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Singularity Analysis of L ower-Mobility Parallel
Robotswith an Articulated Nacelle

Semaan Amine, Daniel Kanaan, Stéphane Caro and Philippgé&te

Institut de Recherche en Communications et Cybiggoe de Nantes, France,
e-mail: {firstname.lastnam@@irccyn.ec-nantes.fr

Abstract. This paper presents a generic approach to analyze the aiitgudf robots with an
articulated nacelle like thel4 robot. Using screw theory, the concept of equivalent tgiaph

is introduced in order to characterize the constraint wiiesand the actuation wrenches applied
to the moving platform. Using Grassmann-Cayley Algebra, deometric conditions associated
with the dependency of six Pliicker vectors of finite and itdifines in the projective spad; are
reformulated in the superbracket decomposition in ordehsyacterize geometrically the parallel
singularities of the robot.

Key words: Grassmann-Cayley Algebra, superbracket, screw theamgil@lamanipulators, singu-
larities, twist graph, nacelle.

1 Introduction

Parallel singularities are critical configurations in whacparallel manipulator loses
its stiffness and gains one or more degrees of freedom (DY can be found us-
ing either numerical, analytical or geometrical methodas.Gough Stewart parallel
manipulators, the rows of the inverse Jacobian matrix dareler coordinate vectors
of six finite lines that are six actuation forces applied g/ dletuators to the moving
platform. The parallel singularities of such manipulatdrat Merlet [1] analyzed
using Grassmann line geometry occur when those lines belioeaely dependent.
Ben-Horin and Shoham analyzed the parallel singulariti@&DOF parallel manip-
ulators using Grassmann-Cayley Algebra (GCA) [2, 3]. Camytto 6-DOF parallel
manipulators, the legs of a lower-mobility parallel mangiar have a connectivity
smaller than six and, in turn, each leg constrains partlyntieion of the moving
platform. When the legs lose their ability to constrain theving platform, a so-
called constraint singularity occurs [4]. Kanaan et al.gB]arged the application
of GCA to lower-mobility manipulators, in which the rows diet 6x 6 inverse Ja-
cobian are not necessarily finite lines (zero pitch wrenchescan be also infinite
lines (infinite pitch wrenches). These wrenches, also knasvgoverning lines, are
actuation and constraint wrenches applied to the movintjgoia. Choi et al. [6]
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analyzed the singularities of th¢4 robot using screw theory, while Wu et al. [7]
analyzed them using line geometry.

In this paper, we present a methodology for the singulanghsis of robots with
an articulated nacelle. This methodology is general antlebto theH4 robot. To
deal with robots with complex architectures like tHd robot, we introduce the
concept ofwist graph Each leg of this robot contains a closed loop (tBepérallel
linkage) and can be replaced by a virtual serial chain haviagame twist system as
the leg in the equivalent twist graph of the robot. The twistaip of theH4 robot is
obtained in order to characterize the constraint and d@otuatrenches applied to its
end effector. Then, the parallel singularity conditionste robot are derived using
its wrench diagram in the projective spd&gand the superbracket decomposition.
Finally, some singularity configurations are illustratemetrically.

2 Grassmann-Cayley Algebrain the Projective Space IP3

The Grassmann-Cayley Algebra (GCA), also known as extedgebra, was de-
veloped by H. Grassmann as a calculus for linear varietiesatipg on extensors
with the operatorfin andmeetassociated with the union and intersection of vec-
tor spaces of extensors. The bracket is a determinant ttisfiess special product
relations calledygzygiesin the projective spacis, extensors could represent en-
tities such as points, lines or planes. Points are repredesvith their homogeneous
coordinates while lines and planes are represented with Bitiecker coordinates.
The notion of extensor makes it possible to work at the syiobevel, and there-
fore, to produce coordinate-free algebraic expressionthégeometric singularity
conditions of spatial parallel manipulators. For furthetadls on GCA the reader is
referred to [2, 8].

3 Theory of Reciprocal Screws

Screw theory is suitable for the type synthesis and the stdidige instantaneous
motion of parallel manipulators. The principle of recipabscrews was studied
in [9, 10, 11] and then developed in [12, 13, 14, 15]. The metteals with the
reciprocity condition between two screw systems to charé for each leg-chain,
the constraint wrench system reciprocal to its twist syséanwell as the actua-
tion wrench system obtained by locking actuators. In a ringtdar configuration,
constraint wrenches and actuation wrenches form a 6-system

A twistis a screw representing the instantaneous motion of a riggt,lawrench
is a screw representing a system of forces and moments actiagigid body. Let
denotes a twist and denotes a wrench. An infinite pitch twist represents a pure
translation of a prismatic joir® and a zero pitch twisty represents a pure rotation
of a revolute jointR. A pure force constrains the translation along its lineaticn
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and is represented by a zero pitch wremghA pure moment constrains the rotation
about its direction and is represented by an infinite pitcaneht.. A zero pitch
screw represents the Plucker coordinate vector of a finkgh P3. An infinite pitch
screw represents the Pliicker coordinate vector of an fiefiine inPs.

A screw systerof ordern (0 < n < 6), also callech-system, comprises all the
screws that are linearly dependentrogiven linearly independent screws. Any set
of linearly independent screws withimasystem forms a basis of this systemnA
screw system can be replaced by another equivalsystem by applying a linear
transformation to the basis of the first one [16]. The twisteynT' and the wrench
systemid' of a serial kinematic chain composedfojoints are given by:

f f
T=5T, W= 1)
=1 j=1

The twist systenT and the wrench systethof a parallel kinematic chain composed
of mserial chains are given by:

T=T , W= i (2)
=3

The twist systenT and the wrench system of a given kinematic chain are
reciprocal to each otheT:= W' andw = T, the operator. denoting the reciprocity
of two screw systems. If denotes the twist system order, then the wrench system
orderisw=6—t. Any twist inT is reciprocal to any wrench inand vice versa [15].
Two screws are reciprocal to each other if their orthogonadpct is equal to zero.
Two zero pitch screws are reciprocal to each other if and dnilgeir axes are
coplanar. A zero pitch screw is reciprocal to an infinite pgcrew if their directions
are orthogonal to each other. Two infinite pitch screws axays reciprocal to each
other.

4 TheH4 Constraint Analysis

The H4 robot shown in Fig. 1 belongs to a new family of 4-DOF pataitdots
designed for high-speed pick and place operations [17, A&{inematic graph
of the H4 robot was given in [19]. Th&l4 robot is composed of four identical
legsli = R'—(4S)!, (i = 1, ..., 4), attached to a common ba$®) @nd linked to the
end effectorE) by means of an articulated nacelle. The nacelle is compaitbdee
bodies: (i)by, connectind; andl, in parallel and giving a resulting chality; (i) by
connectinds andl, in parallel and giving a resulting chaligy; (i) and (E), linked

to by andby; with two revolute jointsR; andR,; respectively, and carrying the end
effector of the robot. Finally, thél4 robot has two compound legk; = 112-R,
andLH = |34—R|| .
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Fig. 1 TheH4 robot

4.1 Twist System and Wrench System of the 4S Parallel Linkage

A parallel linkage (&) of ith |; is represented in Fig. 2a and its kinematic graph
is shown in Fig. 2b. In this graph, a segment denotes a kiriefjoatt and a circle
denotes a link. The @)' linkage is a parallel kinematic chain composed of two
serial chainsS;,-S|, andS;-Sy,, whereS,,, S;,, S}, andS,, are four spherical joints
centered at points), n, p andq respectively. In a general configuration,&akhkage

is not a parallelogram. However, th&4 robot is designed in such a way that the
(4S)' is a parallelogram in all configurations [17], i.ean|| pqandmp|| ng. Note
that for theith legl;, rip denotes the position vector of poipts{np denotes a unit
vector directed along linmpandn denotes a unit vector normal to the plane of the
parallelogram linkage.

The wrench system cE’B'm—S'p includes alltg passing througimandp. Itis a 1-
systemimp= spar(fo1) where fo1 = (S, 'y x Sy ). Similarly, the wrench system
of S-Sy is: Wnq = spar(foz) wherefor = (S, g X Shg)- From Eq.(2), the wrench
system of the (8)' linkage iSWss = Wmp+ Wnq = Sparn(fo1, To2). Sinces,, ands,
are paralleliiss = spar(Tox, fe1), Wheré fwy = fop— fo1 = (0, Siyp X Shyn) [16]. Was
is a 2-system, its twist systeMms = W;g is a 4-system spanned b8, = (S, Iy X
Smp)> €02 = (St n X Sin)» €1 = (0, ') @andéy = (0, spp < 1').

The (4S)' linkage provides two independent translations and twopedédent
rotations represented with the four independent twi§is &,, &,; and &L, that
span its twist system. Its twist graph represents the jeisseciated with the twists
of a basis of its twist system. It is a virtual serial kinernatain (Fig. 2b) composed
of two virtual revolute jointsR; andR}, associated witlé), and&), and two virtual

1 ¢ andé stand for unit wrench and unit twist, respectively
2 By applying a linear transformation
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prismatic jointsP} and P, associated witl€!, and & ,. These virtual joints are
represented with dashed lines. Links 1, 2 and 3 are virtn&klrepresented with
dashed circles.

(b)
Fig. 2 (a) A (4S)' linkage; (b) Kinematic graph and twist graph of th&{4linkage

4.2 Constraint Wrenches of the H4 Robot

Since the twist system of @S)' linkage is represented with a virtual chain com-
posed of two revolute joints and two prismatic joints , at\gisaph of theH4 robotis
obtained as shown in Fig. 3. The twist systenof theith legl; = R'—(4S)' (Fig. 4a)
is equivalent to the twist system of a serial Ch.ﬂ-Rl—Rz—Pl—Pz spanned by:
Ely = (81,11 X S)), &y = (S ' X Sn)s Ehz = (§mp7r X Sy p)s CRE( _) and
€., = (0, spx N'). Note thats] denotes a unit vector along the directiorRbfjoint
axis. For theith legli, S, || Sy || Shq [17]. The constraint wrench systek of |;
includes the wrenches that are reciprocal to all the twists.i Thus, the axis of
aTo in W is coplanar to the axes &f;, &, andzy, and orthogonal to the directions
of &,, and €c',02 ThereforeW; does not contain any. The direction of ar., in W;

is orthogonal tas),, s{np ands,. It corresponds to the unit vectsl,, x émp =nl.
HenceJ is a 1-system spanned i = (0, n').

The chainli, being the connection df andl, in parallel, its wrench system
W12 = Wy + Wp=spar(f3, £2). Thus,li, provides translations in any direction and
cannot rotate about an axis directed alarigor alongn?. The direction of possi-
ble rotations is independent of these two vectors. Thistiontds represented by
the twist&12 whose axis is directed alorg}? = n' x n. ThereforeT1, = Wi, =
SPan Ewx;, Ewy, £z, £012) Whereéuwy, £y andéw; are the infinite pitch twists asso-
ciated with translations along y andz, respectively. Similarly, the twist system
of leg lz4 is Tz4 = w§4 = SPan(&wx, £y, £xz, £034) and the axis o€pz4 is directed
alongsi* = n® x n.

The twist system of led| = [1>-R| is T = T12+ Tr,. Ry is the rotation
about axisZy (Fig. 4c) represented with the twisgz, = (z,r¢ x z). Thus,T) =
SpPanEwx, &y, Ewz, €012, £07, ). Thereforel; = T = span T« ) wherefe = (0, zx
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Fig. 3 Twist graph of theH4 robot

st2). Likewise, W = span(T.;) wherefe; = (0,zx 3. LegsL, andL; are
mounted in parallel on the end effector of tHd robot. Thus, its constraint wrench
system is:

Wﬁ4:W|+W|| :sparﬁm|,fm||) 3)

The end effector of thel4 robot is constrained by two pure momerits: = (0, z x
st2) and e = (0, z x S3. It provides a Schonflies motion, i.e., three independent
translations and one rotation about an axis of fixed direciiongz.

4.3 Actuation Wrenches and Global Wrench System of the H4
Robot

The actuated joints of the 4 robot are th&' joints of legsli, (i=1, ..., 4). Legsl;
andl, (respectivelys andl,) are connected witR; (respectivel\R);). The actuation
wrench systemw§ of |1 includes wrenches that are reciprocal to the twist ofRhe
jointand all the twists irT1, except for the twisﬁ(}1 of RL. Thus,w§ does notinclude
any infinite pitch wrench. It is a 1-system spannedfgyof axis parallel tosy,,
intersecting axig; and lying on the plane spanned lmnandmp. The actuation
wrench ofly is, thus,Tj = (sly, 1y x i) with s, || s}, Similarly, the actuation
wrenches of legk, I3 andl, aref)) = (s, r\, x 8, (i = 2, 3, 4) with s, || Shyy

In a non-singular configuration, the four actuation wrerschigare indepen-
dent and span the actuation wrench system of Hierobot: W, = span(),
(i=1,...,4). The global wrench system of the robot is:
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2 e 21 22 23 24
WHa = Wha + Wi, = span(Ter, T, 1o, 1§, 15, 15) 4)

The legs of théH4 robot apply two constraint moments and four actuationgstto

its end effector. Its global wrench system is a 6-system.ralfe singularity occurs
when the wrenches in the 6-system become linearly depeaddrgpan &-system

with k < 6.

5 Singularity Analysis of the H4 Robot

5.1 Wrench Diagram of the H4 Robot in P3

A basis of the global wrench systein, is composed of two constraint momeiits
andf. , and four actuation force§ = (s, r\, xs,,), (i=1, ..., 4). Those wrenches
are represented by two infinite lines and four finite line$# To obtain the six
extensors of thél4 superbracket, we have to select twelve projective pointhe
six projective lines, i.e., two points on each one. The esderf an infinite line
is represented by two distinct infinite points. The extersfoa finite line can be
represented by either two distinct finite points or one fipitént and one infinite
point, since any finite line has one point at infinity definedtbydirection.

We know thati} and 72 intersect axig; . Likewise, i§ and 7§ intersect axis
(Fig. 4). Leta (respectivelyc) denote the intersection point 68 (respectivelyfg)
andz, and lete (respectivelys) denote the intersection point @ (respectivelyiy)
andz), . Besidesy, andz), are parallel, i.e.ac andeg are parallel lines. They inter-
sect in the infinite plan€l., at pointj = (z, 0), which corresponds to ttedirection.
Note that an underlined letter stands for an infinite poihie Tinite line represent-
ing 3 = (s}, rl x sl,) can be defined by any two points on this line. Therefore, let
3 = ab with b = (s}, 0) the infinite point off} defined by its direction. Likewise,
5 = cd with d = (s}, 0), 7§ = ef with £ = (s, 0) and g = gh with b = (s}, 0).

The infinite linet), = (0, n'), (i=1, ..., 4) is the intersection witt, of a finite
planerT; of normaln'. The intersection line of plang3; and 1, is a finite line
orthogonal ton® andn?. The infinite point of this line is expressed ds= (nt x
n?, 0) = (st2, 0) and corresponds to the intersection poinfbandf2. In the same
vein, the intersection point df andf2 is expressed ag = (n® x n*, 0) = (s34, 0).

Let us consider the constraint momégt = (0, z x st2). Vectorz x st2 is normal
to any finite plane spanned by the two vectoandst?. The infinite point ot is i
and the infinite point ot is j. Therefore . = ij. Likewise, T = kj. We have
selected the twelve points of ti#4 superbracket. The wrench diagram of H#é
robot is represented in Fig. 4c.
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€Y (b)

Fig. 4 (a) Twists of led;; (b) Constraint and actuation wrenches; (c) Wrench diagralfa of the
H4 robot

5.2 Superbracket of the H4 Robot

The rows of the inverse Jacobian matrix of a parallel maaijpulare Plicker co-
ordinates of six lines ifP3. The superjoin of these six vectorslia corresponds
to the determinant of their six Plicker coordinate vectgrgo a scalar multiple,
which is the superbracket in GCA(V(?) [8]. Thus, a singularity occurs when
these six Plucker coordinate vectors are dependent, vilieuivalent to a super-
bracket equal to zero.

In [20], the theory of projective invariants has been usedg¢compose the super-
bracket into an expression having brackets involving 12fsaelected on the axes
of these lines. The expression of tHd superbracket igbcdef ghijkjl, it corre-
sponds to twelve points selected in the robot wrench diagiis expression can
be developed into a linear combinaticu() of 24 bracket monomials [2, 20], each
one being the product of three brackets of four projectiviatsoThe bracket of any
four coplanar projective points is equal to zero. Hence, m8®ragst the 24 mono-
mials are null. As detailed in [21], the simplified expressaf this superbracket
is:

[abcdefghijkj] = [gikj]

7N

[abdf][cghj] - [abdh][cet j))

— [gikj][abdf][cghj] (5)

where the dotted letters denote the permuted elements @®nehin [8].
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5.3 Geometric Conditions for the H4 Robot Singularities

From Eg. (5), a parallel singularity occurs when:

1. [gikj] =0« [ikj]| =0« i, j andk belong to the same projective line. This
condition is expressed in vector form as follows:

(S xSy)ez=0 (6)

wherest? = n' x n? ands3* = n® x n*. This condition corresponds to the con-
straint singularities of the robot that occur when the leggeltheir ability to
constrain the motion of the end effector, which gains oneeoeml DOFs. By
solving Eq. (6), we obtain the different cases for this typsingularity as fol-
lows:

(@) st2xs3=0:s?2andsX are parallel, which happens when the intersection
line of two amongst the four planég, (i =1, ...4), is parallel to the intersec-
tion line of the two other planes. For example, when| n® andn? || n* as
shown in Fig. 5a.

(b) s}nz || z, i.e., when the two pland3; and[T, are vertical, their normal vec-
torsn! andn? are in the horizontal plane argf = n! x n? is parallel toz. A
similar case happens wheif || z ;

() n'| n? ie., the two planesl; and [T, are parallel, and as a consequence
st2 = 0. A similar case happens whed || n*;

(d) s, ¥ andz are coplanar but not parallel to each other.

(e) st?| sz i.e., whenthe four plands;, (i = 1, ...4), are vertical as shown
in Fig. 5b.

In cases (a), (b), (c) and (d), the two constraint momé&htandt! are identical
(zx k2 || zx 2% or one of these moments is null. The constraint wrench syste
of the robot becomes a 1-system and its twist system a 5rsyated as a result,
the manipulator gains one DOF. In case (e), the two conssramomentst,
andf!! are null and the robot gains two DOFs.

2. [abgi][cgﬁi] =0& (agg A cgi) A £h = 0 & the projective linegt h inter-

sects with the intersection line of planesd andcgi. This condition is ex-
pressed in vector form as follows:

([S}VX%V] X [(rgfrc) XZ])‘(ngvxsﬁv) =0 (7)

This condition occurs when the legs cannot control the flinedocity of the
end effector. The different cases for this condition candiel#ished by solving

Eq. (7). For example, whes},, || s, ands?, || s, (Fig. 5¢).
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(O

)

(@) (b)

Fig. 5 Some singular configurations of th& robot

6 Conclusions

In this paper, a general methodology was proposed to anétgzsingularities of
parallel manipulators with an articulated nacelle. Thehndblogy consists of two
main steps. First, the new concept of twist graph is usednplffy the constraint
analysis. This graph is obtained with the theory of reciptscrews. Then, a wrench
diagram is obtained in order to derive a simplified exprassidhe superbracket de-
composition. This expression is analyzed to provide gedon&tinditions for singu-
lar configurations. The methodology was explained throbgtstngularity analysis
of theH4 robot. It can be also applied to analyze the singularitiedteer complex
robots such as the ParfR2].
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