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DEVIATION INEQUALITIES, MODERATE DEVIATIONS
AND SOME LIMIT THEOREMS FOR BIFURCATING MARKOV CHAINS
WITH APPLICATION.

S.VALERE BITSEKI PENDA, HACENE DJELLOUT, AND ARNAUD GUILLIN

ABsTRACT. Firstly, under geometric ergodicity assumption, we provide some limit theo-
rems and some probability inequalities for bifurcating Markov chains introduced by Guyon
to detect cellular aging from cell lineage, thus completing the work of Guyon. This prob-
ability inequalities are then applied to derive a first result on moderate deviation principle
for a functional of bifurcating Markov chains with a restricted range of speed, but with a
function which can be unbounded. Next, under uniform geometric ergodicity assumption,
we provide deviation inequalities for bifurcating Markov chains and apply them to derive a
second result on moderate deviation principle for bounded functional of bifurcating Markov
chains with a more larger range of speed. As statistical applications, we provide superex-
ponential convergence in probability and deviation inequalities (under the gaussian setting
or the bounded setting), and moderate deviation principle for least square estimators of the
parameters of a first order bifurcating autoregressive process.

Key words: Bifurcating Markov chains, limit theorems, ergodicity, deviation inequalities, mod-
erate deviation, martingale, first order bifurcating autoregressive process, cellular aging.
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1. INTRODUCTION

Bifurcating Markov chains (BMC) are an adaptation of (usual) Markov chains to the data of
regular binary tree (see below for a more precise definition). In other terms, it is a Markov
chain for which the index set is a regular binary tree. They are appropriate for example in
modeling of cell lineage data when each cell in one generation gives birth to two offspring
in the next one. Recently, they have received a great attention because of the experiments
made by biologists on aging of the Escherichia Coli (see [15], [13]). E. Coli is a rod-shaped
bacterium which reproduces by dividing in the middle, thus producing two cells, one which
already existed and that we call old pole progeny, and the other which is new and that we
call new pole progeny. The aim of their experiments were to look for evidence of aging in E.
Coli. In this section, we will introduce the model that allowed the authors of [13] to study the
aging of E. Coli and we refer to their works for further motivations and insights on the datas
leading to the model studied here. This model is a typical example of bifurcating markovian
dynamics and he has been the motivation for the study of BMC in [12]. This also motivates in
the sequel Section 2 and Section 3, where we give a rigorous asymptotic (and non asymptotic)
study of BMC under geometric ergodicity and uniform geometric ergodicity assumptions.

Date: November 30, 2011.
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1.1. The model.

Let T be a binary regular tree in which each vertex is seen as a positive integer different from
0, see Figure 1. For r € N, let

.
G, = {2’“,27”+1,--- Lo+l —1}, T, = |G,
q=0

which denote respectively the r-th column and the first (r 4+ 1) columns of the tree.
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FiGURE 1. The binary tree T

Then, the cardinality |G,| of G, is 2" and that of T, is |T,| = 2"+ — 1. A column of a given
integer n is G,,, with 7, = |logy n], where || denotes the integer part of the real number x.
The genealogy of the cells is described by this tree. In the sequel we will thus see T as a given
population. Then the vertex n, the column G, and the first (r + 1) columns T, designate
respectively individual n, the r-th generation and the first (r 4+ 1) generations. The initial
individual is denoted 1.

Guyon & Al. ([13], [12]) have proposed the following linear gaussian model to describe the
evolution of the growth rate of the population of cells derived from an initial individual
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X2n - aOXn + 50 + €9n
L(X:) =v, and  Vn>1, (1.1)
Xopnt+1 = o Xy, + B1 + €ant1,

where X, is the growth rate of individual n, n is the mother of 2n (the new pole progeny cell)
and 2n + 1 (the old pole progeny cell), v is a distribution probability on R, ag, a1 € (—1,1);
Bo, 51 € R and ((62n, Eont1)s T > 1) forms a sequence of i.i.d bivariate random variables with
law N2(0,T), where

F202</1) /1)>, o®>0, pe(-1,1).

The processes (X,,) define by (1.1) is a typical example of BMC which is called first order
bifurcating autoregressive processes (BAR(1)).

In [12], Guyon, using the theory of BMC, gives laws of large numbers and central limit theorem
for the least-square estimators 6" = (&, Ag,ol’l’, 37) of the 4-dimensional parameter 6 =
(v, Bo, a1, B1), (see section (4) for a more precise definition). He also gives some statistical
tests which allow to test if the model is symmetric or not, and if the new pole and the
old poles populations are even distinct in mean, which allows him to conclude a statistical
evidence in aging in E. Coli. Let us also mention [3], where Bercu & Al. using the martingale
approach give asymptotic analysis of the least squares estimators of the unknown parameters
of a general asymmetric pth-order BAR processes.

In this paper, we will give moderate deviation principle (MDP) for this estimator and the
statistical tests done by Guyon. We will also give deviation inequalities for 6" — 0, which are
important for a rigorous (non asymptotic) statistical study. This will be done in two cases:
the gaussian case as described above and the case where the noise is assumed to take values
in a compact set. Note that the latter case implies that the BAR(1) process defined by (1.1)
values in compact set.

We are now going to give a rigorous definition of BMC. We refer to [12]| for more details.

1.2. Definitions.

For an individual n € T, we are interested in the quantity X, (it may be the weight, the
growth rate,---) with values in the metric space S endowed with its Borel o-field S.

Definition 1.1 (T-transition probability, see ([12])). We call T-transition probability any
mapping P : S x 8% — [0,1] such that

e P(.,A) is measurable for all A € S,
e P(z,.) is a probability measure on (S%,8%) for allx € S.

For a T-transition probability P on S x 82, we denote by Py, P; and Q respectively the first
and the second marginal of P, and the mean of Py and Py, that is Py(z, B) = P(x, B x 5),

P+ P
Py(z,B) = P(z,S x B) for alleSandBGSandQ:%.

For p > 1, we denote by B(SP)(resp. By(SP), C(SP), Cp(SP)) the set of all SP-measurable (resp.
SP-measurable and bounded, continuous, continuous and bounded) mapping f : SP — R. For
f € B(S?), when it is defined, we denote by Pf € B(S) the function
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x+— Pf(x / f(z,y,2)P(z,dydz).

Definition 1.2 (Bifurcating Markov Chains, see ([12])). Let (X,,n € T) be a family of S-
valued random variables defined on a filtered probability space (Q, F,(F,,r € N),P). Let v
be a probability on (S,S) and P be a T-transition probability. We say that (X,,n € T) is a
(Fr)-bifurcating Markov chain with initial distribution v and T-transition probability P if

o X, is F,, -measurable for alln € T,
o ﬁ(Xl) =V,
e for all v € N and for all family (fn,n € G,) C By(S?)

[T (X0, Xon, Xoni1) / fr] =[] Prux

neG, TLGGT

In the following, when unprecised, the filtration implicitely used will be F,. = o(X;,i € T,).
We denote by (Y,.,r € N) the Markov chain on S with Yy = X3 and transition probability Q.
The chain (Y;,r € N) corresponds to a random lineage taken in the population.

We denote by = the set of all permutations of N* that leaves each G, invariant. We draw
a permutation 7 uniformly on =, independently of X = (X,,,n € T). 7 allows to define a
random order on T which preserves the genealogical order.

For all i € T, set A; = (X;, Xoi, X2i+1) and define the following empirical quantities

Mo, (f) = iy X J(X0)

L 1€Gy
Mr(f)=mr 25X it peps) (12)

and

MGr(f): \1\ Z f(Az)

L 1€Gy
M, (f) =7 2 f(B) 5 ¢ e prss). (1.3)

1€Tr
M (f) = Zf( (i)

Guyon in [12] studied limit theorems of the empirical means (1.2), (1.3), namely law of large
numbers (in L? and for some almost surely) and central limit theorems for (1.3) with a
conditional recentering. An extension of the BMC have been proposed in [6], in which the
authors study a model of the BMC with missing data. To take into accont the possibility
for a cell to die, the authors in [6] use Galton-Watson tree instead of a regular tree. And
they give a weak law of large number, an invariance principle and the central limit result for
the average over one generation or up to one generation. One can also mention the work of
De Saporta & Al. [5] dealing with bifurcating autoregressive processes with missing data in
the estimation procedure of the parameters of the asymmetric BAR process. They use a two
type Galton-Watson process to model the genealogy and give convergence and asymptotic
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normality of their estimators. Now, the previous work do not take into account the study of
the convergence speed.

1.3. Objectives.

Our objectives in this paper are:

e to give some limit theorems for BMC that complete those done in [12| (CLT, LIL,...);
e to give probability inequalities and deviation inequalities for the empirical means (1.2)

and (1.3), i.e. for f € B(S) and all z > 0
P (Mr, — (. f) > 2) < e 9

where C(z) will crucially depends on our set of assumptions on f and on the ergodic
property of P;

e to study moderate deviation principle (MDP) for BMC, i.e. for some range of speed
VT < b. < r (depending on assumptions) and for f € Cy(S?) with Pf =0

b%rl P 1M >
T, 8 Gy M 20~ T

e to obtain the MDP and deviation inequalities for the estimator of bifurcating autore-
gressive process, which are important for a rigorous statistical study.

All these results will be obtained under hypothesis of geometric ergodicity or uniform geo-
metric ergodicity.

Limit theorems, given in this paper, include strong law of large numbers for the empirical av-
erage M, (f) with f € B(S) (this case is not studied in [12]), the law of the iterated logarithm
and the almost sure functional central limit theorem. Strong law of large numbers will be
done via calculation of 4th order moments. We thus generalize the computation of 2nd order
moments made by Guyon in [12]. It will be noted that the technique we will use can be applied
to compute the other higher order moments but at the price of huge and tedious computations.

Deviation inequalities will be obtained in the setting of unbounded functions, by using the
classical Markov inequality and under geometric ergodicity assumption. We will restrict our-
selves to the use of 2nd order moment (refing results of Guyon), sufficient to obtain the MDP
for a restricted range of speed, but it will be very clear that these inequalities may be im-
proved using higher order moments.

Exponential deviation inequalities will be done in the setting of bounded functions and un-
der uniform geometric ergodicity assumption, using intensively Azuma-Bennet-Hoeffding in-
equality [1], [2], [14], which we can only apply on bounded random variables. Extension to
unbounded functions and weaker ergodicity assumptions will be done in a further work.

The MDP will be deducted in large part from these inequalities. The speed will depend from
the fact that we are under hypothesis of geometric ergodicity or uniform geometric ergodicity.
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Before the presentation of the plan of our paper, let us recall the definition of a moderate
deviation principle (MDP): let (by,)n>0 be a positive sequence such that

b b2
- — 0, and L — 0.

n n—oo n n—oo

We say that a sequence of centered random variables (M), with topological state space
2
(S,S8) satisfies a MDP with speed %" and rate function I : S — R if for each A € S,

n

— inf I(x) < liminfﬁlogﬂl’ EM,L €eA) < limsupﬁlog]P’
n— 00 b2 bn,

x€A° b% by, n—oo YUp

M, € A> < — inf I(x),
z€A

here A° and A denote the interior and closure of A respectively.

The MDP is an intermediate behavior between the central limit theorem (b, = by/n) and
Large deviation (b, = bn). Usually, MDP has a simpler rate function inherited from the
approximated Gaussian process, and holds for a larger class of dependent random variables
than the large deviation principle.

The paper is then organised as follows. Section 2 states the moments control and its con-
sequences. We shall state in this section a first result on the MDP for BMC in a general
framework, but with small speed. Let us note that 2nd order moments are sufficient to ob-
tain this result. Section 3 deals with the exponential inequalities and its consequences. In
this section, we shall generalize the MDP done in section 2, but in a restricted framework. In
section 4, we will interest particularly to the first order bifurcating autoregressive processes.
Section 5 is devoted to recaling some definitions and some limit theorems for martingales used
intensively in the paper, we have included them here for completeness.

2. MOMENTS CONTROL AND CONSEQUENCES

Let F' a vector subspace of B(S) such that
(i) F contains the constants,

(ii) F2C F,

(iii) F® F c LY(P(z,.)) forallz € S, and P(F® F) C F,

(iv) there exists a probability p on (S, S) such that F C L'(u) and hﬂm E, [f(Yr)] = (u, f)
forallz € Sand feF,

(v) for all f € F, there exists g € F such that for all r € N, |Q" f| < g,
(vi) F C L'(v)

The following hypothesis is about the geometric ergodicity of Q:

(H1) Assume that for all f € F such that (u, f) = 0, there exists g € F such that for all
r € Nand for all z € S, |Q"f(z)|] < a"g(x) for some a € (0,1), that is the Markov chain
(Y;,r € N) is geometrically ergodic.

Recall that under this hypothesis, Guyon [12] has shown the weak law of large numbers for the
three empirical average Mg, (f), M, (f) and M,,(f) (in [12]: see theorem 11 when f € F and
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theorem 12 when f € B(S?)) and the strong law of large numbers only for Mg, (f), M, (f)
(in [12]: see theorem 14 and corollary 15 when f € F and theorem 18 when f € B(S?)).
When f € B(S3) and under the additional hypothesis Pf2 and Pf* exist and belong to F,
he proved the central limit theorem for M, (f) and M, (f) (in [12]: see theorem 19 and
corollary 21). Recall that the central limit theorem for the three empirical means (1.2) when
f € B(S) is still an open question, see [6] for more precision.

In this section, we complete these results by showing the strong law of large numbers for
M, (f), when f € F. We prove also the law of the iterated logarithm (LIL) and almost sure
functional central limit theorem (ASFCLT) for M, (f) when f € B(S3).

2.1. Control of the 4-th order moments.

In order to establish limit theorems below, let us state the following

Theorem 2.1. Let F satisfy (i)-(vi). Let f € F such that (u, f) = 0. We assume hypothesis
(H1). Then for all T € N

c(%)r if a? <%

E[Mo, ()] < e (1) if a®=14 (2.1)

ca® if o® > %
where the positive constant ¢ depends on « and f (and may differ line by line).

Proof. First note that f(X;) € L* for all i € G,.. Indeed, let (z1,--- ,2.) € {0,1}" the unique
path in the binary tree from the root 1 to ¢. Then,

E|f1(X0)] =Py - P f,

and from hypothesis (ii), (iii) and (vi) we conclude that vP,, --- P, f4 < cc.
Now, the rest of the proof divides into two parts.

Part 1. Computation of E[MGT (f)ﬂ.

Independently on X, let us draw four independent indices I, J,., K, and L, uniformly from
G,-. Then

E|[Me, ()*] = B[F(X5) f(X)] (X ) F(X1,)].

For all p € {0, e ,r}, let us define the following events:

E} - "The ancestors of I, J,, K, and L, are different in G,".

E? : "Exactly two of I, J;, K, and L, have the same ancestor in G,,".

: "I, J,, K, and L, have the same ancestor two by two in G,".

EY : "Exactly three of I, J,, K, and L, have the same ancestor in G,".
EY : "I, J., K, and L, have the same ancestor in G,".

e 6 o o o
3|
N
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In the sequel we do the convention that ES'H is a certain event. Then after successive
conditioning by events EY for p € {0, e ,r} and i € {O, e ,4}, we have

E|f(X0)f(X0) (Xae) F(X1,)| = B[ F(X0) F(X0)f (X)) S (X2,) /G| < P(E)  (2.2)

+ Y E[f(X0)F 0 F(X)F (X1, ES T BT < B(ED)P(ERH /E)
p=2

SB[ (X0 F (X ) F (X0, ) [EE BS] < P(ER)P(EE" /D)
p=2

B[ (X1,) 1 (X)) (Xic,)f (X1,) /B | % ()
FE[F(X1) F(X0)f (X, ) [ (X1,)/ Ef | < P(E}).

Now it is easy to see that

3 2" —1 pA— 27 _ 1 1
P(E}) = =i P(E}) = 3= P(B}) = 6=~ B(E}) = 4= P(E}) = 6
and for p € {2,--. 774_1},
P(EDP(E™ /BY) = 5= and P(ERP(ELY/ER) = $ 700

Indeed, the realization of ”E} N Engl” can be seen as "draw uniformly four independent
indices from G, such that two are the same and others are different and the two indices which

are the same take different paths at G,11". Similarly, the realization of ” EY N Engl” may be
interpreted as "draw uniformly four independent indices from G, which are the same two by
two and all the indices take different path at G,41".

We are going now compute each term which appears in (2.2). We do the following convention

PQ I feQ ) =12
(2) B[ F(X1,) £ (X) F(Xi,) f (X1, EL] = v@ 2

(b) Conditionally on Ej, we may assume that the indices I, K, and L, are the same. We
then have

E|f(X1,)f (X5, f(Xic)F (X1,) /B | = B[ f3(X1,)f(Xs,) / By |
LY e QP (T P e @) 4+ 1Y 2 e Qrp (@l e e ).
p=0 p=0

(c) Let p € {2,--- ,r}. Conditionally on E} and Eg“ we may assume that I, and .J, have
the same ancestor at G, and K, and L, have the same ancestor at G,. We thus have
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E[f(X1,) £ (X0 f(Xk)f(X1,)/ EG EE]

E[E X0 )P F (X ) F(XL) [ Fa | / fp} / By EY
=E[P(Q 7 & Q) (X1, 0 ) P QU7 F © Q) (Xigon,,) [ EE FS

—1
_ pz 2_1_1VQIP ((Qp—l—lp (Qr—p—lf ® Qr—p—lf)) ® (Qp—l—lP (Qr—p—lf ® Qr—p—lf))) ’
=0

=E

where I, Ap J.(resp. K, Ap L,) denotes the common ancestor of I, and J, which is in G,
(resp. the common ancestor of K, and L, which is in G,).

(d) Let p € {2, e ,r}. Now conditionally on E} and Eg“ we may assume that it is K,
and L, which have the same ancestor at G,. We denote by p(I,) and p(J,) respectively the
ancestor of I, and J, which are in G,. As before, the common ancestor of K, and L, which
are in Gy, is denoted by K, A, L. At this stage, we may repeat the successive conditioning
that we have done in the beginning but this time for indices p(I,), p(J,) and K, A, L,. This
leads us to

E[£(X0)f (X5, f (X ) f(X2,) | BG BY
B[ Q7 F(Xp1,))Q P (Xy0,) P (Q 74 © Q71 f) (Xm0, /B Y

D %2;271 {% lio2_m_1meP ((Ql—m—lp (Qr—l—lf ® Qr—l—lf))

—

|
—

=2

QPP (QTPT @ Q)
-1
+ % 202—m—1meP ((Qp—m—lp (Qr—p—lf ® Qr—p—lf))

® (Ql—m—lp (Qr—l—lf ® Qr—l—lf)))
-1
4 % ZZO QfmflmeP ((Qlfmflp (Qrflflf ® prlflp (Qrfpflf ® Qrfpflf)))

® (Qrfmflf))
-1
+% ZZO QfmflmeP (Qrfmflf ® (Qlfmflp (Qrflflf ® prlflp (Qrfpflf ® Qrfpflf))))

N % lZ:1O 27m71VQmP ((Qlfm—lp (Qp—l—lp (Qrfpflf ® Qrfpflf) ® Qrflflf))

® (Qr—m—lf))
-1
_|_% 2:30 2m—1meP ((Qr—m—lf) ® (Ql—m—lp (Qp—l—lp (Qr—p—lf ® Qr—p—lf)

2Q"7'71f))) }

+ 4%5 {VP (P (Qerf ® Qr72f) ® prlp (Qrfpflf ® Qrfpflf))
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+ P (prlp (Qrfpflf ® Qrfpflf) ®P (Qr72f ® Qerf))
+uP (P (Qr—Qf ® Qp—ZP (Qr—p—lf ® Qr—p—lf)) ® Qr—lf)
+uUP (P (Qp—QP (Qr—p—lf ® Qr—p—lf) ® Qr—Qf) ® Qr—lf)
4+ uP (Qrflf QP (Qerf QP (Qrfpflf ® Qrfpflf)))

+uvP (Qr—lf QP (Qp—QP (Qr—p—lf ® Qr—p—lf) ® Qr—Qf)) }

(e) Finally,
B[ £(X0)£(X0)f (Xic) (X1,) ) B3|

=K

B[ [ 007 (001 () 060/ 73] [ [
—E[P (@2 0@ F) (Xa)P (@2 © Q"2f) (Xs) /B
—uP (P (Qerf ® Qerf) ® P (Qerf ® Qerf)) .

Gathering together all these terms each multiplied by its probability, we obtain an explicit
expression for E [MGT( f )4] .

Part 2. Rate.
We are now going to give some rate for the different terms that appear in the expression of
E[HGT( f)ﬂ. In the sequel ¢ denotes a positive constant which depends on f; it may vary

from one line to another. ¢; and ¢y are positives constants which depend on «. Then we have

(a) E[ £ (X1, F(X5,) f(Xic,) f(X1,) /B | X P(E]) < ez,
where from (ii), (v) and (vi) c is such that vQ" f* < c.

r—1

() B[ f(X0,) (X0, ) (X, ) (X1,) /B | % P(E}) < e’ ()% (GR)"
where from (ii), (iif), (v) and (vi), ¢ is such for all p,q € N
max (vQPP (Q1f* ® g) ,vQPP (g Q1f%)) < ¢,
and from hypothesis (H1), g is such that for all p € {1,--- ,r — 1}
QP <o Py (2.3)
o a5 thenE | f(X7,)f (X0, f(Xae, ) f(X1,) /B | XP(BE) < pabqre ((9)"+ ().
o I o = b then, B[ f(X5,)[(X0,) f(Xi,) f(Xz,)/ BS] x B(E) '

(0) B[ £(X1,)f (X, )F(Xic, ) f(X1,) / BE] % B(E}) < Fkat
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T
(d) 35 E[F0X0) FO0 ) (Xt F(X2,) /B ] B (BB (E5 /)
p2

< 6e(3)" + para Z (a7)"

where from (ii), (iii), (v) and (vi) ¢ is such that for allp € {2,--- ,r —1}, ¢ € {07 <, —1},
le {07 7p_1}

max (vQIP (Q" 7120 Q113 QP (" P92 g) Q" P(g @) ) ) <o,
and ¢ is defined as before (2.3).
o If 2 # % then
3 B[ F(X0)F(X0)f (X)) f(X1,) /B, B ] < P(D)P(EGH /)
p:
<c <6 (2)" + s @™ + et (i)r> :
o Ifa? = % then

piQE[ (X1,) £ (X5,)f (Xie, ) (X2,) [ B B < P(ER)R(EL" /B
<6c(r—1) (i)r.

(e)

oIfoz:%then

B[00 (X0 (X ) (X0, ) 1] < PUEY) < 12¢ (1)

oIfOz%%
—ifa2:%then

s s 5] = - (1)

—if a? # % then

E[f(X1,) £ (X0 (Xie ) f(X0) /B x P(EY) < it (5) +25 (%)

where from (ii), (iii), (v) and (vi) ¢ is such that for all l € {2,--- ,r — 1}, ¢ € {0,--- ;I — 1}
max (vQ"P (Q7 P (9@ 9) © Q"7 f2) wQ P (QT'P (g0 @) @ yg) ) <

and g is defined as before (2.3).

(f)
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oIfa:%then

r—1 T
SB[ (K1) (X0) f(Xi, ) (X1,) [ EE L BY| < P(ED)P(EE™ /EY) < 12¢ G) :
p=2

oIfOz%%
—ifa2:%then

DB A1) f (X0)F (X)) f(X0,) /By BY| < B(ER)B(ES™ [ BY) < Berer” @

—if o® # % then

S | F(X1)F(X5)f (X)) F(Xe,) /BT BR | < B(ED)B(E] /)

3cic + 3cic + 3c(2a+1) a4r
= \ 8a®(2a2—1)2 406(2a2-1)2(202+1) 32a8|2a2—1]

3cic c a2\ 12a2¢ic 1\7
+ (m?(za?—l)? + 8a4\2a2—1|> ( ) ) + e rear (1)

Where c is define in the same way as before.

Now the results of the theorem 2.1 follow from (a)-(f) of Part 2. O

We give an extension of theorem 2.1 to the two empirical averages Mr, (f) and M, (f).

Corollary 2.2. Let F satisfy (i)-(vi). Let f € F such that (u, f) = 0. We assume that
hypothesis (H1) is fulfilled. Then for all € N andn € N

( r+1 .
@ <
AT r+1 .
E[Mr, (1] < Qe (1) if o=} (2.4)
catrtD) gf a2 >4
and ) )
c (%)T”Jr if o< %
Evild rn+1 .
E[Mn(f)A‘] <2 (D™ i a?=1 (2.5)
cantl) gr 02 > i

where the positive constant ¢ depends on a and f and may differ line by line.

Proof. The proof follows the same steps as in the proof of Part 2 and Part 3 of theorem 2.10,
and uses the results of the proof of theorem 2.4 to get the control of the 4th order moment
in incomplete generation. See section 2.2 and 2.5 for more details. U
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Remark 2.3. If f € B(S®) is such that Pf? and Pf* exist and belong to F', with Pf = 0,
then we have for some positive constant ¢

C

E[Me, ()] < G (2.6)
Indeed, we have
E[Ms, (1)1] =E[Me, (/)] +6E | & P00F00)| +4B| T fM»f(A»]
i#j€Gr i#jEGr
+12E | Y0 fAD) (D) F(AR)| + 24E > f(Ai)f(Aj)f(Ak)f(Al)]
i#£jAkEG, i ARAIEG,
=E| X PfUX)|+6E| PfQ(Xz‘)PfQ(Xj)],
1€Gy 1#jE€Gr

where the last equality was obtained after conditioning by F,._; and using the fact that
Pf =0. Now, dividing by |G,|* leads us to

E[MGT<f)4}=|G§|2E[|G1|2 > PAX)PX;)| + gipE

@ > Pf4(Xi)]

1€Gy

2
i ,Pf2 2 JPft
< %wa) + |<c}r2|zIE <@.Z sz(Xi)_(u’Pﬁ)) ’ (7@{3)
1€

and (2.6) then follows using Part 1 of the proof of theorem 2.10.

2.2. Strong law of large numbers on incomplete subtree.

We now turn to prove strong law of large numbers for Mz ( f_) ; completing the work of Guyon
[12], where the LLN was proved only for the two averages M, (f) and Mg, (f).

Theorem 2.4. Let F satisfy (i)-(vi). Let f € F such that (u, f) = 0. We assume that

hypothesis (H1) is fulfilled with o € <0, %g) Then MZ(f) almost surely converges to 0 asn
goes to oo.

Proof. From the decomposition

rn—1 n
M) = 3. S e () += 0 F(Xew),
q=0 i=2"n

it is enough to check that

nilE <% Zn: f(Xn<z>)>4 < 00,

1=2"n
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Indeed, since Mg, (f) almost surely converges to 0 (corollary 15 in [12]), we deduce that the
first term of the right hand side of the previous decomposition almost surely converges to 0
(lemma 13 in [12]).

We have

+eaE | 2 Ai,fQ (Xriy) £ (me)]
| 6,=2""5i]

+eLE > (X)) f (Xwo‘))]

:i7j=2T";i7fj
+eqaE . QZ #'#kf2(X7r(z))f(Xw(j))f(Xw(k))]
|40, k= ™™g

celBl S (%) (Kew) £ () S (Xw(z))]

i3,k (=2 it j £ kAL
where the positive constant ¢ mays differ line by line.
Recall the following: for i,j,k and [ € {2™,--- ,n}

e If i # j, then r, > 1. Independently on (X, 7), draw two independent indices I,
and J,, uniformly from G, . Then the law of (mw(i),7(j)) is the conditional law of
(Ir,,Jr,) given {I,, # Jp, }.

o If i # j # k, then r, > 2. Independently on (X, ), draw three independent in-
dices I, Jy, and K, uniformly from G,,. Then the law of (7 (i), 7(j),m(k)) is the
conditional law of (1., , J,, , K, ) given {I,, # J., # K, }.

o If i # j # k # [, then r,, > 2. Independently on (X, ), draw four independent indices
I, Jy,, K, and L, uniformly from G,,. Then the law of (7 (i), 7(j), 7 (k)),n(l)) is
the conditional law of (I, , Jy,, Ky, , Ly, ) given {1, # J. # K, # Jp, }.

Then we check that

E [ > 7 ()| - 0(-3).

1=2"n

1 g !
pves Yo P (Xw) £ (X)) :O(_)’

i,J=2""3i#]

and
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Let us deal with the remaining term

n

%E Yo P X)) f (Xe)f Xnry)

i.j k=2 siztitk

(=2 —1)(n—2")(n -2 41)
P(I,, # J, # K, ) xnd

XE[ 12 (X1,,) £ (X0,,) £ (Xk0,) Lt s, 2601

Then, we get an explicit expression for the last expectation similar to that obtained in part
(d) of the calculus of E[MGT( f)4] with a slight modification of the functions. Calculating

the rate of this expression, we obtain

> ik > P X)) Xam) | <€ Eaz”"
n=4 i.g, k=2 siih n=1
0o rp—1p—1
11 1 5 9
+CZ Z n 2P 9l+1
n=1 p=2 [=0
oo rp—1p—1

where the positive constant c¢ differs term by term. Now it is no hard to see that the right
hand side is finite.

Finally, to check that the series of general term

1
> > F (K@) £ (Xaiy) f (X)) £ (Xry)
i,5,k,l=2rn i j £kl

is finite, it is enough, according to the calculation of rates we have done in Part 2 of the

[ee)
proof of theorem 2.1, to check that Y a*™ < oo, wich is the case if a € (0, @) and this
n=1

ends the proof of theorem 2.4. O

Remark 2.5. Note that this theorem can be improved, but the price to pay is enormous
computations related to the calculation of higher moments, and stronger conditions on the
integrability of f. If f is bounded, this result is true for every a € (0,1) as we will see in
section 3.

2.3. Law of the iterated logarithm (LIL).

Now using the LIL for martingales (see Theorem 5.2 of Stout in the Appendix), we are going
to prove a LIL for the BMC. This will be done when f depends on the mother-daughters

triangle (A;). We use the notations M (f) = i f(Dr@y) and M, (f) = > f(D).
i=1 i€Tr

Theorem 2.6. Let F satisfy (i)-(vi). Let f € B(S3) such that Pf =0, Pf? and Pf* exist
and belong to F'. We assume that hypothesis (H1) is fulfilled. Then
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lim sup Ma(/) =1 as
o 2T () log log (M7 ()

And particularly
i sup 2=/ (P as.

r—oo +/2|T,|loglog |T, \
Proof. We will check the hypothesis of Stout Theorem’s 5.2. Let f € B (53). We introduce
the following filtration (#,,),>0 defined by Ho = O’(Xl) and H,, = O’(Aﬂ.(i), 1<i< n) Let
(M,’{(f))n>0 defined by MJ(f) =0 and M (f) = Z f(A,T(Z ). Then since Pf = 0, (M;{(f))

is a ‘Hp-martingale with E [M{T (f )] = 0. We have the following decomposition

n

- rnl
%: Z MGqu) iZPJ‘Q( Xr(i))-

1=2"n

On the one hand, we have

Now, since
rn—1

Z EMe,(Pf?) — eu Pf?) as.

where ¢ = lim £2=L: we deduce that n = O<<M’T(f)>n>, so (M™(f))n — o0 a.s..

n—o0 n—oo

On the other hand, we have

_pr 7r(z (Pf) (M7Pf)

=2rn

we deduce from the previous decomposition also that (M), = O(n) a.s

Now taking K,, = % in the theorem 5.2, we have
oglog(n

2log log(M f)> 9
E f Awn 1 - ;tn
Z K2 Mw >n ( ( )) {f2(gﬂ(n))>_K2<M (n — }/ 1

2log log<1\/f7"(f)

a.s.,

10 10 M7r n)?

since (M), = O(n) a.s. so that for R < oo a.s., it is enough to check that

i #;(n) < oo as. (2.7)
n=1
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Now, according to hypothesis (H1), there exists a positive constant ¢ such that for all n > 1,
[Pf4 ( (n) )] =vQ™Pf* < ¢, and (2.7) follows. Applying theorem (5.2), we have
M’TI'
lim sup n (/) =1 as..
n—oo \/2(M7(f))nloglog(M™(f))y,

Now, for n = |T,| we have the following

Mr, (f) T ’<M|(1{\ Mr, (f)

VD), loglog(M(P)yr,  \ 2loglog(M (D), r, [ R4

and since |(11{C)\>TT = Mr, (PfQ) (,u,PfQ) a.s. (see theorem 18 in [12]) , we get

M-
lim sup r. (/) (1, Pf?)
r—oo 1/2|T,|loglog [T, ]
which ends the proof. O

Remark 2.7. Let us note that using theorem 2.4, we can prove that if hypothesis (H1) is
fulfilled with o € (0, ?) then,

MT('
n—oo V/2nlog logn
and via the computation of 2k-th order moments of Mg, (g), with k > 2 and g € B(9), it is

possible to prove the latter for all & € (0,1). But, as already emphasized, this comes at the
price of enormous computations.

(1, Pf?) a.s.,

2.4. Almost-sure functional central limit theorem (ASFCLT).

We are now going to prove an ASFCLT theorem for the BMC (X,,n € T). This will be
done when f depends on the mother-daughters triangle by using the ASFCLT for discrete

martingale. We refer to theorem 5.3 of Chaabane in the Appendix for the definition of an
AFSCLT..

Theorem 2.8. Let F satisfy (i)-(vi). Let f € B(S?) such that Pf =0, Pf? and Pf* exist

and belong to F'. We assume that hypothesis (H1) is fulfilled with o € (0, ?) Then MT(f)

verify an ASFCLT, when n goes to co.

Proof. We use Theorem 5.3. Let (H,,)nen be the filtration defined as in section (2.3). Then
(MTZ(f)) is a H,, martingale. We have to check the hypotheses of Theorem 5.3. For all n > 1,
let V;, = s\/n where s2 = (i, Pf?). Then according to Theorem (2.4)

Vi (M (f))n = Vi P ME(PS?) — 1 ass.
Let € > 0. We have

1 1 Pf
> o [P (o) e} Hnm | < Bz D

n>1 " n>1
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According to hypothesis (H1), there exists a positive constant ¢ such that for all n > 1,
[Pf ( m(n) )] =vQ™Pf* < ¢, and therefore, Ve > 0

1
> 7B [ B (o) ooy o] <20 ns

n>1

Finally, we have

> 7 £ (8ot Lo ) /P S%EL),

n>1 "
which as before is a.s. finite and the proof is then complete. O

Remark 2.9. As before, let us note that this result can be extended to the general case
€ (0,1), but at the price of enormous computation related to the computation of 2k-order

moments, k > 2, for Mg, (g), g € B(S).

2.5. Some probability inequalities for BMC.

We are now going to give some probability inequalities under (7) — (vi) and (H1) for the
empirical means (1.2) with (i, f) = 0 and (1.3) with (g, Pf) = 0. This will help us in the
sequel to obtain a MDP result in a general framework, that is for functional of BMC with
unbounded test functions. Note that the use of 2nd order moment is sufficient for this work,
since the higher moments do not improve the speed of the moderate deviation and the speed
of superexponential convergence (see the Appendix for the definition). Recall that the main
disadvantage here is that the range of speed for the MDP is very restricted. However, we still
work under geometric ergodicity assumption and general test function, which will not be the
case when we would want to extend the MDP (see section 3).

Theorem 2.10. Let F satisfy conditions (i)-(vi). We assume that (H1) is fulfilled. Let
f € B(S) such that (u, f) = 0. Then we have for all § > 0 and all r € N and alln € N

() 7 o <h

P(|Mo. ()| >8) < r () i o=} (28)

P(\HZ(]’)\ > 5) <{om, (M) i a2=1; (2.9)

and
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B(IW (0] > 8) <3 r ()™ i 2=} 2.10)

a2ty 2> L

where the positive constant ¢ depends on f and o and may differ term by term.

Proof. Let [ € B(S) ) such that (4, f) = 0. We shall study the three empirical averages
Mg, (f), M. (f) and Mr,(f) successively.
Part 1. Let us first deal with Mg, (f). By Markov inequality, we get, for all § > 0

B([Me, ()] > 8) = B([Me, (£)[* > %) < HE| (M, ()?].

By Guyon (see [12]), we have

T

E [(MGT (f))ﬂ _ Z 27p71p<TVQpP(QT7p71f ® Qrfp—lf).

p=0
Hypothesis (H1) implies that there exists g € F' and « € (0, 1) such that for all
pe {051’ ,T‘}
vQPP(QPTI @ QTP ) < o®TTPuQPP(g @ g).
Next, hypothesis (iii), (v) and (vi) imply that there is a positive constant ¢ such that for all
JS {0717 774}
2P DLQPP(g ® g) < P,
This leads us to

E|(Ms,(/)?] < cpi02—p—1p<ra2(7"—p—1) — (1) e

and therefore (2.8) follows.

Part 2. Let us now consider MZ( f). By the Markov inequality, we get, for all § > 0

P([3(1)] > 8) =P([ML()[° > %) < %Ehmmﬂ

IA
>

2

rn—1 -

2E ( > %MGq<f>> t3E
q=0

In the last inequality, we have used the decomposition

rn—1

M) = Y Ze,() + = S F(Xaw).
q=0

1=2"n
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In what follows, the constant ¢ may be slightly different from that of Part 1 and may differ
term by term.

2 9 ,
rn—1 — .
n 24 n 20 - 01
B2 5T ) | =X T < | XTIl
q=0 =0 , =
o Ifa? < % then
rn—1 1 .
n 2(] _ c n o
ZXHMGQ(JC)HQ_EZ(\/ﬁ)qSC ’
n
so that
R ’ +1
T 2q_ 27’n 1 Tn
E|( Y =Me,()| | ez <e <§>
q=0
o If a? > % then
"7l og o Tl
~||M — q Tn
> — [[Me, (N, < — Y (2a)7 < ca™,
so that
2
rn—1 2q_
Bl —Me,(f)] | = ca®rntL),
q=0
e If o = 1 then
T 1 1 .
3 2o, (1), < £ Y avat < T IVE
4=0 g
so that
r 1 2
< 29 __ 2
Bl X S0, ()| | o5ty
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< n727:2"+1 VanfZ

(n=27n)(n—27n41) "E<" 2—r=1,0PpP(Qrn—P—1 rr—p—1
LB S e L QrP(Q 2 Q)
p:

rn—1
c —p—1,2r,—2p—2
<f+c ZO 2 s’
p:

e If o < 1 then

N[

E <% Zn: f(Xﬂ(i))>2 §C<%>rn+1.

1=2"n

e If ® > 1 then

D=

n 2
1 2(rn+1)
D —_ X /- < e\’ .
(n E f( 7'('(2))) =>c

1=2"n

e If a2 = 1 then

N[

1 & ? 7“,21
E o Z f(Xﬂ(i)) < C2rn+1-

i=2rn

Inequality (2.9) then follows.

Part 3. The case of M, (f) can be deduced from the previous by taking n = |T,|.
U

We shall also need an extension of theorem 2.10 to the case when f does not only depend on
an individual X;, but on the mother-daughters triangle (4;).

Theorem 2.11. Let F satisfy conditions (i)-(vi). We assume that (H1) is fulfilled. Let
fe 8(53) such that Pf and Pf? exists and belong to F and (u, Pf) = 0. Then we have the

same conclusion as the theorem 2.10 for the three empirical averages given in (1.3): Mg, (f),

Mr,(f) and TT(f).

Proof. Let f € B(S3) such that Pf and Pf? exist and belong to F and (u, Pf) = 0. We
shall study the three empirical averages Mg, (f), M, (f) and Mr, (f) successively.
Part 1. Let us first deal with Mg, (f). By the Markov inequality, we get for all § > 0
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E[(Me, (1))?]
E[(Mo, (PHV] + 57

Fig E e (PF = (P

< ZE[0Ts.(P1)7] + 5 ()

The last inequality follows from the convergence of the sequence (E [MGT (P f?—(Pf )2) })

(see [12]).
Now, using the Part 1 of the proof of the theorem 2.10 with Pf instead of f leads us to a
similar inequality (2.8) in theorem 2.11 for f € B(Sg).

Part 2. Let us now treat M, (f). Using the two equalities

T

rn—1

750 =3 Bt (n+ 13 stan.
q=0

n .
1=2"n

2

1 <& __ 2] 1 [

E <a ) f(Aw(i))> —&|(3Tp) | + 2B 7T (P12 - (217)].
i=2rn

and the Part 1 of the proof of the theorem 2.10 with P f instead of f leads us to a similar

inequality (2.9) in theorem 2.11 for f € B.

Part 3. The case of M, (f) can be deduced from the previous by taking n = |T,|.
U

We thus have the following first result on the superexponential convergence in probability,
whose defintion we present now

Definition 2.12. Let (E,d) a metric space. Let (Z,) be a sequence of random variables
values in E, Z be a random variable value in E and (vy,) be a rate. We say that Z,, converges
vp-superexponentially fast in probability to Z if for all § > 0

1
limsup — log P(d(Z,,, Z) > 0) = —oc.
n—oo Un
This "exponential convergence” with speed v, will be shortened as
Zn Z.

superexp

Un
We may now set

Proposition 2.13. Let F satisfy conditions (i)-(vi).Let f € B(S®) such that Pf and P f?
exists and belong to F' and (u, Pf) = 0. We assume that (H1) is fulfilled. Let (b,) a sequence
of postive real numbers satisfying

b b
(bn) s increasing, \/—nﬁ — 400, ——— —0.

vnlogn
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Then
=T superexp
Mn(f) —ﬁi
Proof. The proof is a direct consequence of Theorem 2.11. O

2.6. Moderate deviations for BMC.

Now, using the MDP for martingale (see e.g [9], [18]), we are going to prove a MDP for BMC.
We will use Proposition 5.4, in the Appendix.

Theorem 2.14. Let f € B(Sg) such that Pf% and Pf* exist and belong to F. Assume that
Pf=0. Let (by) be a sequence of positive real numbers satisfying

br, bn
bn) i i ng, —— — +00, ———— —0.
(bn) s increasing n +o0 NG
If
hmsup log ess sup P<|f ﬂ(k)) | > bn/%k—l) = —00, (2.11)
n—00 bn 1<k<c L(bpt1)

where ¢! (bpy1) :=inf {k € N: k > by} then (%MZ{(]‘)) satisfies a MDP in R with the

speed - Y% and the rate function I( ) = 72(# PFo)

Proof. Firstly, note that under the hypothesis M (f) is a ‘H,-martingale, with Ho = o(X1)
and H, = U(Aw(i), 1 <i< n) From proposition 5.4 in the Appendix, it then suffices to
check conditions (C1) and (C3).

On the one hand, (2.9) applied to Pf*4 — (u, Pf*) implies that for all § > 0,

n—o0

lim sup —2 log P ( ZPf4 > (u, PfY + 5) —00

and this implies the exponential Lindeberg condition (see for e.g [18]), that is condition (C3).
On the other hand, we have (M™(f)), = MZ(Pf?) and (2.9) applied to Pf? — (u, Pf?)
implies that

M (Pf? — (u, Pf?) ™™= 0,

3 ‘ﬁ%i@
o]

that is condition (C1). O

Remark 2.15. One of the main difficulty in the application of this Theorem lies in the
verification of (2.11). Note however that in the range of speed considered it is sufficient to
have some uniform control in X; of some moment of f(X;, Xo;, X9;11) conditionnally on Xj,
which leads to condition of the type P|f|* bounded for some k > 2. Tt is of course the case
if f is bounded.

Remark 2.16. In the special case of model (1.1), we have (see section 4), for all k

[eXp <>\ = f (Drry )> /Hzm] —exp<n (A];f) (Xn(k))>-
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This condition implies that a MDP is satisfies for %M;{ (f). Indeed, if this relation is satisfied,
we then have that for A € R the quantity

— A2 &
Gn(N) = 5 M (Pf?) = 2= > P (X))
k=1

is an upper and lower cumulant (see e.g [18]), and we may apply some Gértner-Ellis type
methodology. In addition, due to (2.9) applied to Pf? — (i, Pf?), we have for A € R

SUperexp )\Z(M,sz)

7
b2 2
n

Gn(N)

which implies that (%M”(f)) satisfies a MDP in R with the speed % and the rate function

1.2
1(z) = 5P

3. EXPONENTIAL PROBABILITY INEQUALITIES FOR BMC AND CONSEQUENCES

We give here stronger deviation inequalities than the one obtained in the previous section,
namely exponential deviation inequalities. Of course, it requires strongest assumptions.

3.1. Exponential probability inequalities.

We assume that for all f € By(S) such that (i, f) = 0 the hypothesis (H1) is satisfied
uniformly for all z € S, that is there exists a positive constant ¢ such that

(H2) |Q" f(x)] < ca” for some a € (0,1) and for all = € S,
then, B,(S) fulfills hypothesis (i)-(vi).
Under this assumption, we will examine exponential probability inequalities for Mg, (f),

Mr, (f) and M,,(f) when f € By(S) with (u, f) = 0 (vesp. f € By(S?) with (u, Pf) = 0).

Theorem 3.1. Let f € By(S) such that (u, f) = 0. Assume that (H2) is satisfied. Then we
have for r and n large enough and for all 6 > 0

exp (—d8%|G,|)  ifa’ <3

]P’(MGT(f) > 5) < {exp (—c’@) if a® = 3, (3.1)

exp <—c’52 ($)2r> if a® > %
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(" exp (= 02|T,|) ifa<3
/52 / ; _ 1
exp (—=c'0?|T,|) exp (2d6(r + 1)) ifa=3

P(qu(f) > 5) < J2exp (=¢PITy]) if§<a< ¥ (3.2)

exp (—0'52%> if a = @,

exp (—0’52 (%)TJFI) if > 4

and
"exp (—d&%n) ifa<i

exp (—d8%n)exp (2d6(rn +1))  ifa =3

o

]P’(MZ(f) > 5) < {2exp (—c’ézn) zf% <a< (3.3)

2 V2
exp <—c’5 Tn’h) if o = %52,

exp (% (&)™) ifa>

where ¢ and ¢’ are positive constants which depend on §, «, || f|leo and ¢, " differs line by
line (see the proofs for the dependence).

Proof. Let f € By(S) such that (u, f) = 0. We shall study the three empirical averages
Mg, (f), M, (f) and Mr, (f) successively.

Part 1. Let us first deal with Mg, (f). We have for all A > 0 and for all § > 0

exp <A > f(X»)] : (3.4)

1€Gy

P(Mg,(f) > 6) < exp(—=Ad|G,|)E

By subtracting and adding terms, we get

tfon( 50|
1€Gr

=K |E

i€Gr_1 i€Gr_1

[I exp(A(f(X2) + f(Xair1) —2Qf (X)) 11 eXP(QAQf(Xi))/fr—1” :
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Now using the fact that conditionally to the (r — 1) first generations the sequence {A;,i €
Gy—1} is a sequence of independent random variables, we have that

EE 'e(lsj exp(A(f(X2i) + f(Xait1) — 2Qf(Xi))) 'G(GH exp(2>‘Qf(Xi))/]:r1]]
=E| [I expAQf(Xi)) [I Elexp(A(f(X2)+ f(X2i41) — 2Qf(Xi))) /-7'7—1]] :

1€Gr_1 i€Gr_1

Using the Azuma-Bennet-Hoeffding inequalities [1], [2], [14], we get according to (H2), for
all i € G,

E [GXP <>\(f(X2z) + f(X2i41) — QQf(Xi))) /-7:r1:| < exp (”\202(1 + Oz)Q).

This leads us to

E |exp ()\ Z f(X )] < exp )\2 A1+ a)?|G, |) H exp (2AQ f(X3))

’lAEG'rfl

i€Gr

Doing the same thing for E

exp (2AQ f (X ))] with @ f replacing f, we get
ZEGT 1

H exp (22)\Q2f(Xi))

i€Gr_2o

E ! H exp (QAQf(Xi))] < exp <2A202(a+a2)2lGr]>E

1€Gr_1

Iterating this procedure, we get

E [exp (A > f(Xn)] < exp (W2(L+ )G, ]) x exp (20%(a +0?)?(G )
1€Gy

X exp (22)\202(a2 + a3)2|GT|> X -+ X exp <2r_1)\202(o/_1 + o/")2|Gr|)

xE [exp <27")\Qrf(X1))] .

Once again, according to (H2), we have

E [exp (A > f(Xn)] < exp (NA(1+ )G, ) x exp (202 (o + 021Gy )

1€Gy,
X exp (22)\202(a2 + ag)zlGTD X - X exp <2r_1)\202(047"_1 + O/)Q\GT\)
X exp <)\car]Gr]>.

Hence
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e if a® # 3 then E |exp <)\ ;(; f(XZ)> < exp <)\202(1 + a)? 1;5220;22)T \Gr\)
1€Gy |

X exp <)\car]Gr]>;

ol

o if o> =1 then E |exp <)\ > f(XZ)> < exp <)\202(1 + a)2r|Gr|>

i€Gyr
X exp <)\C(§)T|Gr|>.
We then consider three cases.

(92
(a) If o < % Then, there exists a positive constant ¢’ such that %

20{; < ¢ for all r.
Taking A\ = m in (3.4) leads us to
— 52 5
P( M d) < — —a" rl -
( 6. (f) > ) =P < <4c2c/(1 + «a)? “ 4ed (1 4+ a)2>|G |>

)
o o +—a)2 —+0 as r— oo,

there exists rg € N such that for r > rq,
, 1) 52
« < }
ded (14 a)? 82 (14 «)?

Since

and hence for r > rg, we get

P(Me, () > 8) < oxp (- g

8c2/(1 +a)2|Gr|)'

(b) If a® = 1. Then as in the previous case, there exists 79 € N such that for r > rg

# (e 1) 25) < o0 - gl )

(c) If a* > 1. Then for all A > 0
]P’(MGT(f) > 5) < exp ( - A(S\GTD X exp ()\202(1 + a)2(2a2)’"*1 ’GA) X exp <)\car]Gr]>

2021
< exp (—\Gr] ()\5 - %(2@2)r>> X exp <)\car]Gr]>.

2_
Taking A = % leads us to

P(e10) <o - (G505 - Sirape) (1))

Since o” — 0 as r — 00, there exists r¢g € N such that for all r > rg,

P(H«;r(f) > 5) < exp (_% <$>2,~> |




28 S.V. BITSEKI PENDA, H. DJELLOUT, AND A. GUILLIN

Part 2. Let us now deal with M, (f). We have for all A > 0 and all § > 0

exp <)\ > f(X,))] . (3.5)

1€T,

P (W, (f) > 6) < exp (= MIT | )E

By subtracting and adding terms, we get

exp (A > f(X ))]
1€Tr

=F [E [ [T exp (A(f(Xgl-) + f(Xaiq1) — 2Qf(Xi))) x [ exp <2>\Qf(Xz‘))

1€Gr_1 1€Gr_1
xieglexp<)\f >/.7-"7» 1”
=E|E| [] exp (A(f(X%) + f(Xa2it1) — 2Qf(Xi))) x [I exp <)\(f + 2Qf)(Xz‘))

1€Gr_1

< I exp (M(X) /7, 1”

The fact that conditionally to the (r — 1) first generations the sequence {A;,i € G,_1} is a
sequence of independent random variables and Azuma-Bennet-Hoeffding inequalities leads us
according to (H2) to

’lAEG'rfl

exp (A > (X ))] < exp <2)\202(1 + a)Q\Gr—l\)

i€T,

1€Gr_1 €T, _o

xE[ [T exp (A +20000) I exp(Af<Xi>)]-

Doing the same things for

H exp( (f+20H)(X > H exp()\f >

|:Z€GT 1 €T, _o

with f 4 2Qf replacing f we get

E [exp <)\ Z f(XZ)>] < exp (2)\202(1 + a)QlGr_ﬂ) X exp <2)\202(1 +3a+ 2042)2\GT_2\)

€T,
xE[ [T oo (A7 +20f +22Q20)(X) ] exp (Af(X»)]-
1€Gr_2 1€Tr—3

Iterating this procedure leads us to
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2

E |exp <)\Zf(X,)>] <exp | 22%F(1 + a) Z <Z ) IGr—ql

1€T, k=0

x E

exp <A<f+2Qf+22f+---+27"Q7"f>(X1)>].
Now for a # % and o? # % we have

]P’(MTT (f) > 5)

r_ all—a” r+1 a2 _ a2 r\or
< exp ( — )\5|']I'r|> exp <2)\262(1 + a)? ((1%20})2 - (1(,120{)22?7(1) + 2(17(21(1)9(1,)2;3)) )

X exp <)\c_1 (205);“)

Coxp (1T (30— B (14 W EIN)) ) o (12

Taking A\ =

é
2c2(1+a)? (1 40(2(1—(2(12)7”)) leads us to
+

(1—2a)2 1—2a2
P(MTT (f) > 5) <exp | —|T,| (170255(217(2(12)”
4e2(14a)2 (HT)
(1—a)%6 1—(2a)r+1
X exp TN = )
<2c(1+a)2(1+4 (=g 12

oIfa2<%anda<%thenf0raﬂr€N

P<MTT(‘IC) - 6) < exp (ﬁ(;) exp <_402(1 (—11- ;)3?1)2—5240420’) |TT|>

1—(2a2)"
1—2a2

and <a< \[ then there exists rg € N such that for all » > rq

(1 —2a)%s? |
8c2(14 a)2(1 +4a2c¢)" ") "

then there exists rg € N such that for all r > rg

such that <.

1
2

o Ifa? <

P<MTT(f) > 5) < exp <—

1
2

(00 2o (LA (1))

Now if @ = % then for all A > 0

o Ifa? >

[

9c2c/ \?

)|Tr|> x exp (A(r +1)) where ¢ = Z

q=1

p(Wr,(f) > 8) < exp (—(Aé -

[\3|>Q
Qa
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Taking A\ = =9 leads us to

9c2¢/

— 52 5
P(MTr(f)>5)§€XP _@’Tr’ X exp W(r+1) .

Finally, if a? = % then there exists rg € N such that for all r > rg

(1 —2a)%5% |T,| )

P<MTT("E) > 5) S exp <_ 16¢2(1+a)2r +1

Part 3. Eventually, let us look at M, (f). We have for all § > 0

P(%M:{(f) >5> <B(2Y s> ) +P<% S (Xa) > g)
q=0

i=2rn

On the one hand, (3.2) leads us for n large enough to

c1 exp (—025271) if a < %

2 exp (—0162n) if % <a< @

< { exp (—c10° (a—g)”") if a?>1 (3.6)

exp (—015271) exp (2c9dry,)  if a= %

| exp (—0152%> if o2 = %,

where ¢; and ¢y are positive constants which depend on 0, «, ||f]|s and ¢; ¢; differs line by
line. On the other hand, for all A > 0,

P (% En: f (Xe@y) > g) < exp <—)\75n> E [exp <>\ i f(XW(i))>] )

i=2"n 1=2"n
Now let
hd OTn = {71.(27%)’71.(27% + 1)’ T ’W(n)}?

° Oin_l the set of individuals of generation G,,_; which are ancestors of one individual
in Oy, ,

. O?n_l the set of individuals of generation G,,,_; which are ancestors of two individuals
in Oy, ,

° Oln the set of individuals of O,,, whose parents belong to O

T

e O, 1= O,l,nfl U 0?

rn—1°

1

rp—1°
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We have

E[exp()\ii f(Xﬂ(i))>] =E fexp | A X 20f(Xp)+Xx X Qf(X3)

i€e0? €0l

rn—1 rn—1

E lexp [ A T f(Xi)—Qf(X[%}) /frn_l

€0,

xElexp [ A Y f(Xo)+ f(Xoip1) —2Qf (XH) /]:rnl

z
s 2
Zeornfl

Using Azuma-Bennett-Hoeffding inequality, as in Part 1, we get

E [exp | A Z [(Xi)—-Qf <X[%}) JFrn—1 SeXP< 5

N1 +a)?,
7|Orn|> :
€0,

and

E eXp A Z f (XQZ) + f (X2i+1) — 2Qf <X[%]> /frn,1 < €Xp (2)\202(1+a)2|(972,n_1|>.
i€0?

rp—1

Now, we have

A2¢2? a)? /
exp (PEGER 10 1) fexp (20221 +a)02, )
= exp <)\202(1 + a)? <2\(’),2,n1] + OTT"'>>

< exp <)\202(1 + a)2n>.
This leads us to

E[exp (x 3 f(Xﬂ(i))>]

1=2"n

<oxp (A1 +a?)E [exp (A X 20f(X)+A T QF(X)

i€eO? €0}

rm—1 rm—1

Now let

o (’)7}7’}_2 the set of individuals of G, _2 which are ancestors of one individual in O,,
and one individual in O,,,,

. (971,7’1272 the set of individuals of G,,_o which are ancestors of one individual in O,,
and two individuals in O, ,

o (’)3;2_2 the set of individuals of G,,,_» which are ancestors of two individuals in O,,, 1
and two individuals in O,,,,
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(’)2 3 "5 the set of individuals of G,,,_2 which are ancestors of two individuals in O, _;
and three individuals in O, ,

(92 4 _o the set of individuals of G,,,_2 which are ancestors of two individuals in O, _1
and four individuals in O, ,

(’)/ _; the set of individuals of O,,, 1 whose parents belong to ol

° O//

Then we have

7" —27

_; the set of individuals of O,,,_1 whose parents belong to (’)

Elexp (A D 2Qf(X)+XA Y QF(Xy) || =E|L x L xIzxIyx I x I x Ir|,
zE(’)En_l ZEO}”n_l
where

h= exp|A > QQf(Xi)JF)\' 2 f(X)+ N X 2Q0°f(X5)

ALY 3QPf(X)+A X 4QPf(X) |,
1602;372 1602714 2
L=Elep (A ¥ QF(X) /fm_z ,
i €0, _y
I3 =FE [exp | 2\ Z Qf(X;) — % /]:rn 21
L ZEOrnil
L=Elep (A S QF(X) +Qf (Xais1) — 20°f(X /frn ..
i€02?
Ir=1E |exp [ A > 2Qf(X2)+ Qf(Xoir1) — 3Q%f(X;) /J’:r 2|,
i€02? |
Io=1E |exp [ A X QF(Xai) +2Qf (Xaisr) — 3Q2F(Xy) /fw,
€02’

I;=FE |exp | A Y 2Qf(Xa)+2Qf(Xoit1) — 4Q*f(X:) /-Frn—Q -

Using Azuma-Bennett-Hoeffding inequality, we get

IQXI3XI4XI5XIGXI7
O/
< exp (o + a2 (1232 20,14 210824 2% 1 g2t 1))

< exp <2)\202(a + a2)2n>,



DEVIATION INEQUALITIES AND LIMIT THEOREMS FOR BIFURCATING MARKOV CHAINS 33

hence

1=2"n

E [exp <)\ Zn: f (XW(Z-))>] < exp <)\202(1 + a)2n> exp (2)\202(a + a2)2n>E[I1].

Now, iterating this procedure we get

E [exp <)\ Z / (Xw(i))>] <exp [ 21+ a)*n Zn:(Qon)p exp ()\car"n>.

1=2"n p=0

Then it follows as in Part 1 that for n large enough

(exp (—015271) if a? < %

IN

P (% > (X)) > g) exp (—a10” (52)"™") ifa® >3 (3.7)

1=2"n

e 21
| exp <—01%> if a* = 3,
where the positive constant ¢; depends on «, J, ¢ and differs line to line. Finally (3.6) and
(3.7) lead us to (3.3).
O

Theorem 3.2. Let f € By(S?) such that (u, Pf) =0 . Assume that (H2) is satisfied. Then

Uy

we have the same conclusions, for the three empirical averages Mg, (f), M, (f) and Mz, (f),
as in the theorem 3.1.

Proof. Let f € Bb(Sg) such that (u, Pf) = 0.
Part 1. Let us first deal with Mg, (f). We have for all § > 0 and A > 0,

exp ()\ > f(AQ)] .

i€Gr

P(We, (1) > 8) < exp (= MGy )E

Conditioning and using Bennet-Hoeffding inequality give us

E [exp ()\ > f(AZ-)> exp ()\ > Pf(XQ)] .

< exp (237 £ |[C/|)E
1€Gy 1€Gr

Now, applying the Part 1 of the proof of the theorem 3.1 to Pf, we get (3.1) for f € Bb(S3).

Part 2. Let us now treat Mr, (f). We have for all § > 0

P(Wn (1) > 0) <P (Vi (/- P1) > 5 ) + B (Fn(P)> ) (39
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Now, since <HZ( f—Pf )) is a ‘H,-martingale with bounded jumps, Azuma inequality
n>1

[1], give us
— 5
P (MTT (f=Pf)> §> < exp < - 0'52\Tr\), for some positive constant ¢'.

For the second term in the right hand side of (3.8), we use the inequalities (3.2) with Pf
instead of f. Gathering this inequalities, we get (3.2) for all r large enough.

Part 3. The proof for the case M, (f) follows the same lines as the proof of Part 2. O

Now, using Borel Cantelli theorem and (3.3), we state easily the following

Corollary 3.3. Let f € By(S) such that (u, f) = 0 (resp. f € By(S?) and (u, Pf) = 0).
Assume that (H2) is satisfied. Then M, (f) almost surely converges to 0 as n goes to co.

Remark 3.4. Of course uniform ergodicity, and bounded test functions are surely a very
strong set of assumptions but it is not so difficult to verify if the Markov chains daughters
lie in a compact set. We are convinced that it is possible to consider the geometric ergodic
case and bounded test functions but to the price of tedious calculations that we will pursue
in an other work. We will also investigate the use of transportation inequalities, leading to
deviation inequality for Lipschitz test functions under some Wasserstein contraction property
for the kernel P, in the spirit of the Theorems 2.5 or 2.11 in [10].

3.2. Moderate deviation principle for BMC.

We introduce the following assumption on the speed of the MDP.

Assumption 1. Let (b,) be an increasing sequence of positive real numbers such that
bn
vn

— 400,

and

b
o ifa? < %, the sequence (by) is such that — — 0,

N[

1
oz'foz2: n 087

, the sequence (by,) is such that — 0,

N[

o
, the sequence (by,) is such that ——=— — 0.

NG

Using the MDP for martingale with bounded jumps (see e.g [7], [9]), we can now state the
following

Theorem 3.5. Let f € By(S®) such that Pf = 0. Assume that (H2) is satisfied. Let (b,) be
a sequence of real numbers satisfying the Assumption 1, then iM;{(f)) satisfies a MDP in

° ZfOéQ >

N[

: b2 : _ 2
R with the speed * and rate function I(x) = W.

Proof. The proof easily follows from the previous exponential probability inequalities and the
MDP for martingale with bounded jumps (see e.g [7], [9], [18]). O



DEVIATION INEQUALITIES AND LIMIT THEOREMS FOR BIFURCATING MARKOV CHAINS 35

Remark 3.6. Taking particularly n = |T,|, and (b,) be a sequence of real numbers satisfying

b2
the Assumption 1 we get that (MTT) satisfies a MDP in R with the speed -2zl

o, T and the rate

function I(z) = 2(“”67;02).

4. APPLICATION: FIRST ORDER BIFURCATING AUTOREGRESSIVE PROCESSES

In this section, we seek to apply the results of the previous sections to the following bifurcating
autoregressive process with memory 1 defined by

Xop = g Xy, + 50 + €9,
L(X:) =v, and  Vn>1, (4.1)
Xont1 = o Xy, + B1 + €2n41,

where ag, a1 € (—=1,1); fo, 51 € R, <(82n,52n+1),n > 1) forms a sequence of i.i.d bivariate

random variables and v a probability measure on R. In all this section, we assume that the
distribution v has finite moments of all orders.

In the sequel, we will study (4.1) in two settings:

e the gaussian setting which corresponds to the case where ((62n, Eomtl), M > 1) forms

a sequence of i.i.d bivariate random variables with law N5(0,T") with

I’202<; f), o®>0, pe(-1,1);

e the bounded setting which corresponds to the case where ((agn, Eontl),N > 1) forms

a sequence of i.i.d bivariate random variables values in a compact set. Let us note
that in this case, (X,,n € T) takes its values in a compact set.

Our main goal is to give deviation inequalities and MDP for the estimator of the 4-dimensional
unknown parameter 6 = (g, By, a1, 51) and for the statistical test defined in [12].
To estimate the 4-parameter 6 = (g, B0, a1, £1), as well as 02 and p, one assume observe a

complete subtree T,;1. The maximum likelihood estimator 6" = (dg, Bg, af, B{) of 0 is given
by (see [12]), for n € {0,1}

i€Typ i€Tr i€Tr

T~ 3 XiX2i+n<|Tr_l > Xi) (ITr_1 > X2i+n>

I3

T =1 > X?<Tr|‘1 > X¢>

i€Tr i€Typ

By =T, |71 32 Xoiyy — a5|T, |71 32 X,
1€, 1€,
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We also need to introduce the estimators of the conditional variance o2 and the conditional
sister-sister correlation p. These estimators are naturally given by

~2 1 A2 2

67 = o1 > (€3 +€341)

PISHIVS

~ 1 A A

pr =3z >, £2i€2i11
" €T,

where the residues are defined by €2;1, = Xa;1, — d:]Xi — BZ, with n € {0,1}.

We will take F' = Cpo(R) the set of continuous and polynomially growing functions. Then
F' fulfills hypothesis (i)-(vi). Moreover, for all f € F, hypothesis (H1) holds with o =
max(|agl, |a1]). Let p be the unique stationary distribution of the induced Markov chain
(Y;,r € N), see [12] for more details.

We shall denote by x (resp. x%, xy, y ---) the element of Cpy(R?) defined by (z,y,2) — =
(resp. 2, 2y, y, -+ ).
We define two continuous functions p1 : © — R and po : © x R} — R by writing
(1, %) = pa(0) and (1, %) = pa(6,0°),
where 6 = (ao, fo, a1, 81) € © = (=1,1) x R x (=1,1) x R.

To segregate between Hy = {(ao,fo) = (a1,01)} and its alternative H; = {(ap, 5oy) #
(a1, £1)}, we shall use the test statistic

Trl f car a2 — a2 34 ((6F — afin 4 87 — )
AN an(pd, — p2,) + <(a6 — &)+ By — ﬁf) ;

T 262
where we write fi;, = ,ul(ér) and fig, = ,ug(ér, Or).

4.1. The gaussian setting.

We introduce the following assumption on the speed of the MDP.

Assumption 2. Let (b,) be an increasing sequence of positive real numbers such that

bn bn
— — 400 and — — 0.

Vn Vnlogn

Proposition 4.1. Let (b,) be a sequence of real numbers satisfying Assumption 2. Then

A superexp
0 — 0.
b2
|Tr|
[T

Proof. We will treat the case of 026. The others B",o?’l’ and B{ may be treated in a similar

C
way. Note that 4y = Fr’ where
T

C, = My, (xy) — My, (x)M7,(y) and B, = Mr, (x*) — Mr, (x).

Now, using lemma (5.1) and proposition (2.13), it follows that

L~ SUperexp
&y — Q.
b2
[Ty |

[Tr|



DEVIATION INEQUALITIES AND LIMIT THEOREMS FOR BIFURCATING MARKOV CHAINS 37

0

We recall that in the BAR model (4.1), we use a = max{|ao|, |a1]}, so we have the following
deviation inequality

Proposition 4.2. For all § > 0 and all r € N
c(i)rJrl if o< %

ér — 9‘ > 5) << er? (%)T—H if ol = % (4.2)

P

car ) if a2 > 1

where the constant ¢ depends on «, 8, pu1, we and differs line by line.

Proof. We will prove the deviation inequality for |d6 — ap|. The other deviation inequalities
for |85 — Bol, |&] — a1] and |8} — B1| may be treated in a similar way. We have for all 6 > 0

P (65 ou| ) s (Ir P ) (Wl Wiy P, 5,

Let b := p2(0,0%) — p1(6)%. On the one hand,

‘M’H‘T (xy — P(Xy))‘
(s

> g) < IP’(BT < b/2) +P <|HTT(Xy — P(xy))| > %) .

On the other hand, we have

. (!HTT(XH Mz, (v - PG| é) <P(B, <b/2) +P (Wn(y - P(y))| > ﬁ)

Br 2 4M1

+ (|32, = P > §) + B( 75, (x = )| > ).

Now, using (2.6) we get

P (187, Gy = POy > ) < 5130 (§)+ ,

IPOHTT(Y—P(Y))\ > ﬁ) < % <i>r+1,
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P (Wn(y — P(y))| > %) < 534 G)Hl

where the constant ¢ can be found as in remark (2.3) and Part 1 of proof of theorem 2.10.
Finally, ]P’( M (x2 — ) > -) (|Mm (x — )| > %5) P(‘MTT(X—,UQH > b) and
P <HTT (x —p1) > m) can be bounded as in corollary 2.2 and this ends the proof. O

and

Remark 4.3. The proposition 4.2 can be improved by calculating the 2k-th order moments,
with k& > 2, as in the proof of theorem 2.1. But, as we have said, this comes at the price of
enormous computation.

Proposition 4.4. Let (by,) be a sequence of real numbers satisfying Assumption 2. Then

.\ superexp
( 72’5/)7’) —2> (0-2,p)'
| T |
[T

Proof. Let us first deal with o2. We have (see e.g [12])

32— o = S (7. 0) + D,

where
f@,y,2,0) = (y — aor — Bo)* + (2 — nz — B1)?,

and

T' A@, 97‘ AZ,H .
— ] 2 (80 = (25,6)
1€Ty
By Taylor-Lagrange formula, we can find g € Cpo(R?) such that (see [12])
1. N _
1Dy < 5107 = 01l (1 + 101 + 110 - 811 M, (9).

Now, proposition (2.13) and proposition (4.1) leads us to

.9 superexp
2 0_2

T
b2
[Tr |

[T

The proof for p, is very similar. O

Proposition 4.5. Let (b,) be a sequence of real numbers satisfying Assumption 2. Then

1T <9r — 9) satisfies the MDP on R* with the speed bl and the rate function I given by

b‘TT ‘ T|
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Proof. We first observe that

‘Tr’ <ér _ 0) _ M(A“BT).UT(JC)

bmr‘ bqfr

where U"(f) = Mz, (f — Pf), f = (Xy,y,x2,2), A, = Mr,(x), B, = Mr,(x?) — Mr,(x)?

and
1 A,

B, B, 0 0
_A, BrtA2 0 0
M(Ar7 Br) = %T %T 1 —A,
B, By
—A, BrtAZ
0 0 B, B

On the one hand, from proposition (2.13)

A, = (0),  and B UEST b= pa(6,0%) - u(0)”
‘Tr‘ ‘T’l“
‘TT‘ ‘TT‘

So that by lemma (5.1), we obtain that

superexp L K 0
M(A,, B,) M(a,b)._<0 K)

On the other hand, let A € R%. Then studious calculations shows us that
1
GalN) = SN (M7(F — 1))
is an upper and lower cumulant. Moreover, from proposition (2.13) and lemma (5.1)

< 1 -1 -1
Gr(N) TSP 5)\t2)\ where ¥ = o2 (pfj(q p[é(q > .

We thus deduce that (see e.g [18]) (M nlf )) satisfies a MDP on R* with speed % and the rate
function

J(z) = 2'S e, (4.3)

r b2
Taking n = |T,|, it follows that UT(f‘ ) satisfies a MDP with speed |‘TT“ and the rate function
J given in (4.3). Finally, using the contraction principle(see e.g [8]) as in ([19]), we get the
result. O

Proposition 4.6. Let (b,) a sequence of real numbers satisfying the Assumption 2. Then

under the null hypothesis Hy = {(c, Bo) = (a1,61)}, %()@(}))lﬁ satisfies a MDP on R

b2
with speed ﬁ:“ and the rate function

+o00  otherwise.

Under the alternative hypothesis Hy of Hy, we have for all A > 0

lim sup |b']I2‘_r| log P <X7(~1) < A> = —00.

T—00 T,
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Proof. We have
Hy={g(0) =0} where ¢(0) = (g — a1, b0 — SB1)".

From proposition (4.5), “TT‘ (97" — 9) satisfies a MDP on R* with speed |TT\ and the rate
1

function I(x) = Ext(zl) x. So that, using the delta method for the MDP (see e.g [11]) and

the theory of optimisation, we conclude that ‘ T' (g(é”) - g(@)) satisfies a MDP on R? with

speed \‘T:I‘ and the rate function
1
2
Under the null hypothesis Hy, we have g(f#) = 0, so that ll‘?l‘g(é”) satisfies a MDP on R?

J(z) = =2/(8") 'z, where ¥’ =20%(1-p)K. (4.4)

with speed “TT“ and rate function J given in (4.4).

Now, since K = K(0,0) is a continuous function of (6,0) (see [12]), so that, letting K, =
K(0",6,), lemma (5.1), proposition (2.13) and (4.4) entail that

= 2020 ), M
[Tr|
[Tr]
It follows using the contraction principle (see e.g [19]) that ‘T” E” 2 g(07) satisfies a MDP
2
on R? with speed |T:| and the rate function J'(y) = @
In particular,
T, . T..[1/2
' [Tl 72 )| = 22 /o 0
bmr\ b\']I‘T|

b2
satisfies a MDP with speed “{f:“ and the rate function I’ given in the proposition 4.6.
Now, under the alternative hypothesis H,

(1)
= g(07) g(0) T (o) (=) 9(0) > 0,
T | i)
ITrl
b2
so that anl) converges “q}r:“ -superexponentially fast to +o0o. This conclude the proof of the
proposition 4.6. U

4.2. The uniformly ergodic setting: compact case.

We recall that the model under study in this section is the model (4.1) where we assume that
the noise values in a compact set. The results will be given without proofs, since the proofs
are similar to those done in the previous section. The advantage of this section is that the
range of speed is improved in comparison to the previous section. However, we suppose that
the process takes its values in a compact set, which is not the case in the previous section.

We take F' € Cp(R) and therefore (i)-(vi) and (H2) are automatically satisfied with
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a = max(|ag|, |a1|). We use the same notations as in the previous section.

Proposition 4.7. Let (b,) a sequence of real numbers satisfying the Assumption 1. Then we

have
A SUPErexp
0" — 0.

b2
[T |
[T

Proposition 4.8. We have for all § > 0, and for r large enough

" exp (= |T,|) ifa?<ianda<;

" exp <—c’ (%)Hl) if a® > %
—d>5>g (4.5)
" exp (—|T,|)exp (2¢6(r + 1)) ifa =3

P(@

d exp< ’Ld) if a? = 3,
where the constants ¢ and ¢’ depends on «, 8, py1, pa, and may differ line by line.

Proposition 4.9. Let (b,) a sequence of real numbers satisfying the Assumption 1. Then we

have
N .\ superexp
(Uzapr) —2> (027P)'
b\Tr\
[Tr|

Proposition 4.10. Let (b,) a sequence of real numbers satzsfymg the the Assumption 1.

Then “m (6” — 0) satisfies the MDP on R* with the speed i and rate function

b, [T

I(z) = %xt(E')*lx,
where
K oK . 1 1 —u1(0)
5 = o2 P th K= ” .
7 <pK K) o 120, 0%) — 11 (0)2 \~pa(0) p2(0,0)

Proposition 4.11. Let (b,) a sequence of real numbers satisfying the Assumption 1. Then

under the null hypothesis Hy = {(c, Bo) = (a1, 51)}, %(Xp)lﬂ satisfies a MDP on R

with speed |‘T:‘ and the rate function

+o00  otherwise.

Under the alternative hypothesis Hy of Hy, we have for all A > 0

T,
lim sup |2 | log P <X5~) < A) = —00.

r—00 ‘T ‘
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5. APPENDIX

Let us gather here for the convenience of the readers various Theorems useful to establish
LIL, AFSCLT or MDP.

Lemma 5.1. Let (E,d) a metric space. Let (Z,) a sequence of random variables values in
E, (v,) arate and g : Dp C E — R. If

Zn superexp Z,
Un
then
superex
9(Zy) TS g(2).

Un

Proof. For all § > 0, there exists (see e.g [17]) ap(d) >0

P(\g(zn) —g(Z)| > 5) < ]P’(d(Zn,Z) > ao(a)).
]

Let M = (M,,, Hn,n > 0) be a centered square integrable martingale defined on a probability
space (Q,H,P) and ((M),) its bracket. We recall some limit theorems for martingale used
intensively in this paper.

We recall the following result due to W. F. Stout (Theorem 3 in [16]).

Theorem 5.2. Let (M,,) such that My = 0. If (M), — oo a.s. and

> 2loglog(M),

E
KE(M)y,

— (Mn—Mn-1)*> 5105 0g (M7,

(Mn —_ Mn_1)2 1{ K%(N1n> }/Hn—l] < o0 a.s.

1 3 Mn —

where K, are H,_1 measurable and K, — 0 a.s., then limsup N 1 a.s..
We recall the following result due to F. Chaabane (Corollary 2.2, see [4]).
Theorem 5.3. Let (V},) be a (H,)-predictable increasing such that

H-1 V. 2(M), — 1, a.s.

n—oo
H-2 for alle >0, ) Vn_zE[(Mn — Mn,l)2 1|Mn_Mn—1|>5Vn/Hn71i| < 00;  a.s.
n>1
H-3 for somea > 1, Vn_QaE[(Mn — Mn,1)2a 1|Mnan_1|§sVn//Hn*1] <00, a.s.
n>1

Then M, satisfies an ASFCLT, that is, for almost all w, the weighted random measures

2 1 al V2
Wi (w, o) = (log Vi)™ > (1 72 ) Oy (w)eo}
n=1 n+1

associated to continuous processes Wy (w) = {Vp(w,t),0 <t <1} defined by

U (w, 1) = Vi {My + (ViE = V)TV, = Vid) (Mir — M)},
when V2 <tV2 < V2,0 <k <n—1, weakly converge to the Wiener measure on C([0,1],R).
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Let us enunciate the following which correspond to the unidimensional case of theorem 1 in

[9].
Proposition 5.4. Let (b,) a sequence satisfying
b
b, s increasing, \/—% — 400, ;n — 0,
such that c(n) := 3o is non-decreasing, and define the reciprocal function c(t) by

¢ Ht) == inf{n € N:c(n) > t}.

Under the following conditions:

M rex
(C1) there exists Q € RY such that % SUPETEXP (.

by
(C2) limsup b% log | n esssup  P(|My — Mg_1| > by /Hi—1) | = —oc;
n—+oo bj 1<k<c1(b(n+1))
1 " 2 superexp
(03) fOT’ alla >0 E ZE (’Mk - Mk,ﬂ 1{\Mkak,1|2a%}//kal) —172) 0;
k=1 2
My . . . bi . x2
(W>neN satisfies the MDP in R with the speed ~* and the rate function I(x) = 30

1]
2l
3l
4]
]
(6]
7]
(8]
Bl
(10]
(11]
(12]

[13]
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