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DEVIATION INEQUALITIES, MODERATE DEVIATIONS AND
SOME LIMIT THEOREMS FOR BIFURCATING MARKOV CHAINS
WITH APPLICATION

By S. VALERE BITSEKI PENDA, HACENE DJELLOUT AND
ARNAUD GUILLIN

Université Blaise Pascal

First, under a geometric ergodicity assumption, we provide some
limit theorems and some probability inequalities for the bifurcating
Markov chains (BMC). The BMC model was introduced by Guyon to
detect cellular aging from cell lineage, and our aim is thus to complete
his asymptotic results. The deviation inequalities are then applied to
derive first result on the moderate deviation principle (MDP) for a
functional of the BMC with a restricted range of speed, but with a
function which can be unbounded. Next, under a uniform geometric
ergodicity assumption, we provide deviation inequalities for the BMC
and apply them to derive a second result on the MDP for a bounded
functional of the BMC with a larger range of speed. As statistical
applications, we provide superexponential convergence in probabil-
ity and deviation inequalities (for either the Gaussian setting or the
bounded setting), and the MDP for least square estimators of the
parameters of a first-order bifurcating autoregressive process.

1. Introduction. Bifurcating Markov chains (BMC) are an adaptation
of (usual) Markov chains to the data of a regular binary tree; see below for
a more precise definition. In other terms, it is a Markov chain for which the
index set is a regular binary tree. They are appropriate, for example, in the
modeling of cell lineage data when each cell in one generation gives birth
to two offspring in the next. Recently, they have received a great deal of
attention because of the experiments of biologists on aging of Escherichia
Coli; see [15, 20]. E. Coli is a rod-shaped bacterium which reproduces by
dividing in the middle, thus producing two cells, one which already existed,
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that we call old pole progeny, and the other which is new, that we call new
pole progeny. The aim of their experiments was to look for evidence of aging
in E. Coli. In this section, we will introduce the model that allowed the
authors of [15] to study the aging of E. Coli and we refer to their works for
further motivations and insights on the data leading to the model studied
here. This model is a typical example of bifurcating Markovian dynamics,
and it has been the motivation for the rigorous mathematical study of BMC
in [14]. This also motivates Sections 2 and 3 in the sequel, where we give
a rigorous asymptotic (and nonasymptotic) study of BMC under geometric
ergodicity and uniform geometric ergodicity assumptions.

1.1. The model. Let T be a binary regular tree in which each vertex is
seen as a positive integer different from 0; see Figure 1. For r € N, let

Gr={2",2"+1,....27" -1}, T.=[]JG,,
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Fic. 1. The binary tree T.
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which denote, respectively, the rth column and the first (r + 1) columns
of the tree. Then, the cardinality |G,| of G, is 2" and that of T, is |T,| =
27+ — 1. A column of a given integer n is G,, with r, = [logyn |, where ||
denotes the integer part of the real number z.

The genealogy of the cells is described by this tree. In the sequel we
will thus see T as a given population. Then the vertex n, the column G,
and the first (r + 1) columns T, designate, respectively, individual n, the
rth generation and the first (r + 1) generations. The initial individual is
denoted 1.

Guyon et al. [14, 15] proposed the following linear Gaussian model to
describe the evolution of the growth rate of the population of cells derived
from an initial individual:

Xop = o Xy, + Bo + €205

1.1) L(Xq) = d Vn>1
(1.1) L(X1)=v an nz= {X2n+1:a1Xn+51+€2n+17

where X, is the growth rate of individual n, n is the mother of 2n (the new
pole progeny cell) and 2n + 1 (the old pole progeny cell), v is a distribution
probability on R, ag, 1 € (—1,1); Bo, 51 € R and ((e24,€2n41),n > 1) forms
a sequence of i.i.d. bivariate random variables with law A5(0,T"), where

F:02<1 p)) o?>0, pe(—1,1).

The processes (X,,) defined by (1.1) are typical examples of BMC which
are called the first-order bifurcating autoregressive processes [BAR(1)]. The
BAR(1) processes are an adaptation of autoregressive processes, when the
data have a binary tree structure. They were first introduced by Cowan
and Staudte [6] for cell lineage data where each individual in one generation
gives rise to two offspring in the next generation. We will not discuss here
extensions to m-ary tree, which follow more or less from the same method,
or Markov chains on Galton—Watson trees that are left for an other study.

In [14], Guyon, after establishing the first results on the theory of BMC,
proves laws of large numbers and central limit theorem for the least-square
estimators 07 = (&g, Ag ,af, A{ ) of the 4-dimensional parameter 6 = (g, S,
aq, B1); see Section 4 for a more precise definition. He also gives some sta-
tistical tests which allow to check if the model is symmetric or not (roughly
ap = aj or not), and if the new pole and the old pole populations are even
distinct in mean, which allows him to conclude a statistical evidence in aging
in E. Coli. Let us also mention [4], where Bercu et al., using the martingale
approach, give asymptotic analysis of the least squares estimators of the
unknown parameters of a general asymmetric pth-order BAR processes.

In this paper, we will give moderate deviation principle (MDP) for this es-
timator and the statistical tests done by Guyon. We will also give deviation
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inequalities for " — 6, which are important for a rigorous (nonasymptotic)
statistical study. This will be done in two cases: the Gaussian case as de-
scribed above and the case where the noise and the initial state X are
assumed to take values in a compact set. Note that the latter case implies
that the BAR(1) process defined by (1.1) valued in compact set.

We are now going to give a rigorous definition of BMC. We refer to [14]
for more detail.

1.2. Definitions. For an individual n € T, we are interested in the quan-
tity X, (it may be the weight, the growth rate,...) with values in the metric
space S endowed with its Borel o-field S.

DEFINITION 1.1 (T-transition probability, see [14]). We call T-transition
probability any mapping P:S x 8% — [0, 1] such that:

e P(-,A) is measurable for all A € §?;
e P(z,-) is a probability measure on (S?,S82) for all z € S.

For a T-transition probability P on S x S?, we denote by Py, P; and Q,
respectively, the first and the second marginal of P, and the mean of Fy and
Py, that is, Py(z,B) = P(x,B x S), Pi(z,B) = P(z,S x B) for all x € S and
BeS and Q=25

For p > 1, we denote by B(SP) [resp., By(S?)], the set of all SP-measurable
(resp., SP-measurable and bounded) mappings f: S? — R. For f € B(S?), we
denote by Pf € B(S) the function

x— Pf(x) :/ flx,y,2)P(x,dy,dz) when it is defined.
S2

DEFINITION 1.2 (Bifurcating Markov chains; see [14]). Let (X,,n e T)
be a family of S-valued random variables defined on a filtered probability
space (2, F,(F.,r € N),P). Let v be a probability on (5,S) and P be a T-
transition probability. We say that (X,,,n € T) is a (F,)-bifurcating Markov
chain with initial distribution v and T-transition probability P if:

e X, is F,, -measurable for all n € T;
o L(X1)=v;
e for all 7 € N and for all family (f,,,n € G,) C By(S®)

E[ 11 fn(XnuX2n7X2n+l)/fr:| = [ Pra(Xn).

HEGT HEGT

In the following, when unspecified, the filtration implicitly used will be
Fr=0(X;,i€T,). We denote by (Y;,7 € N) the Markov chain on S with
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Yy = X7 and transition probability . The chain (Y,,r € N) corresponds to
a random lineage taken in the population.

We denote by & the set of all permutations of N* that leaves each G,
invariant. We draw a permutation Il uniformly on &, independently of
X = (Xp,,n €T). Drawing II “uniformly” on & means drawing the restric-
tion of IT on G, uniformly among the (2")! permutations of G,. In particular,
(I1(27), T1(2" 4+ 1),...,TI(2" ! — 1)) can be viewed as a random drawing of
all the elements of G, without replacement. Notice that II allows one to
define a random order on T which preserves the genealogical order. For ex-
ample, (I1(i),1 <1i <n) denotes the set of the “first” n individuals of T. II
was introduced by Guyon in order to sample over the “first” n individu-
als. As mentioned in [14], this choice of II allows one to preserve the same
asymptotic behavior for the empirical means resulting from the sampling
over (say) the rth generation, the first (r 4+ 1) generations or the “first” n
individuals. In general, the choice of another permutation does not preserve
the asymptotic behavior of these empirical means. We refer to [14], Section
2.2, for more detail.

Throughout the paper, we will denote by:

* [ ®g the mapping (z,y) — f(x)g(y).

e (P the pth iterated of Q recursively defined by the formulas Q°(z,-) = §,
and QP (z,B) = [4Q(s,dy)QF(y,B) for all B € S; QP is a transition
probability in (S S).

e vQ the distribution on (5,S) defined by vQ(B) = [4v x,B); vQP
1s the law of Y
= [¢ f(¥)Q(z,dy) when it is defined.

o (yf) or (V 1) the integral [, fdv when it is defined.

For all i € T, we set A; = (X;, Xoi, Xo;+1). We introduce the following em-
pirical quantities:

Mo, (/) = @%}j 0}
(1.2) Mr,(f) = ﬁ; F(A),
%X;f(ﬁn(z
where f(A;) = f(A) = f(Xi,Xgi,XgiJ;) if feB(S?) and f(A;) = f(X;) if

feB(S).

Guyon in [14] studied limit theorems of the empirical means (1.2), namely
the law of large numbers (L? and almost sure versions) and the central limit
theorems for (1.2) when f € B(S%), but centered by the conditional expec-
tation rather than by the limit mean. An extension of the BMC has been
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proposed in [8], in which the authors studied a model of BMC with miss-
ing data. To take into account the possibility for a cell to die, the authors
of [8] use Galton—Watson tree instead of a regular tree. And they give a
weak law of large numbers, an invariance principle and the central limit
result for the average over one generation or up to one generation. As pre-
viously mentioned, this setting will be considered in incoming works. One
can also mention the work of De Saporta et al. [7] dealing with bifurcat-
ing autoregressive processes with missing data in the estimation procedure
of the parameters of the asymmetric BAR process. They use a two type
Galton—Watson process to model the genealogy and give convergence and
asymptotic normality of their estimators. It is important to remark that the
nonasymptotic study of deviation inequalities has not been considered at all
in these works, despite their practical interest.

1.3. Objectives. Our objectives in this paper are:

e to give some limit theorems for BMC that complete those done in [14]
(LLN, LIL,...);

e to give probability inequalities and deviation inequalities for the empirical
means (1.2), that is, for f € B(S) and all z >0

P(Mr, (f) — (u, f) > ) < e C@n),

where C(z,r) will crucially depend on our set of assumptions on f and
on the ergodic property of @ but valid for (nearly) all r;

e to study moderate deviation principle (MDP) for BMC, that is, for some
range of speed /7 < b, < r (depending on assumptions) and for f €
By(S3) with Pf =0

J)Z

b2
Tl oe (M () > )~ — s
‘Tr‘ b|'JTr| " o 202’

e to obtain the MDP and deviation inequalities for the estimator of bifurcat-
ing autoregressive process, which are important for a rigorous statistical
study.

All these results will be obtained under hypothesis of geometric ergodicity
or uniform geometric ergodicity, meaning that Q" converges (uniformly)
exponentially fast to a limiting measure.

The limit theorems, proved in this paper, include strong law of large
numbers for the empirical average M (f) with f € B(S) (this case is not
studied in [14]), the law of the iterated logarithm and the almost sure func-
tional central limit theorem. A strong law of large numbers will be obtained
via control of 4th order moments. We thus generalize the computation of 2nd
order moments made by Guyon in [14]. It will be noted that the technique
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we will use can be applied to compute the other higher-order moments, but
at the price of huge and tedious computations.

Deviation inequalities will be obtained in the setting of unbounded func-
tions, by using the classical Markov inequality and under geometric ergod-
icity assumption. The results are, however, at this point quite restrictive.

Exponential deviation inequalities will be shown for bounded functions
and under a uniform geometric ergodicity assumption. Their proof inten-
sively uses the Azuma-Bennett—Hoeffding inequality [1, 3, 16], which re-
quires bounded random variables. Extension to unbounded functions and
weaker ergodicity assumptions will be done in a further work, using trans-
portation inequalities in the spirit of [12].

The MDP will be mainly deduced from these inequalities and general
results on moderate deviations of martingales; see [11], recalled in the Ap-
pendix B. Their speed will depend on whether uniform geometric ergodicity
or only geometric ergodicity is satisfied.

Before presenting the plan of our paper, let us recall the definition of a
moderate deviation principle (MDP): let (b,,)n>0 be a positive sequence such
that

by, b2
— — 0 and 2 — oo.

n n—oo n n—oo

We say that a sequence of centered random variables (M,,),, with topological
state space (9,S) satisfies a MDP with speed b2 /n and rate function :S —
R% if for each A€ S,

- xlg/{o I(z) < hnrglgf 52 logP<EMn € A> < llrrlrf;l)p ) logP(EMn € A)
< — inf I(2);
r€EA

here A° and A denote the interior and closure of A, respectively.

The MDP can thus be seen as an intermediate behavior between the
central limit theorem (b, = by/n) and large deviation (b, = bn). Usually,
the MDP exhibits a simpler rate function inherited from the approximated
Gaussian process, and holds for a larger class of dependent random variables
than the large deviation principle.

Our paper is organized as follows. Section 2 states the moments control
inequalities and their consequences. We shall state in this section a first re-
sult on the MDP for BMC in a general framework, but with a very restricted
range of speed. Section 3 deals with the exponential inequalities and their
consequences. In this section, we shall generalize the MDP done in Section
2, allowing for a larger range of speed, but under more stringent assump-
tions. In Section 4, we will focus particularly on the first order bifurcating
autoregressive processes. The proofs of some inequalities are technical so
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postponed in Appendix A. Appendix B is devoted to definitions and limit
theorems for martingales used intensively in the paper, and are included
here for completeness.

2. Moments control and consequences. Let F' be a vector subspace of
B(S) such that:
(

i) F contains the constants;
(ii) F?2CF;
(iii) F® F C LY(P(z,")) forallz € S, and P(F® F) C F;
(iv) there exists a probability p on (S,S) such that F C L'(u) and

lim E,[f(Y,)] = (i, f)

T—00

for all z € S and f € F;
(v) for all f € F, there exists g € F' such that for all r € N, |Q" f| < g;
(vi) Fc LY(v),

where we have used the notation F? = {f?/f € F}, Fo F={f®g/f,g€ F}
and PE ={Pf/f € E} whenever an operator P acts on a set E.
The following hypothesis is about the geometric ergodicity of Q:

(H1) Assume that for all f € F such that (u, f) =0, there exists g € F
such that for all » € N and for all z € S, |Q"f(z)| < a"g(x) for some « €
(0,1); that is, the Markov chain (Y, € N) is geometrically ergodic.

Recall that under this hypothesis, Guyon [14] has shown the weak law of
large numbers for the three empirical average Mg, (f), Mrt,(f) and M(f)
(see [14], Theorem 11 when f € F and Theorem 12 when f € B(S?)) and the
strong law of large numbers only for Mg, (f), M, (f); see [14], Theorem 14
and Corollary 15 when f € F and Theorem 18 when f € B(S®).

When f € B(S?) and under the additional hypothesis Pf? and Pf* exist
and belong to F, he proved the central limit theorem for M, (f) and M(f);
see [14], Theorem 19 and Corollary 21. Recall that the central limit theorem
for the three empirical means (1.2) when f € B(5) is still an open question;
see [8] for more precision.

In this section, we complete these results by showing the strong law of
large numbers for ML (f), when f € F.. We prove also the law of the iterated
logarithm (LIL) and almost sure functional central limit theorem (ASFCLT)
for MI(f) when f € B(S3).

2.1. Control of the 4th order moments. In order to establish limit theo-
rems below, let us state the following:
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THEOREM 2.1. Let F satisfy (1)—(vi). Let f € F such that (u, f) =0.
We assume hypothesis (H1). Then for all r € N,

() if o <3,
(2.1) E[(Mg, (f) <4 er?()",  ifa?=1,
ca”, if a® > %,

where the positive constant ¢ depends on « and f (and may differ line by
line).

PrROOF. First note that f(X;) € L* for all i € G,.. Indeed, let (21,...,2.) €
{0,1}" the unique path in the binary tree from the root 1 to i. Then,

E[f4(Xz)] = VPZl "'Pzrf4>

and from hypotheses (ii), (iii) and (vi) we conclude that vP,, --- P,, f* < cc.
Now, the proof divides into two parts.

Part 1. Computation of E[(Mg, (f))*]. Independently of X, let us draw
four independent indices I, J,., K, and L, uniformly from G,. Then

E((Me, (f))'] = ELf (X1,)f (X0,) (XK, ) f(XL,)].

For all p€{0,...,r}, let us define the following events:

Eg : The ancestors of I, J,., K, and L, are different in G,,.

Ef : Exactly two of I, J,, K, and L, have the same ancestor in G,.
Eg : I, Jr, K, and L, have the same ancestor two by two in G,.

E§ : Exactly three of I, J,, K, and L, have the same ancestor in G,,.

Eff : I, Jr, K, and L, have the same ancestor in G,.

We also consider the following events whose for each fixed p < r, probability
depend only on p.

° Eé)p : Draw uniformly four independent indices from G, which are different.

° Eip : Draw uniformly four independent indices from G, such that two are
the same, and the others are different.

° E;p : Draw uniformly four independent indices from G,, which are the same,
two by two.

° Eép : Draw uniformly four independent indices from G, such that exactly
three are the same.

° Eflp : Draw uniformly four independent indices from G, which are all the
same.
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In the sequel we do the convention that E6+1 is a certain event. Then after

successive conditioning by events E? for p € {0,...,7} and i € {0,...,4}, we
have
E[f(Xr) f(X0) (XK, ) [ (XL,)]
=E[f(X1,) f(X5,)f (XK, f(XL,)/ E§) x P(EF)

Y EA(X) (X0 f (Xk, ) f(Xp,)/EST ED) x P(ED N ERT
p=2
(2.2)

Y EA(X1) F(X0,)f (Xk, ) f(Xp,)/EST ES) < P(EY N ERT
p=2

+E[f(Xr) f(X5,)f (XK, ) [(XL,)/E5] x P(E3)
+E[f(X1) f(X0) f (XK, ) f(XL,)/Ef] x P(EY).
Let us notice that

e for all i € {1,2,3,4}, EI and E!" have the same probability;

e the realization of “E} N EgH” can be seen as “draw uniformly four in-
dependent indices from G, such that two are the same and others are
different, and the two indices which are the same take different paths at
Gpy1.” Thus “E7 N Eg“” has the same probability that “E N A, 41,7
where “Ap 117 is the event, “the indices which are the same in G, take
different paths at Gp1”;

e similarly, the realization of “Ef N Eé’“” may be interpreted as, “draw
uniformly four independent indices from G, which are the same two by
two, and all the indices take different paths at G,y;.” Thus “EL N EXT!
has the same probability that “E;p NApp+1,” where “A,, ,11” is the event,
“the indices which are the same in G, take different paths at G,417;

e for all pe{0,...,7}, we have

6(2F —1)(2F —2) 3(2P—1)
]P)(Eip) = 23p ) ]P)(E;p) = QT’
4(2P —1) 1
PEY) == P(EY) =5
We may then deduce that
3 4(2" - 1) 1
2\ T\ T\ —
]P(EO)_g_Qu ]P)(E3)_Ta ]P)(Ezi)—ﬁ

and for pe {2,...,r — 1},

3(2P —1)(2P — 2)

1
P(EY 1 EE™) = P(EY)P(Appir /) = 2
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and

3w -1

T4 2%

We are now going to compute each term which appears in (2.2). We have
the following convention: P(Q~1f ® Q~1f) = f2. In the sequel, we will use
intensively, with a slight modification, the calculations made by Guyon [14]
in order to compute conditional expectations related to the event, “draw

uniformly two independent indices from G,,,” for p € {0,...,r}.
(a) We have that

E[f(X1,)f(X5,)f(Xx,) f(X1,)/ Ef] =vQ" f*.

(b) Conditionally on Ef, we may assume that the indices I, K, and L,
are the same. We then have, using the calculations made by Guyon [14],

E[f(X1,)f(X7)f (XK, ) f(XL,)/Ej]
=E[f*(X1,)f(X,,)/E5]

1
P(ES N EGT) = P(EY)P(Appi1/ES)

r r—1
=5 {Z 2P QPP(QTT P f
p=0

+ Qr—p—lf ® Qr_p_1f3)}-

(c) Let p€ {2,...,7}. Conditionally on Ef and E(I)H'1 we may assume that
I, and J, have the same ancestor at G,, and K, and L, have the same
ancestor at G,. For simplification, we will use the following notation:

(2.3) QLf=Q"feQ"f,
and we thus have
E[f(X1,)f(X5,) f(Xx,) [(X1,)/ES ED)
=E[E[E[f (X1,) f(X5,) f(Xi, ) F(XL,)/ Fpirl | Fol JES T D)
=E[P(Q5 "' /) (X1, 0,0 ) P(Q5 " ) (Xkapr, )/ EY ER)

op P71

522 T RQIP(QTTIPQETT)
=0

© QT P@QETT)),

where I, A, J, (resp., K, Ap L,) denotes the common ancestor of I,. and J,
which is in G, (resp., the common ancestor of K, and L, which is in Gp).



12 S. V. BITSEKI PENDA, H. DJELLOUT AND A. GUILLIN

(d) Let p€ {2,...,r}. Now conditionally on E¥ and E(I)H'1 we may assume
that it is K, and L, which have the same ancestor in G,. We denote by p(I;)
and p(J,), respectively, the ancestor of I, and J, which are in G,. As before,
the common ancestor of K, and L,, which are in G, is denoted by K, A, L.
At this step, we may repeat the successive conditioning that we have done
in the beginning but this time for indices p([,), p(J,) and K, A, L,. This
leads us to

E[f (X1 ) f (X0 ) f (Xre, ) f (X, )/Ep+1 Bl
=EQ""f(Xp1)Q " f(Xp(0)) P(Qe " ) Xi,n,, )/ EG B

p—
:(zp—1 2 — 2 ;

x Z2—"“{u@mm(czl—m—lP(le-lf)) QU IP(QL )

+rQmP(Q ' P(QL T ) @ QT P(Qy )
+rQTP((QT T P(QT T o QT T P(QLETTT))) @ (QTTN)
+rQTP(QT T @ QT P(QTT f QU T P(QETTH)))
+rQ"P((Q PP PQETT N @QTT ) @ Q)
+vQ"P(QT T )@ QT P(QTIPQE T ) @Q T T )}
(e) Finally,

E[f(X1,)f(Xs.)f(Xk,) f(XL,)/E3]
=RBE[E[f(X1,)f(X1)f (XK, ) [(XL,)/Fal/ F1l/ Ef]
=E[P(Qf f)(Xa2) P(QL 2 f)(X3)/EF)
=vP(P(Q5°f) @ P(Qy 2 f)).

Gathering together all of these terms, each multiplied by their respective
probability, we obtain an explicit expression for E[(Mg, (f))*].

Part 2. Rate. We are now going to give some rates for the different terms
that appear in the expression of E[(Mg, (f))*].

Throughout this part, we will use intensively the following to bound quan-
tities which appear in the expression of E[(Mg, (f))*]:

o Let f € F such that (u, f) =0. Then from (i)-(vi) and hypothesis (H1),
there exists a positive constant ¢ such that VI,m,n € N,

VQZP(me ® an) < aernVQlP(g ® g) < camTm
where ¢ is given in hypothesis (H1).
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In the sequel, ¢ denotes a positive constant which depends on f, and ¢;
denotes a positive constant which depends on «. The constants ¢ and ¢
may vary from one line to another and from one expression to another.

(a) For the first term appearing in (2.2), we have

E[f(X15,)f (X0) ] (X ) F(X1,) /EG] < P(EG) < crea™.
(b) For the fifth term appearing in (2.2), we have
E[f(X1,)f (X5,)f(Xi,) f(XL,)/Ef] x P(E) < e(3)™,

where, from (ii), (v) and (vi), ¢ is such that vQ" f* < c.
(c) For the fourth term appearing in (2.2), we have

rr—1
L (X0, X)X ) X0, )/ B5) < BB < care (1) 3 ()
p=0
where, from (ii), (iii), (v) and (vi), ¢ is such that for all p,q € N
max(vQ"P(Q'f ® g),vQ"P(g ® Q")) <c,
and from hypothesis (H1), g is such that for all pe {1,...,r — 1}
(2.4) QP <ar g,
Now depending on the value of «, we obtain that

E[f(XIT)f(XJT)f()iKT)f(XL;)/Eg] x P(E3)
(A s

(d) Let us denote the third term appearing in (2.2) by

Ar = ELf(X1) f (X, (Xie, ) f(X1,) /B BY] x P(BS N ERT).
p=2

1\" s/ 1\
ArSClC <Z> + Z(@) s
p=2
where, from (ii), (iii), (v) and (vi), ¢ is such that for all p € {2,...,r — 1},

qe{0,...,r—=1},1€{0,...,p—1}

max(vQIP(Qy " 1) vQPQE T P(g@ ) <c,
and g is defined as before (2.4) and the notation Qg is given in (2.3).

So we have
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Now depending on the value of «, we obtain that:

it £ 1, then A, < are((h) + o)
o if 0?2 = %, then A, <cje(r — 1)(%)7’,

(e) For the second term appearing in (2.2), we have when p =1r:

o if = %, then
E[f (X1, f(X5,) f (X, ) f(X1,)/ET] x P(E]) < ere(3)"

o if o %:

—ifa?= %, then

E[f(X1,) f(X5) f (X, ) f(X1,)/ET] x P(E]) < er(r = 1)(3)"
—if a? # %, then
ELf (X1 ) f(X5) f (XK, ) [ (XL,)/ET] x P(EY)
a?\" 1\"
<ol (3) +(3))
where, from (ii), (iii), (v) and (vi), ¢ is such that for all I € {2,...,r — 1},
qe{0,...,1—1}
max(vQ'P(Q ' P(g® g) © Q" f?),
vQIP(QTTP(ge QT ) ®yg)) <c

and ¢ is defined as before (2.4).
(f) For the second terms appearing in (2.2), and for the remaining term
in the sum (p # r), let us denote by

r—1
By i= > E[f(X1,)f (X5, (Xie, ) (X1,) /BT BY] < P(BY N ERT).
p=2

So we have:
e if a=1, then B, <cic(3)";
o if o %:
— if a® =3, then B, < cjer?(3)";
~if a® # 1, then B, <cie(a® + (%)T +(H)"),
where c¢ is defined in the same way as before.
Now the results of the Theorem 2.1 follow from (a)—(f) of part 2. O

It leads us to an extension of Theorem 2.1 to the two empirical averages
Mr, (f) and M/ (f).
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COROLLARY 2.2. Let F satisfy (i)—(vi). Let f € F such that (u, f)=0.
We assume that hypothesis (H1) is fulfilled. Then for all r € N and n € N,

(), ifa? <1,
(2.5) E[(Mr, (/)] <4 er2(H Y ifa2=1
catrtl) if a® > %,
and
c(i)”ﬁl, if a® < %,
T 4 Tn .
(2.6) E[(M ()< er2(3)m, ifa? =4,
catrntl) if a® > %,

where the positive constant ¢ depends on « and f and may differ line by
line.

ProOOF. The proof follows the same steps as in the proof of parts 2 and
3 of Theorem 2.11, and uses the results of the proof of Theorem 2.5 to get
the control of the 4th order moment in incomplete generation. See Sections
2.2 and A.1 for more detail. [J

REMARK 2.3. If f € B(S?) is such that Pf? and Pf* exist and belong to
F, with Pf =0, then we have for all » € N and for some positive constant c,

C
G |*

f(A;). We have

(2.7) E((Me, (/)] <

Indeed, let Mg, (f)=>_;cq,

E[(Ms, (£))"] = E[Ms, ()] + 6E[ 3 f?(A»f?(Aj)]

Z#j €G,

+4E[ > f3<Ai>f<Aj>]

i#jEGr

+12E[ 3 fQ(Ai)f(Aj)f(Ak)]

i#£j£kEGy

S D SRR IS TN TINTIN)
i itk 2lEG,

=E[Z Pf4(Xi)] +6E[ T Pf2(Xi)Pf2(Xj)]u

1€Gy 1#jEG
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where the last equality was obtained after conditioning by F, and using the
fact that Pf =0. Now, dividing by |G,|* leads us to
— 6 1
Bl (1)) = | g 3 PRI
|GT‘ ‘GT‘ i?éjEGr

|G\3[ 2 PIX ]

6

< WE[(MGT(PfQ))Z]

1
E[Mg, (Pf*
and (2.7) then follows from the control of
(E[(Mg, (Pf*)7), and (E[Mg, (Pf)),;
see [14].
REMARK 2.4. From Remark 2.3, we deduce that if f € B(S?%) is such

that Pf2 and Pf* exist and belong to F, with Pf =0, then we have for all
r € N and for some positive constant c,

(2.8) E[(Mr, (f))"] <e(3)™
Indeed, from the equality

we deduce that

where || - |4 stands for the L*-norm. We then infer from (2.7) that

T q 4
EI(Ws, (/)] < c<z V) )

q=0

for some positive constant c. (2.8) then follows from the last inequality.

2.2. Strong law of large numbers on incomplete subtree. We now turn to
prove the strong law of large numbers for M (f), completing the work of
Guyon [14], where the LLN was proved only for the two averages Mr, (f)
and Mg, (f).
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THEOREM 2.5. Let F satisfy (1)—(vi). Let f € F such that (u, f) = 0.

We assume that hypothesis (H1) is fulfilled with o € (0, ?) Then MI(f)
almost surely converges to 0 as n goes to .

ProoFr. From the decomposition

L rn—1 24 1 n
M, (f) = Z EMGq(f) +- Z (X))
g=0 i=2"n

it is enough to check that
e}
DB
n=1

Indeed, since Mg, (f) almost surely converges to 0 (Corollary 15 in [14]), we

deduce that the first term on the right-hand side of the previous decompo-
sition almost surely converges to 0 (Lemma 13 in [14]). We have

E[(% 3 f(Xn(i))>4]

i=2"n
> A Xuw)

1=2"n

" 4
(% > f(XH(z‘))> ] <o,

1=2"n

+%E[ > fQ(XH(i))f2(XH(j))]

1
1,J=2"n3iF£]

4 r n
+—E > f3(XH(i))f(XH(j))]

Li,j=2rn;ij
1—3151 > fQ(XHa))f(XH(j))f(XH(k>)]

Li,j,k=2"nsi j#k

+
n

24 a
+ FE Z f(XH(i))f(XH(j))f(XH(k))f(XH(l))] .

Li,j k=2 i kAL
We will control each term appearing in decomposition (2.9). For the first
term on the right-hand side of (2.9), using (ii), (v) and (vi) we have for
some positive constant c,

E Z FHXne) | = =27+ 1™ f* <c(n—2"" +1),

i=2rn i
1
_ o(ﬂ

which implies that

(2.10) g > X))

Li=2"n

W~
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Recall the following: for i,j,k and [ € {2",...,n}:

e If i # j, then r, > 1. Independently on (X,II), draw two independent
indices I, and J,, uniformly from G,,. Then the law of (II(z),II(j)) is
the conditional law of (I, J,,) given {1, # J,, }.

o If i £ j #k, then r, > 2. Independently on (X,II), draw three inde-
pendent indices I, ,J;, and K, uniformly from G,,. Then the law of
(I1(4),I1(4),I1(k)) is the conditional law of (I, ,Jy,, Ky,) given {I,, #
T # K.

o Ifi+# j#k#I, then r, > 2. Independently on (X,II), draw four indepen-
dent indices I, ,J,,, K,, and L, uniformly from G, . Then the law of
(I1(4),I1(4),I1(k)),I1()) is the conditional law of (I, ,J;, , Ky, , Ly, ) given
[y Ty # Ko 7 i }.

Now we have to control the second and third terms of (2.9). We have to
check that

1 - 1
(2.11) —4E[ > ) (Xug) :O<_2>
R PR Ty "
and
1 - 1
(2.12) —SEL D fS(Xn@))f(XH(j))] = 0(@) :
i =2 it

Indeed, from the previous reminder and (i)—(vi), we have for some positive
constant c,

E

> fQ(XH(i))fQ(XH(j))]
i, j=2"n5i]
_(n—=2")(n—2"+1)
T -2

rn—1

x D2 PP TN )

p=0

<ecn—=2")(n—-2"+1),

which implies (2.11). In the same way and using in addition hypothesis (H1),
we obtain that

E Z 2 Xue) f (X))
i.j=2mnig
(n—27)(n — 27 4 1)
(1—2-)
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rn—1
x ) 2P RQPPQ T el
p=0
+Q T QTP
27" (n—=2")(n—2"+1), if a < 3,
<Q 2™ (n—2")(n—2"+1), ifa=3,
ca™(n—2")(n—2" +1), if o> 31,

which implies (2.12).
Let us deal with the remaining term of (2.9):

1 n
—E D PEne)f(Xng)f (Xnw)
ij k=2rn it i £k
~(n=2"—=1)(n—-2")(n—2"+1)
B P(ITn # Jrn # Krn) X n4

x E[f*(X1, ) f (X0, ) F Xk )1, 20, 250 1)

Then, we get an explicit expression for the last expectation similar to that
obtained in part (d) of the calculus of E[(Mg, (f))*] with a slight modifica-
tion of the functions. Calculating the rate of this expression, we obtain

n

=1
Z FE Z P2 X)) f (X)) f X))
n=4

i,J,k=2"n3iF#j#k

00 Tp—1p— 1
<C§ : a2rn C§ :E :E : 2rn72p
+ n2p21+1
n—1 p=2 1=0
00 Tp—1p— 1

+ CZ Z Z n 2p 21+1 2rn7pil

n=1 p=2 (=0

for some positive ¢. Now it is not hard to see that the right-hand side is
finite.
Finally, to check that the series of general term

1 n
HE Z f (X)) f (X)) f (X)) f (X))

1,5,k =2 i jE R
is finite, it is enough, according to the calculation of rates we have done in
part 2 of the proof of Theorem 2.1, to check that > 7, o™ < 0o, which is
the case if a € (0, ?), and this completes the proof of Theorem 2.5. [
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REMARK 2.6. Note that this theorem can be improved, but the price to
pay is enormous computations related to the calculation of higher moments.
If f is bounded, this result is true for every a € (0,1), as we will see in
Section 3.

2.3. Law of the iterated logarithm (LIL). Using the LIL for martingales
(see Theorem B.3 of Stout in Appendix B), we are going to prove a LIL
for the BMC. This will be done when f depends on the mother-daughters
triangle (A;). We use the notation M(f) =>"", f(Ang)) and Mr, (f) =
ZieTr f(A).

THEOREM 2.7. Let F satisfy (i)-(vi). Let f € B(S?) such that Pf =0,
Pf% and Pf* exist and belong to F. We assume that hypothesis (H1) is
fulfilled. Then

My (f)

lim sup =1 a.s.

n—oo \/Q(Mﬂ(f)>nloglog(MH(f)>n

And in particular,

M
lim sup r. (/)

,Pf? a.s.
r—oo +/2|T,|loglog [T, | (b, PF5)

Proor. We will check the hypothesis of Stout Theorem’s B.3. Let f €
B(83). We introduce the filtration (H,,),>0 defined by Ho = o(X1) and H,, =
o(Ang), (i +1),1 <i <n). Let (MX(f))n>0 defined by MI(f) =0 and
MI(f) =311 f(Ang))- Then since Pf =0, (M}(f)) is a H,-martingale
with E[M{}(f)] = 0. The bracket of the above martingale is given by

(M), =D PP (Xuw) = MY(PS).

We have the following decomposition:

MH Ty — 1 n
My p g2y - Z M(Gq (Pf?) + Z Pf*(Xng).
=2rn
Since
24 24 24
Vasm -1 oo s S5, and zg;npf () < M., (PP

we deduce that

rn—1 24

> g Ma, (PF) < TI(PF?) < 22— e (PF).
q=0
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From the strong law of large numbers of Mg, (Pf?) (see [14], Corollary 15)
and from Lemma 5.2 of [7], we infer that

ol 9q Pf2)
Z 2rn+1MG (Pf ) (M’T nd Z MG Pf (,uanQ)'
q=0

Using these results, we thus deduce that (MY(f)), = O(n) and n =
O((M™(f)),) a.s. This implies in particular that (MY(f)), — oo as.

_ V2 :

Now let K, = Joglogtn) in Theorem B.3, and we have
2loglog(M™(f))n
Ri= Z K2 MH )>n

X E[f2(Ani(n) 1 £2(Ann)> K2 () / 2loglog(T (1))} / Hn—1]

)
. 4(loglog(M())n)’
< 2 g L Kne)as

1
since (M(f)),, = O(n) a.s., so that for R < 0o a.s., it is enough to check

2.13 —< .. with 1<é<2.
(2.13) nZ::l 3 00 a.s. with any
Now, according to (v) and (vi), there exists a positive constant ¢ such that
for all n > 1, E[Pf4(XH(n))] =vQ™Pf*<ec, and (2.13) follows. Applying
Theorem B.3, we have

limsu MTI‘I(f) =1
p = a.s.
n—voo \/2(MU(f))y loglog(M™(f)),
Now, for n=|T,|, we have the following:
Mr, (f)
V2 (F )y, Log log (MM (£,
_ \/\Tr\<MH<f>>|TT/|TT\X Mz, (/)
2loglog(M™(f))r,) — [Trl(M™(f))r, /Tr|
and since % MTT(PfQ) (u, Pf?) a.s. (see Theorem 18 in [14]),
we get
lim sup Mr, (f) (u, Pf?) a.s.,

r—oo +/2|T,|loglog|T, \
which completes the proof. [
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REMARK 2.8. Let us note that using Theorem 2.5, we can prove that if
4
hypothesis (H1) is fulfilled with a € (0, @), then

M)

imsup ————=———
n—oo /2nlog logn

and via the computation of 2kth order moments of Mg, (g), with k > 2 and

g € B(S), it is possible to prove the latter for all o € (0,1). But, as already
emphasized, this comes at the price of enormous computations.

(P as,

2.4. Almost-sure functional central limit theorem (ASFCLT). We are
now going to prove an ASFCLT theorem for the BMC (X,,,n € T). Here
again, this will be done when f depends on the mother-daughters triangle
by using the ASFCLT for discrete time martingale. We refer to Chaabane,
Theorem B.4, Appendix B, for the definition of an ASFCLT.

THEOREM 2.9. Let F satisfy (i)-(vi). Let f € B(S?) such that Pf =0,
Pf? and Pf* exist and belong to F. We assume that hypothesis (H1) is
fulfilled with o € (0,?). Then M}Y(f) verifies an ASFCLT, when n goes

to 00.

PrOOF. We use Theorem B.4. Let (H,)nen be the filtration defined
as in Section 2.3. Then (M (f)) is a H,, martingale. We have to check the
hypotheses of Theorem B.4. For all n > 1, let V,, = s\/n where s = (u, Pf?).
Then according to Theorem 2.5,

MU (f
% == V 2]\4'1_I(P§]02) njo 1 a.s.
Let € > 0. We have
Z T2 B (Anm) 1 f(ann)I>eVa}/ Hn-1]
n>1 ”
Pf XH(n
6284 Z a/-S.

n>1

According to (v) and (vi), there exists a positive constant ¢ such that for all
n>1, B[P f4(Xy)] = vQ™ P f* < ¢, and therefore, Ve > 0

1
> 7B A1 s ansevip/Hn1] <00 as,

n>1 "
Finally, we have

ZWE[f4(AH(n))1{\f(AH y<viy/ Hn—1] Z a.s.,

n>1 " n>1

which as before is a.s. finite, and the proof is then complete. [
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REMARK 2.10. As before, let us note that this result can be extended to
the general case a € (0,1), but at the price of enormous computation related
to the computation of 2k-order moments, k > 2, for Mg, (g), g € B(S).

2.5. Dewviation inequalities for BMC. We are now going to give some
deviation inequalities under (i)—(vi) and (H1) for the empirical means (1.2)
when f € B(S) with (u, f) =0 and when f € B(S®) with (u, Pf) = 0. This
will help us in the sequel to obtain a MDP result in a general framework,
that is, for functional of BMC with unbounded test functions. Let us recall
that the main disadvantage of this “weak” set of assumptions is that the
range of speed for the MDP is very restricted. However, we still work under
geometric ergodicity assumption and general test function, which will not
be the case when we would want to extend the MDP; see Section 3. Note
that we postpone to Appendix A nearly all the proofs of this section, these
proofs being quite long and technical.

THEOREM 2.11. Let F satisfy conditions (1)—(vi). We assume that (H1)
is fulfilled. Let f € F such that (u, f) =0. Then we have for all 6 >0 and
all r €N and all n €N,

(¢ [(1\" 1
52 <§>7 Zfa2<§;
Vi 1\" 1
2.14 P(|Mg,(f)|>6) << S, (2 o2 L.
(2.14) (Mg, (f)|>0) =r\5) . o=
€ o ) 1
5204 , if a® > 5
( rn+1
S0 e
— rn+1
(215  BOMN(f)I>e<{ <, (L raz_ L.
52"\ 2 o dat=g
C o ) 1
\ 5—2042( 1) if a? > 5
and
( r—+1
5%(%) : z’fa2<%;
216)  B(Mr(Hl>9<q (1T el L
2 \2) » YTy
€ o(r+1) 2 1
\ 5204 , if o > 5

where the positive constant ¢ depends on f and o and may differ term by
term.
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PROOF. See Section A.1l in Appendix A. [J

We shall also need an extension of Theorem 2.11 to the case when f
does not only depend on an individual X;, but on the mother-daughters
triangle (4A;).

THEOREM 2.12.  Let F' satisfy conditions (i)—(vi). We assume that (H1)
is fulfilled. Let f € B(S®) such that Pf and Pf? exist and belong to F and
(1, Pf)=0. Then we have the same conclusion as in Theorem 2.11 for the
three empirical averages given in (1.2): Mg, (f), Mr,(f) and MI(f).

PROOF. See Section A.2 in Appendix A. [

We thus have the following first result on the superexponential conver-
gence in probability, whose definition we present now:

DEFINITION 2.13. Let (E,d) a metric space. Let (Z,,) be a sequence of
random variables valued in E, Z be a random variable valued in E and (v,,)

be a rate. We say that Z,, converges v,-superexponentially fast in probability
to Z if for all § >0,

1
limsup — log P(d(Z,,, Z) > §) = —oc.
n—oo Un
This “exponential convergence” with speed v,, will be shortened as
Zn Z.

superexp

Un

We may now set:

PROPOSITION 2.14. Let F satisfy conditions (i)-(vi). Let f € B(S%)
such that Pf and Pf? exist and belong to F and (u, Pf) =0. We assume

that (H1) is fulfilled. Let (b,) be a sequence of increasing positive real num-
bers such that

by, bn n . .
217) L 400, e 30, d :
(2.17) NG 00 Tosn b, is nondecreasing
Then

() RIS,
AU

ProOF. The proof is a direct consequence of Theorem 2.12. [J

2.6. Moderate deviations for BMC. Now, using the MDP for martingale
(see, e.g., [11, 24]), we are going to prove a MDP for BMC. We will use
Proposition B.5, in Appendix B.
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THEOREM 2.15. Let F' satisfy conditions (1)—(vi). We assume that (H1)
is satisfied. Let f € B(S3) such that Pf? and Pf* exist and belong to F. As-
sume that Pf =0. Let (b,) be a sequence of increasing positive real numbers

satisfying (2.17). If

) n
(2.18) limsup 02 log(n  esssup  P(|f(Anw))| > bn/Hi-1)) = —00,
n—oo  Un 1<k<c™!(bn+1)

where ¢ (b4 1) :=inf{k € N: % > bpy1}, then (MIY(f)/by) satisfies a MDP

in R with the speed b2 /n and the rate function I(x) = Q(M’”;fg).

PROOF. First, note that under the hypothesis, M!(f) is a H,-martingale,
with Ho = o(X1) and H,, = 0(Ap), 11(i +1),1 <i < n). From Proposition
B.5 in Appendix B, we only have to check conditions (C1) and (C3).

On one hand, (2.15) applied to Pf* — (i, Pf*) implies that for all § > 0,

n—oo

. n 1 &
limsup -5 logP (E > P (Xug) > (1w P + 5) = —o0,
" i=1

and this implies the exponential Lindeberg condition (see, e.g., [24]), that
is, condition (C3).

On the other hand, we have (M'"(f)), = M!(Pf?) and (2.15) applied to
Pf? — (u, Pf?) implies that

N (PF? = (u, Pf2) 25T 0,

that is, condition (C1). O

REMARK 2.16. One of the main difficulties in the application of this
Theorem lies in the verification of (2.18). Note, however, that in the range
of speed considered it is sufficient to have some uniform control in X; of some
moment of f(X;, Xo;, Xo;11) conditionally on X;, which leads to condition
of the type P|f|* bounded for some k > 2. It is, of course, the case if f is
bounded.

REMARK 2.17. In the special case of model (1.1), we have (see Sec-
tion 4), for f such that Pf =0 and for all k,

E[GXP </\%f(AH(k))> /’Hk—l] = eXP(% (AZZF) (XH(k))>~

This condition implies that a MDP is satisfied for (M.(f)/b,). Indeed, if
this relation is satisfied, we then have that for A € R the quantity

)\2 - 2 AQ 11 2
Gn(A):—ang P (Xuw) =5 M, (Pf7)
=1

2
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is an upper and lower cumulant (see, e.g., [24]), and we may apply Gértner—
Ellis-type methodology. In addition, due to (2.15) applied to Pf? — (i, Pf?),
we have for A € R,

superexp N (p, Pf?)

Gn(X) Y 5
which implies that (ML(f)/b,) satisfies a MDP in R with the speed b2 /n
and the rate function I(z) = Q(Mxi;j@).

3. Exponential deviation inequalities for BMC and consequences. We
give here stronger deviation inequalities than the one obtained in Section
2, namely exponential deviation inequalities. Of course, it requires more
stringent assumptions.

3.1. Ezponential deviation inequalities. Let us consider the following hy-
pothesis.

(H2) There exists a probability p on (S,S) such that, for all f € B(.5)
with (u, f) =0, there exists a positive constant ¢ such that

Q" f(x)] < eca” for some « € (0,1) and for all x € S.

One can easily check that, under hypothesis (H2), B,(S) fulfills hypothesis
(i)—(vi) of the previous section.
Under this assumption, we will prove exponential deviation inequalities

for Mg, (f), M, (f) and DU(f) when f € By(S) with (u,f) =0 [resp.,
f € By(S%) with (u, Pf)=0].

THEOREM 3.1. Assume that (H2) is satisfied. Let f € By(S) such that
(1, f) =0. Then we have for all § >0,
P(Mg,(f)>9)
(3.1)
( expl(c"6) exp(—¢ G, ),
1
VreN, if a < ok
exp(—c'6%|Gy|),

1
Vr € N such that r > rq, if§<a<

521G
exp( co . ),

1
Vr € N such that r > 1y, z'fa2:§,

1
/52
exp (—c ) a2r>’

Vr € N such that r > rq, if o> =,

IN
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P(Mr, (f) > d)

(3.2)

IN

and

exp(¢"5) exp(~C &[T ),
Vr e N,

exp(2¢/6(r + 1)) exp(—62|T,|),
VreN,

exp(—c/8? [T, ),

Vr € N such that r >rg—1,

T, |
_/52‘_7“
eXp( ¢ r+1)’

Vr € N such that r >rg —1,

1
/2
exp (—c ) 267D ) ,

Vr € N* such that r > rg — 3,

P(M,(f) > d)

(3.3)

IN

exp(c’6) exp(—c'6%n),
Vn €N,

exp(2¢/6(ry, + 1)) exp(—c'6%n),
Vn €N,

exp(—c'6%n),

Vn € N such that r, > rg,

_1(52 n

Vn € N such that r, > rg,

1
/52
eXp <_C 5 a2(7'n+1) >7

Vn € N* such that r, > rg— 2,

ifa< =,

if a <=,

2
ifa>§,

27

where Tq = log(%)/log(a), and ¢y, ¢ and " are positive constants which
depend on « and f, and differ line by line; see the proofs for the dependence.



28 S. V. BITSEKI PENDA, H. DJELLOUT AND A. GUILLIN

PRrROOF. The details of the proof are in Section A.3 in Appendix A. It re-
lies mainly on successive conditioning, using carefully the uniform geometric
ergodicity assumption to get rid of the conditioning. [J

The condition about « less than 1/2 or greater is of course linked to the
binary structure of the tree. The extension to m-ary tree will follow from
the same ideas.

THEOREM 3.2. Assume that (H2) is satisfied. Let f € By(S®) such that
(, Pf) =0. Then we have the same conclusions, for the three empirical
averages Mg, (f), MX(f) and Mt (f), as in the Theorem 3.1.

PRrROOF. See Section A.4 in Appendix A. [

Now, using the Borel-Cantelli Theorem and (3.3), we state easily the
following;:

COROLLARY 3.3.  Assume that (H2) is satisfied. Let f € By(S) such that
(u, f) =0 [resp., € By(S?) and (u, Pf)=0]. Then M(f) almost surely
converges to 0 as n goes to co.

REMARK 3.4. Of course uniform ergodicity and bounded test functions
are surely a very strong set of assumptions, but it is not so difficult to verify if
the Markov chain’s daughters lie in a compact set. We are convinced that it is
possible to consider the geometric ergodic case and bounded test functions,
but for the price of tedious calculations that we will pursue in an other
work. We will also investigate the use of transportation inequalities, leading
to deviation inequality for Lipschitz test functions under some Wasserstein
contraction property for the kernel P, in the spirit of the Theorems 2.5 or
2.11 in [12].

3.2. Moderate deviation principle for BMC. We introduce the following
assumption on the speed of the MDP.

AsSSUMPTION 1. Let (b,) be an increasing sequence of positive real num-

bers such that
b
400

vn
and:
o if a? < %, the sequence (b,,) is such that b,/n — 0;
e if a? =3, the sequence (by) is such that (b,logn)/n — 0;
e if > I, the sequence (b,) is such that (b,a™*1)/\/n— 0.
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Using the MDP for martingale with bounded jumps (see, e.g., [9, 11]), we
can now state the following:

THEOREM 3.5. Assume that (H2) is satisfied. Let f € By(S®) such that
Pf=0. Let (b,) be a sequence of real numbers satisfying the Assumption 1;
then (M (f)/b,) satisfies a MDP in S with the speed b2 /n and rate function

[(z) = 55777y
PROOF. The proof easily follows from the previous exponential proba-

bility inequalities and the MDP for martingale with bounded jumps; see, for
example, [9, 11, 24]. O

REMARK 3.6. Taking particularly n = |T,| and (b,) as a sequence of real
numbers satisfying Assumption 1, we get that for all f € By(S?), (Mt, (f)/
br,|) satisfies a MDP in R with the speed b|211‘,«\/ IT,| and the rate function

2
— xT
(=) = spry
4. Application: First order Bifurcating autoregressive processes. In this
section, we seek to apply the results of the previous sections to the following
bifurcating autoregressive process with memory 1 defined by

Xop = ag Xy, + Bo + €2ns

4.1) L(Xq) = d Vn>1
(4.1) (X1)=v an n=z {X2n+1:a1Xn+51+€2n+17

where ag,a; € (—1,1); 5o, B1 €R, ((e2n,€2n+1),n > 1) forms a sequence of
i.i.d. bivariate random variables and v a probability measure on R.

Several extensions of the model have been proposed and various esti-
mators are studied in the literature for the unknown parameters; see, for
instance, [2, 17-19, 25, 26]. See [4] for a relevant references.

Throughout this section, we assume that the distribution v has finite
moments of all orders.

In the sequel, we will study (4.1) in two settings:

e the Gaussian setting which corresponds to the case where ((€25,, £2n+1), 7 >
1) forms a sequence of i.i.d. bivariate random variables with law A5(0,T")
with

(4.2) I‘:a2<1 p), 0?>0, pe(-1,1);

e the bounded setting which corresponds to the case where X7 and ((e2,,
€on+1), N > 1), which forms a sequence of centered i.i.d. bivariate random
variables, take their values in a compact set. Let us note that in this case,
(Xn,n €T) takes its values in a compact set.
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Our main goal is to give deviation inequalities and MDP for the estima-
tor of the 4-dimensional unknown parameter 6 = (ayg, By, @1, 1) and for the
statistical test defined in [14].

To estimate the 4-parameter 6 = (o, Bo, a1, 1), as well as o2 and p,
assume we observe a complete subtree T,;;. The least square estimator
0" = (&, By, &4, B7) of 0 is given by (see [14]), for n € {0,1},

ar T~ e, XiXoitn — (ITr| ™" Eier, X)(ITrl ™ Xicr, Xoitn)
(4.3) ! T |71 Y i, X7 — (1T |71 ey, Xi)?
By =T, Koy — &5 T, 71 X

1€Tr 1€Tr

Notice that in the Gaussian case, this least square estimator corresponds to
the maximum likelihood estimator.

We also need to introduce the estimators of the conditional variance o
and the conditional sister—sister correlation p. These estimators are naturally
given by

2

. 1 . .
o7 = 5T Z(E%z +€5:11),
T .
(4.4) o ZGT*: )
pr=73 E €2i€2i41,
T 4eT,

where the residues are defined by €2;1, = Xo; 4, — d;XZ- — BZ, with n € {0,1}.

Let us denote by Cpol(R) [resp., Cpol(R?)] the set of all continuous functions
f:R— R (resp., f:R3 — R) such that |f| is bounded above by a polynomial.
From [14], we know that Cp,o(R) fulfills hypotheses (i)—(vi).

We will take F' = CII)OI(R) the set of all C! functions f:R — R such that
|f] +|f'| is bounded above by a polynomial. Then, one can check that F
fulfills hypotheses (i)—(vi). Moreover, for all f € F', hypothesis (H1) holds
with o =max(|ag], |a1]). Let u be the unique stationary distribution of the
induced Markov chain (Y;.,r € N); see [14] for more details.

Let us denote by C;OI(R?’) the set of all C! functions f:R3 — R such that
|f| 4+ |f'| is bounded above by a polynomial. We shall denote by x (resp.,
x2, Xy, y,...) the element of C;OI(R?’) defined by (x,y,2) — x (resp., 22, 2y,
Yy
e define two continuous functions p1:© — R and p2:0 x R} — R by
writing

(45) (1) = p1(0) and (1,x%) = io(0,0%),
where 0 = (ag, fo,1,51) €O =(—1,1) x R x (=1,1) x R.
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To segregate between Hy = {(a, fo) = (a1, 1)} and its alternative Hy =
{(a0, Bo) # (a1, 51)}, we shall use the test statistic

[T | e P vy a A A2
XD = {6 — A1) (2 — 3,) + (6 — A7) + B3 — B1)*},
207" (1 - pT)
where we write fi; , = ,ul(ér) and fig, = Mg(ér, Or).
As usual the Gaussian setting has specific properties that allow easier
calculations and more general assumptions.

4.1. The Gaussian setting. We introduce the following assumption on
the speed of the MDP. Let (b,) be an increasing sequence of positive real
numbers such that

b bn,
(4.6) — — 400 and ——— —0.

Vn Vnlogn

PROPOSITION 4.1. Let (b,) be a sequence of real numbers satisfying
(4.6). Then
)
b, /1T

Proor. We will treat the case of aj given in (4.3). The others, 35, &

and 3{, given in (4.3), may be treated in a similar way. Note that af = g—:,
where
Cy = Mr, (xy) — Mr,(x)Mr,(y) and B, =Mr,(x*) - Mr, (x)*.
Now, using Lemma B.2 and Proposition 2.14, it follows that
A SUperexp o
0-
2, ] 0

We recall that in the BAR model (4.1), we use a = max{|ag|,|a1|}, and
b:=pa(0,0%) — pu1(0)?, where py and pso are given in (4.5), so we have the
following deviation inequality:

PROPOSITION 4.2.  For all § >0, for all r € N and for all v < min (&%

1492
ab_ b ) where ¢; is a positive constant which depends on p1, we have

14V6 1+ Y5
() - ety
(wr) B - <d ¢ (LY e 1
ylagd-r" \ 4 2’
€ A(r+1) ) 1
\74%54*?& , if >2,
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where the constant ¢ depends on «, u1, o and differs line by line, p=p(J) €
{0,2,4} and q=q(0) € {0,1}.

REMARK 4.3. The values of p and ¢ in Proposition 4.2 depend on the
order of §. For example, if § is small enough, we have p=0 and ¢ =0.

PROOF. See Section A.5 in Appendix A. [J

REMARK 4.4. Proposition 4.2 can be improved by calculating the 2kth
order moments, with k£ > 2, as in the proof of Theorem 2.1. But, as we have
said, this comes at the price of enormous computation.

PROPOSITION 4.5. Let (b,) be a sequence of real numbers satisfying
(4.6). Then

(62.51) "5 (o, p).
b,/ Tr]

PROOF. Let us first deal with o2 given in (4.4). We have (see, e.g., [14])
o7 = 3Mr,(f(-,6)) + Dy,
where f(z,y,2,0) = (y — apz — B0)? + (2 — anz — B1)? and
1 A
Dy = 5 A;,0") — [(A,0)).
ST O (80 = £(800)
ZGTT
By the Taylor-Lagrange formula, we can find g € Cpo1(R?) such that (see [14])
Dy < 51167 = 6lI(L+ 6] + 1" — 611 M, (9).
Now, Propositions 2.14 and 4.1 lead us to

.9 superexp
52 TS o2,

T
2
b /1T

The proof for p, given in (4.4) is similar. O

PROPOSITION 4.6. Let (b,) be a sequence of real numbers satisfying
(4.6). Then the sequence (|T.|(0" —0)/br,|) satisfies the MDP on R* with
the speed b‘QTT|/|’]I‘T| and the rate function I given by

I(z) = 3242 'a,

! _ 2 K pK
Y=o (pK K

where

with

B 1 1 —u1(0)
K‘uxaﬂ»—mwv<—mw>/qu%)'
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PrOOF. We first observe that

[T |( —9)=M(A,,B,).
b, | b, |

where f = (f17f27f37f4) = (XY7y7XZ7Z)t7 Ur(f) = MTr(f_Pf)v Ay :MTT(X)7
B, = Mr,(x?) — Mr,(x)? and
1 —A,

— 0 0
B, B,
_; B ; 4 0
M(Ay, Br)= | ° ’ 1 A,
0 0 —
B, B,
—A, B+ A2
0 0 i
B, B,

For the sake of simplicity we wrote Pf = (Pf1, Pfo, Pf3, Pf1)!, where P
denotes the T-transition probability associated to BAR(1) process in the
Gaussian case, which is given by

1
2r0?(1 — p?)

% ox 1 (y—aoz—fo trfl y—aor — o du d»
Pl2\z—az -5 z—oz— B vas
where T is the covariance matrix defined in (4.2).
On one hand, from Proposition 2.14,

A, sulﬁe;(p =p1(0) and B, Sulﬂ?pb = pa(0,0%) — 1 (0)?,
by /1T i /1T

P(z,dy,dz) =

so that by Lemma B.2, we obtain

superex K 0
M(A,, B,) M2 <a,b>:=( )
07 ‘/mm 0 K

On the other hand, let A = (A1, A2, A3, A\4)" € R%. For all 2 € R, we have that
Pexp(\'(f = Pf))(x)

:/ exp(Z/\ — Pf; )(a:,y,z)P(x,dy,dz)

zy — x(aox + fFo)

t y—aoz — Po
—/RQ exp | A 22— olonz + ) P(x,dy,dz)

z—ogr— 3
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—ex . aox—i—ﬁo ! /\1%""/\2
P a1T + By AT + Ag
t
)\1.1‘ + )\2 Yy
X /1&2 exp((A?’x +)\4> <Z>>P(m,dy,dz).
We know that

Az + Ag ! Y
/}R2 exp<<)\3x H )\4) <z P(x,dy,dz)
—ex (e 7y + ,30 ! /\1$ + /\2
- oXp a1z + B A3T + g

Lz 42\ 1 iz 4 X
><exp<§ <)\31‘+)\4 r )\3.1‘-1-)\4 '
Let Z(z) denote the square matrix with entries (Pf;f; — Pf;Pf;)(x), for
1 <4,5 <4. So we obtain that

1 t
PepN( = PO =5 (Y0132 ) T (1)

4
:exp(% Z AZ)\](szfg _szpfj)(x)>

1,j=1

= exp(%/\tE(az))\).

Recall that the filtration (Hy,)n>0 is defined by Ho = o(X;) and H, =
o(Aq, II(i +1),1 <i < n). Therefore, from the previous calculations, we
deduce that for all k € N,

Elexp(A'(f — Pf)(Anw)))/Hi—1) = Plexp(\'(f — Pf)) (Xng)
= exp (A Z(Xqy))A)-

Now, recall that (MI(f — Pf))nen is a (H,)-martingale and by straight-
forward calculations, its increasing process is given by (MY(f — Pf)), =
> =1 Z(X1(r)). From the foregoing, we infer that

(exp ()\tME(f —Pf)— )\t<MH(f2_ Pf)>n)‘>>n€N

is a (H,,)-martingale. It then follows that for all A € R*, G,,(\) = 5= AN(MU(f —

n
Pf))pA is an upper and lower cumulant. Moreover, from Proposition 2.14

and Lemma B.2,

X Kil Kil
G, () ZURESP Lty wherezzo—2< o, M >
n( )b‘QTT‘ATr‘ 2 pK 1 K 1
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We thus deduce that (see, e.g., [24]) (M(f)/b,) satisfies a MDP on R* with
speed b2 /n and the rate function

(4.8) J(z)=3a"S e

Taking n = |T,|, it follows that (U"(f)/byt,|) satisfies a MDP with speed
bﬁm /|T,| and the rate function J given in (4.8). Finally, using the contraction
principle (see, e.g., [10]) as in [23], we get the result. O

Let us now consider the test statistic.

PROPOSITION 4.7. Let (by,) a sequence of real numbers satisfying (4.6).

. 1/2
Then under the null hypothesis Hy = {(c, o) = (a1,51)}, %(XS”)W
satisfies a MDP on R with speed b‘QTT‘/\TT\ and the rate function
y?
I’(y): ?7 nyERJF}
400, otherwise.

Under the alternative hypothesis Hi1 of Hy, we have for all A >0,

T
lim sup ‘2—‘ log P(x') < A) = —c0.
r—00 ‘Tr|

Proor. We have
Hy={g(0) =0}  where g(0) = (ao —a1,80 — 1)".
From Proposition 4.6, (|T,|(6" — 0)/bjr,|) satisfies a MDP on R* with speed
b‘QTT|/|’]I‘T| and the rate function I(z) = $2!(X’)'z. So that, using the delta
method for the MDP (see, e.g., [13], Theorem 3.1) we conclude that
(IT|(g(0") — g(8))/bjr,|) satisfies a MDP on R? with speed b‘QTT‘/\’]I‘T\ and
the rate function
J(y) =inf{I(z);y = g'(0)z}.

Identification of this rate function by usual optimization argument leads us
to

(4.9) J(z)=32'(%") "'z where X" =20%(1 - p)K.

Under the null hypothesis Hy, we have g(6) = 0, so that (\’]I‘T\g(ér)/bm-r‘) sat-

isfies a MDP on R? with speed b\QTTI /|T,| and rate function J given in (4.9).
Now, since K = K(0,0) is a continuous function of (6,0) (see [14]), so

that, letting K, = K(ér,&r), Lemma B.2, Propositions 4.6 and 4.5 entail
that

-l ~ ~ i superex
S =262(1 — po) K, TSP w
o2 /T
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It follows using the contraction principle (see, e.g., [23]) that
(T[22~ g(67) /by, )
satisfies a MDP on R? with speed bIT ‘/\Tr\ and the rate function J'(y) =
||y||2
In particular,

T, 1/2
_ T, | /(W

Z// 1/2 (ér) ;
T |

‘\T\

by, "

satisfies a MDP with speed bIT ‘/ |T,| and the rate function I’ given in the
Proposition 4.7.
Now, under the alternative hypothesis Hi,
(1)
X g0 S g0) I (6 () g(6) > 0,
[T | b2 ‘/mm

b2
so that XS” converges ‘,Ef ‘-superexponentlally fast to +oo. This concludes

the proof of the Proposition 4.7. [J

4.2. Compact case: The uniformly ergodic setting. We recall that the
model under study in this section is the model (4.1) where we assume that
the noise and initial state X take their values in a compact set. The results
will be given without proofs, since the proofs are similar to those done in the
previous section. The novelty here is that the range of speed is improved in
comparison to the previous section. However, we suppose that the process
takes its values in a compact set, which is not the case in the previous
section.

We take F'=C}(R) the set of all C* functions bounded on R. Therefore,
one can easily check (as in [14], proof of Proposition 28) that hypothesis
(H2) is satisfied with o = max(|ag|,|a1]). We use the same notation as in
the previous section.

Let us begin by the fact that the estimator of 6 converges super exponen-
tially fast to the true parameter.

PROPOSITION 4.8. Let (b,) a sequence of real numbers satisfying the
Assumption 1. Then we have
br s g
¥ /1T

We may now refine this result by proving deviation inequality.

PROPOSITION 4.9.  For all 6 >0 and for all v < min( fi%’ lr\l}_ 1+\/)

where ¢y 1s a positive constant which depends on py, and for rg:=
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log(y16' P/ /co)

Toga , we have

( c exp(c”'yqélfpm) exp(—c’72q527p\’]l‘r\),

1
Vr e N, if a< 3’
crexp(dyI0 P2 (r 4+ 1) — ¢4%9527P|T,)),
1
VTEN, ZfOé: 57

co exp(—c/’qu&Q*p\Tr\),

A Y 1 V2
(4.10)  P(|0" = 0] >6) < r>ro, i g <a<—,
T,
Co exp (—c/'yq(52pr|+—|1> ,

S

Vr > 1o, if = 5

1
_~2a52—P
czexp< s a2(’”+1)>7

/o

Vr > 1o, ifa>7,

[\

where co is a positive constant, ¢ and ¢’ depend on «, and ¢ and may
differ line by line, cy depends on «, ¢ and v, and may differ line by line,

p€{0,1,3/2} and q € {0,1}.

We have now to consider super exponential convergence of the estimators
of the other parameters.

PROPOSITION 4.10. Let (b,) a sequence of real numbers satisfying As-

sumption 1. Then we have
A9 . \ Superexp , 9
(O—T?pr) 2—> (U ap)
bip,./1Tx|

As previously we may now prove MDP for the estimator of 6.

PROPOSITION 4.11. Let (b,) a sequence of real numbers satisfying the
Assumption 1. Then (|T,|(0" — 0)/byr,|) satisfies the MDP on R* with the
speed bﬁm /|T,| and rate function

where
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with

B 1 1 —p1(0)
h= p2(0,0%) — pa (6)° (‘“1(9) ”2(9702)> '

REMARK 4.12. Notice that the proof of Proposition 4.11 does not need
the cumulant method as in the proof of Proposition 4.6. Indeed, since we are
in the bounded case, from MDP of martingale with bounded jumps (see [9]),
we need only to prove the superexponential convergence of increasing process
of the martingale. This convergence is easily obtained from Theorem 3.2.

Let us give us our last result by considering a MDP for the test statistic.

PROPOSITION 4.13. Let (b,) a sequence of real numbers satisfying the

Assumption 1. Then under the null hypothesis Ho = {(c, o) = (a1, 51)},
M(x,(}))l/2 satisfies a MDP on R with speed b|2TT\/|TT‘ and the rate func-

byr.|

tion
Y .
Iy)=4 5 TYERs
400, otherwise.

Under the alternative hypothesis H1 of Hy, we have for all A >0,

T
lim sup ‘2—r‘ log P(x\M) < 4) = —cc.
r—00 ‘T'r|

APPENDIX A: PROOF OF THE EXPONENTIAL INEQUALITIES

This section is devoted to the proofs of Theorems 2.11, 2.12, 3.1, 3.2 and
Proposition 4.2.

A.1. Proof of Theorem 2.11. Let f € F such that (i, f) =0. We shall
study the three empirical averages Mg, (f), M2 (f) and M, (f) successively.

Part 1. Let us first deal with Mg, (f). By the Markov inequality, we get,
for all 6 > 0,

B(|Mc, ()| > 6) = P([Me, (1) > ) < 5EI(Me, ()]

By Guyon (see [14]), we have

E[(MGT (f))Q] — Z 2*p*1p<rl/QpP(QT*pflf ® Qrfpflf),

p=0
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Hypothesis (H1) implies that there exists g € F' and « € (0,1) such that for
all pe {0,1,...,r},

vPP(Q" P f@Q P f) <P QP P(g ® g).

Next, hypotheses (iii), (v) and (vi) imply that there is a positive constant ¢
such that for all p€{0,1,...,r},

a2(r—p—1)yQpp(g ® g) < co2r—r=1)

This leads us to

E[(Mg, (f))%] < CZ 9—P—1p<r \2(r—p—1)
p=0

(A1) ,
1\"  a®—(1/2)" e 9,1
c<2> +c 507 —1 if o 752,
1
2

and therefore (2.14) follows.

Part 2. Let us now consider M (f). By the Markov inequality and the
triangle inequality, we get, for all § > 0,

P([M;(f) > 0)

(A2)  =B(MI(P > ) < SE(TN(S))
2 rp—1 1 n 2
< SE <Z —Mg,(f ) 2g (; > f(XH(i))) ]
i=2rn

In the last inequality (A.2), we have used the decomposition

L rp—1 24 1 n
M) =) —Me,(H+— > f(Xna):
q=0 i=2"n

In what follows, the constant ¢ may be slightly different from that of part 1
and may differ term by term. For the first term appearing in (A.2), we have

Tn 1 2 2 rn—1 924 2
(Z M((;,q ) ] < (Z gHMGq(f)‘b) .
2

q=0

rn—1

Z QqMGq
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Using (A.1), we get that

T 1 Tn

< (\/§)q<c\/7 , if o? < =,
q=0 K 2

mn—1 Tn 1/2 /5n
2 =7 ¢ 12, /51 Tn V2 e o 1
N T Me, ()l <{ = > a VR < e’ =,
q=0 " n q= n 2
c rn—1 1
— (2a)? < ca'™, if o> =,
n = 2

which implies that

27’71 1 rn+1
c— <c¢| = , if o < =,
rn—1 94 2 ’I’l2 2 2
(43) E[( —qu(f)) ]< o ita?=1
=0 n Irn+1 2
ca2rm+1), if a? > =

Now, we have to control the second term in (A.2). As in Guyon [14], we have
that

E[(% 3 f(Xn(i))>2]

1=2"n

< TVQT !
n—2rn)(n—2m 4 1) e L L
gy . Y 2 P(@ 0 Q)
p=0
c rn—1
< Z —p—1_2r,—2p—2
== +c Z 2 le’ .
p=0
Discussing following the value of «, we obtain that
1 . 9 1
. ) CW’ lf o < 5,
1 T o9 1
1=2"n
ca?rntl) if o? > %

Inequality (2.15) then follows from (A.3) and (A.4).

Part 3. The case of M, (f) can be deduced from the previous by taking
n=|T,|.
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A.2. Proof of Theorem 2.12. Let f € B(S?) such that Pf and P f? exist
and belong to F and (u, Pf) = 0. We shall study the three empirical averages
Mg, (f), MX(f) and Mr,(f) successively.

Part 1. Let us first deal with Mg, (f). By the Markov inequality, we get
for all 6 > 0,

<

P(Me, (/)] > 6) < HEI(M, ()
= SEI(Ve. (P1)) + g Ee, (P2 = (P
1
5

(Mo, (P1)] + (%)

The last inequality follows from the convergence of the sequence
(E[Mg, (Pf? — (P£))])r (see [14]).

Now, using part 1 of the proof of Theorem 2.11 with Pf instead of f
leads us to a similar inequality (2.14) in Theorem 2.12 for f € B(S?).

Part 2. Let us now treat M (f). Using the two equalities

rn—1 G n
Z' UM, (1) + = 3 f(dng)

i—arn
n n 2
E <% Z f(AH(i))) ] ZEK% Z Pf(XH(i))> ]
i=2"n i=2"n
- %E % > (Pf- (Pf)Q)(XH(i))la
i=2rn

and part 2 of the proof of Theorem 2.11 with Pf instead of f leads us to a
similar inequality (2.15) in Theorem 2.12 for f € B.

Part 3. The case of M, (f) can be deduced from the previous by taking
n=|T,|.

A.3. Proof of Theorem 3.1. Let f € By(S) such that (u, f) =0. We shall
study the three empirical averages Mg, (f), M2 (f) and M, (f) successively.

Part 1. Let us first deal with Mg, (f). We have for all A > 0 and for all
0>0

(A5) (e, (1) > ) < exp(-A16, DE[exp (A 3 7(69)) |

1€Gy
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By subtracting and adding terms, we get

)

1€Gy

:E[E[ [T exp(MF(Xai) + F(Xaier) — 2Q£(X,)

1€Gr_1
< 1 exp(QAQf(XZ-))/}'T_ln.
i€Gr_1

Now using the fact that conditionally to the (r — 1) first generations the
sequence {A;,i € G,_1} is a sequence of independent random variables, we
have that

E [E[ H exp(A(f(Xai) + f(Xoip1) —2Qf (X))

1€Gr_1

< T1 exp(QAQf(Xi))/}}lﬂ

1€Gr_1

:E[ H exp(2AQ f(X;))

i€Gr_
< 1 E[GXP(/\(f(XZi)+f(X2i+1)_QQf(Xi)))/]:T1]:|'
i€Gr_

Using the Azuma-Bennett-Hoeffding inequalities [1, 3, 16] (see Lemma B.1
for more detail), we get according to (H2), for all i € G,_1,

Elexp(A(f(X2) + f(Xai41) — 2Qf (X)) /Fro1] < exp(2A?c* (1 + a)?).
This leads us to
E [exp (A > f(Xo)] <exp(\*?(1+ a)Q\GrDE[ II ep@Qrf(xi)].
1€Gr 1€Gr_1

Doing the same thing for E[[[;cq , exp(2AQf(X;))] with Qf replacing f,
we get

E[ 11 exp(%@f(Xi))}

’ieGr—l

<exp(2N’P(a+0®)?|G)E| [ exp(2®AQ*f(X3))|.
1€Gr_2
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Iterating this procedure, we get

o (2 X700 )| < Elewn(za@ s (x0)

1€Gy

X H exp(2F N2 (0P 4+ 082G, )).
k=1

Once again, according to (H2), we have

E [exp ()\ > f(Xﬁ)] < exp(Aca”|G,|) x exp ()\202(1+a)2\([}r\ Z(%ﬂ)’“) .

1€Gy k=1

Hence:

o if o? 75 =, then

e (A 3 700 )] <o (v a+ar =B 16 ) xexprca’ .

i€Gy

o if a? = %, then

E[exp()\z f(Xi)ﬂ <exp(N2c2(1 + a)*r|G,|) Xexp(kc<ﬂ> G, \)

1€Gy
We then consider three cases:

(a) If ® < &, then 1I£22052)T <

for all r. Taking \ = (1207 U-207)9 4 (A.5)

- 2 2 22 (1+a)

leads us to

— 1 —2a?)6? 1-2a%)6
(e, (1) >6) <esp( - (Yate s a2 )16

e If o<1, then (2a)" <1 for all » € N. We then have for all r €N,

— 1—2a?) 1 —2a?)6?|G,
P(MGr(f)>6)<eXp<ﬁ> exp(—( 402(1—i)-0é|)2 |)

elf l<ax< ‘/_ then for all » € N such that r > log(fc)/logoz, we have
((5 2ca”) > 2, and it then follows that

(1— 2a2)52\(@r\>

P(s, () > 6) sexp( -2 L

(b) If &® = 1, then for all A >0,
P(Mg, (f) > 6) <exp((—0X + (1 +a)?rA?)|G,|)

on(u(E) )



44 S. V. BITSEKI PENDA, H. DJELLOUT AND A. GUILLIN

Taking A = —, we are led to

0
2c2(14a)?

P(MGT(f)>5)§exp<—$< < ) >)
.

For all r € N such that » > log(%)/log( 5 ) we have (6 — 20(72) ) > 5 and
for such r, it follows that

— 5?|G,
P(Me,(f) > 6) <exp(— | ').
(c) If &® > &, then for all A >0,
Vi 2.2 2(207)
]P)(M(GT(f) > (5) < eXp(—)\(5|GT|) X exp Ac (1 + Oé) ﬁm} |
x exp(Aca”|G,)
N+ a)? o o
< eXP<—\Gr\ </\5 Tz (%) >>
x exp(Aca” |G, |).

2_
Taking A = % leads us to

(202 —1)8

P(e, (1)>6) < exp( im0

(6 - 2007)).

Now for all » € N such that r > log -)/log a, we have
(2a% —1)62
P ) <
(M P < 8c2(1+ a)? a27’>
Part 2. Let us now deal with M, (f). We have for all A >0 and all § > 0,

(A0 P, (7)>0) < exp(-MITDE e (A T 7060 ) |

1€T,
By subtracting and adding terms, we get

E{exp(@f@»)]

€T,

~E|E| [T ewM/(Xa) + f(Xaier) - 201 (X))

1€Gr_1

x J[ ep@\Qf(X))x ] ewp(f(X:)/F- 1”

1€Gr_1 1€Tr—1
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5[e

H exp(A(f(Xai) + f(X2it1) —2Qf(X))))

1€Gr_1
x [T expM(f+2Q)(X H exp(Af(Xi))/ Fr- 1H
1€Gr_1 1€T,—

The fact that conditionally to the (r — 1) first generations the sequence
{A;,i € G,_1} is a sequence of independent random variables and Azuma—
Bennett-Hoeffding inequality (see Lemma B.1) lead us according to (H2) to

E [exp </\XT: f(XZ-)>]

< exp(20%¢* (1 + a)?|Gr—1])
XE[ IT exoO(f +20) (X)) J] exp(Mf(X ]
1€Gr_1 1€Ty 2
Doing the same things for
[ H exp(A(f +2Qf)(X H exp(Af(X }
1€Gr_1 1€T 2
with f 4+ 2Q f replacing f, we get

2leo(n2 500

ZGTT
< exp(2A2 (14 )?|G,_1|) x exp(2A2c2(1 + 3a + 20°)°|G,_s|)
xE| [ expA(f+2Qf +2°Q*F)(X:) J] exp(Mf(X ]
ZEG’I‘ 2 ZGTT‘ 3

Iterating this procedure leads us to

=leo (3300

ZETT
r qg—1 2
< exp <2)\202(1 +a)? ) (Z(Qa)k> \Gr_q|>
g=1 \k=0

X Elexp(A(f +2Qf +2°Q°f +--- +2"Q" )(X1))].
Using (H2) we get

£l (3200

ZETT
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r q—1 2
<exp<)\cz (20)% +2)\%¢%(1 + a) Z(Z ) |G,«_q\).

k=0 k=0
Now for o # % and o? # % we have
P(Mr, (f) > 9)

2r —1 a(l —am)2r+t
(1-20)2 (1-20)%(1—a)

202(1 — (2a%)7)2"
(1—-2a)%(1— 2a2)>>

< exp(—AJ|T,|) exp <2)\2c2(1 +a)? (

1 — (2a)" !
X exp (ACW
A2c2(1+ a)? 402(1 — (2a2)7)
< _ S Sl S
om0 - g (1))
1— (2a)" !
X exp <)\Cﬁ .
. B s
Taking A\ = oo A—sa 0T ez (=@a2)) (i—2a7)) leads us to
P(Mr, (f) > 9)
(1 —2a)%s?
< —IT,
= eXp( T A+ )P T 4021 = 2027/ —207))
y (1—2a)%5 1— (2a) 1
P ol a2 +4a2(1— (22))/(1—2a2)) 1-2a /)
o [faa< %, then 1I£22O§2)T <1 2 > for all r € N,

P(Tn, (f) > 6) < exp (ia)

2¢(1+ «)?
1—202)(1 —2a)%6?
X exp _L al ) IT,| ).
4c2(1+ a)?(1 4 2a?2)
o If1 s <a< f , then 1I£220;22)r < 1= 2 > for all » € N,

P(Mr, (f) > d)

(1 —2a?)(2a — 1)%5|T, | 2¢(1 — 202)ar+1
< eXP<_ 402(1 _|_a)2(1 + 2042) (5 — 2a—1)(1 —1—2042)))'
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Now for all » € N such that r +1 > log(%
5— 2¢(1—2a?)a" 1!

(2a—1)(1+2a2)

)/ log a, we have

> % so that for such r, we have

(1—-20%)(2a — 1)252\1&\)

P(Mr, (£) > 8) < exp <_ 82(1+ a)?(1+207)

o If a2 > %, then for all » > 1, we have

P(Mr, (f) > 9)

(2 — 1)%(2a2 — 1)0 16a2ca™ 1
<exp| — 0 — .
32c2(1 + a)2a2(r+1) (202 —1)(2a — 1)

(2a2—1)(2a—1)6

For all r € N* such that r + 3 > log( Eon

1602 ca’t1 )
Baz—1)(2a=1) = 2 5O that

)/ log v, we have § —

s () )

(W, (1) > 0) < oxp -
Now if av=}, then 320, & < 32°°, & = 6. Then for all A >0,
P(Mr,(f) > 6) <exp(—(Ad — 27¢*A?)|T,|) x exp(Ac(r +1)).

Taking A = % leads us to

_ (52 5
P(Mr,(f) >6) < eXp<—@I’JI‘TI) X eXp<%(r + 1)).

Finally, if o? = %, in the same way as previously, for all » € N such that

r+1> log((‘/iizl)&)/log(g), we have

(V-1 I, )

P(M’H‘r(f) > 5) < eXp<_4CQ(1 + \/5)2 r+1

Part 3. Eventually, let us look at MI(f). We have for all § >0

]P’<%M,?(f)>5> gP(% > f(XZ-)>g> +]P’<% Zn: f(XH(Z-))>g>.

1€Ty, —1 1=2"n
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On the one hand, (3.2) leads us to
exp(c’8) exp(—c'6%n),

1
Vn € N, if < 5,
exp(2d6(ry, + 1)) exp(—c'6*n),
1
Vn S N, if = 5,

exp(—c6n),

1 V2
n 9 ‘f_ o
(A7) P(l > f(Xz)>g>§ YT R
1€Try, 1 —J52 "
exp( c ?”n—|-1>’
2
Y7, > 1o, ifazg,
1
/52
exp(—cé m),

2
Vr, >1rg — 2, ifa>§,

\

where 7q : log( ~)/loga and ¢, ¢ and ¢” are positive constants which

depend on «, ||f Hoo and c. ¢y, dand ¢ differ line by line. On the other
hand, for all A >0,

( Z f(Xng) ) <exp<—%5n>E[exp<)\ Z f(XH(Z-)))].
—2rn i=2n

Now let:

={II(2"™),II(2"™ +1),...,II(n) };
e O} _, the set of individuals of generation G,,_; which are ancestors of
one individual in O, ;
e 02 _, the set of individuals of generation G,,_; which are ancestors of
two individuals in O, ;
e O, the set of individuals of O, whose parents belong to O} _;
e 0, 1= O%nfl U O,% 1

We introduce the filtration F, := o(F,,I1(7),1 <i <T). Then we have
E|exp ()\ Z J(Xng) >]
1=2"n
:E[exp<)\ D 20f(X)+A ) QF(X )
ze('),%n 1 zG(’)&n 1
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eXP( > flx Qf(X[i/Z])> /frnl]

€0y,

XE[GXP( > f(Xai) + f(Xaip1) = 2Qf(X )/frn—lﬂ

i€0?

rn—1

Using the Azuma—Bennett—Hoeffding inequality, as in part 1, we get
A2 (14 a)?
[exp< > F(X0) - Qf (Xjiyy ) /7, _1} < exp<%|0;n|)
€0y,
and

E [exp( Z F(X2i) + f(Xoip1) —2Qf(X >/]:rn 1}
26(’)72% 1

< exp(2X° (1 +a)?|02,_4).

Now, we have

2
O,
:exp()\202(1+a) <2\(97, _1|—|—| 5 |>>

<exp(A? (14 a)*n).
This leads us to

E[exp (A > f(XH(i))>

i=2rn

221 2
mﬁiﬂiﬁﬁoo+wmvﬁuﬂﬂaln

Sexp(/\262(1+a)2n)E[eXp</\ Y 2Qf(X)+Xx Y Qf(X ﬂ

i€O? €O}l

rn—1 rp—1
Now let:

° (91 ! _ the set of individuals of G,,, o which are ancestors of one individual
in OT _1 and one individual in O, ;

) Ol 2 _ o the set of individuals of G,, o which are ancestors of one individual
in Orn_l and two individuals in O, ;

) 02 2 _ o the set of individuals of G,, o which are ancestors of two individ-
uals in O, —1 and two individuals in O, ;

° (92 3 "o the set of individuals of G, _» which are ancestors of two individ-
uals in O,, —1 and three individuals in O, ;
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° (’) _o the set of individuals of G,,_» which are ancestors of two individ-
uals in O,, —1 and four individuals in O, ;

e O, _; the set of individuals of O, 1 whose parents belong to Oi 172,
° (’)” _, the set of individuals of O,,,_; whose parents belong to (’)

Then we have

E[exp()\ S o20f(X)+A D) QF(X )}

i€eO? ieo!

rp—1 rn—1

:E[IlXIQXI3XI4XI5XI@XI7],

where
hzexp< STOQX) A Y QU)1AY 2P (X
€0y, i€ol? i€0?

Y s XA Y 4Q2f(Xi)),

ic0?3 ic0>*

Ty —2 T™n—2

Iy =Elexp| A Z Qf(X;) — QZf(X[i/Z})) /ﬁrn—2:| )

> 200(Xa) + QI (Xoiir) —3Q°S (X > )) /7o 2}

> QF () +20f (Xun) ~ 3¢ (X)) /7.

Iz =E |exp (A D 20f(Xa) +2Qf (Xaig1) — 4Qf(X )/}_rn—2]
- €02t
Using the Azuma—Bennett—Hoeffding inequality, we get
IQXI3XI4XI5XI@XI7

O/
<exp ()\202(04 +a?)? <% +2|0; 4]+ 2|Orn—1
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9 02,3_
A0l o +8\03;4_1|>>

< exp(2A2c*(a + a?)’n),
hence

E [exp <)\ Z f(XH(Z-)))] < exp(A2P (1 + a)?n) exp(2A22 (a + o2)*n)E[L].

i=2rn

Now, iterating this procedure we get

exp ()\ Z f(XH(i))>] < exp <A202(1 +a)*n Zn:(QaQ)p> exp(Aca’™n).

1=2"n p=0

E

Then it follows as in part 1 that

1< §
P(g Z:%;n f(Xn@y) > 5)
(A.8) ,

exp(c’6) exp(—c§°n),

1
Vn €N, if a< X
exp(—c'6%n),
1 2
Vn € N such that r, > rq, if§<a<§,

IN

exp <—c’52 £> ,
Tn

1
Vn € N such that r,, > ro, if o® = 2

1 2rn
e (2)"),
«
e 9 1
Vn € N such that r, > rg, if > —,

2

where rq := log(%) /log(a) and the positive constants ¢y, ¢ and ¢ depend
on «, 0, ¢ and differ line to line. Finally (A.7) and (A.8) lead us to (3.3).

A.4. Proof of Theorem 3.2. Let f € By(S?) such that (u, Pf)=0.
Part 1. Let us first deal with Mg, (f). We have for all § >0 and A >0,

(s, (1) > 6) < exp(-NIG)E[exp (A 3 129 |
1€Gr
Conditioning and using Bennett—Hoeffding inequality gives us

e (A X2 780 )| < exp @21 l: D [exp (A 3 Prx) ) |

1€Gy 1€Gy
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Now, applying part 1 of the proof of the Theorem 3.1 to Pf, we get (3.1)
for f € By(S?).

Part 2. Let us now treat M, (f). We have for all § > 0,
_ — ) — J
(A9) PO, (1)>0) <B(Mn (s - 1) >3 ) +P (e (1) > 3).

Now, since (MM(f — Pf))n>1 is a H,-martingale with bounded jumps, the
Azuma inequality [1] gives us for some positive constant ¢/,

P(m,xf —Pf)> g) < exp(— 62T, ).

For the second term on the right-hand side of (A.9), we use inequalities
(3.2) with Pf instead of f. Gathering these inequalities, we get (3.2) for all
r large enough.

Part 3. The proof for the case MI(f) follows the same lines as the proof
of part 2.

A.5. Proof of Proposition 4.2. We will prove the deviation inequality
fqr |&f, — ap|. The other deviation inequalities for |5; — fol,|&] — | and
|8} — B1] may be treated in a similar way.

One easily checks that

a5 — ap = (Mr, (xy) = Mr, (P(xy))) = (Mr, (x))(Mr,(y) = Mr,(P(y)))
B,

We then have, for all § > 0,
B(| — aol > 0)

< P(\MT,« (XYB—T P(xy))| y g)

+P<\mr(x)ﬂmr(y — P(y))| 5>'

B, )

On one hand, for all 41 > 0 we have

P<|MTT(X3’B—T Pxy))l g)

(A.10) 5
<P(B, <)+ P(\MTT (xy — P(xy))| > %)
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Now, for b= us(6,02) — u1(60)?, where i and ps are given in (4.5), we have

_ h—
]P)(BT < ’yl) < P(—M'H‘T(XQ — ,ug) > 371>

_ b—
+P(\MTT<x—m>\> “)

V3
— b—m
+P( Mr, (x — p1) > Wl )
We choose 71 < min{ 522, 74+“g§’§52+16, 1+3g|“1‘} so that 22 < max{ b
Vb= b—m

75 O] }. Then we have

— ) — )
By <) < P( W, (2 = %) > ) 28 ([, (x = )] > 230

and therefore we get

P(IMTT (xy — P(xy))| 5)

B, >2
— ) — o
SQ]P’(\MTT(X—M)\ > %) +]P><M’]I‘T(,UQ - x?) > l)

2
+ ([, oy — POy > 1)

On the other hand, we have

P(%Jx)\ﬂ;@—f?(y)ﬂ AP

[Mr, (x — p)|[Mr,(y = P(y))] _ ¢
: B, >Z>

M - P )
+]P><‘ T, (y =Py >
B, 4|M1‘
The last term of the previous inequality can be dealt with in the same way
as inequality (A.10), using v3 > 0 such that

4 pr| 4387 302 72438
For the second term, we have

|Mr, (x — p)|[M1,(y — P(y))| _ ¢
p( = ) -9)

4 2 —4 24b? 1 2b
o< 2 2l + /21057 [+ 16) i

< p<|MTT<X ) > @) +P<\mr<y3—r P wj)
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—44/48b3+16
Let 72 > 0 such that v9 < min{ 2+3\/_, 73 ) 1+3\/_| } in such a way

that we obtain 72\/_ < max{?352, ¥ i’/gw, 2‘ 27} We thus have

P(Wﬂrr(x—ul)l\ﬁm(y - P 5)

B, 4

< P(\MTT(X — p1)| > ?)

+P<|MTT(X2 — p2)| > 72?) +P<‘MTT(Y - P(y))| > 72;3)

72\/6_5)'

+2P(|mr<x—u1>|> :

From the foregoing, we deduce that for all v > 0 such that v < min(y1,72,73),

P(la” — ao| > 0)

_ ) — 1)
< 2P0z, (= )| > 5 ) + B3, G = ) > 7 )

(W, ey~ POy > 5 ) 2 (10, e ) > %)
7)

(1072, — ) > 22 ) 4 ([F, 5 — Pl > 257

+2[P><|MT,«(X p1)] > 7f> +2P<‘MTT(X )l > 4|6u7 I)

)+ 2 (10 v - Pl > )

Now, using (2.8) and Markov’s inequality we get

B(185, ey — POy > ) < S (1)
T, (XY Xy 2 = 54’)/4 4 )
— oy epd 1\

P([Mr(y — P <o (2

P(|MTr<y—P<y>>|>7f) ‘ (1)”1,

_ (57
+]P><‘MTT o — x2) >
(2 =3 > Al

and

2 *(52 4

where the constant ¢ can be found as in Remark 2.4.
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__Finally, the other terms, that is, the terms related to Mr, (x* — y2) and
M, (x — p1), can be bounded as in Corollary 2.2 and this completes the
proof.

APPENDIX B

Let us gather here, for the convenience of the readers, various theorems
useful to establish LIL, ASFCLT, deviation inequalities and MDP.
First, let us enunciate the Azuma—Bennett-Hoeffding inequality [1, 3, 16].

LEMMA B.1. Let X be a real-valued and centered random variable such
that a < X <b a.s., with a <b. Then for all A >0, we have

A2(b—a)?

LEMMA B.2. Let (E,d) a metric space. Let (Z,) a sequence of random

variables values in E, (vy,) a rate and g: Dp C E — R continuous. Let z € E
be a deterministic value:

If Z, SRS then g(Zy,) SHRESTP 9(z).
Un Un

PRrOOF. For all § > 0, there exists (see, e.g., [22], proof of Theorem 2.3)
p (5) >0

(B.1) P(lg(Zn) — 9(2)| > 6) <P(d(Zn, 2) > a0 (9))-

Indeed, since g is continuous, for all § > 0, there exists ag(d) > 0 such that
lg(x) —g(2)] <o whenever d(z,z) < ag(9).

We then have

{w:d(Zn(w),2) < ao(0)} C{w:[9(Zn(w)) — g(2)| <}
and therefore inequality (B.1). Now, the result of the lemma follows since
7 superexp 0
n

Un

Let M = (M, Hn,n > 0) be a centered square integrable martingale de-
fined on a probability space (2, H,P) and ((M),,) its bracket. We recall some
limit theorems for martingale used intensively in this paper.

We recall the following result due to W. F. Stout (Theorem 3 in [21]).

THEOREM B.3. Let (M,,) such that My=0. If (M), — o0 a.s. and

> 2loglog(M),
> %J\WE[(M” = Myu—1)* LMy~ My 1)25> K2 (M) /2loglog(M) )}/ Hn—1]

n=1

< 00 a.s.,
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where K, are H,_1 measurable and K, — 0 a.s., then

lim sup oD og s ), =1 a.s.

We recall the following result due to Chaabane (Corollary 2.2 in [5]).

THEOREM B.4. Let (V},) be a (Hy)-predictable increasing process such
that:
1 -2 .
H-1 V., 5(M), — 1, a.s.;

H-2 foralle >0, Y, o)V, 2 E[(My — My 1)*1 57, a1,y >ev, /Hin1] < 00,
a.s.;

H-3 forsomea>1,3% o) Vi, 2 E[(My,— My 1)* s, — a1 |<vi/Hn-1] <
00, a.s.

Then M, satisfies an ASFCLT; that is, for almost all w, the weighted random
measures

N
. V2
Wi (w,®) = (log Vi) ™" Z(l v >5{wn(w>e-}
n=1 n+l1
associated to the continuous processes ¥y (w) = {¥,(w,t),0 <t <1} defined
by
W (w,t) = Vi M + (V2 = V)T (Ve = ViE) (M — M)},
when V,f < tVn2 < Vk2+1, 0<k<n-—1, weakly converge to the Wiener mea-
sure on C([0,1],R).

Let us enunciate the following which corresponds to the unidimensional
case of Theorem 1 in [11].

ProPOSITION B.5.  Let (b,) a sequence satisfying

by, by,
— — +00, — —0,

vn n

such that c¢(n) :=n/by, is nondecreasing, and define the reciprocal function
-1

c (1) by

b, is increasing,

¢ Ht) :=inf{n € N:¢(n) > t}.
Under the following conditions:

(C1) there exists Q € R% such that (M) sUpOrEXP .

" b2 /n
(C2) limsupn_H_oo%log(nesssuplgkgcfl(bnﬂ)IP’(|Mk — M| > b/
%k—l)) = —00;
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(03) fO’f’ all a > 0 %ZZ:1E(\Mk — Mk*l|21{|Mk—Mk_1\2an/bn}/

superexp
Hk—l) — O,‘
b2 /n

(Mn/bn);zeN satisfies the MDP in R with the speed b2 /n and the rate function
I(z) =35
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