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Abstract

A d-dimensional nonparametric additive regression model with de-
pendent observations is considered. Using the marginal integration
technique and wavelets methodology, we develop a new adaptive esti-
mator for a component of the additive regression function. Its asymp-
totic properties are investigated via the minimax approach under the
> risk over Besov balls. We prove that it attains a sharp rate of con-
vergence which turns to be the one obtained in the i.i.d. case for the

standard univariate regression estimation problem.
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1 Introduction

1.1 Problem statement

Let d be a positive integer, (Yi,X;)iez be a R x [0,1]%-valued stationary
process on a probability space (€2, 4,P) and p be a given real measurable
function. The unknown regression function associated to (Y;, X;);ez and p
is defined by

g(x) =E(p(Y)|X =x), x = (z1,...,24) € [0,1]%.

In the additive regression model, the function ¢ is considered to have an

additive structure, i.e. there exist d unknown real measurable functions

g1, ---,9q and an unknown real number p such that
d
g(x) =+ > ge(xe). (L.1)
(=1
For any ¢ € {1,...,d}, our goal is to estimate g, from n observations

(Y17 X1)7 ey (Yn7 Xn) Of (}/7/7 Xi)iEZ'

1.2 Overview of previous work

When (Y;, X;)icz is a i.i.d. process, this additive regression model becomes
the standard one. In such a case, Stone in a series of papers [27, 28, [29]
proved that g can be estimated with the same rate of estimation error as
in the one-dimensional case. The estimation of the component g, has been
investigated in several papers via various methods (kernel, splines, wavelets,
etc.). See e.g. [4], [16], |18], [23,24], |1], [2], [26], [32], [25] and [13].

In some applications, the 7.i.d. assumption on the observations is too
stringent. For this reason, some authors have explored the estimation of
ge in the dependent case. When (V;, X;);cz is a strongly mixing process,
this problem has been addressed by [5], [9], and results for continuous time
processes under a strong mixing condition have been obtained by [10, [11].
In particular, they have developed non-adaptive kernel estimators for g, and

studied its asymptotic properties.



1.3 Contributions

To the best of our knowledge, adaptive estimation of gy for dependent pro-
cesses has been addressed only by [14]. The lack of results for adaptive
estimation in this context motivates this work. To reach our goal, as in
[32], we combine the marginal integration technique introduced by [22] with
wavelet methods. We capitalize on wavelets to construct an adaptive thresh-
olding estimator and show that it attains sharp rates of convergence under
mild assumptions on the smoothness of the unknown function. By adaptive,
it is meant that the parameters of the estimator do not depend on the pa-
rameter(s) of the dependent process nor on those of the smoothness class of
the function. In particular, this leads to a simple and easily implementable
estimator.

More precisely, our wavelet estimator is based on term-by-term hard
thresholding. The idea of this estimator is simple: (i) we estimate the
unknown wavelet coefficients of gy based on the observations; (ii) then we
select the greatest ones and ignore the others; (iii) and finally we reconstruct
the function estimate from the chosen wavelet coeflicients on the considered
wavelet basis. Adopting the minimax point of view under the Lo risk, we
prove that our adaptive estimator attains a sharp rate of convergence over
Besov balls which capture a variety of smoothness features in a function
including spatially inhomogeneous behavior. The attained rate corresponds
to the optimal one in the i.i.d. case for the univariate regression estimation

problem (up to an extra logarithmic term).

1.4 Paper organization

The rest of the paper is organized as follows. Section 2] presents our as-
sumptions on the model. In Section [B] we describe wavelet bases on [0, 1],
Besov balls and tensor product wavelet bases on [0,1]¢. Our wavelet hard
thresholding estimator is detailed in Sectiondl Its rate of convergence under
the s risk over Besov balls is established in Section Bl Section [ provides
a discussion of the relation of our result with respect to prior work. The

proofs are detailed in Section [7



2 Notations and assumptions

In this work, we assume the following on our model:

Assumptions on the variables.
e For any i € {1,...,n}, we set X; = (X1,,...,Xq;). We suppose that
— for any i € {1,...,n}, X1,,...,Xq; are identically distributed
with the common distribution ¢([0, 1]),

— Xy,...,X,, are identically distributed with the common known
density f.

e We suppose that the following identifiability condition is satisfied: for
any ¢ € {1,...,d} and i € {1,...,n}, we have

E(g¢(X¢,i)) = 0. (2.1)

Strongly mixing assumption. Throughout this work, we use the strong
mixing dependence structure on (Y;, X;);cz. For any m € Z, we define the

m-th strongly mixing coefficient of (Y;, X;)icz by

Oy, = sup IP(AN B) —P(A)P(B)|, (2.2)
(A,B)eF X FiL D

where .FS;OXO) is the o-algebra generated by ..., (Y_1,X_1), (Yp,Xo) and
.F,(nyo’f ) is the o-algebra generated by (Y, Xom), (Yit1, Xont1), - - -
We suppose that there exist two constants v > 0 and ¢ > 0 such that,

for any integer m > 1,
ay < yexp(—cem). (2.3)

Further details on strongly mixing dependence can be found in [3], [31], [12],
[21] and [6].



Boundedness assumptions.

e We suppose that p € L1(R) Ly (R), i.e. there exist constants C; > 0
and Cy (supposed known) such that

JZ5 p()ldy < €y, (2.4)
and  sup,e |p(y)| < Ca. (2.5)

e We suppose that there exists a known constant ¢ > 0 such that

inf f(x)>ec (2.6)
x€[0,1]4

e Foranym € {1,...,n}, let fiy; x,,v,n,X,.) D€ the density of (Yo, Xo, Y7, X1,
f(vo,x) the density of (Yo, Xo) and, for any (y, X, y«, %) € Rx [0, 1]4 x
R x [0,1]¢,

hm(y7 X, y*a X*) =
f(Yo,Xo,Ym,Xm)(ya X, Y, Xx) — f(Yo,Xo)(y7X)f(Yo,Xo)(y*a X4 ).
(2.7)

We suppose that there exists a known constant C' > 0 such that

sup sup |hin (3, %y, %) < C. (2.8)
me{L,...n} (y,x,y+,x+)ERX[0,1]4 xR x [0,1]¢
Such boundedness assumptions are standard for the estimation of gy from a

strongly mixing process. See e.g. [10, [11].

3 Wavelets and Besov balls

3.1 Wavelet bases on [0, 1]

Let R be a positive integer. We consider an orthonormal wavelet basis
generated by dilations and translations of the scaling and wavelet functions
¢ and v from the Daubechies family dbsg. In particular, ¢ and v have
compact supports and unit Lo-norm, and @ has R vanishing moments, i.e.
for any r € {0,...,R— 1}, [ 2"y (x)dz = 0.



Define the scaled and translated version of ¢ and
¢j (@) = 2j/2¢(2j117 — k), VYjp(r) = 2j/21,!)(2jx — k).

Then, with an appropriate treatment at the boundaries, there exists an

integer 7 satisfying 27 > 2R such that, for any integer j. > 7, the collection

{qu*,k(')v ke {07 .. 72']*_1}) ¢],k()a J € N_{07 .. 7j*_1}7 ke {07 s 72]_1}}7

is an orthonormal basis of Lo([0,1]) = {h : [0,1] — R; fo h%(z)dxr < oo}.
See |17, [19].
Consequently, for any integer j,. > 7, any h € Lo([0,1]) can be expanded

into a wavelet series as

20% —1 co 27—-1
) = Z j, kB, k(T) + Z Z Bk k), x € [0,1],
k=0 Jj=j+ k=0
where
1 1
aj7k:/0 h(z)¢jk(z)dz, 5j,k=/0 h(x); i (x)d. (3.1)

3.2 Besov balls

As is traditional in the wavelet estimation literature, we will investigate the
performance of our estimator by assuming that the unknown function to be
estimated belongs to a Besov ball. The Besov norm for a function can be
related to a sequence space norm on its wavelet coefficients. More precisely,
let M >0,s€(0,R), p>1and ¢ > 1. A function h in Ly([0, 1]) belongs to
B; (M) if, and only if, there exists a constant M* > 0 (depending on M)
such that the associated wavelet coefficients (B.1]) satisfy

1
oo 21 1p\ 7\ V4
Z 2] (s+1/2—1/p) Z |5jk)|p < M*.
J=T

In this expression, s is a smoothness parameter and p and ¢ are norm pa-
rameters. Besov spaces include many traditional smoothness spaces. For
particular choices of s, p and ¢, Besov balls contain the standard Holder
and Sobolev balls. See [20].



3.3 Wavelet tensor product bases on [0, 1]

For the purpose of this paper, we will use compactly supported tensor prod-

uct wavelet bases on [0,1]¢ based on the Daubechies family. Let us briefly

recall their construction. For any x = (x1,...,x4) € [0,1]¢, we construct a
scaling function
d
o(x) = [ o(x0) ,
v=1
and 2% — 1 wavelet functions
d
(zy) || ¢(ay) when v € {1,...,d},
U, (x) = oty
H P(zy) H ¢(x,) whenwue {d+1,...,2¢ -1},

VEA, v Ay

where (Ay)yec(dt,..24—1y forms the set of all non void subsets of {1,...,d}

of cardinality greater or equal to 2.
For any integer j and any k = (ki,...,ky), define the translated and

dilated versions of ® and ¥, as
@Lk(x) = 2jd/2(13(2j$1 — kl, e ,ijd — kd),
U ku(x) = 2jd/2\1’u(2j$1 —ki,..., Y24 —ky), for any u € {1,... 20 — 1}.

Let D; = {0,...,27 — 1}¢. Then, with an appropriate treatment at the

boundaries, there exists an integer 7 such that the collection
{q>‘r,k7k € Dy; (\Pj7k,u)u€{1,...,2d—1}v JeEN-— {07 sy T 1}7 ke D]}

forms an orthonormal basis of Ly([0, 1]4) = {h : [0,1]¢ — R; f[o 1) h?(x)dx <
oo}
For any integer j, such that j, > 7, a function h € Ly([0,1]%) can be

expanded into a wavelet series as

291 oo
h(x) = Y ax®ix®)+ > )Y BixuPiku(x),  x€[0,1)7
keDj, u=1 j=j« keD;



4 The estimator

4.1 ‘Wavelet coeflicients estimator

The following proposition provides a wavelet decomposition of g, based on
the “marginal integration” method (introduced by [22]) and a tensor product

wavelet basis on [0, 1]%.

Proposition 4.1 Suppose that (21) holds. Then, for any j. > T and { €

{1,...,d}, we can write

27% 1 co 29—-1
ge@) = Dt kibio k(@) + DD biketin(z) —p,  x€[0,1],
k=1 J=Jjx k=1
where
it = Gyt = 2—j<d_1>/2/ 960 Y @ux)dx, (4.1)
[0,1] k_( €D
it = bjkye = 277D / 9(x) Y Uyae(x)dx, (4.2)
[0,1]¢ k_(eD}

and k_g = (k‘l,. .. ,k?g_l,kg+1,. . .,k‘d) and D;k = {0,. .. ,2j - 1}d_1.

Remark 4.1 Due to the definitions of g and properties of Wy ¢, bjr.e is
nothing but the wavelet coefficient of g, i.e.

1
bjke = /0 9e(x)Yjp(x)dr = Bj k- (4.3)

Proposition [4.1] suggests that a first step to estimate gy should consist in
estimating the unknown coefficients a;x , (@I]) and b, ;¢ (@2). To this end,

we propose the following coefficients estimators

. 1< Y:
e = Uy =277 DR p(Y:) Y B(Xs) (4.4)
n = f(Xi) <D
- J




and

~ ~

. 1 & Y;
bjke=Dbjke=27"NR=N" i )) > WeX). (4.5)
k

n i fXi (€D}

These estimators enjoy powerful statistical properties. Some of them are

collected in the following propositions.

Proposition 4.2 (Unbiasedness) Suppose that (Z1)) holds. For any j >
r,0e{l,...,d} and k €{0,...,27 — 1}, Qjre andgjk,g in (&4)) and (@35
are unbiased estimators of a; e and b ¢ respectively.

Proposition 4.3 (Moment inequality I) Suppose that the assumptions
of Section [@ hold. Let j > 7 such that 2 < n, k € {0,...,20 — 1}, £ €
{1,...,d}. Then there exists a constant C > 0 such that

= 1 ~ 1
E (@ ke — ajre)?) < C;, E ((bj,k,z — bj,k,£)2> < CE-

Remark 4.2 In the proof of Proposition [{.3, we only need to have the ex-
istence of two constants C > 0 and q € (0,1) such that > 1" _; miat, < C <
oo. This latter inequality is obviously satisfied by ([2.3)).

Proposition 4.4 (Moment inequality II) Under the same assumptions

of Proposition [{.3, there exists a constant C' > 0 such that
E ((bj,k,f - bj,k,£)4> <C—.

Proposition 4.5 (Concentration inequality) Suppose that the assump-
tions of Section[d hold. Let j > T such that 27 < n/(Inn)?, k € {0,...,27 —
1}, £ € {1,...,d} and \, = (Inn/n)"/2. Then there exist two constants
C >0 and k > 0 such that

~ 1
P <|bj,k7g — bj7k,g| > /i)\n/Q) < CF.



4.2 Hard thresholding estimator

We now turn to the estimator of g, from @, , and gj,k,ﬁ as introduced in
#4) and (435). Towards this goal, we will only keep the significant wavelet
coefficients that are above a certain threshold according to the hard thresh-

olding rule, and then reconstruct from these coefficients. In a compact form,

this reads
271 J1 271
ge(x) = Z Qr e k() + Z Z gj,k,él{@j’w‘ZﬁAn}l/}j,k(w) — 1, (4.6)
k=0 j=7 k=0
where

n

=Y p0) (4.7)

i=1
In , j; is the resolution level satisfying 2/t = [n/(Inn)3], & is a large enough

constant (the one in Proposition L)) and

Inn
Ap =1\ —.
n
Note that, due to the assumptions on the model, our wavelet hard thresh-

olding estimator (4.2) is simpler than the one of [32].

5 Minimax upper-bound result

Theorem [5.1] below investigates the minimax rates of convergence attained

by g over Besov balls under the Ly risk.

Theorem 5.1 Letl € {1,...,d}. Suppose that the assumptions of Section[2
hold. Let gy be the estimator given in ([d.2]). Suppose that g, € B, (M) with
g>1,{p>2andsec (0,R)} or{pe€]l,2) and s € (1/p,R)}. Then there

exists a constant C > 0 such that

([ @) —awrpar) <0 ()

The proof of Theorem [B.1] is based on a suitable decomposition of the Lo
risk and the statistical properties of (£4]) and (£.5]) summarized in Propo-
sitions [4.2] A.3] [4.4] and above.

10



6 Relation to prior work

The rate (Inn/n)?/2s+1) is up to an extra logarithmic term, known to
be the optimal one for the standard one-dimensional regression model with
uniform random design. See e.g. [15] and [30].

Theorem [5.1] provides an “adaptive contribution” to the results of [5],
9] and [10, 11]. Furthermore, if we confine ourselves to the i.i.d. case,
we recover a similar result to [32, Theorem 3] but without the condition
s > max(d/2,d/p). The price to pay is more restrictive assumptions on the
model (p is bounded from above, the density of X is known, etc.). Addition-
ally, our estimator has a more straightforward and friendly implementation
than the one in [32].

7 Proofs

In this section, the quantity C' denotes any constant that does not depend
on j, k and n. Its value may change from one term to another and may

depends on ¢ or .

7.1 Technical results on wavelets

Proof of Proposition @Il Because of ([2.5)), we have g € Ly([0,1]%). For

any j. > 7, we can expand g on our wavelet-tensor product basis as

291 oo
9x) = D> k@i k®) + D> D> > BixaPixu(x),  xe€[0,147.1)
keD;, u=1 j=j. kED;

where
ajk :/ g(x)®; k(x)dx, Bjku :/ 9(X) V1 0 (x)dx.
[0,1]4 [0,1]4

Moreover, using the “marginal integration” method based on (2II), we

can write

d
R ) | R (72)

11;2

11



Since fol ¢jx(z)dr =277/ and fo ¥ x(x)dx = 0, observe that

d
/[0 it P, k(x) H dy = 279-W02g, ) ()

v=1
v#L
and
: —id-1)/2y), .
| | 2™ xp) ifu=>4,
/ \P.y’kyu(x) dwv = w.LkZ( Z)
[0.2]1 v=1 0 otherwise.
v#£L

Therefore, putting (7.1)) in (7.2]) and writing x = x4, we obtain

= > 20y g g (@) + 0 D 2B b () —

keD;, j=jx kED;

Or, equivalently,

27% —1 0o 27-1
= G kebiok(®) + DD bikadix(@) —
=1 j=jx k=1
where
Ajkt = Qj kol = Tj(d_lw/ 9(x) Z Pk (x)dx
[Ovl}d kieeD;
and

bj,k,é = bj’].%g = 2_j(d_1)/2 / Z \I’] kZ
[0,1]¢ k ZGD*

Proposition A1l is proved.

Proposition 7.1 For any ¢ € {1,...,d}, j > 7 and k = ky € {0,...,27
1}, set

1 2
KR = Y @), B = Y lx x € [0, 1),
k,gel);F ZGD*

12



Then there exists a constant C' > 0 such that, for any a € {1,2},

sup (%) (x)| < 02972, / B o) < C273/223d-1)/2
x€[0,1]¢ [0,1]¢

and

Proof:

e Since sup,e( 1) [¢51(7)] < C27/2 and sup,epo 1) S 6k(x)] < €272,

we obtain

d—1
29 -1
sup [ () = (sup |¢;u(x (SHP Z\@k ) < c2P2.

x€[0,1]4 z€[0,1] z€0,1]

e Using fol |¢j.x(2)|dz = C279/2 we obtain

(/ 1 a(o)lir) (QJ 1 / 65(a dx)

— (979/29i(d=1)/2

d—1

IA

f o

2
e Since, for any (uk)kepj, f[o,l]d <EkeDj ukfijk(x)) dx = ZkED]‘ ui,
we obtain

2
(W) (x))2dx = / ix(x) | dx =27,
/[ow > 0.1 k;D; ]

Proceeding in a similar fashion, using sup,cp q [¥jk(z)| < Cc21/2,

2
Jo 103(@)ldz = C279/2 and, for any (wo)ken,  fio.ye (e, u¥ikelx)) dx =
(2)

> ke D; u}, we obtain the same results for ik

This ends the proof of Proposition [7.1]

13



7.2 Statistical properties of the coefficients estimators

Proof of Proposition We have

~ il Y;
E(@e) = 27@D2E p(Y1) S B(Xy)

= 27URE [ E(p(1)[X))

_ ganeg [9XD S g (k)

FX) 2
- J
_ 2—j<d—1>/2/ 9(x) &1 (%) f (x)dx
[0,1]4 (X) kZZG:D;_‘ g ( ) ( )
_ 2—j(d—1)/2/ g(x) Z (I)j7k(X)dX:aj7k,Z.
[0,1)¢ k_,eD*

<.

o~

Proceeding in a similar fashion, we prove that E(b; s /) = bj k¢

Proof of Proposition[4.3l For the sake of simplicity, for any i € {1,...

set

Thanks to Proposition [4.2], we have

n2

. . g 1 =
E (@6 — ajpe)?) = V(@jne) = 2700 v (Z Zi) '

An elementary covariance decomposition gives

n n v—1
V(ZZZ) = nV(Z1)+2) > Cov(Zy, Zu)
=1

v=2u=1

n v—1

>N Cov(Zy, Zu)

v=2u=1

IN

nV (Zl) +2

14

(7.4)



Using (2.5]), ([2.6) and Proposition [TI], we have

2
Y O |
V) s B S gy e 6 (f(xn (kz*q)ﬂk(xl)))

,QEDJ-
2
1
< c / 1 (%) | Fx)dx
[0,1]¢ f(x) (k ZEG:D* ’
- J
2
= C > Bjlx) | dx=CYEY, (7.5)
017 \x_,eD;
It follows from the stationarity of (V;,X;);cz and 2/ < n that
n v—1 n
>N Cov(Zy, Zu)| = | _(n—m)Cov (Zy, Zm)| < Ry + Ry, (7.6)
v=2u=1 m=1
where
27 1 n
Ri=n) |Cov(Zy,Zn)l, Ra=n > [Cov(Zy,Zpn).
m=1 m=2J

It remains to bound R; and R».

(i) Bound for R;. Let, for any (y,x,9.,%.) € R x [0,1]¢ x R x [0,1]¢,
hin (Y, X, Y, x4 ) be (Z7T). Using (28], (2Z4) and Proposition [1], we

15



obtain

|Cov (Zy, Z,

)|
= ‘/ / / hm(yv)()y*)X*) X
—o0 J[0,1]¢ J —oc0 J[0,1]4

(;Ei)) 2 ‘I’f’“x);giﬁ))kz ‘I’j,k(x*)) dydxdy,dx.,

k,géD; ,KGD;‘

// // o (9 %, e, 2)|
—o0 J[0,1]¢ J —c0 J[0,1]4

' () S @(x)

k,ZED;

(x)
C (/_Z !p(y)!dy>2 (/[071}11

Therefore

IN

Z ;1 (%) | dydxdy.dx,
k,géD;

‘ p(ys)
f(xs)

2
dx | < 2 igild-1),

IN

Ry < Cn27727d=197 — Cp2id=1), (7.7)

(ii) Bound for Rs. By the Davydov inequality for strongly mixing pro-
cesses (see [8]), for any ¢ € (0, 1), we have

o (7,7 < 100, (5 (12/0-0))

su
— ( Py (v) 5 )

infxe[o,l]d f(x) x€[0,1]4 |y " cpr
- J

2q
) (B(22))" 7.

By (23, ([2:6]) and Proposition [Z1] we have

su
MM sup @j’k(X) < C sup @j7k(x)
1nfx€[071]d f(x) xE[O,l]d k,ZGD; xE[O,l]d k,gGD;-‘

S C2]d/2

By (Z.5), we have
E(z%) < c2/¢=D,

16



Therefore
|Cov (Zy, Zm)| < C29727(@= D0

Observe that > >°_  miad, = v1> > miexp(—cgm) < oo. Hence

Ry < Cn2979(d=1) Z al < Cn2itd-1) Z mial < Can(d_l).(TS)

m=2J m=2J

Putting (7.6), (Z70) and (78] together, we have

n v—1

Z Z Cov (Zy, Zy,)

v=2u=1

Combining (7.3)), (74), (75) and (7.9]), we obtain

< Cn2d=1), (7.9)

Y 1
~ —j5(d— d—
E ((@jke — aj00)*) < C270D 502l = 0~

Proceeding in a similar fashion, we prove that
~ ) 1
E ((bj,k,f = bjke) > <0

This ends the proof of Proposition 4.3]

Proof of Proposition [4.4. It follows from (2.5), (2:6) and Proposition
[T.1] that

n j(d- 12" |p(Y7))] 3

. < jd-1)/2 = 0. X.

|b]7k‘,€| = 2 n 4 |f(X7,)| ],k,f( Z)
=1 k,gED;

< g-ild-Dp M S Ulx
infyepo, e f(x xe[01 k_ceD?

< C2-id=1)/29jd/2 _ 97/2

17



Because of (2.5), we have supyc 14 [9(x)| < C. It follows from Proposition
[l that

byl < 20O [ gl ST Wl dx
[0,1] k_(eD;

< C2_j(d_1)/2/ Z U, o(x)] dx

0.1 | e
< ©279d=/29=591d/2 — C97I/?, (7.10)
Hence
b0 = Djmel < [bj el + bl < C2972. (7.11)

It follows from ((Z.I1l) and Proposition A3 that

E (@j,k,z - bj,k,£)4> < C2E (@‘M - ij’f’f)Q) = C%j'

The proof of Proposition 4.4l is complete.

Proof of Proposition Let us first state a Bernstein inequality for

exponentially strongly mixing process.

Lemma 7.1 ([17]) Let v > 0, ¢ > 0 and (Y;)icz be a stationary process
with the m-th strongly mizing coefficient oy, (22). Let n be a positive in-
teger, h : R — C be a measurable function and, for any i € Z, U; = h(Y;).
We assume that E(Uy) = 0 and there exists a constant M > 0 satisfying
|Uy| < M. Then, for any m € {1,...,[n/2]} and X\ > 0, we have

1 & An M
— > < — -
]P’( - E U; _)\) _4exp< 160 >+32 Ny,

— Dy, /m + AMm/3) A
_ l
where D, = maxje{1, .. 2m} v <Zi:1 Ui)'

We now apply this lemma by setting for any i € {1,...,n},

: Yi
UiZQ—J(d—l)ﬁ% Z \I’j7k7g(Xi)— .k,
" k_,eDy

18



Then we can write
- 1 &
bt = bjke = 2 Us.
1=

So

P <|/5j,k7g —bj kel > /i)\n/Q) =P < > /ﬂ)\n/Q) ,

n
S
i=1
where Uy, ..., U, are identically distributed, depend on (Y;, X;);ez satisfying

23),
e by Proposition 2] we have E(U;) = 0,

e using arguments similar to Proposition 3] with [ instead of n, we

prove that
l
\Y (Z UZ-) < Cl.
i=1
Hence Dy, = maxje(1,. omy V (Zé:l Ui) < Cm.

e proceeding in a similar fashion to (ZIT), we obtain |U;| < C'27/2.

Lemma [Tl applied with the random variables Uy, ..., U,, A = kA, /2, A\, =
(Inn/n)'/2, m = ulnn with u > 0 (chosen later), M = C2//2,27 < n/(Inn)3

and (23)) gives

P (lgj,k,f — bj,k,f‘ Z /i)\n/Q)

KZX\2n M
< — . 'm S —
< C (exp < Cl T M> + )\nnexp( cm)>

< o k?Inn n 21/2 ( Inn)
exp | — . nexp(—culnn
- P 1+ ku2i/2Inn(lnn/n)l/2 (Inn/n)1/2 P
< C <n—Cn2/(l+nu) + nl—cu) )
Therefore, for large enough x and u, we have
~ 1
P <‘bj’k7g — bj,k,f’ > /ﬁ:)\n/2) < Cﬁ

This ends the proof of Proposition
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7.3 Proof of Theorem [5.1]

Using Proposition [4.1], we have

9e(z) — ge(x)

271 j1o2i-1
Z(ar,k,e Qr o 0)r k(T +Z Z (bj kel (Bysel2rAn} ~ bik,e)j k()
k=0 =t k=0
co 27-1
= D D bikanla) = (A p).
Jj=j1+1 k=0

Using the elementary inequality: (z+%)? < 2(2? +4?), (z,7) € R2, and the

orthonormality of the wavelet basis, we have

1
E </ (Ge(x) — gg(a:))zdm> <2T+U+V+W), (7.12)
0
where
271
T =E((i— )%, U= Z E ((@r e — crpe)?) s
k=0
Jj1 29-1 oo  29-—1
2 )
V=> > E < G L e zman} — Dikit) ) W= > > Ve
J=T k=0 j=71+1 k=0

(i) Bound for 7. We proceed as in the proof of Proposition 3l By
[210), we have E(p(Y7)) = p. Thanks to the stationarity of (Y;);ez, we

have
T = V(@) < V(p(Vi) + 25 3 [Cov (p(Ye), p(Yim)].
m=1

Using (2.5)), the Davydov inequality (see [8]) and ([2.3)), we obtain

1 n I\ 25/ (2s+1)
T<C-|14+> ol |<C= <C’< > (7.13)
n — n
(ii) Bound for U. Using Proposition .3, we obtain
1 1 2s/(25+1)
U<C2- <0<“”> . (7.14)
n

20



(iii)

(iv)

Bound for W. For ¢ > 1 and p > 2, we have g, € B, (M) C
B3 . (M). Hence, by (.3)),

i 3\ 2s 2s/(2s+1)
W§c7§:2ﬁﬁgcrﬁwgc<gfl> §0<93> .

.= n n
Jj=ji+1

For ¢ > 1 and p € [1,2), we have g, € B, (M) C Bgz/z_l/p(M).
Since s > 1/p, we have s +1/2 —1/p > s/(2s + 1). So, by (4.3),

w < C Z 9=2i(s+1/2=1/p) < (r9=2j1(s+1/2=1/p)

Jj=j1+1
3\ 2(s+1/2-1/p) 2s/(2s+1)
(5 =)
n n

Hence, for ¢ > 1, {p > 2 and s > 0} or {p € [1,2) and s > 1/p}, we

have

1 2s/(2s+1)
W <C <ﬂ> . (7.15)
n
Bound for V. We have
V=Vi+ Vot Vs+ Vi, (7.16)
where
Jj1 27—-1
N 2
Vi= Z Z E ((bj’k’z N bj’k’z) 1{‘gj,k,l‘zﬁ)\n}1{|bj,k,l|<"f>\n/2}) )
j=1 k=0
Jj1 27—1
N 2
V2= Z Z E ((bj’k’z N bj’k’z) 1{‘gj,k,l‘zﬁ)\n}1{|bj,k,l|2"f>\n/2}) )
j=1 k=0
Jj1 29-1
_ 2 R
Vs = Z Z K (bj’k’gl{‘bj,k,l|<’i>\n}1{|bj,k,£|22ﬁ)\n}>
j=7 k=0
and _
j1 279-1
_ 2 R
V4 - Z Z ]E (bj,kvgl{‘bjyk)g‘<fi)\n}1{|bj7k,(|<211)\n}> .
Jj=7 k=0
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e Bounds for V; and V3. The following inclusions hold:
{\Zj,k,gy < KAny [bjel > 2%} C {@M — bl > mn/z},
{\Zj,uy > kdn, bkl < mn/z} c {@,k,@ — el > A /2}
and {|/5j,k,é| < KAns |bjgel = 2/-0\”} C {|bj,k,€| < 20bjke — bj,k,d}-
So

Jj1 29—1

2
max(V3, V3) < CZ Z < jokot — bj, k’Z) 1{\Bj,k,z—bj,k,z|>ﬂ>\n/2}) ’

j=7 k=0

Applying the Cauchy-Schwarz inequality and using Propositions
44 and 2/ < n, we have

E <(Zj,k,£ - bj,k,£)21{‘/I)\jyk,l—bj,k,g|>li)\n/2})
< (E ((EJ-,W - bj,k,z)4))1/2 (]P’ (‘gj,k,é —bjkel > H)\n/2))1/2

j 1/2 1/2
c(Z) (L) <ol
n n n2

Therefore

IN

1 Inn 2s/(25+1)
max(Vi, V3) < C— Zw < 0—2ﬂ1 < 0 <C < - > (7.17)

] =T

e Bound for V5. Using Proposition IZ_._S_L we obtain

D Inn
E ((bj,k,f — bj,k g) > < C < CT
Hence
Inn j1 29—1
2 < C— Z Z {1b) kel >KAn/2}
j=1 k=0
Let jo be the integer defined by
; n \1/(2s+1)
]2 pr— —_
2 [(lnn) } : (7.18)

We have

Vo < Vo1 + Voo,
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where

j2 29—1
eaD DD DR T
=71 k=0
and
J1 2711
lnn
D 2 Yipussmana)
j=j2+1 k=0
We have

j2 23/(28-1—1)
Vo scln—”Zw <01—2J2 <0<1“”> :
n n

j=T
For ¢ > 1 and p > 2, we have g, € B, ,(M) C B3  (M). So, by
@.3),

nn ji 29-1 oo 20-1 L
Vap < Cog D0 Y b <C D0 Y B <02
" j=ja+1 k=0 Jj=j2+1 k=0
_ C<ln_n>2s/(2s+1)'
n

For ¢ > 1, p € [1,2) and s > 1/p, using (&3)), 1 {|b]kl‘>ﬁ)\n/2} <
ClbjkeP /N, = C|BjkP/N, and (2s + 1)(2 — p)/2 4+ (s + 1/2 —
1/p)p = 2s, we have

lnn I Inn)® P2 & ;
Voo Z Z 1BjxlP < C < ) Z 9—i(s+1/2=1/p)p

" j=ja+1 k=0 J=j2+1
(2—p)/2 2s/(2s+1)
o (hl_”> P it < o (111”) ,

n n

IN

IN

So, for r > 1, {p > 2 and s > 0} or {p € [1,2) and s > 1/p}, we
have
1 2s/(2s+1)
V2<C<n”> . (7.19)
n
e Bound for V;. We have

2
Vy < b3 ko1 {165 el <2620}



Let jo be the integer (T.IR]). Then

Vi< Vi1 + Vo,

where
Jo 291 271

V4’1 = Z Z bikvgl{\bj,k,z|<2f€)\n}’ V4’2 = Z Z bik751{|bj,k,l\<2“>\n}’
j=7 k=0 Jj=j2+1 k=0

We have

J2
Vip <CY 202 = ol 22] < C—2J2 <c <ln"

n

>2s/(25+1)

Jj=T
For ¢ > 1 and p > 2, we have g, € By ,(M) C B3 (M). Hence,

by (@.3)),

oo 27-1 ) ) Inn 2s/(2s+1)
J2S
V4,2§§ Y B3 <C2” <C<n> :
j=j2+1 k=0

Forg > 1,p € [1,2) and s > 1/p, using (£3), bJM (b, u|<2n>\n} <
CNYP|bjg P = CAn P |Bj4lP and (25 +1)(2 —p)/2 + (s +1/2 —
1/p)p = 2s, we have

21 lp\ @-P/2 i 21
Vipg < CN7P Y Y Bl = ( > YD 1Bl

<
j=ja+1 k=0 j=ja+1 k=0
Inn\ @ P/2 = ,
< i —Jj(s+1/2—1/p)p
<o(F) 2
Jj=j2+1
(2—p)/2 2s/(25+1)
< c (hl_”> P 2 < o (hl_”> '
n n

Thus, for ¢ > 1, {p > 2 and s > 0} or {p € [1,2) and s > 1/p},

we have

2s/(25+1)
Inn > : (7.20)

n

<o (n
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It follows from (Z.16)), (Z17)), (Z19) and (Z.20) that
>2s/(2s+1)

V§0<1n_n

n

(7.21)

Combining (Z12)), (Z13), (Z14), (ZI5) and (Z.21)), we have, for ¢ > 1,

{p>2and s>0}or{pell,2) and s > 1/p},

([ @) —aiwrpar) <0 (1)

The proof of Theorem [(.11is complete.
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