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Abstract

We consider the problem of estimating the proportion 8 of true null hypotheses in
a multiple testing context. The setup is classically modeled through a semiparamet-
ric mixture with two components: a uniform distribution on interval [0, 1] with prior
probability 8 and a nonparametric density f. We discuss asymptotic efficiency results
and establish that two different cases occur whether f vanishes on a set with non null
Lebesgue measure or not. In the first case, we exhibit estimators converging at para-
metric rate, compute the optimal asymptotic variance and conjecture that no estimator
is asymptotically efficient (i.e. attains the optimal asymptotic variance). In the second
case, we prove that the quadratic risk of any estimator does not converge at parametric
rate. We illustrate those results on simulated data.

Key words and phrases: Asymptotic efficiency; efficient score; false discovery rate; infor-
mation bound; multiple testing; p-values; semiparametric model.

1 Introduction

The problem of estimating the proportion 6 of true null hypotheses is of interest in situ-
ation where several thousands of (independent) hypotheses can be tested simultaneously.
One of the typical applications in which multiple testing problems occur is estimating the
proportion of genes that are not differentially expressed in deoxyribonucleic acid (DNA)
microarray experiments (see for instance , ). Among other ap-
plication domains, we mention astrophysics ( , ) or neuroimaging
( , ). A reliable estimate of 6 is important when one wants to control
multiple error rates, such as the false discovery rate (FDR) introduced by

( ). In this work, we discuss asymptotic efficiency of estimators of the true
proportion of null hypotheses. We stress that the asymptotic framework is particularly
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relevant in the above mentioned contexts where the number of tested hypotheses is huge.

In many recent articles (such as , : , : , :

, ; , , etc), a two-component mixture density

is used to model the behavior of p-values X1, Xo,...,X,, associated with n independent

tested hypotheses. More precisely, assume the test statistics are independent and identically

distributed (iid) with a continuous distribution under the corresponding null hypotheses,

then the p-values Xi, Xs,..., X, are iid and follow the uniform distribution ([0, 1]) on

interval [0, 1] under the null hypotheses. The density g of p-values is modeled by a two-
component mixture with following expression

Ve €[0,1], g(x)=60+(1-0)f(x), (1)

where 0 € [0, 1] is the unknown proportion of true null hypotheses and f denotes the density
of p-values generated under the alternative (false null hypotheses).

Many different identifiability conditions on the parameter (6, f) in model (1) have been

discussed in the literature. For example, ( ) introduce the
concept of purity that corresponds to the case where the essential infimum of f on [0, 1]
is zero. They prove that purity implies identifiability but not wvice versa.
( ) suppose that f is decreasing with f(1) = 0 while ( ) assumes that f is
regular near = 1 with f(1) = 0 and ( ) consider that f vanishes on
a whole interval included in [0, 1]. These are sufficient but not necessary conditions on f
that ensure identifiability. Now, if we assume more generally that f belongs to some set F
of densities on [0, 1], then a necessary and sufficient condition for parameters identifiability
is stated in the next result, whose proof is given in Section 5.1.

Proposition 1. The parameter (0, f) is identifiable on a set (0,1) x F if and only if for
all f € F and for all ¢ € (0,1), we have c+ (1 —¢)f ¢ F.

This very general result is the starting point to considering explicit sets F of densities
that ensure the parameter’s identifiability on (0,1) x F. In particular, if F is a set of
densities constrained to have essential infimum equal to zero, one recovers the purity result
of ( ). However, from an estimation perspective, the purity
assumption is very weak and it is hopeless to obtain a reliable estimate of 6 based on
the value of f at a unique value (or at a finite number of values). In the following, we
explore asymptotic efficiency results for the estimation of # and establish that two different
cases are to be distinguished: models assuming that f vanishes on a set of points with
positive Lebesgue measure and models where this set of points has zero measure (and where
regularity or monotonicity assumptions are added on f). In the first case, we obtain the
existence of /n-consistent estimators of  that is to say estimators 6,, such that /n(6, — 0)
is bounded in probability (denoted by v/n(6,, —8) = Op(1)). We exhibit such estimators and
also compute the asymptotic optimal variance for this problem. Moreover, we conjecture
that asymptotically efficient estimators (that is estimators asymptotically attaining this
variance lower bound) do not exist. In the second case, while the existence of an estimator
0, of 6 converging at parametric rate has not been established yet, we prove that if such a
v/n-consistent estimator of 6 exists, then the variance Var(\/ﬁén) cannot have a finite limit.
In other words, the quadratic risk of én cannot converge to zero at a parametric rate.
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Let us now discuss the different estimators of # proposed in the literature, starting with
those assuming (implicitly or not) that f attains its minimum value on a whole interval.
First, ( ) suggested a procedure to estimate €, that has been
later used by ( ). This estimator depends on an unspecified parameter A € [0, 1)
and is equal to the proportion of p-values larger than this threshold A divided by 1—A. It is
thus consistent only if f attains its minimum value on the interval [A, 1] (an assumption not
made in the article by ( ) nor the one by ( )). Note
that even if such an assumption were made, it would not solve the problem of choosing A
such that f attains its infimum on [\, 1]. Adapting this procedure in order to end up with
an estimate of the positive FDR (pFDR), ( ) proposes a bootstrap strategy to
pick A. More precisely, his procedure minimizes the mean squared error for estimating the
pFDR. Note that ( ) established that, for fixed value A such
that the cumulative distribution function (cdf) F of f satisfies F'(\) < 1, ’s estimator
converges at parametric rate and is asymptotically normal, but is also asymptotically biased:
thus it does not converge to 6 at parametric rate. Some other choices of A are, for instance,
based on break point estimation ( , ) or spline smoothing (

, ). Another natural class of procedures in this context is obtained by relying
on a histogram estimator of g ( , ; , ). Among this kind
of procedures, we mention the one proposed recently by ( ) who
proved convergence in probability of their estimator (to the true parameter value) under
the assumption that f vanishes on an interval. Note that both ’s and histogram
based estimators of 8 are constructed using nonparametric estimates § of the density g and
then estimate 6 relying on the value of g on a specific interval. The main issue with those
procedures is to automatically select an interval where the true density g is identically equal
to 6. As a conclusion on the existing results for this setup (f vanishing on a set of points
with non null Lebesgue measure), we stress the fact that none of these estimators were
proven to be convergent to 6 at parametric rate. In Proposition 2 below, we prove that
a very simple histogram based estimator possesses this property, while in Proposition 3,
we establish that this is also true for the more elaborate procedure proposed by

( ) which has the advantage of automatically selecting the "best” partition
among a fixed collection. However, we are not aware of a procedure for estimating 6 that
asymptotically attains the optimal variance in this context. Besides, one might conjecture
that such a procedure does not exist for regular models (see Section 3.3).

Other estimators of 6 are based on regularity or monotonicity assumptions made on f or
equivalently on g, combined with the assumption that the infimum of g is attained at x = 1.
These estimators rely on nonparametric estimates of g and appear to inherit nonparametric
rates of convergence. ( ) derive estimators based on nonparametric
maximum likelihood estimation of the p-value density, in two setups: decreasing and convex
decreasing densities f. We mention that no theoretical properties of these estimators are
given. ( ) propose a very general finite sample confidence envelope
for a monotone density. Relying on this result and assuming moreover that the cdf G of ¢
is concave and that g is Lipschitz in a neighborhood of x = 1,

( ) construct an estimator converging to g(1) = 6 at rate (logn)'/3n~1/3. Under some
regularity assumptions on f near r = 1, ( ) establishes that by letting A — 1,

’s estimator may be turned into a consistent estimator of #, with a nonparametric rate
of convergence equal to n=*/k+1p where 1, — 400 and k controls the regularity of f
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near z = 1. Our results are in accordance to the literature: no y/n-consistent estimator has
been constructed yet, as is expected from the fact that the quadratic risk of any estimator
of 6 cannot converge at parametric rate in this case (see Corollary 1).

To finish this tour on the literature about the estimation of #, we mention that

( ) discuss probabilistic lower bounds for the proportion of true

null hypotheses, which are valid under general and unknown dependence structures between
the test statistics. Finally, note that we do not discuss here estimators of the proportion
of non null effects in Gaussian mixtures such as in ( ); ( );

( ), a related but although different problem as the one we study.

The article is organized as follows. Section 2 establishes lower bounds on the quadratic
risk for the estimation of 6, while Section 3 explores corresponding upper bounds, i.e.
the existence of y/n-consistent estimators of # and the existence of asymptotically efficient
estimators. Section 4 illustrates our results relying on simulations. The proofs of the main
results are postponed to Section 5, while some technical lemmas are proved in Appendix A.

2 Lower bounds for the quadratic risk and efficiency

In this section, we give lower bounds for the quadratic risk of any estimator of 6. For any
fixed unknown parameter § € [0,1), we introduce a set of densities F5 (with respect to the
Lebesgue measure p) and an induced set of semiparametric distributions Py, respectively
defined as

Fs={f:]0,1] = R™, continuously non increasing density, positive on [0,1 — J)
and such that f;;_s = 0},

Ps = {PQJ;CHSZJ =0+(1-0)f;(0,f) €(0,1) x f(;}.

Note that for any fixed value 0 € [0, 1), the condition stated in Proposition 1 is satisfied on
the set Fs, namely forall f € Fs and for all ¢ € (0, 1), we have c+ (1 —¢)f ¢ Fs. Thus, the
parameter (6, f) is identifiable on (0,1) x Fs.

The case § > 0 corresponds to models where density f is supposed to vanish on a set
of points with non null Lebesgue measure. This case is thus easier from an estimation
perspective. Note that when § = 0, it is usual to add assumptions on f. Here, we choose
to consider the case where f is assumed to be non increasing. The same results may be
obtained by replacing this assumption with a regularity constraint on f. Note also that
when § > 0, the assumption that f is non increasing could be removed without any change
in the results.

We aim at computing the (asymptotic) efficient information for estimating the finite
dimensional parameter ¢)(Pg ) = 6 in model Ps where we consider f as a nuisance param-
eter. We start by recalling some concepts from semiparametric theory and give explicit
expressions of the objects arising from this theory in our specific framework. We follow
the notation of Chapter 25 and more particularly Section 25.4 in ( ) and
refer to this book for more details.
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We fix a parameter value (6, f) and consider first a parametric submodel of Fs induced
by the following path

k(tho(x))f(x)
J E(tho(u)) f (u)du

t— fi(z) = = c()k(tho(x)) f(z), (2)

where hg is a continuous and non increasing function on [0, 1], the function k is defined by
k(u) = 2(14+e72*)~! and the normalising constant c(t) satisfies c(t) ™' = [ k(tho(u)) f(u)du.
A tangent set f755 is composed of the score functions assomated to such parametric sub-
models (as hg varies). It is easy to see that the path (2) is differentiable and that its
corresponding score function is obtained by differentiating ¢t — log[f + (1 — 0) f;(z)] at
t = 0. We thus obtain a tangent set for f given by

f755:{h: (1—0)fho

m; hg is continuous and non increasing on [0, 1—4) With/fho = 0},

Now, we consider parametric submodels of Ps induced by paths of the form ¢ +— Py 4, ,
where the paths t — f; in Fs are given by (2). We remark that if l.g’ ¢ is the ordinary score
function for 6 in the model in which f is fixed, then for every a € R and for every h € f755,
we have al'97 §+h is a score function for (6, f) corresponding to the path t — Py ¢4 7, Hence,
a tangent set Py of the model Py at P s with respect to the parameter (6, f) is given by
the linear span

Ps =lin(lo; + ;Ps) = {aloy + Bh: (a, B) € R%, h € ;P5).
Moreover, the ordinary score function 1'97 ¢ for 6 in the model in which f is fixed is given by

1 - f(x)
0+(1—0)f(z)

g () = 5 Togl0 + (1~ 0)1(2)] = ®)

Now we let l~9,f be the efficient score function and I~9’ ¢ be the efficient information for
estimating ¥ (IPg,s) = 6. These quantities are defined respectively as

Zg}f = l.gyf — H()’fl‘af and jg’f = Pf?,f(l%,f)v

where Ily  is the orthogonal projection onto the closure of the linear span of ﬂj(; in Lo(Pg, ¢).
The functional ¢ : Py +— 6 is said to be differentiable at Py s relative to the tangent set
Ps if there exists a continuous linear map g 5 :La(Pg.¢) — R, called the efficient influence
function, such that for every path t — f; with score function h € f735, we have

VaeR, a= / Jo.s (2)[al s (z) + h(2)]dPp 4 ().

Setting a = 0, we see that this efficient influence function must be orthogonal to the tangent
set f735 Flnally, note that under some assumptions, the efficient influence function wg f
equals Io flg ¢ (see Lemma 25.25 in , ). The following theorem provides
expressions for these quantities in our setup. All the proofs in the current section are
postponed to Section 5.1.



6 V. H. Nguyen and C. Matias

Theorem 1. The efficient score function ngf and the efficient information I~97f for esti-
mating 6 in model Ps are given by

~ 1 1 ~ 1)
le,f(”«") 9 ml[o,l—d)(l") and lgy = M7 (4)

where 14(+) is the indicator function of set A. In particular, when 6 = 0, this efficient
information is zero. In this case, the functional (Pp ) = 0 is not differentiable at Py f
relative to the tangent set P.

Moreover, when § > 0, the efficient influence function 1/;97f relative to the tangent set Py is
given by

~ 1
%,f(af) = 51[176,1] (z) — 0.

This theorem has some consequences on the quadratic risk of any estimator that we
now explain. For every score function g in the tangent set Ps, we write P, 4 for a path
with score function g along which the functional v : Py y +— 0 is differentiable. Namely, P 4
takes the form Py, s, for some path t — f; and some a € R. Now, an estimator sequence
0, is called regular at Py  for estimating 6 (relative to the tangent set 755) if there exists a
probability measure L such that for any score function g € Ps corresponding to a path of
the form ¢t — (0 + ta, f;), we have

Vit = 9(Pyy i) = Vo= (0+ =) ] % L. under Py

where % denotes convergence in distribution. According to a convolution theorem (see
Theorem 25.20 in , ), this limit distribution writes as the convolution
between some unknown distribution and the centered Gaussian distribution N (0, Py, f@g, 7))
with variance

Pa,f(%,f) = /T;g,fdﬂ]’e,f-

Thus we say that an estimator sequence is asymptotically efficient at Py ¢ (relatlve to the
tangent set Ps) if it is regular at Py s with limit distribution L = N(0, Py f("(/}e ), in other

words it is the best regular estimator. The quadratic risk of an estimator sequence 6,
(relative to the tangent set Ps), is defined as

1 f P Qn_ P n 27
sup liminf sup 1 vig VR (On = U(Pyy gz )]

where the first supremum is taken over all finite subsets Ej of the tangent set Ps. According
to the local asymptotic minimax (LAM) theorem (see Theorem 25.21 in

), this quantity is lower bounded by the minimal variance Py, f(lﬁg, f) Thus, Theorem 1
has the following corollary.

Corollary 1. When § = 0, any estimator sequence én has an infinite quadratic risk, namely

sup lim inf sup Epl/ﬁ,g [\/ﬁ(én _ w(Pl/\/ﬁ,g))]2 ~ too,

Eo n—oo g€

where the first supremum is taken over all finite subsets Ey of the tangent set Po.
When § > 0, we obtain that
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i) For any estimator sequence 0, we have,

. A 2 1
sup liminf sup Bp,, o, [Vi(on = (P mg))]” 2 005 =),

where the first supremum is taken over all finite subsets Es of the tangent set Ps.

i1) A sequence of estimators 0,, is asymptotically efficient in the sense of a convolution
theorem (best regular estimator) if and only if it satisfies

s 1\1 _
0, = - > sLxen-on + op, , (n™/?). (5)
i=1
Remark 1. A) When 6 = 0, using Theorem 2 in (1956), we conclude that

there is no reqular estimator for 0 relative to the tangent set Py. This implies that if
there exists a \/n-consistent estimator in model Py, it can not have finite asymptotic vari-
ance. In other words, we could have /n(0,, — 0) = Op(1) for some estimator 6, but then
Var(\/ﬁén) — +00. However, we note that the only rates of convergence obtained until now
in this case are monparametric ones.

B) When 6§ > 0, for fized parameter value \ such that G(\) < 1, ’s estimator 0517V (\)
satisfies
; 1-GN)\ _d G -GW)
eStorey A) — s N
i (8% ) o (0. S5
(see for instance , ). In particular, if we assume that f

vanishes on [\, 1] then we obtain that G(A) = 1 — (1 — \) and 651"¥(\) becomes a \/n-
consistent estimator of 6, which is moreover asymptotically distributed, with asymptotic

variance .
0 ———0].
(i5-0)

In this sense, the oracle version of s estimator that picks A = 1—9§ (namely choosing
A as the smallest value such that f vanishes on [\, 1]) is asymptotically efficient. Note also
that 95%°T¥(\) automatically satisfies (5).

3 Upper bounds for the quadratic risk and efficiency (when
d > 0)

In this section, we investigate the existence of asymptotically efficient estimators for 6, in
the case where 6 > 0. We consider histogram based estimators of § where a nonparametric
histogram estimator ¢ of g is combined with an interval selection that aims at picking an
interval where g is equal to #. We start by establishing the existence of /n-consistent
estimators: a simple histogram based procedure is studied in Section 3.1 while a more
elaborate one is the object of Section 3.2. Finally in Section 3.3 we explain the general one-
step method to construct an asymptotically efficient estimator relying on a \/n-consistent
procedure and discuss conditions under which an asymptotically efficient estimator could
be obtained in model Psy.
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3.1 An histogram based estimator

Throughout this section and the following one, we assume that the density f belongs to
IL2([0,1]). Let g; be a histogram estimator corresponding to a partition I = (Ix)1,...p of
[0, 1], defined by

A ng
T) = —17 (z
where ny = card{i : X; € I} is the number of observations in I and |Ij| is the width of
interval I,. We estimate 6 by the minimal value of g;, that is
A ng N,

0, = min — =
k<o |l nll
n

) (6)

where we let

n
~ . ni 1
kn € Argmin ¢ —— = —— 1x,er, ¢ -
" ke {nlfk! n| L] ; ’
Note that histogram estimators are natural nonparametric estimators for g when assum-
ing that f € F5 with 0 > 0, that is g is constant on an interval. It is easy to see that 0,
is y/n-consistent as soon as the partition [ is fine enough. We moreover establish that this
estimator has a variance of the order 1/n. The proof of this result appears in section 5.2.

Proposition 2. Fiz § > 0 and suppose that f € F5. Assume moreover that the partition I
is such that maxy, |I;| is small enough, then the estimator 0;,, has the following properties

i) éLn converges almost surely to 0,
i) 01 is \/n-consistent, i.e. \/n(fy, —0) = Op(1),

iii) limsupVar(y/nf; ,) < +o0.
n—o0

Note that while y/n-consistency and a control of the variance of \/ﬁé 1.n are proved in
the above proposition, asymptotic normality of é[,n or the value of its asymptotic variance
are difficult to obtain. Indeed, for any deterministic interval I, the central limit theorem
(CLT) applies on the estimator ny/(n|Ix|). However, an histogram based estimator such as
éLn is based on the selection of a random interval I and the CLT fails to apply directly on
n;/ (n|I]). Note also that the choice of the partition I is not solved here. From a practical
point of view, decreasing the parameter maxy |I| will in fact increase the variance of the
estimator. In the next section, we study a procedure that automatically selects the best
partition among a given collection.

3.2 ( )’s procedure

We recall here the procedure for estimating 6 that is presented in ( ).
It relies on an elaborate histogram approach that selects the best partition among a given
collection. As it will be seen from the simulations experiments (Section 4), its asymptotic
variance is likely to be smaller than for the previous estimator, justifying our interest into
this procedure. Unfortunately, from a theoretical point of view, we only establish that this
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estimator should be as good as the previous one. Note that since not many estimators of ¢
have been proved to be y/n-convergent, this is already a non trivial result.

For a given integer M, define 7y, as the set of partitions of [0, 1] such that for some
integers k,l with 2 < k+2 <[ < M, the first k intervals and the last M —[ ones are regular
of width 1/M, namely

-k
M
These partitions are motivated by the assumption that f vanishes on a set [\, u] C [0, 1].
Then for two given integers Mmin < Mmaz, denote by Z the following collection of partitions

1
IM:{I:(Ii>i3Vi7ék+1a‘[i’:M7 [Lg41] = , 2<k4+2<1< M}

7= U Iom. (7)

Mmin Smgmmaa:

Every partition I in Z is characterized by a triplet (M = 2™, A = k/M,u = 1/M) and the
quality of the histogram estimator §; is measured by its quadratic risk. So in this sense,
the oracle estimator gy« is obtained through

1
I* = argmin E[||g — §7]|3] = argmin R(I), where R(I) = IE[HQIH% - 2/ gj(:z:)g(x)dx].
1€l IeZ 0

However, for every partition I, the quantity R(I) depends on g which is unknown. Thus
I* is an oracle and not an estimator. It is then natural to replace R(I) by an estimator. In

( , ), the authors use leave-p-out (LPO) estimator of R(I) with

p € {1,...,n— 1}, whose expression is given by (see , , Theorem 2.1)
. 2n —p ng n(n—p+1) 1 ng.\2

R,(I) = - — (B2 8

)= G0 ) 2 il - (1~ p) 2= el ) )

The best theoretical value of p is the one that minimizes the mean squared error (MSE) of
R,(I), namely

p*(I) = argmin MSE(p,I) = argmin E[(Rp(l)—R(I))Q].
pe{l,...,n—1} pe{l,...,n—1}

It clearly appears that MSE(p,I) has the form of a function ®(p, I, a) (see

, , Proposition 2.1) depending on the unknown vector o = (a1, o, ..., ap) with
ar = P(X; € Ii). A natural idea is then to replace the ays in ®(p, I, «) by their empirical
counterparts éx = ng/n and an estimator of p*(I) is therefore given by

p(I) = argmin m(p,l): argmin ®(p, I, &).
pe{l,...,n—1} pe{l,...,n—1}

The exact calculation of p(/) may be found in Theorem 3.1 from ( ).
Hence, the procedure for estimating 6 is the following one

1. For each partition I € Z, define p(I) = argmin m(p,f),
pe{l,...,n—1}

2. Choose I = (M, \, i) € argmin Rﬁ(l)(f) such that the width of the interval [), 7] is
IeT
maximum,
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3. Estimate 6 by 68 = card{i : X; € [\, 3]}/[n(i — \)].

Remark 2. In our procedure, we consider the set of natural partitions defined by (7), while
(2010) use the one defined by

7= U T
M'minSMSMmaa:

This change is natural for lowering the complezity of the algorithm and has no consequences
on the theoretical properties of the estimator. In particular, if we assume the function f
vanishes on an interval [1 — 0,1], then the complexity of the algorithm is simpler when we
consider the following set of partitions

T= U Toym,

Mamin SM<Mmax
where
. 1 M-k
Ty = {IW = (L)1, pr Vi < b Ll = 37 s = =~ 1<k <M -2}
In ( ), the authors only establish convergence in probability of

this estimator. Here, we prove its almost sure convergence, y/n-consistency and establish
that its variance is of the order 1/n. Let us first introduce some assumptions.

Assumption 1. Density f is null on an interval [N\*, ] C (0, 1] (with unknown values \*
and p*) and f is monotone outside the interval [\*, u*].

For example, f is decreasing on [0, \*] and increasing on [p*,1]. This assumption is
stronger than Assumption A’ in ( ), the latter not being sufficient to
establish the result they claim (see the proof of Lemma 3 for more details). The monotonic-
ity part of our assumption is not necessary and we shall explain what is exactly required
and how we use the previous assumption in the proof of Lemma 3. Under Assumption 1,
the true parameter 6 is equal to g(x) for all x in [A\*, u*]. Note that the case where we
impose p* = 1 is included in this setting. We now introduce a technical condition that
comes from ( ). We let

0‘2;'
13,77

D
V(l,j) € N27 Sij = Z
k=1

and further assume that the collection of partitions Z and density f are such that
VIeZ, 8511891 — 25%1 + 8539 — 108%1 — 4599 75 0, s21 — S22 — S32 + 3811 7é 0. (9)

This technical condition is used in ( ) to control the behaviour of
the minimizer p(I). We are now ready to state our result, whose proof can be found in
Section 5.3.

Proposition 3. Suppose that f satisfies Assumption 1 as well as the technical condition (9).
Assume moreover that mmax s large enough, then the estimator GgR has the following
properties
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i) égR converges almost surely to 0,
i) 09 is /n-consistent, i.e. \/n(6SE —0) = Op(1),

iii) If p is fived then lim supVar(y/nfST) < +oo.

n—o0

Here again, asymptotic normality of ég R or the exact value of its asymptotic variance
are difficult to obtain. Heuristically, one can explain that this procedure outperforms the
simpler histogram based with fixed partition approach described in the previous section.
Indeed, when considering a fixed partition, the latter should be fine enough to obtain
convergence but refining the partition increases the variance of é[,n. Here,

’s approach realizes a compromise on the size of the partition that is used.

3.3 One-step estimators

In this section, we introduce the one-step method to construct an asymptotically efficient

estimator, relying on a \/n-consistent one (see , , Section 25.8). Let
0, be a \/n-consistent estimator of 6, then 0, can be discretized on grlds of mesh width
n~1/2. Suppose that we are given a sequence of estimators lmg( ) = lnﬂ( ; X1,...,Xp) of

the efficient score function [y ¢ Define with m = |n/2],

L pa() = Imo(i X, Xon) it i >m,
Oy lnfmﬂ(';Xm_Q_l,...,Xn) if i<m.

Thus, for X; ranging through each of the two halves of the sample, we use an estimator lAnﬁ’,-

based on the other half of the sample. We assume that, for every deterministic sequence
0, = 6+ O(n=/?), we have

~ P
VnPo, ¢lng, L 0, (10)
Po,. lin.0, — lon,r ]| —>0 (11)
[V ga2if%, ~ oyl — 0. (12)

Note that in the above notation, the term Py, fZ for some random function [ is an abbre-
viation for the integral [ lA(a:)le’gm #(x). Thus the expectation is taken with respect to x
only and not the random variables in [. Now under the above assumptions, the one-step
estimator defined as

n n

O = O — ( ii,én,i(XiDil Z Zn,én,i(Xi)’

=1 =1

is asymptotically efficient at (6, f) (see , , Section 25.8). This estimator
0, can be considered a one-step iteration of the Newton-Raphson algorithm for solving an
approximation of the equation ) .l ¢(X;) = 0 with respect to 6, starting at the initial
guess 0.
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Now, we discuss a converse result on necessary conditions for existence of an asymptot-
ically efficient estimator of § and its implications in model Ps.

Under condition (12), it is shown in Theorem 7.4 from ( ) that the
existence of an asymptotically efficient sequence of estimators of ¢ implies the existence of
a sequence of estimators [, 6 of I . satisfying (10) and (11) In our case, it is not difficult
to prove that condition (12) holds. Then, the estimator ln’g of the efficient score function
Iy, 7 must satisfy both a "no-bias” (10) and a consistency (11) condition. The consistency is
usually easy to arrange, but the "no-bias” condition requires a convergence to zero of the
bias at a rate faster than 1//n. We thus obtain the following proposition, whose proof can
be found in Section 5.2.

Proposition 4. The existence of an asymptotically efficient sequence of estimators of 0
in model Ps is equivalent to the existence of a sequence of estimators L o of the efficient
score function lp . satisfying (10) and (11). Moreover, if the efficient score function lgjf is
estimated through a plug-in method that relies on an estimate on of the parameter §, then
this condition is equivalent to \/n(d, — &) = op(1).

Let us now explain the consequences of this result. The proposition states that efficient
estimators of 6 exist if and only if estimators of l~97 ¢ that satisfy (10) and (11) can be
constructed. As there is no general method to estimate an efficient score function, such
an estimator should rely on the specific expression (4). Though we cannot claim that all
estimators of l~97 ¢ are plug-in estimates based on an estimator of the parameter b plugged
into expression (4), it is likely to be the case. Then, existence of efficient estimators of 6 is
equivalent to existence of estimators of § that converge at faster than parametric rate. Note
that this is possible for irregular models (see Chapter 6 in , ,
for more details). However, for regular models, such estimators cannot be constructed and
one might conjecture that efficient estimators of # do not exist in regular models.

4 Simulations

In this section, we give some illustrations of the previous results on some simulated ex-
periments and explore the non asymptotic performances of the estimators of 6 previously
discussed. We choose to compare three different estimators: the histogram based estima-
tor él,n defined in Section 3.1 through (6), the more elaborate histogram based estimator
9CT proposed in ( ) and finally ( )’s estimator,
denoted by éﬁ and defined as the value §(X(,)) where X, is the largest p-value and g is
Grenander’s estimator of a decreasing density. We investigate the behaviour of these three
different estimators of # under two different setups: 6 = 0 and ¢ € (0,1). More precisely,

we consider the alternative density f given by

s—1
f(z) = 1 i 5 (1 - %_5) 1[0,1—5](93),

where ¢ € [0,1) and s > 1. This form of density is introduced in ( )
and covers various situations when varying its parameters. Note that f is always decreasing,
convex when s > 2 and concave when s € (1,2]. In the experiments, we consider a total of
8 different models corresponding to different parameter values. These models are labeled
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as described in Table 1, distinguishing the cases 6 = 0 and 6 > 0. As an illustration, we
represent some of the densities obtained for the p-values corresponding to 4 out of the 8
models in Figure 1. For each estimator 6, of 6, we compare the quantity nE[(6, — 6)2]
with the optimal variance §(6~! — @) when this bound exists. Equivalently, we compare
the logarithm of mean squared error, log(MSE) = log E[(d,, — 6)?] for each estimator 6,
with —log(n) + log[#(6~! — #)]. When § = 0, we only compare the slope of the line
induced by log(MSE) with the parametric rate corresponding to a slope —1. In each case,
we simulated data with sample size n € {5000; 7000; 9000; 10000; 12000; 14000; 15000} and
perform R = 100 repetitions.

When computing the estimator HALn, the choice of the partition I surely affects the
results. Here, we have chosen a regular partition I such that it is fine enough (we fixed
|I;| < &) but not too fine (choosing a too small value of |Ij| increases the variance). The
choice of the partition in the simple procedure 6 1.n is an issue for real data problems. Our
goal here is to show that on simulated experiments, the ”"best” of these estimators still has
a larger variance than ég R Note that the partition I is always included in the collection Z
of partitions from which S is computed.

density of p—values density of p-values

< —— mixture
null
alternative

15

Jd T

1.0

T~

1
]
0.5
|

—— mixture
null
alternative

o
o H > |
T T T T T T e T T T T T T
00 02 04 06 08 10 00 02 04 06 08 10
pv pv
density of p-values density of p-values
o 4
©® —  mixture
| null 8 4 .
alternative B

—— mixture

1 null

. alternative
T T T T T T T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

1.0 2.0
] ] ]
0.4 0.8
| | |

0.0
0.0

pv pv

Figure 1: Density function of the p-values. Top left: model (b1); top right: model (d;);
bottom left: model (a2); bottom right: model (¢2).

The results are presented in Figure 2 for the case § > 0 and Figure 3 for the case § = 0.
First, we note that in both cases (§ > 0 and 6 = 0), s estimator 6% has
nonparametric rate of convergence (null slope) and performs badly compared to élm and
égR. In particular, when § = 0 the two histogram based procedures é],n and égR have
better performances than the estimator é{; despite the fact that the latter is dedicated to
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(s,6) |0=03]6=0
(3,0.6) | (a1) | (a2)
(3,0.8) (b1) (b2)

(1.4,0.7) | (c1) | (c2)
(1.4,0.9) | (d1) | (d2)

Table 1: Labels of the 8 models with different parameter values.

the convex decreasing setup. Now, when 6 > 0, both estimators é[,n and ég B exhibit a
parametric rate of convergence (slope equal to —1). Moreover, é{;‘ R has a smaller variance
than é[,n (smaller intercept) and this variance is very close to the optimal one 6(6~! — 6).
Now, when § = 0, we observe two different behaviors depending on whether f is convex or
not. Indeed, for models (a2) and (by) corresponding to the convex case, we observe that
both estimators é[,n and ég R still exhibit a parametric rate of convergence, with a smaller
variance for ég R These estimators are thus robust to the assumption that f vanishes on
an interval in the convex setup. The results are slightly different when considering models
(c2) and (d2) where f is now concave. These estimators have a more erratic behaviour,
exhibiting either parametric rate of convergence (% in model (¢;) and é[,n in model (dz))
or nonparametric rates. Their respective performances in terms of variance are also less
clear. Nonetheless we conclude that é,?R seems to exhibit the overall best performances,
with parametric rate of convergence and almost optimal asymptotic variance.

5 Proofs

5.1 Proofs from Introduction and Section 2

Proof of Proposition 1. Sufficiency: Let us suppose that for all f € F and for all ¢ € (0,1),
we have ¢+ (1 —¢)f ¢ F. We prove that the parameters § and f are identifiable on
the set (0,1) x F by contradiction. Suppose that there exist (01, f1) and (62, f2) € F,
(61, f1) # (02, f2) such that

0, + (1 — 91)f1(x) =0+ (1 — 92)f2(£), for all z € [0, 1]. (13)

We can always consider 6; > 65. Let us denote by ¢ = (61 — 62)/(1 — 602), then ¢ € (0,1).
We obtain that

01 + (1 — 01) fi(z) = Oy + (1 — B3)(c + (1 — ¢) f1(z)), for all z € [0,1]. (14)

From (13) and (14), we have fo = ¢+ (1 — ¢)f1, it means that there exist f; € F and
¢ € (0,1) such that ¢+ (1 — ¢)f1 € F. So we have a contradiction.

Necessity: Suppose that the parameters # and f are identifiable on the set (0,1) x F. We
prove by contradiction that for all f € F and for all ¢ € (0,1), we have ¢+ (1 —¢)f ¢ F.
Indeed, suppose that there exist f € F and ¢ € (0,1) such that ¢+ (1 —¢)f € F. For all
61 € (0,1), we denote 03 = ¢+ (1 — ¢)f1, then we obtain

0+ (1—01)(c+(1—0)f(x)) =02+ (1 —02)f(x), for all x € [0,1].

This implies that # and f are not identifiable on the set (0,1) x F. O
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Figure 2: Logarithm of the mean squared error as a function of log(n) and corresponding
linear regression for éﬁ (o and black line, respectively), ég R (O and blue line, respectively)
and élm (e and green line, respectively) in the case § = 0.3, for different parameter values:
(a1) top left; (b1) top right; (c1) bottom left; (di) bottom right. Red line represents the
line y = —log(n) + log[d(6~1 — 0)].
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Figure 3: Logarithm of the mean squared error as a function of log(n) and corresponding
linear regression for éﬁ (o and black line, respectively), ég R (O and blue line, respectively)
and 0}7” (e and green line, respectively) in the case § = 0, for different parameter values:
(a2) top left; (b2) top right; (c2) bottom left; (d2) bottom right. Red line represents the
line y = —log(n) + ¢ for some well chosen constant c.
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Proof of Theorem 1. According to the expression (3) of the ordinary score, we can write

1—f 5 | 5
lo.s(x) = (9 Fa=0)f t1o 95)1[0,1—6)(90) + 51[1—5,1} (z) — 1_7951[0,1—6)(55)~ (15)

Let us recall that 1y s is the orthogonal projection onto the closure of the linear span of
#Ps in Lo(Pg, r). We prove that the orthogonal projection of g ; onto this space is equal to
the first term appearing in the right-hand side of (15), namely

My, flo,p(x) = <0+1(1__fé)}(x) +1 _695)1[0,1_5)(@, (16)

and then the efficient score function for 0 is

- . . 1 5
lo.r(x) = lo,f(x) —oslo r(z) = 51p-s1(2) = 7—55110.1-6)()-

In fact, we can write

~( 1=y 9 )1 (1=0)fho
O+(1—0)f 1-065) 10" gra—o)f
where
(1) § 0+ (1-0)f(x)
hol@) = _((1 “0) @) T1-0 " (1-0)f(x) )1[071*5)(“7)

1 1
= m(l -0 m)l[o,lﬂi)($)'

The function hg is continuous and decreasing on [0, 1 —J). It is not difficult to examine the
condition [ fho = 0. Indeed,

1-6
/ F@)ho(z dx_M/ (1= 6)f(x) — 1]da
1
0)(

()1—95)U (1—6)f(x)dz — (1 —0)| =0.

Hence

1—f ) - :
(0 Ta-0)f + T 96)1[0’17‘5) belongs to lin(;P;).

Now, to conclude the proof of (16), it is necessary to establish that the second term in the
right hand side of (15) is orthogonal to the closure of the linear span of ;Ps, namely

1 1) 1
51[1—5,1] — 1z 951[0,1—5) = ml[o,l—é) T

1 lin(;Ps),

where | means orthogonality in L?(Pg ¢). In fact, for every score function

(1-0)fho

"Toe-of

S f755,
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the scalar product between h and the remaining term in (15) is given by

[ T Yor-a@) — g ha)apa )
o O(1—05) 019 1— 06 6.1

[t 5 (1= 0)f(x)hoz)
= | =g toa0 @)~ g5 g e g 0+ (L= 0) (@)

1_95/f Vho(2)10,1-s)(7)dx — 1—65/f
=0.

This establishes (16). Let us now calculate the efficient information
Loy =Po.r (I3 )

1 52

0 1602
1)

TO(1—05)

1 - 65)

We now turn to the particular case where § = 0. In this case the previous computations
show that ig s belongs to the closure of the linear span of f755 and that the Fisher information
is zero. Now, we show that the functional 1(IPp,f) = 6 is not differentiable at Py s relative
to the tangent set 730 = lin (lg f+ fpo) = fPO In fact, if this were true, there would exist
a function ¢97 7 such that

0

q = a1!,([p>0+t(17ﬁ)’ = @Q’f,al.g’erh}, VaGR,hEﬂjo,
t=0

where (-,-) denotes scalar product in L%(Pp ;). Choosing h = —ig,f S f750, we obtain
a=(a—1)(vs,r,lgs) for every value a € R, which is impossible.

For the rest of the proof, we set § > 0. Using Lemma 25.25 in ( ), we

remark that the functional ¢(Py r) = 6 is differentiable at Py s relative to the tangent set
Ps with efficient influence function given by

o5 (x) =I5 o £ ()

09 1—66 )
(5)(91[1 51)() — — 951[0,175)(37))
1—66

=3 1p—sy(w) — 91[0,1—6)@")
1

251[1—5,1} (.%') - 07

which concludes the proof. O
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Proof of Corollary 1. We start by dealing with the case § = 0. Let us recall that in this
case, the ordinary score l'97 ¢ belongs to f750. We first remark that this tangent set f750 isa
linear subspace of L?(Py ;) with infinite dimension. So we can choose an orthonormal basis
{hi}2, of f750 such that for every m, we have l'gyf ¢ f7'70,m := lin(hq, ho, ..., hy). We thus
have

sup liminf sup Epl/ﬁ,g [\/E(Qn - ¢(P1/\/ﬁ,g))]2

EO n—oo g€E0

> sup liminf sup Epl/\/»g [\F(ﬁn - 1/1(P1/\/ﬁ,g))]2a

FO n—oo gEF

where Ey and Fy range through all finite subsets of the tangent sets Po = hn(lg 7+ fPO)
fPo and hn(lg Ft fPo m) = fPO m, respectively. The efficient score function for 6 corre-
sponding to the tangent set f730,m is

m

lo.f.m = lo.g =Y _(lo.p, hi)hi # 0.

=1

Moreover, the efficient information Ip Jm = Pg f(l9 fm ) is non zero. Using Lemma 25.25
from ( ), we remark that the functional (P s) = @ is differentiable at
IP’9 f relative to the tangent set hn(le f+ fPo m) with efficient influence function 1/19 fm =
I, f} ly fm- S0 we can apply Theorem 25.21 from ( ) to obtain that

. . 2 1
sup lim inf ;:1% Ep,, ., [V (00 = 0(Prymg))]” = 1ot
Since I~97 fom —— I~97 ¢ = 0, we obtain the result. The second part of the proof concerning
m—0o0

0 > 0 is an immediate consequence of Theorem 1 together with Theorem 25.21 and Lemma
25.23 in ( ). O

5.2 Proofs from Sections 3.1 and 3.3

Proof of Proposition 2. Let us denote by D = {1,2,--- , D}, Dy = {k € D such that I}, C
[1—0,1]} and Dy = D\ Dy = {k € D such that I}, € [1 — §,1]}. We start by proving that
the estimator éLn converges almost surely to 6. Indeed, we can write that

=0+ 3 (o = 0) e = R} Gra = 01T, £00=0.0) (1)

keDo

where 1{A} or 14 is used to denote the indicator function of set A. By using the strong
law of large numbers, we have the almost sure convergences

n
Vk € Dy, —b %5 g
n‘]k| n——+o00

ng a.s. af 1 /
Vk e Dy, —m S,k o w)du > 0.
Y] e 1T T 0
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As a consequence, we obtain that the second term in the right-hand side of (17) converges
almost surely to zero, namely
a.s.

—— 0.

n—-+00

The third term in the right-hand side of (17) also converges almost surely to zero. Indeed,
we have

1~ 011 (7, @161} < ((max o —0) 3 1 = k).

1<k<D |I}| ot

We fix an integer kg € Dy, then for all k € Dy, we have

Wk, =k} = 1{&3 e VjED}

n|Ii| = nl|’
1{ % S Ny }
n|lk| = nlly|
{ Mo Sk Mk Yk }
B |y, | k| nllp| = |
Since € = ag/|Ix] — 6 > 0 and
U QN a.s.
| Lk | [Tkl |l notoo 7
we obtain that n N n
ko k k a.s.
TSI NP R
{n\lk0| |Ik| nuk‘ n—+oo

which concludes the proof of the almost sure convergence of é[,n-
We now write

r(lr ., — Z \F(m —0)1{Jn = K} + Va(Or — O1{L;, € [1-6.1]}.  (18)

The second term in the right hand-side of the previous equation converges in probability
to zero. Indeed, for any € > 0, we have

IN

P(vallrn — 01T, ¢ [L-01} >0 < B, ¢1-481)

Now, whenever k € Dy, by denoting

ot =0(177-9)

the central limit theorem gives the convergence in distribution

Al -6) o w(ood)

n|Ik| n—+oo
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As a consequence, each of these terms is bounded in probability. According to (18), we
conclude

V07, —60) = Op(1).

We now prove the third statement of the proposition. We have

Var(v/nfrn) < E[(vVa(lr,, — 0))?],

where

B[l - 0)7] = Y E[(vVal" - 0)) 1 ]+ S E[(va(rE - 0) 1, )

reDo n|[k| keD; n|Ikz|
The second term in the right-hand side of (19) is bounded by
g 2 1 2 .
_ R < — =
> Bl (Vi = 0)) ] < (s, g = 0) 32 P = ),
keDy keDq
where for all k € Dy, fixing an integer kg € Dy and according to Hoeffding’s inequality,

Plln = k) < P(&g n’“o)

n| Ll = |l

n

P[Z(IO|1{X € Iyt — 9+W_W1{X eIk}> znsk}

1 1 \—2
exp[—2n62(—+—> ]
ST

IN

Thus, we get that
> E[(Val =) 1,2

keDy
1 2 1 \—2
< (3 177 —9) [+ )| s
= (12}%}{[) | I k%; e BOTA * [T, | n—too
1

For the first term in the right-hand side of (19), we apply Cauchy-Schwarz’s inequality
2 4 ~
> (VA -0) ] < ¢z it = 0] [3 ph =)
keDy k k kEDy
4
< 2 E[(val n|[k| -0) ] (20)
keDg

where for all k € Dy,
2 (v -9) =Eu<i<1 1 e -0)]
_ I]EK”I{XleIk} 9)} [<|I|1{Xlelk} )2}

0/ 1 46 662 -1
= —|— - — 93 4. 21
TR TAER i R (21)
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Thus, we finally obtain that

Var(ydr) < | 0 [2( -y e s) 4 Lot] 4

3 2
o, LM [

1 2 o 1 1 \—2 4
(11;1}5%}([)@—9) Znexp[—2nek(|lk|—|—|lko|) }nﬁ_i_oo Zak.

keD,

Proof of Proposition /. Let us first establish that condition (12) holds. In fact, with the
notation pg r = 0 + (1 — 0) f, we have

Iy, +dPY?, —1, dIP’l/22: li ) %4
[, rdPy. " — lo,f | ; 00, (@)\/ P01 (x) — lg,f(x)1/ Do, (%) ) d

2/01 (zgmf(x)—Zg,f(x))2p9n’f(m)dx+2/ I3 () (\/pgn,f \/pe’f(x)fda:

Tr1 1 1 1
2/0 [% a7 (9(1 ~05) (1 ena))l{f@w]’} Pon, (z)dz

! (60 — 0)°(1 = f(2))?
+2/0 [% 0 i 95)1{f(m)>0}r (\/pe e i\/pef )2dm

1 56+ 6,) +
/0 (6, 6)° [99 * 0, (1—60)(1— 6, 5)1{f(‘”>>0}} Poy, 1 (z)dz

1 e i 1 (1_f( ))2 €
#2 [0 =072z + g gl e v

+ (0, — 0)? [

IN

IN

IN

1 1

,1C C(1+20072
} ﬁ+93(1—9)2} =0()

(60 = 07| g5 + 02(1— 0)?

IA

where C' is some positive constant. Thus, according to Theorem 7.4 from
( ), the existence of an asymptotically efficient sequence of estimators of 6 is equivalent
to the existence of a sequence of estimators [,, o satisfying (10) and (11).

Now in model Py, the efficient score function l~97 7 is given by

~ 1 1
lo,f(x) = 5 ml[m—é) (z),

so that it is natural to estimate the parameter 0 in order to estimate l~9, ¢- Let on be any
given consistent (in probability) estimator of §. Let us examine condition (10) more closely.
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We have
VnPy, lne, =v/nPy, s (n&n Zen,f)

1
_\F/ 10,5, 0a-50(®) = 775 5toa-)(w) |96, s ()dw

_/0 \Gle—znén 1—19715)1[071—%)(”5)

1
105 (1[0,178,1)(37) - 1[0,175)($))]99n,f(1’)d1‘

T e
R 0 gog(@) 90.4(1 = 9)
=v/n(op —5)[/0 mdm— 1_7054‘0]?(1)}

Hence, the "no-bias” condition (10) is equivalent to the existence of an estimator o of
§ that converges at a rate faster than 1/,/n, namely such that /n(d, — &) = op(1). With
the same argument as in the previous calculation, the consistency condition (11) is satisfied
as soon as the estimator d, converges in probability to J. O

5.3 Proof of Proposition 3

For each partition I, let us denote by F; the vector space of piecewise constant functions
built from the partition I and g; the orthogonal projection of g € L?([0,1]) onto F;. The
mean squared error of a histogram estimator g; can be written as the sum of a bias term
and a variance term

Elllg — grll3) = llg — 91113 + Elllgr — a1l[3]-

We introduce three lemmas that are needed to prove Proposition 3. The proofs of these
technical lemmas is further postponed to Appendix A.

Lemma 1. Let I = (I)E_, be an arbitrary partition of [0,1]. Then the variance term of
the mean squared error of a histogram estimator gy is bounded by C/n, where C is a positive

constant. In other words,
. 1
Elllgr — arl13) = 0().

For any partition I = (Ij)1,.. p of [0, 1], we let
L(I) = |lgr — gl and  Ly(I) = Ry(I) + lgl13,

respectively the bias term of the mean squared error of a histogram estimator gy and its
estimator.

Lemma 2. Let I = (Iy)1,.. p be an arbitrary partition of [0,1]. Let p € {1,2,...,n — 1}
such that lim p/n < 1. Then we have the following results
n—oo
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i) Ly(1) 22 L(1)
ii) /i (Lp(1) = L(1)) = v/a(By(1) = R(I)) + = (s11 — 521) # N(0,402), where

V(i,j) € N2

7
2 2 O
07 =833 — S wzths~~:§ -
1 21 %) - |Ik|]
Let I, J be two partitions in Z, then [ is called a subdivision of J and we denote I < J,
if Fy C Fr and I 4 J otherwise.

Lemma 3. Suppose that function [ satisfies Assumption 1. Let us consider Mpyq. large
enough such that p* — \* > 21=mmaz  Define N = 2™mar and IN) = (N, Ay, pun) € T with
AN = [NXN]/N, puny = | Nu*|/N. Then for every partition I € I, we have

i) If I is a subdivision of I™), then L(I) = L(IN)).

i) If I is not a subdivision of I™N), then L(I) > L(IM)).

We are now ready to prove Proposition 3, starting by establishing point ). First, we

remark that under condition (9), prove in their Proposition 2.1 that

D I a.s.

o) —— loo(I) € [0,1).

n n—o00
Denoting by A* = [\*, 4*] and A = [\, 4], we may write
0 = 0+ (07" — 0L + (B0 = 0)11 40,
1 = . )
= 0+ > mzl{XiG[/\aH]}—e A=\ = p}
T=(Npyar@) LM i—1
+(05F = 0)11 4700, (22)

where N = 2™maez ag in Lemma 3. For each partition I = (N, A\, u) < IM) . we have
[\, u] € A*. By applying the strong law of large numbers we get that
n

1 ) Zl{Xl c [)\’M]} a.s. P(Xz € [)\,,LL])

_ = 0.
nlp— A Pt n—co w— A

Since the cardinality card(Z) of Z is finite and does not depend on n, in order to finish the
proof, it is sufficient to establish that

iCR R a.s.
(gn 0)1Ij§1(N) m) 0.

Using Lemma 3, we have L(I) > L(I™). Let

v = min L(I)— L(IM™)) > 0, (23)
I4I1(N)

we obtain that
1057 = 0114700 < (N = O)L{L(I) = LUI™M) 2 7} <
(N = )| Ly 1y (1) = LD + | Ly V) = LU + Ly (1) = Loy [N) = 4}
< (N—9)1{2§1€lg\ﬁp(z)( ) = L(D)| + Ly (1) = Ly (1) = 4}
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By definition of I, we have L_ (i )(f) f/ﬁ(l(m)(I(N)) <0, so that
057 000 < (N = O)L{suplLy (1) — L(D| > 1) (24)
1€l

< (V=0 YLy () - L] = 3}

Iel

Since VI € Z, we both have L,(I) :—S> L(I) and p(I)/n :—S> loo(I) €]0,1) as well as the
n—oo n—oo
fact that R,(I) (given by (8)) is a continuous function of p/n, we obtain ﬁﬁ(l) (I) % L(I).

Therefore,
{|Lyn(I) = L) > =} 2550,

Indeed, if X, ——> X then Ve > 0, we have 1{|X — X| > ¢} &% 0. It thus follows that
(697 —0)1 a1 224 0. We finally get that §SF 22 ¢,
We now turn to point ). We may write as previously,

NI T ﬂ[m S Woult 015

I=(N ) <IN i=1

+v/n (07" - 01 a1y

For each partition [ = (N, A\, u) <1 (N) | by applying the central limit theorem, we get that

ﬁ[ﬁzlmw -0 N (00( 25 -0)).

Hence, using again that card(Z) is finite,

Z \F[ Z Ixiepoul = 011520 p=p = Op(1). (25)

I=(N\pu)<I(N)

We shall now prove that /n(ASF — 9)1f£1(N) L 0. In fact, according to (24), for all
n—oo

€ > 0, we have
P(v/n|dSF — 01148 > €) < P(I ¢ 1)

P(sup|Ly(ry (1) — L(I)| >
IeT

IN

i

2
S B( Ly (1) = LI)| 2 ) ——0,
Iel

IN

where 7 is defined by (23). Therefore, \/n(ASF — 9)1fﬂI(N> = op(1). We finally conclude
that \/n(ASF — 0) = Op(1).

We now prove the last statement ii) of the proposition. We have

Var(\/ﬁégR) < E[(\/ﬁ(égR - 6))2],



26 V. H. Nguyen and C. Matias

E[(Va(cR—0) = 3 B[ (Mi)\l{Xi i) = 0) L]

I=(N\p) V) i=1
HE[(Va(6]" — 0)"1{T A TM)].

The first term of the above equation is bounded as in the proof of Proposition 2 (see
inequalities (20) and (21))

SEEEEDS (5 e Mt =) L)

I=(N\,u)<I(N) =1

2 _
= J Z [Z((,u—l)\)?’_(uie)\)2+u6f/\_393)+ n 02((,ui)\)_0>2]

The second term is bounded by

E[(Va(@7® - 0)*1{I £ 1™} < (N = 0)*nP(I £ 1)
< (N = 0)*nB(sup|Ly(1) - L(D)| > J)
Iel
< (N=07n Y B(Ly(1) — L(1)] > 3).

IeT

For each partition I € 7, according to the calculations in the proof of Lemma 1, we have

. B B 2n —p ng  nn—p+1) L2 s
L) = L) = (nl)(np)zk:n|fk| (nl)(np)zk:|fk|(n) o

- (n —2?)(_np— p) { Z |I1k| (% a ak) e 821}

k

~ nn—p+1) 1 e 2
<n—1><n—p>§k:ukr(n )

)

This leads to

UL~ 1012 3) < B gy (5 =) 2 Pgh oy )
k

+ P(Zk: ulk\ (% - a’“>2 = (Zn(nl)—(ZJr]?)v)
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According to Hoeffding’s inequality, we have

P17 () = g = o =)
= IP’(‘ gzk: |Ilk|(1{Xi €Iy} — Ozk)’ > ”(”6_(2173(11;)17)7 —nlsa — 311\>

< 2exp [— 2n<§k: \Ilk\) —2<(n gé?ji;)p)v — |s21 — S11\>2]7

as well as

(|3 (e - ) 2 o) < 2o [ 2nsi (i i) T

and

P30 (2 )| G Dy

k
< S5 -of = Bpn e )
< Sp(| 3 (10xie 1 )| 2 PSP
S

Hence, we obtain that nP(|L,(I) — L(I)] > ) —— 0. Finally, we conclude that

2 n—-+00
lim supVar(,/nfSF) < +oc.
n—oo
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A Appendix. Proofs of technical lemmas

A.1 Proof of Lemma 1

Note that ( ) prove that E[||lg — gr|3] — 0, while we further

establish that it is O(1/n). By a simple bias-variance decomposition, we may write

Elllgr — 31113 = Elllg — a1l13] — |lgr — gl3.

As for the bias term, it is easy to show that
2 : 2
— = fllg—nh
g — g1ll2 Anf [lg = hll2
inf [ 2—2/ arl dx—l—/ arl dm}
W lgll3 Z Kl (2 Z k1, (2
int_[llgl3 - 2Zakak + Zak\m]
k k

2
«
= HQI@—ZWZZHQ\I%—SQL (26)
k

Let us now calculate the mean squared error of gy
2 2 [ 2 !
Blla—arl) = lolf+E[larlf -2 [ Ql(x)g(ﬂﬁ)dx]

1
2 "k
||g|2+E-/ (Zn|1k|1lk / Zn|lk|1l'° x)dx]

0

- 2
ol + B 2 oy 22 nukd-

Since ny, follows a Binomial distribution B(n, o), we have

E[n] = noy, and E[n}] = n?a2 4+ nag (1 — oy).

Therefore,
5 n’o; + noy(1 — ay) nozi
llg —a:l3] = llglf3 Z AL z,;n!l’k!
9 1
= HQHQ — 821 + g(SH — S91). (27)

Using (26) and (27), we obtain the desired result, namely

. . 1
Elllgr — gull2] = Elllg = gull2] = llgr = gllz = —(s11 = 521) = O(~).



Efficient estimation of true null proportion 31

A.2 Proof of Lemma 2

i) Since
lim 2 < 1 and M _as oy, for all k,
n—oomn, n n—oo
we obtain that
A 2n —p ng nn—p+1) 1 ngy2
L,(I = 2 — — (Zk
D) 6115+ G35 ) 2 It~ - n— ) 2= Thl )

n—oo

2
5. a
2 gl = ﬁ = lg1I3 — s21 = llgr — glI3 = L(I).
k
ii) By definition of R(I) and using (27), we have

. 1
R(I) =E[llg — a11l5] — llgll3 = —s21 + E(S“ — 521).

This gives that

. 2n—p n nn—p+1) 1 ,n
ValRy(I) ~ R(D)] = \/ﬁ[(n—l)(n—p)zk:n;ﬂ e 2 )’

1
+S91 — g(sn - 821)}

_ 2n—p p)zl[\/ﬁ(r’;k_ak)]_i_((zn_p)\/ﬁ 11
k

(n—1)(n—p) 2= L] n—1)(n—p)
__n(n—p+1) Aoz 2n-pvin
it p) 2 i VG ) - Ty
,Mzﬂ[\f(%, )],L( B
(=) —p) 2 i V0 T N o o)

— o7 — Mzak i (™ = )] (28)

(n=1)(n —p)

Then, using the central limit theorem and the continuity of the function = + 22, we have

1| n

n

V(S = ag) S N (0, ar(1 - aw)),

[\/ﬁ(% — ay)]* == 2} with Zy ~ N(0, (1 — ay)).

It thus follows that 77 = op(1). We now consider the remaining term in (28). We have

S —en)] = fzukr”’“ ‘fzuk\
= ZTk Z Xiel,) — VN sz
= Z; Zu ‘1Xelk 521)
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Let us denote
Y, = Z‘I‘]-Xelk 591.

Then the random variables Y7, Y5, ...,Y, are iid centered with variance
U E(Yl (Z ’I ’21X161k 28212‘1 ‘1X1€Ik+321> :332—831.

By the central limit theorem, we obtain

Z‘[k| 7_0"6)}—”\/’(0 o7)-

n—o0
Combining this with (28) implies that
ValR,(1) ~ R(I)] — N(0.407).

It is easy to calculate that
Vi (Ly(I) = L(I)) = Vn(Ry(I) — R(I)) +

Hence, we have

which completes the proof.

A.3 Proof of Lemma 3

i) If I is a subdivision of I(™) then I = (N, \, ) with [\, ] C [N\, u*]. For example, we
may have the following situation

0 A" /\N MUN M* 1

| | | | o | | | | o—! | I

T T T & T T T T T T

Since g is constant on the interval [A*, u*] D [An,un] D [\, u], we have gr = g;ov) = ¢
on the interval [A\y, pn]. This implies that ||gr — gl3 = ||g;v — gl[3-

it) If I = (2™, \, 1) is not a subdivision of I(™), then there are two cases to consider:

If m = Myay then [\, u] € [An, un]. For example, we may have

0 AAN BNt 1
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(N)

Since gr = g;v) = g on the interval [Ay, un] and the two partitions I and I'"Y) restricted

to the interval [\, pu]° N [An, un]¢ are the same, we thus have

llgr = all3 5 ge = Nlgren = 9l13 5 e

so that
ar = 9115 = gz = all3 = llgr = all5. g = 19700 = 9ll5 -

Using the monotonicity of f on the intervals [0, \*] and [p*, 1], we get that
gz = 9113, g > 1970 — 9113 (5, Which implies that L(T) > L(I™)).

If m < mupae, we may have for example

0 AAN N * 1

As before, we may show that

llgr = gll3 = llgrn = 9113 > llgr = 9l13 g — 19200 = 91130 g > 0

which completes the proof.

We remark that the assumptions in Lemma 2.1 or Theorem 2.1 in
( ) are not sufficient to show these results. In fact, the assumption ”g is non-constant
outside A*” is not sufficient to imply that [lg — g, ||3 < [lg — g;/|3 in the case where Iis

not a subdivision of IN). For example, let us consider the following situation

0 a c b AN UN W 1

% % % % Ce S % ™
0 a ¢A b A AN uN 1 R

} } } } o } } } } o—| } I

T T T T T T T T T T

We may then calculate that

g — 9ill3 = llg — gy I3 = (¢ — a) (a1 — @)* + (b — ¢) (a2 — @)?,

where

- ! /b<>d - ! /C<>d _ ! /b<>d
= ag:z: x, ozl—c_aaga: T, aQ—b_chx T.

So that if the function g satisfies @« = a1 = a2 (and g¢ is non-constant outside A*) then
2
lg =g lls = llg = 9;

2
2
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