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The Determinacy of Context-Free Games
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CNRS et Université Paris 7, France.
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Abstract

We prove that the determinacy of Gale-Stewart games whoseing sets are accepted by
real-time1-counter Biichi automata is equivalent to the determinddgffective) analytic
Gale-Stewart games which is known to be a large cardinahgsson. We show also that
the determinacy of Wadge games between two players in cludrgelanguages accepted
by 1-counter Buchi automata is equivalent to the (effectivedlgtic Wadge determinacy.
Using some results of set theory we prove that one can afedgtionstruct d -counter Biichi
automatonA and a Buchi automatoB such that: (1) There exists a model of ZFC in which
Player 2 has a winning strategy in the Wadge g&/d. (A), L(B)); (2) There exists a model
of ZFC in which the Wadge gamé’ (L (.A), L(B)) is not determined. Moreover these are
the only two possibilities, i.e. there are no models of ZF@vhich Player 1 has a winning
strategy in the Wadge gami® (L(.A), L(B)).

Keywords: Automata and formal languages; logic in computer sciencaleGtewart games; Wadge
games; determinacy; context-free gamespunter automaton; models of set theory; independence fro
the axiomatic system ZFC.

1 Introduction

Two-players infinite games have been much studied in Setrylaw in Descriptive Set Theory,
see [Kec95, Jec02]. In particular, X is a (countable) alphabet having at least two letters and
A C X%, then the Gale-Stewart gami& A) is an infinite game with perfect information between
two players. Player 1 first writes a lettey € X, then Player 2 writes a lettéy € X, then Player

1 writesas € X, and so on .. After w steps, the two players have composed an infinite word
x = ajbjagby ... of X¥. Player 1 wins the play iffit € A, otherwise Player 2 wins the play.
The gameG(A) is said to be determined iff one of the two players has a wipsimategy. A
fundamental result of Descriptive Set Theory is Martin'ssbtem which states that every Gale-
Stewart gamé&7(A), whereA is a Borel set, is determined [Kec95].

On the other hand, in Computer Science, the conditions ofla &awart game may be seen
as a specification of a reactive system, where the two playersespectively a non terminating
reactive program and the “environment”. Then the problerthefsynthesis of winning strategies
is of great practical interest for the problem of programtgais in reactive systems. In particular,
if A C X“, whereX is here a finite alphabet, antlis effectively presented, i.e. accepted by a
given finite machine or defined by a given logical formula, fihiowing questions naturally arise,
see [Tho95, LT94]: (1) Is the gam&(A) determined ? (2) If Player 1 has a winning strategy,
is it effective, i.e. computable ? (3) What are the amountspafce and time necessary to



compute such a winning strategy ? Biichi and Landweber gawatution to the famous Church’s
Problem, posed in 1957, by stating that in a Gale Stewart ga(B, where A is a regularw-
language, one can decide who is the winner and compute anwirstiategy given by a finite
state transducer, see [Tho08] for more information on thigext. In [Tho95, LT94] Thomas and
Lescow asked for an extension of this result whéiie no longer regular but deterministic context-
free, i.e. accepted by some deterministic pushdown automatValukiewicz extended Bichi
and Landweber’s Theorem to this case by showing first in [@jaiBat that one can effectively
construct winning strategies in parity games played on gowh graphs and that these strategies
can be computed by pushdown transducers. Notice that tatez sxtensions to the case of higher-
order pushdown automata have been established.

In this paper, we first address the question (1) of the detercyiof Gale-Stewart gamég A),
where A is a context-freev-language accepted by a (non-deterministic) pushdowmaattmn, or
even by al-counter automaton. Notice that there are some contegtzfrlanguages which are
(effective) analytic but non-Borel and thus the determynatthese games can not be deduced
from Martin’s Theorem of Borel determinacy. On the otherdyaviartin’s Theorem is provable in
ZFC, the commonly accepted axiomatic framework for Set Theowhich all usual mathematics
can be developped. But the determinacy of Gale-Stewart géié), whereA is an (effective)
analytic set, is not provable in ZFC; Martin and Harringt@vé proved that it is a large cardinal
assumption equivalent to the existence of a particular, cedled the reab?, see [Jec02, page
637]. We prove here that the determinacy of Gale-Stewarteg@niA), whose winning setst
are accepted by real-timecounter Biichi automata, is equivalent to the determimdi¢gffective)
analytic Gale-Stewart games and thus also equivalent texiiseence of the reaF.

Next we consider Wadge games which were firstly studied byg&/ad [Wad83] where he
determined a great refinement of the Borel hierarchy defiigedhe notion of reduction by con-
tinuous functions. These games are closely related to ttiemof reducibility by continuous
functions. ForL C X“ andL’ C Y%, L is said to be Wadge reducible fd iff there exists a
continuous functiorf : X« — Y, such thatl = f~!(L'); this is then denoted b§ <y, L. On
the other hand, the Wadge gaié&(L, L’) is an infinite game with perfect information between
two players, Player 1 who is in charge bfand Player 2 who is in charge &f. And it turned
out that Player 2 has a winning strategy in the Wadge génté, L') iff L <y L'. Itis easy
to see that the determinacy of Borel Gale-Stewart gamesdmtiie determinacy of Borel Wadge
games. On the other hand, Louveau and Saint-Raymond havedatttat this latter one is weaker
than the first one, since it is already provable in secon@roadthmetic, while the first one is not.
It is also known that the determinacy of (effective) analy@ale-Stewart games is equivalent to
the determinacy of (effective) analytic Wadge games, s&RR8]. We prove in this paper that
the determinacy of Wadge games between two players in cludrgdanguages accepted hy
counter Biichi automata is equivalent to the (effectivalgit Wadge determinacy, and thus also
equivalent to the existence of the real

Then, using some recent results from [Fin09a] and sometsestilSet Theory, we prove
that, (assuming ZFC is consistent), one can effectivelysttant al-counter Biichi automatod
and a Buchi automato8 such that: (1) There exists a model of ZFC in which Player 2&as
winning strategy in the Wadge gamié(L(.A), L(B)); (2) There exists a model of ZFC in which
the Wadge gam®/(L(.A), L(B)) is not determined. Moreover these are the only two postsii
i.e. there are no models of ZFC in which Player 1 has a winntrefegy in the Wadge game
W(L(A), L(B)).

The paper is organized as follows. We recall some known nstin Section 2. We study
context-free Gale-Stewart games in Section 3 and contegt\Wadge games in Section 4. Some
concluding remarks are given in Section 5.



2 Recall of some known notions

We assume the reader to be familiar with the theory of formallédnguages [Sta97, PP04].
We recall the usual notations of formal language theory.

If 3 is a finite alphabet, aon-empty finite wordvery: is any sequence = a; . .. ag, where
a; € Xfori=1,...,k,andk is an integet> 1. Thelengthof z is k, denoted byz|. Theempty
word has no letter and is denoted Byits length isO. >* is theset of finite wordgincluding the
empty word) ovei:. A (finitary) languageV over an alphabeX is a subset oE*.

Thefirst infinite ordinalis w. An w-word over ¥ is anw -sequencex ... a, ..., where for
all integersi > 1, a; € ¥. Wheno = a5 ...a,...is anw-word overX, we writeo(n) = a,,
oln] =0(1)o(2)...0(n)foralln > 1 ando[0] = \.

The usual concatenation product of two finite wordandv is denotedu.v (and sometimes
justuw). This product is extended to the product of a finite wordnd anw-word v: the infinite
word u.v is then thev-word such that:

(u.v)(k) = u(k) if k < |u|, and(u.v)(k) = v(k — |u]) if & > |ul.

Theset of w-wordsover the alphabet is denoted by.“. An w-languageV” over an alphabet
Y} is a subset oE“, and its complement (ik*) is X — V, denotedV —.

The prefix relationis denoted=: a finite wordu is aprefixof a finite wordv (respectively, an
infinite wordv), denotedu C v, if and only if there exists a finite word (respectively, an infinite
word w), such that = u.w.

If L is a finitary language (respectively, arlanguage) over the alphabgt then the set
Pref(L) of prefixes of elements df is defined byPref (L) = {u € ¥* | Jv € L u C v}.

We now recall the definition of-counter Blichi automata which will be useful in the sequel.

Let k& be an integer> 1. A k-counter machine hak counters each of which containing a
non-negative integer. The machine can test whether thewbat a given counter is zero or not.
And transitions depend on the letter read by the machineculhent state of the finite control,
and the tests about the values of the counters. Notice ththiSrmodel some\-transitions are
allowed. During these transitions the reading head of thehina does not move to the right, i.e.
the machine does not read any more letter.

Formally ak-counter machine is a 4-tuplet=(K, 3, A, q), whereK is a finite set of states,
¥ is a finite input alphabety, € K is the initial state, and\ C K x (X U {\}) x {0,1}* x
K x {0,1,—1}* is the transition relation. The-counter machine\ is said to beeal timeiff:
ACK x % x{0,1}* x K x {0,1,—1}*, i.e. iff there are no\-transitions.

If the machineM is in stateq and¢; € N is the content of the!” counterC; then the
configuration (or global state) 0¥1 is the(k + 1)-tuple (¢, c1, . .., ck).

Fora € YU{\}, ¢,¢ € K and(cy,...,cx) € N¥ suchthat; =0forj e E C {1,...,k}
andc; > 0forj ¢ E,if (¢,a,i1,...,%%,¢,j1,-..,Jr) € Awherei; = 0for j € Eandi; =1
for j ¢ E, then we write:

a: (q,cl,... ,Ck) =M (q’,cl + 91, ., Ck +]k)

Thus the transition relation must obviously satisfy:
if (q,a,i1,...,%,4,j1,---,J%) € A andi,, = 0 for somem € {1,...,k} thenj,, = 0 or
jm = 1 (but j,, may not be equal te-1).

Leto = ajas ... a, ... beanv-word over:. Anw-sequence of configuratioms= (g, cﬁ, . Ci)zg
is called a run ofM on o iff:

(1)(Q1’C%""Cl£:):(QOaO,--"O) . .

(2) for eachi > 1, there exist$; € SU{\} suchthab; : (gi,cl, ... L) = (g1, et
and such thataias...a, ... =biba... b, ...

For every such rum, In(r) is the set of all states entered infinitely often during



Definition 2.1 A Bichik-counter automaton is a 5-tuplet=(K, X, A, qo, F'), whereM'= (K, 3,
A, qo) is ak-counter machine and' C K is the set of accepting states. Thdanguage accepted
by Mis: L(M)= {c € X¥| there exists a run r oM ono such thatin(r) N F' # 0}

The class ofv-languages accepted by Budhicounter automata is denot®ICL(k),,. The
class ofw-languages accepted Bal timeBuichi k-counter automata will be denotedBCL(k),,.
The classBCL(1),, is a strict subclass of the cla€%¥'L,, of context freev-languages accepted
by Biichi pushdown automata.

We assume the reader to be familiar with basic notions ofltgyowhich may be found in
[Kec95, LT94, Sta97, PP04]. There is a natural metric on ¢h&s of infinite words over a finite
alphabet: containing at least two letters which is called grefix metricand is defined as follows.
Foru,v € X andu # v let §(u,v) = 27 pref(uv) wherel ¢y, IS the first integen such that
the (n + 1)% letter ofu is different from the(n + 1) letter ofv. This metric induces o&* the
usual Cantor topology in which thepen subsetsf >« are of the formiV.3«, for W C ¥*. A set
L C Y% is aclosed seiff its complement: — L is an open set.

ForV C ¥* we denoteLim(V) = {z € ¥* | 3%°n > 1 z[n] € V'} the set of infinite words
overX having infinitely many prefixes ifY. Then the topological closur€l(L) of a setL. C ¥¢
is equal toLim(Pref(L)). Thus we have also the following characterization of closelisets of
¥ asetl C X% is a closed subset of the Cantor spateiff L = Lim(Pref(L)).

We now recall the definition of thBorel Hierarchyof subsets of{“.

Definition 2.2 For a non-null countable ordinak, the classex? andII of the Borel Hierarchy

on the topological spac&“ are defined as followsX:{ is the class of open subsetsX%f, I1! is

the class of closed subsetsX¥f, and for any countable ordinal > 2:

33, is the class of countable unions of subset&ofin |, _, T1.

ITY is the class of countable intersections of subset‘oin | J
A setL. C XY is Borel iff it is in the unionJ

uncountable ordinal.

0
<« E“{'
20 = Unew, Y, wherew, is the first

a<wi

There are also some subsets)\6f which are not Borel. In particular the class of Borel subséts
X is strictly included into the class] of analytic setsvhich are obtained by projection of Borel
sets. Theco-analytic setare the complements of analytic sets.

Definition 2.3 A subsetd of X“ is in the classE1 of analytic sets iff there exist a finite alphabet
Y and a Borel subseB of (X x Y)¥ such thatr € A «+ Jy € Y“ such that(z, y) € B, where
(z,y) is the infinite word over the alphabéf x Y such that(z,y)(i) = (x(i),y(:)) for each
integer: > 1.

We now recall the notion of completeness with regard to rédndy continuous functions.
For a countable ordinal > 1, a setF C X is said to be & (respectivelyI1?, 31)-complete
setiff for any setE C Y (with Y a finite alphabet)E € X0 (respectively,E € 1Y, E € 1)
iff there exists a continuous functigh: Y — X“ such thatt = f~1(F).

We now recall the definition of classes of the arithmeticardichy ofw-languages, see
[Sta97]. LetX be a finite alphabet. Aw-language . C X* belongs to the clasg,, if and
only if there exists a recursive relatidey, C (N)"~! x X* such that:

L={oeX¥|3a;...Qnan (ai,...,an—1,0[a, +1]) € RL},
where(); is one of the quantifierg or 3 (not necessarily in an alternating order). &danguage
L C X“ belongs to the clasH,, if and only if its complementX“ — L belongs to the class,,.
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The class3i is the class oéffective analytic setshich are obtained by projection of arithmetical
sets. Anw-languageL C X“ belongs to the class! if and only if there exists a recursive relation
Rr C N x {0,1}* x X* such that:

L={ceX¥|3r(r € {0,1}¥ AVnIm((n,7[m],o[m]) € Rr))}.

Then anw-language L C XV is in the classoi iff it is the projection of anv-language over the
alphabetX x {0, 1} which is in the clas$l,. The clasdl! of effective co-analytic sets simply
the class of complements of effective analytic sets.

Recall that the (lightface) class! of effective analytic sets is strictly included into the Igho
face) class=! of analytic sets.

Recall that a Buchi Turing machine is just a Turing machirking on infinite inputs with
a Buchi-like acceptance condition, and that the class-tiinguages accepted by Buchi Turing
machines is the class! of effective analytic sets [CG78, Sta97]. On the other hane,can con-
struct, using a classical construction (see for instandéld1]), from a Buchi Turing maching’,
a2-counter Biichi automatod accepting the same-language. Thus one can state the following
proposition.

Proposition 2.4 Anw-language L C X* isin the class:! iff it is accepted by a non deterministic
Buchi Turing machine, hence iff it is in the claBLL(2),,.

3 Context-free Gale-Stewart games

We first recall the definition of Gale-Stewart games.

Definition 3.1 ([Jec02]) Let A C X“, where X is a finite alphabet. The Gale-Stewart game
G(A) is a game with perfect information between two players. &ldyfirst writes a letter; €

X, then Player 2 writes a lettdr, € X, then Player 1 writes, € X, and so on ... Afterw steps,
the two players have composed a ware: a1biasbs . .. of X¥. Player 1 wins the play iff: € A,
otherwise Player 2 wins the play.

Let A C X“ and G(A) be the associated Gale-Stewart game. A strategy for Playsral
function I : (X2)* — X and a strategy for Player 2 is a functidf, : (X?)*X — X. Player 1
follows the strategy in a play if for each integen > 1  a, = Fi(a1biagbs - - ap—_1bp—1). If
Player 1 wins every play in which she has followed the stgafég then we say that the strategy
F1 is awinning strategy (w.s.) for Player 1. The notion of winnstrategy for Player 2 is defined
in a similar manner.

The game&~(A) is said to be determined if one of the two players has a winsirajegy.

We shall denot®et(C), whereC is a class ofv-languages, the sentence : “Every Gale-Stewart
gameG(A), whereA C X“ is anw-language in the class, is determined”.

Notice that, in the whole paper, we assume that ZFC is camjsand all results, lemmas,
propositions, theorems, are stated in ZFC unless we etghlliajive another axiomatic framework.
We can now state our first result.

Proposition 3.2 De{X1) <= Det(r-BCL(8),,).

Proof. The implicationDet(>:1) = Det(r-BCL(8),,) is obvious sincé-BCL(8),, C ¥1.

To prove the reverse implication, we assume ei(r-BCL(8),,) holds and we are going to
show that then every Gale-Stewart ga@igd), whereA C X is anw-language in the class},
or equivalently in the clasBCL(2),, by Proposition 2.4, is determined.
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Let thenZ C X¢, whereX is a finite alphabet, be an-language in the clal8CL(2),,.
Let £ be a new letter not irt, S be an integer> 1, andfg : ¥ — (X U {E})“ be the
function defined, for alk € ¥¢, by:

Os(x) = x(l).ES.m(2).E52.x(3).ESa.x(4) .x(n).E%" x(n + 1).Esn+1 .

We proved in [Fin06] that it = cardinal(X) + 2, S > (3k)3 is an integer, then one can
effectively construct from a Biich2-counter automatorpd; acceptingl. a real time Bichis-
counter automatonl, such thatL(As) = 0s(L). In the sequel we assume that we have fixed an
integerS > (3k)3 which iseven

Notice that the sefis(X“) is a closed subset of the Cantor spateé Anw-wordz € (X U
{E})¥ isin 8s(X¥)~ iff it has one prefix which is not iPref(0s(X¢)). Let L' C (X U{E})¥
be the set ofo-wordsy € (X U {E})“ for which there is an integer > 1 such thaty[2n — 1] €
Pref(6g(X%)) andy[2n] ¢ Pref(0s(X%)). Itis easy to see thdt’ is accepted by a real time Biichi
2-counter automaton.

The classr-BCL(8),, 2 r-BCL(2),, is closed under finite union in an effective way, so
0s(L) U L' is accepted by a real time Buckicounter automatopds which can be effectively
constructed fromd,.

As we have assumed thaet(r-BCL(8),,) holds, the gamé&(6s(L) U L') is determined, i.e.
one of the two players has a w.s. in the gaf{@s(L) U L’). We now show that the gam@(L)
is itself determined.

We shall say that, during an infinite play, Player 1 “goes aitthe closedsetfs(Xv) if the
final playy composed by the two players has a preftn] € Pref(6g(X“)) such thay[2n+1] ¢
Pref(0s(X“)). We define in a similar way the sentence “Player 2 goes out etlbsedset
Os(39)".

Assume first that Player 1 has a wi§.in the gameZ(6s(L)UL’). Then Player 1 never “goes
out” of the sets(X*) when she follows this w.s. because otherwise the final plegmposed by
the two players has a prefi§2n] € Pref(6s(3%)) such thaty[2n + 1] ¢ Pref(6s(X“)) and thus
y ¢ 0s(L) U L'. Consider now a play in which Player 2 does not go outg®>*). If player 1
follows her w.s.F; then the two players remain in the $gt(¥“). But we have fixedS to be an
eveninteger. So the two players composewavord

Os(x) = x(l).ES.m(2).Es2.x(3).E53.x(4) .x(n).E%" x(n + 1).Esn+1 .

and the letters (k) are written by player 1 fok an odd integer and by Player 2 foan even integer
becauseS is even. Moreover Player 1 wins the play iff theword z(1)z(2)x(3) ... z(n) ... isin
L. This implies that Player 1 has also a w.s. in the g&ng).

Assume now that Player 2 has a w.in the game=(6s(L)UL’). Then Player 2 never “goes
out” of the setds(3«) when he follows this w.s. because otherwise the final plapmposed by
the two players has a prefi§2n — 1] € Pref(05(X“)) such that[2n] ¢ Pref(fs(X“)) and thus
y € L' hence alsq € 0s(L) U L’. Consider now a play in which Player 1 does not go out of
0s(X). If player 2 follows his w.sF; then the two players remain in the ggt>). So the two
players compose an-word

0s(z) = 2(1).E5 2(2).E5 2(3).E5 2(4) ... x(n). B 2(n + 1).B5""" ...
where the letters:(k) are written by player 1 fok an odd integer and by Player 2 fbran even

integer. Moreover Player 2 wins the play iff theword z(1)z(2)x(3)...z(n)... is not in L.
This implies that Player 2 has also a w.s. in the g&mné). 0



Theorem 3.3 De(X1) <= Det(CFL,) <= Det(BCL(1),,).

Proof. The implicationdDet(¥{) = Det(CFL,) = Det(BCL(1),,) are obvious sincBCL(1),,
C CFL, C %1

To prove the reverse implicatiddet(BCL(1),,) = Det(X1), we assume th@et(BCL(1),,)
holds and we are going to show that then every Gale-Stewareg& L), whereL. C X“ is an
w-language in the clagsBCL(8),, is determined. Then Proposition 3.2 will imply tHaet(31)
also holds. Let thei.(A) C I'“, wherel is a finite alphabet andl is a real time Biichi-counter
automaton.

We now recall the following coding which was used in the pdpér06].

Let K =2x3x5x7x11x13x17x 19 = 9699690 be the product of the eight first prime
numbers. Anw-word z € T’ was coded by the-word

hic(z) = A.CK (1).B.C%* . A.C*° 2(2).B.C*° AC 2(3).B... BCK" . A.CK" 2(n).B...

over the alphabelf; = T'U {A, B,C}, whereA, B, C are new letters not ifi. We are going to
use here a slightly different coding which we now define. befnt

h(z) = CK.C.Ax(1).CK* ACK* C.x(2).B.CK* ACK’ C.Az(3)...
O A CKT Cx(2n).B.CK A CKTT CAZ@2n+1). ..

We now explain the rules used to obtain thavord h(z) from thew-word hx (z).

(1) The first letterA of the wordhk (x) has been suppressed.

(2) The lettersB following a letterxz(2n + 1), for n > 1, have been suppressed.

(3) Aletter C' has been added before each leit&n), forn > 1.

(4) A block of two letters”. A has been added before each leitén + 1), forn > 1.
The reasons behind this changes are the following ones. essiat two players alternatively
write letters from the alphabét; = I' U {4, B, C} and that they finally produce an-word in
the formh(z). Due to the above changes we have now the two following ptiggenhich will be
useful in the sequel.

(1) The letterse(2n + 1), for n > 0, have been written by Player 1, and the lettef3n), for
n > 1, have been written by Player 2.

(2) After a sequence of consecutive lettérsthe first letter which is not a C has always been
written by Player 2.
We proved in [Fin06] that, from a real time Buckicounter automatod acceptingL(.A) C
I, one can effectively construct a Bichicounter automatomd; accepting theu-language
hi (L(A))Uhk (I'¥)~. We can easily check that the changes in(x) leading to the coding(z)
have no influence with regard to the proof of this result im{f&] and thus one can also effectively
construct a Blichl-counter automatonl, accepting thes-languageh(L(.A))UA(T) ™.

On the other hand we can remark thatatvords in the formh(x) belong to thev-language
H C (I'1)“ of w-wordsy of the following form:

y=C".C.A.x(1).0".A.C".C.z(2).B.C™ . A.C".C.A.x(3) ...
..C"2n A.Cn C.x(2n).B.C™2n+1 A.C"2ne1 CL Az (2n 4 1) . ..

where for all integers > 1 the lettersz(:) belong toI’ and then;, n, are even non-null
integers.



An important fact is the following property dff which extends the same property of the set
h(I'*). Assume that two players alternatively write letters frdra &lphabet’; =T U{A, B,C}
and that they finally produce aswordy in H in the above form. Then we have the two following
facts:

(1) The letterse(2n + 1), for n > 0, have been written by Player 1, and the lettef3n ), for
n > 1, have been written by Player 2.

(2) After a sequence of consecutive lettérsthe first letter which is not a C has always been
written by Player 2.

Let nowV = Pref(H)N(T';)*.C. So afinite word over the alphaldét is in V' iff it is a prefix
of some word inH and its last letter is &'. It is easy to see that the topological closurgdofs

CI(H)=H U V.C¥.

Notice that anv-word in C1(H ) is not inh(I') iff a sequence of consecutive lettershas not the
good length. Thus if two players alternatively write lestéirom the alphabelf'; and produce an
w-wordy € CI(H) — h(I'“) then it is Player 2 who has gone out of the Bdf“) at some step of
the play. This will be important in the sequel.

It is very easy to see that thelanguageH is regular and to construct a Blichi automatgn
accepting it. Moreover it is known that the cldB€L(1),, is effectively closed under intersection
with regularw-languages (this can be seen using a classical construatiarproduct automa-
ton). Thus one can also construct a BUgkgounter automatoms accepting theu-language
h(L(A))U[R(T¥)” N H].

We denote als&’ the set of finite words: overI'; such thaju| = 2n for some integer, > 1
andu[2n — 1] € Pref(H) andu = u[2n| ¢ Pref(H).

Now we set:

L = WL(A) U W) " NH] U V.C¥ U U.(T1)*

We have already seen that thelanguageh(L(.A))U[R(I'Y)™ N H] is accepted by a Buchi-
counter automatotds. On the other hand the-languageH is regular and it is accepted by a
Buchi automator#. Thus the finitary languagBref(H ) is also regular, the languagésand V'
are also regular, and the-languages/.C* andU.(I';)¥ are regular. This implies that one can
construct a Biichl-counter automatop, accepting the language.

By hypothesis we assume tHaet(BCL(1),,) holds and thus the gant&(L) is determined.
We are going to show that this implies that the ga#ié.(.A)) itself is determined.

Assume firstly that Player 1 has a winning stratégyin the game=(£).

If during an infinite play, the two players compose an infimiterd z, and Player 2 “does not
go out of the set(I'*’)” then we claim that also Player 1, following her stratdgy “does not go
out of the set,(T'“)". Indeed if Player 1 goes out of the gefl™) then due to the above remark
this would imply that Player 1 also goes out of the G&tH ): there is an integer > 0 such that
z[2n] € Pref(H) butz[2n+1] ¢ Pref(H). Soz ¢ h(L(A)) U [h(T¥)" N H]U V.C*. Moreover
it follows from the definition ofU thatz ¢ U.(I'1)“. Thus If Player 1 goes out of the setl’)
then she looses the game.

Consider now an infinite play in which Player 2 “does not go outhe seth(I')". Then
Player 1, following her strategs; , “does not go out of the sét{T“)”. Thus the two players write
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an infinite wordz = h(x) for some infinite worde € I'. But the letterse(2n + 1), forn > 0,

have been written by Player 1, and the lettef8n), for n > 1, have been written by Player 2.
Player 1 wins the play ift € L(.A) and Player 1 wins always the play when she uses her strategy
F. This implies that Player 1 has also a w.s. in the gang(A)).

Assume now that Player 2 has a winning stratégyn the game=(L).

If during an infinite play, the two players compose an infiniterd z, and Player 1 “does not
go out of the seb(I')” then we claim that also Player 2, following his stratefy, “does not go
out of the set(I'“’)”. Indeed if Player 2 goes out of the del™) and the final play: remains in
Cl(H) thenz € [A(I'Y)” N HJU V.C¥ C L and Player 2 looses. If Player 1 does not go out of
the setCl(H) and at some step of the play, Player 2 goes oltref (H), i.e. there is an integer
n > 1 such that[2n — 1] € Pref(H) andz[2n] ¢ Pref(H), thenz € U.(T'1)* C £ and Player 2
looses.

Assume now that Player 1 “does not go out of the/gét”)”. Then Player 2 follows his w.

s. Fy, and then “never goes out of the $&i")”. Thus the two players write an infinite word
z = h(z) for some infinite worde € T'“. But the letterse(2n + 1), for n > 0, have been written
by Player 1, and the letters(2n), for n > 1, have been written by Player 2. Player 2 wins the
play iff z ¢ L(A) and Player 2 wins always the play when he uses his strafegy his implies
that Player 2 has also a w.s. in the gafd.(A)). O

Looking carefully at the above proof, we can obtain a stromgsult:

Theorem 3.4 De(X}) «—= Det(CFL,,) <= Det(r-BCL(1),,).

4 Context-free Wadge games
We first recall the notion of Wadge games.

Definition 4.1 (Wadge [Wad83]) Let L C X¥ and L' C Y“. The Wadge gam®#/ (L, L’) is a
game with perfect information between two players, Playetd is in charge of. and Player 2
who is in charge of./. Player 1 first writes a letten; € X, then Player 2 writes a lettér, € Y,
then Player 1 writes a lettetis € X, and so on. The two players alternatively write lettefsof

X for Player 1 andb,, of Y for Player 2. Afterw steps, Player 1 has written anrworda € X
and Player 2 has written aw-word b € Y*. Player 2 is allowed to skip, even infinitely often,
provided he really writes aw-word inw steps. Player 2 wins the play iffil[e L <+ b€ L'], i.e.

ift. [(a€Landbel’)or (a¢ Landb¢ L' and bis infinite)].

Recall that a strategy for Player 1 is a functien (Y U {s})* — X. And a strategy for Player
2 is a functionf : X — Y U {s}. The strategy is a winning strategy for Player 1 iff she
always wins a play when she uses the straiegiye. when then'” letter she writes is given by
ap, = o(by...b,—1), Whereb; is the letter written by Player 2 at stepndb; = s if Player 2 skips
at stepi. A winning strategy for Player 2 is defined in a similar manner

The gaméV (L, ') is said to be determined if one of the two players has a winsiragegy. In
the sequel we shall denote-Det(C), whereC is a class ofuo-languages, the sentence: “All Wadge
gamesW (L, L'), whereL. C X“ andL’ C Y“ arew-languages in the clags are determined”.

There is a close relationship between Wadge reducibilitygames.



Definition 4.2 (Wadge [Wad83]) Let X, Y be two finite alphabets. Fat C X¥ andL’ C Y¥, L
is said to be Wadge reducible Id (L <y L') iff there exists a continuous functign: X* — Y,
such thatZ = f~!(L’). L and L' are Wadge equivalent ift <y, L' andL’ <y, L. This will be
denoted by, =y, L. And we shall say that <y, L' iff L <y L' but notL’ <y, L.

The relation<yy is reflexive and transitive, angyy, is an equivalence relation.

The equivalence classessfy are called Wadge degrees.

Theorem 4.3 (Wadge)Let L C X¥ and L’ C Y“ whereX andY are finite alphabets. Then
L <y L'if and only if Player 2 has a winning strategy in the Wadge ga¥@., L').

The Wadge hierarchyi’ H is the class of Borel subsets of a Sét, whereX is a finite set,
equipped with<y, and with=y,. Using Wadge games, Wadge proved that, up to the complement
and=yy, it is a well ordered hierarchy which provides a great refiaehof the Borel hierarchy.

We can now state the following result on determinacy of carfieee Wadge games.
Theorem 4.4 De(X}) <= W-Det(CFL,,) <= W-Det(BCL(1),,) <= W-Det(r-BCL(1),).

Recall that, assuming that ZFC is consistent, there are sumdels of ZFC in whictDet(X}) does
not hold. Therefore there are some models of ZFC in which Sifadge game®/ (L(A), L(B)),
where.4 andB are Biichil-counter automata, are not determined. We are going to phatehis
may be also the case whéhis a Bichi automaton (without counter). To prove this, we as
recent result of [Fin09a] and some results of set theory, smew briefly recall some notions of
set theory and refer the reader to [Fin09a] and to a textbikelJec02] for more background on
set theory.

The usual axiomatic system ZFC is Zermelo-Fraenkel systénplds the axiom of choice
AC. The axioms of ZFC express some natural facts that we densd hold in the universe of
sets. A modelV, €) of an arbitrary set of axiom4 is a collectionV of sets, equipped with the
membership relatiore, where % € y” means that the set is an element of the sat, which
satisfies the axioms df. We often say “ the modal” instead of "the model\, €)”.

We say that two setd and B have same cardinality iff there is a bijection frafnonto B and
we denote this byl =~ B. The relation~ is an equivalence relation. Using the axiom of choice
AC, one can prove that any sdtcan be well-ordered so there is an ordinaduch thatd ~ ~.
In set theory the cardinal of the sdtis then formally defined as the smallest such ordinarhe
infinite cardinals are usually denoted By, 8{,N,,...,R,,... The continuum hypothesis CH
says that the first uncountable cardiialis equal ta2®0 which is the cardinal of the continuum.

If V is a model of ZF and. is the class ofonstructible setsf V, then the clas& is a model
of ZFC + CH. Notice that the axiom V=L, which means “every setdnstructible”, is consistent
with ZFC becausd. is a model of ZFC + V=L.

Consider now a mod&f of ZFC and the class of its constructible sbts. V which is another
model of ZFC. It is known that the ordinals bfare also the ordinals of, but the cardinals in
V may be different from the cardinals In. In particular, the first uncountable cardinallinis
denotedr}, and it is in fact an ordinal of which is denoted,L. It is well-known that in general
this ordinal satisfies the inequality) < wy. In a modelV of the axiomatic system ZFC + V=L
the equalitywl = w; holds, but in some other models of ZFC the inequality may kietsind
thenw! < w;.

The following result was proved in [Fin09a].
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Theorem 4.5 There exists a real-timé-counter Richi automaton4, which can be effectively
constructed, such that the topological complexity ofdhlanguageL(.A) is not determined by
the axiomatic systeiiFC. Indeed it holds that :

(1) (ZFC +V=L). Thew-languageL(.A) is an analytic but non-Borel set.
(2) @FC+ wl < wy). Thew-languageL(A) is aII-set.

We now state the following new result. To prove it we use irtipalar the above Theorem
4.5, the link between Wadge games and Wadge reducibilgylthcompleteness of the regular
languagg0*.1)~ C {0, 1}*, the Shoenfield’s Absoluteness Theorem, and the notiontefsions
of a model of ZFC.

Theorem 4.6 1 Let B be a Bichi automaton accepting the regularlanguage(0*.1)~ C {0, 1}*.
Then one can effectively construct a real-titneounter Bichi automaton4 such that:

(1) ZFC+ w¥ < w1). Player 2 has a winning strategy in the Wadge gamé’ (L(A), L(B)).
But F' can not be recursive and not even hyperarithmetical.

(2) @ZFC+ wl = w). The Wadge gamé/ (L(A), L(B)) is not determined.

Remark 4.7 Every model oZFC is either a model ofZFC + wl* < wy) or a model of ZFC
+ wl = w). Thus there are no models BFC in which Player 1 has a winning strategy in the
Wadge gaméV (L(.A), L(B)).

Remark 4.8 In order to prove Theorem 4.6 we do not need to use any largdiraraxiom or
even the consistency of such an axiom, like the axiom of @mdkterminacy.

5 Concluding remarks

We have proved that the determinacy of Gale-Stewart gamesewvivinning sets are accepted
by (real-time)1-counter Biichi automata is equivalent to the determinddgffective) analytic
Gale-Stewart games which is known to be a large cardinahgson.

On the other hand we have proved a similar result about therrdetacy of Wadge games.
We have also obtained an amazing result, proving that oneffectively construct a real-time
1-counter Biichi automatod and a Biichi automatoB8 such that the sentence “the Wadge game
W(L(A), L(B)) is determined” is actually independent from ZFC.

Notice that it is still unknown whether the determinacy ofdiya gamesV (L(A), L(B)),
whereA andB are Muller tree automata (reading infinite labelled treés)rovable within ZFC
or needs some large cardinal assumptions to be proved.
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