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PERTURBATIONS OF FLEXIBLE LATTES MAPS

XAVIER BUFF AND THOMAS GAUTHIER

ABSTRACT. We prove that any Lattés map can be approximated by strictly
postcritically finite rational maps which are not Lattés maps.

INTRODUCTION

A rational map of degree D > 2 is strictly postcritically finite if the orbit of
each critical point intersects a repelling cycle. Among those, flexible Latts maps
(the definition is given below) play a special role. The following result answers a
question raised in [BE].

Theorem. FEvery flexible Lattés map can be approzimated by strictly posteritically
finite rational maps which are not Lattés maps.

Given D > 2, denote by Ratp the space of rational maps of degree D. A rational
map f € Ratp has a Julia set J; which may be defined as the closure of the set of
repelling cycles of f. The Julia set is the support of a measure 1y which may be
defined as the unique invariant measure of (maximal) entropy log D.

The bifurcation locus in Ratp is the closure of the set of discontinuity of the map
f — Jg. Laura DeMarco [DeM]| proved that the bifurcation locus is the support of a
positive closed (1, 1)-current Th;s:=dd®£, where £ is the plurisubharmonic function
which sends a rational map f to its Lyapunov exponent with respect to .

Mobius transformations act by conjugacy on Ratp and the quotient space is an
orbifold known as the moduli space Mp of rational maps of degree D. Giovanni
Bassanelli and Frangois Berteloot [BBI] introduced a measure ppis on this moduli
space, which may be obtained by pushing forward TQ§2D72).

In [BE], the first author and Adam Epstein, using a transversality result in Ratp,
proved that the conjugacy class of a strictly postcritically finite map which is not
a flexible Lattes map is in the support of upir. Since the support of s is closed
and since the conjugacy class of a strictly postcritically finite rational maps which
is not a Lattes maps is in this support, our result has the following consequence.

Corollary 1. The classes of flexible Lattés maps in Mp lie in the support of the
bifurcation measure [ipif -

In [GI], the second author proved that the support of the bifurcation measure
has maximal Hausdorff dimension, i.e. has dimension 2(2D — 2), and that it is
homogeneous (the support of upi has maximal dimension in any neighborhood of
its points). Corollary 1 thus yields the following result.

Corollary 2. Let f € Ratp be a flexible Lattés map and let V.C Mp be an open
neighborhood of the conjugacy class of f. Then, dimg (supp(uwie) V) = 2(2D —2).

The research of the first author was supported in part by the grant ANR-08-JCJC-0002 and
the IUF.
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2 X. BUFF AND T. GAUTHIER

Bassanelli and Berteloot [BB2] proved that every point in the support of ;s
can be approximated by rational maps having 2D — 2 distinct neutral cycles. Their
argument can be adapted to prove that the support of upir can be approximated
by hyperbolic maps having 2D — 2 distinct attracting cycles (see [B] Section 5.2).
By Corollary 1, we have the following result.

Corollary 3. Any flexible Lattes map f € Ratp can be approzimated by hyperbolic
rational maps having 2D — 2 distinct attracting cycles.

The approach for solving this problem was suggested by John Milnor. We wish
to express our gratitude. We also wish to thank the Banff International Research
Station for hosting the workshop “Frontiers in Complex Dynamics (Celebrating
John Milnor’s 80th birthday)” during which we developed our proof.

1. FLEXIBLE LATTES MAPS

Following Milnor [M], we define a flexible Lattés map of degree D > 2 to be a
rational map f : C — C for which there is a commutative diagram :

C/A—L>c/A

o] |o
c——c¢C

f

where

A C C is a lattice of rank 2;
e 7T:=C/A is the quotient torus;
e L:T>7—ar+beT witha € Z, a®> = D, and 2b€A/(2A+(a—1)A);
e ©:7 = Cisa2tol holomorphic map ramifying at points in A/2.
In the rest of the article, the lattice A will be of the form A = Z & ~Z, where ~
is a complex number which is allowed to vary in the upper half-plane H of complex

numbers with positive imaginary part. We shall use the following normalization for
0,:T—=C:

0,(0)=0, ©, <VT+1> =00, O, (%) =v(y) and O, (3)=u()

where v : H - C — {0} and w : H — C — {0} are holomorphic functions (this may
be achieved for example by requiring that v = 1). Then, for all v € H, v(v) # w(7).

The derivative of the torus endomorphism L, : 7, — 7, will be a fixed inte-
ger a which does not depend on v. When a = £2, the critical value set of the
Lattes map fy : C > Cis {oo,v(7),w(7)} and if |a| > 3, the critical value set
is {0,00,v(y),w(y)}. In all cases, the postcritical set of f, is {0,00,v(v), w()}.
More precisely, we will have to study three cases :

e Case 1: ais even and L,(7) = ar. In that case, all the critical values are
mapped to 0 which is a fixed point of f.
e Case 2 : ais odd and L, (1) = ar. In that case, all the critical values are

fixed with multiplier a?.
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e Case 3: aisodd and L+ (7) = at + (y+1)/2. In that case, the Lattes map
permutes the critical value at 0 with that at infinity. It also permutes the

critical value at v(vy) with the critical value at w(v). The multiplier of each

cycle is a?.

From now on, we assume that we are in one of those three cases, and we consider
the analytic family of Lattes maps

H > v+ f, € Ratp,

where Ratp is the space of rational maps of degree D. We shall use the notation
f, v, w, ...in place of f, v(y), w(y), ... when 7 is assumed to be fixed and there
is no confusion.

2. ESTIMATES FOR ©

Lemma 1. As 7 — 0, we have the following expansion
0(1/2+71)=v+ A2 +o(r?) and O(y/2+47) =w + ur? + o(7?)
with
—

Proof. Since © has simple critical points at 1/2 and +/2, we have an expansion
as in the statement with A # 0 and pu # 0. Our work consists in proving the
relation between \/v and p/w. Let ¢ be the meromorphic quadratic differential on

C defined by :
o dz?
q'_z(z —v)(z —w)’

Since ¢ has simple poles and since O is totally ramified above the polar set of g,
the quadratic differential ©®*¢ is holomorphic on 7, whence

©*¢=r-dr* with x e C—{0}.

Let 7 tend to 0 and set z = ©(1/2 + 7). Then, z — v ~ A7? and dz? ~ 4\?72dr2.
It follows that

dz? AN2T2 (72 ANdT?

2(z —v)(z —w) Nv-(v—w)-)\T2 (v —w)

This show that
B 4\
(v —w)

Using the expansion of © at /2 yields similarly

ap

= )

The result now follows easily. 0
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3. HYPERBOLIC SETS

From now on, we let o, o/, 3 and 3’ be rational numbers. We assume that the
denominators of o and 8 are coprime with a and 2. We let o and 7 be the points
in the torus 7 defined by

o=a+ay and T:=p4+ .
Remark that, as o and 7 have rational coordinates, they are (pre)periodic under
multiplication by a and that o, 7, ac and at are (pre)periodic under multiplication
by a®. For each integer k > 1, let 73, and o}, be the points in 7 defined by

1 o Yy T

Tk=T + s and =g + p

and let x; and y; be the points in C defined by
CL';CZZG(U/C) and yk:=®(7k).

We shall denote by X, Y, and Z the following subsets of C:

X:= U U fxy), Y= U U f(yr) and Z:=XUY U{0,00,v,w}.

k>1n>0 k>1n>0

Note that Z is an invariant set.

Lemma 2. There is a neighborhood G of f in Ratp and a dynamical holomorphic
motion ¢ : G X Z — C such that for all g € G and all z € Z, we have

9(6(g,2)) = ¢(g.9(2)).

Proof. Case 1 : a is even. In that case, f°* maps zx to O(c) and y, to O(7).
Since ¢ and 7 are (pre)periodic under the action of L, the points zj and yi are
(pre)periodic.

Case 2 : ais odd and b = 0. In that case, f°* maps zj to O(3 + o) and y;
to ©(F +7). As L(3+0) =43 +acand L(2 +7) = 2 + ar and as o and T are
(pre)periodic under multiplication by a, the points %—l—o and F +7 are (pre)periodic

under the action of L, which means that the points xj and yj are (pre)periodic.

Case 3 : ais odd and b = (7 + 1)/2. In that case, we use that
o2 (1 1 2 o2 2l 2
L (§+z)—§+a z and L (§+z)—§—|—az

for any z € T. If k is even, f°% maps z, to ©(3+0) and y to ©(3 +7). Since o and
7 are (pre)periodic under multiplication by a?, % + o0 and § + 7 are (pre)periodic
under iteration of L°? and the points z;, and y are (pre)periodic.

Now, if k is odd, f°F maps ), to ©(% +0) and yx to O(3 4 7). Since L(% +0) =
2 +ao and L(3 +7) = ¥ + ar and since ac and a7 are (pre)periodic under
multiplication by a?, & 4+ ac and % + ar are (pre)periodic under the action of L°2,
which implies that the points xj and y;, are (pre)periodic.

In all cases, the set Z is closed and each point in Z is (pre)periodic to a repelling
cycle of f. Since the denominators of o and 8 are coprime with a and 2, the
cycles capturing points in X and Y are disjoint from the postcritical set of f. In
particular, Z does not contain critical points. As a consequence, Z is a hyperbolic
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invariant compact set (see [ST] Theorem 1.2 page 266) and the result follows (see
[S] (1.2) section 2 for a sketch of the proof, or [G2] section 2.1 for a proof). O

For all ¢ € G, the map ¢, : z — ¢(g,2) is a homeomorphism from Z to
Zg:=¢4(Z) which conjugates f : Z — Z to g : Z; — Z,;. Every point z € Z,
is (pre)periodic under iteration of g to a repelling cycle of g. For k > 1, we shall
use the notation xj(g):=¢,(zx) and yi(9):=¢4(yx). As k — +o0, the sequence zy,
tends to Too:=v. We set Xoo(g):=¢4(v). Similarly, as k — 400, the sequence y
tends to Yoo:=w. We set yoo(g):=¢4(w).

4. A FAMILY OF PERTURBATIONS

Let us now restrict to the family of rational maps ¢ — f; which is defined for

t € C by
frr=1+1)- f.

If t # —1, the rational map f; has degree D and fy = f. The critical values of
the rational map f; are contained in the set {0,00, (1 +1¢) - v, (1 4+ ¢) - w} and for
t sufficiently close to 0, the point 0 is either a repelling fixed point or a repelling
periodic point of period 2, and oo is either mapped to a repelling fixed point at 0, or
a repelling fixed point, or a repelling periodic point of period 2. We will now study
the relative motion of the critical values v(f:):=(1 +t) - v and w(fi):=(1 +1¢) - w
with respect to the points xoo (f;) and yoo (f:). We will use the notations

\'I::dv(ft) TU(E, Wi:dW(ft) S Tw@a
dt li=0 dt  li=0
dx oo (ft) ~ . dy oo (ft) s
XOOS—T t:oe T,C, and yoo:—T t:oe T.,C
We shall also use the notation
;o
T dt li=o

which is a section of the pullback bundle f*TC : for all z € C, f(z) € Tf(z)@.

Lemma 3. We have
Xoo =V Yoo =W

£0.

v w

Proof. By construction,
d
— e a. d = —_-—.
v=vg nd w=uw

In addition, for all z € ((Aj,

fo) = fG)

Case 1 : a is even. In that case, f maps z, = v to 0 which is a fixed point. As ¢
varies, f; still maps v to 0 and still fixes 0. Thus, X, = v and X, = 0, whence

Xoo —V = —V.
Similarly

Voo — W = —W.



6 X. BUFF AND T. GAUTHIER

Case 2 : a is odd and b = 0. In that case, [ fixes xoo = v. S0, Xoo(f¢) is the fixed

point of f; which is close to v. Derivating f; (xoo (ft)) = Xoo(ft) with respect to t,
and evaluating at ¢t = 0, we get :

fW)+ Dyf(Xoo) = Xoo-

Since f (v) = U% =v and D, f is multiplication by a2, we get

) v
Xoo =T "2
whence
1 a?
Xoo V_(l—a2 )V_l—a2v
Similarly
. . a®
Yoo =W = 7——3W.

Case 3 : aisodd and b = (y+1)/2. In that case f permutes xoc = v and Yoo = w.
Derivating fi(Xoo(ft)) = Yoo(ft) and fi(yoo(ft)) = Xoo(f:) with respect to ¢, and

evaluating at ¢t = 0, we get :
(1) f(v) + Dy f(%0) = Yoo and f(w) + D f(Yoo) = Xoo-
On the one hand f(v) = wi =+ and f(w) = v<L =v. On the other hand,
1 Y Y 1
L(2+T) =3 +ar and L(2 +T) = 2+aT.
Thus,
fo+AT*+0(7)) = w+pa®r*+o(r?) and  f(w+pr+o(r?)) = v+Aa*T°+0(T?)
which implies
M/ (v) = pa® and  pf'(w) = Aa®.
By Lemma [Tl it follows that

. a” . a“w .
Similarly,
) a?v
Dyf(Yoo) = ———Xc0
So, equation () yields
. dw, . . ad*u, .
W — —Xoo = Voo and V— —Yo = Xeo
v w
which boils down to
. 1—d?, . 1—-ad?
xoo—l_a4v and ym—mw.
As a consequence
. . 1—a? s a? .
Xpo = V=|———-1|V=———=V.
o 1—at 1+ a?
Similarly
. . a?
Yoo =W =

——1 n a2W.
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In all cases, there is a constant ¢ # 0 (¢ = —1 in the first case, ¢ = a?/(1 — a?)
in the second case and ¢ = —a?/(1 + a?) in the third case) such that
Xoo —V=cVv=cv— and Yo — W =cCW =cw—.
dz dz
This shows that
Xoo =V Yoo — W

d
=c— #0. O
Cdz75

v w

5. PROOF OF THE THEOREM

Let vo:=x0+1iyo € H be a point with rational real part ¢ and rational imaginary
part yo which are coprime with a and 2. Set a:= — xp, o’:=1, f:=yp and §":=0.
We will now allow v to vary in H. So, o, 7, v, w, A, it, Ok, Tk, Tk, Yk, Too, Yoo are
functions of . For example,

c:Hay—a+dyeH and 7:H>vy+— f+3veH.

Note that the Mébius transformation o/7 sends g to 4.
We still consider the family of flexible Lattes maps H > v +— f, € Ratp and we
introduce the family of perturbed maps

Hx (C—{-1}) > (v,t) = fy,e:=(1+1t) - f, € Ratp.
As in the previous section, we will consider the critical value functions
vifyr—= (L+t)-v(y) and w: fym— (1+1) - w(y).

The notation v, W, X, Yoo refers to the derivative with respect to ¢ evaluated at
t = 0. In particular, those are functions of v € H.

Lemma 4. There are a neighborhood I' of vy in H, an integer ko and for k > ko,
holomorphic functions s : I' — C and ty : I' — C such that :

e the sequences (s) and (t) converge uniformly on T to 0,
° xk(f%$k(’¥)> = v(f’Y,Sk(’Y)% yk(f’Y,tk(’Y)) = W(f’Y,tk(’Y)) and

e the sequence (sg/ty) converges uniformly on T to —o?/72.

Proof. First, note that as k — +o00, the holomorphic functions x; : H — C and

v : H — C satisfy
1\ o2

.Ik—'UNA' O'k-i :W

Second, let us consider the sequence of functions
Xp=(v,u) — a? . (Xk(f%u/a%) - V(fv,u/a%))'
Note that as k — 400,
2k U . u . 2%k
Xu(r,w) = a® - (20() + =g %eo(7) = 0(9) = 57 - ¥(3) + 0(1/a®"))
= A1) (7) +u - (koo (7) =¥ (7)) + 0(1).

So, as k — 400, the sequence (Xj) converges uniformly on every compact subset
of H x C to the function

Xoo: (75u) = A0? U+ (Xoo — V).
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According to Lemma [B] X, — v does not vanish on H. Thus, the function X,
vanishes along the graph of a holomorphic function u. : H — C which satisfies

Uoo - (XKoo — V) = =0,
Since (X}) converges locally uniformly to X, given any neighborhood T' of g

compactly contained in Hl, there are, for k large enough, holomorphic functions
uy : I' = C which satisfy

(Vyel) Xp(v,ur(y)) =0,

the sequence u converging uniformly on I' to us. Now, set

Uk
sk::W :I' —» C.

Then the sequence (sj) obviously converges uniformly to 0 on " and
2

Xk (frsn) = V(i) and  a®* - sp - (Xoo = V) W

Similarly, there are, for k£ large enough, holomorphic functions ¢ : I' — C which
converge uniformly on I' to 0 and satisfy
2

Yi(frtnn) = W) and @ -t (Yoo — W) Kot MT

Those uniform convergences on I' may be reformulated as
Sk Xoo — V ti Voo — W
2%, > and o2 .k _, YW
72 k—too I

; k——+oco
According to Lemma [[] and Lemma [3]

Xoo =V Yoo~ W

A 1%
are non-vanishing functions. This shows that the sequence (sj/tx) converges uni-
formly on I to —o?/72. O

The previous construction yields, for k large enough, functions s; and ¢, which
are defined and holomorphic near v9. As k — 400, the sequence of functions
(1 — sg/t) converges to 1 + 0% /7% which has a simple zero at 7y. Therefore, for k
large enough, the function sy /t; takes the value 1 at a point ~y; close to 7o :

sk(vk) = te(yk) with % — 70
k—+o0o
Let g € Ratp be the rational map

gr:i=(1+ T‘k) . f% with T‘k:ZSk(’yk) = tk(’?k)-
Note that 73, tends to 0 and that g; converges to f,, as k tends to +-00. The critical
values of gj, are contained in the set {0, 00, (1+74)v, (1+rg)w} (if a = 2, then 0 is
not a critical value). By construction, 0 and co are (pre)periodic to repelling cycles.
In addition, (1 + ri)v coincides with xy(ry) which is (pre)periodic to a repelling
cycle and (1 + r)w coincides with y(rx) which is also (pre)periodic to a repelling
cycle. Thus, gj is strictly postcritically finite but is not a Lattes map.

We have just proved that f,, can be approximated by rational maps g which
are strictly postcritically finite but which are not Lattés maps. Since the set of
allowable 7y is dense in the upper-half plane, this shows that any flexible Lattes
map can be approximated by rational maps which are strictly postcritically finite
but which are not Lattes maps.
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