd¢ — 2u~%dz)

— uTdy? + (%U4Q2 —u ?)dp* — %u2(2u6 — Q3 71dQ*  (125)

where the non-constant scalars X!, u and @Q are constrained by
uw X = XxQVi +qr

for constants q;.

Our analysis has been entirely local, in particular, we have not assumed that
the horizon is compact. A more detailed investigation of the above solutions, taking
the compactness of the horizon into account, must be undertaken in order to fully
understand these solutions, or to rule them out. Furthermore, the enhanced local
isometries which these solutions possess appear to depend on the existence of the
additional Killing spinors. It is not clear which, if any, of these extra isometries exist
for black holes preserving only 1/4 of the supersymmetry.

Appendix A. List of Solutions

In this Appendix, we briefly summarize the formalism of N = 2, D = 5 supergravity
coupled to vector multiplets, and we also present a list of all half supersymmetric
solutions, for which at least one of the Killing spinors generates a timelike Killing vector.
For more details see [3].
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The action of N = 2, D = 5 gauged supergravity coupled to n abelian vector
multiplets is [23]

1
ST / (* (= R+2x%V) — Qs F' AxF? + QridX" AxdX’

1
—5CrxF' N FT A AK) (A1)

where I,J, K take values 1,...,n and F! = dA!. The metric has mostly negative
signature. C7; i are constants that are symmetric on IJ K, y is a non-zero constant and
the gauge field couplings Q;; are assumed to be invertible, with inverse Q7. The X7
are scalars which are constrained via

1
O Ik XIXIXE =1. (A.2)

We may regard the X! as being functions of n — 1 unconstrained scalars ¢®. It is
convenient to define

X, = %CUKXJXK (A.3)
so that the condition (A.2) becomes

X X'=1. (A4)
In addition, the coupling ();; depends on the scalars via

Qry = gXIXJ - %OIJKXK (A.5)
so in particular

Qr X’ = gXI, QrsdX’ = _ngI~ (A.6)

The scalar potential can be written as
1
V=9V, V(X' X7~ 5Q”) (A7)

where V; are constants which are not all zero. There are two sets of Killing spinor
equations; the gravitino Killing spinor equation is

[ 1

V,.+ gXI(%LVp - 45M”7p)FIVp] € — gVI(XIvM —3A" )™ =0 (A.8)

and the dilatino Killing spinor equation is

a! 3 3
(ZQIJ - gXIXJ) F A"+ Z’YuvuXI:| €’

+37X (X;Vi X7 = V) e®e =0. (A.9)

It is known that for the solutions considered here, the Killing spinor equations, together
with the Bianchi identity dF! = 0 are sufficient to imply that the Einstein, gauge and
scalar field equations hold automatically.
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All half-supersymmetric solutions of this theory for which at least one of the Killing
spinor vector bilinears is timelike have been classified in [3]. The spacetime metric is
written as a fibration over a Kahler 4-manifold with metric

ds* = f4(dt +Q)* — f2dsh (A.10)
where ds% is a Kihler 4-manifold, % is a Killing vector which is a symmetry of the full

solution, f is the t-independent function which appears in the definition of the Killing
spinors (2), and © is a t-independent 1-form on the Kahler base B. It was shown in [3]
that there are six classes of solution.

Appendiz A.1. Solutions of Type (1)

These solutions fall into two classes, according as to whether a constant of integration
6 is zero or non-zero. The co-ordinates on the base space are ¢, w,u,v. If 8 # 0, then
the solution is

dsgy = H*(d¢ + (veos Y + 071 (H? — 20 f79))dw)?
+ H2dv?® + H?*v?sin? Y(dw2 + du2)7

1 _
QO = - %(H2+c%2f %) dg
— (L(H4 — ) + l(H2 cosY + e—v))dw
2clv c 2 ’
1 -
FI o =d(f*x!(dt — %(HQ — 2% do
o > 22,602, H° v 2 p—6
(2008(}] vt + . COSY+QC+CU f)dw)),
2 H2
X, o —pe(i XYy 4Ty A1l
1= (v * c \ f%9 6Ov Vi) ( )

for constant ¢ # 0 and constants gy, where Y, H are functions of w,v (sinY # 0)
satisfying the constraints

OH? VXt

9 = H%*vsin’Y (SXCUTZ—H) ,

OH? VX!

5=~ % (3XV1XI + %) + COSY(SXCUTZ —9), (A.12)

and

oY , xev?Vi X ct? v xevVi X1

— =sinY (-H*+3 —sin2Y (34— — 0
9u sin ( + f4 + f6 —|—281H f4 ,
Y 1 xeVi X!

If & = 0, then the solution is given by
dsh = H*(d¢ + (v(cosY — 1) — EX)dw)2
X

+ H2dv? + H*v?sin? Y (dw? + du?),
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1
0 - _ H2 2.2 r—6 d
(0 g
1 c H?
°x) - L cosy
+(201)( 24 Pif )('U—i—X ) - cos Ydw,
1
F! =d(f2X!(dt — 2—(H2 — A2 f % do
cv
+ (L(H2 — (v + EX) — E cos Y — cv® f9)dw))
2cv X c ’
vf 72X = XVi+q, (A.14)

for constants ¢, q; (¢ #0, ¢; =0, V; #0 and X = vf~ 2 L for some fixed I). Y, H are
functions of u, v (sinY # 0) satisfying the constraints (A. 12) and (A.13) with § = 0. X
is also a function of v and v, and satisfies

0X — K(COSY —1), 0xX = Xpsin?y . (A.15)
c ou c

ov

Appendiz A.2. Solutions of Type (2)

One can choose a co-ordinate v on B together with three v-independent 1-forms o*
(1 = 1,2,3) on B orthogonal to . There are constants ¢, § (c # 0) and the solution
takes one of three types according as cf is negative, zero or positive. If § # 0 then

1 v
2 _ 2 212 312
dSB = mdv + = 92 (0+C Uf )( ) + @((O’ ) + (O' ) ),(A16)
and if # =0,
1 _
dsy = mdv2 + 4 5% (o) + 230 ((02)? + (0%)?). (A.17)
The 1-forms o° satisfy
do' = —%eijkaj N : if 0 >0
do' =o0? No3, do? = ot No3, do® = —c' No? if ¢ <0
dot =0?> No?, do* =do® =0 : if =0
If 6 # 0 then
0= —%f‘%l, (A.18)
whereas if § = 0 then
Q =2c'vf 50" (A.19)
In all cases, the scalars f and X! are constrained by
X= Loy 2 (A.20)
C \/ﬁfu

for constants p;y and

Fr=d(f*Xx'de). (A.21)
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Appendiz A.3. Solutions of Type (3)

One can again choose a co-ordinate ’U on B together with three v-independent 1-forms
o' (i =1,2,3) on B, orthogonal to 5-. For these solutions, the scalars X I are constant,
and it is convenient to define

1
A=ch+ VXX — iQ”)v,vJ (A.22)
for constants ¢, 6 (¢ # 0). The scalar f is given by

= V2cw. (A.23)

The solution takes one of three types according as the constant A is negative, zero or
positive. If A # 0 then

1 c? 1 3x
dsh = dv2—|——< —91}+—VXI) o!)?
’ (2\/ —9v+3vaI> A% \2v2ev ¢! @)
+ W ((0*)?+ (0*)?), (A.24)
and if A =0,
dsty = ! - dv? + 2¢3( L s 3—XVIXI)(01)2
(2\/ — v + XV, XT) 2/ 2cw c

+ V2eu((0%)? + (0°)%), (A.25)

The 1-forms o° satisfy

do' = —%eijkaj N : if A>0
do' =o? No3, do? =o' No3, dod = -t No? if A <O
do! =oc? No?, do? = do® =0 : ifA=0
If A # 0 then
1 1 3XU I
Vi X
Ach(Q\f Xo!
Fl=d (\/écvxfdt - %(Q” — XIXJ)VJ01> : (A.26)
whereas if A =0, then
V2 1 3 v
Q=X (— X Xy x e
cv Q\f
I_ I 1J IyJ 1
= — J . .
F d(fchdtJr?,X(Q XX)va) (A.27)

Appendiz A.4. Solutions of Type (4)
For the fourth class of solution, the scalars X! are constant (V; X’ # 0), and
f=1 (A.28)
The Kahler base metric is the product of two 2-manifolds

dsy = ds*(My) + ds*( M) (A.29)
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where M, is H? with Ricci scalar R = —18x?(V;X7)?, and M, is H?, R? or S? with Ricci
scalar R = 18x%(Q" — XXV, V.
In addition, we have

dQ = 3xV; X dvol (M), F' = 3x(X'X7 — Q")Vydvol (M,) (A.30)
where dvol (M), dvol (Ms) are the volume forms of M, Ms.

Appendiz A.5. Solutions of Type (5)

For the fifth class of solutions, there are two types of solution according as (Im \)? +
(Im 0)? # 0, or Im A = Im ¢ = 0. Then if (Im \)? + (Im 0)? # 0, the co-ordinates on
the base are ¢, z,1, Q) (to be distinguished from the gauge coupling @), and

dS% — eﬂgw |:(d¢ . %dZ)Q + de + (ZU—GQ—Q _ Q_6(Q2 — 5))d22
1 2
* 2(2u=60% — 0%(Q? — f))dQ ]’

_ X
u X = EQVI +qr,

1 1
- _ —V20% _ 2 —6
Q - \/§Q26 ¢ (ngb 03 (£+29 U )dZ),
F! =d <u26‘/§92wX1(dt + Q))

1
+ 3Vaxe UV (XX — SQM)dz A dQ,

2
f = e%wu, (A.31)
for constants qr, &, 0 # 0. It should be noted that the function u is defined as a function
of @ by the second condition in this expression, on using the condition X; X! = 1
obtained from the Very Special geometry of the scalar manifold.
It is also convenient to define

20 &2 21 o2
G="e""Im )  H=—e%"Imo, (A.32)
u u
then H and G are related to () by
2 —6
Q*=¢+ 96(7;—2 + G+ H?). (A.33)

If, however, Im A = Im ¢ = 0, then the solutions have constant X, and
ds?y, = eV ((do + B)? + dyp® + ds*(M)),  df = V20*dvol (M)
R = 46"~ 36:°(XX7 — QU)ViV,
o~ V2%
V2¢?
FI =d (X (dt + Q)) +6y(XTX7 — %Q”)VJdVOI (M),
>

S

f evi?, (A.34)
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where ¢ is a non-zero constant. M is a 2-manifold which is either S?, R? or H?.

Appendiz A.6. Solutions of Type (6)

For the sixth class of solutions, there are two types of solution according as (Im \)? +
(Im 0)? # 0, or Im A = Im ¢ = 0. Then if (Im \)? + (Im 0)? # 0, the co-ordinates on
the base are ¢, v, y, z and

1dX 1 ¢
—2X; =XV, here X satisfies —— — —f 0=——>_X
f I 1+ qr, where X satisfies 5 \/5)( ,

4x dy
) (dy* + d=?),

_ les, &
ds _d¢2+dw2+2\/§(2f6+\/§x)(

dQ  =¢&dopANdp+d ((\/ifG + iX)dZ) ,
V2x
Fl = d< XN dt+ Q) — V2 f—4xfdz). (A.35)
for constants &, ¢;. In this solution, the vector field K is given by
0
K=— A.36
5 (4.36)

and hence K2 = 1.
If, however, Im A = Im o = 0, the scalars X! are constant, and

f=1 (A.37)
Then

dsg = d¢® + d* + ds*(M), (A.38)
where M is a 2-manifold which is either S?, R? or H? according as the Ricci scalar

MR = —36x*(X'X7 - %Q”)VIVJ (A.39)
is positive, zero, or negative. In addition, one has

dQ = — 3xVi X (dvol (M) +do A di),

F' = —3xX'X7Vydo A dp + 3x(XT X7 — Q") Vydvol (M). (A.40)
Again, for this solution
0
K=— A.41
5 (A41)
and hence K2 = 1.
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