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Mean field propagation of infinite dimensional Wigner
measures with a singular two-body interaction potential

7. Ammari* F. Nierf

June 25, 2014

Abstract

We consider the quantum dynamics of many bosons systems in the mean field limit with
a singular pair-interaction potential, including the attractive or repulsive Coulombic case in
three dimensions. By using a measure transportation technique developed in [3], we show that
Wigner measures propagate along the nonlinear Hartree flow. Such property was previously
proved only for bounded potentials in our works [5, 6] with a slightly different strategy.

Keywords: mean field limit, Bosons, Semiclassical analysis, Wigner measure, measure transporta-
tion. 2010 Mathematics subject classification: 81530, 81505, 81T10, 35Q55, 28A33

1 Introduction

The evolution of a non relativistic system of many quantum particles is described by an n-body
Schrodinger equation. The mean field limit consists in replacing this problem by a non linear 1-
particle problem, by considering a one generic particle interacting with the average field of all the
others, when the number of particles is large and the interaction potential is weak. It is common
knowledge that this approximation starts to be very effective when the number of particles exceeds
a few tens. In the last decades, many works have been devoted to justify this limit. Most of them
considered the mean field dynamics of well prepared quantum states, coherent states or Hermite
states, by following and extending the phase-space approach, also known as the Hepp method (see
[25, 27, 32, 33, 39, 44, 57]), or by studying the BBGKY hierarchy of reduced density matrices (see
[8, 17, 19, 20, 42, 59]). Some of these results deal with very singular pair interaction potentials
in [9, 19, 20, 44] or considered the rate of convergence (see [7, 57, 44]), sometimes motivated by
the modelling of Bose-Einstein condensates (see a.e.[1, 21, 48]). In this article, we continue our
program, which consists in deriving the mean field limit, for general initial data in the bosonic
framework. Our strategy is inspired by older attempts to give substance to the formal link between
bosonic Quantum Field Theory and the finite dimensional microlocal or phase-space analysis (see
[10, 23, 24, 45, 47]). With this respect, the small parameter ¢ = % asymptotics is the infinite
dimensional version of semiclassical analysis. And it has been realized in the 90’s, that the Wigner
(or semiclassical) measures provide a powerful tool in order to obtain the leading term in the
semiclassical limit (see [29, 30, 37, 49]), because they flexibly and efficiently incorporate a priori
estimates (see [13, 14, 22, 51, 53]).

In [4] Wigner measures were introduced in the infinite dimensional setting and their main prop-
erties were studied. The above-mentioned work exploited and clarified the intimate relationship
between pseudo-differential calculus, phase-space geometry and the probability approach, inherent
to bosonic QFT. In [5], the dynamics for well prepared data and bounded interaction potentials
was reconsidered within this approach. The general propagation result was obtained in [6] for
bounded interaction potentials. In particular, we showed that the BBGKY hierarchy dynamics is
a projected picture of the evolution of the Wigner measure, for which there is a closed equation.
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One difficulty which was solved in [6] is concerned with the integration of a weak Liouville equa-
tion valid after testing with cylindrical or polynomial observables: Such classes of observables are
not preserved by the nonlinear Hamiltonian mean field flow. For bounded interaction potentials,
the number conservation allows polynomial approximations of the nonlinear deformation in balls
of the phase-space. This is done by adapting a truncated Dyson expansion approach presented
in [25, 26, 27]. In applications, an important case is the 2-body Coulomb interaction since it
models the general non relativistic motion of charged (or gravitational) particles. Again there are
results about the mean field problem for specific initial data (see [9, 44]), but the approach we
have followed in [6] essentially fails. With a singular pair interaction potential, a solution to this
problem is provided by measure transportation techniques developed for optimal transport theory
(see [3, 61]). Hence, the dynamical mean field limit relies even more on the fact that Wigner
measures are probability measures on the phase-space.

We now expose our main result. The Hamiltonian of an n-body quantum system, with a pair
interaction potential, is given by the Schrodinger operator

H™ = gz —A,, +¢° Z Vi(z; — xj),
i=1 1<i<j<n

where ¢ is a positive parameter and x;, z; € R?. We assume that the particles obey Bose statistics.

So, we consider HE(") as an operator acting on the space L2(R9") of symmetric square integrable
functions. This means that

U c 2R iff Ue L2RY) and U(xy,---,2,) = U(Tg,,...,T,,) ae
for any permutation o on the symmetric group &,,. The mean field asymptotics is concerned with

the limit as € — 0 and ne — 1, where n = [%] represents the number of particles of the system.
Let H be the direct sum of Hilbert spaces of the form

H=ELrir),
n=0
and consider the Hamiltonian of the many-bosons system (with arbitrary number of particles) as
H.=PH™M. (1)
n=0

An obvious feature of the operator H. is the conservation of the number of particles. Hence, it is
useful to define the number operator

N = @E?’L HL?(]R(ML).

n=0

The free Hamiltonian, corresponding to V = 0, will be denoted by H?:

H? = éHQ’(”) . HOM = si A, .
n=0 i=1

Second quantization is a natural framework for the study of many-body problems and, even more,
it helps to understand the mean field limit and the structures behind it. However, the result can be
presented without using the language of quantum field theory. We just mention that the operator
H. can be formally rewritten as

Ho= [ V6 @-Val@) do g [ Vo=@ Galealy) dods.



with the e-dependent canonical commutation relations [a(x), a*(y)] = €d(xz —y) . It is interpreted
as the Wick quantization of the classical Hamiltonian

hed) = [ Ve@F dot g [ @RGPV @ =) dody. ©)

In our analysis, an operator which violates the number of particles conservation, will play an
important role, namely the Weyl operator. Such operators are given for f € L*(R%) by

W(f) = evalam(f+a(f)]

where a*(f), a(f) are the creation-annihilation operators on H satisfying the e-canonical commu-
tation relations (CCR):

[a(f1),a* (f2)] = e(fi, f2) 2ay 1, [a”(f1), a"(f2)] = 0 = [a(f1), a(f2)] -

Accurate definitions on second quantized operators can be found in Appendix B.

Our approach is based on Wigner measures which are Borel probability measures on the infinite
dimensional phase-space Zy := L?(R%;C). The states of the many-bosons system are positive
trace-class operators on H of normalized trace equal to 1 (i.e.: normal states or density operators).
To every family of those states (0c)ce(0,7), We asymptotically assign, when e — 0, at least one
Borel probability measure p on Zy := L?(R%; C), called Wigner measure, such that there exists a
sequence (e)ken , such that limy_, o €, = 0 and

lim Tr[oe, W (V27€)] = F~(u)(€).

under the sole uniform estimate Tr [p.N°] < Cj for some § > 0. Here F~!(u) is the inverse
Fourier transform of p .

The problem of the mean field dynamics questions whether the asymptotic quantities, namely
Wigner measures, as € — 0 associated with

0:(t) = eiete QaeiﬁHs , teR

are transported by the flow ®(t,s) = ®(t — s) generated by the classical Hamiltonian h(z, z) and
given, after writing z; = ®(¢, s)(zs), by

i@tzt == ((%h)(zt, Zt) = *Azt + V x |Zt|22t . (3)

After checking that the Hamiltonian (1) has a self-adjoint realization so that the quantum dynamics
are well defined on H and after checking that the mean field flow is well defined on Z; = H*(R?),
our main result is stated below.

Throughout the paper, we assume that the real valued potential V' satisfies the assumptions

V(-z)=V(z) e R, (A1)
V(1 - AV e L(2), (A2)
and (1 —A)"Y2V (1 —A)"V2 e £7(2). (A3)

We use the notation L£(h) for the space of bounded operators on the Hilbert space b and LP(h),
1 <p < 400, for the Schatten classes, £°°(h) being the space of compact operators for p = +oc0.

Theorem 1.1. Let (0:)-c(0,5) be a family of normal states on H with a single Wigner measure fio
such that the bound
Tr[(N + H?)’0.] < C5 < +00, (4)

holds uniformly w.r.t € € (0,) for some § > 0.

Then for allt € R, the family (eﬂ%Hf ggeiéHf)ae(Of) has a unique Wigner measure p; which is a
Borel measure on Z; = HY(R?). This measure iy = ®(t,0).p0 is the push forward of the initial
measure o by the flow associated with (3), well defined on Z; .



In a formal level the proof of the above theorem is rather simple. Writing first the integral

formula
4

Trlo. ()W (€)] = Te[oW(€)] +i / Telo- ()W (€) 3 &10,] ds,

j=1
where o, (t) = e/ p_e/Hz and O; are some Wick quantized observables. By taking the limit
as e — 0, the only term j = 1 is left in the r.h.s. So, we formally end up with a transport equation

on the Wigner measures
Op+ifh, py =0, {hp}=0,h0:u—0.pu0:h
which is then solved by appealing to the results in [3].

Outline: The self-adjointness of the Hamiltonian H. and the existence of a global flow on Z; =
H'(R?) for the Hartree equation (3) are proved in Section 2. The derivation of the mean field
dynamics is done in Section 3 where Theorem 1.1 is proved. Some additional properties are stated
in Section 4: in particular, we draw the link with former results on bounded potential and reduced
density matrices and provide non trivial examples elucidated by the Wigner measure approach.
The article ends with several appendices dedicated to second quantization, absolutely continuous
curves in Probg(Z) as well as some weak LP conditions for the potential V' ensuring the fulfillment
of the assumptions (A2) and (A3).

2 Well defined dynamics

In this section we shall prove that:
e the quantum dynamics is well defined, namely H. has a natural self-adjoint realization;

e the mean field dynamics is well defined on Z; = H'(R?), with additional useful estimates.

2.1 Self-adjoint realization of H.

The Hamiltonian H. has a particular structure explained in a general framework in Appendix A.
Let V be a real-valued Lebesgue measurable function a.e. finite and satisfying the assumptions
(A1) and (A2). The multiplication operator

Vi =g Y Vi —a)

1<i<j<n

with its natural domain D(VA™) = {¥ € L2(R) : VAT € L2(RI)} is self-adjoint on L2(RI")
as well as the differential operator

HY™ =Y —A,,  with DHIM™)=L2R™)NH*R™M).
i=1

Therefore, according to Appendix A
V.=> VM, and H?=) H*™
n=0 n=0

endowed with their natural domains are self-adjoint on # .

Proposition 2.1. Under the assumptions (A1) and (A2):
(i) The operator
HE(”) — ng(n) + Va(n)



is self-adjoint on D(Hg’(")) C D(Vg(n)) .
(i) The operator

Hee= Y H, D(H) = {¥ e, Y [HPWO|P < oo},
n—0 n=0

)

. 0,
g D, where D,, is any core of He o

is self-adjoint and essentially self-adjoint on ©, Sy

Proof. (i) By assumption (A2), ™) is infinitesimally small with respect to H'™ . So that,

D(HEO’(")) c D( 5(")) and the operator H™ — g™ Ly g self-adjoint on the domain of
HO™ by Kato-Rellich theorem.

(ii) Applying Proposition A.1, we see that H. is self-adjoint and essentially self-adjoint on EBZZGQNDH .

O
Later, it will be useful to use the reference operator
Se(N) =Y HP™ 4 en+ Aen)®. (5)
n=0

which is self-adjoint by Proposition A.1. Moreover, by functional calculus of strongly commuting
self-adjoint operators we observe that D(S.(\)) is invariant with respect to the parameter A > 0.

Proposition 2.2. Under the assumptions (A1) and (A2), for any A > 0, the operator V. is
Se(N)-bounded with

VO eD(S:(A), (IVelllae S AV = A) 72| ppzgmayy [1S(A2) Wl
Therefore H. is essentially self-adjoint on D(S:(N)) .

Proof. The multiplication operator by V(z1 —x2), at least defined as a symmetric operator from
S(R2?) into S'(R??) | satisfies

em?Dm V(.Tl _ $2)(1 _ All)—1/2€—iz2Dm1 — €i$2Dm1V(l‘1 _ $2)€—im2Dm1 (1 _ Azl)_1/2

= V(z)(1—Ay,)" Y2 e £L(L2(R?)). (6)

For U € H,® € D(S-())), taking advantage of the symmetry of those wave functions, we compute

(T, V.®) = i@("), wgvm — 22)®") 2 gan)
= i@(") : wgvm —22)(1 = Agy) T2 (1 = Ag)20M) L2 gany
n=2
By noticing that
(%e)?(1 = Ag)) 20| F2gnay = (En)3<¢("),6i(1 — Ag,)™) 11 (gany
i=1

= NN+ H)Y2eM3,,
the Cauchy-Schwarz inequality leads to
(W, Ve@)| < V(L= A)72| [l IN®/2 (N + H2)2® |5 (7)
Now with the inequality ab < (Aa)? + (b/)\)?, we see that

IN*2(N + H2)' 203, = (2,N*(N+ H.)®)
(B, AN 4 A\*(N + H?)?®)
NS-(A)@ll3, - (8)



Putting together (7) and (8) yields the estimate.
To prove the last statement, observe that @ZlgND(HS ’(")) is a core for H, . Owing to the inclusions

Sy D(HE ™M) € D(S:(N) € D(Ve) N D(HZ) € D(H,),
H. is essentially self-adjoint on D(S.()\)). O

We end this section with some invariance properties of the domain D(S.()\)) with respect to
the Hamiltonian H. and the Weyl operators.

Proposition 2.3. For any A >0 andt € R
e HED(S (V) € D(S:(N))
Moreover there exists C'y > 0 such that
I1Se(N)e™ == (S (N) + 1) M| gry < Cx, for all t € R.

Proof. For any ¥ € D(S.(\)) € D(H.), observe that e~*H< ¥ belongs to D(N3) N D(H.) since
D(S:(N)) is contained in D(N?) and H. strongly commutes with N. Proposition 2.2 implies
D(S:(B) + V) =D(S:(8)) = D(S:(A)) when 8 > 0 is large enough, so that for any ® € D(S.(\))

((S=(8) + Vo) B, e W)y = ((Ho + N+ BN°) e "2 e W)y
= (P, (H. + N + fN®)e 1210y,

and hence e~ £ He W belongs to D((S:(8) + V2)*) = D(S-(8)) = D(S-(N)) .
Again for § large enough

1+ S.(8) + Ve = (1+ Ve(S(8) +1)71)(S(8) + 1),

and
(1+N+ BN+ Ho) 7" = (S-(8) + 1) (1 + V(S=(B) +1)™") ",

Therefore, the operators (14 S.(8))(1 + N+ AN+ H.)~! and (1 + N+ N> + H.)(S.(8) +1)7!
are bounded. Thus, we conclude that

Se(Ne M= (14 S.(N) ™ = S(A)(1 + S=(8) 71 (1 + S=(8)) (1 + N + BN? + H.) ™!
o et (14 N+ BN® + Ho) (14 5.(8) 7 (1+ S=(8)) (1 + S-(N)
is bounded. O
Proposition 2.4. For any ¢ € H*(R?) and any X\ > 0, the domain D(S.()\)) is invariant under
the action of the Weyl operator W (&) with
1(S=(A) + 1) " W()S(Mll 2z < Cre s
uniformly w.r.t € € (0,&) for some constant Cy ¢ > 0.
Proof. For all ®, ¥ € D(S.(\)), one can write
(@, W(£)"S- (W (&)®) = (&, (S:() + Q") Ww),

where @) is the following polynomial

QE(Z) = <Z + EE’ _A(Z + %E»Zo - <Z’ _AZ>ZO + PE(Z + %6) - PE(Z)

and P.(z) = [2|%, + 3elz|%, + €?|z]%, is the complete Wick symbol of N*, according to Propo-
sition B.2 or by direct computation. The assumption ¢ € H?(R?) ensures that Q. is uniformly



bounded in @, ,<3Pp.q(Z0) and the number estimate of Proposition B.3 says that QVick (N)~3
is a bounded operator and therefore

QYIR(S.(N + 1)t e L(H).

Hence for ¥ € D(S.())),

SO OU = W(e) | g2 4 QUik(s. () + 1) (5.0 + 1)

Se(\) +1
and W (&) belongs to D(S:(N)), with ||Sc(MW ()| < Crel[(S:(A) +1)¥|. O

Proposition 2.5. For any function x € C§°(R?) and A > 0, the operator x(N, H.) satisfies
Wk e N, [INFS(A)X(N, He) 20y < O3F
for some C > 0.

Proof. The operators N, H. (like N and N + H?) are strongly commuting self-adjoint operators
so that the functional calculus is well defined for the pair (N, H.). With a cut-off function y; €
C§°(R) such that xi(z) = 1 on a neighborhood of supp x, the operator N¥(1 + N + N3 +
H.)x1(N)x(H.,N) is bounded with

11+ N+ AN® + H)NFx3 (N)xX(H, N) | ) < CCY -
For sufficiently large 3, Proposition 2.2 says
1(1+S(8))(1 + N+ BN* + He) "V 22y < Cp.-

This is done with

NFSc(A)x(N, He) = Se(A)(1+ S-(8)) (1 + 5:(8)(1 + N + BN? + H,) ™"
o(1+ N+ BN3 + H.)N*y(N, H.),

and O, = max {Cy., CoC4IS-(N (1 + 5(8)) 711} O

2.1.1 Mean field dynamics

We shall use another more convenient writing of the Cauchy problem

i@tzt = —AZt + V % |Zt|22t (9)
Zt=0 — 20 -
After setting z, = e'*(=2)z, = e~ A2z, it becomes
105, = e tA [V % |eitA2t|2(eitA2t)] (10)
ét:Q = Z0-

Proposition 2.6. Assume (A1) and (A2). For any zy € Z; = H*(R?) the Cauchy problem (9)
admits a unique solution (t — z) € CO(R; HY(R?)) NCY(R; H~Y(R?)) . More precisely, the Cauchy
problem (10), which is equivalent to (9), admits a unique solution in C*(R; H*(R?)). Moreover
these solutions verify

|2t L2 = |Zt[ L2 = |20| L2 (11)
and h(zt,%zz) = h(z0,Z0), (12)

for (2,2) / |Vz|?(x) dx + = /Qd V(z —y)|z(z)?|2(y)|* dedy .



Finally, the time-dependent velocity field defined on R x Z1 by
v(t,z) = e TA([V x |2 222 2)
satisfies the estimates

[o(t, )|z, < IV = A)"V2 2%, |2 2, (13)
and  |o(t,2)|z, < V(L —A)72] [2[3, |2z, - (14)

Proof. The first results are standard (see e.g. [16, 31]) in the analysis on nonlinear evolution
equation. Nevertheless, we recall the details of the proof because it also contains (13)(14), which
is crucial in our analysis.

By considering the second formulation (10), it suffices to prove that the mapping z — (V x |2|?)z
is locally Lipschitz in H'(R?). After noticing that the distributional derivative of (V x |2|?)z or
more generally of (V x (Z122)z3) is

0:[(V % (Z122)) 23] = (V % (0xZ122 + Z10222) )23 + (V * (Z122)) (0z23) , (15)

it is reduced to the estimate of V * (Z722)23 in L? in terms of the L? and H'- norms of z1, 29, 23 .
For ¢ € L%(RY), write

(€, (V x (Z122))23) L2 (ray = (21 ® &, V(21 — 72)22 ® 23) 12 (R20) -

When b is the multiplication operator by V (z; — x2), the estimate (6) says that b(1 — A,, )~ /2 is
bounded, with

(€ @21, V(wn —2)20 ® 23) 2oy | < V(L= A) T2 €] 221|222 |23 2
A symmetric version of (6) says b(1 — A,,)~ /2 is bounded, with
(@21, V(wr — 22)22 ® 23) paqreay| < V(1 — A)TY2|| [€] 2|21 02 22| L2 28] mr -
Finally the symmetry of the expression V * (Z122)z3 w.r.t the exchange of zZ7 and z5 gives
(€ ® 21, V(w1 — 22)22 ® 28) pagreay| < V(1= A) T2 (€] 2|21 |  |22] L2 |2 2 -
Thus we have proved, owing to (15),
|V * (2_122)23|L2 < ||V(1 - A>_1/2H UHEHGHS |Z<7(1)|H1 |Za(2)|L2|Zo—(3)|L2 (16)
which gives
(V% (Z22)) 28] < [V(1—A)72 in |zo()|mlzo@) |20 L2 - (17)

Since z + 2z preserves the L? and H' norms, the velocity field estimates (13) and (14) are
consequences of (16) and (17).

For the sake of completeness, let us finish the proof of the global well-posedness of the Cauchy prob-
lem. The estimate (17) provides the Lipschitz property of z — V % |2]2z in H'(R?). This implies
the local in time existence and uniqueness of a solution to (10) in C1((—T%,, T, ); H*(R?)), and
therefore the local in time existence and uniqueness of a solution to (9) in C°((—T%,, T, ); H'(R%))N
CY([~Tsy, Tsp); H-1(RY)) . The global in time existence then comes as usual from the control of
|2¢|g1 = |Z¢|g1 deduced from the conservations of (11) and (12). For (11), take the real part of
the scalar product of each member of (9) with Zz;. This implies 0;|z¢|7. = 0.

For (12) take the scalar product with x(—R™1A)d;2; where x € C5°(R) satisfies 0 < x < 1 and
x = 1 in a neighborhood of 0, with R > 0:

0 = 2Re <at2t, X(*R_lA)’LatZ,»
= Oz, —AX(—R'A)z) 4 2Re (Drze, X(—RTTA)(V *[2e]?)2])



Integrating this identity from 0 to ¢ and taking the limit as R — oo with the help of (17) gives

t
/ |V 2 |2da —/ |V 20|? da + 2/ Re (szs, (V * |25)%)2s) ds = 0.
Rd Rd 0

Due to the symmetry of V(x) = V(—z), the last integrand equals

Re (D75, (V * |25])2s) = - s (|25 (@) )V (z — y)|zs(y)|* dady

1
= 30 [ 1 @PVG - )l dudy.
R2d

The conserved quantities (11) and (12) combined with (16) imply |z¢|g: < Clzo|g1 for some con-
stant independent of t € (=T%,,T%,), and hence T, = 4+00. O

3 Derivation of the mean field dynamics

This section contains the proof of our main Theorem 1.1. Below, we recall from our previous work
[4] the notion of infinite dimensional Wigner measures and collect some of their properties. We
will often make use of Weyl and Wick quantization throughout this section. So, we suggest first
the reading of Appendix B.

Two phase-spaces will be necessary for this analysis: Z5 = L*(R% C) (resp. Z; = H'(R%C))
endowed with its scalar product ( , ) (resp. (z1,22)z, = (21, (1 — A)z)), its norm |23, =
(z, z) = |z]3. (vesp. |z|%, = |2[3;1), its real scalar product Re (z, z) (resp. Re (21, 22)z,). Only
on 2, we will use the symplectic structure with o(z1,22) = Im (21, 29) . Meanwhile, the real
euclidean structure on Z; is important especially when the Liouville transport equation is written
as a gradient flow according to Appendix C.

3.1 Wigner measures

The Wigner measures are defined after the next result proved in [4, Theorem 6.2].

Theorem 3.1. Let (Qa)se(o,é) be a family of normal states on H parametrized by €. Assume

Tr[0-N°] < Cs uniformly w.r.t. € € (0,€) for some fized § > 0 and Cs € (0,+00) . Then for every
sequence (€n)nen with lim, o &, = 0, there exist a subsequence (y, )ren and a Borel probability
measure p on Zq, such that

lim Tr[o. bWev] — / b(z) du(z)
k—o0 k Zo
for all b in the cylindrical Schwartz space Seyi(Zy) defined in Subsection B.1.

Moreover this probability measure p satisfies |z|§i du(z) < co.
Zo

Definition 3.2.
The set of Wigner measures associated with a family (0:)cc(0,z) (resp. a sequence (0c, )nen) which
satisfies the assumptions of Theorem 3.1 is denoted by

M(ge,e €(0,8)), (resp. M(pe, ,n € N)).
Moreover this definition can be extended to any family (oc)ec(0,z) such that
(1 +N)?0:(1 + N)°|| 130 < Cs

for some § > 0 with the decomposition . = \FToltt — \E=plt= i \L+ ol i \L=pli—



Wigner measures are in practice identified via their characteristic functions according to the
relation

M(oe,2 € (0,8) = {u} & lim Trfo. W(V27)] = F ()(§)

& lim Tr[o. W(€)] = / VIR (&2) 1y () |
e—0

Zy

The expression M(oc,¢ € (0,€)) = {u} simply means that the family (o:)z¢(0,z) is "pure” in the
sense

: Weyl] _

;1_}1% Tr [0:b ] /Zb(z) du,

for all cylindrical symbol b without extracting a subsequence. Actually the general case can be
reduced to this one, after reducing the range of parameters to ¢ € {e,,,k € N}. For checking
properties of the elements of M(o.,e € (0,8)), extracting a subsequence in this way allows to
suppose without loss of generality M(o., e € (0,2)) = {u}.

A simple a priori estimate argument allows to extend the convergence to symbols which have
a polynomial growth and to take Wick quantized symbols, with compact kernels, belonging to
P (Z0) = @™ _ P (Z4) (see [4, Corollary 6.14]).

alg p,q€N""p,q

Proposition 3.3. Let (0:).c(oz) be a family of normal states on L(H) parametrized by € such

that Tr[o-N®] < C, holds uniformly with respect to e € (0,&), for all « € N,and such that
M(oc,e € (0,8)) = {u}. Then the convergence

lim Tr[o.b"icH] — / b(z) du(z), (18)
e—0 Zy
holds for any b € PX (Zy) .

alg

A variant of the above result was provided in [4, Theorem 6.13].
Proposition 3.4. Assume that the family of operators (0%).c(0,z) satisfies
[(T4+N)%0" (1 + N)*| 21 3) < Ca
uniformly w.r.t € € (0,8) for all « € N. For any fized B belonging to ngg(Zo) the family
(pWick 0%)ee(0,2) Satisfies the assumptions of Definition 3.2 and
M(BYF %) = {Bu, p e M(e°)} - (19)

A closely related question is whether Wigner measures are completely identified via Wick-
quantized observable. Of course this is related with the Hamburger moment problem even in finite
dimension and we again refer to [4] for further discussions about this.

3.2 Weak mean field limit of the dynamics in terms of the characteristic
function

After some extraction process and for some specific initial data (0:)ce(0,5), a family (u¢)ier of
measures can be defined and solves weakly a transport equation. We consider on L2(R??) the
(unbounded) multiplication operators

1 . . _ . _
V= §V(z1 —x3) and V= (7B @ TR (¢5Re1 © ¢i8Rea)

and respectively associate with them the polynomials, well defined on 2; = H*(R%),

1 -
V(z)= §(z®2, V(e — y)z®2>L§(de) and  Vi(2) = (%2, V, z®2)L§(de) , ZE€Z.

Instead of considering | ,
Qg(t) _ efnga QEGZEHE ,
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we will rather work with . .
-t -t -t -t
0-(t) = elcHegmicHep gieHegmic e (20)

Our assumptions will be made in terms of the operator S¢(1) already introduced in (5) and which
can be rewritten as a Wick observable.

Definition 3.5. The operator Se is defined by

Se = Z HY™ 4 en 4 (en)® =dl(1 — A) + N3,
n=0

with domain D(Se) = {\If EH, D00, H(Hgo’(n) +en+ (En)g)‘lf(")||2L2(Rdn) < oo} and H™ =
dr(1 = A\ z, -

Remember that it is self-adjoint with this domain (see (5)). Moreover it can be written S. =

Wick 3
Sg with
se(2) = (2, (1= A)z) + [l2lZ, + 3elelZ, + €221, ] -

Proposition 3.6. Let (95)66(015) be a family of normal states on H satisfying for some finite
constant C' > 0 the estimate

Tr[(1+52)o-(1+5.)] < C  uniformly w.r.t € € (0,8) .

The operator S is the one given in Definition 3.5 and 0-(t) is the operator given by (20). Then
for any sequence (ep)nen in (0,&) such that lim, o e, = 0 there exist a subsequence (gy, )ren and
a family (fit)ter of Borel probability measures on Zy satisfying for any t € R

M(0e,,, (1), k € N) = {f},

with the Liouville equation

t
ﬂt(ei\/iRe (57»)) — [Lo(eiﬂRE(&»)) _ 2\/51/ [Ls(eiﬁRe (£2) Im. (2%2, ViE® 2))ds,
0

t
= (e ) i [ VeV @) ds, forall ¢ € 2. (20)
0

Proof. The proof uses several preliminary lemmas stated below. The first step is to prove the
existence of Wigner measures defined for all times ¢ € R. This is done in Proposition 3.9. Let us
now prove the Liouville equation.

By Lemma 3.8 we have

4

Tr[o= ()W (£)] = Tr[ec W (E)] +i/0 Te[(s)W(€) D e/~ "b;(s,)W ¥ ds (22)

j=1
where b; are the following polynomials
bl(svg) = 72\/5 Im <Z®25 ‘75 g & Z> bQ(Sag) = —Re <Z®25 ‘75 §®2> + 2<§ \ 2 ‘755 \ Z>
- 1 -
ba(s,€) = V2m (€52, V. £@2)  ba(s,§) = (652, V, €7%).

With the number estimate in Proposition B.1, Lemma 3.7 below will ensure that the sum in the
r.h.s over j =2,--- 4 converges to 0 when ¢ — 0. On the other hand, the term with j = 1 has a
limit according to Lemma 3.10 applied with g.(¢) after noticing that Tr [(1 + S:)d.(t)(1 + S:)] < ¢’
owing to ||(1 4 Se)Fleiz o eizHe(1 4 5.)F1|| < C” due to Proposition 2.3. a

The above proof is completed in essentially three steps: 1) The relation (22) is first established
by extending Wick-calculus arguments to the case when V is unbounded, and rough estimates for
b;(s, &Wick "5 =1,...,4, are given; 2) An Ascoli type argument, relying on these rough estimates
allows to make the subsequence extraction (&5, )ren uniform for all ¢ € R; 3) An additional
compactness argument is given in order to ensure the convergence of the term with j = 1 in (22).
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3.2.1 Wick calculus with unbounded kernels

The results presented in this paragraph would be direct applications of the Wick calculus given
in Proposition B.2 for a bounded potential V € L>(R?). Although the algebra is the same as in
the bounded case, justifying the formulas for unbounded potentials fulfilling (A1), (A2) and (A3)
requires some analysis.

Lemma 3.7. The identity
(‘/Schkw(é-) o W(g)szck U = W Z&_]b s € chk \II, (23)

holds for any ¢ € H*(RY) and ¥ € D(S.), with S. given by Definition 3.5. Additionally, for all
U eD(S.) C D(Slm) C D(N2), the estimates

Ibj (5,7 Wl < OO+ [EENIA + N2 < O+ [EIE)I + S)YPL (24)

hold uniformly w.r.t j € {1,...,4}, s € R, when & € H'(R?) .

Proof. We first remark that, owing to the assumption (A2) and the estimate (16), the polynomials
bi(s,€),j=1,---,4 belong to the set @, 4<3Pp,¢(Z0), with

101@,4esPpa(20) < C(LH+[E]Z,).
Hence, Proposition B.1 and Proposition 2.2 prove (24) with
D(S.) € D(N*2) C D(bj(s,6)"F), j=1,...,4, and D(S.)C D(VIVicky, (25)

By Proposition 2.4 the domain D(S.) is invariant under the action of W (¢) for all £ € H?(RY). A
Taylor expansion yields, for all z € Z; , the equality

V(z+7 JrZeb

The formula (23) is standard for bounded V due to W*(&)bWVikW (€) = b(. + 5" when

b € Puy(20) = @ngeNPp,q(Zo) . Let us reconsider the proof of this result for our unbounded V.
With the previous estimates, the quantity A(t) = (@, W (t§)Vs(. + %tf)W“kW(t«E)*\IO is well

defined for all ®, ¥ € D(S.) with

We first establish in a weak sense the equality (23): Differentiate A(¢) for any ¥, ® € D(S.),

d

ZA@) =

7 & (@, W(t€) {{i0(£), b (s, ™I + 31, (5, )M} W ()" W)

M-

<
Il
—_

H@,W(t)[ig (&), VIV W (86)" W)

eIt (®, W (t&) {[id(£), b; (s, )™ ] + (j + )bjs (s, )V "} W (t8)* 0)

Mw

7=0

where by(z) = V5(2). Now, a direct calculation with ¢(§) = %(a(«f) +a*(€)) gives

[i$(€),b;(5,€)"" "] = —(j + 1)bjsa(s, )"

12



for 5 =0,---,3. Therefore A(1) = .A(0) and, knowing (25), we conclude that
. 4 . . .
W(E) | VIV 43 b, W | W(e) W = VR (26)
j=1

for any ¥ € D(S.). With ¥ = W ()T in (26) for any ¥ € D(S.), while ¥ € D(S.) owing to
¢ € H?(RY), the claimed equality is obtained.

O

Lemma 3.8. Let (0:)cc(0,2) a family of normal states on H . Assume that o-(S: +1) € LYH) for
all £ € (0,8), with S. given by Definition 3.5 and . (t) by (20). Then for any ¢ € H?(R?), the
map s — Tr[o-(s) W ()] belongs to C*(R) and the following integral formula holds true

oo (0 ()] = Te[o- W ()] + / Te(g. (s Zsfb £)Wick] ds.

Proof. Write

Tr[(0:(t) — 0=(s)) W (8)]
=Tr [QE(SE +1)(S.+1)7! (eiéHEeﬂ%Hg - eifoefigHg) W(E)eigngfing}

T [oeet Hee HEHEW (€)(S. + 1)(S. 4+ 1)1 (e HEemit e — cittlemithE )]

The following limits hold true on D(S.)

_ LH. _itp0 SH. s 1 1 4t it
S(Se+1) 1(eZsHEe igHe _ gitHeg H) =—(S.+ 1) te'e e (H, — HD)e ' He
13

s—t
it ; s s 'L -
(S +1)” (eZéngﬂéHE e Engﬂ?Hg) =—(S.+1)" LgicHY (H? — H.)e icHe
s—t t — £
by Stone’s theorem and the invariance of D(S.) w.r.t etHY and eftHe By using the estimate in

Proposition 2.3, the latter limits are limits in £(#H) w.r.t the strong convergence topology. After
noticing that gseiﬁHEe_iﬁHgW(f)(Sg + 1) is trace class when ¢ € H*(R), owing to Proposition 2.4
and Proposition 2.3, we take the trace and let s — ¢.

Now integrating the derivative from 0 to ¢ yields

T2 OW O] = TloWO)+ £ [ Tr[au(s) (VW9 - WQV™)] ds.

When ¢ € H?(R?), the equality
Tr [(1+ 52)0e(s) (VSV' "W (€) = W(QVIV') (1 + 82)71] = Telae(s Z e7b;(s, €)M,

makes sense, since (1 + S:)d:(s) € L} (H) and by Lemma 3.7
4

(VW () = WQVITE) (14 87 = W) | Do elbi(s, ™| (148271 in L(H).

13



3.2.2 Subsequence extraction for all times

The first step in the proof of Proposition 3.6 is to show the existence of Wigner measures for all
times. This is accomplished below by following merely the same lines as [6, Proposition 3.3].

Proposition 3.9. Let (95)66(015) be a family of normal states on H satisfying for some finite
constant C' > 0 the estimate

Trloe(1+S:)] < C  uniformly w.r.t € € (0,8) .

The operator S: and g (t) are respectively given by Definition 3.5 and (20). Then for any sequence
(n)nen in (0,&) such that limy, o0 e, = 0 there exists a subsequence (e, )ken and a family of
Borel probability measures on 2y, (fit)ter , satisfying

M@, (£), k€N) = {ji}
foranyt e R.

Proof. We only sketch the proof and essentially indicate the points which differ from [6, Propo-
sition 3.3]. Let us write

Ge(t,8) = Tr[o- (W (E)] -
By using Proposition B.1 and (1 + N) < 2(1 +N3) <2(1+ S.), one can prove like in [6] that

1G=(5,€) — Ge(s,m)| < Cl = mlZ, (&I, + Inl2, + 1)} (27)

for some constant C' > 0. We have

|Ge(t,n) = Ge(s, )] < [Tr[(2e(t) — 0= (s)) W(E) + |Ge(s, &) — Gels,m)| -

On the other hand, by making use of Lemma 3.8 we get

ITr[0:(t) — 0:(s)]W (]| < /tTr[éa(w)iej1bj(w,£)“”°’“]dw
; =
< Colt = s|l|(1+82)20-(1 + S) 2| 21w
st3551|\(1+5€)—1/2 Jilsj‘lbj(w,ﬁ)w“’“ (14 8) "2l )
< Cilt=s|(1+[¢]z,)",

when ¢ € H?(R?). Taking an approximation &, € H%(R), n € N, such that lim,, o0 [£—&,|z, =0,
Zy = H'(R"), and taking the limit as n — oo of the left-hand side with the help of (27), allows
first to extend the previous inequality to any & € Z; .

Thus, we conclude that

Galtn) — Ge(s, &) < C (It = sl(lglz, + 1) + by — €lz, Iz, +IE5,), (28)

holds for all (s, &), (t,m) € Rx Z; , uniformly w.r.t. € € (0,€). Remember also the uniform estimate
Ge(s,6)] < 1.

Now, we apply the same Ascoli type argument the one used in [6, Proposition 3.3] in order to prove
the existence of a subsequence (e, )r and a continuous function G(.,.) : R x Z; — C such that
Ge, (t,&) converges to G(t,&) for any t € Rand £ € Z; . Furthermore (27) allows to extend G(.,.) to
a continuous function on R x Zy. An “§/3”-argument shows that for any (¢,&) € R x 2, lim,,—
G., (t,€) exists and equals G(t, ), so that G(t,.) is a norm continuous normalized function of
positive type. Therefore, for any t € R, G(t,.) is a characteristic function of weak distribution (or
projective family of probability measures) fi: on Zy . Finally the proof is ended as in [6, Proposition
3.3]. O
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3.2.3 An additional compactness argument

Here, the compactness assumption (A3) is converted into some compactness property of the Wick
symbol b; . It allows to refer indirectly to Proposition 3.3 and to take the limit as ¢ — 0 in the
term with j = 1 in (22). With the rough estimates used in Proposition 3.9, the terms in (22)
corresponding to j > 1 with a factor e/~! will vanish as ¢ — 0. The next Lemma applied with
0-(s) in the integral term of (22), will end the proof of Proposition 3.6.

Lemma 3.10. Let g- be a family of normal states on H satisfying for some finite constant C' > 0
the estimate
Tr[(1+S)o-(1+5:)] <C  uniformly w.r.t € € (0,8).

Here S, is given by Definition 3.5. Assume that M(ge,e € (0,&)) = {u}, then for any € € 21,

lim Tr[o- W (€)ba (s, §)"**] = eV2iRe (E2)p, (s 6)[2] du(z).
E—r ZO

Proof. The polynomial b1(s,§) € P12 + Pa,1 splits into two similar terms, namely
Bi(2) = (£®2,Vi2®%)  and  Ba(z) = (%%, V, (2 ®€))
with their associated operators
B = (@ MV, € LILIRYM),L*(RY))  and By = SV, (1©¢)) € L(L*(RY), LI(R*)).

Let x € C3°(R) with x(z) = 1if |[2] <1, x(z) =01if || > 2and 0 < x < 1. For m € N*| set
Xm(x) = X(:%) and define

Bl,m :Xm(|Dx|)Bl (I ® xm(|De|))S2  and BQ,m :82(]1®XM(|D1|))BQXm(|Dz|)
as bounded operators in £(L?(R?*?), L*(R%)) and L(L*(R?), L(R*%)) respectively. We claim that

both operators B ,, and B, are compact. Actually, B, = Bi"m and

Brm = 5 (1 ¢80 )(*2€] @ 1) (1P x| DIV (22)xon (D )1 P72 ) (60931 © ¢i%822)5,.
Moreover, the linear norm continuous application
Ae L(L*(RY) — ("¢ @ Me ™ P2 (1@ A) € L(LZ(R??), L*(RY))
preserves the class of Hilbert-Schmidt operators since
[((e”*2¢] ® We™ 1P (1@ A)|l c2(r2(med), 2may) = €] 20l Al 22(2)

comes by computing the Schwartz kernel with ||KH%2(L2(#);L2(U)) = [|K(z,y)|* dv(z)du(y) . Hence
it maps compact operators into compact operators, because the space of compact operators, £ | is
the norm closure of £2 in £. Therefore, by taking A = x,,(|D|) V (2) Xm (| Dz|) which is compact
by assumption (A3), we conclude that Blﬁm and Bgﬁm are compact.

Now, writing for j = 1,2

[ Telo W (€) B} *¥] — eV €2 B, (2))] < [Tr[o- W (€)(B} " — BJieh]| (29)
HTrloeW (@) B = (e € (2)] - (30)

Hpu(eV2Ee C2 B (2)) — (V>R EABy(2))] - (31)

with Bjm € Pgp,(Zo). The right hand side (30) converges to 0 owing to Proposition 3.4. Since
s — limy 00 Xm (|Dz|) = 1, the polynomials Bj ,,,(z) converge to Bj(z) for any z € Zy, while the

estimate

|Bjm(2)] < cl€lz, (1= 8)7 2V |21,
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holds true uniformly w.r.t m for some constant ¢ > 0. Additionally, the estimate Tr[p.N3/2] < C
implies

[ Fdnsc

Zy
Therefore the dominated convergence theorem applies and the right hand side (31) tends to 0 as
m — 0o. It remains to prove the convergence of the r.h.s of (29). Writing

Tr[@sw(g)(B}/ViCk - Bgv,[:rzldc)] = Tr[(Ss + 1)96(58 + 1>(S€ + 1>71W(§)(S6 + 1)
X(Ss =+ 1>71(BJVVZ.C]€ - B;‘/,Vnifk)(ss + 1>71]
and referring to Proposition 2.4 lead to the estimate

| Trlo-W (&)(B}"*" — BiYiM)]| < el (Se + 1) (B} — BI) (S + 1) Iz -

By functional calculus of strongly commuting self-adjoint operators we see that (S. + 1)~ (v/N +
dl'(1 — A) 4+ 1) is uniformly bounded with respect to ¢ € (0,&). By applying Lemma B.4 (with
A=1-A), we conclude that
Telo-W (&)(B]"** — BI M) 11 = Auy) ™ V2(Bj = Bjam)(1 = Agy) 72|

€12, [1(1 = A) 72V £(20) 11 = A2) ™21 = xan(1D2]))ll 220

Again by functional calculus [|[(1—A,)™Y2(1— x,(| D, |))| is estimated by X and the r.h.s of (29)
goes to 0 as m — oo uniformly w.r.t £ € (0,£). Finally, a ”¢/3-argument” with the established
convergence of (29), (30) and (31) yields the result. O

S
S

3.3 Asymptotic a priori estimates

In this section, a priori information on Wigner measures are derived from a priori estimates on the
state o . In particular, we shall prove the next result.

Proposition 3.11. Let S; be the operator given by Definition 3.5 and assume that the family of
normal states (0c).c (o) Satisfies

Va € N,3C, > 0,Ve € (0,&), Tr[(1+ S:)o-(14 So)(1+N)¥] < Cy,

and M(gc,e € (0,8)) = {u}. Then the measure p is carried by Zi , its restriction to Z; is a Borel
probability measure on Z, and

A e, dne) = [ o, due) < +oc. (32)
0

Z1
The proof of the above proposition requires the two next Lemmas.

Lemma 3.12. Let b be a non negative (self-adjoint) operator on \/* Zo and assume that the family
of mormal states (0:)zc(0,z) » with Tr [0-N®] < C,, for all a € N, satisfies

Tr [0b"V*] < C and M(o., € € (0,8)) = {n} .
Then Zy 3 z + b(z) = (227, b2®P) € [0, +00] is a Borel function on Zy and Jz,0(2) du(2) < C.

Proof. When b € P5,(2o) has a compact kernel b we know after Proposition 3.3 (see [4, Corollary
6.14] for a complete proof) that

C > lim Tr [o=b""*] = /Z 0 b(z) du(z) -

We use the fact that b — bWick ig operator monotone, in the following sense: if the (possibly
unbounded) non negative operators by, by in \/¥ Zy satisfy by > by > 0, then the densely defined
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essentially self-adjoint operators b}/wc’“ , 7 =1,2in H satisfy by/icF > plVick >
By taking b € L(\/* Z), for b e Ppp(Z), as the supremum of by, with b,, compact, we obtain firstly
for all n € N

C > liminf Tr {Q;/QbWiCkQ;/Q} > lim Tr {Q;/Qbf}v“k&);/ﬂ :/ bn(2) du(z).
e—0 e—0 Zo
Secondly, the monotone convergence yields

c> sup/Z (2%P | bp2®P) du(z) = /z b(z) du(z) .

neN

When b is unbounded, it can be approximated by b, = 1f£ e L\ Zy), for n > 1. Set

bn(2) = (2®P | b, 2®P) . The function b(z) = (2®P, bz®P) = sup, .y bn(2) is a Borel function on Zg
as a supremum of a sequence of continuous functlons The uniform estimate

Tr [gsb’z{/zck] < Tr [stWiCk} < C

with the result for b, € L(\/? Zo) gives [z, ba(2) du(z) < C, for all n € N*. Again by monotone
convergence, we get

/zo b(z) du(z) = sup /Z0 bo(2) du(z) < C.

neN*
O

Lemma 3.13. Let A be a non negative, self-adjoint with domain D(A), operator in Zy. Assume
that the family (0<)ee(0,z) satisfies the uniform estimate Tr[p.-N®] < Cy, for all o € N, and
M(oe, € € (0,8)) ={u}. Then the following implication hold:

(Ve € (0,2), Tr[e.dD(A)] <€) = (/Z (2, A2) du(z) < c)

0

0

(Ve € (0,2), Tr [p.dT(A)2] <C) = < /Z (2, Az? )
<

(Ve € (0,8), Tr [0-d['(A)’N] < C) = </z (z, Az)?|2|%, du(z) C’> .

0

In all the three cases, the measure p is carried by the form domain Q(A) of A.

Proof. The first implication is a direct application of Lemma 3.12 applied with

b(z)=(z,Az) , b=A pWick — dI'(A) .

)

The second one is the consequence of

) Wick

dI'(4)% = ((2%?, (A® A)2%?) )Wick

+€dF(A2) > (<Z®2, (A®A)Z®2>

and Lemma 3.12 with R
b(z) =(z, Az)> and b=A®A.

For the last one, notice that N = dI'(1) and dT'(A) commute so that
2 ®2 ®2 Wick
AP(APN = N (%2, (A 4):%)"

With N = (|z]%,)"* | the composition formula of Proposition B.2 (extended to an unbounded
A) says that N (22, (A ® A)z@2))"V"F = pWick with

be(2) = |2|%, (2, A2)® +2¢(z, Az)%.
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Hence we get _
dT(A)>N > (|2|%, (2, Az)2)"V "

So, the result is again a consequence of Lemma 3.12 with
= 1
b(z) = |zl (7, A42) b= S(10A0A+ Ao A+AsAR]).

For the last statement it suffices to notice that the integrand is infinite in the Borel subset of Zj,
Zo0\Q(A) ={z € Zy,(z,Az) = +o0}. O

Proof of Proposition 3.11: With S. = dI'(1 — A) + N2, while d['(1 — A) and N commute, we
know

(1+S)1+N)>dl'(1—-A).
Hence Lemma 3.13 says that the measure p is carried by Q(1 — A) = 2, with

|V duto) = [, au) < (33)

Let us check that u is a Borel measure on (21, |z,) . The tightness property is given by the above
inequality. According to [4, 54, 58], it suffices to check that

a0 [ e € o
Z1
with (u,v)z, = (u, (1 =AWz, ,
is a positive type function which is continuous w.r.t £ restricted to any finite dimensional subspace

of Zl .
Consider the regularized version

—2imRi A_¢. 2 —2imRe (—A ¢ .2
G1,n(8) :/ e ‘ <1*% 20 dp(z) :/ e ¢ <1+% )20 du(2)
Z Z
with A = (1 — A). For all { € Z; the pointwise convergence

A
VZGZl, hm(

AE’ Z>Zo = <€’ Z>Z1

n

and the uniform bound

—2irtRe (—A5¢,2)z
le +4 °|§1

imply the pointwise convergence of the integrals
VEE 2y, lim G1,n(§) = G1(§) -

But Gi,,(€) equals G((1 + 2)71AL), where G is the characteristic function of y in Zq:

Gln) = [ e 00020 ).
Zo

Hence for every n € N, the function Gy ,(§) is a positive type function. As a pointwise limit of
G, , the function G is also a positive type function.
For the continuity, the equality

Ga(6) - Ga(€) = [

(emee (6—€',2)z, _ ginRe <§7§,,2>Zl) e—imRe (£+€,2)z, du(z)
Z

implies

G1(§) — G1(€)] < 27[€ — £'Izl/ 2]z, du(z) < (/Z 1+ 2%, dM(Z)) =&z, (34)

Z
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and the function G; is a Lipschitz function on Z;. This finishes the proof that p is a Borel
probability measure on Z; .
For the inequality (32), it suffices to notice the inequality of (commuting) operators

(1+5:)*(1+N) > (dI'(1 — A)*)N.
Applying Lemma 3.13 yields
[ 1elblel, du) < €.

1

3.4 Uniqueness of the mean field dynamics via measure transportation
technique

Now we are in position to prove Theorem 1.1. This will be done in three steps: 1) Writing a
transport equation, in a weak sense in Z; for u; ; 2) Solving this equation as p; = ®(¢,0).po when
the initial state g. fulfills strong decay estimates; 3) Relaxing the strong decay estimates.

3.5 The transport equation on Z;

We shall need similar notions about cylindrical functions, as the one used in Z, and recalled in
Appendix B.1. Let IP; denote the set of all finite rank orthogonal projections on Z; and for a given
o € Py let Ly, 1(dz) denote the Lebesgue measure on the finite dimensional subspace pZ;, with
volume 1 for a Z;-orthonormal hypercube. A function f : Z; — C is said cylindrical if there exists
p € Py and a function g on pZ; such that f(z) = g(pz), for all z € Z;. In this case we say that
f is based on the subspace pZ;. The set of C5° (resp. §) cylindrical functions on Z; , is denoted

by C5%.,1(21) (resp. Seyi(21)). We shall also need Cg,,,(21 x R), in which the algebraic tensor

al
product Cg%.,;(21) ® Ci°(R) is dense. Finally the Fourier transform of elements of Seyi(21) is
given by

Flf1E) = F(§) ePmie =92 L (dz),

021

f(z) = Filf1(€) emiRe =02 [ (de).
pZ1
Proposition 3.14. Let S. and 0-(t) be the operators given by Definition 3.5 and (20). Assume
that the family of normal states (Qs)ae(o,é) satisfies

Va e N, 3C, > 0,Ve € (0,&), Tr[(1+ S:)o-(1+S:)(1+N)Y] <Cy,

. k—
and consider a subsequence (€)keN , €k =290 such that

M(éék (t)v k€ N) = {ﬂt}

according to Proposition 3.6. Then the measure [i; is a Borel probability measure on Z; which
satisfies the following properties:

e/ |21%, dii(z) + Iz, 2% 12|, di(z) < C' for some C' independent of t € R.
o When (en)nen+ is a Hilbert basis of Z1 and Z; is endowed with the distance dy(z1,22) =

\/ZnEN* 21(1_7_2”;;)' , [iz s narrowly continuous with respect tot € R.

o The measure 1 is a solution to the Liouville equation
atﬂt +’L{‘/taﬂt} = Oa

in the weak sense,

VfeCoo(Z1 xR), /]R i (Of +i{Vi, f}) de(z)dt =0. (35)

19



Proof. The Proposition 2.3 as well as the commutations [e*He, N] = [¢?*H¢ N] = 0 ensure
Vo € N,3C, > 0,Vt € R,Ve € (0,8), Tr[(1+5:)0-(¢)(1+ S)(1+N)¥] < 7.

The Proposition 3.11 and (33) applied for any t € R, provides the first results.
It remains to check the narrow continuity and the Liouville equation.
a) Take the Z;-characteristic function

Gi(n,t) = fu(e >R (1 2)z1),

The inequality (34) and the uniform estimate [, (1 + |21%,) diit(z) < 14 C’ ensures that the
inequality
G1(n,t) = G1(n, )] < w(1 4+ C")In =1/l 2, (36)

holds uniformly for all 7,7’ € Z; and all t € R. From the identity (21), we deduce
t/
t

ﬂt/(eiﬁRe (E,.)) - ﬂt(eiﬁRe<£,.>) _ 72\/52/ ﬂs(eiﬁRe (&,2) Im <Z®27‘7s§ ® Z>)dS,

The estimate (17) implies
tm (2%, Vi(€ @ 2))| < ClzlZ, |2l 2, €] -1 (o)

Taking ¢ = v/27(1 — A)p with n € H'(R) = Z; leads to

Gs(0) — a1 < 47Clrlz | sup /Z 12[2, 2]z, dfia(z)
s€ ’ 1

and, with the uniform estimate | 2% 12]%, diu(z) < C7, to
Vne 2,V t' eR,  |Gi(n,t) — Gi(n,t')] <4xC(1 4 C")nlz, |t —t']. (37)
When g € S¢yi(21), based on pZ; , the relation
[ 9@ i) = [ AlalmGint) dLoat:),
Z, ©Z1

combined with the continuity properties (36)(37), implies that ¢t — | 2, 9(2) dfu(2) is continuous.
This continuity holds for all g € Seyi(21) . The uniform weak tightness property [ [2]%, dfie(2) <
C’ and Lemma 5.12-f) in [3] ensure that ¢ — [, is narrowly continous when Z; is endowed with
the distance d, .

b) Integrating (21) with Fi[g](n) Le1(dz) also provides

t
| s@ i) = [ oG dat)+i [ [ (Vg o) din(e) ds.
2 z 0 Jz
Hence for any g € Sy1(21) , the function I, : t +— [ g(z) djit(2) belongs to C'(R) with
Oly(t) =i | {Vi, g} (2) diu(z).
Z1
By multiplying the above relation by ¢(t), with ¢ € C§°(R), and integrating by part proves (35)

al
when f(t,2) = ¢(t)g(z) . We conclude by the density of C§<,,,(21) ® C5°(R) in g%, (21 x R) . O
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3.6 Uniqueness of the measure for regular initial data

According to the notations of [3] and Appendix C, we consider the space Probs(Z;) of Borel
probability measures p such that

e, dutz) < 4.
Z1

On this space, we introduce the Wasserstein distance

1/2

Wi is) = | min /|z1_z2|; dpu(z1, 72) (38)
HET (p1,p2) J 22

where T'(p1, i2) is the set of Borel probability measures p on 21 X 21 with the marginals (ITy),.u =
pa and (I2).p = pa .

Proposition 3.15. Let S. and 0-(t) be the operators given by Definition 3.5 and (20). Assume
that the family of normal states (Qs)ae(o 5 satisfies

Va € N,3C, > 0,Ve € (0,8), Tr[(1+S:)o-(14 S)(1+N)¥] <,
and M(ge,e € (0,8)) = {10} -

Then for any time t € R, the family (o-(t) = et He gge%Ha)ae(OE) admits a unique Wigner
measure pp = P(t,0).po , where @ is the Hartree flow defined by (3) on Z1 . It is a Borel probability
measure on Z1 witht — u; being an absolutely continuous curve in Proby(Z1) w.r.t the Wasserstein
distance Wo and which satisfies

ek, [ el dinla) <C.
Proof. We still start with the state g-(¢) defined in (20). Proposition 2.6 says that the group
®(t, s) associated with (3) and the dynamical system ®(t, s) associated with

iz =v(t,z) , v(t,z) =e TB(V x [eP 2] 2)
are well defined on Z; . Further it gives the estimate for the velocity field
[o(t, )]z, < V(L —2)712 212, 2]z, -

When fi; is the Wigner measure defined for all times and associated with a subsequence (g5, )ken ,
we obtain
veR [ o)l din) <O [ eIk, die) <0
Zl Zl
With Proposition 3.14, t — fi; is narrowly continuous (on (Z4,d,,)) with respect to time ¢t € R.
According to Lemma C.7, the Liouville equation (35) is nothing but the weak form of

e+ VT (v(t, 2)u) = 0.

According to Proposition C.1, the curve R 3 t — fi; € Proby(Z) is absolutely continuous for the
Wasserstein distance Ws .

Therefore all the conditions of Proposition C.8 are fulfilled and hence we deduce that j; =
®(t,0).p0. Moreover this uniqueness implies M(g.(t),e € (0,&)) = {ji;} for the whole family
(0(t))ee(0,2) and all times t € R.

0 .

Going back to o (t) = e "t H2 5_(t)eltHe | it gives py = B(£,0). 10 -
The last uniform estimate is given by Proposition 3.14. 0
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3.7 Evolution of the Wigner measure for general data
We follow the truncation scheme used in [6]. When the initial data satisfies only
I(N + H2)*20.(N + H2)*?|| < Cs

for some 0 > 0, we approximate g. by

1

N, H? N, H’
Tr [xr(N, H?)o:xr(N, H?)] Xr(N, He)eexr(N, H)

Oc,R =

as R — +oo where xr(n, h) = x(% , %), with 0 < xy <1, x € C§°(R?) and y = 1 in a neighborhood
of 0. The time evolved state is defined by

—itH, He

;L
Qs,R(t) =e€ O¢,R e’

The assumptions ensure that for all times
lloc(t) = 0e.r(t)[[ 21 (30) < V(R)
with v independent of (¢,¢) and limp_,oc ¥(R) = 0. We recall the Proposition 2.10 of [6].

Proposition 3.16. Let (gg)ge(o,g) , 7 =1,2, be two families (or sequences) of normal states on
H such that Tr [0l N°| < Cs uniformly w.r.t £ € (0,€) for some § >0 and Cs € (0,+00) . Assume
further M(ol,e € (0,€)) = {u;} for j =1,2. Then

/Im — 2| <liminf o2 — 02210 -

End of the proof of Theorem 1.1: For R € (0,+00), the state g, g fulfills the conditions of
Proposition 3.15 except the uniqueness of the Wigner measure at time t = 0. Out of any sequence
(en)nen , a subsequence (e, )ren can be extracted in order to ensure

M(o.,, ,r, k € N) = {no,r} -
Thus after this extraction we obtain
VteR, M(o.,, r(t),k €N) ={®(t,0).p0,r} -
Take ¢t € R and let p belong to M(o.(t),e € (0,8)). There exists a sequence (e,)nen such that
Moz, (t),n € N) = {u} .

After extracting a subsequence like above and by using Proposition 3.16, we obtain

/|M—@(ta0)*uo| §/|,u—‘1)(t,0)*uo,3|+/|,u0,R—M0| <2v(R),

since the total variation of ®(¢,0).u0,r — ®(¢,0).p0 and po r — po are equal. Taking the limit as
R — oo implies = ®(t,0).po and therefore

M(0e,e € (0,8)) = {P(¢,0)p0} -

This also proves that limp_,o on |pe — ®(t,0).p00,r] = 0, while all the measures ®(t,0). 40 r are
Borel probability measures carried by, and on, Z;. This implies that u; is carried by Z; and is
also a Borel measure on Z; . This ends the proof of Theorem 1.1 O

4 Complements
Additional results are given in the three first paragraphs, concerned with the BBGKY hierarchy

or the propagation of energy. The fourth one shows some examples and the last one is an informal
discussion about the classical mean field problem.
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4.1 BBGKY hierarchy

Although the analysis here is different from our previous work [6] it is possible to combine them,
in order to strengthen the result of Theorem 1.1. It is also interesting to reformulate our result in
terms of reduced density matrices since, in the literature, several mathematical results on mean
field limit use the BBGKY hierarchy method (see for example [8, 9, 42]). For a family of normal
states (0z)ee(0,) on H and p € N, the reduced density matrices %(p) € LY(L?(R)) is defined
according to

T [ 08] = o e T (0] b € L)), (39)

with the convention that the right-hand side is 0 when Tr [o.(|z[*?)"V***] =0 and p > 0.

Theorem 4.1. Let (0:)-c(0,z) be a family of normal states on H , satisfying the hypothesis of
Theorem 1.1, with a single Wigner measure g such that

Va e N, lim Tr[p.N%] = / |22 dpuo(2) < +o0. (40)
e—0 Zo
Then for all t € R, the convergence

gl_% Tr [Qs (t)bWick] _ /

=0

b((t,0)2) dunlz) = [ b(:) dus(2)

=0

holds for any b € Pyie(20) = @;fgeNPp,q(Zo) , with py = ®(t,0). o -

Finally, the convergence of the reduced density matrices

1
i )y = -
B = T )

/Z 1259) (22| duy(2)

holds in the L'(L?(R))-norm for all p € N.

Proof. By Theorem 1.1 the the family of normal states (¢(t))-c(0,z) admits a single Wigner
measure p; equal to ®(¢,0), po . Since the quantum and classical flows preserve the total number,
the state p.(t) satisfies as well the condition (40) for any time ¢ € R. Then [6, Proposition 2.11,
2.13] provide the claimed results. O

4.2 Moment upper bounds

In [4], it was proved that the sole a priori estimate Tr [p-N°] < Cj for a given ¢ > 0 (possibly
small), with M (0., € (0,8)) = {u} leads to

/ 12)%° du(z) < +oo.
Zy
The a priori estimate, assumed in Theorem 1.1 at time ¢t = 0, leads to

[ aue) < +oc.

1

according to the following result which is a variation of Lemma 3.12.

Proposition 4.2. Let (A, D(A)) be a self-adjoint operator on Zy such that A > 1. If the family
of normal states (0c)zc(0,z) satisfies Tr [0-(dT'(A))°] < Cs for some § >0 and M {p.,c € (0,8)} =
{p}, then

/z (z, A2)° du(z) < +oo.
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Proof. By Wick calculus (see Proposition B.2 when A is bounded), one gets

dr(A)* > ((z, 42" vk e N,
Let (e;)jen be an orthonormal basis of Zj such that e; € D(A) for all j € N, and set

J
A.] _ ZA1/2|€ A1/2 Z |A1/2 A1/2€ |

J=0

The inequality A®*F > A‘?k holds for all J € N, while b — bWick ig operator monotone when
restricted to operators b acting in \/2k Zo . Therefore, we obtain

Z Chdl'(A <Z Ch(z ) o

Wick
(Zc AJz> = [(1+ (z, Ayz))"]Viek (41)

(I1+dr(A)™

Y

We shall use the same argument as the one in [4, Theorem 6.2] when A = Id, relying on the
semiclassical calculus in finite dimension (see [12, 40, 50, 52, 56]).

Let @ be the orthogonal projection from Z, onto @j:OAl/er. The symbol 1+ (z, A;z) is a
cylindrical symbol based on p;Z,. Since ker A2 = {0} and eg,...,e; are linearly independent,
the symbol

J
(14+{(z, Asz)) =1+ Z |(A1/26j,z>|2
§=0

.. dz|?
is an elliptic symbol on p;Zy ~ C/*! in the Hormander class S(1 + |z[2,11, mﬁ) The
C

functional calculus of Weyl e-quantized elliptic operators in finite dimensions gives
Vs € R, [(1+ (2, Arz2)V¥])" > (1 = Cree) [(1 4 (2, Ayz))*]V Y. (42)
The finite dimensional comparison of Wick and Weyl quantization, also gives
Ve N, [(1+ (2, As2))" 1"V > (1= Cpne) [(1+ (2, Agz))Ve¥!]" (43)
From (41)(43) and the operator monotonicity of B — B for t € (0,1], we deduce
Vs€R, (1+dD(A)° > (1—Ce) [(1+ (2, Agz))V ],
and (42) gives
Vs €R, (1+dD(A4))° > (1—C7.e)[(1+ (2, Asz))*]V . (44)

The definition of Wigner measures, recalled in Theorem 3.1, says
. Weyll __
&11_% Tr [0:b | = /Z0 b(z) du(z),

for all b € S¢y1(20), in particular the b’s based on p; 2. Take now s = ¢ in (44). The a priori
estimate

Tr {gg [(1+ (2, As2))°] Weyl} < (1+ Cyse)Tr [0-(1+dT'(A))°] < Cs(1 4 Cse),

and the ellipticity of (1 4 (z, Ayz))? allows to extend the above convergence to any cylindrical

2
b= fops with f € S((1+ |2[2,41)°, 1‘1\2'?7%]:1) . In particular, this leads to

Cj = limsup Tr [o- (1 +dD(4))°] > Tim Tr o [(1+ (=, 4,2))7]" ] = / (14+(z, As2)) du(z).

e—0 =0
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Since A =sup; Ay with Ay > Aj for J' > J, the monotone convergence implies

cy > /Z (1+ (2, A2))° du(z) > /Z (2, Az)® du(z).

O

Proposition 4.3. Within the framework of Theorem 1.1 with the assumption Tr[(N 4+ H?)%o.] <
Cs for 0 <6, the measure yu; satisfies the additional estimate

26
/ 21 ¥ duz) < Cs
Zy

for all timest € R.

Proof. The functional calculus of commuting operators implies

(148" < (14 N+ H2)’ < (1+5.)°.
Thus the initial state o. , satisfies

Tr | 0-(1+ S.)%/| < Cj.
From Proposition 2.3, we deduce
ettt (14 8.)%e e s < O(1 4 8.)2.

Since B — B* is operator monotone for s € (0, 1], this implies

eigHE(l + Sa)a/se—igHE < 06/6(1 +5.)0/3

as soon as % < 2. The inequality
Tr [0 ((AT(1 = 4))7*] < Tr [o.()(1 + 5.)*] < ¢4

and the previous Proposition 4.2 applied with A = (1 — A), yields the result. O
A more accurate version of this last result is given below by making use of the conservation of
energy.

4.3 Convergence of moments and energy conservation

For a family (0c).e(0,z) of normal states with a single Wigner measure po the condition (40) is an
important and non trivial assumption. Indeed, we proved in [6] the following equivalence

(Voz €N, lim Tr [p-N“] :/ Bl duo(z)) & (Vb € Paig(20), lim Tr [QEbWiCk} :/ b(z) dﬂo)
e—0 z e—0 z

Hence the condition (40), although it involves only the number operator, is exactly the one which
leads to a good asymptotic behaviour of the reduced density matrices.

Proposition 4.4. Let (0:)-c(0,5) be a family of normal states on H , satisfying the hypothesis

of Theorem 1.1, with a single Wigner measure po. Assume Tr[p. N¢| < C, wuniformly w.r.t
€ (0,&), for all a € N.

Then for every a € N, the quantity

. . ol 2a
hggélf Tr[o-(t) N¢] /ZU 2|2, dpe(2),

does not depend on time when o.(t) = e~ "< He g e’ = and M(o.(t),e € (0,8)) = {u} -
The condition (40) is satisfied by (0:(t))ec(0,z) and s , for all times t € R, as soon as it is true
for onetyp e R.
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Proof. According to Theorem 1.1, we know that M(o.(t),e € (0,&)) = {p} with pr = ®(¢,0).p0 -
The conservation of the |.|z,-norm by the nonlinear flow ®(t,0) yields

/ 12132 dpue(z) = / 12132 dpuo(z)
Zo ZO

for any ¢ € R. On the other hand, H. and N are strongly commuting self-adjoint operators and
therefore Tr[p. (t) N*] = Tr[p-N¢] for every a € N. O

Proposition 4.5. Let (0-).c(0,z) be a family of normal states on H with a single Wigner measure
Lo satisfying the hypothesis of Theorem 1.1 with 6 =2 and condition (40). Then for any t € R

Ehi%Tr[Qe(t) Ha] = /21 h(Z,Z) d:ut(z) € (—O0,00) (46)

where o (t) = it He g gitHe = D(t,0).p0 and h(z, z) is the classical energy given in (2), and
both sides of the identity do not depend on time.

Proof. With the energy conservation, it suffices to prove (46) for t = 0. Let x € C§°(R) such that
0<x<1,x(s)=1if[s| <1and x(s) =0if [s| > 2. For m € N*, set x,n(z) = x(%). Let Bi(z2)
and Bs(z) be respectively the polynomial (z, —Az) and By(z) = V(z) = 1(2%%, V(2 — 3)2®?) well
defined for z € Z;. Remember that although the kernels of B; and Bs are unbounded operators
their Wick quantization still have a meaning as densely defined operators on H (see Appendix B).
Write for j = 1,2

(Tr[g. BYiH] /Z Bj(z)dpol=)| < |Trlos (BWek — BWicky)| (47)
HTulo B = [ Byn() din() (48)
Zo
+ [ Bjm(2)duo(z) = | Bj(z)duo(2)],  (49)
Z1 Z

where By, (2) = (z, —Alxm(—A)]z) and By (2) = 3(z%2, V(2 —y) [xm(—A4)]2®?) . Observe that
Lemma B.6 leads to
10 (=A) + N+ 1)~ dL(A[(1 = xm) (= A)]) (AT (=A) + N + 1)~

< LX) (A "0

—A
and

[(dD(—A) +N? +1)71/2 (BYViek — BIVick) (dD(—A) + N2 + 1)~ /2]
< Ovl1 = A1 ) (8] " 0.
Therefore the r.h.s (47) tends to 0 when m — oo thanks to the regularity of p. and by noticing
that (dT'(=A) + N2 4 1)1/2(dl'(~A) + N + 1)~ ! is bounded. Now, since Bj,,,j = 1,2 belong to
Paig(Zo) then by the statement (45), proved in [6, Proposition 2.12], the r.h.s (48) converges to 0

when ¢ — 0. Further, by the dominated convergence theorem and with the help of Lemma 3.13,
the r.h.s (49) vanishes as m — oo . Hence an ¢/3-argument gives

lim Tr[o- B]WMC] = Bj(z)duo(z) for j=1,2.
e—0 Z

Thus (46) is proved. O
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4.4 Examples

We give here two examples, other can be found in our previous articles [4, 5, 6]. The first one
recalls that the transport of the Wigner measure takes into account some correlations. The second
one is about the mean field dynamics of states, which do not satisfy (40) and makes a connection
with Bose-Einstein condensation.

4.5 Deformed tori

For two elements v1,92 € 21 C Zo such that [[¢1]] = |42 = 1 and (41, ¥2) = 0, the space Zy
can be decomposed into

1 —
Zy=Ciyy & Cpy @ 9p—.
This decomposition is second-quantized into the Hilbert tensor product
H =T4(Z0) = Is(Cy) @ Ts(Ceh) @ T4 (4),
which allows an analysis by separating the variables. The number observable is now

N=MN;@lel)e(leN;xl)a (lelleN),

simply written as N = Nj + Ny + N’ and where N1, Ny and N’ are respectively the number
operators on I's(Ct1), T's(Cte) and I'y(p*) . Consider in this decomposition, the state

0 = 0: ® 02 ® (12 NQ])
where [©') is the vacuum state of I'y(¢)*) and

or = WM WP™ |, e = [0,

with lim eny = limeny =
e—0 e—0

N =

In H =T5(Z20), this state is explicitly written (see [6]) as

0c = [pVmma)) (Vo) (50)
n1 times no times
with wv( 1n2) = 0 (1) ...a™ (1) a*(a) ... a" (2) ). (51)
Ve ”an!ngl
The state satisfies 11
. k Y S
lim Tr [N¥o.] = (5 +5)" =1,

owing to N = Nj + Ny + N’. Moreover, with (50)(51), N+ H? = dI'(1 — A) and the help of Wick
calculus, it also fulfills

il + el

S —

Meanwhile the separation of variables allows to compute explicitly the (it is unique) Wigner mea-
sure of (Qa)se(o,é)

lim Tr [(N + H7) ]

Ho = 51151#1 (24 (Silgwl & 50 on Zl = (C’l/)l) X ((C’L/)Q) X ’L/}J‘,

5t 1 27
with 0n = — Opity, dO .
27T 0
We get,

k .
/ |2** dpo(2) = / (lz1/ + |22 +|2'1%)" dpo(z) = 1= lim Tr [N*g.] .
z, z, e—00
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Hence all the assumptions of Theorem 1.1 and Theorem 4.1 are fulfilled.

This measure is carried by a torus in Z; better described by using an other orthonormal basis of
Cap1 @ Copa:

Yo = g(wl +2) , Yz = iﬁ(% — 1),
Yy = cos(p)tho + sin(p)hx

vz

0+6"

2 (€1 + €' io) = ¢ Yoo
1 27
= 5
Ho = o

Two elements €?1h, and ¢'1h,/ in the support of o are equal when
(0 =0and ' =¢) or (0 =0+mandy =p+m).

Hence a one to one parametrization of the torus can be done by ¢ € [0,27) and 0 € [p, p + 7).
Let 1, (t) = ®(t,0)1), , be the solution to the Hartree equation

{ 10y (t) = =Dty (t) + (V * [y (1)*)1hy (1)
Yp(t =0) = l/f = ¢'T cos(p)r + e T sin(p)ypy

The gauge invariance of the equation says that for any 6 € [0,27], e“t,(t) = ®(t,0) [¢?,] . B
applying the result of Theorem 1.1 and Theorem 4.1 we get

1 2m st 2m 2m
Mt = %/0 5#)%(” 4 2/ / elew (t) dgﬁd@
WEN I @0)= o [ 100 e 01 d.

Since the Hartree flow is nonlinear, the complete hierarchy of reduced density matrices have to be
taken into account if one wants to write evolution equation for them. More simply, they can be
computed after solving an autonomous equation for the Wigner measure. Due to the nonlinear
term the dynamics of correlations is by far nontrivial. This can also be thought geometrically:
The initial measure is initially supported by a torus which lies in a 2-dimensional complex vector
space (think of the circle in the plane Ry GRyYz ); along the time evolution, the measure i, is still
carried by a torus in Z;, which nevertheless, is a priori not embedded in any finite dimensional
subspace .

’l/)J‘

Ry=z Ry

) (
o7 ) O
& / Rejo o ( Ryo
)
/

-

Fig.1: Evolution of the measure initially carried by a torus in C¢y ® Cyz .

The complex gauge parameter ¢ is represented by the small circle.
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In Figure 1, the deformed torus for time ¢ # 0, has to be imagined in the infinite-dimensional
phase-space Z; C Z;. Contrary to the picture, there might be no intersection with the real plane
Rypo & Rz .

This discussion can also be extended to higher dimensional tori after taking a finite (or countable)
orthornormal family (¢, )1<n<n for building the initial states g. with a measure vazl 6§j1'¢j (see

[6]) -

4.6 Propagation without the convergence of moments

In [4] we considered the thermodynamic limit of a free Bose gas on a torus with the one particle
energy given by —A. We showed that in the regime which may exhibit a Bose condensation,
the condition (40) fails and illustrates what we called a dimensional defect of compactness, in
opposition to the phase space or microlocal defect of compactness (see [28, 60]). Others examples
were given. In [6] the propagation result for bounded interactions but without any compactness
condition, cannot be applied for such initial states. With Theorem 1.1 the propagation holds for
this kind of initial states. Since our analysis is valid on R? the analysis for the torus does not
apply directly and we adapt the presentation of the Bose-Einstein condensation.

Moreover the dimensional defect of compactness which plays with all the directions of the phase-
space Zg = L?(R%), can be geometrically thought in the one particle phase-space T*R%. The
condition (4), which leads to estimates of | 2, 2|28 dpu, suggests that the dimensional defect of
compactness is due to mass going to oo in the position variable rather than in the momentum vari-
able, in T*R?. The mean field hmizt that we consider here, can be tested by using the harmonic

z d

oscillator Hamiltonian A = —0? - — 41 - The motivated reader will then see that the dimensional

defect of compactness g, is incompatible with the condition (4).

We work in dimension d > 2. Let ey be an L?-normalized C*> function supported in the

hypercube (f%, %)d and set

VE e NY,  egp(z) = eo(x — k).

The family (ej)ren is orthonormal in Z; = L?(R?). The spanned Hilbert subspace and the
corresponding orthogonal projection are respectively denoted by Z. and II. , RanIl, = Z.. Note

that
I, (—A)IIL, = (/ |V60|2) II, .
R

Consider now the self-adjoint operator defined on Z, = L?(R%) by

d
A= |kllex)(exl, Bl =k,
j=1

keNd
which restricted to Z. is unitarily equivalent to the harmonic oscillator Hamiltonian A = —9?2 +
ﬁ—Z — % on R%. We use the tensor decomposition

Zy=Z. B ZE |, H=T(2) =T, (2)a (25,
N=N.@lIl+I1oN:=N,+N | |Q) =|Q)®|Q),

VB, € L(Z.),||Be| <1, T(Be) @ (IQ)(QF]) =TIl BIL),

VB € L(Z), |B|| <1, T{LBIL)=TI(IloBl|z,)® (|05 )(QL]).

In particular the last relation with B = e***” differentiated at time t = 0 gives

r()ar(-Ar) = ( [ [vel ) N

29



Consider on H , the e-dependent gauge invariant (tensorized) quasi-free state

1
_— | | _ﬂs(A_HE) |
¢ = W r(e e 2 %)

1
= (I, Z.e P11,
o [T(IL, Zee PATL,)] | (HeZee ),
1
= I'(1I)I'(Z, e—ﬂsA\zemD(A) (IL,) .
Tr [F(Z5€7ﬁ€A|ZeﬂD(A))} (ILe)T'(Ze JINQI)

1-1/d

The chemical potential p. is negative of order and the temperature is large according to

3
Z&_:eﬂsﬂszl__ , 68261/(1
ve

With the e-dependent definition of a(f), a*(f), [a(g),a*(f)] = &{g, f), and W(f), this quasi-free
state is characterized by the two-point function

Troca”(f)a(g))] = & (leg, Zee 4 (1 = Zee™P4) 7ML f) . (53)
or  Tr[o.W(f)] =exp [—e(llef, (1+ Zee Pee) (1 — Zoe PeA) ML f) /4] . (54)

In particular the total number (multiplied by ) is given by

Tr[e:N] = Tr[o-N Z Tr [o-a Ja(ex)]
keNd
= vo+v+r(e) with hm r( )= (55)
e —|ul +oo 7t
and y:/ du = S 1|/ ——thdt, (d>2). (56)
Rd 1—e" |u\
We deduce

lim Tr [p:N] =ve +v

e—0

lim Tr [p.H?] = lim Tr [o.T'(IL.)d['(—A)T(IL,)] = </ |ve0|2) (ve +v),
e—0 e—0 R4

and the condition (4) of Theorem 1.1 is satisfied.

Actually ve > 0 corresponds, in the analysis of the free Bose gas (see [4]), to the density associated
with the condensate phase. In the scaling that we consider, it is the other part which produces
the dimensional defect of compactness. Let us compute the Wigner measure, by considering the

limit of Tr [p-W (V27 f)] as e — 0. With

F= frew+ 1 1P = D0 AP 1P = AP+ 1

keNd keNd
the expression (54) gives

Z 6781/d|k|

— 5 7T2 Il. f 2 L e—0 77‘_21/ f 2
Tr [QEW(ﬂﬂ'f)} = e Mef /2 o oxp | —em kZNd|f| (= Zee=a7) e clfol”  (57)
€
The family (0:)-¢(0,z) admits the unique Wigner measure

_1z01?
e vo

1o = ® o onZoz((Ceo)xeé‘,

%ol

which is carried by Cey C Z; and which can also be written

1212

e vo 5 oo o~ %5
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In particular, we get

/ |z|230du0(z) =ve <ve + v = lim Tr[p.N]
e—0

Z1

and / 2%, dpo(2) = ve </ |Veo|2> < (ve +v) (/ |Veo|2) = lim Tr [p.d(1 — A)]
Z1 Rd Rd e—0

and the condition (40) does not hold. Even at time ¢t = 0, no formula is available for the reduced
density matrices in terms of the Wigner measure. Nevertheless the time-dependent Wigner measure
of o-(t) = et He g it H: g given by Theorem 1.1, since the condition (4) is verified. Consider the
solutions to the Hartree initial value problems

{ Oty = —Athy + (V * [thu]*)u
Py (t =0) = Jueg, u€ (0,+00).
—itH,

Then the Wigner measure of o.(t) = e o-e'cHe is given by

+oo —7=
e Yo gl
He = /0 Vo 5'¢)u(t) du .

Again like in the example of the previous section, the measure u; is carried by surface containing
0 and topologically equivalent to C, but this 2-dimensional surface does not remain a priori in any
finite dimensional subspace of Z; for ¢t # 0.

4.7 About the classical mean field problem

The classical analogue of our analysis is the derivation of the Vlasov equation

Of +0.00f — L(0.Vy(2,0)).00f = 0

f(t,x,v) = fO('T’U)

Vi(z,t) =Vsop(x,t) , ofp(x,t) = [z f(z,0,t) dv
2d

T,

where f(x,v,t) represents the particle density in the 1-particle phase space R from the classical

Hamilton many body system

i"i:viv .
. N , 1=1,...,N,
{ i = =y (e O V(@i — 25))

in the limit NV — oco. This problems is still open for singular potential and C. Villani, in a recent
survey article about the Landau damping [62] quotes the work of Hauray-Jabin [36] as the most
advanced one in this direction. It works for a potential such that |[VV| = O(|z|~%), s € (0,1), and
does not include the Coulomb interaction.

Indirectly our result, justifies the mean field model up to Coulomb interaction in dimension d = 3.
In [49] and more recently [2], the Vlasov equation is proved to be the semiclassical limit of the semi-
classical Hartree equation. This means that there are two “semiclassical” limits, one in the phase-
space L?(R%;C) with the small parameter 1/N , another one on the phase-space T*R? ~ R?? for
the one particle nonlinear problem. This double asymptotic regime is well presented in [25, 27, 35].

A possible strategy, for deriving directly the classical mean field limit from the classical many
body problem, consists in adapting our approach by, as usual, replacing traces by integrals. For
information, we refer the reader to the presentation [18] by J. Derezinski of the classical analogue
of second quantization. Of course classical mechanics, although living in the commutative world, is
often more singular than quantum mechanics, from the analysis point of view. With the Coulomb
interaction, the Kustaanheimo-Stiefel desingularization of the hamiltonian flow may be useful (see
a.e. [15, 38, 41, 43, 46]).

Appendix
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A Commuting self-adjoint operators on a graded Hilbert
space

We briefly study the general structure of self-adjoint operators on a graded Hilbert space. Prop-
erties collected in this section are useful for the analysis of the quantum Hamiltonian (1). In this
appendix, the small parameter is not required and we work with e = 1.

Remember that a graded Hilbert space H is a direct sum of Hilbert spaces H,,,n € N, of the form

i G
n=0

Let (A, )nen be a sequence of self-adjoint operators where each A,, acts on H,, . We define the
operator

DA) ={VeH: Y |4 ¥M|3, <o}, AT =D A, 0™ forall U e D(A). (58)

n=0 n=0

Taking in particular A, = nly, for n € N, we obtain the number operator

N=> nly,. (59)
n=0

We say that two self-adjoint operators B and C on a Hilbert space strongly commute if their
spectral projections mutually commute. This is equivalent to the commutation of their resolvents
for some z € C\ R and also to the commutation of their associated unitary groups. More precisely,
B and C strongly commute if and only if for all ¢, s € R

eztcesz _ eszeth )

Proposition A.1. Let A and N be the operators given by (58)-(59). The following assertions
hold:

(i) A and N are self-adjoint.

(i) For any bounded Borel function on R,

FA) =" F(An).
n=0

(iii) The operators A and N strongly commute.

(i) If D,, is a core for A,, for each n € N then @ZléqNDn is a core for A.

(v) For any real polynomial p the operator A+ p(N)p(a)np(p(n)) 18 essentially self-adjoint and

A+ p(N)ipayppiny) = Y An +p(n)lly, .

n=0

Proof. (i) Clearly, A is a densely defined operator. It is also symmetric, since for any ¥, ® € D(A)

(@, AT)p =Y (M, AWM )y = (4,00, W)y = (AD, W)y, .
n=0 n=0

For any ¥ € D(A) and ® € D(A*),

(A*®, ) = (d™), 4,0,
n=0
Hence the inequality holds
SO @0, 4,05 | < (A D W]
n=0
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By taking any W(") € D(A,,), this means &) € D(A%) = D(A%) = D(A,). The extension to any
U € H gives ® € D(A). This proves that A and N are self-adjoint.

(ii) For each n € N, the map t + e'4e~#An W) is of class C! for any ¥(™) € D(A,,) by Stone’s
theorem with the derivative

%eitAefitAn\Ij(n) _ ieitA(A o An)efitAn\Ij(n) _ 0 .

Hence, for any ¥ € EBZZG’JND(A”) (and then for any W € H since @ZlgND(An) is dense in H) we see
that for all t € R

eitA U = Z eitAn\IJ(n) ) (60)
n=0

By functional calculus we extend the identity (60) to any bounded Borel function f on R.
(iii) By using (ii), we get for all s,t €e R and ¥ € H

) %)
ethezsA\I/ — eth § ezsAn,\II(n) — § eztnezsAn,\II(n) — ezsAeth\I/ ]

n=0 n=0

(iv) The algebraic direct sum Dy, = @ZlgND(An) C D(A) is dense in H and invariant with
respect to the group (e®4);cg . Therefore, Dy, is a core for A. On the other hand, the subspace
DY, = 39D, satisfies
Ay, C Ao, C Apa)-

Hence D?m is also a core for A since Aip,, = Ajp(a)-
(v) The operator B = Y A, + p(n)lly, (with its natural domain) is self-adjoint by assertion
(i). It is clear that

Dyin = @énD(An) € D(A) N D(p(N)) C D(B),

and furthermore
Bp,,, = A+p(N)p,,, CA+pN)paynppzy) C Bios) -

Therefore, the operator A+ p(N)p(a)np(p(n)) is essentially self-adjoint since Bjp,, = Bipp)- U

B Second quantization

For the reader’s convenience; the general framework of second quantization and some related
notations are recalled.

The phase-space, a complex separable Hilbert space, is denoted by Z with the scalar product (., .) .
The symmetric Fock space over Z is defined as the following direct Hilbert sum

r(z)=pVs.
n=0

where \/" Z is the n-fold symmetric tensor product. The orthogonal projection from Z®™ onto
the closed subspace \/" Z is given by

1
Sn(§1 @& ®&) = o Z §o(1) ®&a2) @ &o(n) -
’ cES,

Algebraic direct sums or tensor products are denoted with a %9 superscript. Hence

alg n

Hfmz@\/z

neN
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denotes the subspace of vectors with a finite number of particles. The creation and annihilation
operators a*(z) and a(z), parameterized by € > 0, are then defined by :

a(2)p®" = en (z,)p®M7D
D = VD Sen(z® ), Yoz e 2.

They extend to closed operators and they are adjoint of one another. They also satisfy the e-
canonical commutation relations (CCR):

[a(z1), 0" (22)] = €21, 22)1L,  [a%(21), 0" (22)] = 0 = [a(z1), a(22)] - (61)
The Weyl operators are given for z € Z by
W(z) = evala"()+a(2)]

and they satisfy Weyl commutation relations in the Fock space
W (z1)W(z2) = e~ 5Im (z1,22) W(z1 + 22), 21,22 € Z. (62)
The number operator is also parametrized by € > 0,
Njyrz=enlljy»z.
For any self-adjoint operator A : Z D D(A) — Z, the operator dI'(A) is the self-adjoint operator
given by

n

dF(A)‘vn,dlng(A)ZE ];11@"'@ A ®"'®]l
= k

B.1 Weyl, Anti-Wick quantized operators

Let P denote the set of all finite rank orthogonal projections on Z and for a given p € P let
L (dz) denote the Lebesgue measure on the finite dimensional subspace pZ, with volume 1 for
an orthonormal hypercube in Z. A function f : Z — C is said cylindrical if there exists p € P
and a function g on pZ such that f(z) = g(pz), for all z € Z. In this case we say that f is based
on the subspace pZ. We set S¢y1(Z2) to be the cylindrical Schwartz space:

(f €Seyi(2)) & Bp e P,3g € S(pZ2), [f(2) =g(pz)) -
The Fourier transform of a function f € S.,;(Z) based on the subspace pZ is defined as
FLf1E) = (2) e7?miRe 58 Lo (d2)
©0Z
and its inverse Fourier transform as
fl)= [ FIfE) emhe &9 Lo(dg).
©Z

With any symbol b € S.yi(Z) based on pZ, a Weyl observable can be associated according to
pWevl — / Z Fbl(z) W(V2r2) Ly(dz). (63)
3

Notice that 6"¥! is a well defined bounded operator on H for all b € S.,(Z) and that this
quantization of cylindrical symbols depends on the parameter ¢ .

We also recall the Anti-Wick quantization through its usual finite dimensional relation to Weyl
operators :

‘z‘?gz Weyl
—Wic e ¢
pA=Wick go*z e /2 oE (64)
- Fb(€) W(V2re) e 5 iz L (de) (65)

©0Z

for any b € S(pZ) by setting bxpzv(2) = [z b(2)y(2z — 2') Ly(dz').
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B.2 Wick quantized operators

For any p,q € N, the space Pp 4(Z) of complex-valued polynomials on Z is defined with the
following continuity condition:

p q

b€ P,q(2) iff there exists b € E(\/ zZ, \/Z)

such that: }
b(z) = (2% b2®P) .
On these spaces the norms are given by |b[,,q = HBHL(\/P 29 2) -
The subspace of P, ,(Z£) made of polynomials b such that bis a compact operator is denoted by

P (2).
The Wick monomial of a ’symbol’ b € P, ,(Z) is the linear operator

bWiCk : Hfm — Hfm
defined as :

bWSkZ = 1pp,4+00) (n)

Valln+q—p)! e - _
yrnta=pl e g (b0 | (66)

(n —p)!

where b ® 17" ™) is the operator with the action (b ® 1Pl p®n — (hp®P) ® P(M=P) | Notice that

bWick depends on the scaling parameter . When b is an unbounded operator with domain D(b)
containing \/***"Y D, the formula (66) makes sense when applied to ¥ € \/™ ™ D

Proposition B.1. Forb € P, ,(Z), the following number estimate holds

P
2

(N)~# pViek (N) < bl , - (67)

L(H)

An important property of our class of Wick polynomials is that a composition of b}Vi¢* o piVick

with by, by € GIP, 4(Z) is a Wick polynomial with symbol in &28P, ,(Z). This was checked
with a convenient writing in [4] and widely used also in [5, 6].
We need some notations: For b € P, ,(Z), the k-th differential is well defined according to

k k
oFb(z2) € (\/ Z)* and 9%b(z2) € \/Z,

for any fixed z € Z . Actually (\/* Z)* is the dual of (\/* Z) with a C-bilinear duality bracket. For
two symbols b; € Pp, 4. (Z),i=1,2, and any k € N, the new symbol 9¥b;.05b, is now defined by

O%by . O8by(2) = (OL01(2), 05ba(2)) (\yr zye k2 - (68)
We also use the following notation for multiple Poisson brackets:

(b1, 02} ®) = 986,050y — 0%by.0%by,
{b1,b2} = {b1,b2} .
With these notations, the composition formula of Wick symbols has a very familiar form.

Proposition B.2. Let by € Py, 4, (Z) and by € Pp, 4,(2) .
For any k € {0,...,min{p1,q2}}, O%b1.0%bs belongs to Pp,+ps—k.qi-+qe—k(Z) with the estimate

P p1! qo!
|azb1‘82b2|77p1+p27k,q1+q27k S (pl . k)' (q2 _ k)' |b1|771)1yf11 |b2|PP2vfl2 :
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The formulas

) Wick
min{p1,q2} Ek
(i) bWick o pWick Z o 9%b1.0% b,
k=0 ’
Wick

= (O (2 (w) o)

. . max{min{pi,g2} , min{p2,q1 } } ok Wick
(id)  [BYPR bk = Z 7 {b1, b2} %)
k=1 ’

hold as identities on Hgip -

) —__\ Wick
Combined with Proposition B.1 and (b"Vi¢F)* = (b(z)) this also gives the

(p+a) (p+a)

Proposition B.3. Forb € P, ,(Z), (N)~ = bWk gnd bWick(N)~"= eatend as bounded op-
erators on H with norm smaller that Cyp 4||bl| coyr z:\ye z) , for all € € (0,8).

We will also need some more particular estimates stated in the following two lemmata.

Lemma B.4. Let A be a self-adjoint operator on Z with A > 11. For any polynomials by € P1,2(2)
and by € P2.1(2) the estimates below hold true:

(i) [(dC(A) + VN + 1) 7R (dT(A) + VN D)7 < A2 0 (1@ A7V2)| o2 2,29 »
(i) [(dT(A) + VN +1)7" b (dD(A) + VN + 1) < (|1 A™V2) by A7V 202 5) -

Remark B.5. The term VN can be absorbed in dT'(A) + 1, if one accepts constants larger than
1 as factors of the right-hand sides of (i) and (ii).

Proof. The estimate (ii) follows from (i) by taking the adjoint. Let us prove (i).

For &,V ¢ @fng "9 DAY | we write

) = 3l T (B0, Gy 1 D)ol
n=2

= Z 2y /n(n — 12{(AV2 @ 1) w(=D B, (1@ AY? @ 10"2)) ()
n=2

with R
By =[(A"2) (1@ A~ @12

Hence, by the Cauchy-Schwarz inequality, we get

(W, 01" *®)| < ||A71/2l~71(]1®A71/2)”L(\/22,Z)

o 1/2
N )
n=2

o 1/2
X (Z e3/2\/n(n — 1)2|(u®A1/2®n<"—2>)q><">|2> .
n=2

Now, observe that

53/2 /7’L(7’L — 1)2”(141/2 ® ]l(n72))\1/(n—1)||2

2/e(n — (T (e(n - 1))(Ax 1)) g1
2(0 1 VNAr(A) =)

ININA
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and

32 /n(n —1)2||(1® AY? @ 1"=2)@p ()2 Vne(@™ ne (1o A @ 1m=2)apM)
Vne(®™ ne (A 1 1)eM)

(@™ V/NAI'(A)®™) .

ININ A

On the other hand, with the inequality 2ab < a? + b?, we see that

200D VNAT(A) TP~y < (w=D (N 4 d(A)2) D) < [|(VN + dD(A4)e—D)12
and  2(®( VNAL(A)®™) < (& (N +dI(4)2) T ™) < [|(VN +dr(A)d™ |2,

where the last inequalities come from 2\/ﬁdl"(A) > 0. Therefore, we obtain
(W01 * @) < A2 (1w A2 (VN +dD(A) ¥ [|(VN +dT(A)@|
and hence the estimate extends to ®, ¥ € D(vN + dT'(A)) N H i, . This means that the operator

—1pWick -1
(AT(A) + VN 4 1)~ 1pVick (AT (A) + VN + 1)|D(\/N+dF(A))me,_-n extends to a bounded operator

satisfying (i). O

Lemma B.6. Let A, B two self-adjoint operators on Z with D(A) C D(B) and B > 0. Let C be

a self-adjoint operator on \/*> Z such that D(C) C D(By) where By = B@ I+ 11® B. Then the
estimates below hold true:

(i) @0(B)+N+1)7" dl(A) (d0(B) + N+ D)7 < (1 + B) T A1+ B) gz,
(i) [(d0(B) +N?+ 1)~/ ¢k (AD(B) + N2 + 1) 72 < (1 + B2) "2 C (1 + B2) ™2 g2 z) -

Proof. We follow a similar argument as in the proof of Lemma B.4. Indeed, the Cauchy-Schwarz
. . . alg n,alg
inequality gives for every ¥, ® € @ D(B)

neN
o 1/2
(T, d0(A) @) < [Q1+B)"AL+B) e (anl((1+B)®]1("_1))‘P(")Il2>
n=1

. 1/2
X <Z en||(1+B)® 11(”1))‘1)(”)|2> :

n=1
Now, observe that

en||(14 B) @ 1wz = (o™ qr((1+ B)?)w™)
[dC(1+ B)E™ |,

A

since in the sense of quadratic forms dI'((1 + B)?) < dI'(1 + B)?. Hence we obtain
[, dP(A) ®)] < (1 + B) " A (1 + B) Y () |[AL(1 + B)W| |AT(1 + B)®|

This proves (i).
Expressing C"'** as a quadratic form for ¥, ® € @ZlgN ™9 D (B) and then applying the Cauchy-
Schwarz inequality yield

(T,CVik @) < |(1+Bol+1eB) V20 +Bo 1+ 10 B) 2|2

- 1/2
X <Z eln(n—1)||[(1+Bol+1® B ]1(”2>]\If(">|2>

n=2

- 1/2
X (Z e2n(n—1)|[(1+Bol+1e B/ ]1<"‘2>]c1><”>|2> .
n=2
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Due to the symmetry of the vector ®™ we remark that

20?1+ Bel+1eB)Y2e 1" DM |2 = £2p2@™ [(1+Beol+ 1o B) o 1" 2]aM)
(@™ (14dr(B)) N2 ™)

(1 +dr(B) + N?) ()2

N

So we obtain

(U, C™F D) < |[(1+ Ba)"V2C (14 Ba) 2 o2 2y 11+ dT(B) + N?) 0|
«||(1+ dT(B) + N2) 3| .

This proves (ii). O

C Absolutely continuous curves in Proby(Z r)

This section firstly gathers results presented in [3] about Borel probability measures on a separable
real Hilbert space which are weak solutions to continuity equations. In a second step, we shall
adapt it to a complex Hilbert space Z; endowed with its real euclidean structure.

C.1 Absolutely continuous curves in Proby(F)

Let E be a real Hilbert space, with scalar product (, ) and norm | |. The symbol Prob,(E) (resp.
Prob(E)) refers to the set of Borel probability measures p on E such that [, |z[? du(z) < +o0
(resp. with no momentum condition), and we simply work with p = 2. On Probs(E), the
2-Wasserstein distance, W5 , is defined by

W3 (', p?) == min{[E2 |1 — 2ol B dp(wr, 2) 5 jap = Mj} ;

where II; : E? — F is the natural projection, j = 1,2. The narrow convergence of a sequence
(1tn)nen of Proby(E), with a uniform control of [, |z[* dpu, is equivalent to the W convergence
on Proby(E) (see Proposition 7.1.5 in [3]) . Remember also that the tightness property of subsets
of Probo(FE) can be checked in the infinite dimensional case with the weak topology, or after

introducing a Hilbert basis (e, )nen-, with the distance d, (21, 22) = \/ZHGN* % . This
use of weak or d, topology, is done also when considering probability measures on the set of
absolutely continuous curves in F .
This tightness property is called the weak tightness property in [3] since it refers to the weak
topology on E. Especially when one considers the narrow convergence in Probs(E), there is
a weak narrow convergence and a strong narrow convergence (see the discussions about this in
Chapter 5 and 7 of [3]). The terms “narrow convergence” or “narrow continuity” refer to the
strong ones and we shall specify “weak narrow convergence” and “weak narrow continuity” when
necessary.
We recall two results of [3] and give a complete proof in the infinite dimensional case of the second
one, for the sake of completeness (it is left as an exercise to the reader in [3]).

The following result is the second part of Theorem 8.3.1 in [3] with p = 2. Although it is
not clearly stated in Theorem 8.3.1 in [3], the proof contains a “weak= strong” result about the
narrow continuity w.r.t time.

Proposition C.1. Let I be an open interval in R. If a weakly narrowly continuous curve pi :
I — Probo(FE) satisfies the continuity equation

Oppre + VT (vepr) = 0 (69)

in the weak sense

/I/E (Ovp(x,t) + (v (), Vop(x,t))p) du(z)dt =0, Ve € Coo, (B xI), (70)
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for some Borel velocity field vy , with |v¢|p2g ) € L' (1), then py : I — Proby(E) is absolutely
continuous with Wa (g, pit) < ftt |Vs|L2 (B0, ds. Moreover for Lebesgue almost every t € I, vy

belongs to the closure in L*>(E, u) of the subspace spanned by {V(p, pE Cgf’cyl(E)} .

Proof. The proof is given in [3]. We simply insist here on the “weak= strong” narrow continuity
argument. The proof of Theorem 8.3.1 ends with the following statements. For any time ¢t € I,
wt is the weak narrow limit of a sequence (/i) e (of which the definition is recalled below) which
satisfies

to
Wa(ig,, i) < / [0t 128 ) it -
t1
Then the authors refer to the weak narrow lower semicontinuity of W5 ,
Ws (Mt2 ) :utl) < liminf W5 (ﬂ;ﬁig ) ﬂgl)
d—o0

stated in their Lemma 7.1.4 and relation (7.1.11).
This implies absolute continuity in terms of Wy and the narrow continuity w.r.t time:

ta
Wo (et s fits) S/ [vel 2B, dt .

t1

Finally notice that the weak narrow continuity of y; suffices for the strong narrow continuity of /¢
w.r.t t € I because fif is constructed after taking the image of y; via a finite rank projection. [J

The previous result concerns non regular (non Lipschitz) vector fields for which there is no
uniqueness result for the Cauchy problem. Remember that the infinite dimensional case, which re-
lies on the cylindrical integration of vy and cylindrical disintegration of the measure p , requires the
introduction of such singular vector fields (see the proof of Theorem 8.3.1 in [3]). Nevertheless an
interpretation of the continuity equation (69)(70) in terms of characteristic curves can be done via
a probabilistic representation. For the sake of completeness, we adapt the proof of Theorem 8.2.1
stated in [3] for the finite dimensional case, to our infinite dimensional case. For T' € (0, +00),
consider the set I'r = C([~T,T]; E) endowed with the norm |y|eo, 7 = maxie_7,7) [7(t)|& or for
weak topology argument with the distance max;c;_7 7] dw(71(t),72(t)). For a Borel probability
measure 1 defined on E x I'r, consider the time dependent Borel probability measure py defined
by

[ead=[ ot i), Voed ). 1el-T1. ()
E ExTrp
The measure p; is the push-forward of i by the evaluation map

er:(x,y) e ExTp —~(t)e E, forte[-T,T].

Proposition C.2. Let p; : [-T,T] — Proba(E) be a Wa-continuous solution to the continuity
equation (69)(70), with I = (=T.,T), for a suitable Borel vector field v(t,x) = vi(z) such that
\ve| 2B, py) € LY([=T,T]). Then there exists a Borel probability measure n in E x T'p such that

(i) m is concentrated on the set of pairs (z,7) such that v € AC*([-T,T); E) is a solution to the
ODE #(t) = vt(y(t)) for Lebesque almost every t € (=T,T) with v(0) = x ;

(ii) we = py for any t € [-T,T], with uy defined as in (71).

Conversely, any n satisfying (i) and

/0 [E ()l dn(e )i < o,

induces via (71) a solution to the continuity equation, with g = v(0).n .
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Remark C.3. The notation AC?([~T,T);E) refers to the set of absolutely continuous curves
in B with L*([-T,T); E) derivative. We keep the notation ®.p of differential geometry, for the
push-forward or direct image of a measure ., by the Borel map ® .

Proof. The result is proved in [3] when F is finite dimensional. The proof of the second (converse)
part of the statement, is exactly the same as in finite dimension, after replacing regular (Lipschitz)
test functions by cylindrical ones. We now show, for the first part, how the infinite dimensional case
is deduced from the finite dimensional result, following an approximation scheme like in the proof
of [3, Theorem 8.3.1]. After introducing an Hilbert basis (e,)nen+ of E, the maps 7¢ : E — R?|
74T R  E and 7 : E — E are defined according to

7Td(1') = ({e1,z),...,{eq,x)),
d

ﬂ.d’T(yla"'ayd) = Zyjej’
j=1

7t = 3T opd,

With the measure j; € Proby(E), the measure ué € Proby(RY) is defined by pé = ndp, and
{ut,y, Yy e Rd} denotes the disintegration of y; w.r.t uf . Within the space E endowed with the basis
(en)nen+ , i1 is nothing but uf ® &g in the decomposition Z = F,; x Fi with F; = span(eq, ..., eq) -
The vector field v¢ (resp. ¢) is defined on R? (resp. on E) by

W) = [ wtu) duye), ye R

()= (y)

resp. ﬁf(y) = / ﬁdvt(ac) dppy ray(z), yeE L.
(7d) =1 (7dy)

Within the proof of Theorem 8.3.1 in [3], it was checked that u¢ (resp. i) is a weak solution to
the continuity equation

Ao + VT (vf uf)
resp.  Oufif + VT (o) =

0,
0.

with the following properties:

1) [0f]r2(p00) = 10f| L2 (ra gty < 102l L2(B,dpe) 3

2) Wapd i) < Ji2 [0 o qa gy dt < [ el (g, dt, for =T <ty <ty < T

3) the sequence (i)gen- converges weakly narrowly to p; with the estimate
to
Wty s fity) < lidn_1>inf Wg(u‘til,,ufz) < / [VelL2(mpy dt, =T <t <ty <T. (72)
(e t

Additionally a time rescaling argument (see Lemma 1.1.4 and Theorem 8.1.3 in [3]) allows to
assume without restriction
vt 2B i) € LZ((=T,T)).-

The set of continuous maps from [T, T] to R is denoted by I'4%. . The mapping from I'r to T'4 | still
denoted by 7¢ is defined by [1%7](t) = 7¢(v(t)) . By using the finite dimensional result, stated in
Theorem 8.2.1 of [3], there exists for any d € N a probability measure, n¢, on R? x FdT such that the
properties (i) and (ii) hold when (j, vy, E) is replaced by (uf, vi, RY). Equivalently the result can

be formulated in E after using (4, 0, E) instead of (u, v, R?) and using ¢ = (7% x 74T),n?.
Hence we have a sequence (7%)en of probability measures on E x I'r which satisfy
/ pont dif = / o dpf :/ p(y(t)) dn’(z,~)
E Rd R xT,
— [ wontae) difte.n), Yo € CURY, te [-1.T), (73)
E)(FT
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where ¢ o 7@ can be replaced by ¢ o 7% with ¢ € CY(Fy).
After some regularization done [3] pp179-180, it is proved that any measure B¢ satisfies

T T
/ / OF dan' < [ [ pie)? didar< [ [ P die.
I'r -TJE -TJE

Since the functional g — f g(t)|? dt, defined on {g € T'r, ¢(0)=0} and set to +o0 if g &
AC?*(|-T,T); E), has compact sublevel sets in I'r, the two mappings

ri(r,y) EExTr—s2€eE |, r?:i(z,y) €EExTr =gy =7—z€lr

give rise to (weakly) tight families of marginals (rlf?)sen = (id)aen and (r2H%)gen . Remember
that the compactness of subsets of F or I'r is considered with the weak topology on E or the
distance d,, . Hence the family (79)gen is (weakly) tight in Prob(E x I'r) and we take for n a weak
narrow limit point of §¢. By assuming the test function ¢ in (73) to depend only on d’ coordinates
with d’ < d, and by taking the limit d — 400 while d’ and ¢ are fixed, we get

/E (pon?) du, = /E (por!)0) dn(e. ).

for all p € C} (Rd,) and t € [-T,T], where ¢ o 7% can then be replaced by any cylindrical function
or Borel bounded function on E. It remains to prove the condition (i) for 7, namely that this
measure is concentrated on curves verifying ¥ = v(y(¢)) for Lebesgue almost every t € (=T,T)
(7(0) = x is already known) .

The estimate (8.2.6) used in [3] for the finite dimensional case, provides the inequality

t T
/ () — / waly(s)) dsf? dn(z,7) < (2T) / / ol — w2y dt
R4 xT4, 0 —T JR4

for any family w,(x) = w(s,x) uniformly bounded continuous function from [T, 7] x R? to R?.
After assuming that w actually belongs to CP([—T,T] x R ;R?) with d’ < d fixed and, by using
Wy = 74T 0wy oy € CY([~T,T) x E; E), taking the limit as d — oo gives

t
/ () — 2 — / du(4(s)) ds|? dn(x,7) < (2T) lim sup / / d— 2 dt.
ExIp 0 d—oo R4

But the condition 1) for |17§1|L2(E1ﬂ?) is easily extended to

~d N ~
|0y — wt|L2(E,ﬂf) < v — wt|L2(E7m) )

by the same argument, relying on

[ Gt =t ) at
E

IN

/E (a(ve(2) — e (2)) , X(7%(x))) dpae(x)

< for = el 2 X 2(mpgy . VX € 2B fif).

A

This uniform upper bound leads to

t T
/E LGRS / u(y(s)) ds|? dn(z,~) < (2T) / /E jor () — 0 (2)[? dpuedt

According to the last statement of Proposition C.1, v; can be approximated in L?(E, u;) by a
sequence of bounded regular cylindrical functions, (@ ,)nen . By possibly truncating with respect
to times ¢ — Wy, 50 that |vy — Wi n|r2(p,,) < 1 forae te (=T,T) and all n € N*, Lebesgue’s
Theorem implies

/E NECEES / va(y(s)) ds[? diy(r,y) =0,
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which ends the proof. O
Below is a consequence of the above probabilistic interpretation when the Cauchy problem #(t) =
ve(v(t)), v(0) = x admits a unique solution for all x € E. The fact that we have to pass by the
probabilistic representation is a real question. Contrary to the finite dimensional case, the well-
posedness of the Cauchy problem, even with the standard Picard’s contraction argument, defining
a flow on the whole space F , does not give a representation formula for observables. The point is
that the natural observables, or test functions, are cylindrical functions, a property which is not
generally preserved by the nonlinear flow.

Proposition C.4. Let ji; : R — Proby(FE) be a Wa-continuous solution to the continuity equation
(69)(70) for a suitable Borel velocity field v(t,x) = vi(x) such that |ve| 2k ., € L ([=T,T)) for
all T > 0. Assume additionally that the Cauchy problem

V() = v(y(@), (s) =

(t) =z + / 0s(1(5)) ds,

admits a unique global continuous solution on R for all s € R and all x € E, such that y(t) =
D(t,s)v(s) defines a Borel flow on E (i.e. ®(t,s): E — E is a Borel function for all t,s € R).
Then the measure y; satisfies

Vi, s € R, = D(t,8)epts -

Proof. It suffices to work with ¢t € [—T,T] as in Proposition C.2. Since the evaluation map
et : Ex (z,7)T'r — 7(t) € F is a continuous, thus Borel, map. The relation p; = py defined
according to (71) extends to any bounded Borel function ¢ on E:

/ @ dpy = / e(y(t) dn(z, 7).
E ExTr
By using y(t) = ®(¢, s)y(s) , with ®(t, s) Borel, we deduce

téwdm:iéM1WO¢QJHW@DdM%7%iéWW¢@JHdM

which is nothing but g, = ®(t, 8).fts - O

C.2 Application to Hamiltonian fields

We finally specify how these results apply to our case, when the phase-space Zj is a complex
Hilbert space and the velocity field is associated with a (singular) Hamiltonian vector field, only
defined on Z; C Zj.

Consider a complex Hilbert triple 21 C Zy C Z_;, with Z; densely continuously embedded in Z
and Z_ being the dual of Z; for the duality bracket extending (21, 22)z, . The dual of a complex
Hilbert space Z while keeping the C-bilinear duality bracket, written « . v in (68), is still denoted by
Z* . In the case treated in the article Zy = L?(R%, dz), Z; = H'(R?) and Z_; = H~'(R?). The
space 2y is endowed with its scalar product (z; , z2) z, , real euclidean structure with Re (z; , 2z2) z,
and its symplectic structure o(z1, 2z9) = Im (21, 22)z, . On Z; we will use the hermitian (27 , 22) z,
and euclidean scalar product

<Zl , Z2>217]R = Re <Zl 5 ZQ>31 .

For a cylindrical function f € S.yi(20), based on pZ, the differentials 0, f(z) and 0z f(z) are
defined

@ﬂd:/ im (€12 2O F(£](€) Lo(de)
©Zo

@ﬂ@z/gmmﬁm““aﬂﬁ@LA%%
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Hence 0, f(z) is a continuous C-linear form on Zy while dzf(z) € Z,. This notation is coherent
with the definition of 9.b(z) and dzb(z) when b is a Wick symbol in @24P, ,(Z).
A function f € S¢yi(21) is given by

f(z> - 90(<§1 ) Z>Zl""7<§N’ Z>Zl) = 90(<771 ) Z>7"'a<77Na Z>)

with ¢(wi,...wy) € S(RY) and &,...,&n € Z1 and n1,...,ny € Z_1, such that (£, 2)z, =
(nj, z) for all z € Z; . The derivatives 9, f and dzf are thus given by

N
v756}-’717 8Zf(z)zzaij(<nlaZ>a"'7<nNaZ>)<77j| GZika

j=1

N
VZGZl, &Zf(’z):ZaW@“nlaZ%7<77Naz>>|77]> €Z .

<.
[

When h(z) is an unbounded polynomial on Z; but which happens to be a real-valued Fréchet
C'-function on Z; , the derivatives 0,h(z) and dzh(z) are defined only for z € Z; and we have

Vze 2, O:zh(z)€ 2 , O.h(z)e Z",.

When f € Scyi(20) (resp. g € Seyi(Z21) or h) is real valued differentiating f(z + te) at ¢t = 0,
t € R, for any e € Zy (resp. any e € Z7) leads to

O.f(z2)u={(u, d:f(2)), z€Zy,ucZy (74)
0.9(2)u={(u, 0:9(2)), z€Z,ueZ. (75)
O.h(z)u= (u, 0zh(z)), z€Z,uecZ_y. (76)

Note that the Poisson bracket
i{h,b} (2) =i (0,h.0sb — 0,b.0zh) (2), z€ 2
is well defined for b € S;y;/(Z1;R) and our aim is to write it as the real scalar product
(w(z), (Vb)(2)z, R, 2€2Z1.

Definition C.5. For a cylindrical function on Z1, f € Scyi(21), the gradients Vz and V are
defined by

VzeZiu€ Zi, (u, Vzf(2))z = (u, 92f(2)),
V - QVE

Remark C.6. e Although it is not necessary, these definitions can be justified by introducing a
complex conjugation u — u on Zy , which remains a conjugation on 21, that is an isometric
C-antilinear application such that (u,v)z,, = (U, V)z,, . When Zy = L*(R%C) and 2, =
HY(R?) this is the usual pointwise complex conjugation.

For real valued functions, set

Vif=Vaf +Vof and Vif = (Vsf - V.f).
so that )
Vzf = B} (VRf+iVif).

Similarly, an element X of Z; can be written X = Xp+iX7 with Xp 1 = Xp or X = <§(R)
I
and the real scalar product
<X7 Y>211]R =Re <X7 Y>Zl = <XR7YR>21 + <X17 YI>21 :

Then the definition of the gradient of a real cylindrical function f becomes
Vrf
Vf= .
= (%)
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e [t is important to motice that we do not use the Zi-gradient for the real valued function
h(z), but keep the derivative, Ozh(z) modeled on the duality bracket { , ). With a complex

conjugation and since h is real valued, it can be decomposed into Ozh = % (Orh +i0rh) and

—idzh = %am ~ 50rh.
Lemma C.7. With the above notations and assumptions the equality
Vz € Zy, i{h,b}(2) =2Re (-idzh(2), Vzb(2))z, = (v(2), Vb(2))z, k,
holds for any b € Scyi(Z1;R) with v(z) = —idzh(z) .
Proof. It suffices to compute
t{h,b} = 1i[0.h.0sb— 0.b.0zh]
i [0, 0:h) z, — 0=h, 0:0) 2,

= —2Im (9<h, Ozb) = 2Re (—idzh, 8zb) = 2Re (—idzh, Vzb)z,
= (—i0:h, Vb)z, k.

O

Proposition C.8. Let 21 C Zy C Z_1 be a Hilbert triple of separable complex Hilbert spaces.
Consider a time dependent real sesquilinear form z — h(z,t) on Z1 which is Fréchet-C' and such
that Z1 x R 3 (z,t) — (0zh(z,t), 0.h(z,t)) € Z1 x Z*, is strongly continuous. Assume also that
the time-dependent Hamilton equation

102y = 0zh(2, 2, 1), Zp—s = 2

admits a unique continuous solution zz = ®(t,s)z for all t,s € R and all z € 21, with ®(t,s) :
Z) — Z, Borel.
Consider a time dependent measure p(t) € Probe(21) which satisfies

o t — uy € Proba(21) is Wa-continuous.

o ForallT >0, |0:h(t)|12(z 4, € L*([-T,T)).

o The time-dependent probability measure py is a weak solution to
O+ i{h(t), pt =0,

namely for all ¢ € ng’cyl(Zl x R;R),

/ / (Orp(z,t) +i{h, ¢} (2,t)) due(z)dt =0.
Rz

Then the measure u; satisfies
Vi, s €R, = P(t,8)wpts

and it is unique when g is fized.

Proof. We apply Proposition C.4 while E = Z; is endowed with its euclidean structure (z1 , z2)z, r
= Re (z1, 22)z, . Lemma C.7 says that the weak Liouville equation is

Ve €2 xB). [ [ (@elet) + (0, Vo)02) du(eide =0,

with v(z,t) = —i0zh(z,t) . The measure p; is a weak solution to
Oepe+ VT (vp) =0

where V and V7 are defined according to the real structure on Z;. Our hypothesis on x and h
cover all the assumptions of Proposition C.4 O
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D Weak L? conditions for the potential V'

Let Lga be the Lebesgue measure on R?. Let 0 < p < oo, a Lebesgue measurable function
f:R? — C is said to belong to weak-LP(R?), or shortly in LP*>°(R9), if there exists a constant
¢ > 0 such that for all £ > 0

Lya{z : [f(x)] >t} < P[/tP.

Two functions in LP>*(R%) are equal if they are equal Lga-almost everywhere. The quantity
[fllpoe = inf{c: Lpa{a: |f(x)] >t} < cP/tP,¥E> 0}

sup{tLgaf{z : |f(2)| > t}'/7}

t>0

defines a complete quasi-norm on LP*°(R%) with ||f||y.c0 < [|f]lp-
By combining Hunt and Marcinkiewicz interpolation theorems according to [34, 55, 11]), the Young
and Holder inequalities can be extended to weak LP spaces.

Proposition D.1 (generalized Young’s inequality). Let 1 < p,q,r < 0o such that % + % =1+ % .
There exists a constant cpq > 0 such that for all f € LP(RY) and g € L¥>°(R?)

1 * gllr < cpqllflloll9]

q,00 *

S

Proposition D.2 (generalized Holder inequality). Let 1 < p,q,r < oo salisfying % + % =
There exists a constant ¢, q such that for all f € LP*°(R%) and g € LY(R?)

1£-9llr < cpq |l f]

Proposition D.3 (Hardy inequality). Suppose that d > 3 and V € L% (R%). There exists a
constant ¢ > 0 such that for all w € H*(R?)

P,00 ||9Hq-

Vulla < eflull g ey -

Proof. For u € L*(RY), we can write (1 — A)~Y2u(z) = G * u(z) with G the inverse Fourier

transform of (1 + |z[?)7%/2. Tt is not difficult to prove that G € L% (see [65, Exercice 50]).
Hence, we conclude that

Holder
IVA=28)uly=[[VGxulls < CrlV]aeo |G *ull 20
Young
< CoVaee G o, o llull2
]

The above proposition provides a class of potentials which are bounded multiplication operators
from H'(R?) into L2(R) when the dimension d > 3. For lower dimension, the Sobolev embeddings
give at once:

o ifd=1,V e L*R)+ L®(R) then V € L(H'(R), L*(R)).
o ifd=2,V € LP(R?)+ L*(R?) for p > 2, then V € L(H(R?), L?(R?)).

We denote by LP(R?) + L (R9) the space of Lebesgue measurable functions f such that there
exists (fn)nen € LP(RYN satisfying lim,, o0 ||f — fulle = 0.

Lemma D.4. For0<p<gq,

LT (RY) ¢ LP(R?) 4+ Lg°(RY)
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Proof. For ¢ > 0, decompose each f € L% (R?) into a sum f = f. + f¢ such that f. = TLif|>e
and f€ = f1f<c. Observe that for any € > 0

Iz = p / P Lga{a < | fu(x)] > 1} dt

= p/oo tp—lLRd{SC | f(x)] >ty dt + € Lpa{x : |f(z)] > €}
< c/eoot};_qldtJrepLRd{z:|f(:c)|>€}<oo

Moreover, when € — 0
1flo0 = [1f1jf1<elloc < €—0.

Therefore, each f € L%°°(R?) belongs to the space LP(R?) + Lg°(RY). O

Proposition D.5. For any V € L*(RY) + LP(R?) such that V(1 — A)~Y2 € L(L*(R?)) the
operator (1 — A)~1/2V (1 — A)=Y2 is compact.

Proof. Let g(&) = (14 [¢[*)7Y/2 and g (£) = 1j0,m(|€])g(€) . The following norm convergence
holds
éi_ﬁnoogm(D)ng(D) = g(D)Vg(D),

using the fact that lim,, eo [|gm (D) — g(D)|| z(z2rayy = 0 and ||V g(D)|| z(z2(rdy) < 00
By Lemma D.4, there exist V;, € L?(R?) such that lim, o ||V — Vi|loc = 0. We observe now that
the Hilbert-Schmidt norm of g, (D)V,,(z)gm (D) is

19m(D) Vi g (D)l 22 (12(mayy < [[Vaull2 lgm 13 < o0

Therefore by norm convergence, the operator g(D)V g(D) is compact. O

Corollary D.6. The potential V' satisfies the assumptions (A2)-(A3) in the following cases:
e ifd=1andV € L*(R) + L (R),

o ifd=2andV € LP(R?) + LF(R?) withp > 2,

o ifd>3andV € L4>(RY).

Proof. Combine Proposition D.3, Lemma D.4 and Proposition D.5, with in dimension d = 2 the
observation

LP(R?) + Lg°(R?) C L*(R?) + Lg°(R?) for p > 2.

In particular, in dimension d = 3 the Coulomb potential V' (z) = :l:ﬁ satisfies the assumptions
(A1), (A2) and (A3) because L| € L3(R3).

|z
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