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MADELUNG, GROSS-PITAEVSKII AND KORTEWEG

REMI CARLES, RAPHAEL DANCHIN, AND JEAN-CLAUDE SAUT

ABSTRACT. This paper surveys various aspects of the hydrodynamic formula-
tion of the nonlinear Schrodinger equation obtained via the Madelung trans-
form in connexion to models of quantum hydrodynamics and to compressible
fluids of the Korteweg type.

1. INTRODUCTION

In his seminal work [37] (see also [33]), E. Madelung introduced the so-called
Madelung transform in order to relate the linear Schrodinger equation to a hydro-
dynamic type system. This system takes (slightly) different forms according to the
context: linear or nonlinear equation with various nonlinearities. For the semi-
classical nonlinear Schrédinger equation (shortened in NLS in what follows):

ie0u + S A0 = f ((0°P?) v*
the Madelung transform amounts to setting
U (t,2) =/l d)e e,
so as to get the following system for p and v = V¢

ENNY,
(L1) 8tv+v-Vv+Vf(p)—?V (7>,

Op + div (pv) = 0.

This system is referred to as the hydrodynamic form of NLS because of its sim-
ilarity with the compressible Euler equation (which corresponds to é=0). The
additional term on the right-hand side is the so-called quantum pressure.

Madelung transform is crucial to investigate qualitative properties of the non-
linear Schrédinger equation with nonzero boundary conditions at infinity whenever
the solution is not expected to vanish “too often”. Of particular interest is the
so-called Gross—Pitaevskii equation

2
i+ 5 A0 = (0P — 1),

which corresponds to f(r) =r — 1 or, more generally, the case where [ is a smooth
function vanishing at some ro and such that f’(rg) < 0. This covers in particular
the “cubic-quintic” NLS (f(r) = —ai1 + azr — asr? with ag, asz,as > 0).

Using Madelung transform is also rather popular to study the semi-classical limit
of NLS. This requires p to be nonvanishing, though. We shall see below to what
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extent the presence of vacuum (that is of points where p vanishes) is merely a
technical problem due to the approach related to Madelung transform.

The hydrodynamic form of NLS may be seen as a particular case of the system
of quantum fluids (QHD) with a suitable choice of the pressure law, which, in
turn, enters in the class of Korteweg (or capillary) fluids. We aim here at further
investigating the link between these three a priori disjoint domains, through various
uses of the Madelung transform. In passing, we will also review some more or less
known facts pertaining to the theories of quantum fluids and Korteweg fluids. The
most original part of this work is a simple proof of a recent result of Antonelli and
Marcati [3, 4], on the global existence of weak solutions to a quantum fluids system.

1.1. Organization of the paper. The paper is organized as follows. The second
section is a review of the connexions of the Madelung transform with the semi-
classical limit of the nonlinear Schrodinger equation. In passing we briefly present
the state-of-the-art for the Cauchy problem for the Gross-Pitaevskii equation. In
Section Bl we solve the quantum hydrodynamical system (1) by a direct method
based on the use of an extended formulation, and explain how it may be adapted
to tackle general Korteweg fluids. In Section[d we review the use of the Madelung
transform and of the hydrodynamical form of the Gross—Pitaevskii equation to
study the existence and properties of its traveling wave solutions and of its tran-
sonic limit, both in the steady and unsteady cases. We give in Section [l a simple
proof of the aforementioned result of Antonelli and Marcati ([3, [4]). Lastly we list
in Appendix the basic conservation laws for the Schrédinger, the QHD and the
compressible Euler equations, and show that some of these laws naturally carry
over to general Korteweg fluids.

1.2. Notations.

e We denote by ||, (1 < p < 00) the standard norm of the Lebesgue spaces
LP(RY).

e The standard H*(R?) Sobolev norm will be denoted | - ||s.

e We use the Fourier multiplier notation: f(D)u is defined as F(f(D)u)(§) =
f(&)u(g), where F and = stand for the Fourier transform.

e The operator A = (1 — A)Y/? is equivalently defined using the Fourier
multiplier notation to be A = (1 + |D|?)'/2.

e The partial derivatives will be denoted with a subscript, e.g. us, uy, ... or
Oyu, Oz, . .. or even 0; (to designate 0y, ).

e (' will denote various nonnegative absolute constants, the meaning of which
will be clear from the context.

2. MADELUNG TRANSFORM AND THE SEMI-CLASSICAL LIMIT OF NLS

As already mentioned in the Introduction, we consider the equation

2
(2.1) i + S AV = [ (W) 5 u7(0,2) = Vpo()e ™ @Ve,

Here we have in mind the limit ¢ — 0. The space variable  belongs to R? in
this paragraph. The periodic case 2 € T¢ being of particular interest for numerical
simulations however (see e.g. [0 23] and references therein), we will state some
analogous results in that case, which turn out to be a little simpler than in the case
x € R%. In this section, we shall focus on two types of nonlinearity:
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e Cubic, defocusing nonlinearityﬂ:
F97 ) vf = [Py
The Hamiltonian associated to (2.IJ) then reads
Hiws (V) = [leVe©)Ze + [9°]| 7.

It is well defined on the Sobolev space H*(R?) in dimension d < 4.
e Gross—Pitaevskii equation:

F10e1?) 97 = (J0°]* = 1) =,

In this case, the natural Hamiltonian associated to (Z.1]) is

Hep (0°) = eV |3 + (|10 = 1[5
In both cases, the Hamiltonian defines an energy space, in which existence and
uniqueness for the Cauchy problem (2]) have been established.
The case of a defocusing cubic nonlinearity is now well understood. In dimension
d < 4 the corresponding NLS equation is globally well-posed in H'(R9), and the
additional H*(R?) regularity (s > 1) is propagated (see the textbooks [I8 [36] [44]
and the references therein).

The situation is more complicated for the Gross—Pitaevskii equation, where the
finite energy solutions ¢ cannot be expected to be in L?(R%), since |¢°|?> — 1 €
L?(R%). As noticed in [49, [50], and extended in [24], a convenient space to study
the Gross—Pitaevskii equation is the Zhidkov space:

X*(RY) = {¢ € L®RY) ; V¢ € H*Y(RY)} with s > d/2.

Remark 2.1. In the case € T, the spaces H*(T?) and X*(T?) (with obvious
definitions) are the same.

In the case z € R?, as a consequence of the Hardy-Littlewood-Sobolev inequality
(see e.g. [32, Th. 4.5.9] or [28, Lemma 7]), one may show that if d > 2 and
Y € D'(RY) is such that Vi) € LP(RY) for some p €]1,d[, then there exists a
constant 7 such that ¢ — v € LI(R%), with 1/p = 1/q + 1/d. Morally, v is the
limit of v at infinity. If d > 3 then we can take p = 2, so every function in X *(R%)
satisfies the above property; for d = 2, the above assumption requires a little more
decay on V) than general functions in X*(R?).

The well-posedness issue in the natural energy space
E(R?) = {¢ € Hi,(R?), V¢ € L*[RY), [9> - 1 € L*(R?)}
associated to the Gross-Pitaevskii equation has been investigated only very recently
by C. Gallo in [25] and P. Gérard in [28] 29], in dimension d < 4.

Let us emphasize that in the R? case, the energy space is no longer a linear space
(contrary to the case of zero boundary condition a infinity where it is H'(R™)),
hence solving the Gross-Pitaevskii equation in E(R?) is more complicated. How-
ever, if d = 3,4, one may show that E (Rd) coincides with

{v=c(l+v),ces ¥ e H'(RY),2Rev + [¢|* € L*(RY)},
which allows to endow it with a structure of a metric space. The case d = 2 is
slightly more technical.

IWe could consider more general defocusing nonlinearities such as f (w2 [2) ¢= = |¢|2oye,
o € N. We consider the exactly cubic case for the simplicity of the exposition only.
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2.1. Some issues related to the use of the Madelung transform. In the
semi-classical context, Madelung transform consists in seeking

(2.2) WF(t @) = V/p(t,w)e! /e

for some p > 0 and real-valued function ¢. Plugging (Z2)) into (Z1]) and separating
real and imaginary values yields:

2
s V3 (004 3568 +10)) = 5AV5 5 dmo = o

1
Oi/P+ VG- V/pt 5/pAd =0 5 pli=o = po-

Two comments are in order at this stage: the first equation shows that ¢ depends on
€ and the second equation shows that so does p in general. We shall underscore this
fact by using the notation (¢, p¥). Second, the equation for ¢° can be simplified,
provided that p® has no zero. Introducing the velocity v = V¢, (Z3) yields the
system of quantum hydrodynamics [II]) presented in the introduction.

To study the limit € — 0 (the Euler limit), it is natural to consider the following
compressible Euler equation:

(2.4) {(%v—l—v-Vv—FVf(p)—O i V=0 = Vo,

dp+div(pv) =0 ;  pit=0 = po-

Note that the solution to (Z4]) must not be expected to remain smooth for all time,
even if the initial data are smooth. In [38] (see also [47]), it is shown that compactly
supported initial data lead to the formation of singularities in finite time. In [42], the
author constructs a solution developing singularities in finite time, in the absence
of vacuum. In [2], it is shown that for rotationally invariant two-dimensional data
that are perturbation of size € of a rest state, blow-up occurs at time 7. ~ 7/&2.

Remark 2.2. In the framework of this section, we have f/ =1 > 0. As pointed
out above, the case f(r) = r?, 0 € N, could be considered as well. On the other
hand, if f/ < 0 (corresponding to the semiclassical limit for a focusing nonlinearity),
[24) becomes an elliptic system which may be solved locally-in-time for analytic
data (see [27, [6]). At the same time, in the case d = 1 and f’ = —1, it has been
shown in [40] that there are smooth initial data for which the Cauchy problem (Z4)
has no solution. In short, working with analytic data in this context is not only
convenient, it is mandatory.

Let us emphasize that the hydrodynamical formulations for the cubic NLS and
the Gross—Pitaevskii equations are exactly the same as in both cases we have
Vf(p) = Vp. From this point of view, studying either of the equations is mainly a
matter of boundary conditions at infinity: H*(R?) is the appropriate space for the
cubic NLS equation whereas X *(R?) is adapted to the Gross-Pitaevskii equation.

In the sequel, Z* denotes either H*(R%) or X*(R%). In addition, we set

7= () 2.

s>d/2
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Theorem 2.3. Let py, ¢ € C°(R?) with VP Voo € Z° for some s > d/2+1.
There exists a unique mazximal solution (v, p) € C([0, Tmax); Z°) to Z4). In addi-
tion, Tmax is independent of s > d/2+ 1 and

Tmax
T < +00 = / 10, /7))l dt = +o0.
0

Finally, if Voo and py are smooth, nonzero and compactly supported then Ty .x is
finite.

We investigate the following natural questions:

Question 1. Assume that po(x) > 0 for all x € R?. Can we say that p°(t,z) > 0
for allz € RY and t € [0, Tyax)? If not, what is the mazimal interval allowed for t?

We will also recall that despite the appearance, the presence of vacuum (existence
of zeroes of ¥°) is merely a technical problem: the Madelung transform ceases to
make sense, but a rigorous WKB analysis is available, regardless of the presence of

vacuum. See §2.3

Question 2. Let py, ¢g € C(R?) with py, Vo € H*(R?) for some s > d/2 + 1.
Suppose that the solution (v, p) to @A) satisfies p(t,z) > 0 for (t,x) € [0,7] x RY.
Can we construct a solution to (LI) in C([0,7.]; H®) (possibly with 0 < 7, < 7)?

We will see that in general, the answer for this question is no. Even though from
the answer to the first question, (IT]) makes sense formally, the analytical properties
associated to (CII) are not as favorable as for (24)). Typically, the right-hand side
of the equation for the quantum velocity need not belong to L2(R%).

Question 3. Let py, oo € C(RY) with po, Vo € X*(RY) for some s > d/2 + 1.
Suppose that the solution (v, p) to @A) satisfies p(t,z) > 0 for (t,x) € [0,7] x RY.
Can we construct a solution to (LI in C([0, 7]; X®) (possibly with 0 < 7, < T)?

2.2. Proof of Theorem We shall simply give the main ideas of the proof of
Theorem Complete proofs can be found in [38] for the cubic defocusing NLS
equation in Sobolev spaces, and in [I] for the Gross-Pitaevskii equation in Zhidkov
spaces.

In the framework of this paper, we have

Vf(p)=Vp.
Introduce formally the auxiliary function a = /p. This nonlinear change of variable
makes (Z4) hyperbolic symmetric:
Ow+v-Vuo+2aVa=0 ; w9 = Ve,
(2.5) 1
8ta+U-Va+§aV-U=O ;o ap=0 = /Py
This system is of the form

U1

d :

Ou+ Y Aj(w)diu=0, whereu=| * | R,
j=1 d
a
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and the matrices A; are symmetrized by the constant multiplier

(I 0
s=(450)
Standard analysis (see e.g. [45]) shows that (Z3) has a unique maximal solution

(v,a) in C([0, Tmax); Z%), provided that s > d/2 + 1 and that, in addition,

TK]]HX
T < +00 —> / (0, @) (8) o dt = +00.
0

We can then define p by the linear equation
dp+div(pv) =0 5 pu=o = po.

By uniqueness for this linear equation, p = a? (a is real-valued, so p is non-negative),
and (v, p) solves (2.4)).

We now briefly explain why compactly supported initial data lead to the forma-
tion of singularities in finite time. The first remark is that in this case, the solution
to ([24)) has a finite speed of propagation, which turns out to be zero: so long as
(v, p) is smooth, it remains supported in the same compact as its initial data. To see
this, consider the auxiliary system (Z.3)): the first equation is a Burgers’ equation
with source term 2aVa; the second equation is an ordinary differential equation
along the trajectories of the particles. Define the trajectory by

d
(2.6) Gty =vtaty) ; 20y =y
For 0 < t < Thax, this is a global diffeomorphism of R¢, as shown by the equation
d
o Vet y) = Vot 2t y) Vya(t,y) 5 Vya(0,y) =1d,

and Gronwall lemma. Therefore, for a smooth function f,

(Ouf +v- V) (tx(t,y) =0 (f (t,x(t,y))),
and (23] can be viewed as a system of ordinary differential equations.

Once the non-propagation of the support of smooth solutions is established, the
end of the proof relies on a virial computation (like in [48] B0], see also [I8]). This
computation shows that global in time smooth solutions to (Z3]) are dispersive
(see also [41]). This is incompatible with the zero propagation speed of smooth
compactly supported solutions. Therefore, singularities have to appear in finite
time.

2.3. A review of WKB analysis associated to (2.1]). We consider initial data
which are a little more general than in ([21]), namely

(2.7) ¥°(0, ) = af(z)eo@)/e,

where the initial amplitude af is assumed to be smooth, complez-valued, and possi-
bly depending on €. Typically, we assume that there exist ap, a; € Z°° independent
of € such that

(2.8) ay = ag +ea; + O(e?) in Z%, Vs> d/2.
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2.3.1. First order approximation. Introduce the solution to the quasilinear system

1
O + §|V90|2 +f(lal*) =0 ;  ¢p=0 = o,
(2.9) 1
ota+ Ve -Va+ §aA<p =0 5 ap= = ao-

Theorem shows that (2.9]) has a unique, smooth solution with a,Vyp € Z°°.
The main remark consists in noticing that ([Z3)) implies that (V¢, |a|?) has to solve
Z4) (ap may be complex-valued): Theorem yields v,p € Z°°. We can then
define a as the solution to the linear transport equation

1
6ta+U-Va+§aV-U:O i Q=0 = Qo-

Now |a|? and p solve the same linear transport equation, with the same initial data,
hence p = |a|?. Using this information in the equation for the velocity, define

o(t) = po — /Ot (%W)F +f (|a<T)|2)) dr.

We easily check that 9, (Vo —v) = VOp — 0w = 0, and that (¢, a) solves (2.9).
Introduce the solution to the linearization of (29)), with an extra source term:

8tg0(1) + V- V<p(1) + 2Re (Ea(l)) f (|a|2) =0 3 90\(3;0 =0,

1 1 i
aM + V- Va + Vo) . va + Ea(l)Agp + EaAga(l) = %Aa ; a‘(tllo =a.

We also check that it has a unique smooth solution, with a"), V(1) € Z>. The
main result that we will invoke is the following:

Proposition 2.4. Let af, ag, a1, o be smooth, with ag, ag, a1, Vo € Z°. Assume
that 28] holds. Then

(2.10) oF = (aew(l) +0 (5)) /% in L°([0,7); Z°), V7 < Tmax and s > 0.

This result was established in [31] when Z* = H*(R%), and in [I] when Z° =
X*(R9). Note the shift between the order of the approximation between the initial
data (known up to O(g?)) and the approximation (of order O(g) only): this is due
to the fact that we consider a regime which is super-critical as far as WKB analysis
is concerned (see e.g. [16]). In particular, the phase modulation o) is a function
of pp,ap and ay. It is non-trivial in general, and since we are interested here in
real-valued ag, we shall merely mention two cases (see [16, pp. 69-70]):

e If a; # 0 is real-valued, then ) = 0 in general.

e If a; = 0 (or more generally if a; € iR), then p(*) = 0.
To see the first point, it suffices to notice that the equation for o) gives (recall
that f/ =1):

at‘p|(tllo =

This shows that for (Z2)-(I) to yield a relevant description of the solution to
(1), we have to assume ag = /po and a; = 0. Otherwise, a phase modulation
is necessary to describe ¢ at leading order, by (2I0), which is incompatible with
the form (22]), unless the Madelung phase ¢° admits a corrector of order e. But
formal asymptotics in () give v© = v+0O(e?) = Vp+O(£?). Hence the Madelung
transform has a chance to give a relevant result only if a; = 0.

—2(10(11.
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To check the second point of the above assertion, we set & = Re (Ea(l)). Direct
computations show that (¢(!), a) solves, as soon as ag € R and a; € iR:

AW +Vp Vo) 1 20=0 ; 80\(1520 =0,
1
Oia+ Ve -Va = ~3 div (|a|2V<p(1)) —alp 5 ap—=0.

This is a linear, homogeneous system, with zero initial data, so its solution is
identically zero.

To conclude this paragraph, we briefly outline the proof of Proposition 24l The
approach in [I]] is the same as in [3T], with slightly different estimates. For simplicity,
and in view of the above discussion, we assume aj = a¢ independent of €. We write
the solution ¢ as ¥ = a%e’¥ /¢ (exact formula), where we impose

1
0" + 5IVE P+ £ (1a7) =0 5 o = 0,
(2.11) X )
0* + Vip© - Va© + Sa"Agf =iz Ad® 5 afmg = ao.

Note that both ¢° and a® depend on €, because the right-hand side of the equation
for a® depends on €, and because of the coupling between the two equations. Note
also that with this approach, one abandons the possibility of considering a real-
valued amplitude a®.

It is not hard to construct a solution to [Z1I1) in Z°, for s > d/2 + 2, and then
check that asymptotic expansions are available in Z°:

a® :a+£a(1)+(9(52) oo =p4ept) +0(e?).
Back to ¢, this yields Proposition 2.4l We see that the general loss in the precision
(from O(£?) in the initial data to O(g) in the approximation for ¢t > 0) is due to
the division of ¢ by e. Note finally that even though a; = 0, one has a(!) # 0: the

corrector al!) solves a linear equation, with a purely imaginary (non trivial) source
term, and so a(!) € iR is not trivial, while ¢!) = 0 since Re (Ea(l)) =0.

2.3.2. Higher order approximation and formal link with quantum hydrodynamics.
One can actually consider an asymptotic expansion to arbitrary order,

o =a+eaV +.. . Vg —I—(’)(ENH),
o =p+epM +.. +eNpM 10O (N), YNeN
For j > 1, the coefficient a®/) is given by a linear system for (¢\7), ), with source

terms involving (<p(k), a(k))ogkgj,l. In the case ag € R and a; = 0, we know that
©M =0, and a? is given by

1 1 )
dia® + V- Va® + ia(Q)Acp + Ve . Va + 5@A¢(2) = %Aa(l) ; al(fio =0.

We check that in the case afj = ap € R (which includes the case where Madelung
transform is used, ag > 0), all the profiles @ and a9, j > 1, are real-valued, while
a3t j > 0, are purely imaginary. Moreover, (2t = 0 for all j € N. This
is formally in agreement with (II): indeed, (1)) suggests that ¢¢ and p° have
asymptotic expansions of the form

(2.12) ¢° ~o+eldP ey pPapre?pP 4P
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On the other hand, we have

2
of = |a®|? ~ ’a—l—aa(l) —i—‘

o 2 _ _ 2
~ (a—i—...—f—azja(zj)—i—...) — (sa(l)+...+523+1a(23+1)+...) ,

since the a(*1’s are purely imaginary. This is in agreement with the second
formal asymptotics in (ZI2]). We can check similarly that (ZI2)) is in agreement
with the higher order generalization of (210, in view of the special properties of
the ¢U)’s and a¥)’s pointed out above.

2.4. Absence of vacuum before shocks.

Lemma 2.5. In Theorem [Z3, assume that po(x) > 0 for all z € RY (absence of
vacuum). Then p >0 on [0, Tax) x RZ.

Proof. As in Section [Z2] we use the fact that on [0, Tinax), the equation for the
density is just an ordinary differential equation. Introduce the Jacobi determinant

Ji(y) = detVya(t,y),

where z(t, y) is given by ([2.6). We have seen that J;(y) > 0 for (¢,y) € [0, Tax) X
R?. Change the unknown p to r, with

r(ty) = pt z(t,y) Ji(y).

Then for 0 < t < Thax, the continuity equation is equivalent to: 0;r = 0. Therefore,
1
p(tu :E) = T 7 _Po (y(tu :E)) )
Ji (y(t,z))
where x +— y(t,x) denotes the inverse mapping of y — z(t,y). O

We infer:

Proposition 2.6. Under the assumptions of Theorem [223, assume that po(xz) > 0
for all x € RY (absence of vacuum). Let 0 < T < Tax, and K be a compact set in
R<. There exists (T, K) > 0 such that for 0 < e < e(T, K), |¢¢| > 0 on [0,T] x K.

Proof. Proposition 2.4 shows that
[¥°| = |a| + O(e) in L ([0,T] x R?).

Note that the constant involved in this O(e) depends on T in general. Recalling
that a = /p, Lemma 23] shows that

min  a(t,x) =¢(T,K) > 0.
(t,z)€[0,T|x K

Now for 0 < e <e(T,K) <« 1,

17| = lal| <

and the result follows. O

o(T,K) in L™ ([0,T] x R?),

N =

In the case x € T¢, this shows that before the formation of shocks in the Euler
equation, and provided that ¢ is sufficiently small, the amplitude remains positive:
the right-hand side of (I makes sense. This point was remarked initially in
[27]. Note that the result of [26] in the one-dimensional case z € [0, 1] shows that
suitable boundary conditions lead to the existence of finite time blow-up for (IIJ).
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Therefore, the above result is qualitatively sharp (qualitatively only, for it might
happen that the solution to (L)) remains smooth longer than the solution to (24))).

Finally, we show that the compactness assumption in Proposition can be
removed in the case of the Gross—Pitaevskii equation. As regards the nonlinear
Schrodinger equation on R?, this issue seems much more delicate and will not be
addressed in this paper. Assume that the Gross—Pitaevskii equation is associated
with the boundary condition at infinity

[ (t,z)] — 1.
|z|— 00
Such a condition is used frequently in physics, possibly with a stronger one, of the
form (see e.g. [35] and references therein)
Ut w) — e 5,

|z|— o0
for some fixed asymptotic “velocity” v € R%.

Now, as regards the Gross-Pitaevskii equation, putting together the continuity of
¥° over [0,T] x R, the compactness of the time interval [0, T'] and Proposition 2.6]
we get

Corollary 2.7. Under the assumptions of Theorem [2.3, assume that po(x) > 0
for all = € R? (absence of vacuum). Assume moreover that the Gross-Pitaevskii
equation s associated with the boundary condition at inﬁnith

[v° (t, z)] — 1.
|z|— 00

Let 0 < T < Tyax. There exist e(T),c(T) > 0 such that
[V = e(T) on [0,T)xRY,  forall 0<e<e(T).

2.5. Functional spaces associated to the Madelung transform. It is rather
easy to see that the answer to Question [ is no, in general. Consider for pg the
function in the Schwartz class

polz) = e 17 k> 1.

At time ¢t = 0, the quantum pressure (right-hand side of ([LI])) grows like
hence the velocity v has no chance to belong to H® for general initial data in H°.
Thus, working in Sobolev spaces for general initial data does not make sense for
([TT), while the results in [31] show that it is a fairly reasonable framework to study
the semi-classical limit of (1.

On the other hand, like for the absence of vacuum, the answer to Question ] is
positive, at least if we consider some special boundary conditions at infinity.

|$|2k—1

3. SOoLVING THE QHD SYSTEM BY A DIRECT APPROACH

In the present section, we describe an efficient method to solve directly the
hydrodynamic form of (Z1) given by (II]), once performed the Madelung transform.
This method enables us to study the corresponding initial value problem for (I])
with data (vg, po) such that (vg, Vpo) has a high order Sobolev regularity and po
is positive and bounded away from zero. In addition to local-in-time well-posedness
results, we get (see Theorems Bl and B3] below) nontrivial lower bounds on the

?Note that this implies that there exists ¢ > 0 such that po(z) > ¢ for all z € R%.
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first appearance of a zero for the solution, which are of particular interest for the
study of long-wavelength asymptotics if the data are a perturbation of a constant
state of modulus one.

We here closely follow the approach that has been initiated in [§]. To help the
reader to compare the present results with those of the previous section however,
we keep on using the semi-classical scaling given by (2 (whereas € = 1 in [g]).

The use of a suitable extended formulation for (LI and of weighted Sobolev
estimates will be the key to our approach. Let us stress that, recently, similar ex-
tended formulations have proved to be efficient in other contexts for both numerical
(see [21]) and theoretical purposes. As a matter of fact, in the last paragraph of
this section, we shall briefly explain how our approach based on such an extended
formulation carries over to the more complicated case of Korteweg fluids.

3.1. Solving the QHD system by means of an extended formulation. The
“improved” WKB method that has been described in the previous section amounts
to writing the sought solution ¢° as:

s AE
1/}5 — afe /e

for some complex valued function a® and real valued function . In this section,
we rather start from the Madelung transform

UF =/pFe'” where /pf = [iF),
then write
W = /e with ®° = ¢ — z% log p°,

and consider the redundant system that is satisfied by both p® and 2 = V&° =
v® 4+ 1w® with v* = V¢® and w® = — 225 Vp©.

In order to obtain the system for z¢, we first differentiate the density equation
in (). This yields
€
Ow® +V(v° - w) = EV div v®.

Next, we notice that
2 AVp® B
2 pF

In consequence, the equation for v* rewrites

%

1
—% divw® 4+ §|wE

1
O + 07 - Vot = SV + %v divw® + Vf(p*) = 0.

Of course, 2° is a potential vector-field, hence V div 2° = Az® so that we eventually
get the following “extended” system for (p¢, z¢):

1 €
51) { 02" + 3V (5 ) + VI (p) = iZ A,
Op® + div(pco®) = 0,
d
where we agree that a - b := Z a;jb; for a and b in C9.

Jj=1
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Let us now explain how Sobolev estimates may be derived for (p°, 2¢) in the case
where p© = 14 b° for some b° going to 0 at infinity, and f(p°) = p® (to simplify).
The following computations are borrowed from [8]. For notational simplicity, we
omit the superscripts €.

In order to get the basic energy estimate, we computeﬁ:

d
@)+ p) = 2(/ (14 0)(z, 0p2) + / borb ) / b |22
dt Rd Rd
Iy
d
where the notation (a,b) = Z Reaj; Rebj +Imaj; Imb; has been used in ;.
j=1

Further Computations yleld Il = 1171 +1172 —|—1173 +1174 +Il-,5 and IQ = 1271 —I—IQ_Q

with
1171 = —/<Z,Vb>, 1271 = —/b diV’U7

1172 = —/b<Z,Vb>, 12_’2 = — /b le(b’U)
ha= [(ni580),

1174 :/b<Z,Z%AZ>,

L= —% /P<27V(Z - 2)),

Using obvious integrations by parts we readily get
1111 + 1211 = O, 1172 + 1272 =0 and 1173 =0.

Therefore, integrating by parts in I; 4 also, we get

jt (14 D)) +1?) = /6<z,in-Vb>—2/p<z,Vz-z)+/8tb|z|2.

For “general” functions b and z, the appearance of the terms Vb and Vz would
preclude any attempt to “close” the estimates. In our case however, as the algebraic
relation —eVb = 2pw holds true, one may avoid this loss of one derivative for one
may write

—&(2,iVz-Vb) — 2p(2,Vz - z) = =2p(z,Vz - v).

Now, integrating by parts an ultimate time, we conclude that
d
5 [elel 0%y == [o0-91ap + [anap -

Hence, / (p|z|* 4+ b%) is a conserved quantity.

The same algebraic cancellations may be used for getting higher order Sobolev
(or Besov) estimates. Indeed consider an “abstract” pseudo-differential operator

3The method may seem uselessly complicated. However, the algebraic cancellations that are
going to be used remain the same when estimating higher order Sobolev norms.
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A(D) (for instance a differential, a fractional derivatives or a spectral localization
operator). Then one may write

& [+ DIAD)=P + (ADD?)
- 2(/(1+b)<A( )2, 0, A /A )b ;A ) /6tb|A
Iy
We notice that Iy =1+ Lo+ Lis+Lia+1is and IQ =11+ 19 w1th
Ly =— / (A(D)z, VA(D)b), Ly = — / A(D)b div A(D)v,
Lo =— / b(A(D)z, VA(D)b), Lo = — / A(D)b A(D) div(bv).

ha= [(AD)i5AAD)2)
L= /b<A(D)z,¢§AA(D)z>,
ha=-5 [ PAD)Z ADIT (- 2),

As above, obvious integrations by parts ensure that I; 1 + o7 =0 and I; 3 = 0.
Next, using again integrations by parts, we notice that

Lo+ 1o = /A(D)b div[b, A(D)]v.

Finally, integrating by parts in 1 4 and using the fact that —eVb = 2pw yields
ha= [{AD) (VD)) - (pu),

and we have

I s =— /(A(D)z, A(D)Vz-(pv+ipw)) +/p<A(D)z, VA(D)z-z— A(D)(Vz-z)).

Therefore, using the fact that d;p + div(pv) = 0, we conclude that

2(I1a+ L)+ 13 = 2/p<A(D)z, VA(D)z-z— A(D)(Vz - 2)).
Putting all the above equalities together, we thus get

1 [ lADE + (4D?) = [ AD)p divip, D)

2.dt
+/p<A(D)z, VA(D)z-z— A(D)(Vz-z2)).

If, say, A(D) is a fractional derivatives operator, then one may show by means of
classical commutator estimates that the right-hand side may be bounded by

Clipllz (Db, Dz)| L= [|(A(D)b, A(D)2)|| 72
Therefore,

jt (Pl A(D)z[* + (A(D)b)?) < Clpll o= [[(Db, D2)|| = [|(A(D)b, A(D)2)|7-
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Denoting by E(t) the left-hand side and resorting to Gronwall lemma, we thus get

(3.2) EA<t><EA<o>exp(c / ||p|Lm||p-1||Loo||<Db,Dz>||Loodf).

It is now clear that whenever Db and Dz are bounded in L'([0,7T]; L>) and p is
bounded from below and from above then we get a control of A(D)b and A(D)z in
1[0, TJ; L?).

Taking A(D) = A® and performing a time integration, (8:2) implies that

T
(3:3) |(baz)(f)|HsSC(||(b0=ZO)|HS+ / |<Db,Dz>|Loon(b,z)(t)nmdt)

for some constant C' = C(s,d, || p™!||L)-

So assuming that s > 1 4 d/2 and using Sobolev embedding and Gronwall’s
inequality, one may conclude by elementary methods to the following statement.

Theorem 3.1. Let s > 1+ d/2. Assume that pg = 1 + by for some by € H*T1(R?)
such that 1+ by > 0, and that vo € H*(R?). Then there exists a time

C
T>T,:= with C = C(s,d, || pE|| 1
= ool + Vol + ool (& 3™ =)
such that (LI)) has a unique solution (v, pf) on [0,T] x RY with p* = 14 b° bounded

away from 0 and (v¢,b°) € C([0,T); H* x H*TH N CL([0,T); H*72 x H*™1).

Remark 3.2. Combining basic energy estimates for the wave equation with the
above result, one may control the discrepancy between (b,v) and the solution to
the acoustic wave equation

{&Hvb:o P =0 = 0,

(3.4) . .
(%b + leU = O y b‘tZO = bo.

We have, up to time Tp,
10 = 0,55 = D))= < C (b0 o) 2o g + €2 bos )| o1 1)-

Note also that (B3] provides a blow-up criterion involving the W2° norm of
b and the Lipschitz norm of v. In particular, this implies that for given data in
H® (s > 1+ d/2), the lifespan in H* is the same as the lifespan in H*', for any
1+d/2<s <s.

3.2. Dispersive properties and improved lower bounds for the lifespan.
The system for (b, v) reads

V(%Ab— 2ip2|vz)|2),

NS

oww+v-Vuo+ Vb=
Ob 4+ dive = — div(bv

Therefore the linearized system about (0,

(3.5)

o =

) is not (B4) but rather
. 52 .

Orb + Vb = T VAD,

Ob + div e = 0.

A straightforward spectral analysis (based on the Fourier transform) shows that
the above linear system behaves as the wave equation with speed 1 for frequencies
small with respect to 1/, and as the Schrédinger equation with coefficient £/2 in

(3.6)
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the high frequency regime. In fact, in dimension d > 2, it is possible to prove
Strichartz inequalities (related to the wave and Schrodinger equations for low and
high frequencies, respectively) for [B8]). In the case of small data (bg,vp), these
inequalities allow to improve the lower bound for the lifespan (see also [22] where a
similar idea has been used in the context of the incompressible limit for compressible
flows). For the sake of simplicity, let us just state the result in dimension d > 4
(the reader is referred to [8] for the case d = 2,3 and for more details concerning
the approximation of the solution by (B.4l)):

Theorem 3.3. Under the assumptions of Theorem [T 1] with s > 2+ d/2, then the
lifespan T may be bounded from below by

C
(ool = + el Vbol[rrs + [voll zrs+1)?

and the discrepancy between, (b,v) and the solution (b,v) to BB) with the same data
may be bounded in terms of t and of the data, up to time T}.

T1 =

3.3. Extended formulation for Korteweg fluids. Compared to the “improved”
WKB method, the main drawback of the direct approach based on an extended
formulation for solving () is that vanishing solutions cannot be handled.

On the other hand, the direct method is robust enough so as to be used to
solve locally more complicated models such as the following system governing the
evolution of inviscid capillary fluids:

(3.7) { O +v-Vo+ Vf(p) = V(H(p)Ap + %Iil(p)|Vp|2),
Orp + div(pv) = 0.

Physically, the function & correspond to the capillary coefficient. Obviously, Sys-
tem (L)) is included in (B7) (take x(p) = €2/(4p)). In the general case, introducing

=/p w = 1/ Vp and z =v+ 1w,

we get the following extended formulation for (37)
{ Oz+v-Vz+iVz-w+Vf(p) = zV(a(p) div z),

(3.8)
Owp + div(pv) = 0.

Note that in the potential case (namely curl z = 0) then v-Vz+iVz-w = 1V(z-2).
Note also that in the general case, the second order term V(a(p) div z) is degenerate.

The case of System (1)) is particularly simple inasmuch as a is the constant
function €/2 and Vdivz = Az.

For general capillarity coefficients, one may prove a local well-posedness result,
similar to that of Theorem Bl This has been done in [7]. The proof relies on the
use of weighted Sobolev estimates, with a weight depending both on p and on the
order of differentiation.

As for the QHD system, we expect the potential part of the solution to Sys-
tem ([B1) to have dispersive properties in dimension d > 2. The general situation
is much more complicated however, because those properties are related to those
of the quasilinear Schrodinger equation. To our knowledge, this aspect has been
investigated only very recently in a work by C. Audiard [5] that concerns potential
flows.
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4. ASYMPTOTICS FOR THE GROSS—PITAEVSKII EQUATION

This section is concerned with the existence and asymptotics of traveling wave
solutions for the Gross-Pitaevskii equation

(4.1) ihy + Ap+ (1 — [¢*)y = 0,

which may be obtained from 1) (with f(r) = r — 1), up to the factor
performing the change of unknown:

VE(t, o) = (e M, e M),
Equation (41 is associated to the Ginzburg-Landau energy (or Hamiltonian):

(1.2 Hw) =5 [ 9o+ g [ o

As a consequence, in contrast with the cubic NLS equation, the natural energy
space for (@) is not H*(R?) but rather

ERY) = {4y € H(RY), s.t. H(Y) < +oo}-

As pointed out before, for H()) to be finite, |¢p| must, in some sense, tend to
1 at infinity. This “nontrivial” boundary condition provides (@Il with a richer
dynamics than in the case of null condition at infinity which, for a defocusing NLS
type equation, is essentially governed by dispersion and scattering. For instance,
in nonlinear optics, the “dark solitons” are localized nonlinear waves (or “holes”)
which exist on a stable continuous wave background. The boundary condition
|(t,z)] — 1 at infinity is due to this nonzero background. In the context of
superfluids, 1 is the density of the fluid at infinity.

1
5, after

Similarly to the energy, the momentum
1 .
P@w) =5 [ Ve ),
R4

is formally conserved. This quantity is well defined for ¢ € H'(R?) but not for
solutions with a finite Ginzburg-Landau energy. A major difficulty in the theory of
the Gross-Pitaevskii equation is to find an appropriate definition of the momentum
which leads to a conserved quantity. A natural definition would be

P =3 [ (Ve .0-1),

but this would require for instance that ¢ — 1 € L%(R?).
In any case we will denote by p the (scalar) first component of P which will play
an important role in this section.

Recall that the use of the Madelung transformf]
¥ = e,
leads to the following hydrodynamic form of the equation for ¢ and v =2V ¢ :

O —+v-Vu+2Ve? = 2V<%>,
(4.3) 0

0y 0% + div (¢%v) = 0.

4In this section, we use the normalization of [9 [I0], instead of ¢ = Vpetd.
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As pointed out before, if we discard the right-hand side of the first equation and
look at ¢? as the density of a fluid with velocity v, then the above system coincides
with the Euler equations for a compressible fluid with pressure law P(p) = p?. In
particular, the speed of sound waves near the constant solution v = 1 is given by

cs = V2.

As we will see below, this sound speed (the value and relevance of which is not so
obvious if looking at the original Gross-Pitaevskii equation ([@1])), plays an impor-
tant role in various aspects of the dynamics of ([Il). The value of ¢5 may be also
found by neglecting the quantum pressure term and linearizing for a perturbation
¥ = (1 + ) exp(i¢). This leads to the wave equation:

20 — 200 = 0.
Note that if the quantum pressure is included (as in ([B6])) then the linearization
reads:
976 —200— A% =0,
which, roughly, is the factorization of two linear Schrédinger operators.

The Madelung transform and the hydrodynamic form of ({IJ) turn out to be of
great interest to study the Gross-Pitaevskii equation with finite Ginzburg—Landau
energy since the solution is expected to have very few “vortices” (or cancellations).
Even in the “Euler limit” that has been presented in Section 2l one can use it
outside the vortices ([I4, I5]) to study the traveling waves of sufficiently small
velocities. Let us also stress that the hydrodynamic form of the (one dimensional)
Gross—Pitaevskii equation is needed in order to define a generalized momentum in
the context of the orbital stability of the black solitons (such solitary waves have
zeroes. .. ); see [11].

In the present section, we shall concentrate on the transonic limit of solutions
to the Gross-Pitaevskii equation. We shall first present a result pertaining to the
asymptotics of traveling waves with speed ¢ tending to the sound speed cs, in the
case d = 2, in connexion with the (KP I) equation (see below). Next, for the one-
dimensional case, we give an accurate description of the transonic long wave limit
of (@I) in terms of solutions to the KdV equation.

4.1. The transonic limit of finite energy traveling waves. Finite energy trav-
eling wave solutions of (@] are solutions of the form v (x,t) = 6(x; —ct, z) where

H(0) < +oo and x denotes the transverse variables xa,---,x4. The profile 0
satisfies the following equation:
(4.4) ic)10 + A0+ 60(1 —10*) = 0.

A suitable functional setting for the study of such traveling waves is the space:
W(RY) = {1} + V(RY),

with

V(RY) = {¢: R = C, (V,Rey)) € L2(RY)?, Im e LY(R?), VRetp € L¥3(RY)}-

Indeed, given that W (R?) is a subset of the energy space E(R?), for any data in
W (RY), Equation (@I admits a unique solution. In addition, one may show that
this solution stays in W (R%) (see [28,29]). Furthermore, the quantity (i0;v, ¥ —1) is
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integrable whenever 1 € W (R?), so that the scalar momentum p(v)) is well-defined.
This is a consequence of the identity

(4.5) (01,4 — 1) = 1 (Re ) Im1p — Oy (Im ) (Re s — 1),

and various Holder’s inequalities.
So finally, H and p are continuous on W (R?) and all finite energy subsonic
solutions to (A4) have to belong to W (RY). Moreover, if ¢» € W (R%) may be lifted

as 1) = gexp(i¢g) then
1 1
(1.6 p) = [ o w-1) = [ 1= oo,

Notice that for maps which may be lifted, with o > %, the last integral makes sense,
even if we assume that v only belongs to the energy space F(R?).

To simplify the presentation, we shall focus on the simpler case d = 2. We shall

denote z = z; and y = - = x».
It is proven in [9] that, for any p > 0, the following minimization problem
(4.7) Hunin(p) = inf{H(¢), 9 € W(R?),p(¥)) = p},

has a solution u, which is a nontrivial traveling wave. We call it a ground state.
In the rest of this subsection, we focus on the asymptotics p going to 0 for u,,
in connexion with the Kadomtsev—Petviashvili I (KP I) equation

Up + Uty + Uz — O "y = 0,
where the antiderivative is defined in Fourier variables by 0z *f(£) = %f({)

The following proposition states that the corresponding speed c¢(uy) tends to ¢,
and gives the first term in the asymptotic expansion for both Hmin(p) and c(uy).

Proposition 4.1. There ezist positive constants p1, Ko and Ky such that we have
the asymptotic behaviors

(4.8) 700 = Kop' <V2 — Humin(p) < Kap®, VO <p <pu,
KP
where Sk p stands for the action of the KP I ground state N of velocity 1, that is
1 1 1 1
(4.9) SKP:—/ (311\7)24——/ O (OyN)*—= | N*+- [ N2
2 R2 2 R2 6 R2 2 R2

Moreover, the map up has no zeroes and there exist some positive constants pa,
K5 and K3 such that

(4.10) Kop? < V2 —c(uy) < K3p?, Y0 < p < po.

Actually, it was established in [9] that if ¢ is a finite energy traveling wave of
sufficiently small energy, then

1
— 1.
2<|1/)|<

This implies that small energy traveling waves have no zeroes and thus can be
lifted according to the Madelung transformation. This is in particular the case of
minimizers u, corresponding to small enough values of p.
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The transonic limit to KP I for traveling waves is obtained through the following
change of scales:

We then set

n=1- > Ny(z,y) = 6(2)277 (e(gf/))’ 6{3%) '

It turns out that Ny converges to a traveling wave solution of the (differentiated)
KP1I equationﬁ as €(1) — 0, that is it approximately solves the equation
(4.11) — Wez — Wyy + Wazze + (WWy)e = 0.

More precisely, denoting Ny = 1 — |up|? where uy = |up|e’® is a minimizer of the
energy with fixed momentum p, and

Op(r,y) = 6\/5% <£’ @) )

€p €p P

we have (see [10]):

Theorem 4.2. There exist a subsequence (pn)nen tending to 0, as n — +o00, and
a ground state w of the KP I equation such that both N, and O, tend to w in
Wk4(R2) (for any k € N and q € (1,+00]) as n goes to +o0.

Remark 4.3. Those results on the transonic limit of solitary waves have been
recently extended in [T9] to the three-dimensional case with also general nonlinear-
ities (see also [39] for other existence results). The additional serious difficulty is
that the Gross—Pitaevskii ground states solutions are no longer global minimizers
of the energy with fixed momentum and thus not expected to be stable.

4.2. The unsteady transonic long wave limit of the Gross—Pitaevskii equa-
tion. The Madelung transform is also crucial to derive and justify the transonic
(weak amplitude, long wave) limit of the Gross—Pitaevskii equation.

With the scaling which is used in this section and for data which are perturba-
tions of order £2 of a constant state with modulus 1, Theorem 3.1l and the remark
that follows ensure that the linear wave equation gives a good approximation of the
solution for t = o(¢?). In the present paragraph, we describe what happens at next
order. We shall see in particular that, up to times of order e =3, the Korteweg—de
Vries (KdV) equation

Ut + Uly + Uggy = Oa
gives an accurate approximation of the one-dimensional Gross-Pitaevskii equation
(4.12) (04 + Dpath + (1= [9[*)9 = 0
with data which are small long-wave perturbations of the constant one, namely
1 = pe'® with

9 1/2

E” A0 0

(4.13) 00 = (1 - ENE (5:6)) . ¢o = —=0(ex),

5Actually7 to a ground state solution of the KP I equation, that is a minimizer of the Hamil-
tonian with fixed L? norm.
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for 0 < e < 1, and N? and W2 = 9,0¢ are uniformly bounded in some Sobolev
space H¥(R) for sufficiently large k.

We refer to [12], [13] for a detailed analysis and will only summarize the limit to
(long) waves propagating in two directions and following a coupled system of KdV
equations.

Recall that the one-dimensional Gross—Pitaevskii equation (12 is globally well
posed in the Zhidkov type spaces Y*,

YER) = {4 € Lioo(R; C), 1— [0 € L*(R), Outp € H'(R)},
for any integer k > 1.

Moreover the Ginzburg-Landau energy H(u(t)) is conserved by the flow and,
provided H () < %5, the corresponding solution v (¢) does not vanish so that one
may write 1) = gexp(i¢), for some continuous function ¢.

We consider data as in [@I3]) with small enough e and assume in addition that

N2 pmcry + 110202 pmr) < +00.
Here, || - | p(r) denotes the norm defined on Lj, .(R) by

loc

b
T p—— ‘ [ rtwyis
(a,b)eR?| Ja

We next introduce the slow coordinates
3
€
:vfzax—i—\/ﬁt, :v+:£x—\/§t, and 7 = ——t.
(@+v20), o = (o = VY N
The definition of the coordinates 2~ and z™ corresponds to reference frames trav-
eling to the left and to the right, respectively, with speed v/2 in the original coor-

dinates (t,r). We define accordingly the rescaled functions N* and ©F as follows:

6 6 221 zE  4r .
N;t(75xi)zg_2n(tax):€_2n <8—37?i§> Wlth ’I]:l—g27
(4.14) )
2 2 242 4
0% (r,0%) = 24012 = V2 ( vir ot _§> |
5 € 5 5 €
Setting
U (t,27) = % (N (1,27) 4+ 0,-0" (1,27)) ,
(4.15) :
Uf(r,z%) = 3 (N (r,27) = 0,407 (1,2T)),

the main result is (see [I3] for details):

Theorem 4.4. Let k > 0 and € > 0 be given. Assume that the initial data g
belongs to YET6(R) and satisfies the assumption

N2y + 10202 macey + IN2l sy +ell 05PN L2 ry + 1020 s ) < Ko
Let U™ and UT denote the solutions to the Korteweg—de Vries equations

OU + U +U O,-U =0,
and

oUT - Ut —Uto Ut =0,
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with the same initial value as UZ and UZX, respectively. Then, there exist positive

constants €1 and K1, depending only on k and Ky, such that
1UZ (7, ) = U Com) ey + 1US(7,) = UF (1) |y < Kae® exp (Kalr])
for any T € R provided € < ¢1.

We now turn to the two (or higher) dimensional case, which is studied in [20]
for a general nonlinear Schrodinger equation of the form similar to (E.TI)

0+ A = ([,
where f is smooth and satisfies f(1) =0, f/(1) > 0.
One also uses a “weakly transverse transonic” scaling, namely
T =ce®t, X, =¢e(xy —ct), X; = £2xj, j=2---,d.
After performing the ansatz
VE(t, X) = (1 + 2 A%(t, X)) exp(ied®(t, X)),

the hydrodynamic reformulation of the Gross—Pitaevskii equation is used to recast
the problem as a singular limit for an hyperbolic system in the spirit of [31I]. Then
smooth H?® solutions are proven to exist on an interval independent of the small
parameter €. Passing to the limit by a compactness argument yields the convergence
of the solutions to that of the KP-I equation. Note however that this method
does not provide a convergence rate with respect to e, contrary to the KdV case
considered above.

In comparison, for such data, Theorem [3.3] would ensure that the linear system
([3.6) gives a good description of the solution only for times that are o(e~3) (see the
introduction of [8] for more details).

5. GLOBAL EXISTENCE OF WEAK SOLUTIONS TO A QUANTUM FLUIDS SYSTEM

We aim at providing an elementary proof of the result by P. Antonelli and
P. Marcati in [3| 4] concerning global finite energy weak solutions to the QHD
system. Here is the statement:

Theorem 5.1. Let the initial data (po, Ag) € Wt x L? be “well-prepared” in the
sense that there exists some wave function 1o € H' such that
po = |ol® and Jo = /poAo = Im (o V).

Assume that f(r) =r° for some integer o such that WH(R?) — LoTH(RY).

There exist some vector-field A € L>(R;L?) and some nonnegative function
p € L®(R; L* N LoHY) with V/p € L>(R; L?) such that the following system holds
true in the distributional sensel:
Op + divJ = 0,

1
OnJ +div (A @A) + V(P(p)) = 7AVp = div (V/p @ V/p),
0;J% — O J? = 20%0;\/p — 200k /p  for all (j, k) € {1,--- ,d}?,

(P ) jt=0 = (po, Jo),

6In the smooth non-vanishing case, the right-hand side of the second equation coincides with
that of the velocity equation multiplied by p in (LI)) with e = 1, and the third equation just
means that there exists some function ¢ such that J = pVe¢.
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with J := \/pA and P(p) := pf(p) — F(p) with F(p) = fop f(p)dp'.
In addition, the energy
1 1
[ GIar + 319V + F(0)
Rd
is conserved for all time.

Proof. Let us first prove the statement in the smooth case, namely we assume that
the data 1)y is in H® for some large enough s. It is well known that

) 1
(52) 0w+ 580 = F (W) 6 5 bumo = v
has a unique solution ¢ in C'(R; H*) whenever s > 1 (see e.g. [I8] 36, 44]) and that

63 wer [ (G900l +F o) = [ (GIv0r+F (k).
Let us set p := [1|? and

)| "tz if T 0,
(5.4) o(a) ;:{ AR ZEx;fo

We claim that
(5.5) Vp =Re(¢Vy) a. e.

Indeed, for € > 0, let us set ¢. :=1//|¥|?> + 2. Then (¢.) converges pointwise to
¢ and an easy computation shows that

(5.6) o) = V/p uniformly.
Next, we compute
(5'7) V((ZBE’QZJ) = Re(ésv'@[]) + Re(wvéa)'

The first term in the right-hand side converges pointwise to Re(¢V1) hence in LllOC
owing to Lebesgue’s theorem as it is bounded by |V)|.
As for the last term, we have

2

ERAVRRE
It is clear that the right-hand side converges pointwise to 0 and is bounded by |V|.

Hence it also converges to 0 in L] .
So finally, putting these two results together with (6] and (2.7), one may con-

clude to (&.3).
Let A :=Im(¢V) and J := \/pA. We claim that (p, A, J) satisfies (G.1). Indeed,
from (5.2), we see that

0 (|¢1*) = 2Re(P0p))) = —Im(YAY) = —Imdiv ($ V),

Re(4V¢.) = Re(y V).

hence
(5.8) Oip +divJ = 0.
Next, we compute

0;J" — Ok 7 = Tm(9; (1hOrt)) — Ok (1)) = 21m(0;40k1)).



MADELUNG, GROSS-PITAEVSKII AND KORTEWEG 23

Recall (see e.g. Theorem 6.19 in [34]) that
(5.9) Vyp=0 a. e on ¢ '({0})
whenever v is locally in W11,

Therefore, given that |¢| = 1 on »~1(C\ {0}), one may write a. e.

Im (9;00k1p) = Im(¢0;4 ¢Okt)) = Re(¢0;1)) Im(¢pdx1p) + Re(p0y) Im(40;4).
So we eventually get
(5.10) 0;JF — OpJ7 = 20;/p A¥ — 20, /p AT
Next, we compute

0¢J =1m(0p) Vip + Vo).
Hence, using the equation satisfied by 1, we get
0, = L Re(V 8w - AUTY) + Re(F(W)FVY ~ DV ()

A B

If ¢ is C! and the function f has a derivative at every point of RT, then straight-
forward computations show that

(5.11) B=—pf'(p)Vp=—=V(P(p)).
Next, we see that (still in the smooth case)

VA2 = 4Re(V2 : V) + 2Re(VYAD) + 2Re(yVAY).

Hence )

A= 5VA|¢|2 — 2Re(AYVY) — 2Re(V?) : V).
So we get
(5.12) %A: EVAIW — div Re(Vy) @ V).

Now, using again (5.3)), one may write at almost every point of R?,
Re(VY @ V) Re(sV @ V),
= Re(¢VY) @ Re(¢VY) + Im($Ve) ® Im(¢V)).

Therefore, we have

(5.13) Re(VY @ Vi) = V/p @ V{/p+A®A.

Putting this together with (EI1) and (5I2), one may conclude that
(5.14) OJ +div(A®@A)+ V(P(p)) = iAVp —div (Vy/p ® V/p).
Of course, as owing to (£9)

(5.15) IVU[? = (Re(6V4))? + (In(6V))? = [V/p2 + A2 a. e,

the energy equality for ¢ recasts in

616 [ (GIOP+5I9VEDPF (o0) = [ (G145 10 VAE+F(n).

This completes the proof in the smooth case.



24 R. CARLES, R. DANCHIN, AND J.-C. SAUT

Let us now treat the rough case where 1y belongs only to H*. Then we fix some
sequence (Yo ,)nen of functions in H® (with s large) converging to 1y in H'. Let
us denote by v, the solution of (5.2) in C(R; H®) corresponding to the data vy,
and by 1 € C(R; H') the solution to (E2) with data .

From the first part of the proof, we know that there exists some sequence (¢, )nen
of functions with modulus at most 1 such that if we set A, := Im(¢, V), pp :=

[t |? and J,, := \/pn A, then

va = Re((fgnvwn) in L27
and (pn, Ay, Jp) satisfies (B.1)) with data (po,n, Jo,n), together with the energy equal-
ity

e [ (GIaOF + 519V B + F (oul)
— [ (Gl0al? + 319 + Flon).
Rd

We now have to prove the convergence of (pn, Ay, J,) to some solution (p, A,.J) of
(BI) satisfying the energy equality.

On the one hand, standard stability estimates (based on Strichartz inequalities)
guarantee that

(5.18) Yy — 1 in LS (R;HY).

loc

On the other hand, because (¢, )nen is bounded by 1, it converges (up to extraction)
in L weak * to some function ¢ such that ||¢||p=~ < 1. As Vb, converges strongly
to Vb in L2, this implies that

(5.19) Vb, — ¢V in L2

In turn, as obviously /p, — /p in L? and as V./p, = Re(¢,V,), we deduce
that

Vp =Re(¢Vy) and V,/p, =V /p in L2
Given that A,, = Im(¢, V), (EI9) also ensures that

A, — A :=Tm(¢Vep) in L2

In order to establish that strong convergence in L? holds true, it suffices to show
that (up to an omitted extraction)

(5.20) IVVpnllLz = [IVy/pllzz  and  [[An][Lz = [|A] 2.

On the one hand, the weak convergence ensures that
IV/pllr2 < lminf |Vy/prllrz and [|Al|L2 < lminf ||A,| L2;

on the other hand, given that (V,),en converges strongly to Vi in L? and that
(EI3) holds true for ¢ and v, we may write

IVVPlLe + AL = IVIZe,

. 2
= T [V,

lim ([[V/pnllZe + | AnlZ2),

n—-+o0o

(lim inf |V /pnl| z2)° + (lim inf [[A, ]| ).

WV
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Therefore (5.20) is satisfied. As a conclusion, we thus have established that
VPn—+/p in H' and A, - A in L2

Of course, this implies that .J,, — J := {/pA in L' so it is easy to pass to the limit
in (5I) and in the energy equality (516). The details are left to the reader. O

APPENDIX A. CONSERVATION LAWS

In this Appendix we review conservations laws for the nonlinear Schrédinger,
QHD and compressible Euler equations. Even though most of the results are clas-
sical (as concerns the Schrodinger equation, they may be found in the textbooks
[43, [44] for instance; links between Schrodinger and Euler conservation laws may be
found in [I6]), we believe the relationships between the aforementioned equations
to be of interest. In addition, those conservation laws are still meaningful for the
less classical framework of general Korteweg fluids.

A.1. The case of Schrédinger, QHD and compressible Euler equations.
For the time being, we consider the following system

2 A
ov+v-Vo+Vf(p) = %V (%) i V=0 = Yo,

Op+div(pv) =0 ;5 pr=o = po,

(A.1)

which is the QHD system if ¢ > 0, and the compressible Euler equation if € = 0,
and the nonlinear Schrédinger equation:

2
_ €
(A2 o0+ SO0 = [ ¢ Do = o
Recall that for e > 0, one may pass formally from (A2) to (AJ]) by setting

P = \/ﬁei“t’/‘E and v =Vo¢.

In what follows, the function f is assumed to be continuous on R* and, say, C!
on (0, o0, standard cases being f(r) = r? and f(r) = r — 1. We denote by F' the
anti-derivative of f which vanishes at 0, and set P(p) = pf(p) — F(p). As pointed
out before, from a physical viewpoint, P is the pressure.

The first part of the appendix aims at listing (and deriving formally) the classical

conservation laws for (A2) and (A]).

Phase invariance. For every a € R, one has

¥ solution of [(AZ) <= €'t solution of (A2).

The phase invariance is not seen at the level of (AJ]) (this amount to changing ¢
into ¢ + eav).

By Noether’s theorem or by an easy computation, this leads to the conservation
of mass:

(A.3) M= /|1/)|2d:1::/pdx.
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Time translation invariance. For every 7 € R, one has

P(t,z) solution of (A2]) <= (¢ + 7,z) solution of ([A2).

By the same time translation, this is expressed at the level of (Al and leads to
the conservation of the energy (or Hamiltonian):

(at) #o= [(SIV0P + FQu) do = [(Gobl? + 51997 + F ()

Space translation invariance. For every zo € R?, one has

(¢, z) solution to (A2) <= (L, x + ) solution to ([A2]).

By the same space translation, this is expressed at the level of (A]) and leads to
the conservation of momentum:

(A.5) P = Im/a@/;V@bd;v = /pvd;v.

Invariance by spatial rotation. Let R be a spatial rotation. Then

¥(t,z) solution of (A2) <= (¢, Rz) solution of (A.2).

By the same spatial rotation on a solution of (AJ]) this leads to the conservation
of angular momentum, which we write in the case of R? for the sake of simplicity:

(A.6) A= Im/x/\mﬁvwdx:/x/\pvdx.

Galilean invariance. For every & € R%, one has
¥(t,z) solution of (A2) < eiigo'mefi%‘goﬁw(t,x + e&ot) solution of ([A2]).
For ([AT)), this implies
(v, p)(t, ) solution <= (v(t,z + e&ot) — &, p(t,  + e&ot)) solution,

and leads to

dx

(A7) o =P with X ::/:1:|1/)|2 da::/:z:pdaz.

Scale invariance. When f(r) = r?, one has for all A > 0,
Y(t, x) solution of ([(AZ) <= A/7¢(\*t, Az) solution of (AD),
which implies for (A7)
(v, p)(t,x) solution <= (Av, \*7p)(\?t, \z) solution.
The associated conservation law is (recall that d stands for the space dimension):
Cfi—’; = [(21V0P +aP(uP)) de = 29 + /(dP _2F)([4]2) da
or,
Cil—f = (p|v|2 + dP(p)) dx = 2H + /(dP —2F)(p) dx
with
(A.8) F = Im/m/_)a: -V = /p:z: cvdr and P(r):=rf(r)— F(r).

Equality (AZ8)) remains formally true if the nonlinearity is not a pure power.
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Momentum of inertia or virial. A direct computation shows that the momentum
of inertia (or virial)

1 1
(A.9) 7= §/|x|2|¢|2dx: 5/|gc|2pdgc

satisfies d—I =F.
dt

Pseudo-conformal invariance. Let ¢ the pseudo-conformal transform of ¢ defined
by

il=|? 9
et (e x
p(t,z) = W‘/’ <7, ?> :
€

One notices that

, e? €2 e £2 e?
(00 + SA0) (ha) = o (0 + S Av) (?, ?> .

€

. g2 e? AN
Zaat@'i_?A(P:t_gf (g) lol | -

For the L?-critical power nonlinearity f(r) = r%/¢, one checks that
(t,x) solution of (A2) <= ¢(t, ) solution of (A2).
For (A, this yields

i x v/ed oz e\ /2 x i
(v, p)(t, z) solution <= ?—?(7,?), i p(7,?) solution.

Using the conservation of energy for ¢, one deduces after a lengthy computation
that

Thus

(A.10) Cil—f+t/(dP—2F)(|1/)|2)dx:O

with
Z(t) = /(%|(m+istV)w|2+t2F(|w|2)) da,

1 1
= [ (gole 0P + ERITVER + 2F(uP)) do

This equality can be proven more simply by using the fact that the operators
2
ied; + 5 A and x + i€tV commute. The conservation law for Z is not independent
from the preceding ones: by expanding the square of the modulus, one observes
that
Z(t)=t"H —tF+T.

Consequently,
dz dF dT dF
— =2tH—-F —t— 4+ — =2tH —t—
dt =z a @ e dt’

and one recovers (A0).
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The Carles-Nakamura conservation law. Formally, the quantity
Ut) := Re/iﬁ (x 4+ ietV)y de

is constant. This can be checked by an indirect way (see [17]) or by a direct
computation. The interpretation in terms of ([AJ)) is

(A.11) %L{ =0 with U() = /p(x — tv) dx.

This conservation law also results from the conservation of momentum and from
the conservation law for X since in both cases, (A2) or (A1), one has

U=x—-tp.

A.2. Conservation laws for general capillary fluids. We here study to what
extent the conservation laws listed in the previous subsection are relevant for general
inviscid capillary fluids. We recall that such fluids are governed by System (B.7]).
Throughout, we assume the capillarity & to be a differentiable function on RT.

For smooth solutions with a non vanishing density, System ([B.7)) recasts in the
following conservative fornl1:
{ O(pv) + div (pv @ v) + VP(p) = div K,

(A.12)
Orp + div(pv) =0,

with K (p, Vp) i= (4 (s(p) + o' (0))IV0?| + pr(p)Ap) Iu = K(p)Vp @ Vp.

Theorem A.1. If (p,v) is a sufficiently smooth solution of B) which decays at

infinity, with p non vanishing, then the equalities (A3), (A5, (A4), (A1) and
(AQ) are still valid, and the energy

o 1 2, K(p) 2
H = /(§p|v| + T|Vp| + F(p)) dx
18 conserved.

Furthermore, the quantity F defined in (A.8)) satisfies
d d / 2
ZF =2+ (dP—2F+ S(oR) IVl )dw.

Proof. 1t is very likely that most of those conservation laws could be derived from
Noether theorem. They can also been obtained by pedestrian computations.

For (A3), (A7) and (A1), there is no difference with the QHD since the only
equation on p is concerned.

For (A5) the proof is obvious from the conservative form (AT2]).

In order to prove the conservation of energy, the simplest method is to take the
L? scalar product with pv of the first equation of B.7). The treatment of the terms
on the left-hand side of the equation for v is the same as in the compressible Euler

TWith the convention (div K)J := > 0i K
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equation, and one obtains after several integrations by parts and the use of the
equation for p,

% (%p|v|2 +F(p)) do = /pv : V(nAer %H’IWIQ) da,
= /8tp(nAp—|— %/@'|Vp|2) dz,

1
= —/nvp~8thda:— 5//{’8tp|Vp|2dx,
d [k

_ 8 [Eg 2
= 3 2|Vp| dx.

To prove (A6, one writes (using the Einstein summation convention),

Ai :/EijkIJp’Uk

with €;5, = 0 if two of the indices are equal, and equal to the signature of (i j k)
otherwise.

Using the conservative form of the equation for pv and integrating by parts, one
thus deduces
d

EAi /sijkxjagng d:v—/sijkxjakP—/sijk:vjag(pvkve) dz,

— | €Kk dw—l—O—/sijkpvjvk dx.

The tensors K and pv ® v being symmetric, the right-hand member of the previous
equality vanishes.

The simplest way to prove the conservation law on F, is to use the second
equation in (AT2). Integrating by parts the capillary term and treating the other
terms as in the compressible Euler equation one obtains

dF . .
- = x - div K do — x-(VP—i—dlv(pU@U))dx,
= /:zrjaiKij dx + /(dP + plv]?) da.

Using the expression of the tensor K and integrating by parts, one gets

/xjaiKijdx = —/trde,
= —d/(%(/ﬁ+p5/)|vp|2+pﬂAp) dx+//£|Vp|2,
- g/(pﬁ)’IVp|2dw+/ﬁ|Vpl2dw7
from which the claimed equality results. 0

Remark A.2. The case of QHD corresponds to (pr)’ = 0. For capillary fluids, the
presence of extra terms in the conservation law for F seems relatively harmless if
p — pk(p) is an increasing function. One should be able to prove without difficulty
that with a pressure law such that dP — 2F > 0, one has

I(t) ~ Ht%

t— o0
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In the case where p — pk is decreasing, we expect the conservation law for F to be
the key to proving finite time blow-up results similar to those of [42].
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