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Abstract—The moment method technique has been improved to in-
vestigate the scattering properties of high Tc superconducting circular
antennas with anisotropic substrate in multi-layered configuration. In
this method, the electric field integral equation for a current element
on a grounded dielectric slab of infinite extent was developed by basis
functions involving Chebyshev polynomials. An improved analytical
model is presented taking into account anisotropic substrate, super-
conducting material for the circular patch and multilayered structure.
To validate the theoretical results, an experimental study has been
performed for a perfectly conducting circular patch on a single layer,
with and without air gap. Good agreements were obtained between
our theory and measurements. Effects of temperature and thickness
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of a superconducting film are also reported and discussed. The perfor-
mances of high Tc superconducting circular antennas were improved by
the use of uniaxial anisotropy substrate and multilayer configuration.

1. INTRODUCTION

A superconducting antenna was one of the first microwave components
to be demonstrated as an application of high-temperature supercon-
ducting material [1]. Since then, there has been considerable work on
new types of superconducting antennas, with patch antennas looking
like an interesting possibility for a number of applications [2].

Superconducting or perfect microstrip antennas are becoming
popular and getting increased attention in both theoretical research
and engineering applications due to their excellent advantages [2–6].
They are characterized by their low profile, small size, light weight,
low cost and ease of fabrication, which makes them very suitable for
microwave and millimeter-wave device applications [7]. They are also
compatible with wireless integrated communication.

However, microstrip antennas have the limitations of narrow
bandwidth, low gain and poor efficiency. Efficiency can be improved
by the use of superconducting patch [8, 9]. Nevertheless, these
investigations which include the rectangular, circular and annular
patch, have found that the superconducting microstrip antenna suffers
from inherently narrow bandwidth. To minimize this problem,
anisotropic substrate and multilayered structure (air gap tuned
structure) are proposed in this work.

Several methods exist for the analysis of microstrip antennas.
These methods can be classified as the approximate and the full-
wave methods. Some of the popular approximate models include: the
transmission-line model, the cavity model and the segmentation model.
These models usually consider the microstrip patch as a transmission
line or a cavity resonator. Three very popular full wave methods that
can be used to characterise microstrip patch antennas are: the finite
element method, the finite difference time domain method, and the
moment method [3]. The last one is arguably the most popular [4–6]
and will be used in our work. For that, a rigorous full-wave analysis
with basis modes involving Chebyshev polynomials is developed and
applied.

2. THEORY

Figure 1 shows the high Tc superconducting microstrip antenna
configuration. The patch is circular with radius a and thickness t. The
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Figure 1. Superconducting circular microstrip antenna with
multilayered configuration and anisotropic dielectrics.

layers of the substrate are taken to be infinite in extent and these layers
are also assumed to be made of the uniaxial anisotropic dielectrics,
characterized by a permittivity tensor given by [4, 5]:

ε̄j = ε0

∣∣∣∣∣
εjx 0 0
0 εjy 0
0 0 εjz

∣∣∣∣∣ (1)

where εjx = εjy 6= εjz, and j: number of layers
The permeability of the anisotropic dielectrics will be taken as µ0

(the free-space permeability).
The transverse field components in the jth layer can be obtained

using the vector Hankel transform formulation [4, 10].

E(r)=E(ρ, φ, Z)=
[

Eρ(r)
Hϕ(r)

]
=

∞∑
n=−∞

einϕ

∞∫

0

dkρkρH̄n(kρρ).en(kρ, Zj) (2)

H(r)=H(ρ, φ, Z)=
[−Hϕ(r)

Hρ(r)

]
=

∞∑
n=−∞

einϕ

∞∫

0

dkρkρH̄n(kρρ).hn(kρ, Zj)(3)

kρ is the spectral variable. H̄n(kρρ) is the kernel of the vector Hankel
transform given by [11].

H̄n(kρρ) =

[
J̇n(kρρ) −in

kρρ Jn(kρρ)
in
kρρJn(kρρ) J̇n(kρρ)

]
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Jn(kρρ) are Bessel function of the first kind of order n.
Let the generalized multilayer circular antenna represented in

Figure 1, be considered. It consists of N dielectric slabs of thickness
dj = zj − zj−1. The circular disk is embedded in the stratification at
the interface plane z = zM .

The expression of the spectral dyadic Green function of the
stratified medium, in which the patch is embedded, is shown to be
given by [4, 10]:

Ḡ(kρ) = diag[GTM, GTE]

= −(Γ̄<)12 · [ḡ0 · (Γ̄>)12−(Γ̄>)22] · [ḡ0 · (Γ̄)12−(Γ̄)22]−1(4)

where

Γ̄< =
1
Π

j=M
T̄j , Γ̄> =

M+1
Π

j=N
T̄j , and Γ̄ = Γ̄> · Γ̄<.

Here, the expression of the matrices T̄j for the anisotropy in the
dielectrics is given by:

T̄j =
[

cos θ̄j iḡ−1
j · sin θ̄j

−iḡj · sin θ̄j cos θ̄j

]
(5)

where: θ̄j = k̄jzdj .
In which

k̄jz =
[

ke
jz 0
0 kh

jz

]
=




(
εjxk2 − εjx

εjz
k2

ρ

) 1
2 0

0
(
εjxk2 − k2

ρ

) 1
2


 (6)

And

ḡj(kρ) =
[

g̃e
j (kρ) 0
0 g̃h

j (kρ)

]
=

[ ωεjxε

kh
jz

0

0
ke

jz

ωµ

]
(7)

k = ω
√

µε: is the free space wavenumber. ke
jz and kh

jz the TM and TE
propagation constants in the uniaxial substrate.

Note that the presence of an arbitrarily number of layers above
and/or below the disk is easily included in the matrix product Γ̄<

and/or Γ̄>.
In applying Galerkin method to solve the vector dual integral

equations, it is advantageous to express the unknown patch current
in terms of appropriate expansion modes formed expansion basis
functions consisting of combinations of Chebyshev polynomials, with
weighting factors of the form [1 − (ρ/a)2]±

1
2 dictated by physical

constraints [4, 10].
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The unknown currents expand as follows:

Kn(ρ) =





P∑
p=1

anpΨnp(ρ) +
Q∑

q=1
bnqΦnq(ρ) a < ρ

0 ρ > a

(8)

with

Ψnp(ρ) =






 (ρ/a)n−2U2p−1(ρ/a)

√
1− (ρ/a)2

0


 ρ < a

0 ρ > a

n ∈ N∗, p = 1, 2, 3, . . . , P (9)

Φnq(ρ) =








0

i(ρ/a)n−1 T2q−2(ρ/a)√
1−(ρ/a)2


 ρ < a

0 ρ > a

n ∈ N∗, p = 1, 2, 3, . . . , Q (10)

where T and U in Equations (9) and (10) are, respectively, the
Chebyshev polynomials of the first and second kind.

Consider the evaluation of the vector Hankel transform VHT
of (9) and (10). The basis functions given in (11)–(12) are then
Hankel transformed to obtain Ψ̃np and Φ̃nq, whose expressions are given
by [10].

Ψ̃np(kρ) =
a2

2




1∫
0

dxxn−1U2p−1(x)
√

1− x2Jn−1(ξx)

−
1∫
0

dxxn−1U2p−1(x)
√

1− x2Jn+1(ξx)

i

[
1∫
0

dxxn−1U2p−1(x)
√

1− x2Jn−1(ξx)

+
1∫
0

dxxn−1U2p−1(x)
√

1− x2Jn+1(ξx)
]




n ∈ N∗, p = 1, 2, 3, . . . , P (11)
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Φ̃nq(kρ)

=
a2

2




−i

[
1∫
0

dxxn T2q−2(x)√
1−x2

Jn−1(ξx)+
1∫
0

dxxn T2q−2(x)√
1−x2

Jn+1(ξx)
]

1∫
0

dxxn T2q−2(x)√
1−x2

Jn−1(ξx)−
1∫
0

dxxn T2q−2(x)√
1−x2

Jn+1(ξx)




n ∈ N∗, q = 1, 2, 3, . . . , Q (12)

with: ξ = kρa
To include the effect of the superconductivity of the microstrip

antenna in full-wave analysis, surface complex impedance for a plane
electromagnetic wave incident normally to its surface is defined as the
ratio of |E| to |H| on the surface of the sample it is given by [12–14]:

ZS = RS + XS (13)

where Rs and Xs are the surface resistance and the surface reactance.
When the thickness t of the superconducting patch is less than three
times the penetration depth λ0 at a temperature T = 0 K the surface
impedance can be approximated as follows:

ZS =
1
tσ

(14)

where the conductivity σ is real for conventional conductors,
these approximations have been verified for practical metallization
thicknesses in comparison to rigorous mode matching results. The
complex conductivity σ of the superconducting film is determined by
using London’s equation and the model of Gorter and Gasimir as [9]:

σ = σ1 − iσ2 (15)

σ1 may arise from normal electron conduction within non
superconducting grains and scattering from grain boundaries, flux
vibration at pinning centers and normal electron conduction due to
thermal agitation in the superconducting state. The reactive part
of the conductivity (−iσ2) arises from the lossless motion of the
superconducting carries which may be derived from the Lorentz-force
equation as [12–14]:

σ1 = σn(T/Tc)4 and σ2 =
1− (T/Tc)4

ωµ0λ2
0

(16)

where
σn: is often associated with the normal state conductivity at the

transition temperature of the superconductor Tc.



Progress In Electromagnetics Research C, Vol. 18, 2011 175

ω: is the angular frequency.
The concept of calculating the resonant frequency is embodied in

the following set of vector dual integral equations:

en(ρ) =

∞∫

0

dkρkρH̄n(kρρ) · (Ḡ(kρ)− Z̄S) ·Kn(kρ) = 0 ρ < a(17)

κn(ρ) =

∞∫

0

dkρkρH̄n(kρρ) ·Kn(kρ) = 0 ρ > a (18)

where

Z̄S =
∣∣∣∣

Zs 0
0 Zs

∣∣∣∣ (19)

The electric field integral equation which enforces the boundary
condition must vanish on the patch surface, as discretized into a matrix
form shown as:[

Z̄′ψψ)M×M (Z̄′ψϕ)M×P

(Z̄′ϕψ)P×M (Z̄′ϕϕ)P×P

]
·
[
(A′)M×1

(B′)P×1

]
= 0 (20)

Each element of the submatrices Z̄
′CD
ij is given by:

Z̄
′CD
ij =

∞∫

0

dkρkρC+
ni(kρ) · (G(kρ)− Z̄S) ·Dnj(kρ) (21)

where C and D represent either ϕ or ψ for every value of the integer
n.

The system of linear equation has non-trivial solutions when the
determinant of system Equation (20) vanishes, that is:

det([Z̄ ′(f)]) = 0 (22)

Equation (22) is the characteristic equation for the complex
resonant frequency: f = fr + ifi, where fr is the resonant frequency,
and BW = 2fi/fr is the half-power fractional bandwidth of the
antenna [4].

3. RESULTS AND DISCUSSION

3.1. Validation of Results for a Perfect Conducting Circular
Patch Microstrip Antenna

The aim in this section is to valid the results. The considered structure
is a circular microstrip antenna with a single isotropic layer (j = 1). In
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Table 1. Comparison of measured and calculated resonant frequencies
for different disk radius a. ε1x = ε1z = 2.43, d1 = 0.49mm.

a/d1

Results [4] Our results

fr (GHz)

Mesured

fr (GHz)

Calculated
∆frex-nu fr (GHz) ∆frex-nu

4.02 25.6 25.3 +1.2% 25.92 −1.2%

8.08 13.1 13.3 −1.5% 13.55 −3.4%

12.02 8.96 9.13 −1.9% 9.25 −3.2%

16.33 6.81 6.80 + 0.2% 6.87 −1%

20.33 5.47 5.49 −0.4% 5.54 −1.2%

Table 2. Comparison of measured and calculated resonant frequencies
for a single isotropic layer d1 = 1.57mm, ε1x = ε1z = 2.05, and
tg(δ) = 0.00045.

a (mm)

fr (GHz)

(MoM Chebyshev

polynomials)

fr (GHz)

Our measurements

results

10 5.589 5.63

15 3.825 3.81

20 2.909 2.92

order to make a validation, we have first compared our results with the
theoretical and experimental results of Losada et al. [4]. The perfectly
conducting circular antenna is printed on a substrate of permittivity
ε1x = ε1z = 2.43, with a thickness d1 = 0.49mm. The Table 1
summarizes our computed resonant frequencies and those obtained for
TM11 mode via formulation of Losada et al. [4]. The comparisons show
a good agreement between our results and those of literature.

To complete this validation, experimentations have been
performed at the PRISME institute of University of Orleans.
An Agilent E5071B vector network analyser has been used for
measurements. The perfect conducting circular disk microstrip
antennas were fabricated using printed circuit processing techniques
and were alimented by coax-feed.

In Table 2, we compare our theoretical values of resonant
frequencies by using the full-wave moment method (MoM), with our
experimental results. The antennas with perfectly conducting patch
for three different radius a, and substrates are fabricated on Cuflon
material with ε1x = ε1z = 2.05 and thickness d1 = 1.57mm. A good
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agreement is obtained between measurements and theoretical results.
An adjustable air gap will be proposed and studied in the following

section to improve the bandwidth of the structure. In this way,
a perfectly conducting patch, with a RT/Duroid 5870 substrate of
ε2x = ε2z = 2.32, d2 = 1.5748mm and tgδ = 0.0014, has been
realized and measured with different air gap thickness. Measured and
calculated resonant frequencies and bandwidths are listed in Table 3.
Results show an important increase of the bandwidth with the air
separation. Again, acceptable agreements were obtained.

Table 3. Comparison of measured and calculated frequencies for
a circular microstrip patch with different thickness of air gap d1,
a = 50 mm, ε2x = ε2z = 2.32, d2 = 1.5748mm.

d1

(mm)

Our theorical

results MoM

Our measurements

results

fr (GHz) BW% fr (GHz) BW%

0.5 1.272 1.457 1.262 1.632

1 1.339 1.954 1.3687 2.018

2 1.398 2.911 1.462 3.122

3 1.417 3.848 1.5 4.208

4 1.420 4.778 1.53 4.5
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3.2. Resonant Frequency of Superconducting Circular Patch
Antenna

In high frequencies when dimensions of the antennas become very small
compared to the free space wavelength, recent studies have found that
high losses occur [2, 6, 8, 13]. In order to reduce them, the use of high
Tc superconducting material for the patch has been proposed. In this
study the influences of the thickness of superconducting film t and
of the normalized temperature (T/Tc) of the antenna are considered
for three different relative permittivity of substrate ε1x = ε1z = 2.43,
ε1x = ε1z = 6.6 and ε1x = ε1z = 10.33. The superconducting material
YBCO which has been used for the simulation is characterized by:
σn = 210 s/mm, λ0 = 1500 Å and Tc = 89 K. In Figure 2, it is
observed that as the thickness of superconductor patch grows, the
resonant frequency increases quickly until the thickness t reaches λ0

(penetration depth). After this value, increasing the superconducting
thickness will increase slowly the resonance frequency. Also it can be
observed that increasing the temperature will decrease gradually the
resonant frequency. In Figure 3 this decrease is more significant for
temperature values near the critical temperature Tc. These behaviors
agree with those reported by Richard et al. [13].

The bandwidth of high Tc superconducting disk antennas around
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their operating resonant frequencies is known to be very narrow. In
order to improve it, we propose in Sections 3-3 and 3-4, two structures.

3.3. Superconducting Circular Patch Antenna in Presence
of Anisotropic Uniaxial Substrate

In order to study the effect of anisotropic substrate on superconducting
patch antenna, the resonant frequency has been calculated for different
pairs of relative permittivity (ε1x, ε1z). The same YBCO material
characteristics have been considered.

The results are plotted in Figures 4, 5, 6 and 7. Whereas
the antenna parameters (resonance frequency, bandwidth) do not
vary significantly with the permittivity variation perpendicular to the
optical axis (ε1x), these are found to be strongly dependent with the
permittivity variation along the optical axis (ε1z).

Interesting enhancement of the bandwidth is obtained for the case
of negative uniaxial anisotropy along the optical axis.
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3.4. Superconducting Circular Patch Antenna in
Multilayered Configuration

In order to achieve tunable resonant frequency and improve the
bandwidth, an adjustable air gap layer can be inserted between the
ground plane and the substrate, resulting in a two layer structure
(j = 2). These structures, first introduced by Dahel and Lee [15, 18],
have been investigated by the cavity model without the superconductor
material. They have received a great deal of attention in recent
years [16, 17, 19].

Here the effect of an air gap on the resonant frequency and
bandwidth of a circular high Tc superconducting microstrip antenna
versus the air separation for various substrate materials have been
computed using our numerical method. Results are shown in Figures 8
and 9.

Again the structure of the same superconducting YBCO thin
film has been simulated. Figure 8 shows that an increase in the air
separation, results in a fast increase of the resonance frequency until
it reaches a maximum. Note that the effect of the air gap is more
pronounced for small values of d1. Moreover, an important increase in
the resulting bandwidth is also obtained in Figure 9.

15

20

25

30

35

40

R
es

on
an

t F
re

qu
en

cy
 (

G
H

z)

0.1 0.2 0.3 0.4 0.5 0.6 0.70.0

2x 2z

ε   = ε   = 6.62x 2z

ε   = ε   = 10.32x 2z

ε   = ε   = 2.65

d1/a

Figure 8. Resonant frequency
versus the air separation, for
circular microstrip antenna for
three dielectric constant: ε2x =
ε2z = 2.65, ε2x = ε2z = 6.6, and
ε2x = ε2z = 10.3, a = 1.5mm.
σn = 210 s/mm, λ0 = 1500 Å, and
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Figure 9. Bandwidth versus the
air separation, for circular mi-
crostrip antenna for three dielec-
tric constant: ε2x = ε2z = 2.65,
ε2x = ε2z = 6.6, and ε2x =
ε2z = 10.3, a = 1.5 mm. σn =
210 s/mm, λ0 = 1500 Å, and
T/Tc = 0.5, and t = 0.02 µm.
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4. CONCLUSION

Our studies investigated the multilayer substrate and the effects of
anisotropic substrate on the performance of high Tc superconducting
circular microstrip patch. The numerical method used is based on
spectral method and the integral equation formulation developed using
the basis functions involving Chebyshev polynomials. It has been
confirmed by experimental results for perfect conducting disk case.

In order to introduce the effect of a superconductor microstrip
patch the surface complex impedance has been considered. Results
show that the superconductor patch thickness and the temperature
have significant effect on the resonant frequency of the antenna.

The effect of anisotropic substrate shows that resonance frequency
and the bandwidth of a superconducting circular patch are not sensitive
to a permittivity variation perpendicular to the optical axis (ε1x), but
are strongly affected by a permittivity variation along the optical axis
(ε1z). Interesting improvement of the bandwidth is obtained for the
negative uniaxial anisotropy along this axis.

Moreover, the superconducting circular patch has been studied in
a two layers configuration with an adjustable air gap. Results show an
important augmentation of the antenna’s bandwidth as the thickness
of air gap increases.
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