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LINEAR REGRESSION MDP SCHEME FOR DISCRETE
BACKWARD STOCHASTIC DIFFERENTIAL EQUATIONS
UNDER GENERAL CONDITIONS

E. GOBET AND P. TURKEDJIEV

ABSTRACT. We design a numerical scheme for solving the Multi step-forward
Dynamic Programming (MDP) equation arising from the time-discretization
of backward stochastic differential equations. The generator is assumed to be
locally Lipschitz, which includes some cases of quadratic drivers. When the
large sequence of conditional expectations is computed using empirical least-
squares regressions, under general conditions we establish an upper bound error
as the average, rather than the sum, of local regression errors only, suggesting
that our error estimation is tight. Despite the nested regression problems,
the interdependency errors are justified to be at most of the order of the
statistical regression errors (up to logarithmic factor). Finally, we optimize
the algorithm parameters, depending on the dimension and on the smoothness
of value functions, in the limit as the time mesh size goes to zero and compute
the complexity needed to achieve a given accuracy.

Keywords. Backward stochastic differential equations, dynamic program-
ming equation, empirical regressions, non-asymptotic error estimates.

1. INTRODUCTION

Framework. Let T > 0 be a fixed terminal time and W be a g-dimensional
(¢ > 1) Brownian motion defined on a filtered probability space (2, F,P), where
the filtration (F;)o<i<r satisfies the usual hypotheses; the filtration may be larger
than that generated by W. Let m:= {0 =tp < ... < ty = T} be a time-grid for
the interval [0, T'], whose (74 1)-th time-step ¢;+1 —¢; is denoted by A;, whose mesh
size is defined by |7| := maxo<;«ny A; < T, and the (i + 1)-th Brownian motion
increment W;,,, — W;, is defined by AW;. The conditional expectation E[-|F,] is
denoted by E;[].

In this paper, we study an algorithm to approximate the solution to a discrete
time backward stochastic differential equation (BSDE) in the form of the Multi
step-forward Dynamic Programming (MDP for short) equation given by

(1.1)
Y, = E §+E,{€V:_i1fk(yk+lazk)Ak)7

N_1 - fori € {0,...,N —1},
Aizi = E; ([€4 2t fe(Ves1, Zu) Ar]AW; )
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2 E. GOBET AND P. TURKEDJIEV

where the so called terminal condition £ is a given Fp-measurable random variable
in Ly, and, for each i, the so called driver (w,y, 2) — fi(y, ) is Fy, @ B(R) ® B(R?)-
measurable. The operator | denotes the vector transpose. Because in general
the conditional expectations in are not known in closed form, one has to
approximate them in order to have a fully implementable scheme. We follow the
empirical least-squares regression approach presented in [23] and estimate the global
error that this method incurs in the approximation of (Y, Z). We call the resulting
algorithm LSMDP. Let us briefly and informally recall this approach. Under rather
general conditions, see Section [2] the solution of the MDP equation takes the form

for some (unknown but deterministic) measurable functions y;(-), z;(-) and a d-
dimensional explanatory process X := (X;)o<i<n. Each conditional expectation
E;(-) can be viewed as solution of a least-squares problem in Ly(F%,,P), so the
functions y;(-) and z;(-) are approximated by solving this problem on a finite-
dimensional subspace. The approximations are computed using empirical least-
squares regression using simulations of the paths of the explanatory variable X.
Our main result (Theorem is a full analysis of the quadratic error for the
LSMDP under general conditions on f, that allows for instance to consider the
challenging case of quadratic drivers (see Subsection . Informally speaking, the
quadratic error can be decomposed into three different contributions:

(1.3) quadratic error < approximation error + statistical error

+ interdependency error .

Using these error estimates, we optimize the algorithm parameters depending on
the number of time points N and consider the asymptotics N — 4oo. This is
detailed in Section where the complexity required for a given theoretical ac-
curacy is also computed. The approximation error depends on the choice of the
finite-dimensional space and its magnitude usually depends on the smoothness of
the solutions y;(+) and z;(-). We demonstrate how higher orders of smoothness of
the value functions y; and z; defined in lead to improvements in the error-
computational work trade-off as N — +o0o0. The statistical error is due to the finite
number of Monte-Carlo simulations and it is usually increasing w.r.t. the dimen-
sions of the approximation spaces. Thus, a careful balance between approximation
and statistical errors has to be drawn and a curse of dimensionality usually appears.
Non-asymptotic error estimates are fundamental to achieve the optimal trade-off.
Lastly, the interdependency error arises because of the interdependency between
regression problems and inherits from the structure of the DP equation. We prove
that in our algorithm, the interdependence error is of same magnitude of the sta-
tistical error (up to a log factor). This is a very important improvement compared
to previous works [23] 25]. In this sense, the estimates of Theorem are tight.

In fact, Equation is inspired by the algorithm of [3]. Unlike that work,
Picard iterations are not used in our scheme. Avoiding Picard iterations greatly
simplifies the analysis of the approximation error, because there is no supremum
over the Picard iterations.

The estimates of Theorem [{.11] are obtained by exploiting stability inequalities
- Section [3]- for discrete BSDEs: our MDP scheme leads to better weighted norms
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compared to the usual One step-forward DP scheme (ODP for short)

Yy =¢, Yi = E;i(Yigr + fi(Yig1, Zi) D),
E

(14) ANiZy = E; (YiplAW),

} fori € {0,...,N -1}

of [23], and thus better error estimates: the quadratic error is the average of local
error terms, rather than the sum, and in this sense the result is tight. Unlike
[23], 25] which use a single cloud of simulations for the whole scheme, the LSMDP
uses a different, independent cloud of simulations to approximate the conditional
expectation for each time point. While increasing the a priori simulation cost,
this reduces large errors due to interdependencies between the regressions at the
different time-points, leading to a theoretically more efficient scheme.

The use of an empirical regression scheme is supported by two further very
powerful features: firstly, since we use distribution-free tools [20, Chapters 10-11-
12], the estimates of Theorem are model robust and, as such, can to be applied
to very general stochastic models because we make very few assumptions on the
explanatory process X - see Section Presumably, the constants obtained are
too conservative, but the convergence rates are optimal. Secondly, the method of
regression requires only independent simulations of X and the Brownian increment,
and no knowledge of the distribution of X; in this sense, the algorithm is a black-box
mapping model simulations into value functions. This enables the use of data-driven
methods such as, for example, the purely historical technique of [26].

Applications. Equation appears naturally when approximating a conti-
nuous-time BSDE by a discrete-time process along the time grid w. Continuous
time BSDEs have a multiplicity of applications in the theory of mathematical
finance, stochastic optimal control, and partial differential equations. Over the
last ten years, the various numerical methods developed have been based on Lips-
chitz continuity in (y, z) with uniform Lipschitz constant for the driver f; and § =
®(X;,, ..., X;, ) for some Lipschitz continuous function ® [24] [7, 177, [, 23], 16} [0} [&].
Very few papers [22] 28] [I8], [14] have handled greater generality. These papers, how-
ever, only deal with the discretization error, and, to the best of our knowledge, there
are no works that consider the global error analysis of the full numerical scheme in
higher generality. In this paper, several important relaxations to the traditional as-
sumptions of numerical schemes for BSDEs are considered. Firstly, the driver may
satisfy a weaker, local Lipschitz continuity condition, where the Lipschitz constant
of f; may depend on the time ¢;; see (Ag-i) in Section |2l This allows our results,
combined with a truncation procedure that is presented in Section to be ap-
plied to the important class of quadratic BSDEs with bounded, Holder continuous
terminal conditions without incurring any additional error due to the truncation
procedure (unlike [28]). Secondly, the driver may satisfy a weaker, local bound at
(y,z) = (0,0); see (Ap-ii) in Section 2| Consequently, our results can be applied
to a particular proxy technique that is similar to the martingale basis method of
Bender-Steiner [5]. The authors give an example of where this method performs
much better than the traditional One-step scheme, but are unable to analyze the
error in a general setting; our results now allow this analysis. Thirdly, the full error
analysis is performed for possibly nonuniform time grid 7; see (Ag-iii) in Section
Indeed, to reduce the discretization error for BSDE with irregular terminal condi-
tions & = ®(X7), it has been recently proposed in [18] to choose nonuniform grids
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which are consistent with our assumption (Ag-iii). Similar non-uniform grids are
obtained for path dependent ¢ in [I4].

Organization of the paper. In Section [2] we state our working assumptions
and give several examples to show how these assumptions are useful for approximat-
ing a wide variety of continuous-time BSDEs. In Section [3} we establish stability
estimates for discrete BSDEs, and apply them to derive tight pointwise and Lo-
estimates for (Y, Z). In Section {4} we define the LSMDP scheme. The global error
is stated in Theorem [4.11 The rest of the section is devoted to proofs and to a
discussion related to algorithm complexity. Some intermediate results are detailed
in the Appendix.

Further notation.

e |z| stands for the Euclidean norm of the vector x, Tr(A) denotes the trace
of the matrix A.1

e |UlL, = (E|U|P)? stands for the Ly, (P)-norm (p > 1) of a random variable
U. To indicate that U is additionally measurable w.r.t. the o-algebra Q,
we may write U € L,(Q,P).

e For a ¢(> 1)-dimensional process U = (U;)o<i<n, its I-th component is
denoted by U; = (Uy,i)o<i<n-

e For any finite L > 0 and © = (z1,...,z,) € R", define the truncation
function Tr(x) := (-LV a3y AL,...,—LVa, AL).

e For finite 2 > 0, log(z) is the natural logarithm of z.

2. STANDING ASSUMPTIONS AND APPLICATIONS

In this section, we give the standing assumptions for this paper and we outline
several examples to demonstrate how these more general assumptions lead to wider
applicability of our results to practical continuous-time BSDE problems than is, to
the best of our knowledge, currently available.

2.1. Standing assumptions. The standing assumptions are separated into two
parts: the first set consists of the minimal assumptions that are in force throughout
the entirity of the paper, and the second set consists of the Markovian assumptions
in force throughout Section [4] (or otherwise where stated). The minimal assump-
tions are

(AE) f is in LQ(.FT,]P)),

(Ap) 1) (w,y,2) = fily,z) is Ft, @ B(R) ® B(R9)-measurable for every i < N,
and there exist deterministic parameters 7, € (0,1] and Ly € [0, 4+00)
such that

L

W(|y*y/|+|«2*2/|) Vie{0,...,N—1},

fily, ) = hl 2 <

for any (y,9',2,2') e R x R x R? x RY,
ii) there exist deterministic parameters 6. € (0, 1] and Cy € [0, +00) such
that

Cy

|f1’(070)|§m, VZ‘E{O,...,]\/Vfl}7
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iii) the time-grids 7 := {0 =ty < ... <ty =T} are such that

Ay
(2.1) Cr = :ERW —+0 as N — +oo,
A
(2.2) limsup R, < 400, where R, = sup A kL
N—oo 0<k<N—2 D41

Under (A¢) and (Ap-i-ii), it is straightforward to check from that (Y;)o<i<n
and (Z;)o<i<n are well defined and belong to Ly (see Proposition for tight
estimates). Note that taking 0, = 6. = 1 in (Ap-i-ii) reduces the assumptions to
the usual globally Lipschitz driver setting.

When analyzing the influence of using simulations in Section [4] we reinforce the
basic assumptions with the following set of Markovian assumptions:

X 1s a Markov chain 1n < d < +o0) adapted to £ )i- oreover
(Ax) X is a Markov chain in R? (1 < d ) adapted to (F,);. M ,
for every (i,j) € {0,...,N}* with ¢ < j, there exists a function V' :
Q x R* - R¢ which is G; ® B(Rd)—measurauble7 for some sub-c-algebra
Gi; C Fr independent of F;,, such that X; = V;(Xl)
i is a ounde r-measurable  random  variable:
A’g i i bounded F bl d iabl
Ce :=P —esssup,, |{(w)] < +o0.
ii) € is of form £ = ®(X ) for a bounded, measurable function ®.
(A%) For every i < N, the driver is of the form f;(y,2) = fi(X;,y,2) where
(z,y,2) = fi(z,y,2) is B(R?) ® B(R) ® B(R?)-measurable and satisfies
(AF).

These yield a Markov representation for solutions of the discrete BSDEs: for all
k < N, there exist measurable, deterministic functions g : R* — R and z; : R? —
R? such that Yy = yip(Xx) and Z; = 2;(X) holds almost surely (see Subsection
4.1). We emphasize that we do not make any further assumptions on X - no
non-degeneracy condition, no specific distributions, etc; our error estimates are
model-free in this sense. This lends flexibility and robustness to the empirical least-
squares regression scheme: it is a black box mapping model simulations into value
functions.

At first glance, the boundedness assumption (A’E—i) appears to be a serious re-
striction of our scheme. The raison d’étre of (A’g—i) is to derive robust estimates
for the global error (see Theorem using the tools of nonparametric regression
[20]. On the other hand, &, = —nV { An (n > 0) defines a sequence of bounded
approximations of £ and by Lo-stability results on continuous-time BSDEs (see [13]
Proposition 2.1] for instance), the truncation error converges to 0 as n — +o0. Since
in our global error estimates we keep track on the dependence on C¢, it would be
a priori possible to let this upper bound go appropriately quickly to infinity, while
maintaining the convergence rate of the scheme (up to log terms).

2.2. Applications to motivate (Ap).

» Assumptions (Ap-i-ii). We outline two canonical examples, both related to
a R¢valued Brownian diffusion process (Xt)o<t<r (but it could include jumps as
in [23]) with infinitesimal generator £: for simplicity, assume that ¢ = d, that the
coefficients of X are smooth and bounded and that its diffusion coefficient o (¢, z)
satisfies a uniform ellipticity condition. The typical continuous time BSDE at hand
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is of the form
T T
}/t:(b(XT)‘f'/ f<S7XS7Y;,ZS)dS—/ stW5~
t t

Under various conditions on @, f and on the approximation of Xy, by X;, the dis-
crete time process (Y;, Z;)o<i<n generated by (or equivalently (1.4)) converges
to (Y, Z), in suitable Lo-spaces, as the mesh size || goes to 0: see [31L [7, 17 22
18], 28] among others.

Approximating Quadratic BSDEs. Consider a quadratic growth driver satisfying

[ (t 2,9, 2)] < e (1+ Jy| +121%),
|t z,y,2) = f(t.2,y, ) < e L+ [2] + 2 (ly —y'| + |2 = )

for any (¢,7,y,9,2,2") € [0,T] x R x R x R x R? x R? and for a given constant
¢ > 0. Quadratic BSDEs have important applications in mathematical finance, for
example, in utility optimization in incomplete markets [29, 2T} [12]. Assume addi-
tionally that the terminal function ® is Hélder continuous and bounded. Then, [11]
Theorem 2.1] yields that there exist constants # € (0,1] and C,, € RT such that
(T —1)(1=9/2|7,] < O, for all t € [0,T) almost surely. Now, using the truncation
function 7.(.), set ¢y : ¢ € R = 04(C) := T, (—sy@-12(¢) and define a new driver
flt, 2y, 2) = f(t,x,y,got(z)). Observe that f(t, Xs,Y:, Z;) = f(t, X, Ys, Zy), thus
it is equivalent to solve the BSDE with driver f or f. This implies that this tech-
nique incurs zero error due to the truncation. Notice also that ¢ (+) is 1-Lipschitz
continuous and bounded by C,vd(T — t)~(=9/2 hence f;(y, z) := f(ti, X4, v, 2)
satisfies (Ap-i-ii) with C; = ¢, . = 1, Ly = ¢(TU=9/2 £ 23/dC,,), 0 = 0. Tt is
possible to show that the exponent 6 equals the Holder coefficient of @, see [30];
however it may be difficult to obtain an explicit estimate of the constant C,, see
for example [27].

Using proxys. Consider a standard Lipschitz driver f. Assume that we know by
some a priori information that the solution (Y, Z;): is close to (v(t, X3),
Vo(t, X¢)o(t, Xt)):, where v is the explicit solution to a linear parabolic equa-
tion dyv(t, ) + Lo(t,x) + f(t,x) = 0; the diffusion process associated to £, the
terminal condition and the driver may have changed to produce an analytical so-
lution. wv is called a prozy in [6]. It is then natural to numerically compute the
residual (Y, Z2?) := (V; — v(t, Xy), Z; — Vo(t, X;)o(t, X;)), which solves a BSDE
with terminal function ®(.) — v(7,.) and driver

Ot my,2) = f(t,a,y+u(t, @), 2 + Vo(t,2)o(t,z)) — f(t,2) + (L — L)v(t, ).

The new driver f° is uniformly Lipschitz w.r.t. y and z, so (Ap-i) is satisfied with
0 = 1. If v(T,-) is #-Holder continuous (# € (0,1]), then usual PDE estimates
on the parabolic operator £ give (T — t)(%)ﬂD’;v(t,x)\ <C, (k=0,1,2), from
which (Ag-ii) is derived with 6. = 0/2. To conclude this example, we mention that
in the case £ = L, v(T, ) = ®(.) and f =0, it is proved in [18] that the Lo-time-
regularity of (Y°, ZY) is usually more well-behaved than that of (Y, Z), suggesting
that the discretization error from the DP equation for (Y°, Z%) would be smaller.
» Assumption (Ap-iii). This assumption is used to derive stability results for dis-
crete BSDEs (see Proposition and for the numerical schemes (see Theorem
4.11)) as the number N of grid times becomes large. This condition is satisfied
by, for example, the grid suggested in [I8] (ie. t, = T — T(1 — k/N)Y/% with



LINEAR REGRESSION MDP SCHEME FOR DISCRETE BSDES 7

0, € (0,1]); see Lemma In that article, it was shown that this class of time-
grid is in some sense optimal for the time-discretization of the continuous BSDE,
so the Assumption (Ap-iii) is not restrictive in this respect.

3. GENERAL A PRIORI ESTIMATES

In this section, our effort concentrates on establishing Lo estimates that will be
uniform as N — +oc. These results will be crucial for Section @l The methods of
proofs are somewhat standard but due to our non globally Lipschitz assumptions,
there are technicalities that are worth being detailed.

The first two results of this section, Lemma and Proposition determine
stability estimates for a class of BSDEs whose drivers satisfy rather weaker condi-
tions than afforded by (Ar). These weaker assumptions are critical for the analysis
of BSDEs with sample-dependant drivers in Section [d] We consider two discrete
BSDEs, (Y15, Z1,i)o<i<n and (Y24, Z2)o<i<n, given by

Yii = E; {fj + 3 fj,k:(Yj,k+lazj,k)Ak:| ;
NiZj; = E {(fj + Y h fj,k(Yj,kJthj,k)Ak)AWiT} ;
fori € {0,...,N —1}, 7 € {1,2}, and we aim to study the differences
AY; =Y1; — Yo, AZi =715 — Za.
For this, we define

Afi= f1,i(Mi41, Z1,i) — f2,i(Y1,i41, Z1,i), AL =& — &

The assumptions on the drivers f;;(y, z) differ from (Ag), and, before continuing,
we briefly outline how. Firstly, the driver f2,(y,2) is Lipschitz continuous w.r.t.
(y, z) and the dependence of their Lipschitz constant w.r.t. i is general. Secondly,
there are no Lipschitz continuity assumptions on fi ;(y, z); however, we assume that
each f1;(Y1,i41, Z1,;) are in Lo(Fr), so that Y7 ; and Z; ; are also square integrable
for any 4. Finally, we do not insist that the drivers be adapted, which will be needed
in the setting of sample-dependant drivers.

Using the tower property of conditional expectations, observe that the MDP and
ODP definitions of the discrete BSDEs coincide, i.e.

51) { Y;n =&, Yii = Ei[Yjim + f5:(Yie1, Z50)Ad
. AiZji = Ei[YiipAW],
fori € {0,...,N — 1}, j € {1,2}. The first stability result, the Lemma below, is

an intermediate result used repeatedly later in the proof of Proposition [3.2

Lemma 3.1 (Local estimates). Forj € {1,2}, assume that &; is in La(Fr). More-
over, for each i € {0,...,N — 1}, assume that f1 (Y141, Z1,) s in Lo(Fr) and
f2,i(y, z) is Lipschitz continuous w.r.t. y and z, with a finite Lipschitz constant
Ly,, > 0. Then, for any A; < T and v; > 0 satisfying 6q(A; + %)L?Q <1,
follows that

1 1
(3.2) AY;[* < (1+ (v + §)Ai)Ez‘(|AYi+1|2) +3(A; + ;)AiEiHAfim'
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Proof. Preliminary estimates for AZ;. Since the Brownian increment AW; is con-
ditionally centered, it follows that

NAZ; = E;[(AYiy1 — E[AY; 1) AW,
By the Cauchy-Schwarz inequality, [E;[(AY;11 — E;[AY;41])AW,T][? is bounded
above by ¢A; (Ei[(AYiH)Q} (B [A)@H])Q), whence

(3.3) AlAZI < g(Bil(AYi)?) - (BiAY;ia])?).

Estimates for AY;. We have AY; = E;AYi 1 4+ AGE; [A fi] + AdEq [ fo,i(Y1,i41, Z1) —
J2.i(Yai41, Z2,;)]. Combining the Young inequality - (a + b)* < (1 4+ v;A;)a® +
(1+ ’YilAi )b? for any (a,b) € R? - and the Lipschitz property of fo; and (3.3)), one
deduces that

(34) (AY;)? < (1+7A)(Ei[AYit])?

1
+3(A+ A, [EiHA [P+ L2, Ed(AY)?] + L2, |Azﬂ

K3

< (1 i = 30l (B 1)) EIAYiwi)? + 38+ DIABALP

1 1
(3.5) + [3(Ai + %)AiL?” +3¢L7, (A + %)} Ei[(AYiy1)?).
The assumptions on ; and A; ensure that 14 v;A; — ?;qL?e2 i(Ai + %) > 0 for
any A;, whence, applying Jensen’s inequality to the terms in (E;AY;11)? in (3.5),
it follows that

(Av))? < (1 i - 3qL3, (A + i)) B(AY)"]+3(A + AE (AL
)| Efavi

3

1

1 1
_ (1 N >AiLz,i) B(AYi)!) + 38 + DIAE(ALP)

Yi i
Finally, using that 3(A; + %)AiLﬁz < % completes the proof of (3.2). |

We now come to the main stability result, which will be used extensively in the
error analysis of Section

Proposition 3.2 (Global pointwise estimates). For j € {1,2}, assume that &; is
in Lo(Fr). Moreover, for each i € {0,...,N — 1}, assume that f1;(Y1,i41,21.4)
is in Lo(Fr) and fa,(y,z) is Lipschitz continuous w.r.t. y and z, with a finite
Lipschitz constant Ly, ; > 0. Then, for any time grid © and~y € (0, +00)N satisfying
6g(Ay + %)L?M <1 forallk <N —1, we have for 0 <i < N

N—-1
|AYPTi + > AEi(|AZ*)T,
k=1
N—-1 1
(3.6) < Cgg) (FNEZ-HA{P} +33° (% + Ak)Ak]EiHAko]Fk),

k=i
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where T; := [[_t (1 +Ay) and Cgg) =2¢+(1+ T)eT/2,

Note that, whenever necessary, the above conditional pointwise estimates can be
easily turned into uniform Ls-estimates:

N-1
sup E(JAY:|*)T + Z ARE(|AZg )Tk
i<k<N i

N-1
< O (TNEIACPI+3 Y (— + A AEIALPI).
k=i

Proof of Proposition[3.4 Multiplying both sides of equation (3.2)) by

1
A= (1 + (’yi_l + i)Ai_l))\i_l’ where A\g :=1,
one obtains |AY;|2)\1 S Ei[|AY2+1|2]>\i+1 +3(Az + 1/71)A1[|Af1|2]>\z, summing both
sides of this inequality between i to N — 1 and taking the conditional expectation
E;[-], one deduces that

N—1
(AV)?A; < AWE(JAEP) +3 3 (% T+ ADAE AP

k=i

From the simple inequality I'; < \; = exp (ZZ:O In(1+ (v + %)Ak)) < eT/21y, it
follows that, for all i € {0,..., N},

N-1
1
(3.7) (AY;)’T; < e"PINE[|AEP] + 372 > (7 + AR ARE[|A fe AT
k=i F

Final estimates for AZ;. From (3.3)), Zé\:il ALE:[|AZ,)*|T) is bounded above by

z_: qLp1 (Ei[(AY41)?] — Ei[(ExAYip1)?])
k=i
N-1

< aUWEJASP) + Y i (Bil(AYL)? — (1 + 3 ADE((ELAYin)?)
k=i+1

and, from (3.4), E;[(AY%)?] — (1 + v Ar)E;[(Ex[AY%11])?] is bounded above by
1
3o+ AAK[BIARP] + I, Bl (AYin)?) + 13, B[ AZ7]

whence it follows that Z,Ig\:.l ARE;[|AZ, 2T}, is bounded above by

N-1
1
U NEi(AE?) +3 Z q(— + Ap) ALy,  Ei(|AZy*)Ts
k=it1 Ik
N-1 N-1

1 1
+3 ) a(— + A)AE (AL Te +3 Y a(— + Ap)ApL3,  Ei(AVii1)?|Dk.
ki1 F k—itv1 K ’



10 E. GOBET AND P. TURKEDJIEV

Using the assumptions on 7, and Ay of the Proposition statement, it follows that
2:1 ARE;[|AZg|?]T} is bounded above by

N-1 N-1

2q0 NE[| AL +6 > (£ ADAGE[Af T, + > ARE[(AYi41)*ITk
k=it1 F k=it1
No1oy
< (20 + Te"P)TNE[|AEP] + (6g +3Te™?) >~ (— + Ap) AREi[|A fi[*]T%,
k=i+1
where the estimate (3.7) on AY is used in the last inequality. (]

In the final result of this Section, Proposition [3.3|below, we return to the discrete
BSDE (Y;, Z;)o<i<n defined in and show that, when the terminal condition
is bounded, almost sure absolute bounds on Y; and Z; are available for all i €
{0,...,N — 1}. The a priori estimates of Proposition are vital in the proof.
Note that the assumption (Ag) is automatically in force. These bounds will be
critical for determining model-free estimates with the non-parametric tools [20,
Chapters 10-11-12] in Section

Proposition 3.3 (a.s. upper bounds). Assume (A’g—i), For any m with N large
enough (such that Cy Lf < 12 , see (Ap-iii)), the following almost sure bounds on
Y; and Z; apply:

0. C
3.8) |Yi| <C,:=Cgg(Ce+ Cr)s 1Z14] < Cei = —E,
(38) [Yi[ <€y 1» SN o f) 121, =R
. . 7 | 6q(1VL}) /g
for0<i< N —1and Cgg =exp (L + 00, (T%= v 1)).

Observe that C, and C are uniform in 4, and that they remain bounded as
Ly and T go to 0 (as we naturally expect).

Proof. Let (Yl,z', Zl,z’)OgigN = (0, O)QSiSN, the discrete BSDE with 0 terminal
condition and 0 driver, and (Y2, Z2,)o<i<n = (Y5, Zi)o<i<n, the discrete BSDE
given by . The terminal condition and driver of (Yj;, Z;;)o<i<n (for j € {1,2}
respectively) satlsfy the conditions of Proposnlonn In order to apply the a priori
estimates from this proposition, it is sufficient from (Ap-iii) to take N large enough

2
so that C’WL?c < 12 , 1(TtLW < 1/2 for each i, and to ﬁnda% >0

(explicited below) such that 6qL2 (T —t;)0r=1/y; <1/2 for eachi € {0,...,N —1}.
Then, it follows from (3.7) and bound of fx(0,0) given in (Ap-ii) that

whence 6gA

(1 A
AV < T2 (D) + 3 Z ) A 0,0)])
v
(3.9) <e"PTN(CE+3CF Y
k=0

A )
T 1700

where I'; is defined by ( + vk Ay) for each ¢ € {0,..., N}. The appropriate

v;’s are determined constructlvely setting

1vT o)1V L3 - 12¢L7

( )( f) ( T )HL 01, N6, 2 q f 7
(T —t;)t=0 T—t (T — ;)10

vi = 12q fori € {0,...,N—1},
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L2
vi (T t )1 0y,
compute upper bounds for I'yy.  Observing that 260, — 0, A 0. > 6. > 0, it follows
that

it follows 6g < 1/2 for every 14, as required. It only remains to

N—-1 T
Ty <exp( Y wAr) < exp(12q(1v T~ 0%)(1v L)1~ 010 / (T —t)?x 701 t)
k=0

0
12¢(1 vV L?)
3.10 — Sl N0 L TRVET
( ) exp ( GL A 9 ( )),
- i Ag(1 /\TGL)TGL/\G .—0r
=0 7 —tk )00 ZO q(1V L2)(T — t,)T=20:50:00)
ngc
(3.11)

< .
= 12q(29 —eLAe )

Substituting - 3.10) and (3.11)) into , we obtain the required upper bounds
on Y. The bound on Z; is clear from the Cauchy-Schwarz inequality and the bound

on Y . O

4. MONTE-CARLO REGRESSION SCHEME: THE LSMDDP ALGORITHM

In this section, we present the LSMDP scheme: the conditional expectations
in (1.1) are approximated using linear least-squares regression on simulated data
to provide a fully implementable algorithm. A full error analysis is undertaken in
Section[f.3]and the algorithm complexity is discussed in Section[4.4] Finally, Section
is devoted to the proofs. Throughout this section, the Markovian assumptions
(Ax), (A}) and (Ap) are always in force.

4.1. Preliminaries. Due to the Markovian assumptions, there are measurable,
deterministic (but unknown) functions y;(-) : R? — R and z;(-) : R — R for each
i €{0,...,N — 1} such that the solution (Y;, Z;)o<i<n of the discrete BSDE (L.1)
is given by

(4.1) (Yi, Zi) == (yi(Xi), 2:(X3)).

This is a similar result to [4, Theorem 3.1], but without Picard iterations. It is
shown by mathematical induction using assumption (Ax) and the following corol-
lary of the Monotone Class theorem.

Lemma 4.1. Suppose that G and H are independent sub-c-algebras of F. For
1>1,let F: QxRY— R be bounded and G @ B(R?)-measurable, and U :  — RY
be H-measurable. Then, E[F(U)|H] = j(U) where j(h) = E[F(h)] for all h € R.

We have used assumption (Ax) - ie., that X; = V/(X;) for all j > i - in
order to apply Lemma for each i € {0,...,N — 1} with H = o(X;), G =

(AW) \/\/j —i+1 gj, U :Xi7 and

F(z) = Fy,(z) = ®(Vy (2 +ka Vi (@), g1 (Vi (2)), 26 (Vi (2))) Ai - for wi(-),

1

and F(z) = Fz(x) :== KFy7i+1(x)AWiT for z(+).
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In what follows, the solutions of ordinary least-squares problems (for convenience,
we introduce the unified short notation OLS) will play a crucial role. The following
definition formalises the OLS problems that will be considered.

Definition 4.2 (Linear least-squares regression). For [,I’ > 1 and for probability
spaces (€, F,P) and (R', B(R}),v), let S be a F ® B(Rl) measurable RY-valued
function such that S(w,-) € Lo(B(R!),v) for P-a.e. w € Q, and K a linear vector
subspace of Ly (B(R!), ) spanned by deterministic RY -valued functions {py(.), k >
1}. The least squares approximation of S in the space K with respect to v is the
(]f” x v-a.e.) unique, F ® B(R!)-measurable function S* given by

(4.2) S*(w,-) = arg 1nf /|<,z5 S(w,z)|*v(dz).

We say that S* solves OLS(S, K, v).

On the other hand, suppose that vy, = 7 E 1 0x(m) is a discrete probability
measure on (R!, B(R!)), where §, is the Dirac measure on x and X1 ... X .
Q — R are i.i.d. random variables. For an F ® B(R!)-measurable R"-valued
function S such that |S(w, X(™ (w))| < oo for any m and P-a.e. w € Q, the least
squares approximation of S in the space K with respect to vy is the (]f”—a.e.) unique,
F @ B(R!)-measurable function S* given by

(4.3) S*(w,-) = arg 1nf = Z B(X ™ (w)) = S (w, X™ (w))]?.

We say that S* solves OLS(S, K, vyy).

From (4.1)), the MDP equation (|1.1)) can be reformulated in terms of Definition

taking for ICEZ) any dense subset in the RY-valued functions belonging to
Lo (B(R?),Po (X;)71), for each i € {0,...,N — 1},

yi(+) solves OLS( Sy.(x) , KV | ),
N-—-1

where Sy,;(x) := ®(zn) + Z Fr (@, vk a1 (Trgn), 2 (2x)) A,

4.4
(44) zi(+) solves OLS( Sz ;(w,x) , ICl(q) s Vi),
where Sz ;(w,x) 1= KSYJH(X) w’
and v, = Po (AWi, Xi, ..., Xn) "L,
where w € R? and x := (zg,...,2zy5) € (RY)N+1 However, the least-square regres-

sions in encounters the computational problems that Lo(B(R%),P o (X;)™1)
may be infinite dimensional and that one has to compute using the law of
(AW;, X, ..., Xn), which may be impossible. Therefore, the functions y;(-) and
z;(+) are to be approximated on finite dimensional function spaces with the sample-
based empirical version of the law, as described in the next section.

4.2. Algorithm. In order to avoid the possible infinite dimensionality, we will
regress on a predetermined finite dimensional vector spaces.
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Definition 4.3 (Finite dimensional approximation spaces). For i € {0,..., N —1},
we are given two finite functional linear spaces of dimension Ky ; and Kz ;

Ky := Span{pyl,...,ple1)}, forp(k) RY 5 R s.t. E[|p(k)( X)?] < 400,
Kz = span{p}), ... o5}, for pf) R = RY st E[lplf)(X:)%] < +oc.

The function y;(-) will be approximated in the linear space Ky,;, whereas the
function z;(-) will be approximated in Kz ;. We define the approximation errors

Y= i E[lo(X) —w(X)P]. Tfi= b E[l6(X) - 5(X0)P).
’ ELy i ’ PEK 7,

which are the best approximation errors using the basis functions. In order to avoid
the problem of explicit computations using the law of (AW;, X;,..., Xy), we will
regress using the empirical measure, rather than the law. In order to define the
empirical measure, we need to generate simulations of (AW;, X;,..., Xn).

Definition 4.4 (Simulations and empirical measures). For i € {0,...,N — 1},
generate M; > 1 independent copies C; := {(AWi(Z’m),X(i’m)) :m=1,...,M;}
of (AW;,X): C; forms a cloud of simulations used for the regression at time i.
Furthermore, we assume that the clouds of simulations (C; : 0 < i < N) are
independently generated. All these random variables are defined on a probability
space (Q(M), ]:(M),P(M)). Denote by v; ar the empirical probability measure of the
C;-simulations, i.e.

1 i

V; = 5 i,m i,m i,m)y .

i, M Mi g ‘ (AWi( )’Xi( )a*“sz(v ))
m=

Denoting by (€2, F,P) the probability space supporting (AW, X), which serves as a
generic element for the clouds of simulations, the full probability space used to ana-
lyze our algorithm is the product space (Q, F,P) = (2, F,P) @ (QM) F(M) pM))
Remark 4.5. The reader will observe that the simulations X J(-Z’m) for j < i are not
used in the algorithm: however, we keep them in the notation for simplicity.

Allowing time-dependency in the number of simulations M; is coherent with
our setting of time-dependent local Lipschitz driver. Without loss of generality,
up to the generation of extra simulations, we assume M; > Ky,; V Kz, for all
ie€{0,...,N—1}.

By a slight abuse of notation, we write P (resp. E) to mean P (resp. E) from
now on. We now come to the definition of the LSMDP algorithm.

Definition 4.6 (LSMDP algorithm). Recall the the linear spaces Ky,; and Kz,
from Deﬁnition the empirical measures {v; ar : ¢ = 0,..., N—1} from Definition
[44 the almost sure bounds from Proposition [3.3] and the truncation function 77,
(notation in introduction).

Set 50 (1) = ().
For each i = N —1,N —2,...,0, set the random functions yl(M)(-) and zi(M)(-)
recursively as follows: define yl(M)(-) =Te, ( g/]\f)()) and zi(M)(-) =Te. . ( (ZAf)()),
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where
&Af)() solves OLS(S§¥)(§) , Ky Vi)
N-1
(4.5) for S (x) = B(ay) + 2 N (e, g ), 20 (20) Ar,
(ZNZ[)() solves OLS( S (w x), Kzi, vim)
for S(Z{\f)(w,g) = —Sl(/]\ﬁl( yw',
for every w € RY, x = (xq,...,ZN) € (Rd)N+l~

Like the MDP, the LSMDP is computed recursively: first, y](VM)(-) is used to
compute ZJ(\%)1( -), then y(M) (+) and z%‘@l(-) are both used to compute yj(vj\{)l(), and
so on. In practice, the empirical least squares regressions are computed using a
Singular Value Decomposition (see [19, Section 5.5]). So long as it is possible to
generate the simulations (AWi(Z’m), X (i’m))iﬂm it is possible to perform the LSMDP
algorithm given in Definition[£.6] In this sense, the algorithm is fully implementable.

To conclude this section, we present the following result, which will feature
frequently in Section below, on almost sure bounds.

Lemma 4.7. Recall the constants C, of Proposition . For Sg\f)() defined in

@3,

sup  sup  |SP(x)] < Grmi= Ce + LG, T# |

2T N \/éx/ﬁ} +CfT9c

0<i<N xe(Rd)N+1 ’ 1+ 9[, VoL 90 '
Proof. From (Ag-i), (Ap-i-ii), and Proposmonn we readily obtain
N-1
& Cy
A; A;
1< Con 3 |G G ViR
T(1461)/2 = VA 2012 TV
< L N _—
<Ce+LyCy {( )/2+\/>\/7(;((T—ti)172%)) :|+Cf 0.

for any x € (R*)V*+! and i € {0,..., N}, so the announced upper bound follows. (]

4.3. Error analysis. We will estimate the error of the LSMDP approximation
(y(M) (X3) Z‘(M)(Xi))o<i<N of the discrete BSDE (yi(Xi),zi(Xi))

2 Eag)

0<i<N in a Lo-
norm. Since both the functions yl(M)(.), zi(M)(.) and its arguments X; are random,

we shall define more precisely the norms chosen to quantify the error.

Definition 4.8. Let ¢ : Q) x R — R or R? be FM) @ B(R?)-measurable. For
each i € {0,..., N — 1}, define the random norms

M.
_ 1 - i,m
ol = [ o@P PoX o) loliias = 37 D oK)

" m=1

We are concerned with finding an upper bound for the error terms

EW, M) =B [y () = ()], E(ZM.0) == E[=0() = 52
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Actually, in the error analysis of empirical regressions, the most natural error norms
are related to empirical measures, i.e.

. M . M
(. 0M,0) =E[ly™ () =y Ol2u ] E(2. 00 = B[ () = 5 ()2 ]
In order to relate error terms E(-, M, i) and (-, M, i), we use simple inequalities

E(Y, M, i) < 28(Y, M, )

(4.6) FE[(I5" () = 520 = 200 () = 52 a0)., ]
E(Z,M,i) < 2E(Z, M, i)
@.7) + ZE[ (1206 = 2140 B e — 2=070) 5 OlEar)

so that we are in a position to apply the following proposition which estimates
sample deviation uniformly on the function spaces; we defer to Appendix [C] for the
proof.

Proposition 4.9. For finite B > 0, let G := {¢(Tpd(-)—n(-)) : ¢ € K}, where
¥ : R — [0,00) is Lipschitz continuous with 1(0) = 0 and Lipschitz constant Ly,
n:R% — [-B, B], and K is a finite K -dimensional vector space of functions. Then,

for XU XM 4id. random variables, we have
M
507(K + 1)BLy log(3M)
E[sup(/ Po X, X<m>) }g .
sup ([ 9() mXZ: v,

Recalling the constant C, from Proposition [3.3] we apply Proposition [4.9] with

B = Cy (resp. C.; = Cy/VA;), ¥(z) = (Jz| A (2C, )) (resp. (Jz| A (20“%
(4.6)

whence L, = 4C, (resp. 4C.;) - and K = Ky,; (resp. Kz;), so that, from
and (4.7)) we obtain the following preliminary result.

Proposition 4.10. For each i € {0,...,N — 1}, we have

2028(Ky,; + 1)02 log(3M;)
M; ’

2028(Kz,: + 1)4C} log(3M;)
AM;

E(Y, M, i) < 26(Y, M, i) +

E(2,M,i) < 26(Z, M, i) +

Therefore, to control £(Y, M, i) and £(Z, M, 1), it is sufficient to select sufficiently
large M; to balance Ky,; and Kz ;, and to control the error terms £(Y, M, ) and
E(Z,M,i). We now state the main result of this paper.

Theorem 4.11 (Error for the LSMDP scheme). Recall the constants C, from
Proposition [3.9 and g from Lemmal[{.7] For each k € {0,...,N — 1}, define

3Ky Kz

Kz +1 log(3M,
E(k) = TY T, +Cein R ey )+800((Ky,k+1)+( Z,Zk )q>c§ ggm k)
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For any any 7 such that C'7rL§c(R7r V1) < (192Cgg (1 + T))~, we have, for all
0<i<N—1, that

9 , N-1
(1) 16" () — )] < T+ B G 3 e)Aw,
N—-1 N-1 =
(49) Y E[IA () = 2Ol ar] Ar < G Y ERIA,
k=i k=i

where Gy = 8exp (192(Ry V DCeEeg (1 + T)T% L?/GL).

The proof of Theorem is given in Section As announced in , the
global error estimates are a time-average of three different, local error contributions
E(k) along the DP equation: the terms Ti’ . and Tfk are the best approximation
errors using the basis functions, the terms with factor gz come from statistical
errors, and last terms (with factor C,) are interdependency terms due to nested
regression problems. In our algorithm, these interdependency terms deteriorate the
statistical error terms only by a log(M) factor: this is a very significant improvement
compared to existing results. As a consequence, the theoretical rate of convergence
is much better, even under our general conditions.

Since interdependency errors have a small impact, the global LSMDP error writes
as an average of regression errors only, therefore it is hard to think of possible
improvements to the convergence rates. In this sense, we believe that these error
estimates are optimal. However, constants could be improved, for instance by
incorporating variance reduction techniques (see [30] 2]).

4.4. Algorithm complexity. As usual in empirical regression theory, the param-
eters of the algorithm play contradictory roles: the higher the dimension of the
approximation spaces, the lower the bias T} = but the larger the statistical errors
in Theorem the higher the number of simulations, the lower the statistical
and intedependancy errors, but the more computational work to be done. Thus, it
is essential to optimize these parameters by means of an error vs. computational
work (complezity) analysis. For simplicity, we assume that the time-grid is uniform:
A; = T/N. In the following, c is a positive constant that does not depend on N
and may change from line to line; ¢ is assumed to be large enough for the arguments
to be consistent.
» Smooth Markovian functions. Assume that the continuous-time limit of the value
functions (y;(.), z:(.)): are (u(t,.),v(t,.)): and that these functions are respectively
of class C;t' and Cf* in space uniformly in time for some x € N and 7 €
(0,1], i.e. w and v are uniformly bounded and x + 1 (resp. &)-continuously space-
differentiable with bounded derivatives, and the x 4+ 1 (resp. k)-th derivatives are
uniformly n-Hélder continuous in space. This qualitative information is related to
semi-linear PDE estimates: they hold under standard conditions on the driver and
the terminal function, see for instance [11I, [9].

Assume furthermore that the discretization errors between (y;(.),z;(.)) and
(u(ts,.),v(t;,.)) are uniformly bounded by ¢N~%onv for some eony > 0: for Lips-

chitz data, Ocony = % (see [31), [7, [17]) and for smoother data O.ony = 1 (see [15]
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Theorems 7 and 8]). Thus, the bias terms are bounded as follows:

2c2

Y : 2

<2 ik E|I6(X) — ult, XoP | + fzg

TZ, <2 inf E[|¢(X) —v(t; X‘)|2] + 2
1,0 = $EK 7.0 4 1y <3 N20conv -

We now aim at choosing parameters so that the local error terms £(i) are of order
N~20onv (up to logarithm factor) uniformly in .
» Approzimation spaces. For the basis functions, we take local polynomials defined
on disjoint hypercubes (H,), with edge length 6, (for y) and J. (for z). The union
of these hypercubes is of the form [~R, R]¢ for each component y, z1, . .., zq. The
degree of local polynomials is x 4+ 1 for y, and  for z. P; stands for the set of
polynomials of degree less than or equal to [.
» Approzimation error. The best approximation error inf e, , E[|¢(X;)—u(t;, X;)[?]
is equal to
[\U(fz,X )*1x, |m>R] + min E[|¢(tiaXi) —u(ty, X;)[*1x,en,
- EPk+1
< Jultis JEP(Xiloo > R) + Y clultis )14y (057 )P(X; € Ha)

< fults, JZB(Xilow > R) + clults, 2411 (05 H7)

where we have used a Taylor expansion on each set H,, and taken the local polyno-
mials to be equal to the first k + 1 terms of the expansion. Assume addition-
ally that X; has exponential moments (uniformly in ), i.e. for some A > 0,
SUP 1 SUPg<;< N E(eMXil>) < 400, so that the choice R = 20ony A~ log(N +1) is

fconv

sufficient to ensure P(| X;|oo > R) = O(N~20conv). Hence, the choice 6, = ¢cN ~ =+1+n
ensures that Tf,/ ;, = O(N ~20conv) With similar arguments for the z components,

fconv

we have to choose 6, = ¢cN~ «+v . Thus the sizes of the vector spaces are Ky; =

Yconv.

N 1ogh(N + 1) and Kz; = eN#8 log(N + 1).
» Statistical and interdependency error.  Because the continuous-time solution

(u,v) are bounded, we can improve the uniform upper bound for |S§/Af)(§)| and
|Sy.i(x)|, replacing Gz by a constant independent of V. Then, to ensure that
the term of factor of Gf= in £(i) is of order O(N—2%<nv) it is enough to take
M; = cN'H20conv (), = cNHQemv*d w0 log (N +1). With this choice of M; = M,
the last contribution (interdependency error) in (i) is O(N~2%onv log(N)).

» Complezity analysis for the LSMDP scheme. By averaging the above error con-

tributions, we obtain from Theorem {4.11| that sup,<y (E[Hy(M)( ) = w7 }
,Ijz_ilE[Hz,(vM)() — Zk()H%M} Ak) = O( log(V) ) Since the hypercubes are dis-

N20conv

joint, the final computational cost C (counting the elementary operations) is of
order M N2, that is

onv

C = N3+ 2eom %8 100d (N 4 1),

Equivalently, the global error, as a function of complexity and ignoring log factors,
is
79001]\'

—1
: 3 d
N— Oconv <ec Cs+zeconv+d SO — ¢ Cz(1+m+m> .
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ﬁ’ the quicker the

convergence. There are several numerically significant implications of this:

This analysis shows that the smaller the parameter 7295;1] +

e the higher the smoothness of the solution, the better the convergence;

e the higher the dimension, the worse the convergence; this is the usual curse
of dimensionality.

e the better the discretization error (f.ony large), the better the convergence.
This motivates the development of high-order discretization schemes for
BSDEs.

If we apply the same analysis to [23] Theorem 2] for k +7n > 1 and Ocony = 1/2, we
1

2d

obtain that the error is of order C ***#1m for the ODP, which is significantly
worse than the current LSMDP (at least in the theoretical framework given in this
section).

4.5. Proof of Theorem The following proposition is a key tool in the proof
of Theorem .11t

Proposition 4.12. With the notation of Definition [[.3, suppose that K is fi-
nite dimensional and spanned by the functions {p1(.),...,px(.)}. Let S* solve
OLS(S,K,v) (resp. OLS(S,KC,var)), according to (resp. ) The follow-
ing properties are satisfied:

(i) linearity: the mapping S — S* is linear.

(ii) contraction property: ||S*|L,Bwrt),u) < 1S|lL,BRY) 0, where p = v (resp.
1= vn).

(iii) conditional expectation solution: in the case of the discrete probability mea-
sure vy, assume additionally that the sub-o-algebra Q C F is such that
(pj(X(l)),...,pj(X(M))) is Q-measurable for every j € {1,...,K}. Set-
ting So(X™) = E[S(X™)|Q] for each m € {1,..., M}, then E[S*|Q]
solves OLS(SQ7 K, VM).

(iv) bounded conditional variance: in the case of the discrete probability measure
v, suppose that S(w,x) is G @ B(R!)-measurable, for G C F independent
of o(XWM)) there exists a Borel measurable function h : Rl — &, for
some Euclidean space €, such that the random variables {p; (xm)y . m=
L...,M, j=1,...,K} are H := o(h(X™) : m =1,..., M)-measurable,
and there is a finite constant 02 > 0 that uniformly bounds the conditional
variances EHS(X(’”)) —E(S(XM™)GVH)?| GV H] < o? P-a.s. and for
allme{l,...,M}. Then

E[I15() = EIS"()IG V MR, s(xty ) | 9V H] < 0*K/M.

The proof is given in Appendix The significance of the Borel function h in
Proposition iv) is to distinguish between the dependency on the sample path
of the basis functions and the observations used for the least-squares regression:
observe that the basis functions in Definition depend only on the marginal

X ng,m), whereas the observations in Definition depend also on the marginals

X ](.k’m) for j greater than k£ and the Brownian increment AW,gk’m), so the Borel
function h : RIT* N+ _ RY is the projection operator h(w,x) = ;. We need to
introduce some further notation and preliminary results before we commence the
proof.
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Conditioning. To deal with the simulations, we introduce the following notation.
Definition 4.13. Define the o-algebras
F =t ey, FM = FOve(xEm™ 1 <m < My).

For every i € {0,..., N — 1}, let EM[] (vesp. PM) with respect to }"i(M).

Remark 4.14. The o-algebras in Definition do not form filtrations. Recall the
ambiant filtration (F;)o<i<7: we will make use of the extended filtration { F (M)
Fi, : 1=0,...,N} below.

i

Intermediate processes and local error terms. For each k € {0,..., N — 1},
recall the functions Sy (x) and Sz ,(w,x) from (4.4)), the linear spaces Ky, and
Kz, from Deﬁnition and the empirical measure vj, ps from Deﬁnition and
set

(4 10) wY,’c(') solves OLS( SY,]C(X) ) ICY,k: s V.M )7

’ Yz x(-) solves OLS( Szi(w,x), Kzk, Vi )-

Observing that (EM [Sy 5 (X®m)] | EM[S,  (AWE™ X tm)) = (y (X ™)
zk(Xlgk’m))) for each m € {1,..., My} where (yx(:),z(-)) are the unknown func-

tions defined in (4.1), we can apply Proposition iii) to prove the following
lemma.

Lemma 4.15. For each k € {0,...,N — 1},

E;CWWJYJ@()} solves OLS( yk() 5 Kyyk y Vi, M ),
E{CV[['I/JZ’]C()] SOlU@S OLS( Zk() s ’CZ,k ; Vk,M )

In addition

15 = BEY [y ()] — v ()17 0] = E[Migk 6C) = yOE ] < T
15N = E[EY [z ()] — 2eO)lIF ar) = E[¢€igfz el - 217 ar] < T
Proof of Theorem From T¢, (yx) = yr and the Lipschitz continuity of 7¢,,

it follows that E[||yk()—y,(€M) ) ||£M] is less than or equal to E[||yx(-)— y,? ) ||iM]

Applying Pythagoras’ theorem and taking expectations then yields
M M
Ellys ()~ Ol < T+ BIwYE () — BY fovaOlIE .

Because S’y]{)() depends on z,(CM)(-) computed with the same cloud of simulations

Cy, as that used to define the OLS solution w%) (+), it raises some interdependency
issue that we solve by making a small perturbation to the intermediate processes

as follows: for x = (z9,...,zy) € (RY)N*1 define
N—1

a(M M M M

SUY () = ®(an) + fr (2, i @ran), 2 (@) Ak + Y filwiyl) (i), 280 (20)) Ay,
i=k+1

~§/Ai)() solves OLS(S’)(,%)(X) s Kyke s viem)-

We do not need this perturbation for the Z-component, because S(Z]ji)(w,g) de-
pends only on the subsequent clouds of simulations {C;,j > k}. Then by Young’s
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inequality, we have

Elly(-) — 5" N2 ar < T + 3ENEM [0V () — vy (]I1Z 1)

(4.11) + 3E[[03%) () = EY [ ONE ar] + 3EER ) = 0% Ol ar)-
We handle each term separately.

> Term E[EX [0 () — ¥y r ()13 0] Set & () == E(SY}) (X) — Sy (X)X, =
z, FM)). Recalling that S(M)( ) — Sy,k(x) is built only using the clouds {C;,j >
k + 1}, it follows from Lemma [4.1| that EM [S;%)(X(k’m)) — Sy (X ™)) is equal
to é;k(X(k’m)) for every m € {1,..., My}. Then, using Proposition i)(iii),
EM[ (M)() Yy k(-)] solves OLS(EN;‘,),CC), Ky » vk,m)- By Proposition (ii),

E[EY [0 () = Uy a0 < BN, CIZ 0] = EIE 1 (X))
Defining &3, (v) = E(S&%)(X) — Sy (X)X}, = 2, FM)) Young’s inequality yields

E[(£5,(X1))?] < 2E[(SV(X) — SU (X)) + 2E[(€51(X))?]
< 2E[| f1(Xi, ) (K1), 2™ (X)) — (X USN (Xig), 2 (X)) 2] A2
+ 2B[(65,1,(X1))?)
2L§A§

< gy Bl (X = s (X0 + 2B((6 4 (X))

» Term E[||1/1(M)( ) —EM[ (M)( )]||k - Since S§,k (.) depends only on the clouds
{Cj,j > k} and is bounded above by Gz (like S}(,AZ (.)), it follows from Proposition

iv) that E[\w%)(-) — EM[VY (13 ) is bounded above by Cghy,x/Mi.

This contribution is interpreted as a statistical error term in regression theory.

» Term IE[||1/J(M)( ) - @Ai)()HiM] Using Proposition i)(ii), it follows that
. &(M M .

||1/’Y,k () — Y,k ()HiM is bounded above by HS)(/k)() - SY,k ()HiM’ which equals

AQ M, ko M ko M k.m k.m k,m k,m
b 2 e g OGET), AM OGE ™) = R s G5, s gt P
m=1
M
L?Ai”zk()*zé )()”kM

= (T — tp)' 0

Collecting the bounds on the three terms and substituting them into (4.11)) and
applying Proposition [I.10] yields

Elu() — 5 O)lEas < TVy + 6E(€5 0(X0))?] 3CmK”

3L2A2 )
+ it (Elle() - z,§M>(~>||z,M] 28(Z, M, k)}

<71y, kT 6E[(§Yk(Xk) 3%KYk

4056(KZ K+ 1)gC2 log(3My,) }

2
(4.12) + 3LfAkCW{5€(Z, M, k) + AL
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Analogously to (4.11), one obtains the upper bound
M M
Ellzn(-) — 20 Ol 0 < T + 2ENEM 050 () — vz (13 )
M M
+2E[lo 5 () — EM[ SOOI ).

Since S(ZA?() depends only on the clouds {C;,j > k} and its ]-',5 )_conditional
variance is bounded above by q%/ Ay, it follows from Proposition iv) that
Elllv&y ()~ EX W5 ()17 o] is bounded above by Gk 7/ (Ak M) (compu-
tations similar to those for (3.3)). Defining Expla) = E(S(ZA?( X) — Sz.k(X)| Xy =

o, FOD), it follows that EM [} (-) — ¥z ()] solves OLS(€5 (), Kz , vinr)-
Therefore,

2110@3_312 7.k
(4.13) Ellz() = 2 Ol s < T + 2E[€5,1(Xi)?] + :
AR M,
Observe that (§3-; (Xk), &7 (X)) solves a discrete BSDE with terminal condition 0
and driver fe (4. 2) 1= fi(Xe, 0] (Xnn), 2" (X0) = fo (X, g (X ), 20 (X ).

Combined with the local Lipschitz continuity of fx and a choice of (yo,...,Yn-1) €
(0, 4+00)™ such that

2

(414)  96(R v 1)Cigy(1+T)(= +Ak)(T—Zf)1—9L<1’ 0<k<N),

and setting the weights 'y := H (1 +7;4;), Proposition (With Yk, Z1i) =
(&1 (Xk), 62 1 (Xk)) and (Ya, Zg) (0,0)) and Proposition yield the bound

N-1 N-1
> AGE[& (Xk)PITk + Y ARE[IES 5 (X5) Pk

k=1 k=1
N-—1 2
Ap L3(1/9 + Ag)
<6CEm(1+T) Y Ap Akjl (fT_tk)l_eL E[lys1(Xit1) =y ) (Xes1)[ITs
k=1
N—-1 2
L3 (/v + A)
+6CEm (1+T) 37 A5 Bllar(Xe) = 2™ (X T
k=1
1 N-—-1
k=i
1 N—1
k=1
N—-1 2
(KZk+1)q Cy IOg(3Mk)
4.1 12 AT (K 1 : .
415) 12730 o (B 1) 4 SEEE L SV

Combining (4.15)) with (4.12) and (4.13)), it follows that

(4.16) i AR (E(Y, M, k) + E(Z, M, k))Ty,

N-—1
)+ 5L ARCRE(Z, M, E))Ty, + 0 Z Ap(E(Z, M, k) + E(Z, M, k)T,
k=1

MZ

=~
I
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where we set

~ 3KYk KZk 10g(3Mk)
E(k):=TY, +T ( 9q—2: ) 3L2ALC, X 4056(K 75 + 1)qC2—2120k)
(k) Vi + Th + G + TN + 3L5A,Cr X (Kzx +1)qC, A,
(Kz K+ 1)q\ o log(3My)
6 x 127( (Ky ) + 1 : )C .
+6 x (( it 1)+ T
Observe that C’ > 3, 3L?AkC’W x 4056 < %3&536 < 22 using the constraint on

C given in the statement of Theorem it readily implies that g ( )< E(k). 1
addition, 15L2 AkC’ < 192X3 <1/8 1mphes that the inequality (4.16]) becomes

ZAk(S(Z, M, k) + E(Z, M, k)T,

N—-1
ZAkS g+ ZAk (Z,M, k) + E(Z, M, k)T,
k=1
N-—1
(4.17) <8 Ap&(k
k=1

The choice v, = 192(R, V l)C’ T)L3/(T — tx)' % makes valid and
(3-10))

then, 8Ty, < (g (similarly to (3.10) and thls completes the proof of .
We now establish (4.8]). Observe that Proposition [3.2] gives a direct estimate on

E[|&;(X:)[]T;: similarly to (4.15)), one obtains (using previous inequalities)

IN

1 127
E[jy (X - Z Ap(E(Y, M, k) + E(Z, M, k))Tg + —— 200 Z AE(k

oo

Plugging this inequality into (4.12]) and using L?C7T < 1/(192 x 3) leads to

N 1
E(Y,M,i)l; < TY.T; + C@Mmr + - ZAk (Y, M, k) + E(Z, M, k)T
K3
6 x 127 \ 15 3 x 4056
ALE(R)Ty + —NE(Z, M, )T + ————_£(i)T;.
800 Z RER)Tk + g ME(Z ML + e ang €0
Using (4.17) leads to (4.8). O

APPENDIX A. NON-UNIFORM TIME-GRIDS (AS IN [18] [14])
Lemma A.l. For 0y € (0,1], the time grid (t, = T — T(1 — k/N)Y)ocr<n
satisfies assumption (Ap-iii) with 0, € (0,1]

Ay T 1 Ak 1,1
Chi=sup ———F <2~ R .= 1V Zaaal
pon (T — 6) 1708 = 0, ningk b A S\ (5g)

Proof. Set 1/0, = u > 1 and g(z) = 1 — (1 — z)*: we have ty = Tg(k/N). Note
that g is increasing and concave; thus we have
Av  _ FOQ-k/Np T
(T —tg)t=00 — T1-0(1 — k/N)r(1=0) 6 N
and the bound on C; follows by considering either 67 > 6, or 0y, < 0.

(1 —k/N)0=/0=—1
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Now, we study R,. Since g is concave, we have Ay_1 > Ap > --- > Ay_1 =TN#
and A,_; < &L v (L —k/N)H~ 1. This gives a first upper bound for the n¢-last times
k= N—no,...,N—l (with ng > 1):

A1 Ap %(1 — k/N)»t

, < < = — kPl <oyt
(A 1) Ak, —= AN—l —= TN—# lu(N k) KTy

We are now in a position to complete the upper bound on R,.

JAY
A

e 1 €[1,2]: we prove < p. For k = N — 1, the inequality is true owing
to (A.1). Now take k < N — 1. Since g” is non-increasing (u € [1,2]), we
have Ay > %(1 —k/N)=1 + 519" ((k 4+ 1)/N), and we easily deduce

Ajy L (1L —k/N)»—! 1

< < — S M
Ai T (L= RN = (= (1= (k4 1)/N)e2 T g - L)

e 1 > 2: we prove AA"'—: < u(%)“il. Set ng = [5]: no < 5§ < mng+ 1. For
k > N — nyg, the announced upper bound directly follows from (A.1). Now
take k < N —ng — 1 (which implies N — k > £): ¢” being non-decreasing

for p > 2, we have

Nz Byt gy = B - Dy ]
:Jﬁu—ww) i>A1%

APPENDIX B. PROOF OF PROPOSITION [4.12

We prove the statements (i)-(ii) simultaneously for 1 = v and u = vps. Since
K is finite dimensional, there is an orthonormal (with respect to the norm | -
Lo (BerY),)) basis {1, ..., Dz} with K < K: if u = v, each py, is B(R!)-measurable
(deterministic) and if u = vas, pp is F @ B(R')-measurable. Define by p(-) the
I' x K-matrix of functions (]51(~), . ,ﬁf(()). Then, setting

(B.1) a* z/ 'S du
R

defined P-a.s. as a K-dimensional (column) vector, we readily check the Pythagoras
relation

(B.2) ||l504—5||%2(3(n§l),u):||2504 S||L2(B(R’ +||p( O‘)“iZ(B(Rl),p)’ P-as..

Then, clearly S*(w,.) := p(w,.)a*(w) solves OLS(S(w,-), K, 1), and is P ® p-a.e.
unique. In view of , the mapping S +— S™* is linear. The contraction property
follows from with a = 0.

To prove the conditional expectation property (iii) under p = vy, observe that the
Q-measurability of each p; (X (™)) implies that of each pj,(X(™)). Hence, by taking
the conditional expectation E[-|Q] in (B.1), it follows that

1 M

E*Q:E/”Sd Q= —
[a*|Q] [Rlp v |Q] M 2

5T (A0 S| Q) = / TS dus.
R!
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The proof is then completed by combining the above and using E[S*(:)|Q] =
B()Ela*|).

To prove the bound on the conditional variance (iv), apply previous results with
Q = GVH and write S*(X(™) —E[S*(X™)|GV H] = p(X <m>)( Elo*|GVH]).
Using the orthogonality property of p and the expression of a* as a summation over
the sample yields

15*() = E[S* ()G V HIIE 50y wn) = lo* — Ela*IG vV H]P?
M

]' ~ m ~ mao
=5 Z Tr(p(X( 1))pT(g{( ))

my,ma=1

(S(xm2)) —E[S(X"2)|G v H])(S(x ™)) ~ E[S(x™)|G v ’H])T)

The random variables {X®,... XM} are independent, which implies that
{S(w, X)) :m =1,..., M} are independent conditionally on G vV H. Thus, the
conditional expectation ]E(|Q V H) of the (mq, mg)-term above is 0 for m; # mao,
and so, by introducing the conditional covariance matrix £(™ := E[(S(x (™)) —
E(S(X)|G v H))(S(X™) —E(S(X™) |GV H))TIGV H], it follows that

{18 () = BIS 010V Al o | 67 = 3z 30 Te(0TIx))

< M2 Z Te([pp " ](X ™)) Tr(2™),

where we have used that Tr(AB) < Tr(A)Tr(B) for any symmetric definite non-
negative matrices A and B. The proof is completed by observing that Tr(Z(m)) <
0% 3 D lP AI(X™) = 1dgic and K < K. 0

APPENDIX C. UPPER BOUND OF A DEVIATION PROBABILITY, UNIFORM OVER A
CLASS OF FUNCTIONS

We recall, for the benefit of the reader, the definition of a covering number given
in [20, Definition 9.3(c)]. For a more detailed account on covering, see Chapter 9
in the above reference.

Definition C.1. If G is a class of functions from R? to R and %M := {z(1) . (M)}
are M (possibly random) points of R, an e-cover (¢ > 0) of G w.r.t. the L,(p > 1)-

empirical norm ||g|lar = (57 2%21 |g(ﬂc(m))|p)% is a finite collection of functions
J1s---,9n such that for any g € G, we can find a j € {1,---,n} such that
lg — gjllar < e. The smallest integer n for which an e-cover exists is called the
e-covering number and denoted by N, (g, G, z1:M).

Lemma C.2. Let G be a countable set of functions g : R? v [0, B] with B > 0. Let
2, XWX (M > 1) be did. RY valued random variables. For any o > 0
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and € € (0,1) one has

w37 St 9(X ) ~ Elg(X)] 05 ) o (320N
P(gega+ & S g(X M) + E[g(X)] > ) < BN 59 ))exp ( 40B ):
1M (m) 2,

06 o+ MZm 19(X(m))+E[ ()]

Proof. The first inequality is stated in [20, Theorem 11.6] for B > 1. For B € (0, 1),
we rescale the class of functions {g/B : g € G} (now bounded by 1), replace o by
«/B and apply the standard result: this gives the announced upper bound.

To establish the second inequality, we adapt the proof of the first inequality from
the proof of [20, Theorem 11.6]. The first step consists in taking a ghost sam-

ple XM and observing that for a given g € G, E[g(X)] — M %:1 g(xm) >

(o + 47 S0, g(X0) + Elg(x)]) and E[g(x)] — & SH, g(X) < §(a+
LN g(X0™) + E[g(X)]) imply

5e M 1
(1+ 3 )(M > gty — Z g(xm))
m=1

m:l

S

S

> 3—5(2a+ L JZM: (xm)y 4+ L Z g(Xm)) + ﬁE[g(X)].
8 M £ 4

m:l

Since the r.h.s. is positive, the 1.h.s. is also positive; using 13 >1+ 55 implies

1 poy_ L 2y = 390+ L pmy, L PNy
Mmglg( ) Mm:lg( ) > 1:,)(WrMmzlg( )+Mm§::19( )

Then we proceed as in [20, pp. 205-207] to show that the probability to estimate
is bounded by

1 M 1 M
1 pm)y _ L (m)
(39 €9 3 22 ) = g7 3 ™)
M M
S §(2a+ 1 3 g(xm) 4+ 1 3 g(Xw))))
13 M M

for M > 582—]?1 (however for M < SB the upper bound in Lemma is obviously
true). The rest of the proof is 1dentlca1 to [20, pp. 208-210], except that one should
take an Ly d-cover of G w.r.t. X1 with § = 2 (instead of § = %5). This leads to

a new upper bound, 4E(N1 (%, G, X1M)) exp ( — 6?232,4)- U

Proof of Proposition[{.4 Let Z := sup g (f]Rd g(z)PoXy  (dz)— 2 n]\f:l g(X(m))>

We prove the result by taking advantage of the identity E[Z] = [[°P(Z > ¢)de.
Using the equality

+.

M m
P(Z>€):P<ﬂgegz fRdg(ac)]P’OXl (dz) — M m:lg(X( )) >1)7

26 + pa g(2)P o Xy (da) + 4 oy g(x(m) 3
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and that the elements of G take values in [0,2BLy], it follows from Lemma

that
2e M )

 507BLy,

where Ni(5,G, X*M) is the S-covering number of G with respect to the Lj-
empirical norm of {X,..., Xy}, as given in Definition Define by 7K the
set of functions {Tpé(-) : ¢ € K}. Since |¢(¢1(x) — n(z)) — ¢¥(d2(z) — n(x))| <

Ly|p1(x) — ¢2(z)| for all z € R and all (¢, ¢o), it follows that
Nl(%7gaX1:M) < Nl(LﬂTBICMXLM)'

P(Z > ¢) < 4K 1(%,Q,X1’M)] exp (

12L,

Next, [20, Lemma 9.2, Theorem 9.4 and Theorem 9.5] gives that

48eBL 72eBL K+1
Nl(L,TBIC,{Xl,...,XM}) < 3( o log ( c w)) whenever € < 6BLy.

12Ly € €
Then the relation
— 141
Vo > 12, 2exlog(3ex) < 2ex[log(36e) + ser 366] <e + 108(36) z? < (§x)2
36e 6 2
combined with previous inequalities implies that
36BL,y\ 2(K+1) 2e M

(C1) P(Z>¢)< 12(%) exp (— 507€TL¢) whenever € < 2BLy.

On the other hand, P(Z > ¢) = 0 for all ¢ > 2BLy. Setting a = 36BLy, b =
2/(507BLy), it follows that from (C.1)) that

P(Z > ) < 12(2)2E+D oxp(—bMe), Ve > 0.
€
Fix g9 to be some finite value (to be determined later) such that

(C.2)

a
>
0= M+ ab)

Using the fact that E[Z] is equal to [;~ P(Z > ¢)de, it follows that

o0 2(K+1)
E[Z] < <o +/ 12(%) exp(—bMe)de

€0
12 2(K+1)
Seo+ o7 (M(1+ ab)) e

Now, taking ey = 717 log (12((1 + ab)M)z(KH)) satisfies (C.2)), because

xp(—bMey).

1 2(K+1) alogl+ab) _ a 1
L 10g (12((1 + ab) M > alslltad)  a
DM Og( (1 +ab)M) )_M ab = M1+tab

using log(1 4+ x) > = /(1 + z) for all positive z. Moreover, this choice of gy implies
that
1
E[Z] < (1 +1og(12) + 2(K + 1) log (1 + ab)M))
_2AK+1)
- WM
which simplifies to the required result. (I

tog (1 -+ ab) exp [2(1 +105(12))] M)
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