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Abstract

This article deals with the existence and the uniqueness of solutions to quadratic and superquadratic Marko-
vian backward stochastic differential equations (BSDEs for short) with an unbounded terminal condition. Our
results are deeply linked with a strong a priori estimate on Z that takes advantage of the Markovian framework.
This estimate allows us to prove the existence of a viscosity solution to a semilinear parabolic partial differen-
tial equation with nonlinearity having quadratic or superquadratic growth in the gradient of the solution. This
estimate also allows us to give explicit convergence rates for time approximation of quadratic or superquadratic
Markovian BSDEs.

1 Introduction

Since the early nineties and the work of Pardoux and Peng [25], there has been an increasing interest for backward
stochastic differential equations (BSDEs for short). These equations have a wide range of applications in stochastic
control, in finance or in partial differential equation theory. A particular class of BSDE is studied since few years:
BSDEs with generators of quadratic growth with respect to the variable z (quadratic BSDEs for short). This
class arises, for example, in the context of utility optimization problems with exponential utility functions, or
alternatively in questions related to risk minimization for the entropic risk measure (see e.g. [27, 17, 24] among
many other references). Many papers deal with existence and uniqueness of solution for such BSDE:s. In the first
one [21], Kobylanski obtains an existence and uniqueness result for quadratic BSDEs when the terminal condition
is bounded. Let us remark that this result has been revisited recently thanks to a fixed point argument by Tevzadze
in [28]. Now, it is well known that the boundedness of the terminal condition is a too strong assumption. Indeed,
when we look to the simple quadratic BSDE

Tz, T
Ytzg+/ des—/ Z,dWs,
t t

we find the explicit solution Y; = log (E [¢®|F;]) and we immediately see that we just need to have an exponential
moment for ¢ to obtain a solution. In [5], Briand and Hu show an existence result for quadratic BSDEs when the
terminal condition has such an assumption. Let us notice that this result has been recently revisited in [2] by a
direct forward method that does not use the result of Kobylanski. In this paper, Barrieu and El Karoui obtain
a monotone stability result for general quadratic semimartingales and then derive an existence result for general
quadratic BSDEs. For the uniqueness problem, results are more incomplete. In [13], authors show a uniqueness
result when the generator is convex (or concave) with respect to z and when & has an exponential moment which
is almost the exponential moment needed for the existence result.

Naturally, we could also wonder what happens when the generator has a superquadratic growth with respect to
the variable z. Up to our knowledge the case of superquadratic BSDE:s is only investigate in the recent paper [12].
In this article, authors consider superquadratic BSDEs when the terminal condition is bounded and the generator
is convex in z. Firstly, they show that in a general way the problem is ill-posed: given a superquadratic generator,
there exists a bounded terminal condition such that the associated BSDE does not admit any bounded solution
and, on the other hand, if the BSDE admits a bounded solution, there exist infinitely many bounded solutions for
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this BSDE. In the same paper, authors also show that the problem becomes well-posed in a Markovian framework:
When the terminal condition and the generator are deterministic functions of a forward SDE, we have an existence
result.

The first aim of this paper is to study existence and uniqueness results for quadratic and superquadratic Marko-
vian BSDEs. More precisely, we consider (X, Y, Z) the solution to the (decoupled) forward backward system

t t
X: = x—l—/ b(s,Xs)ds—i—/ o(s)dWs,
0 0

Yy

T T
o(X7) + / F(5, Xo Yo, Z,)ds — / ZodW,,
t t

where f has quadratic or superquadratic growth with respect z, has no convexity assumption, and g is not supposed
to be bounded. The starting point of our work is a simple result that says: if g and f are Lipschitz functions with
respect to x, then there exists a unique solution such that Z is bounded, or in other words, Z preserves the regularity
of the derivatives of g and f with respect to . Now, the idea is to show that this property stays true when ¢ and f
are only locally Lipschitz. More precisely, if we assume that

IVg(@)| +IVaf (2, ) < CA+Jal)
for r sufficiently small, then we are able to show the a priori estimate
12| < C(1+[XT]).

Thanks to this kind of estimate, it is then possible to show an existence and uniqueness result amongst solutions
that, roughly speaking, verify such an estimate (see Theorem 2.5). Contrarily to [13, 12] we do not need a
convexity assumption on f and contrarily to [12], we treat the case of unbounded terminal conditions. On the
other hand, for the quadratic case we need a framework which is far more restrictive than the general framework
of [13, 2] because we only consider markovian BSDEs with assumptions on the derivatives of g and f instead of
classical assumptions on the growth of g and f.

One of the major drawback of results explained before is that we consider only the case of a deterministic
function o. The second part of our paper gives some partial results when o is random. In this framework we do
not know if our previous starting point stays true: if g and f are Lipschitz functions with respect to = and if o is
bounded, does there exist a solution such that Z is bounded ? We are able to show that this is true when 7" is small
enough or for all 7" when we consider a simple example of quadratic BSDE. But the general case stays an open
question. We also investigate precisely the quadratic case when g and f are bounded with respect to x by deeply
using bounded mean oscillation martingale (BMO martingale for short) tools.

Thanks to our existence and uniqueness result we are able to give a probabilistic representation of the following
PDE:

{ Opu(t, z) + Lu(t,x) + f(t,z,u(t,z),! Vu(t,z)o(t)) =0, x€Rtecl0,T],
u(T,.) =g.

Such a probabilistic representation, also called Feynman-Kac representation, is already given in [13] when f has
a quadratic growth and is convex with respect to z. Existence and uniqueness of this PDE has been studied in
[9] when f has a quadratic growth with respect to Vuo and in [10] for the superquadratic case, but the main part
of the results needs a convexity assumption on f with respect to z. In this paper, our existence result arises in
quadratic and superquadratic frameworks. Moreover, we do not need any convexity assumption on f which is
interesting for applications: For example, when we consider Isaacs equations in differential game theory, f is the
sum of a convex function and a concave function with respect to z.

The main goal of this paper is to apply a priori estimates obtained for the process Z to the problem of time
discretization of quadratic and superquadratic BSDEs. Actually, the design of efficient algorithms which are able
to solve BSDEs in any reasonable dimension has been intensively studied since the first work of Chevance [8], see
for instance [29, 3, 16]. But in all these works, the driver of the BSDE is a Lipschitz function with respect to z and
this assumption plays a key role in theirs proofs. In a recent paper, Cheridito and Stadje [7] study approximation of
BSDEs by backward stochastic difference equations which consist in replacing the Brownian motion by a random
walk. They obtain a convergence result when the driver has a subquadratic growth with respect to z and they give
an example where there proof does not work when the driver has a quadratic growth. To the best of our knowledge,
the only works where the time approximation of a quadratic BSDE is studied are the one of Imkeller and dos
Reis [18] and the one of Richou [26]. Let us notice that, when the driver has a specific form', it is possible to get

'Roughly speaking, the driver is a sum of a quadratic term z ~— C \2\2 and a function that has a linear growth with respect to z.
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around the problem by using an exponential transformation method (see [19]) or by using results on fully coupled
forward-backward differential equations (see [11]). Papers [18, 26] only study the case of a bounded terminal
condition: The first one investigates the case of Lipschitz terminal conditions whereas the second one studies the
non-smooth case. To the best of our knowledge, the time approximation of superquadratic BSDEs has not been
studied yet. In this paper we have obtained two types of results. Firstly we consider the case of a deterministic
function o. Theorem 5.7 gives us a speed of convergence very close to the speed of convergence in the classical
Lipschitz case and this theorem is obtained in a general framework (quadratic and superquadratic BSDEs with
an unbounded terminal condition). When ¢ is random, we only study quadratic BSDEs with bounded terminal
conditions. In Theorem 5.9 we obtain almost the classical speed of convergence but in a restricted framework that
does not cover some interesting situations: for example we are not able to find a “good” speed of convergence
when o and g are Lipschitz functions with respect to « and this question is actually a real challenge.

The paper is organized as follows. In section 2 we obtain an existence and uniqueness result and an a priori
estimate on Z for Markovian quadratic and superquadratic BSDEs with unbounded terminal conditions when o
is a deterministic function. In section 3 we give some extra partial results when o is random. Section 4 contains
an application to semilinear parabolic PDEs. The last section is devoted to time approximation of quadratic and
superquadratic Markovian BSDEs.

Notations Throughout this paper, (W;):>o will denote a d-dimensional Brownian motion, defined on a proba-
bility space (2, F,P). For t > 0, let F; denotes the o-algebra o(Ws;0 < s < t), augmented with the P-null
sets of F. The Euclidean norm on R? will be denoted by |.|. The operator norm induced by |.| on the space of
linear operators is also denoted by |.|. The notation E; stands for the conditional expectation given F;. For p > 2,
m € N, we denote further

e SP(R™), or S when no confusion is possible, the space of all adapted processes (Y3)¢c(o,7) With values
in R™ normed by [|Y|| s, = E[(sup,cjo,m [Y;)P]/P; S (R™), or S, the space of bounded measurable
processes;

o MP(R™), or MP, the space of all progressively measurable processes (Z;)¢cjo, 7] With values in R™
normed by || Z| ., = EI([) |Zs]* ds)?/?]V/».

In the following, we keep the same notation C' for all finite, nonnegative constants that appear in our computations.
In this paper we will consider X the solution to the SDE

t t
Xt:x+/ b(s,XS)ds+/ o(s)dWs, (1.1)
0 0

and (Y, Z) € 82 x M? the solution to the Markovian BSDE

T T
Y: = g(X7) +/ f(s,Xs,Ys, Zs)ds 7/ ZydWs. (1.2)
t t

2 A uniqueness and existence result

For the SDE (1.1) we use standard assumption.

Assumption (F.1). Letb: [0,7] x R? — R% and o : [0, 7] — R%*? be continuous functions and let us assume
that there exists /&, > 0 such that:

1. vt €[0,T],

b(t,0)] < C,
2.Vt €[0,T],V(x,2') € RT x RY, |b(t,z) — b(t,z')| < Kp |z — 2.

Let us assume the following for the generator and the terminal condition of the BSDE (1.2).

Assumption (B.1). Let f:[0,7] x R? x R x R1*4 — R and g : R? — R be continuous functions and let us
assume moreover that there exist five constants, [ > 1, « > 0, 8 > 0,y > 0 and K¢, > 0 such that:

1. foreach (¢, z,y,y',2) € [0,T] x R x R x R x R'*4,

|f(t,z,y,2) = f(tz,y,2)| < Kpyly —v'|;
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2. foreach (t,7,y,2,2') € [0,T] x R x R x R1*X4 x R1*xd,
(b, 2) = f(t29,2)] < (C+ Sl + 121 |2 = 211
3. foreach (t,z,2',y,2) € [0,7] x R? x R? x R x R1*9,
) = Sl < (€4 Sal 41017 ) o=,

&%
l9(2) — 9(a)] < (€ + (el + 121" | = o'

1
e1/12171/171/1e((1+1/l)K,,+Kf,y)T |‘7|<1>:1/l T/

a+TB <
Sometimes we will also consider stronger assumption.

Assumption (B.2). Let f:[0,7] x R? x R x R'*¢ — R and g : R? — R be continuous functions and let us
assume moreover that there exist five constants, [ > 1,0 < r < %, a>0,820,v>0and K, > 0 such that:

1. foreach (t,7,5,9',2) € [0,T] x RY x R x R x R'*9,
[f(tzy,2) — f(t 2.y, 2)| < Kpyly — |
2. foreach (t,7,y,2,2') € [0,T] x R x R x R1*4 x R1*xd,
[ty 2) = Ft oy, ) < (C+ 200 + 121 |2 - 215
3. foreach (t,z,2",y,2) € [0,T] x R? x R? x R x R1*9,

.2) = J(t 2 < (€4 Gl 410 ) o =

@
l9(2) = 9(a")| < (€ + G (lal" +1']")) | — ).
Remark 2.1 Assumption (B.2) implies assumption (B.1). Moreover, the quadratic case corresponds tol = 1.

Proposition 2.2 We assume that assumptions (F.1) and (B.2) hold. There exists a solution (Y, Z) of the Markovian
BSDE (1.2) in 8? x M? such that,
12 < O+ X",

Moreover; this solution is unique amongst solutions (Y, Z) such that
oY eS&?

o there exists 1) > 0 such that
]E |:e(%+77)§ f0T|ZSZld5:| < +o0.

Proof of the proposition First of all, let us remark that if we have a solution (Y, Z) such that
|Z:| < C(1+4 | Xe|"), vt € (0,77,

then, forall ¢ > 0,
E [ec foles\ZZdS} <E [CeCSuPogth\Xt\mr} < 400 2.1)

because 2/r < 2 (see e.g. part 5 in [6]). Now, let us start by the uniqueness result. We consider two solutions
(Y1, Z') and (Y2, Z?%) such that Y!, V2 € §2, | Z'| < C(1 + | X|") and there exists 77 > 0 such that

E [e@mf J;flz§|“ds] < too.
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We define Y := Y! — Y% and Z := Z' — Z%. By considering the difference of the two BSDEs, the classical
linearization method gives us

Tﬁ B Tﬁ
Y, = /YSUSJrZSVSdsf/ ZdW,,
t t

that is to say

T
Y, = —/ elt U“d“ZS(dWs — Vids), (2.2)
t

where (U, V) takes value in R x R? and
y l l
UI<Kp,  Wl<os Lzl v 22,
By applying Young’s inequality, Holder’s inequality and (2.1), we have

E{e%fﬂmzds} < E{eéf[f(cw

Z;

”+<1+n>§|zi|”>ds]

2

< CE [eCJoT AR L zf%]
1 2 l/q
< crlerilale] g [e@m% |22 J
~+00,

with ¢ = (1/2 + n)(1/2 + n/2)~!. This estimate shows us that Novikov’s condition is fulfilled and so we are
able to use Girsanov’s Theorem in (2.2) that gives us directly that Y = 0. Then it is standard to show that Z = 0.
Finally we obtain the uniqueness result.

Now, let us show the existence result. Firstly we will approximate our Markovian BSDE by another one. Let
(YM ZM) the solution of the BSDE

T T
YM = gu(X7) +/ fM(s,Xs,igM,Z;”)ds—/ zMaw,, (2.3)
t t

with gpr = goparand far = f(., par(.), ., .) where pps is a smooth modification of the projection on the centered
euclidean ball of radius M such that |pys| < M, |Vpa| < 1 and pps(x) = @ when |2 < M — 1. Tt is now
easy to see that gp; and fj; are Lipschitz functions with respect to . Theorem 3.1 in [26] gives us that Z M
is bounded by a constant Ag that depends on M in the quadratic case. In fact this result stays true in our more
general framework. More precisely we have this proposition that we will show in the appendix.

Proposition 2.3 We assume that (F.1) holds. We also assume that f : [0,T] x R? x R x R**? — R and
g : R* — R are continuous functions such that:

e gis K4-Lipschitz,
o fis K¢ y-Lipschitz with respect to x, K¢ ,-Lipschitz with respect to y and locally Lipschitz with respect to

2: there exists an increasing function ¢ : Rt — RY such that for each (t,x,vy,z,2') € [0,T] x R? x R x
Rlxd % Rlxd

[f(t 2y, 2) = f(t 2,9, 20 < OO+ @(|2]) + @(12]) |2 = 2]
Then, there exists a unique solution (Y, Z) to the BSDE (1.2) in 8% x M? such that Z is bounded. Moreover,

we have
|Z| < Kb +Ky )T |U|Oo (Kg + TKfﬁz).

Thanks to this lemma we know that there exists a unique solution (Y™ ZM) to the BSDE (2.3) (in the
appropriate space) and ZM is bounded by a constant Ay that depends on M. Moreover, fas is a Lipschitz function
with respect to z and BSDE (2.3) is a classical Lipschitz BSDE. Now we will show the following lemma.

Lemma 2.4 We have,
‘Ztl\/[‘ g An + Bn |Xt|rv

with (A, By)nen defined by recursion: By = 0, Ay defined before,
Bni1 =C,
sy = C(1+ A7),

where C'is a constant that does not depend on M.
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Proof of the lemma Let us prove the result by recursion. For n = 0 we have already shown the result. Let us
assume that the result is true for some n € N* and let us show that it stays true for n + 1. Firstly we assume that
forall t € [0,7],b(t,.), g and f(t,.,.,.) are sufficiently differentiable. Then X and (Y™, Z) are differentiable
with respect to x (see e.g. [14]), we have

T
vYM = Vgu(Xr)VXr — / vZMaw;
t
T
+/ Vofur(s, X, Y, ZMYV X+ YV, far (s, X, Y, ZMYWYM £V, far(s, X, Y, ZMYV ZM ds,
t
and ZM = VYM(VX,)~'o(t) as.. Since | ZM| < Ay, we have
V- fuls, X, YM, 20| < C(1+ | 2M]) < ©

and so we are allowed to apply Girsanov’s Theorem: Wt =W — fot V. (s, X, YSM, Zéw)ds is a Brownian
motion under a probability Q. We obtain

VYM = QY |l Vel XY Zihdug g x0T X

)

T
+/ efts Vny(u,Xu,ijyzﬁl)duvxfk[(&st YsMa Z;W)VXSdS
t

and finally
T
|ZM| < C 4 e H KT || g2 [O‘ |Xr|" + 5/ X[ dS] 2.4)
t

because VX, (VX;)~! is bounded by e *(T=%)_ Let us come back to the SDE: we have

X5:Xt+/ b(u,Xu)dqu/ J(u)qu+/ o(uW)V . f(u, Xy, YV, ZM)du,
t t t

| X,| < |Xt|+C’+/ K, |Xu|du+‘/ o(u)dW, +|a|m7/ |Ap + Bn | Xu|"| du, (2.5)
t t t

EF X)) < X0 +C Kb/ EP" (| X[ du + CAL + CEY" U B |X,[" du] ,
¢ t
thanks to the recursion assumption. Young’s inequality gives us

l
B X

Bl X" < -

with 1/p+1/¢ = 1 and rlqg = 1 (let us recall that 7/ < 1). Thus, we obtain
QIVI s QIVI 1 1 QIVI s
ESf [|Xi] <X +CH+ Ky [ Ef [|[Xu|]]du+ CA;, + CB? + CE; | X dul| .
t t

Gronwall’s Lemma gives us
M
EY" [|X] < C+CAL + OBY 4+ C|Xy,

and so .y .y .,
B (1%, < (B 1%,0)) < ¢+ 0yl + OBylr + O 1Xif"

because r < 1. By introducing this inequality into (2.4) we obtain
|ZM| < C+CAl+CBIP+ C|Xy|".

Finally, we set
By =0C,
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and, thanks to the recursion assumption, we can take
A1 =C(1+ A:j).

When b, g and f are not differentiable, we can prove the Lemma by a standard approximation and stability results
for Lipschitz BSDEs. U

Since Ir < 1, the recursion function that defines the sequence (A, ),>0 is a contractor function and so A4,, —
Ao when n — 400, with A, that does not depend on M. Finally,

|ZM] < A+ C 1" (2.6)

Now, we want to come back to the initial BSDE (1.2). We will show that (Y, Z™),,cn is a Cauchy sequence
in the space S 2 x M?. We have, thanks to the classical linearization method,

T
Ytp+q =YY = gprg(XT) — 9p(X71) +/ fota(s, Xs, Ysp+qv Z§+q) = fp(s: X, Ysp+qv Z§+q)d5
t
T T
b [ ooy gz - znyveeas - [ 2zt - zzaw,,
t t
that is to say

T [7P:4 dq,
Ytp-i_q_Ytp = el Ui [9p+q(XT) — 9p(X7)]

T
+ / efts Ui du [prrq(S; X, Yserqv Z§+q) - fp(sa X, Yserqv Z§+q>] ds
t
T s
_/ eft Uﬁ”qdu(zg-‘rq _ Zf)(dWs _ Vsp,qu),
t

with p,q € N, [UP9| < Ky, and [VP9) < (1 + |zp|" + |Z§+q|l). Thanks to (2.6), Novikov’s condition is
fulfilled and so we are able to apply Girsanov’s Theorem:

P,q T rrp,q w
VPR - p| < [BR (el VR g, (Xr) — gp(Xr)] |
T
+ [EQ™ / e Ut [, (s, X, YPYO, Z0H0) — f (s, X, YPH9, ZPF9)] ds}
t
< er’yTE(P 7 [|gp+q(XT) - gp(XT)”
T
+€Kf’yT/ E;prq prJrq(saXsa}/serquerq) - fp(SaXsa}/serquerq)H ds
t
T
< CEY [(1+1X0 ™ g ] +C / EZ [(1 41X ) x 5poa | ds
t
P,q r 1/2 P,q 1/2
< CEY 141X T EY (1]
T Psq r 1/2 Psq
+C/ E} [”lel2 ”} EY™ [1x,15p1] " ds
t
o § 1/2 EQIMI X 1/2
< CEY 1+ xR ZEL/QT”
T oa 172 Q7 (1 x (/2
+C [ B 14X, [1X1] ds.
¢ p1/2

By the same calculus than in the proof of Lemma (2.4) using the a priori estimate on Z?'? and ZP, we are able to
show that
EF (1X,°T < O(L+ X

for all ¢ > 1 with a constant C' that depends on a but does not depend on p and g. Finally

r+3/2
CU+E [swocier X)) ¢
p1/2 = p1/2

p——+oo

—— 0.

2
E sup ’np-kl]_y;tp‘ :| <
0<t<T
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By applying 1t0’s formula to the process |YPT4 — YP |2 and using the same calculus, it is rather standard to show

that (Z™),en is a Cauchy sequence in M2, Finally, it is easy to check that (Y™, Z") =% (Y, Z) the solution
of the initial BSDE (1.2) and our estimate (2.6) on Z" stays true for Z:

1Z,] < Ao + C| X4
0

Theorem 2.5 We assume that assumptions (F.1) and (B.1) hold. There exists a solution (Y, Z) of the Markovian
BSDE such that

12| < C + B UFOTEL)T=0 (o 4 BT o] e/ XY, Wt € [0,T].
Moreover; this solution is unique amongst solutions (Y, Z) such that
oY eS8?

o there exists ) > 0 such that
Emefﬂ%%ﬂ<+m

Proof of the theorem We will mimic the proof of Proposition (2.2). Let us start by the uniqueness result. We
consider two solutions (Y1, Z1) and (Y2, Z?) such that Y1, Y2 € S? and

z; z:

E [e<2+n>”fff %5} LR {emn)fﬁ ”ds} < foo.

As in the proof of Proposition (2.2) we consider the BSDE satisfied by processes Y and Z and we introduce the
two processes U and V. Now we just have to show that Novikov’s condition stays fulfilled: by applying Young’s
inequality and Holder’s inequality we have

E [e% foT\VsVdS} < E [e% f5<0+<2+n>§IZi|”+<2+n>§|Z§IZ’>ds]

N

2 21 2 21
m%?ﬁﬁ%h%?hﬁwwﬂ

z;

z:

2 1/2 2
< CE [6(2-%77)% Iy 2lds} E [e(2+ﬁ)% Jo

1/2
2Ld8:|

The remaining of the uniqueness proof is unchanged. Now, let us show the existence result. We will consider
again the solution (Y™, ZM) of the BSDE (2.3). We have already remark that Z* is bounded by a constant
Ajg that depends on M. Now we want to obtain an estimate on Z*! that does not depend on M by showing the
following lemma.

< —Ho00.

Lemma 2.6 We have,
| 2] < An(t) + Bu(t) | X0

with (A, By,)nen defined by recursion: By = 0, Ag defined before,

Busi(t) = |o|_ (a+ ﬂT)e(Kb(lJrl/l)JrKf,y)(Tft)e2“1|cr\oc'yTB;(t)/l,

Apir () = |o| (a+ ﬂT)e(Kb(1+1/z)+Kf,y)(T7t)62“1\a\ooyTB;(t)/z (C’ 4ool-1/1 |J|1/l 'yl/lTl/lAn(t)) ,

where C'is a constant that does not depend on M and t.
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Proof of the lemma Let us prove the result by recursion. For n = 0 we have already shown the result. Let us
assume that the result is true for some n € N* and let us show that it stays true for n + 1. Firstly we assume that
forall t € [0,T7], b(t,.), g and f(¢,.,.,.) are sufficiently differentiable. Then, by the same calculus than in the
proof of Lemma 2.4, inequalities (2.4) and (2.5) stay true and we easily obtain

EZ" [1X,]] < [Xi| + C+ K, / E" [|X, | du+ 2" o] AT AL (1) + 2 ol vBL (DES” U X, du] ,
t t
because t — B, (t) and t — A, (¢) are not increasing functions. Gronwall’s Lemma gives us
EF” [1X:0] < (C 427 ol vT AL (1) + 1) el 1ol B 0) (0,
and so
B2 [1x,M] < (B (1%.0) Ve (C+ 2 o LA T A () + XM et (K2l B ) (=)
because 1/1 < 1. By introducing this inequality into (2.4) we obtain

, Ky (141 /1) K g+ 2ol i T—
|ZtM| < C+|‘7|oo (oHrﬂT)e( v(I+1/D)+Kyy+ 7 n(t)>( t) (

C 4 21 ol T A 1) 4 ).
Finally, we can take
By (t) = |o|, (o + BT)eErAF/DFE ) (T=1) 2 ol ATB, (D1,
and,
Apia(t) = |o], (o + 5T)6(Kb(1+1/l)+Kf,y)(T—t)e2l*1\a\myTB;(t)/z (C 4+ 9l-1/1 |0|(1x/)l 'yl/lTl/lAn(t)) _
When b, g and f are not differentiable, we can prove the lemma by a standard approximation and stability results

for Lipschitz BSDEs. U
Now we want to study the behavior of the sequence (B, (t))nen. Let us denote

C1(t) == |o|, (a+ BT)eEeUF/V+EL)T=) and  Cy := 2!71 |g| _AT.

C2 gl . . . .. .
Then, we have B, 1(t) = Cy(t)e © Bn(), It is easy to see that this sequence has a finite limit B, (t) € R* if
and only if {x > 0|z = Cl(t)e%zl } is not empty and in this case we have

Co 1
Boo(t) = inf {z > 0l = Oy (t)e e } .

Moreover, the set {x >0z =C4 (t)e%c”l} has only one, two or three elements. If {x > 0jz =C4 (t)e%wl}
has only one element denoted by z, necessarily we have

that gives us

so we conclude that the sequence (B,,(t))nen has a finite limit B, (t) < Cy(t)e'/! that does not depend on M.
Now, let us see what happens to the sequence (A, (t))nen. We can remark that

Api1(t) = Bpya(t) (C’ + Cé/lAn(t)) .
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Since B, (t) — Buo(t) < Cy(t)e'/! and Oy (t)el/lCQM < 1 due to assumption (B.1).4, a classical result for
sequences defined by recursion gives us that (A,,(¢)),ecn has a finite limit Ao () = % that does not
"B (t)C

depend on M because it does not depend on the initial value Ag(t). Finally, we have

Boo
120 < Aw(t) + Buolt) X < — PO et
1 — B (0)C,
< Ot ol (a+ BT)EAFD+E )T Lt X1 @7

To conclude we have to show that (Y™, Z™),,cy is a Cauchy sequence in the space S? x M?. As in the proof
of Proposition 2.2 we consider the BSDE satisfied by processes Y714 — Y? and ZP*4 — ZP and we introduce two
processes UP'? and VP9, Now we just have to show that Novikov’s condition stays fulfilled: by applying Young’s
inequality and Holder’s inequality we have

E [ed (1 Pe] < ]E[eéf§<0+<2+n>f|Z§+Q|2’+<2+n>f|Z§|“>ds] 28)
< CE [e”z“ffoTIZE*“I”dse”z"TffoTlZf'Zlds] 2.9)

1/2 1/2
< CE [e<2+n>ff£|25*"|2lds} E[e@m%ffzfmds} - (2.10)

Thanks to estimate (2.7) we have, for all M € N,

2lds:|

2
< CE [exp ((1 T 77)%te(Kb(Hl/lHKf,y)T(a + BT)% |O‘|ii eQToiltlgT e 2Kt |Xt|2)] .21

M
Zs

E [e(2+n)§ 5

Since we have

_ 2 - 2
sup (e 2Kt | x| ) < sup (e 2t qup | X ),
0<t<T 0<t<T 0<s<t

a slight modification of the proof of Lemma 4.1 in [13] gives us that the right term in inequality (2.11) is finite
when

2
1
(1+ n)V_ezl(Kb(1+1/l)+Kf,y)T(a + ﬂT)Ql |U|ii 2T < .
2 2ol T
which is true when 7 is small enough because we assume in assumption (B.1) that
1
a+Th <

e1/121-1/151/1((1+1/D) Kot Ky, )T |‘7|;r1/l T/’
that is to say,

1 1 - 1
2002, T 22D " 2|g2 T

2
%621(Kb(1+1/l)+Kf,y)T(a+6T)2l |0|C2>ie2T <
Finally Novikov’s condition is fulfilled and we are allowed to use Girsanov’s theorem. The remaining of the
existence proof is unchanged. To conclude, we have to show that when we have a solution that verifies
|Z4] < C + T QF/DTE)T=0 (o 4 BT || _ eV X M, Vit e [0,T],

then, there exists 17 > 0 such that
2
g [ F 1] <o

This claim is easy to prove because we have

2 2
E |e@+ni f(ﬂzﬁhﬂ < CE [exp ((1 + 77)%te(Kb(Hl/lHKf’y)T(a + BT)* |o|c2>i e?T sup e 2Kt |Xt|2)} ,
0<t<T

and we have already shown that the right term in previous inequality is finite for 17 small enough. U
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Remark 2.7 In (B.1), our assumption

1

T
ot ﬂ<e,yl/le((lJrl*l)KbJrKf,y)T|O.|(1>;Fl/lT1/l

is more restrictive than the one we can find in the article [13] for the quadratic case (i.e. | = 1), that is to says

1

T .
T S G D Kty T o [V i

In this case, the assumption in [13] is more or less optimal because we need it to obtain a sufficient exponential
moment for the terminal condition and the random part of the generator. Let us also remark that in [13] assump-
tions are more general because they are about the growth of f and g instead of the growth of derivatives of f and

g.

Remark 2.8 With the same machinery it is possible to treat a little more general framework than the one of
assumption (B.1): indeed it is possible to replace points 2 and 3 with

2. foreach (t,x,y,2,2') € [0,T] x RY x R x R1*4 x R1¥9,
[t ,y,2) = F(t, 2,20 < (C 44 Jal + 302l +1210) |2 = /)3
3. foreach (t,x,2',y,2) € [0,T] x R x R? x R x R'*4,
t,0,009) = £, 2) < (© 4 811+ S0l 411 ) o =,

«
l9(2) — 9(a')] < (€ + G (lal"" + 121" | = ']

and the point 4 with an Ad hoc assumption. We decided to do not deal with this little more general setting because
the proof is already technical and we do not want to complicate it unnecessarily.

3 Some results when o is random

The main restriction in the previous part is about the function o that is assumed to be deterministic. In this section
we will give some partial results when the SDE is given by

t t
X, = x—i—/ b(s,Xs)ds—i—/ o(s, Xs)dWs. (3.1)
0 0
We will consider classical assumptions on this SDE.
Assumption (F.2). Letb: [0,7] x R? = R%and o : [0,T] x R? — R%*? be continuous functions and let us
assume that there exist K > 0, K, > 0 and M, > 0 such that:
1. Vt € [0,T],|b(t,0)| < C,
2.Vt €[0,T],V(z,2') € RT x RY, |b(t,z) — b(t,z')| < Ky |z — 2|,
3.Vt €[0,T),Vx € RY, |o(t,2)| < M,,
4. ¥t € [0,T],Y(x,2") € RT x RY, |o(t,z) — o(t,2")| < K, |z — 2|

Before giving our first result, let us point out why we are not able to use the same machinery than in our first
part. When o is deterministic, the starting point is Proposition 2.3 where we show that Z is bounded under good
assumptions. To prove this result we deeply use the fact that VX is bounded. Now, when o is not deterministic,
VX is not necessarily bounded and so Proposition 2.3 does not necessarily remain. Finally, the first question to
answer is: does the process Z remains bounded when g and f are Lipschitz with respect to x?
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3.1 Boundedness of Z when 7 is small enough
In this part we will give a partial answer to the previous question.

Proposition 3.1 We assume that (F.2) holds. We also assume that f : [0,T] x R? x R x R4 — R and
g : R? — R are continuous functions such that:

e gis K4-Lipschitz,

o fis Ky ,-Lipschitz with respect to x, K ,-Lipschitz with respect to y and locally Lipschitz with respect
1o z: there exists an increasing continuous function ¢ : Rt — R such that for each (t,z,y,2,2') €
[0,7] x RY x R x R1X4 x RIX4,

|f(ta$ayvz) - f(taxayvz/” < (Kf,z + 90(|2|) + (p(l'ZI')) |Z - ZI| :

Then, for T small enough, there exists a unique solution (Y, Z) to the BSDE (1.2) in S* x M? such that Z
is bounded.

Proof of the proposition Once again, we will use a classical truncation argument (see e.g. the proof of Theorem
4.1 in [12]). Our truncation function p, is a smooth modification of the projection on the centered euclidean ball
of radius M such that |py| < M, |Vpa| < 1and pys(x) = = when |z| < M — 1. We denote (Y, ZM) the
solution of the BSDE

T T
YM = g(Xr) + / Far(s, Xo, YM, ZM)ds — / ZMaw,,
t

t

where far :== f(.,.,.,pam(.)). Now, this BSDE is also Lipschitz with respect to z. Firstly we assume that for all
t €[0,7],0(t,.), g and f(t,.,.,.) are differentiable. Then X and (Y, Z) are differentiable with respect to x, we
have

T
vYM = Vg(Xr)VXr — / vZMaw,
t
T
+ / Vo fur (s, X, Y, ZMYV X + Vy far (s, Xo, Y, ZM)VYM 4V, far (s, X, YM, ZM)V ZM ds,
t

and ZM = VYM(VX,)"lo(t,X;) as.. Since V, fy is bounded by K . + 2¢p(M), we are allowed to apply
Girsanov’s Theorem: W; := W; — fot V. fu(s, Xs, YM, ZM)ds is a Brownian motion under the probability Q.
We obtain

vyM = EY leﬁvny(u’X“"Y”M’Z%d“VgM(XT)VXT

)

T
" / i Vot X Y2y p (5 XYM, ZMV X ds
t

and finally

T
2] < Mo, (KE@ ARSI A ds> ,
t
with (Us)i<s<r the solution to the SDE

Us

Id+ / Vb( X)) Uydu + / > Vo (Xu)UudW,
t toi=1

= Id+/ Vb(Xu)Uudu+/ ZVJi(Xu)Uu(dWé+(VZfM)i(u,Xu,YuM’Zg[)du)
¢ toi=1

. M
where the superscript ¢ denotes the i-th column. A classical estimate on EZ  [|U,|] gives us

EtthM U, < CeloTH K+ Ko (Ky 2 +20(M)))*T?
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For T" small enough, the function
s 1+ CKT M (K, + K T)e T+ ot Ko (K o 420(2) T2

has, at least, one positive fixed point. Let us denotes M the lowest positive fixed point of this function. Then
ZM < M —1and (Y™, ZM) is a solution to the initial BSDE. Uniqueness follows from the uniqueness result
for Lipschitz BSDEs. 0

Remark 3.2
o [n general, it is not possible to stick local solutions to obtain a solution (Y, Z) with Z bounded for all T

o The biggest I that allows the existence of a fixed point for the function
2 1+ CeXrvT M (K, + Ky T)eKe T+ Kt Ko (Kt 20(2)*T°

strongly depends on K. So, it is not possible to treat the case of g and f locally Lipschitz with respect to x
by using the same machinery than in the previous part.

3.2 A simple example

In this part we will see that when we consider a simple quadratic BSDE with an explicit solution, the process Z
remains bounded when g and f are Lipschitz with respect to . More precisely, we will consider the following

quadratic BSDE:
2

T |Zé| T
Yt:g(XT)—i—/ Tds—/ Z.dW.. (3.2)
t t

Proposition 3.3 Let us assume that (F.2) holds and that g is a K 4-Lipschitz function. Then there exists a unique
solution (Y, Z) to the BSDE (3.2) in 8 x M? such that the process Z is bounded.

Proof of the proposition It is well known that (3.2) can be explicitly solved with an exponential transform, also
called Cole-Hopf transform in PDE theory. More precisely, we have

Y; = log E, [eg(XT)} . Zi=e V7,

where Z is given by the martingale representation theorem applied to the martingale (E; [e9(X7)] Jocicp: Y i
well defined because ¢ is Lipschitz and for all C' > 0

E [echTl} < 400,

since o is bounded (see e.g. part 5 in [6]). The uniqueness is standard. As in previous proofs, we assume in a first
time that g, b and o are differentiable with respect to . Then we have

E; [Vg(X7)VX7(VXy) LedX1)]
= E; [eg(XT)} o(t, Xt)
o ElVXR(VX) T ertn]
E; [eg(XT)]
1/2
—112 1/2 K, [629(XT)]
< CE [|vxr(vx) 5 T

Et [eg(XT)}

because Vg, o are bounded and (VX (VX;)™!);<s<7 solve the SDE

S d S
U, = Id+/ Vb(u,Xu)Uudu+Z/ Vo' (u, X, ) UudWY,
t P
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so E; UVXT(VXt)*l ﬂ is bounded. Let us denote X the solution of the ordinary differential equation (with a

random initial condition)

X, =X, Jr/ b(u, Xo)du, t<s<T.
t
Since g is Lipschitz and X1 is F,-measurable, we obtain

eIXT)R, {620|XT’XT|} v E; |:€2C|XT7XT|:| e

1z < C (3.3)

eg()’(T)Et {e—C|XT—)’(T|} = E, {6_0|XT—)’(T|} .
Let us estimate [E; [€2C|XT7XT|}. We have

)

‘XS—XS‘:O+Kb/S’Xu—Xu’du+ sup
t

t<r<T

/ o(u, Xy)dWy,
t

and we deduce from Gronwall’s lemma the inequality

sup | X 7X5| < C sup
t<s<T t<s<T

/ o(u, Xy)dWy,
¢

It follows from the Dambis-Dubins-Schwarz representation theorem that, for A > 0,

) ’qut = 300}

E,; [exp ()\ sup

t<s<T

)

E [exp ()\ sup

t<s<T

/ o(u, Xy)dWy,
t

/ o(u, X0 dW,
t

N

E l sup Al < 00

0<s<lo||2,T

where (X!%0),< <7 stands for the solution to the SDE (3.1) that starts from z at time ¢. We remark that the right
term in the last inequality does not depend on xg so

)

. 1/2
E, |:€2Csupt<S<T|jtS U(u,Xu)qu|:| /

E, {exp (C’ sup

t<s<T

/ o(u, Xy)dWy
t

is upper bounded. By the same type of argument we have that

E; [exp (—C sup

t<s<T

/ o(u, Xy)dWy,
t

is lower bounded by a strictly positive constant. Finally (3.3) becomes

1Z| < C <G,

E, [efc suptgngUf o’(u,Xu)qu|:|

and so Z is bounded. Finally, when g, b and ¢ are not differentiable, we can prove the result by a standard
approximation. 0

Remark 3.4 Thanks to this estimate on Z, it is possible to use the same machinery than in the previous section to
show estimates on Z when g and f are locally Lipschitz with respect to x. This simple example is a good argument
to postulate that Theorem 2.5 or Proposition 2.2 could stay true when we replace (F.1) by (F.2), at least in the
quadratic case.

3.3 The case of bounded terminal conditions

In this part we will restrict our study to the quadratic case and we will assume that the terminal condition and the
generator are bounded with respect to x. In this case we are able to obtain estimates on Z thanks to the additional
tool of Bounded Mean Oscillation martingales (BMO martingales for short). We refer the reader to [20] for the
theory of BMO martingales and we just recall the properties that we will use in the sequel. Let ®; = fg PsdWs,
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for t € [0,7], be a real square integrable martingale with respect to the Brownian filtration. Then ® is a BMO
martingale if

T 1/2
|2l 50 = sup El(@)r— (®):]7,)"" = wal/ ﬁwfﬂ < +oo,
T7€|0, T

T€[0,T]

where the supremum is taken over all stopping times in [0, T'] and (®) denotes the quadratic variation of ®. In our
case, the very important feature of BMO martingales is the following lemma:

Lemma 3.5 Let ® be a BMO martingale. Then we have:

1. The stochastic exponential

t t
1
E(P) =& =exp </ b dWy — 5/ |¢s|2ds) L 0<t<T,
0 0
is a uniformly integrable martingale.

2. Thanks to the reverse Holder inequality, there exists p > 1 such that Ep € LP. The maximal p with this
property can be expressed in terms of the BMO norm of ®.

We will work under following assumptions on coefficients of SDE (5.6) and BSDE (1.2).

Assumption (F.3). Letb: [0,7] x R? = R% and o : [0,T] x R? — R%*? be continuous functions and let us
assume that there exist K > 0, K, > 0, M, > 0 and x € [0, 1] such that:
1. Vt € [0,T], |b(t,0)| < C,
2.Vt €[0,T],V(x,2') € RT x RY, |b(t,z) — b(t,z')| < Kp |z — 2|,
3.Vt €[0,T),Vz € RY, |o(t,z)| < My(1+ |z|"),
4. ¥t € [0,T),V(x,2") € R? x R4,

>
<

o(t.2) — o(t,a)| < K, |a — .

3

Assumption (B.3). Let f:[0,7] x R? x R x R1*4 — R and g : R? — R be continuous functions and let us
assume moreover that there exist seven constants,” € R™, a > 0,8 > 0,v > 0, Ky, >0,My>0and My >0
such that:

1. foreach (t,7,1,9',2) € [0,T] x RY x R x R x R*9,
|f(t,.fC,y,Z) - f(tv'rvy/vz” < Kf,y |y - y/|7
2. foreach (t,7,y,2,2') € [0,T] x R? x R x R*4 x RI*d,
[t ,y,2) = Flt, 2,20 < (C+ 2]+ 12D) |2 = 211
3. foreach (t,z,2",y,2) € [0,T] x R x R x R x R1*4,

.02) = 1t 2 < (€4 Gl 410 ) o =

« T T
l9@) = 9@)| < (C+ S (al” + ') o — ']
4. foreach (t,z,y,2) € [0,T] x R x R x R1*4,
(g, 2)| < My + gl +[2),
lg(@)| < M,

Theorem 3.6 We assume that assumptions (F.3) and (B.3) hold. There exists a solution (Y, Z) of the Markovian
BSDE in 8% x M? and this solution is unique amongst solutions (Y,Z) € 8% x M? such thatY is bounded.
Moreover we have

|Z:] <O +|X|"1"), vtelo,T],
and
<C,

‘ / Z.dW,
0 BMO

where the last constant C' depends only on My, My and Ky ,,.
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Proof of the theorem For the existence and uniqueness result we refer the reader to [21, 23]. The estimate for
the BMO norm of Z is shown in [4, 1]. It just remains to prove the estimate on Z. As in previous proofs, we
firstly assume that f, g, b and o are differentiable with respect to x. Then, according to [4, 1], X and (Y, Z) are
differentiable with respect to z, we have

T
VY, = Vg(XT)VXT—/ YV ZdW,
t
T
+/ Vol (8, Xe, Yo, Zs)VXo + V[ (5, Xo, Y, Z)VYy + V. f (5, X5, Ys, Z5)V Zods,
t

and Z; = VY (VX;) 'o(t, X;) as.. Since [; Z,dW, is BMO and
|vzf(5;X87Y;‘a Za)| < C(l + |Zs|)
then fo V.f(s,Xs,Ys, Zs)dWs is BMO and we are allowed to apply Girsanov’s Theorem thanks to Lemma 3.5:

Wt =W — fot V.f(s, Xs,Ys, Zs)ds is a Brownian motion under the probability

Q=¢ </ vzf(s,Xs,n,Zs>dWs) P.
0

T

‘We obtain

vy, = E?[eftTVyf(“’X“’Y“’Z“)d“Vg(XT)VXT

)

T
_|_/ eld vyf(“’X“’Yu’Zu)d“sz(s,XS,YS, Z)V X,ds
t

and then it comes

Q 9,1 1/2 T 0 0r11/2 0 2 1/2 3
1Z) < O 1 +ES {|XT| } +/ o [|XS| } ds | E {Sup VX, (VX)) ] 1+ X%
t

t<s<T
3.4)
by using assumptions (F.3), (B.3) and Cauchy-Schwarz’s inequality. Let us denote

T

T
1
St,T ‘= exp (/ sz(S,XS,YS, Zs)dWs - 5/ |sz(S,XS,}/S,ZS>|2 dS) .
t t

Thanks to Lemma 3.5, there exists p > 1 (that does not depend on t) such that E¢[£] ] < +co. But, by using
Holder’s inequality and classical estimates on SDEs we have

1/q

B [1X,"] < Edlef )7 |62 <o+ 1),

and
1/q

EQ [ sup | VX (VX,)™! ﬂ < By (€7, ]/7E, { sup [VX,(VX) Y| <c,
t<s<T t<s<T

By putting th two last inequalities into (3.4) we obtain the result. Finally, when b, g and f are not differentiable,
we can prove the result by standard approximations and stability results for quadratic BSDEs (see e.g. [18]). U

4 Application to quadratic and superquadratic PDEs

In this section we give an application of previous results concerning BSDEs to semilinear PDEs which have a
quadratic or superquadratic growth with respect to the gradient of the solution. We will restrict our study to
deterministic functions o. Let us consider the following semilinear PDE

{ Owu(t,x) + Lu(t, ) + f(t,z,u(t,z),! Vu(t,z)o(t)) =0, xR tel0,T], @.1)

U(Ta D=9,
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where L is the infinitesimal generator of the diffusion X %* solution to the SDE
X0 =g 4 / b(r, XE*)dr —|—/ o(r)dW,, t<s<T.
t t

The nonlinear Feynman-Kac formula consists in proving that the function defined by the formula
Y(t,z) € [0,T] x RY,  w(t,z) == Y" (4.2)
where, for each (tg,z0) € [0,7] x R?, (Yto:wo Zto:20) stands for the solution given by Theorem 2.5 to the

following BSDE

T T
Ytto,wo _ g(X;P’wO) Jr/ f(Sszo"zO;Ysto"zovzzmxo)ds 7/ Z;O’zOdWS, 0<t<T,
t

t

is a solution, at least a viscosity solution, to the PDE (4.1). Firstly, let us study the growth and the continuity of
this function.

Proposition 4.1 Let assumptions (F.1) and (B.1) hold. The function u defined by (4.2) has a polynomial growth
and is a continuous function. More precisely we have, ¥(t,t',z,z") € [0,T]? x R? x RY,

Ju(t,2)| < O+ Ja 1/,
u(t, 2) — u(t',2')| < C(+ 2|/ + /) |o — o) + CO+ [ T 4 12| T e — )2
Proof of the proposition To show the first point, it is sufficient to prove the estimate

E{ sup \Y;@ﬂ <C (140, 4.3)

t<s<T

By a very classical method we can easily show the estimate

E{sup \Y;’Iﬂ < CE

t<s<T

T
]g(X;Z)\2+/ ]f(s,Xﬁ,*””,O,Z;’I)]st].
t

Since | Z|"* < O(1 + |Xtvx|1/l), we obtain, by using the growth of g and f and classical estimates on SDEs,

E[ sup ’Y:JC‘Q] < CE [1—1— sup ‘X§7Z‘2(1+1/l)]

t<s<T t<s<T

< C (1 i |$|2(1+1/1)) -

Now, let us show the second part of the proposition. By a symmetry argument we are allowed to suppose that
t' > t. Then

U(t, ZC) . U(tl,l'/) - F [tht,w _ YV;’I} +E |:Y't1§,$ . Y,té/,mli| -
Cauchy-Schwarz’s inequality and growth assumptions on f and g give us
2

t/
B vl = B [ s Xy znas

t/
< |t_t/|E [/ ’f(SaX§7za}/;t’$aZ£7z)‘2d8
t
< Clh-tE |1+ s (IO ).
t<s<T

Thanks to a priori estimate on Z, a classical estimate on SDEs and (4.3), we obtain

B[ = Vo) <Ol ¢ (Lt [0,
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Now we will study the term E [Yt’fm — Yt’f/’m/} . We have, thanks to the classical linearization method,
Yt,:n - Yt',ac’ o f; Uff’x/du Xt.,:n - Xt',:c’
t t = e q( T ) —g( T )

T ’ o
+ / efts, U;:,I du |:f(s7 X‘z,m’ Yst7:1/" Z;’I) - f(s7 X; " Y Yst,w’ Z;’m) dS
+

T ! i ’
t

t,x t’,x’
‘}/t/’ - }/t/

< CEY [|o(xE) - o(x5)

< CEY” [Sup <1+|X§=””|1/Z+IX§'7I'
t' <s<T

1/l ’ ’
> ‘ngf _ Xt

o

to apply Girsanov’s Theorem. We obtain, by using the fact that f and g are locally Lipschitz,
ds}
< C<1+E9 7 [ sup ‘X;*z|2/l] +E9 7 [ sup ’Xﬁ * }
' <s<T ' <s<T
2] 1/2

’ ! ’ ’ l
with ‘U;W < Kyyand V2| < 2(1+ |zte| 4 }Zﬁ @ } ). Since Novikov’s condition is fulfilled, we are able
T a:l T ’ ’
+CE9 ’ / ‘f(&X;aﬂC’Y;t@’ZzJ) _f(SaXi J aY;’ZaZ;’w)
t/
). Once again we are able to use classical methods on SDEs

><IES;>Mr { sup ‘Xz’IfXg’z/

t'<s<T

Let us recall that VSW/

<O (14 X824 [x0

to obtain finally

t,x t'x’ 1/2
‘Y;,’l _ Y;, »T /

<O+ |X5"

1/1 xT xr
/+|:c'|1”)(\X§; —a! |+ =t (L XY

+ 1)
Classical estimates on SDEs allow us to conclude:

E ‘Yt,w _ Yt/,z/
t’ t’

<O+ lal + 1) (Jo = o/l + [t = ¢ (1 + [l + ')
U

Proposition 4.2 Let assumptions (F.1) and (B.1) hold. The function u defined by (4.2) is a viscosity solution to
the PDE (4.1).

Since we are able to use Girsanov’s transformation in the BSDE, we have a comparison result. Moreover, Propo-
sition 4.1 gives us that u is a continuous function. So the proof of the proposition is totally standard: for example,
it can be easily adapted from the proof of Theorem 4.2 in [14].

S Time approximation of quadratic and superquadratic Markovian BS-
DEs

5.1 approximation of the initial BSDE by a Lipschitz one

In a first time, we will consider the deterministic case for the function o and we will approximate the solution
(Y, Z) of the BSDE (1.2) by (Y, ZM) the solution of the BSDE (2.3). The aim of the following proposition is
to study the approximation error given by:

s(00) = | smp ¥~ 2

T

/ 2, — ZM 7 dt| . 5.1)
0

Proposition 5.1 [If we assume that assumptions (F.1) and (B.1) hold, then there exists X > 0 such that

e1(M) < Ce MM,
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Proof of the proposition Let us define processes Y :=Y — Y M and §Z := Z — Z™. We have

T T
5Ys = g(X1) — gar(Xz) + / (5. X0 Yos Z0) — far (s, Xo Y, ZM)ds — / 52,dW,.
t t

The classical linearization method gives us

T T
5Y; = dg +/ §fs + oY, UM + 62,V Mds — / §Z5dWs, (5.2)
t

t

with
69 = g(XT) - gM(XT)a 6fs = f(sa Xsa Y;a Zs) - fM(Sa Xsa Y;a Zs)a
(UM, VM) with value in R x R and
UM < Kpyy (VM <CH+J0ZL+ (2],
We can easily show that Novikov’s condition is fulfilled for V™ by doing the same calculus than for VP4 in
the proof of Theorem 2.5 (inequalities (2.8) to (2.10)). So, we are allowed to apply Girsanov’s theorem: W; :=

Wy — fot VM ds is a Brownian motion under the probability Q. Thus, by applying Cauchy-Schwarz’s inequality
and Markov’s inequality we obtain

M
Y, = Ef

T

t

M T
0Y;] < CEZ (1 +1X7) ) xpma + / <1+|Xs|1“”>1|x5|>Mds]
t
M 2 1/2
FQ e2MX7|
M 214171 1/2 &y |:
< C (1+E9 [|XT| o /)D A2
M {62,\\)(5\2}1/2

+C /tT (1 +E” [|XS|2<1+1/1>D1/2 Ef ds. (5.3)

Then we use the following lemma that we will prove in the appendix.

6)\]\/12

Lemma 5.2 We assume that assumptions (F.1) and (B.1) hold. We have

e Va € [1,4o00[, 3C >0,

EY" [ sup |Xs|“] <O +|X|%), Vtelo,T),
t<s<T

e 3C > 0,3 >0,Vu €0,

M
EY [ sup e”Xsﬂ < Cec“lx"‘2, vVt € [0,T].
t<s<T

Now (5.3) becomes,

1+1/1
O+ XY )eC)\\XtF

|65/t| < eAM2

By using Cauchy-Schwarz’s inequality, we obtain for all p > 1 and for all 0 < A < X with A small enough,

C 1
E { Sup |5Yt|p} S oork {(1 + sup |Xt|p(1+1/l))60p>‘ b“p0<t<T|Xt2]
0<t<T eP 0<t<T

1/2
¢ (1 +E [ sup |Xt|2p(1+1/l)} ) E [eCPAS“Po@gHXt'Q} 1/2.

M2
eP 0<t<T
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Let us remark that C' depends on \ but does not depend on \. By using classical results about SDEs (see e.g. the
beginning of part 5 in [6]) we have, forall p > 1,

1/2
E [ sup |Xt|2p(1+1/l)} < 400,
0<t<T

and, for A\ small enough,

E |:eCp/\SUP0<t<T|Xt|2] vz < +400.
Finally we obtain that
c
= o, 19F | < o4

To study the error on Z we come back to (5.2) and we apply Itd’s formula:
T T T
|6Y;]? +/ 16Z,|° ds = |6Y7p|? +/ 20Y, (6 fs + 6YV;UM 4+ 62,V M)ds —/ 20Y,0Z,dWs.
t t t

We obtain by applying Cauchy-Schwarz’s inequality

T T
/ 62,2 dt / SY, 6 fudt
0 0

1/2 1/2
< (1+2Ky,)E [ sup |(5Yt|2] +2T'’E [ sup |5Y}|2} E[ sup |(5ft|2]

0<t<T 0<t<T 0<t<T

T
/ 62,7 dt
0

6f,] < O+ | XM

T T
E < IE{|5YT|2}+2E +2E / 6Y,|> UMdt| + 2E / §5Y;:0Z, VM dt
0 0

1/2

1/4 L4
+2E E{ sup |5Yt|4] E{ sup ‘5VtM‘ ] .

0<t<T 0<t<T

Thanks to inequalities

and
VM < 0+ 20zl +[2M]) < o+ 1Xa),

it is easy to see that

E { sup |5ft|2] +E [ sup |5VtM|1 <C
0<I<T 0<t<T

with C' that does not depend on M. Then, by applying (5.4) and the inequality 2ab < % + 2b? we have

1/2

- T
C C c
) 2
E / 6Z:"dt| < —p t+ e T 2E / 0z dt|
0 0
(SRR R B
S oaeE T EE /0 |0Z:|"dt | .

Finally we obtain

C

< ——.
= epAM?

T
E l/ 62, dt (5.5)
0
To conclude, (5.4) and (5.5) give us the result. O
Now we want to obtain the same type of estimate in the quadratic case when ¢ is random. Since ¢ is not
necessarily bounded, Z could be unbounded even if g and f are Lipschitz functions with respect to .. So, we will
approximate the solution (Y, Z) of the BSDE (1.2) by (Y™ ZM) the solution of the BSDE

T T
TN = goagien s (X + [ by (X T par(Z2)ds = [ 2w, (50
t t
where p)y is a smooth modification of the projection on the centered euclidean ball of radius M such that |pas| <
M, |Vpu| < 1 and ppy(x) = x when |z] < M — 1. The aim of the following proposition is to study the
approximation error given by:

e1(M) ::E[ sup ’Y} —fﬁM‘Q] +E

0<t<T

T =072
/ |Z: — ZM]| dt]. (5.7)
0



5 TIME APPROXIMATION OF QUADRATIC AND SUPERQUADRATIC MARKOVIAN BSDES 21

Proposition 5.3 If we assume that assumptions (F.3), (B.3) hold and 2k < 1 — r, then there exists A > 0 such
that )
él(M) < Ce_’\M .

If moreover 2k < 1 — r, then there exist A > 0 and € > 0 such that

e (M) < Ce MM
Proof of the proposition Thanks to BMO tool, we have a comparison theorem that gives us an estimate for €.
Indeed, we can apply Lemma 3.2 in [18]: there exists ¢ > 1 such that

2q 1/q
(M) < CE||g(Xr) = glppawr (X2))| ]

2q 1/q

T
+CE (/O ‘f(S;XsaY;aZé) _f(sﬂp]\/j(lfn)*l (X‘s)ayt?apM(Zs))’d8> . (58)

Assumptions (F.3), (B.3) and the estimate on Z give us

|f(5, X6, Ye, Zo) = [ (8, pppirrm— (Xo), Y, pm(Z5))| < C(1+ |Xs|r)1|xs|>M<r+n>*1 +CA+1Zs)L 1z, >m
< C(1+ |XS|T)1|XS|T+“>M
+C(1+ |Xs|r+m)1\xs|”~>M/C—1
< C(1+ sup |XS|T+N)lsupU<S<T\Xs|T+”>M/C71

0<s<T

and

|9(XT) - g(pM(lﬂe)*l (XT))| (1 + |XT|T)1|XT|>M(T+~)*1

C(1+ sup |Xs|""")N +
y X"t M/C—-1"
0<s<T buPo<s<T| s =M/

<
<

By using Holder’s inequality and the fact that, for all p > 0,

E{mm|xm]<+m,
0<s<T

(5.8) becomes

/

q
e1(M) < CP < sup | X " > M/C - 1) (5.9)
0<s<T

with ¢ > 1. To conclude, we will use the following lemma that will be proved in the appendix.

Lemma 5.4 We assume that (F3) holds. There exists X > 0 such that

E {exp ()\ sup |Xt|2(1“)>} < +o0.
0<t<T

Since we have assume that 7 + x < 1 — x, Markov’s inequality and previous lemma give us, for M big enough,

2(1—
) ez\supogng\Xsl( =) C

r+K
P < sup | X >M/C-1) < eMM/C—1)2 S eAM2

0<s<T

Then, the first part of the Lemma is obtained by putting this inequality in the estimate (5.9). Whenr + x < 1 — &,

we denote € := ijrz — 1 > 0 and we obtain, for M big enough,

e suPo<a <l Xs 2T C
< 21 S :
eAMM/C—1)2(+e) eAM2(1+e)

P ( sup | X" > M/C -1
0<s<T

Finally, the last part of the Lemma is proved by putting this inequality in the estimate (5.9). U
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Remark 5.5 When 2k > 1 — r it is possible to show with the same proof that there exists X > 0 such that
C

aM) S ————~
exp ()\MQW)

When r = 1, it is also possible to recover the result obtained by Imkeller and dos Reis in [18] (they assume in
addition that r = 0): for all k € N, there exists C' > 0 such that

C
MFE
Let us remark that our result is more precise than the one of [18] and our proof is more simple since we do not
have to study the second order Malliavin differentiability of the BSDE.

e1(M) <

5.2 time approximation of the BSDE

In a second time, we will approximate our modified BSDE by a discrete time one. We denote the time step by
h = % and (tx = kh)ogr<n stand for the discretization times. One needs to approximate X by a Markov chain
X" which can be simulated. For example, we will consider the classical Euler scheme given by

X5 = z
{X" = Xﬁ#’hb(tk, )+O’(tk, )(Wtk+1 Wtk>a 0<k<n—1

tet1

We denote (Y M ZM:n) (resp. (Y M ZM:n)) our time approximation of (Y, ZM) (resp. (Y M, ZM)). These
couples are obtained by the classical explicit dynamic programming equation:

v = gu(Xp),
Ztt["n = 1iE, [ tfﬁf(Wml - Wtk)} , 0<k<n,
yMn = Etk[ M b (s g,nfﬂf,zf‘j’")}, 0<k<n,
and
v 9(Pprcrim-1 (XP)),
ZtI:[n = 1B, [th?(WtkH - Wtk)} , 0<Ek<n,
VA = By [V B (s pagiesnr (XE) Tl o (ZY)] 0 <k <,

In a classical framework, there is already results about the speed of convergence of BSDE time approximation.
Let us precise the classical result shown by [3, 29, 22].

Proposition 5.6 Let us assume that assumption (F.1) or (F.3) holds. We also assume that
e gis K4-Lipschitz,
o fis Ky ,-Lipschitz with respect to x, Lipschitz with respect to y and Ky .-Lipschitz with respect to z.

We denote (Y™, Z™) the time discretization of (Y, Z) given by the classical explicit dynamic programming equa-
tion. The error discretization is given by

tht1
e(n):= sup E UYt - Y, | } +ZE [/ |27 _Zt‘th] :

0<k<n

Then, there exists a constant C' that does not depend on K4, Ky, and Ky, such that

T
/ | Z,| dt
0

This proposition will be proved in the appendix. Now, the aim of this section is to study errors of discretization

e(M, n) and &(M, n) given by
el

o1 n-l tht
|+ 2=
k=0 b

e(n) < CeCKF= |14 K+ K;,+E h.

8, ]
0<t<T

e(M,n) ;= sup IE[ M,n Y

0<k<n

Zt’ dt]

and

_ 2
é(M,n):= sup E UY;M"—Ytk Z%’"—Zt‘ dt]
0<k<n
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Theorem 5.7 We assume that assumption (F.1) holds and (YM, ZM) is the solution of BSDE (2.3).
e Let assumption (B.2) holds. We have

c  ceoM
+ .
eCM? n

e(M,n) <

In particular, for all 1 < p < (rl)~", if we take M = (logn)P/? then e(M,n) = o(h'~%) for all ¢ > 0.

e Let assumption (B.1) holds. We have

C | CeOM

e(M,n)geclM2 -

C
In particular, if we take M = mvlogn then e(M,n) = o(h S ).

Proof of the theorem It is easy to see that

e(M,n) < 2(e1(M) + ea(M,n))

21 n! tht
2=l
k=0 b

The error e1 (M) is already studied in Proposition 5.1. Concerning the error ea (M, n) let us remark that (Y ZM)

is the solution of a BSDE with Lipschitz coefficients: indeed, g5s and fj; are Lipschitz with respect to = and y,

far is locally Lipschitz with respect to z and Proposition 2.3 gives us that Z is bounded. Thus, we are allowed
to apply Proposition 5.6:

with ey (M) defined by (5.1) and

M,n M M,n M
}/tk - }/tk Z - Zt

ty

ea(M,n) := sup E{

0<k<n

2
]

CeCK - (1 + K2

gm

+ K3 HE 120 dt] 4 B [supocicr [¥17])

n

ea(M,n) <

with K

gm

2. Estimations on Z™ given by Proposition 2.2 and Theorem 2.5 show us that E [ fOT ‘ZtM ‘2 dt} is bounded by

the Lipschitz constant of gar, and Ky,, ., Ky,, . the Lipschitz constants of fj; with respect to x and

. . 2 . ,
a bound that does not depend on M. Thanks to It6’s formula applied to e /ar vt ‘YtM ‘ and estimations on ZM

given by Proposition 2.2 and Theorem 2.5 it is also possible to show that E [supogth ‘YtM ﬂ is also bounded
by a bound that does not depend on M. Thus, we have

CK?
Ceher (14 K3, + K3,
_ .

Under assumptions (F.1) and (B.2) we have, thanks to Proposition 2.3, K,,, < C(1+M"), Ky,, » < C(1+M")
and Ky,, . < C(1+ (C(1+ M"))") < C(1 + M™). Finally, we obtain

62(Ma n) g

Cec‘]\/jzrl

ea(M,n) <
n

Under assumptions (F.1) and (B.1) we have, thanks to Proposition 2.3, K,,, < C(1+ Ml/l), Ko < C(1+
MY and Ky,, ., < C(1 + (C(1 4+ MY"))) < C(1 4+ M). Finally, we obtain

CeCM2

62(M, 7’L) <
n

O

Remark 5.8 Since o is a deterministic function, Euler and Milshtein schemes are equal, so the discretization
error on X is better. In this situation, authors of [15] show that the discretization error for the BSDE is on the
same order than the discretization error for the SDE if we assume extra smoothness assumptions on b, o, g and f.
More precisely, we could obtain the better estimate

C CM?
es(M,n) < ==

n2
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Theorem 5.9 We assume that assumptions (F.3) and (B.3) hold and (YM, ZM) is the solution of BSDE (5.6).

o [fwe assume that 2k < 1 — r then there exists 1 such that

C CeCM2

E(M5 n) < 601\12«#7]

n
In particular, for all (2+ 1)~ < p < 1/2, if we take M = (logn)P then e(M,n) = o(h'~¢) for all ¢ > 0.

o [fwe assume that 2k = 1 — r then we have

C | CeOM

é(M7 n) < eCIM2

n
In particular, if we take M = m\/m then e(M,n) = o(hﬁ ).
Proof of the theorem It is easy to see that
e(M,n) < 2(e1(M) + é(M,n))

with &, (M) defined by (5.7) and

zin 7
k

€2(M,n) = sup IE[
0<k<n

M,n v M 2 = b1
s gel)

k=0 tr
The error & (M) is already studied in Proposition 5.3. Concerning the error &z (M, n) let us remark that (Y™ | ZM)
is the solution of a BSDE with Lipschitz coefficients: indeed, g(p,,u—.-1(.)) and f(., p,,a-n-1 (), pas(.))
are Lipschitz with respect to z, y and z. Thus, we are allowed to apply Proposition 5.6:

2
.

CeORie (14 K2+ K3, +E [ [ |ZM " dt] + B [supperer [71]))

n

éQ(M, n) <

with K, the Lipschitz constant of g(p,,;—.)-1(.)), and K ., Ky . the Lipschitz constants of f(., p,;a-w)-1 (), -, pas(.))

. . . . . M2
with respect to « and z. Classical estimates on solutions of quadratic BSDEs show us that E [supogth |YtM ‘ }

and E [ fOT |ZM ]2 dt} are bounded by a bound that does not depend on M. Thus, we have

CeCKi: (1 + K2+ K]%@)

n

EQ(Mv n) <

Under assumption (B.3) we have, K, < C(1 + M"™ =), K;, < C(1 + M" %) and K;, < C(1 + M).
Finally, we obtain
CeCM?

o (M <
62( 7”) n

O

Remark 5.10 When 2k > 1 — r, the error estimate for €, (M) given in remark 5.5 is not sufficient to obtain a
“good” speed of convergence: the estimate on (M, n) becomes, for M well chosen,

C

e(M,n) < ———,
oM, m) < o

for all k € N*. This phenomenon is already explained in introductions of articles [26, 18].
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A Appendix
A.1 Proof of Proposition 2.3

To show the result we will use a classical truncation argument (see e.g. the proof of Theorem 4.1 in [12]). Our
truncation function py is the projection on the centered euclidean ball of radius N in R**¢, We denote (Y, ZV)
the solution of the BSDE

T T
YN = g(Xp) + / F(5, X YN g (2))ds — / ZNaw,.
t t

Now, this BSDE is also Lipschitz with respect to z. By the same calculus than in the proof of Theorem 3.1 in [26]
we can show that Z*V is bounded by

|ZN| < AT 0| (Ky+ TKy).

This bound does not depend on N so pn(ZY) = Z¥ for N big enough. Then a uniqueness result for BSDEs
with Lipschitz coefficients gives us that (Y, Z) = (Y, ZV) and the result is proved. U

A.2 Proof of Lemma 5.2

Thanks to the estimate on Z of Theorem 2.5 we easily show

X, = Xt—i—/ b(u,Xu)du—i—/ o(u)[dW,, + VM du)
t t

N

| X |Xt|+C+C/ | X | du +
t

S

sup | X, < |[Xy|+C+C sup |X,|du+ sup

I<r<s t tSrsu t<r<T

/t ) o (u)dW,
/tT o(u)dW,

The first part of the lemma is easily proved thanks to the previous inequality. Moreover, we also have
2) ]

It follows from the Dambis-Dubins-Schwarz representation theorem and Doob’s maximal inequality that

oM [ (
E; sup exp | Cu

t<s<T

)

and we deduce from Gronwall’s lemma the inequality

swp X1 <€ (14 10+ s
t<r<s t<r<T

/t ' o(u)dW,

/ts o(u)dW,

M . 2 M
Ef [eubum@@lxr‘ } < CeCHIXIED l sup exp (C'M
t<s<T

/: o(u)dW,

2
)] <E [ sup eC#|Ws|2] < 4E [eculd\ioﬂwﬂz} ,

0<s< (0|2, (T—1)

which is a finite constant if C o] T < 1/2. O

A.3 Proof of Lemma 5.4
Let us consider the process

Y, = (1 + |Xt|2)7 = F(X,).
1t6’s formula gives us

btXb(s, Xs) I
Y +(17I€)/ 5—’&Nds+—/ trace (V2F(X,)o(s, X,)'o(s, X,)) ds
0 o (1+|X6|2)% 2 o ( )

bt X o(s, X,
+(1—m)/ szzmczws
o (1+[Xs]7)=

Y:

t t
Yo Jr/ b(s,XS)der/ a(s, Xs)dWs,
0 0
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with |o] < C' and ‘B(t, z)‘ < C(1+ |#|"™"). Then, we have

u t
swp Vil < [¥al+ [ sup [beX0)[ds+ sup | [ a(s, Xdw
0<t<u 0 0<t<s o<t<u |Jo
u t
< |Y0|+CT+C’/ sup |X;|" " ds+ sup /5’(5,X5)dWS
0 0<t<s o<t<T |Jo
u t
< Yl+CT+C sup |Yi|ds+ sup /6(5,Xs)dWs ,
0 0<i<s 0<t<T |Jo

and we deduce from Gronwall’s lemma the inequality

sup Y| < C <1 + sup
0<t<T 0<t<T

t
/ (s, Xs)dWy
0

Since & is bounded, we are able to fit the end of Lemma 5.2 to show that there exists A > 0 such that

E [exp ()\ sup |Y}|2)} < 400.

0<t<T

Since |Xt|(1_'€) < |Y3|, the proof is complete. O

A.4 Proof of Proposition 5.6

It is already proved in [3, 29] for the implicit scheme or in [22] for the explicit scheme that e(n) = O(h). We just
have to rewrite the proof to show where constants K, Ky , and K . appear precisely. For the readability of this
article we will only give few key steps. Firstly, for the error in Y we find, for ~ small enough,

T
sup E|Y, *YtZ|2 < CeCK- (1+K%Z)hE[ sup |yt|2} + (14 K}, )hE / \Z,|? dt
0<k<n 0<t<T 0
n—1 Lttt B )
+CK7, > B [/ |2y — Z,| dt} , (A.D)
k=0 tr

with Z;, = %Etk j;t:“ Zdt. For the error in Z we find, for 4 small enough,

n—1 tht1 T
Z]E/ Z—2zp [Pdt < Ch 1+K;I+K§+E{sup |Yt|2]+KJ%ZE / | Z,|? dt
=0t ' 0<t<T ’ 0

n—1 tht
+CY E U
k=0 k

Nz - Zt,fdt} +CK}, swp B[V, - Y (A2)
t

sk<n

The study of the error ZZ;& E { tt:“ ]Zt — Ztk ‘2 dt} was done by Zhang in [29]. Theorem 3.5 in [26] improve
a little bit the estimate by studying how K appears in the constant. Let us rewrite the proof of this theorem.
We suppose in a first time that b, o, g and f are differentiable with respect to x, y and z. Then Y and Z are

differentiable with respect to  and we obtain that
T
/ IVZ,|”dt| ] .
0

Thanks to classical estimates onto the solution of the BSDE solved by (VY, VZ) we have

T
/ |VZ,|* ds
0

trt
k

n—1 1
> E U | Z, Ztk|2dt] <SCh(1+ K+ K7 ,)(1+ K7 ). (A3)
k=0 ¢

tht1
k

n—1
Y E [/ Zi — Zy|? dt} < Ch <K§ +Kj,+(1+K7,)E
k=0 t

E SC(+K;+K;,)(1+K7,).

Thus, we obtain
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By standard approximation and stability results for Lipschitz BSDEs this estimate stays true when b, o, g and f
are not differentiable. Finally, by putting together (A.1), (A.2) and (A.3), we have

T
/ | Z,|? dt
0

and the final result can be easily deduced. (]

e(n) < Che“%7- | (1 + K} )1+ K;+K7,)+(1+K§,)E +(1+Kj,)E [ sup |Yt|2}

0<t<T
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