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Abstract

We propose an extension of a result by Repetowicz et al. (Repetowicz 2004) about
Wick’s theorem and its applications: we first show that Wick’s theorem can be
extended to the uniform distribution on the sphere and then to the whole class of
elliptical distributions. Then, as a special case, we detail this result for distributions
that are scale mixtures of Gaussians. Finally, we show that these results allow to
recover easily a theorem by Folland (Folland 2001) about integration of polynomials
over the sphere.

Key words: Wick’s theorem, Gaussian scale mixtures, spherical distribution,
uniform distribution on the sphere

1 Wick’s theorem

In quantum field theory (Etingof 2002), the determination of the partition
function of some systems involves the computation of integrals of the form

Xity-lx
[ P (X2 ax
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where P (X)) is a monomial in the components of X € R" i.e., in a probabilistic
approach, mixed moments of a Gaussian random vector with covariance matrix

X

Wick’s theorem (Le Bellac 1991; Etingof 2002) provides a simple formula for
these moments: let us denote by X a Gaussian vector in R™ with zero mean
and covariance matrix >; a linear form £; on R” is identified with the vector
l; of its coefficients

L;(X)=1X.
A pairing o on the set Iy, = {1,...,2m} is a partition of I5,, into m disjoint
pairs; the set I, of pairings of I, is composed of 22”’?;! elements. For example,

in the case m = 2, there are 3 different pairings on I, = {1,2, 3,4}, namely
o ={(1,2),3,4)}, 00 ={(1,3),(2,4)} and 03 = {(1,4),(2,3)}. We denote
by I, /o the set of indices ¢ such that o = {(i,0 (7))} .
Wick’s theorem states as follows.
Theorem 1 Let m be an integer then

2m

EJ[c:xX)= > I UZlq

i=1 o0€llom i€lom /o
If 2m is replaced by 2m + 1, then the expectation above equals zero.
As an example, with m = 2 and £; (X) = X}, we obtain

B [X1XoX3Xy] = E[X1Xo] E [X3 X4 +E [X,X3) E [Xo X+ E [ X1 X4] B [XoX5].

We note that Wick’s theorem can be deduced from the Leonov-Shiryaev for-
mula (Leonov Shiryaev 1959), that relates the moments and the cumulants of
a random vector.

2 Spherical and Elliptical distributions

In this paper, we extend Wick’s theorem to the class of spherical random
vectors: such a vector X € R™ is characterized (Fang et al. 1990, Ch.2) by
the fact that its characteristic function ¢ (Z) = Eexp (iZ'X) is invariant by



orthogonal transformation; in other words,
V(2)=¢(2'7)

for some function ¢ : R™ — C. In this case, a stochastic representation of X
writes

X =aU
where U is a random vector uniformly distributed on the unit sphere S, =
{X e R"||X|| =1} and a € RT is a positive random variable independent of
U. If moreover vector X admits a probability density function fy, then it is
necessarily of the form

fx (X) =g (X'X)

for some function g : R — R*.
An extension of the spherical property is the elliptical property (Fang et al. 1990,
Ch.2): a random vector Y € R" is elliptical with (n x n) positive definite char-
acteristic matrix X if

Y = 321V2X = oXV?U (1)
where X is spherical. We assume without loss of generality that all vectors
have zero mean.

3 Wick’s theorem for the uniform distribution on the sphere

Wick’s theorem can be extended to the case of a vector uniformly distributed
on the sphere §,, as follows.

Theorem 2 If U is uniformly distributed on the sphere S,, then
L ). t
PILW) = 25 T g
i=1 2mr (m + 5) o i€lam/o

and the expectation equals zero if 2m is replaced by 2m + 1.

PROOF. A stochastic representation for vector U is

N

U=—_"_
IN]]



where N is a Gaussian vector with unit covariance matrix. By the polar fac-
torization property, random variable r = || N|| is independent of U; we deduce
from the linearity of £; that

2m 2m 2m
EJ[L:(N)=E][[rL:(U)=Er*"E]] £; (U)
i=1 i=1

i=1
so that , ,
T ETEN L ()
E L;(U)= = .
Icw) ="
Since r = VNN is chi-distributed with n degrees of freedom, elementary
algebra yields

omr (m o %)

r(s)

Eer —

(2)

From the linearity of forms £; and by stochastic representation (1), we deduce
a version of Wick’s theorem for any elliptical vector as follows.

Theorem 3 If X € R" is an elliptical vector with stochastic representation
(1) and if random variable a has moments up to order 2m, then

2m Ean .
EITL(X) = a2 1 i%bo
i=1

0 i€lapm /o

where ET*™ is given by (2).

4 Wick’s theorem for Gaussian scale mixtures

A random vector X is a Gaussian scale mixture if its probability density
function writes

Fx (X) = /0 ™ g (@ aX) dH ()

where g (z;X) is the Gaussian distribution with (n x n) covariance matrix X
on R™ and H is a cumulative distribution function. A stochastic representation



of such a vector is

X =+aN (3)
where N is a Gaussian vector with covariance matrix > and a is a positive
random variable independent of N with cumulative distribution function H.
Cauchy, alpha-stable and Student-t random vectors belong to the family of
Gaussian scale mixtures.

If X is a Gaussian scale mixture, then it is also elliptical; however, the contrary
is not true, as shown by the Pearson II family of n—variate probability density
functions (Johnson 1987)

L(3+m+1)

Jx (X) = T (m+ 1) [7K|1/?

(1-x'K'X)"

Jr
with notation (r), = max (x,0), with parameter m > —1 and where K is a
positive definite matrix.

Using stochastic representation (3), Wick’s theorem extends to Gaussian scale
mixtures as follows.

Theorem 4 If X is a Gaussian scale mizture as in (3) with Ea™ < oo, then

2m
ET[L:(X)=Ea" S ] 'Sty
i=1

o€lly, iEIQTn/U

We note that Repetowicz et al. (Repetowicz 2004) use Wick’s theorem to
address a more general problem, namely the determination of mixed moments
of linear combinations of i.i.d. Student-t vectors; in this case, random variable
a in (3) is inverse Gamma distributed. The above theorem, although restricted
to mixed moments of a single random vector, holds however for the class of
all Gaussian scale mixtures for which Fa™ < oo.

5 Application: a result by Folland

In this section, we show that the results above allow to recover easily the
following theorem by Folland (Folland 2001) about integration of a monomial
over the sphere S,,.



Theorem 5 If

n
_ H X i
p— Z 3
i=1

then
/ P(X)d {0 if some o is odd
= 2r(81)..T(8n)
Sn m else
where
o + 1
gi=

and dp is the surface measure on the sphere S,,.

PROOF. Let us assume first that all «; are even and define the integer
parameter m by 2m = > I' ; ;. Defining oy = 0, we consider the function
T :[1,2m] — [1,n] such that

T(Z):j if 061—|—"'—|—ij_1<2'§041_|_..._|_0[],.

We choose forms L; according to [; = 07y where 0 is the k—th column

vector of the n x n identity matrix. Since the scalar product I!l,(;y equals zero

when T (i) # T (o (i), we consider only the [T, zia("" X palrmgs for which
z (S

T (i) =T (o (i)) and lil,@ = 07;)0r(;) = 1. Thus, by theorem (2)

r(z n (2 oS B m
g e o e

Since dy is the unnormalized surface measure and as the surface of the sphere

is S (S,) = ?Ej)

LﬂP(X)du:S(Sn)Eifn[Ei(U

which yields the result.
In the case where some «; is odd, the integral equals zero since the surface
measure on the sphere is an even function in each of the variables. O
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