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Abstract

We consider the dynamic programming equation arising from the time-discretization
of backward stochastic differential equations. When the sequence of conditional
expectations is computed using empirical least-squares regressions, we show that
the Multi step-forward Dynamic Programming (MDP) equation yields better er-

ror estimates than the usual One-step forward DP (ODP) equation. We provide
full error estimates, depending on the time-grid, the number of simulations and
the approximation spaces for regression. The generator is assumed to be locally
Lipschitz, which includes some cases of quadratic drivers.

Keywords: Backward stochastic differential equations, dynamic programming
equation, empirical regressions, error estimates.
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1. Introduction

Framework. Let T > 0 be a fixed terminal time and W be a ¢-dimensional
(¢ > 1) Brownian motion defined on a filtered probability space (2, F,P), where
the filtration (F;)o<i<7 satisfies the usual hypotheses; the filtration may be
larger than that generated by W. We are given a deterministic time grid 7 :=
{0 =1ty < ... <ty = T} for the interval [0,T], whose (i + 1)-th time-step is
denoted A; = ¢;41 — t; and mesh size is defined by |7| := maxo<;en A; < T
The (¢ + 1)-th Brownian motion increment is defined by AW, := W;,,, — W,.

i

i+1

*Corresponding author
Email addresses: emmanuel.gobet@polytechnique.edu (E. Gobet ),
turkedji@math.hu-berlin.de (P. Turkedjiev)
IThis research is part of the Chair Financial Risks of the Risk Foundation, the Chair
Derivatives of the Future and the Chair Finance and Sustainable Development.

Preprint submitted to Elsevier November 18, 2011



In this work, we deal with the numerical resolution of (Y, Z), a discrete
BSDE with data (&, fi(y, z)), which is generated by

Yy =& Yi=E; Y+ fi(Yig1, Zi)A;), 0<i <N, (1.1)
AiZi =E; (YimnAW;), 0<i<N '

where E; () := E(:|F:,), T denotes the transpose operator and
e ¢ is a given Fp-measurable random variable in Lo,

o YV := (Y))o<i<n is a scalar process, Z := (Z;)o<i<n is R%-valued process
(as a row vector),

e for each 4, the so-called driver (w,y,z) — fi(y,2) is F, ® B(R) ® B(R?)-
measurable.

Equation is a backward Dynamic Programming (DP for short) equation,
which is solved at ¢ = N — 1 by first evaluating Zy_;1 using Yy = &, then Yy_1
using Yy and Zy_1, and then iterating these evaluations until ¢ = 0.

Application. Equation appears naturally when approximating a continuous-
time BSDE by a discrete-time process along the time grid 7. The continuous
time BSDE may be a generalized BSDE of the form

T T
}/t = g +/ f(S7YS7Zs)dS - / stWs - (LT - Lt)7 (12)

where L is a martingale orthogonal to W. The presence of L occurs, for example,
when £ = ®(Xr7) where X is a jump-diffusion process driven by W and a Poisson
random measure. In this context, and for f(s,w,y,z) = f(s, Xs(w),y,2), it
is shown in [LGWO06, Theorem 1| that the discrete time process (Y;, Z;)o<i<n
generated by converges to (Y, Z), in suitable Lo-spaces, as the mesh size ||
goes to 0. Note that the general formulation using conditional expectations
w.r.t. F, allows for path-dependent drivers/terminal conditions: one can take
& = (Xyy,..., Xsy) (see [GGGII]) or € = @(XT,IOTXtdt) for a diffusion
process X (see [GLWO03]).

DP equation is written in an explicit form because the driver f; depends
on Y;y1. Discrete BSDEs have traditionally been studied in implicit form, i.e.
where f; depends on Y;. The explicit and implicit schemes usually give, to
the best of our knowledge, the same rate of convergence as N — +oo for the
discretization error (the error incurred by approximating the continuous BSDE
by a discrete process) in an appropriate Lo-space: compare the results of [BT04]
(implicit scheme) to [LGWOG6] (explicit scheme).

A lot of attention - [Zha04][BT04]|[GM10] among others - has been paid to
the analysis of the discretization error. This is not the focus of the current



article; rather, we focus on the numerical resolution of the DP equations ,
allowing N — +o0.

Numerical approximation. One has to approximate the conditional ex-
pectations in in order to have a fully implementable scheme. This is
because one cannot, in general, calculate the conditional expectation explicitly.
Over the last ten years, various different approaches have been developed to
do this - see the introduction of [GL10] for an overview - but very few papers
[BT04][LGWO06][Mos10] have tackled the global error analysis. In the current
article, we follow the empirical regression approach presented in [LGWO06] and
estimate the global error that this method incurs in the approximation of (Y, Z).
Suppose that

(Y3, Zi) = (4i(X5), (X)) (1.3)

for some (unknown but deterministic) measurable functions y;(+), z;(-) and a
d-dimensional explanatory process X := (X;)o<i<ny (in the jump-diffusion ex-
ample above, X would be the Euler approximation at times (¢;);). Since each
conditional expectation E;(-) can be viewed as solution of a least-squares prob-
lem in Lo (PP), the functions y;(-) and z;(-) are then approximated using a finite-
dimensional approximation. The coefficients of this approximation are com-
puted using empirical least-squares regression [GKKW02, Chapters 10-11-12]
using M simulations of the paths of the explanatory variable X. The use of
such an empirical regression scheme is supported by two important features:
first, it requires as an input only independent paths of the explanatory pro-
cess X and of the Brownian motion W; second, using distribution-free tools
[GKKW02|, one may achieve model-independent error estimates related to the
statistical error. These robust estimates (Theorem are presumably too con-
servative; on the other hand, the estimates allow the error analysis to be applied
to very general probability spaces, because we make very few assumptions on
the explanatory process X: see Section 2]

The resulting global error is known to be very difficult to analyze, because
all regression problems are stochastically dependent through the DP equation;
moreover, the numerical parameters (the time-grid 7, functions basis used for
the finite-dimensional approximations of y;(-), z;(-) and the number of simula-
tions M) play multiple, often contradictory, roles in the convergence, and it is
crucial to find the right trade-off between them. We achieve the global error
analysis in Theorem [£.1] which is one of our main results. We then apply these
results to optimize the numerical parameters needed for a given accuracy in the
asymptotics N — +o0, see Section [I.3] For the reader interested in empirical
analysis, we refer to [Mos10][Ric10][Turi2].



1.1. Our contributions

In this paper, we revisit the error analysis derived in [LGWO06|, achieving
several important improvements and extensions.

1. We derive stability results for discrete BSDEs; see Section [3.1] These
stability results are used to prove additional boundedness (Section
and smoothness (Section properties for the discrete BSDEs. These
properties are proved under quite weak assumptions.

2. We prove that the One step-forward Dynamic Programming (ODP for
short) equation (1.1)) provides worse estimates than the Multi step-forward
Dynamic Programming (MDP for short) equation given by

{ Y, =Ei(¢+ SN0 (Vi Zk)Ak) ) (1.4)

NiZp =E; ([€+ lecvz_i}i-l Te(Yet1, Z@AQAWJ) .

Because of the tower property of conditional expectations, definitions
and coincide. When approximations of the conditional expectations
are incorporated, the definitions differ and the MDP-based scheme gives
raise to a smaller propagation of errors; see Theorem This is in agree-
ment with some features of the Bender-Denk algorithm [BD07| and the
Longstaff-Schwartz algorithm [LS01] for optimal stopping problems. The
main difference with the [BD07] is that we prove that Picard iterations are
unnecessary. This is good news because it greatly simplifies the algorithm
without deteriorating the estimates.

3. We derive a full error analysis for the MDP equation, including the effect of
statistical errors (finite number of Monte Carlo simulations); see Theorem
M1 These estimates are obtained by exploiting stability inequalities -
Section [3.1] - for discrete BSDEs. We also show that the estimates are an
improvement on [LGWO06], where ODP equations are analysed; see Section
3] Moreover, we do not require Lipschitz continuity assumptions on the
Markov functions y; to obtain our estimates.

4. We allow the driver to satisfy a weaker assumption than in [LGWOG,
BDO7|: only local Lipschitz conditions are considered, see (Ag) below.
This allows the results of this paper to be applied to a wider range of
approximation problems for BSDEs, including some cases of quadratic
BSDEs; see Section 2]

5. We allow the time grid 7 to be non uniform; see (Ag-iii) . Indeed, to
reduce the discretization error for BSDE with irregular terminal conditions
& = ®(X7), it has been recently proposed in [GMI0] to choose nonuniform



grids: the grid points are more concentrated close to the terminal time
T in order to compensate the lack of regularity of ®. Similar results are
obtained for for path dependent ¢ in [GGGII];

6. Finally, we demonstrate how higher orders of smoothness of the Markov
functions y; and z; defined in lead to improvements in the error-
computational work trade-off. We also demonstrate that MDP has a bet-
ter error-computational time trade off than ODP in the context of these
theoretical analysis; see Section

Organization of the paper. In the remainder of this section, we define
notation used throughout the paper. In Section [2| we state our working as-
sumptions and give several examples to show how these assumptions are useful
for approximating a wide variety of continuous-time BSDEs. In Section [3| we
establish stability estimates for discrete BSDESs, and apply them to derive tight
pointwise and Lo-estimates for (Y, Z). We define the MDP-based scheme and
we analyze the Ls-error incurred when conditional expectations are approxi-
mated by projections on closed convex subsets of Ly. This allows comparison
between ODP and MDP-based schemes. Finally, we determine boundedness and
smoothness properties of discrete BSDEs under some additional assumptions.
In Section [4] the projections are computed using M independent simulations of
the explanatory process X. The global error is stated in Theorems and
The rest of the section is devoted to (long and technical) proofs. A discussion
related to algorithm complexity is given in Subsection [£.3] In particular, we
show how higher order of smoothness of the Markov functions y; and z; leads to
an improved error-computational time trade-off, and compare this to the results
for the ODP. Some intermediate results are detailed in Appendix.

Further notation.

e |z| stands for the Euclidean norm of the vector x.

o |UlL, = (E|U|p)% stands for the L, (P)-norm (p > 1) of a random variable
U. To indicate that U is additionally measurable w.r.t. the o-algebra Q,
we may write U € L,(Q,P).

e We reserve the letter v := (yo,...,7nv-1) € Rf for the parameter ap-
pearing in the weighted Ly-norms below. Moreover for a given v, we
set I'; = ;;10(1 + 7xAg) for 0 < i < N (with the usual convention

-1
c=1).
k=0

e For a ¢(> 1)-dimensional process U = (U;)o<i<n, its I-th component is
denoted by U; = (UM)OSZ'SN'



2. Standing assumptions and applicability to practical continuous-
time problems

In this section, we give the standing assumptions for this paper. These as-
sumptions are more general than in previous numerical schemes for BSDEs,
and we outline several examples to demonstrate how these more general as-
sumptions lead extended applicability of the results of this paper to practical
continuous-time BSDE problems.

The standing assumptions are separated into two parts: the first set consists
of the minimal assumptions necessary for basic results of Section [3] and the
second set consists of the Markovian assumptions necessary for Section [l The
minimal assumptions used in this paper are that the terminal condition £ is
square integrable and the driver is locally Lipschitz continuous in the sense that
the Lipschitz constant depends on t;. To be more precise:

(Ag) f is in LQ(]:T,P).

(Ar) 1) (w,y,2) — fily, 2)is Fi, @ B(R) @ B(R?)-measurable for every i < N,
and there exist deterministic parameters 6y, € (0,1] and Ly € [0, +00)
such that

Ly

m(\y —y[+1z =2, (25)

[fily. 2) = fi(y, 2] <

for any (y,9/,2,2') € R x R x R? x RY.
ii) There exist deterministic parameters 6. € (0,1] and C; € [0, +00)
such that
Cy

£i(0,0)| < T —t)i 0

YO<i<N. (2.6)

iii) The time-grids 7 := {0 =ty < ... <ty = T} are such that

Ay,
Cr=sup ———— — 0 as N — +o0, 2.7
k<n (T —ty)1 =0 @7
. A
limsup Ry < 400, where R, = sup . (2.8)
N— oo 0<k<N—2 Ary1

Under (A¢) and (Ap-i-ii) , it is straightforward to check from that (Y;)o<i<n
and (Z;)o<i<n are well defined and belong to Lo (see Proposition for tight
estimates).

When analyzing the influence of M in Section [d] we reinforce the basic
assumptions with the following set of Markovian assumptions:

(Ax) X is a Markov chain in R? (1 < d < +00) adapted to (F,);-



(A7) 1) € is a bounded Fr-measurable random variable; we set C¢ 1= P —
esssup,, |{(w)| < +oo.

ii) £ is of form £ = ®(X ) for a measurable function .

(A%x) For every ¢ < N, the driver is of the form f;(y,z) = fi(X;,y,2) where
(z,y,2) — fi(z,y,2) is B(RY) @ B(R) ® B(R?)-measurable and (Ap) is
satisfied.

These give us a Markov representation for solutions of the discrete BSDEs: for
all k < N, there exist measurable, deterministic functions y; : R* — R and
2z, : R — RY such that Y, = yr(Xy) and Z;, = 2(X}) holds almost surely.
Indeed, taking the Markov chain (Xf"z)izk started at t; with value z € R?
with the same transition probabilities as (X )y yields, by induction, Agz(z) =
EIAW, ye1(X5)] and ye(x) = Elykar (X525) + fi (@, yesr (X050 26 (2) Agl;
see the proof of Lemma for details.

We emphasize that we do not make any further assumptions on X - no
non-degeneracy condition, no specific distributions, etc; our error estimates are
model-free in this sense. This lends flexibility and robustness to the empirical
least-squares regression scheme.

The assumptions above derive from particular continuous time settings; see
below. This means that it is natural for us to assume that the constants 0, L,
0., and C are time-grid independent. This assumption simplifies the complexity
analysis in Section [4.3]

At first glance, the boundedness assumption (A’f—i) appears to be a serious
restriction of our scheme. Indeed, (A¢) is the minimal assumption to ensure the
existence of a continuous-time BSDE in Ly-spaces [EPQ97]. The raison d’étre
of (A¢-i) is to derive robust estimates for the global error (see Theorem (4.1)
using the tools of nonparametric regression [GKKWO02]. On the other hand,
& = —nVEAN (n > 0) defines a sequence of bounded approximations of &
and by Lg-stability results on continuous-time BSDEs (see [EPQ97], Proposition
2.1] for instance), the truncation error converges to 0 as n — +o0. Since in our
global error estimates we keep track on the dependence on C¢, it would be a
priori possible to let this upper bound go appropriately quickly to infinity, while
maintaining a converging scheme.

Assumptions (Ap-i-ii) may be surprising because they extend the usual
global Lipschitz continuity conditions in an unusual way. Globally Lipschitz
drivers are related to the case 6, = 1, and 6. = 1 describes the usual situation
where drivers are uniformly (in time) bounded at (y, z) = (0,0). The singular-
ity at the terminal time allows us to extend the applicability of our numerical
scheme to include a wider class of continuous-time Markovian BSDE related
to a R%valued Brownian diffusion process (X¢)o<i<r. We outline two canon-
ical examples that motivate (Ap-i-ii) . Take £ = ®(Xr) and f(t,w,y,2) =



f(t, X¢(w),y, z). For simplicity, assume g = d and that the coefficients of X are

smooth and bounded and that its diffusion coefficient o (¢, z) satisfies a uniform

ellipticity condition. We denote by £ the infinitesimal generator of X.
Quadratic BSDEs. Consider a quadratic growth driver satisfying

c (1+ |yl +12%),
c(1+lzl+ 12Ny —v'|+ |z = 2)

|f(t, @y, 2)
|f(t,x,y,2) = ft, 2y, 2)

for any (t,z,v,v',2,2') € [0, T]xRIxRxR xR xR and for a given constant ¢ >
0. Assume additionally that the terminal function ® is Hélder continuous and
bounded. Then [DGO6, Theorem 2.1] yields that the continuous-time BSDE is
given by Y; = u(t, X;) and Z; = Vu(t, X¢)o(t, X;) where u solves the semi-linear
PDE du(t,z) + Lu(t,x) + f(t,z,u(t,x), Vu(t,z)o(t,z)) = 0 with u(T,z) =
®(x). Moreover, there exist constants 6 € (0,1] and C,, € R" such that

IA A

(T — ) =92\ u(t, 2)o(t, )| < Cy, V(t,z)€[0,T) x R™

In a personal discussion, Frangois Delarue has brought to our attention that in
this BSDE setting, 6 is equal to the Holder exponent of . Now, set ¢; : ( € R —
»1(¢) = sign(¢) min (\C|, (T_t)c(w) and define the new driver f(t,z,y,z) :=
f(t,m,y, wi(z1) ...,got(zd)). Observe that f(t, X;,Y;, Z;) = f(t, X, Ys, Z;), thus
it is equivalent to solve the BSDE with driver f or f. Notice also that ¢ (-) is 1-
Lipschitz continuous and bounded by (T_&W, hence f;(y, z) :== f(ti, X¢,, v, 2)
satisfies (Ap-i-ii) with C; = ¢, 0. = 1, Ly = ¢(T" /2 +2V/dC,), 0, = 6. One
may argue that the construction of f depends on the knowledge of C,,, which is
not straightforward; see [Ric10] for some explicit estimates.

Using proxys for numerical stability. Consider a standard Lipschitz
driver f. Assume that we know by ezpertise that the solution (Y, Z;): is ex-
pected to be close to (v(t, Xy), Vu(t, Xi)o(t, Xi))i, where v is the explicit solu-
tion to a linear parabolic equation dyv(t,z) + Lu(t,z) + f(t,z) = 0; the diffu-
sion process associated to £, the terminal condition and the driver may have
changed to produce an analytical solution. v is called prozy in [BGMQ09]. It is
then natural to numerically compute the residual (Y, Z?) := (Y —v(t, X;), Z; —
Vo(t, Xi)o(t, X¢)). It solves a BSDE with terminal function ®(.) — v(7,.) and
driver

otz y, 2) == f(t,x,y+v(t, x), 2z + Vo(t,z)o(t, x) — f(t,z) + (L — L)v(t, ).

The new driver fV is uniformly Lipschitz w.r.t. y and z, so (Ag-i) is satis-
fied with 6, = 1. If v(T,.) is 6-Ho6lder continuous (# € (0,1]), then usual
PDE estimates on the parabolic operator £ give (T — t)(¥)+|D§U(t,x)| <G,
(k = 0,1,2), from which (Ap-ii) is derived with 6. = 6/2. To conclude this
example, we mention that in the case £ = £, v(T,.) = ®(.) and f=0,itis



proved in [GMI0] that the Lo-time-regularity of (Y, Z°) is usually more well-
behaved than that of (Y, Z), suggesting that the discretization error from the
DP equation for (Y, Z%) would be smaller.

Assumption (Ag-iii) is used to derive stability results for discrete BSDEs
(see Proposition and for the numerical schemes (see Theorems and
as the number N of grid times becomes large. If §; = 1, the condition
is equivalent to |r| — 0. If 8, € (0,1) and 7 is a time-grid with higher
concentration at T as in [GMI0] (i.e. t), = T —T(1 —k/N)"/ with 6, € (0,1]),
then one easily checks conditions and hold (see [GTI1I]):

T 1 1 R
Cr < 0 7N1A9L7 Rﬂ_a (1\/(20 ) >
Hence, and hold true whatever the value 6, is. This shows that in
most usual Situations || — 0 implies (Ap-iii) .

3. ODP scheme vs. MDP scheme

The aim of this section is threefold. Firstly, we use the minimal assumptions
(A¢) and (Ag) to determine a priori stability estimates for discrete BSDEs.
Secondly, we use the stability results to show that the MDP scheme combined
with Lo-projection yields a smaller error than the ODP scheme. In doing so, we
revisit the results of [BDO7], but avoid the Picard iterations of their scheme. This
also serves as a warm-up to Section [4] where the a priori stability results also
play a crucial role. Thirdly, we demonstrate how slightly stronger assumptions
yield time uniform almost sure bounds on the solutions of the BSDEs, and
smoothness properties in the case of Markovian BSDEs; these properties are
extremely useful in Section [4]

8.1. General a priori estimates

Definition 3.1. The truncation of the i-th Brownian increment at threshold
R =[0,+0¢] is defined by

[AW;]w = (—RVA; VAW ARVAG, -, =R A VAW, A RVAG)T

For R = +o0, [AW;],, = AW,. Replacing AW, by [AW;],, has small impact
in the DP equations , provided that R is large enough (see Proposition
. On the other hand, taking finite R ensures that some quantities are a.s.
bounded, which is crucial in our error analysis in Section [4]

In this subsection, we study the difference between two discrete BSDEs with
truncated Brownian increments, (Y7, ZF); and (V;%, ZF),, given by

YR = E §+Zg;1fk(yﬁ17ZR)Ak)

(3.9)
AzZE = B[+ 2050 AVE L ZDAJAWT L) |



and similarly for (Y;%, ZF); with data (&, fi(y, z)). The superscript R refers to
the fact the Brownian increments are truncated at the threshold R € [0, 4+o0].

We assume that ¢ and £ are both in Ly (assumption (A¢) ). We allow
rather greater generality than afforded by (Ag) : firstly, the drivers f;(y, 2)
and f;(y, z) are Lipschitz continuous w.r.t. (y,z) and the dependence of their
Lipschitz constant w.r.t. i is general; finally, we do not insist that the drivers be
adapted. We will require the extension to non-adapted drivers later in Section
] where we will apply these results to BSDEs with data dependent drivers.
However, we assume that each f;(Y;%,, ZF) and f;(Y,%,, ZF) are in Lo, so that
Y ZE YR ZE are also in Lg for any i. Using the tower property of conditional
expectations, observe that

Y]\IT{ =¢, Y;R:E ( z+1+f1( z+1sz)A)
NZE =E (YR [AW] )W),

K2

(3.10)

and similarly for (Y, Z%). We study the differences:
AV =YE VR AzZf=zR - gf
and we set

f fl( z+17 ) fz( z+1?ZR) Af:f—é

We shall use the following Lemma repeatedly:

Lemma 3.1 (Local estimates). For 0 < i < N — 1, assume that f; is Lip-
schitz w.r.t. y and z, with a Lipschitz constant equal to Ly, € R*. For any
R e [0,+00], A; <T and ~y; > 0 satisfying 6q(A; + )L2 < 1, we have

L) ANE(IAY, ) +3(0+ o )AJE(Af) (3.11)

AYRR < (14 (i + 5

PROOF. Preliminary estimates for AZE. From (3.10) we have

AAZ] = Ei((AYE —E(AYED][AW ).
By the Cauchy-Schwarz inequality, note that
E([AYE, ~ EAYDIAW )P < 0 A (El(AYE)? - (BAYE)?)
uniformly in R, whence
AJAZEP < g(BIAYE)) - (BAYE)?). (3.12)

Estimates for AY;®. We have

AYE = EAAYE, + AE(Afi] + NEi[fi (Vi Z2F) - fi(YE L ZF).

10



Combining the Young inequality (a +b)? < (14+7;4;)a® + (1 + ﬁ)b2 and the
Lipschitz property of f; and (3.12)), we deduce

(AY)? <(1+740) (B AY )2 (3.13)

1
30+ A [BIAS] + L] B (Y] + L}JAZ?P}

1

7

[ (A; + )A L7 +3qL% (A + i )] E;[(AYH)?). (3.14)

Under our assumptlons on v;, we have ~; > 3qL X which ensures 1 + v;A; —
3quc—v (A + - ) > 0 for any A;. This allows us to combine terms of (E;AY;},)?

and E; AYR 2] using Jensen’s inequality in (3.14)):
1+1

(AY)? < (1 + vl — 3qL%(A¢ + 71)) E:[(AY,)?] + 3(A; + - )A E;(Af?)

(3

1 1
+ [S(Ai + %)AlL% + 3qL%(Ai + %)] Ei[(AY))?]

(1 i 30+ DAL ) B(AY)+ 340+ DA,

K2

which proves since 3(A; + )A L2 < & O

The following Proposition will be used extensively in the statistical analysis:

Proposition 3.1 (Global pointwise estimates). Assume that, for each i,
fi 18 Lipschitz w.r.t. y and z with Lipschitz constant Ly, € € R*. Then, for any
R € [0, 4], and any time grid = and v € (0, 4+00) satisfying 6q(Ay, +z )L2 <
1 for allk < N — 1, we have for 0 <i < N
N-1
AYPT + 3 AE(JAZE )Ty,
k=i

N-1
< Gom(TwE(ae") +3 3 (- + A)AE AT, (15

where T'; := H;;lo(l +7kAg) and Ggg = 2q + (1 + T)e’/2.

Note that, whenever necessary, the above pointwise estimates can be easily
turned into uniform Loy-estimates:

N-1
sup E(JAYEP)Tw + ) AE(AZP)Ty,
i<k<N P

11



N-—1
< e (TNE(AE?) +3 g (% + A AE(A AT ).

PROOF. Starting at (3.11), multiply both sides by

1
A )Aic1, Aoi=1,

Aii=(1+ (vie1 + 5

sum between kK = i to k = N — 1, and take conditional expectations E; to
deduce:

N—-1
(AV)2A; < AWE(AE) +3 (% + ADAES(AF) A (3.16)
k=1

From the simple inequality I'; < \; = eXk=o mI+(n+3)8) < ¢T/2T; we get for
0<i1<N

N—-1
(AYR)?D; < eT/2T yEi (AE?) + 3eT/? Z (% + AR ARE (AfHT,.  (3.17)
k=1

Final estimates for AZ;. From (3.12)), we have

N-1

N-1

> AE(AZE)Ty < Z T (Ei[(AY,11)%] - Ei[(BrAY,4)?)

k=i k=
N—

< qTNE(AE) Z b (BIAYE)?) - (1+ mADE(EAYE ).

From , we have
E[(AY,)?]—(1 + %Ak)Ei[(EkAYk}L)?]

< 3(7 + A0 AL [EASR) + L3 EL(AYE )] + L3 ELAZE.
Plugging this inequality into that above yields

N-1

> AGE(AZEPID,
k=i
N-1 1
< qUNE(AE) +3 Y a(—+ AR)ARLE Ei(|AZF )Ty
- V&
k=i+1
N-1 1 N-1 1
+3 > ¢ (7 +A)AE (AR +3 > ql o — + Ap)ARLE Ei[(AYE )T
k=i+1 k=i+1

12



For 7, and Ag as in the Proposition statement, we have 3q(%k + Ap)L% <
and thus

N-1
> AGE(AZEPID,
k=i
Nl N-1
<2TNE(AE) +6 > q(— + A)AE (AT + Y AE[(AYS )20y,
k=it1 Ik k=i+1
N1y
< (20 + Te" )T NEi(AE?) + (6g + 3Te™/?) > (7 + AR)ARE; (A fATy,
, k
k=i+1
where we have used the estimate (3.17) on AY in the last inequality. O

3.2. Projection errors for the ODP and MDP-based schemes

Projection on a closed convex subspace of Ls.

Definition 3.2. Let S be a non-empty closed convex subset of Lo(Fr,P). Then,
to any random variable U € Lo(Fr,P) we can associate P(U) € S, the (unique)
projection of U on S, which satisfies E|U —P(U)|? = infgses E|U — S|2. For any
S eS8, we have

E((U-PU))(S—-PU)) <o. (3.18)

S can be a finite dimensional vector space, i.e. § := {S = Sy + Ele AEPk,
ax)i<k<k € RE} for some py, € Lo: this is our choice (with Sy = 0) in Section
It can also be a convex ball of the form § = {5 = So—i-ZkK:l Pk, (k) 1<k<i €
RE ||| < p} (p > 0) where || - || is @ norm in REX. When || - || is the Euclidean
norm, we obtain the ridge regression [GL96], Section 12.1], whereas the ¢;-norm

leads to the Lasso technique [Tib96], providing sparsity in the coefficients.
The projection operator P satisfies some simple but important properties:

o If S consists of Q-measurable random variables, then P(U) = P(E(U|Q)).
Indeed, P(U) is the minimizer over S € S of E|U—S|?> = E|U~E(U|Q)|*>+
E[E(U|Q) — S|

e The operator P is 1-Lipschitz. Indeed, for any Uy, Us in Lo, write

E|U, - Us|* =E[P(Uy) — P(U2)|? + E|Uy — P(Us) — (Ua — P(Us))[?

+ 2E((P(U1) — P(U2))(Ur — P(Ur) — (Uz — P(U2)))

>E[P(U1) = P(Us)|? + E|U = P(Uh) — (Us — P(U))[?
>E[P(U1) - P(U2)?

using (3.18) with U = U; and S =P(U;), 1 <i#j <2

13



Projection operators in the DP equations. In the following of this sec-
tion, the conditional expectation operators in the DP equations will be replaced
by projection operators. That is, for each ¢ € {0,...,N — 1}, we consider
sY, SZ ! ...,SiZ’q that are non-empty closed convex subsets of La(F;,,P). We
let Ply and PZ ! Pz’q be the related projection operators and denote the
tensor projection PZ (P%t, ..., P%1). We sum up the above stated proper-

ties of the P; (= PY or P7):

Lemma 3.2. Let U and V be in L2(Fr,P). Then, we have
a) Pi(U) = Pi(Ei(U)),

b) |Pi(U) = Pi(V)|L, < |U = Vv,

MDP scheme with projection. Using the above projection operators in the
discrete BSDE (13.9), we obtain the following approximation scheme:

e olFil, ZR)Ar) |

3.19
nzf =P (e SV A A mL) .

for R € [0, +0oc]. The following theorem estimates the error between (Y, ZF)
and (YR, ZR).

Theorem 3.1. Assume (A¢) and (Ap-i-ii) . For a given v € [0,+00) and
;.= HL;%(l +v:Ag), we define the weighted time-average of error projections
on YT and Z® as follows:

N-1

ENT () =Y ME(YT - PY AP0 €77 () = Y AE(ZE - PE(ZT) )L
=i k=i

For any R € [0, +00], any 7 and any v € (0,4+00)Y such that 24Cg5(1+T)(1V

RW)(%+Ak)(T7:ﬁ§1foranyk<N, we have for any 0 <i < N —1

E(Y;® — VR < 2E(YE — PY (V)T + 2651 (v) + 2677 (v),  (3.20)

D ME(ZE - ZEP)Tw <488 () + 407 (). (3.21)
2
The choice v, = 48CETH(1+T)(1 \/Rﬁ)(TtLW obviously implies 240z17(1+

L2
large enough (assuming (Ag-iii) ) and moreover, we derive the easy bounds

phly T 481+ T)(1V R,) LA
1<Ty §exp(z YEA) < exp(/ DD L dt)
k=0 0

14



48CETm(1 + T)(1V R) L7 TO"
0L

— exp ) i= Gz (3.22)
which remains bounded m-uniformly as N — 400 owing to (2.8). As a conse-
quence, we obtain

Corollary 3.1. Assume (A¢) and (Ag) . For any R € [0, +00] and for any ©
with N large enough (such that (1V RW)C’WL? < 487@), we have for any
0<i<N-1

E([YR - Vi) < 2B(VE — PY (V)?) + 20z(€]7) (0) + €77(0)], (3.23)
N-—1

AE(|ZE — ZEP) < 4Gl (0) + €77(0)]. (3.24)
k=1

These estimates show how the error due to projections in the MDP scheme is
controlled by the time-average of the projection errors on Y and Z. Moreover, we
obtain similar estimates to the Bender-Denk scheme (compare [BD07, Theorem
11] with our estimates), but we avoid the Picard iterations.

PROOF. (of Theorem [3.1). We first prove a weaker result on the global error,
that is

N-—1 N-—1
E() =D ME(VE-YVEPTR+ ) AE(ZE — ZFP)Tx
k=i+1 k=i
<4glyy (v) +4El7 (). (3.25)

We will also make use of the following intermediate process:
VR =K ¢+ Z;@V:_zl fk(Ylﬁh Z}?)Ak] .
AZE =B |6+ X5 AL Z0A)AWTL)
Observe that, from Lemma [3.2|(a)), one has the useful properties (for i < N)
VR=PY(VR)  and 2R =PZ(ZR). (3.26)

Moreover, (Y#,Z%) solves a discrete BSDE with truncated Brownian incre-
ments and data (¢, fy @ (y,2) — fr(V;®, ZE)); the Lipschitz constant of fj
equals zero for all k. Using Cauchy’s inequality and Lemma [3.2{|b)), we obtain

N-1 N-1
EM <2 > AE(YE-PY T +2 Y AE(ZF - PE(ZTP)Tk
k=i+1 k=i
N—-1 R N-—1 R
+2 ) AE(PY (Y = VP +2 Y AE(PZ(Z8) - Zf1))Tx
k=i+1 k=i

15



N—-1 N-1
<267V (42677 () +2 > ME(YE - VEPT +2 ) AE(ZE - ZE )Ty
k=i+1 k=1

To bound the last two terms in the above inequality, we apply Proposition B
on the BSDEs (Y%, Z%) and (Y, Z%) to get

N—-1 B N—-1 B
2 ) ME(YVE-YEPTe+2) 0 AE(ZF - ZFP)y

k=i+1 k=i

N-—1 N—-1
< 6am(1+ 3 &) 3 i+Ak>AkE(|fk<YkH,Zk> (VR 2D )T

k=i+1 k=1

2
1 L%

N—-1
< 1205m(1+ 1) Z +Ak A BV =Y+ 128 - 20Ty
k=1

(T —ty)t~

The penultimate inequality follows from A, < R;Agy; and the conditions on
7w and « in the theorem statement. To sum up, we have obtained &;(y) <
251-73’%/ (v) + QEf’Z(’y) + 1&i(v), which readily proves (8.25). This also implies
(3-21).

We now prove (3.20)). Proceeding similarly, we obtain

E(Y;® - YR, < 2B([YE — PY (V) P)L; + 2B()YR - V2L,
< 2E(]Y; — P-Y(YR)l"’)n

N-1 2

L . .
+1QQ3_'EZ +Ak AkW]E(|Ykﬁ1 -V + 128 - Z0)P)T

< 2B()Y; — PY (V)PITs + 56()

and the proof is complete using ([3.25)). O

Comparison with the ODP scheme with projection. The ODP equa-
tion associated with the MDP equation (3.19) is

YE=¢ V=P (VL + (VR Z0)A),
Azl = pr (VE AW k]w) -

In this case, the ODP and MDP equations do not match up, because projection
operators do not in general benefit from a tower law. This means that the error
analysis would be fundamentally different, because (3.26)) would no longer be
true and one could not apply the stability result for discrete BSDEs. In fact, for
uniform time-grid m (Ay = % for all k) one would need to multiply the 55_{ (0)
term in and by N for the ODP estimates. This is also observed in

the error analysis of [LGW06, Theorem 2].
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8.8. Application of a priori estimates to almost sure bounds

When the terminal condition is bounded, pointwise bounds on Y and ZF
are available. These bounds are used in Section [l

Proposition 3.2 (a.s. upper bounds). Assume (A;-i) and (Ag) . For any
R € [0,+00] and for any m with N large enough (such that CﬂLfc < %q), the
following almost sure bounds on Y;® and Z} apply:

T C
vi <C,:= Ce + Ccy), |ZE<CLi= 2L,
1 < Cy = (e + —mmmmgetsCy). V2 < Ceiim
(3.27)
2
for0<i< N -1 and Ggzp=exp (§ + 6q9(L1X0LCf)(T9L V1)).

Observe that Cy and Cgzg are uniform in ¢ and R € [0, +o0], and that they
remain bounded as Ly and T go to 0 (as we naturally expect).

PrOOF. We derive the almost sure bounds from the global pointwise estimates

in Proposition 3.1l To apply the results of this proposition, we take the pair

(0,0) for the first discrete BSDE - the solution associated to the null driver

and terminal condition - and (Y®, Zf) for the second discrete BSDE, which

is given by the DP equation . From , for any A; and +; such that
2

6q(A; + %)(T_iﬁ < 1, and recalling that A; := 2;10(1 + (Ve + 3)Ag), we

have

=

-1

(AY? < AV < ME(E) +3 3 R 0 A (7200.0)
k=1
N-—1

Ap )
V(T — ty)2(1=0) 77

<Av(CE+3CF )
k=0

For N large enough, we have C’WL? < ﬁ; additionally, we set

AvT=os)(AVvLi), T )orOLnte 12¢L%

—_— <k<N.
(T_tk)l—GL (T—tk = (T_tk)l—eL’ 0_ <

= 12g

2
L

It follows 6q(Ag + %)W

< 1. Easy computations similar to (3.22) give

T T
Ay < exp (5 +12q(1V T8) (1 v L})T0 010 /0 (T —t)?270~1dt)
T 1291V L%)
= —+——— (T V1
(3 g g, (VL)

Ni A (1A TOr)T0N0—01
12¢(

1V L?)(T _ tk)(1—206+9L/\0C)

— o 20-0.)
(T — tg)20=0)
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T29c
<
= 12¢(20. — 0, A 6,)
(observing that 260, — 0, A6, > 6. > 0). Combining the last three inequalities,

we obtain the required upper bounds (3.27) on Y%. The bound on ZF is clear
from the Cauchy-Schwartz inequality and the bound on Yiil. O

8.4. Impact of the threshold R

In the spirit of [LGWO06], we compare the discrete BSDE ([3.10) (or equiva-
lently (3.9)) with R < +o0, to (or equivalently (L.4)). While unessential,
we assume for simplicity that the terminal condition is bounded.
Proposition 3.3. Assume (A}-i) and (Ap) . For any R € [0,+0o0] and for
any ™ with N large enough (such that CWL?C < ﬁ), the following almost sure

error bounds on'Y; — Y and Z; — Z* hold for any 0 <i < N:

12qL2
IV; — Y| < Cyexp (g + #TQL) exp (— iRz)vN,
L
Nl 1 12qL3 1
(S EilZ — ZEPAL)Y < Cyexp () (3g + Texp(2) } exp (— S R2) V.
k=i 0L 4 4

For the proof, see [GT11]. Consequently, taking R in a logarithmic scale w.r.t.
N is sufficient to make the threshold error negligible: for instance, taking R =

\/4(p + 1) log(N + 1) (for p > 0) gives an error of magnitude O(N 7).

3.5. Application of a priori bounds and Markov assumptions to additional smooth-
ness properties

In this subsection, the Markovian assumptions (Ax) , (Az) and (Ap) are
in force. We demonstrate how additional smoothness conditions of the terminal
condition ® and the driver f; strongly improve the smoothness properties of
y,’j and z,?. Increased smoothness is essential in the complexity analysis of
numerical algorithms, as will be demonstrated in Section

Lemma 3.3. Assume x — ®(x) is uniformly Lipschitz continuous with Lips-
chitz constant Lg, and that the Lipschitz property of the driver fi is extended
to the x component; i.e.,

Ly

/ / /
[fe(@,y,2) — fr(a',y', 2)] < Tt/

(lz — 2’| + 1y — /| + [ = ')).
Furthermore, assume that, for any x1,22 € R* and 0 < k < N — 1, two Markov
chains (Xik’xl)kgSN and (Xf’m)kggv started at time t with values z; (i =
1,2) with the same transition probabilities as (X ) enjoy the property IE[|Xik"/L’1 —
XF®2 2] < Ox|zy — 22|? for some constant Cx.

Then, if 12qCﬂL% <1 for allk, x — yf(x) is Lipschitz continuous uniformly
ink and N.

18



PROOF. Let (Y1, Z!) and (Y2, Z?) be discrete BSDEs from k to N with data
(@(lei,’xj),fi(Xf’xj,y,z)) (j = 1,2 resp.). Then yf*(z;) = ij and zJi(z;) = Zi
(j = 1,2 resp.) hold almost surely. We use the result of , together with
the choice yx = 12quc(T —t3)~(17%2) | to obtain

i (x1) — yi (@) * < eT2CrE[|O(X M) — B(XN"2)]?
N—-1

1 xT xT
+3eT2C0 > (A + DE(f(XPT YL 2 — fiG XYL ZD A
i=k i
T
< eT/Q(Q—q + L2)CxCrlzy — x2]? (3.28)

where Cp := e'24L5T°1 /92 comes from the choice of vi; see ([3.22)) for details. O

We now show that, under assumptions of Lipschitz continuous data, the a.s.
bound of Z does not suffer from the inverse dependency on the time increments.

Corollary 3.2. Under the assumptions of Lemma[3.3 and additionally that for
all z € RY, the Markov chain (X(‘“”)Qk started at ty with value x enjoys the

K2
property that E[|X,’§f1 —z[%] < Cx Ay, then the function x — 2 (x) is uniformly

bounded, with a bound independent of the time increments.

PROOF. The result follows directly from Lemma |3.3
1 b T
@) = R E[AW (ol (XER) — i ()P < €725 +aL3)C3Cr
k

where we have used the fact that /Y, | is deterministic in the first equality, and
the Cauchy-Schwartz inequality combined with (3.28]) in the second inequality.
a

The additional assumptions made in Lemma [3.3] and Corollary [3.2] are quite
natural: they are satisfied by, for example, the Euler scheme for a jump-diffusion
with bounded coefficients. Extensions to Lemma[3.3]and Corollary [3.2] to higher
derivatives will be carried out in future work.

4. Empirical regression scheme

In this section, we approximate the projection scheme using least-
squares regression on simulated data. The details of the algorithm are made
explicit in Section [I.] and a full error analysis is undertaken in Section [£.2]
Then the algorithm complexity is discussed in Section Finally, Sections [4.4]
and are devoted to the proof of our main results.

19



4.1. Notation and algorithm

Markovian framework. In what follows, we always assume (Ax) , (A})

and (Af) . This allows the representation
(Y, Z) = (y{{(X0), 2{1(X3)) (4.29)
for measurable, deterministic functions y?(-) and z*(-).

Samples. Let {(X]")k>0}m=1,..,m denote M independent paths of the
Markov chain, and {(AW]")k>0}m=1,...,m the independent increments of the
Brownian Motion from which the Markov chain is generated. We denote the
samples of the Markov chain at time k by X%:M =X =1, M-

For function 7 : R — R, we define the empirical norm with respect to the
sample X}'*M by
M

1e]| ks := (M Z ‘,IZJ(X;ZL”Q)I/Z'
m=1

Basis functions. For each [ = 0,...,q and & = 0,...,N — 1, we are
given a finite number of deterministic basis functions (pj,(.))1<i<k, ,, where
P k() : RT — R satisfies E[|p] ,(Xz)[?] < 400. We write the functions as a
column vector p; i (.) = (ﬁ,k(')v ...)T, where T denotes the transpose operator.
Without loss of generality, we assume that M > K;;. The random variables
(p} x(Xk))1<i<k,, span a linear subspace of Ly(Fy,,P), which is denoted Sy if
l=0and SkZ’l if I # 0 in the language of Subsection m The extension of our
error estimates to more general closed convex subspaces will be considered in
future research.

We write pj}, (vesp. p”:) to mean py 1 (X}") (vesp. pj(Xi)).

Least-squares problem. Instead of projections in the Ly(P)-sense as in
Subsection [3.2] we numerically compute empirical regressions using the sam-
ples. Generally speaking for given observation XM and response S™M =
(S™)m=1,...,.m, We aim at computing the best approximation of the response in
the vector space generated by the basis functions p; ; w.r.t. the norm ||.||x,a:
it is defined by a* - p; x(.) where

a*=arg inf [lo-pi— Sl - (4.30)

a€R"LE

Since colinearities may exist between basis functions, the above coeflicient a*
may be not unique and one must first clarify which solution to take. We take the
Singular Value Decomposition (SVD in short) approach by taking the coefficient
with minimal Euclidean norm (see for details). We refer to this
choice as the SVD-optimal coefficient. We now state basic properties related to
least-squares regression with random observation X ,i’M that will be frequently
used in this work.
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Proposition 4.1. Let a* be the SVD-optimal coefficient solving arginf _ x,, ||

Dk — S||i’M. The following properties are satisfied:

a€cR

i) linearity: the mapping S — o* is linear.
it) contraction property: ||&* - prillka < ISk nm-

ii1) conditional expectation solution: assume that (ka)m:L---,M 18 measur-
able with respect to the sub-o-algebra Q. Then the SVD-optimal coeffi-
cient associated to the response E(S|Q) = (E(S™|Q))m=1,....m is given by
E(a*|Q).

The proof is given in

Soft thresholds for approximate solutions. y? and 27 are bounded
by C, and C., ;, respectively, provided that N is large enough (see Proposition
. We force the approximated solutions to satisfy these bounds: for (y, z) :=
(y, (21, ,24)) € R x R? we define the soft thresholding

ly = —CyVyACy, [z]. =—C.;VanC.,, [z].= ([z1]: - ,[24]2). (4.31)

In the notation for the z-threshold, we do not indicate that it depends on i
because this is clear from the context.
Coefficients and solution approximations. We set y5'™ (-) := ®(-). For

k < N, we iteratively define the SVD-optimal coefficients

M
ozgf[k = argmoin— Z ((I)(XJT\’}‘)
m=1
N—-1
m R.M m R,M m m 2
+ fi(X] yYit1 (Xi-i-l)vzi (X; ))Ai_a'po,k) ) (4.32)
i=k
M
1 (AW} ]w
M 3 5 m
= — —(P(X
98> arg mén Vi mZ:l( Ax ( (XN)

N-1
m 3 m 3 m m 2
+ Z fi( X 7yz'}3—iVI(X'L+1)aZiRM(Xi NA) —a-pi) . (4.33)
i=k+1

Then we define the following functions used to approximate y,f and z,f” respec-
tively

v (@) = lagh po@ly, zy (@) = k- (@)l (4.34)

where the thresholds [-], and [-], are defined in (4.31]). Thanks to these thresh-
olds, the random function

N-1

UM (g, on) = ®an) + Y filwiyigy @ien), 70" (@) A (4.35)
i=k
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is bounded independently of the samples and of (xg, ..., zy); this property will
be used repeatedly in the subsequent analysis.

Lemma 4.1. Under (Ax) , (Ag) and (Ag) , we have

sup sup |‘I’kR7M($kv~-~vIN)| <Cy
0<E<N g cR4,....xnyER

where C'y := C¢ + LnyTSTL [ 2vT + f\ﬁ] +Cy % T6°

1407, VoL
PROOF. From (Ag-i) , (Ap-i-ii) , (4.34) and (4.31)), we readily obtain
0P (2 )] < Ce + Z (Cy + Vi-2) A, Cr
k yeooy L 13 t)l T 1i-6p /7 ( _ti)l—f)c %

T(1+61)/2

§05+Lf0 |:(1+0 )/24—\[\/» z_; _t) L)2)1/2:|+Cf 0

and the announced upper bound follows. O

4.2. Error analysis

In contrast to standard regression problems, a major difficulty for the error
analysis is related to the non-independence of the random variables {®(X7})
+ N Ry (X)), 2 RM(Xm))Ai}mzl,_“,M due to the interdepen-
dence of the random functions (y/" (), 2™ (.))i—x. . n_1. To deal with this,
we follow the method of [LGWO06], which uses methods from statistical learning,
but introduce some important adaptations. In particular, we use intermediate
processes in order to take advantage of the a priori results for discrete BSDEs,
leading to important improvements in the error estimates. The subsection is
organized as follows: first, we introduce the tools of statistical learning we re-
quire, the intermediate processes, and the local error terms; then we state a
global error decomposition in terms of the local error terms in Theorem
which is the corner stone of our error analysis, and bound the local error terms
in Theorem

Ghost sample. In the upcoming error analysis, we employ the method of
symmetrization, which is standard in statistical learning; see [Pol84] or [GKKW02].
This involves the introduction of paths of the Markov chain which are identi-
cally distributed but independent (ghost) to the original samples.
Let k be given. For each m, we denote by (Xf "™)i>k an independent copy of
the Markov chain (X]*);> starting at t; with value X" (X,]jm = X7"). Addi-
tionally, we denote by AW: "™ the ghost Brownian increment used to generate
the Markov chain (Xf "™);>k: it is independent of and identically distributed to
AW]". Conditionally on

Fl = o(X" AW 1ij < k1 <m < M),
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the ghost paths {(X™)isx, AW;"™ : 1 < m < M} are independent. Fur-
thermore, we write EM (PM) for the conditional expectation (probability) with
respect to Fi.

Extra coefficients. To analyze the convergence, we make use of coefficients

calculated using the ghost paths:

M

- o1 Skom
G +=argmin - E (<I>(X]]i[’ )
m=1
N-1 )
vkm RM/ ~xkm R,M /vk,m m
+ E fi(X; yYit (Xi+1)ﬂzi (X; ))Ai—a'Po,k) ) (4.36)
i=k
M 5 k,m
1 [AW, ™), -
~M . 1,k k,m
= — E ——(P( Xy

N—1
ok, R.M ( k, R,M ( sk, m |2
+ Z fi(X; m’yiJrl (XiJ:ln)’Zi (X; m))Ai) _a'pl,k) . (4.37)
i=k+1
In addition, we need the following coefficients, also calculated with the ghost
paths but with the functions y* and 2%, from the Markov representation ([4.29)
of (Y, ZF) in the place of y®M and zM:

M
By = argmin — Z (@(lef,’m)
m=1
N-1 ) . ,
+ 3 AT YR (KT 2T A — e pgh)T, (438)
i=k
M Trk,m
~ 1 [AW, 5 |w >
M. . Ik k,m
By = argmin - Z:l (T(@(XN )
N-1 . ) ) ,
+ > LT (XD, XA —apf) T (4:39)
i=k+1

Intermediate processes. Let (Xf’m)kgiSN be a Markov chain starting at

t; with value x with the same transition probabilities as X. We generate the
following intermediate (sample dependent) functions:

gllg%,M(m) = /\I’kR7M(Ia LTh41s- -+ 7$N):u’m(dxk+17 s admN) ) (440)

AEIM () = /[w];\pfff(xkﬂ, o)W (Aw, Az, . dey)  (4.41)

where 417 is the law of (X7, ..., X&) and ™" the law of (AW, X,’;fl, X,

k+1
The following lemma is derived from the Markov property and the independence

of the ghost sample; it is proved in [GTTI].
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Lemma 4.2. With the current notation and assumptions, for all m we have

N-1
7R M()(]C ) E% [@(X}]%,m) + Z fi(Xf’m,yZ+1 (Xk Tn) RM(Xk ﬂl))Al}’
i=k

7+1
~ B N—-1
ApzM ) = BN [[AW R (R(XN™) + > f(XE™ gy (X5, 2 (X)) A)].
i=k+1

Local error terms. For given accuracy parameters e 4, p,& o € (0, +00)2N,
we define the events:

Y.M ~
A = {ll(agl, — agl) - porlli e > ek ats (4.42)

APM = {3 e {1, q} st (% — &%) purliag > efal,

By = {e p + 2B 0 (Xe) — o (X)) < g™ = wilRae} (443)

BkZ7M ={3e{l,....q} st Ek,B + 2B [(Zz & M(Xp) - 2, 5 (Xi))?] < ||511,%1éM - zﬁk”i,M}
Crti={el o+ 2005 = ylliar < BN (™ (Xe) — ol (X0))?]}, (444)
CoM={ef1,. .. q} st. ef o+ 2055 — 287 0 < EN (M (Xk) — 2/5(X0))?]}
These six events are large deviation events. In Theorem [£.2] we show that their
probabilities are exponentially small under appropriate choice of the accuracy

parameters; the exponent ought to depend on the complexity of the class of
functions spanned by p; , on Ay, Cy, Cy, R and M. We also consider

M o= B(inf o o~y ), (4.45)

M S Bt - pus - ol ), (4.46)
=1

T;jkM = E||(54(J)\,4k -EN [dé\?;@]) 'Po,kHiM, (4.47)

TZM = 2 |64~ EX 61 pull . (149
=1

Equations - have standard interpretation in regression theory: the
two first terms are square bias terms (best approximation error of the basis
functions), while the last two are variance terms (statistical errors).

Error decomposition. We now state the main results of the global error
analysis. Similarly to Corollary [3.1] these global errors read as time-average of
local errors.

Theorem 4.1. Assume (Ax) , (Ag) and (Ag) . Define

EYV(R, M) =T + 313 + 36}y + 12C3P(A;Y)
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1
+3ek 5 +6(Cy + CRIP(B ™) + Sk o Re + CRRLP(CM),

z  ZM Z,M z CyR?
E (R, M) :="T7 ;7 + 315, + 3qej 4 + 12 A

P(A;)
k

(02 + CQ R2) 1 C2
+3aep + 60— POBIY) + qasfo + a PO,

For any R € [0, 400) and any 7 such that Cx L3 (Rx V1) < (288Cgxm(1+T))~"
we have, for all0 <i < N —1, that

N-1 N—-1
Ellyf —y M2 < €Y (R M) +2G8m( Y AuX (RM) + Y AwE (R, M)),
k=i+1 k=1
N-1 N-1
> AEllz - 27 M 17 v < 2GEm( Z AEY (R M) + ) AEL (R, M)).
=1 k=i+1 k=1

Theorem 4.2. Under the assumptions of Theorem[].1] the bias and variance

terms are bounded as follows:

. Ko
TK}CM < malH]E|y1§(Xk) — a - pok(Xk)|?, TQY}@M < C\% M ,

q q
TZM <Y minElf (X)) —acpa(X0PP, T < z

=1
For the large deviation events, we have

MeY
P(AVM) < 2K, - kA
(4¢™) < 2Kopexp ( 72C2 Ko, k)

N—-1 0
3(q+1)A2(Ko i+1) (96K0 kL2T1+ g+ )03 )QZ?:o(Kl,le)
ik 9L€k AA ’
d MAkEZ
P(AZM) < ST 2K, kA
(477) < ; lkeXp( 72C%R2Kl,k)
N—-1
3(q+1)A2(Ko i+1) (96Kl kL2T1+0L (¢ + )CQRQ)QZ(’ oKy i+1)
ik 9L€k AA Ak
MeY
P(BYM) <4 S B
(By ™) < exp( 60 (C\D+C)2)
N—1
H 3(q+1)AKo i+l ( 132LfT (q + 1)(0‘11 + Cy)Cy )QELO(KL,Hrl)
Ek pVA

1=k
MEZ Ak
P(BZM) <4 —kBZ
( ) lep( (C\pR+C)2)

N—

Y

(q + 1)(Cq,R +C,)Cy )22;1:0(K1,i+1)
5k pVAVA

q+1 Ko 7,+1(

i=k
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Me};C) (105605)2%,”1)
507C?2 5} o

ME};CAIC il 105605 )Q(Kl,k_i,_l)

507C2 ) ; (5550Ak

P(Cy M) <12exp (-

b

IP’(CkZ’M) <12exp (—

)

provided that E}c/A’efA’ngvsnggi/Cagfc are small enough in the sense that

9CZLAT 0 (g + 1)
v . -1 y—f
0<efa< (A _min A7)Kop 20, ’
R? 9C2LAT™%r (g 4 1)
7 < (1 . A._l . K v y—f
0<efas(Ln_min A7Y)(min Ki) 3 201 ’

0<eip< (1A _min ATV IBL T (g + 1)(Co + C,)Cy,

146,

— 1 L T 2 ]_
0< 5573 < (1A i:zgl_i]rvl,lAi 1/2) oLy (q -\%/ALIEC"I;R—F Cy)Cy,

0<elo <2402, 0<efo<2u02AY2

4.8. Algorithm complexity

The error analysis of Section[4.2]shows us that the numerical parameters may
play multiple and often contradictory roles in the convergence of the scheme:
the higher the number N of steps, the smaller the discretization error but the
larger effect for the propagation of errors through the DP equation; the higher
the dimension of the function spaces for the empirical regression, the better the
approximation accuracy (the bias term in regression) but the larger the statisti-
cal error (the variance term); the higher the number of simulations, the smaller
the statistical error, but the more computational work to be done. We now
demonstrate how the results of Theorems [£.1] and [£:2] can be used to optimize
these parameters by means of an error vs. computational work (complexity)
analysis. Moreover, we show how extra smoothness of the Markov functions
can bring about substantial improvements in the complexity analysis.

For simplicity, we assume that the time-grid is uniform: A; = T'/N.

Assume that the function y; (defined in (T.3)) is of class Cy ™'+ uniformly
in 4, meaning that y; is uniformly bounded and & + 1-continuously differentiable
(k > 0), with bounded derivatives, and the s + 1-th derivatives are n-Holder
continuous (n € (0,1]). Additionally, assume that z; is C;'*". These enhanced
assumptions are natural: in the continuous time case, see [CD11] for a recent
account, y; inherits from the smoothness of the terminal condition and the
driver, and z; is once less differentiable that y;. We already see in Lemma [3.3]
and Corollary that these assumptions are viable under the assumption of
Lipschitz continuity for the terminal condition and the driver. The bounds on
the functions y; and z; and their derivatives are assumed to be uniform in N.
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This improves the bounds in Theorems [.1]and [4.2] because one can remove the
the dependence of the constant C'y on V.

Let us make the squared global errors E||le—yZR’M 17 or and ZkN:_ll ALE|zE -~
z,}:”MHﬁ A be of magnitude (N~20«onv) where Ocony > 0. The parameter Ocony
can be the convergence order of the time discretization scheme: in the case of
Lipschitz continuous f and & in a diffusion setting, Ocony = % (see [LGWO6L
Theorem 1]). When the forward component is simulated with a strong error of
order 1, then one can achieve Ocony = 1 (see [GLOT, Theorems 7 and 8]). It is
sufficient due to Theorem to tune the parameters (basis functions, number
of simulations) so that each term in &Y (R, M) and £7 (R, M) be O(N ~20conv).

For the basis functions, we take local polynomials defined on disjoint hy-
percubes (Hp)n=1,...k,, (I =0,...,q) with edge length 0, (for y) and §. (for
2;). The union of these hypercubes is of the form [~R, R]? for each component
Y,21,...,%¢. The degree of local polynomials is x 4 1 for y, and « for z;. We
denote by x,, the center of the n-th hypercube H,,.

In the following, c is a positive constant that does not depend on N and may
change from line to line; ¢ is assumed to be large enough for the arguments to
be consistent.

Bias terms. Because of Proposition [3.3] we can replace y® and 2% by y
and z (that is R = +4o00) in the expression of T1),/ ;M and Tf Z?M by choosing

R = \/4(9conv + 1)log(N 4+ 1). It adds an extra squared error O(N —20conv),
The projection error min, Ely; (X;) — a - pos(X;)|? is equal to

Ko,i
Elyi (Xl x,osrl* + Y min Ely;(X:) — - poi(Xi)1x,en,
n=1
Ko,i
< |yz|gop(|Xz|oo > R)+ Z C|yi|i+1+n(55+l+n)2P(X¢ € Hn)
n=1

< |yl|icP(|Xz|oo > R) + C‘yi|i+1+n(5;+1+’7)2

where we have used a Taylor expansion on each set H, and taken the local
polynomials to be equal to the first terms of the expansion. Assume addition-
ally that X; has exponential moments (uniformly in i), i.e. for some A > 0,
SUP N> SUPp< <y E(eM¥Xil=) < 400, so that the choice R = 20cony A" log(N +
1) is sufficient to ensure P(|X;| > R) = O(N~2fcn). Hence, the choice
6, = cN~®+1+7 ensures that TK;M = O(N~2%onv). With similar arguments

fconv
for the z; components, we have to choose §, = ¢N~ #+n . Thus the sizes of the

conv fconv

vector spaces are Ko ; = cN4##1+7 log?(N +1) and K ; = N7 log (N +1).

. . Z,M _ . .
Variance terms. Making T, ;" of order N~2%conv implies M = ¢ N 20conv K ;
d8conv

log(N 4 1) = N H20eonv 47255 1668+ (N 4-1); this dominates the requirements
Y, M
on M for T, ;™.
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Large deviation events. We set 5;/714, 5{73, Ek’ic? EiA, 55,37 5570 equal to N ~20conv,

In order to make the probability upper bound exponentially small a quick look
at Theorem {4.2|shows that the strongest constraint comes from }P’(AiZ’M) which
imposes ¢(NK; ;log(N + 1) +log(N + 1)) = NHZGCOM;(VL Toan 1)+ Lhis condi-
tion on M is much stronger than the previous one, ensuring that the variance
terms have the right magnitude; the requirement of having more simulations
seems to be the price to pay for having a single set of paths and interdependent
regression problems. To fulfill this condition, take

9conv

M = cK} N2+ 2o 1og? (N + 1) = N2 H20eom #2455 1602124 () 4 7).

Complexity analysis. Due to the properties of hypercubes (disjoint intervals),
the final computational cost C (counting the elementary operations) is of order
MN, that is

fconv

C = eN3T20eon H2dT200 1002 H2d (N 4 1),

Equivalently, the global error, as a function of complexity and ignoring log
factors, is

—0conv —1
9conv

Yconv. _ 3 4 d
N_GCOUV S cC 3+20conv+2d "2 cC 204 35 ony TrFn) .

This analysis shows that the smaller the parameter 29030,, + Kin, the quicker

the convergence. There are several numerically significant implications of this:

e The higher the smoothness of the solution, the better the convergence.
This may motivate first solving the BSDE without driver and then solve
the BSDE difference (which in general gives a smoother problem, see
[GM10]) - see our discussion about proxys in the Section

e The higher the dimension, the worse the convergence. This is the usual
curse of dimensionality.

e The better the discretization error (feony large), the better the conver-
gence. This motivates the development of high-order discretization schemes
for BSDEs.

If we apply the same analysis to [LGW06, Theorem 2| for kK + > 1 and
1

Oconv = 1/2, we obtain that the error is of order ¢ @+ for the ODP.
1

In contrast, the MDP has error of order ¢ >**%%). This implies that, for
sufficiently large N, the MDP performs better than the ODP for x + 7 > 1,
at least in the theoretical framework given in this section. For x +n = 1, the
performance is the same. In the future, we will undertake numerical comparisons
between ODP and MDP to test this theoretical analysis.
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4.4. Proof of Theorem [{.]]
From [y}!], =y and the Lipschitz property of [],, it follows that

R,M
Ellyd — v ™17 0 < Byl — o - poelli ar-

For any m,
N—1
v k,m ok,m ok,m v k,m o k,m 7
EN |O(X5™) + Do A(XE™ pl (X5, 2R XEM)A] = g (™) =yl (X7
i=k

is clear from the definition of y* in (4.29). Hence, owing to (4.38) and Proposi-
tion iii) (applied with @ = F¥), E¥ [ﬁ%] is the SVD-minimizer of ||y —a-
p07;€|\k’ u- We now apply Pythagoras’ theorem and take expectations to obtain

R,M Y, M 5
Ellytt -y, ”iM <Tij +EH(04£,41@ - E%[ﬂ(%]) 'PO,k||i,M~
To decompose the last term above, we introduce the coeflicients dé‘ffk and EY (dé\{k):

EH(OZ(])\,JIC - E%[Bé\/[k]) 'pO,kH%,M

< 3]E||(aé\f[k - dé\f[k) 'PO,kHi,M + 3T2),/}cM + 3]E||(EAN4[B(J)M}<: - 07(])\,419]) - Do,k

|2
k,M:*

The first term on the r.h.s. is estimated using the event AkY’M in . To do
this, we first need to obtain an almost sure bound on the integrand. Indeed, from
Proposition i), 04(])\,41@ - 64814,6 is the SVD-optimal coefficient of the least-squares
problem w.r.t. the || -||x as-norm associated to the differences of the responses of
aé\?k and dé\?k. Proposition ii) then applies to give || (aé\ffk — 6‘8,413) ~p0,k||i7M <
4C%. Using this upper bound, we now have

EH((X(])\{k - dé‘?k) 'pO,k”i,M < SXA + 40\%P(AkY’M)- (4.49)

To handle E|| (E%[Bé‘/[k —agh]) - porll7 ars observe that B [Bé‘/[k — aph] is the
SVD-optimal coefficient of the least-squares problem related to the response
N—1
EN [@(XN™) + Y (X5 pl (KD, 2R (X E)A
T
~ BN [o(XR™) + 30 A& B (R, M (RE) A
i=k

=y (X{") — "M (X) - (by Lemma [£2).
By the contraction property (item (ii) of Proposition [4.1)),
_R,M

E[(EN B0k =60 - poliar < Elly’ — 9" 7 ar

< el g+ 2E(yR(Xe) — g™ (Xk))? + 2(C2 + C3)B(B; ™).
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Bringing together the thus far obtained results yields
Elly — o M 17 < T3 + 3204 + 1205 P(AY)
+3T, M + 3} 5 + 6(C2+ C3)P(B M)
+ 6E[(y (Xx) — g™ (Xk))?]. (4.50)

We can perform analogous calculations for the Z component (replacing C'y by
R C, .
C\pm and C, by ﬁ), obtaining

2

Bl = 5 I ar < T + 304 + 1205 —P(AL)
Cy + CyR?
+ 3T, + 3aei 46 Gt ol A e(52)
k
o+ BB[|2(Xx) — 2 (X)) (451)

Observe that here, we rely on truncated Brownian increments in order to a.s.

upper bound H(al k O‘l k) P k”k M
as in Lemma to show that

N—-1
TeM(Xy) =E[@(Xn) + > filXiyoY (Xiga), 5M (X)) A | FAV FL
1=k
Az M (Xy) =E[[AW) k] (2(X )
N-—1
+ ) Ay (X)), 2P (X)) | 7NV AL
1=k+1

which implies that (g (Xk) (Xk))kzo solves a discrete BSDE with data
(®(XN), fily,2) = fi(X “yz—i-l (XZ+1),zf’M(Xi))). We now apply the stability
result from Proposition (w.r.t. filtration (FA V Fy, Jo<k<n), taking the first
discrete BSDE to be (yf(Xy), 2f(X1))k0 and the second to be (77" (X}),
z,f”’M(Xk))kzo (Lg, = 0). Combined with the local Lipschitz continuity of f
and a choice of v € (0,400)" such that

2

144(Ry v 1) Gy(1 +T)(7 + Ak)(],_f:)l_h <1, (0<k<N), (452)

we obtain the bound

N-1 N-1

> AE[f(Xn) = g0 M (X PITk + D ARE[|241(Xe) — 20 (X5)PITx
k=i+1 k=1
N—-1 L?
< (1+7) Ap)Ap—————
6CETm(1 + ; ” + Ayg) k( )0
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x E[lyfr (Xir1) = 45y (Xes)1? + 128 (X) — 20 (Xi) P T

< legi,N(’Y,R, M) (4.53)
L Nl 2
t51 kZ:, Ak (ley1<nlefigc +4C2 IP’(CkJrl )]+ aef ¢ + 4qA P(Cy ))Fk
where
N-1
Ein (v, R, M) Z AREllyf =y MR pTr+ Y ARE|2 — 253 0 T
k=i+1 k=i

Using (4.53)) together with (4.50)) and (4.51)), it readily follows that

En(y, R, M) Z AT 432 4 + 1205 P(ACM) + 3T, M + 32} 5
=1+1
+6(C2+ C3)P(By )Ty,
C\I,RQ Z,M Z,M z
+ Z A{TSM + 3q5k A+12¢g—— AL P(A,™) + 3755 +3¢e
(C2 + C2ZR?)

1
Ao PBIOI.+ 5 (R M)

+ 6¢q

N—-1
1 C?
T Z Ar{lrpr<nlelie +4CPCEAN + el o + 4qu P(CP M)y

=1

The choice v, = 283(R, V 1)Cgy(1 +T)(Tfﬁ leads to1 <T; < G§yand

then for N large enough (such that C’,rL2 (R,V1) < 5550 (1+T) ), the condition
(4.52)) is satisfied and we obtain the announced estimate on the Z component.
Now, applying the same arguments used in (4.53)) directly to E[ly?(X;) —

leM(XZ-)P] in (4.50), we obtain

1
Ellyf -y |12 T < & (R, M)T; + §5i,N(%R,M)

N-1 N-1
+ 3 AEV (R M)Ty+ Y AEZ (R, M)T,
k=i+1 k=i

and we easily complete the proof for the Y component. O

4.5. Proof of Theorem[].2

In each of the following subsections, we prove the bounds for the local error
terms given in Theorem [£.2]
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4.5.1. Bias/variance terms
The bounds on squared bias terms T1Y ;CM and le ,’CM are straightforward. For

the variance terms Tg ;€M and T2Z ,;M, we use the same arguments as [GKKWO02|
pp-186-187] or [LGWO06, Proposition 4]. O

4.5.2. Large deviation events

In the proofs below we use covering techniques to allow us to apply expo-
nential inequalities to the large deviation events. We recall few definitions here
for the benefit of the reader; for a fuller account, see [GKKWO02, Chapter 9].
If G is a class of functions from R? to R and '™ = {z™},,—1. u are M

points of R4, an e-cover (¢ > 0) of G w.r.t. the Ly(p > 1)-empirical norm

1
lgllar = (55 Zi\f:l lg(z™)|P)* is a finite collection of functions gi,...,g, € G

such that for any g € G, we can find a j € {1,--- ,n} such that ||g — g;|lm < e.
The smallest integer n for which an e-cover exists is called the e-covering num-
ber and denoted by N, (g, G, z1M); we usually consider an e-cover with minimal
number of elements. In the following the points '™ are possibly random. More
generally, we may consider e-cover w.r.t. the Ly-norm of a probability measure

le).

v (instead of the empirical measure associated to z : the related covering

number is then denoted N, (¢, G,v).

Bounds on ]P’(AkY’M) and IP(A,?’M). We only prove the bound related to AkY’M;
the proof for Af’M is analogous. We use a similar method to [LGWO06] but with
some important differences.

Define the following sets of functions

[S%]y = {®}, [Sﬂy = {[O‘ 'PO,k]y NS RKO”“},
(4.54)
[S,CZ’Z}Z = {[a-phk]z ta € REuk) (1<1<yq),

N N—-1
Gk = {(zps-..,an) € ®Rd = ®(zn) + Z filis ipa(@isn), mi(@))Aq
i=k

i—k
2 €S8Y ]y, ma € [Siz’l]z}

for k = N —1,...,0. These definitions originate from the observation that
yM e [SY,, zl}?,;M € [S71. and UM € Gi. By the same arguments as in
Lemma [£.1] every element in Gy, is bounded by Cy. Define

m R,M m ~ L R,M /vk,m o k,m
G = whM(xm o xmy, G = wM (KR Ry,

Similarly, for any G € Gy, we write G™ or G™ for the function evaluated along
the m-th sample path or its ghost path. Firstly, observe that

P(H(a% - dé\f[k) 'Po,k”i,M > 52/,14) = E(Ply(”(aé\f{k - &gffk) ‘pO,kHi,M > EkY,A))~
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Conditionally on F, ,i‘/[ , we can assume that the basis functions are orthonormal-
ized w.r.t. (-,-)r,m and that the coeflicients aé\fk and dé‘flk are computed for
the orthonormalized functions. Nevertheless, the dimension of the vector space
w.r.t. (-,-)k,am may be smaller than K 1; we denote this empirical dimension of
the vector space by K(%. Then

||(O‘(])\,4k - dé\{k) 'pO,k”%,M = ‘O‘(])\?k — Qo

Furthermore, the coefficients aé‘/fk and dé\/fk have simple expressions and we ob-
tain

Kol M
Piyﬂaé‘f]k - dé\f[k@}(é‘?k > EkY,A) = Piw( ’M PE)JI?(GW Gm)| > &g.a)
' i=1 m=1
ch)‘.lk 1 M ) 9 EzA
< Z]P’Q/IOM ZPE’,ZL( W =G| >K}u)
i=1 m=1 0,k
K% M ) 55,4
< IP)M - i,m m m s
= ; k (|Mmz::1po,k( k k)| > KO,lc)
ok 1 &, (2 EhA
<D BIGEG G 57 2 i@ -G > )
i=1 m=1 ’
%PM(HG €Gr:| . f: pyRUT (G — G| > E{”“)
_ b s | — : _
=1 M m=1 ok KO,k

where U™ are independent random variables uniformly distributed on {—1,+1}
that are also independent of everything else. The last equality follows by an
invariance of the P} -distribution of G™ — G™ under multiplication by —1.
We now introduce a particular cover for the set Gj. For a function g : R? — R,
we define the squared Ly empirical norm

S

gl? s 27 Z 9P+ g(XE™)).

m=1

Then for ¢ > 0 (the value of which is chosen later), denote by [SY (¢)], and
[SiZ’l(s)]z e-covers for [SY], and [SiZ’l]z, respectively, w.r.t. the norm [|-|[; 5/ i7-
Take

N-1

Gi(e) = {(zk,...,aNn) — (an) + Z filmi, g1 (wisn), 97 (2:)) A
ik

cg) €8T @)y 9f € 18P ().}
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Since elements of [S) (¢)], and [S? *(¢)].. are bounded by Cy and C. ;, elements
of Gy (e) are bounded by Cy.

For every G € Gy, there exists a G. € Gi(¢) such that
1 m m ~m ~m
BYYi d {lgm—GerpP + |6 -Gy
m=1

M N-—1
=ﬁ {57 A (X i (X20), (X)) — fi(XP" g (XT2), g2 (X™)|
1 i=k

m

?
=l

+1 A (Fi(XE™ e (XET), ma(XE™) = f(XE™, g (R, 7 (XE™)) [P

1 M N-1 A L2
oaf 2= 2T Z m{wzﬂ X)) = 0l (XD P+ na(XT) = gf (X

k, Sk, Sk,
+ |Yig1 (X z+1) 9i+1(Xz+T)‘2 + (X)) — giZ(Xi m)|2}

. Orey
where we have used (Ay) . Taking €2 = 18K0,kL§T’1f9L(q+1) and G¢ € Gi(e) as

above, we easily obtain

m=1

1 M 1 = 2 1 M 1 ~ 2
|57 2 U@ = G <32 T ppum (@ - G|
m=1

M

ZI Z{IG’" GI' +|GT = G™})
m=1
M Y
1 ; ~ 2¢€
<357 2o wUmEr - Gt g
m=1 s

where we take advantage of the orthonormality property of pé) &~ Then it follows

PY (3G € Gy, : yi iwj pmUT (G - G| > ‘i*‘)
Mm:l ok KO,k
M 1 & im mm m 1,6yt
<P (aGsegk(e):\Mn;po;kU (G — G §<K(;7k)2)
A 1,60 4.1
< EY|Gi(e)| max PY(] )

GG (e) M

2M b A MEZA
< 2EL1Gn(e)lexp (- xR 9EMG (o) exp (— )
ﬁ Z’rj\le ‘4Cq/p0’7k |2 9K,k 7202 Kok
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where |Gy (¢)| denotes the number of elements of Gy (), PM is the conditional
probability with respect to FM v U(f(ik’m :i>k,m=1,...,M), and the final
inequality follows from Hoeffding’s inequality [GKKW02, Lemma A.3].

It remains to bound |Gy ()|, which is equal to the product of the e-covering
numbers of [SY (e)], (i = k+1,...,N —1) and [S”'(e). (1 = 1,...,q,i =
kyooonN = 1) wat. |- |[; oy 57+ From [GKKWO02, inequality (9.22) pp.153], we
have

Nale, 18 (), (X, K1) < 3202

K2 K3

16073 )2(K0,1‘+1)

2 % 21\ Ko,i+1
) log(3e(22)2) -

<3(

for any € < C,/2; the second inequality follows from the concavity of log(-):

3ex —48e 1+1log(48) , 4
e x

e S < 3@

Vo > 16, 2exlog(3ex) < 2ex[log(48e) + 5 3

A similar inequality holds for [S7*(¢)]. by replacing C, by C,/vA; and Ko ;
and K; ;. Finally, we obtain

2

1 3(a+1) ( 1605 )Q(Ko.ﬁl) ( 16013 )2 i (Kii+1)

19k ()] 32 3e2A

IA
=

N-1 2146 2
T atasn) A2(Kout ) Y0K0 R LFT (g +1)Cy a5 (a6, 1)
i—=k Lgk,A 7
. 2 _ Orey a c: c c: .
provided that < = 18Ko  LZT 0L (g+1) — Ty/\ﬁ/\. . ./\4A;’_1. Gather different
inequalities and bound Ké\f[k by Ko, to derive the announced result. O

Bounds on IP’(B:’M) and P(B,f’M). Again, we only detail the proof for B:’M.
We define the set of functions

N—-1
Gl ={r € R* s / (@) + 3 Filws, sa (@isn), i (50)) A (Ao, - dy)
1=k

—yi(@): i elSY]y, mae (87}

where p® is the law of (X;:,fp L X", and [S)], and [S7]. are defined in
(4.54)). Notice that all functions in G, are bounded by Cy + C,. In view of
the definition , g,lj’M — y% belongs to the set G,. Since the expectation
E%[@f’M(Xk) —yf(X},)|?] integrates only w.r.t. the law of X}, we clearly have

Y, M _R,M _R,M
P(B, ") = P(e} 5 + 2BN [, (Xk) — v (Xi)P] < 5™ — v ll7.ar)

<P(3G € G : &5 p + 2E[G(Xk)?] < G} 01)- (4.55)
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The latter probability is equal to P(3G € G, : QEYHCLH"ré‘ﬁ;E[fI(E)[(&)X]k)Q] > )
k,B k., M

which can be estimated by applying Lemma [I] in it gives

P(BM) < 4E(/\/( L B G2 XEM)) exp (- _ Meip )
L L PAT%0(Cy + €02
where we use the short notation [G;]? := {¢*® : g € G}}. Thus, it remains

to upper bound the L; e-covering number of [G;]? and, for this, we exhibit a

particular cover. Write p?(dz;) for the law of Xf "+ then define the probability
measure

M
m=1
and denote by [S} ()], (resp. [SZH()].) a Ly(vM) &'-cover of [SY], (resp
[S7"].) where ¢’ = = . We claim that
AL, TTTE (¢+1)(Cu+C,)

N-1
[gk _{SU eER?— [/ (‘I’(!CN) + Z fi(%‘,9311(%“),giz(fi))Ai)Nm(dwkHa~~-,

i=k

—yf @] g e [SY Ny, 9f e SEEN:)

e-covers [G;]? in the Li-norm w.r.t. the sample X}**. Indeed, for any G € G,
there exists G € G} (¢) such that

1 M
DG~ GL(xp )
m=1
1 M
< — 3 IG(XT) - Go(XP)2(Cu + Cy)
m=1
M N-1
2 C\I]+C)
STPIPIL 7

X /{\¢i+1($i+1) - 9£1($i+1)| + [mi(xi) — giz(xm}ux,gn (dogqq,...,dzy)

N— 1+6p
C +Cy)L Tz
=k 2

) 2

where we have used (Ay) . Furthermore, following the method for the bound
of ]P’(AZ’M), we derive (for any ¢’ < C,/2)

20, 2C, \ Ko, 22C), \ 2(Ko.:
N, (871 v) < 3(26 =2 log(3e ,y))K"“gza(?,y)z(K’“) (4.56)
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using 2e zlog(3e ) < (41%)% for z > 4. Similarly, Ny (¢, (871, vM) < 3(5:,25%)2(&’#1)
for ¢/ < Cy/(2v/A;). Finally, we obtain

2eY 220, 2(K 41y, 22C, 250 (K+1)
W (Z5RB ) < 3(q+1) 0,i Y 1=1 (K
it 5 19 H 55' <5a/\/K )
N-1
I stk l+1(132LfT (g +1)(Cu + G, )Cy)zz?:()(m,m)

i=k €k, r VA

if e — EkB <ﬂ/\ Cy Aees Cy ) O

BOL; T T (¢+1)(CotCy) o VAR 2y/An -

Bounds on P(CYM) and P(CPM). We detail the estimate only for P(C)™).
Define G} := {z +— g(z) —yf(z) : g € [S}'],}. The elements of G}’ are absolutely
bounded by 2C,. Similarly to (4.55), observe that

M
P(Cy M) <P(3G € G} - E[G( Z )

E[G(Xk)?] - HGII 1
=P(3G - =
S 2e ¢ + IGII7 ar FEC(X)Y 3

}c/ 1 M ME}:C

§4E(N( [g ] X ))exp(— 50762)
Yy

where the second inequality follows from the second relation of Lemma [d]in [Ap]

Y
pendix Bl Observe that ./\/1(6’{20 G2, X M) < Nl(zg’ccy JSE ]y, XM (456)

is valid also for the empirical measure associated to X é:M and we obtain

Me}, -
pl= 507C?2 )

10560; )Q(Ko)k+1)

B <12(
k,C

Y
€k,C Cy
for wmo, = 2

Appendix A. SVD-optimal coefficients

Let us study the set of coefficients o € R** minimizing |la-p; . —S||7 5, using
the Singular Value Decomposition (see [GL96, Theorem 2.5.2 and Theorem
5.5.1]). The SVD of the M x K j-matrix P, = (p;”Zl)m)i (with M > K )
writes

g1 0
Pp=UP,VT with P=| 0 " og,
o --- 0
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where U and V' are two unitary matrices respectively of size M x M and K j x
Kk, and 01 > --- > 0k, , > 0. If P} is a full rank matrix (ok,, > 0), the set
of minimizers of [la-p; i — S|} 5, reduces to a single element, whereas there are
infinitely many minimizers for rank(P, ;) < Kj . Our choice of SVD-optimal
solution consists of taking the element with minimal Euclidean norm which is
given by

o* = v( 1,500 5% ) (A.1)

PROOF. (of Proposition The linearity property is clear from . The
Pythagoras decomposition yields, for any o € RM| that ||a - py — S||i7M =
lo* - pik — Sz ar + (@ = @) - pilli 5o Taking a = 0 gives statement ii).
To prove iii), it is enough to use the linear relation and to observe that
U,V,(0;); are Q-measurable. O

Appendix B. Upper bound of a deviation probability, uniform over a
class of functions

For the definition of the covering number N7 (...) used below, we refer to
the notation of Subsection [4.5.2)

Lemma 1. Let G be a countable set of functions g : R — [0, B] with B > 0.
Let X, X' ..., XM (M > 1) be ii.d. R? valued random variables. For any
a>0ande € (0,1) one has

o 17 St 9(X™) — Elg(X) 0 o rryy g 3E20M
P LS g s mpg) ) = G0 X e (=057,
. E[g(X)] = 27 Sy 9(X™) as LMY oy ( BE70M
P T LS, g + Bl ) = G0 X)) e (= g )

For the proof, see [GT11].
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