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Abstract

A d-dimensional nonparametric additive regression model with de-
pendent observations is considered. Using the marginal integration
and the methods of wavelets, we develop a new adaptive estimator for
a component of the additive regression function. Its asymptotic prop-
erties are investigated via the minimax approach under the Lo risk
over Besov balls. We prove that it attains a sharp rate of convergence,
close to the one obtained in the one-dimensional case. In particular, it
is both independent of d and slightly deteriorated by the dependence
of the observations.
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1 Introduction

Let d be a positive integer, (Yi, X;)iez be a R x [0,1]%-valued stationary
processes on a probability space (£2,.4,P) and p be a given real measurable
function. The unknown regression function associated to (Y;, X;);ez and p

is defined by
gx) =E(p(Y)|X = x), x = (21,...,2q) € [0,1]%.

The additive case is considered: there exist d unknown real measurable

functions ¢y, ..., gq and an unknown real number y such that
d
g(x) =+ Y _ gelw). (1.1)
=1
For any ¢ € {1,...,d}, our goal is to estimate gy from n observations

(Y1,X1),...,(YVn,X,) of (Vi, X)icz-

In the case where (Y;,X;);ez is a i.i.d. process, this additive regression
model becomes the standard one. In this case, Stone [28, 29, 30] proved
that g can be estimated with the same rate of estimation error as in the one-
dimensional case. The estimation of the component g, has been investigated
in several papers via various methods (kernel, splines, wavelets, ...). See
e.g. [4], [16], [18], [23, 24], [1], [2] [27], [33], [26] and [13].

In some applications, the i.i.d. assumptions on the observations is often
too stringent. For this reason, some authors have explored the estimation
of g¢ in the dependent case. When (Y}, X;);cz is a strongly mixing process,
this problem has been addressed by [5], [9] and results for continuous time
processes under strong mixing condition have been obtained by [10, 11]. In
particular, they have developed non-adaptive kernel estimators for gy and
studied its asymptotic properties. However, to the best of our knowledge,
the adaptive estimation of g, for dependant processes has been addressed
only by [14]. The lack of results for adaptive estimation motivates this study.

To reach our goal, as in [33], we combine the marginal integration tech-
nique introduced by [22] with wavelet methods. Wavelets enable us to con-

struct adaptive estimator which attains sharp rates of convergence under



mild assumption on the smoothness of the unknown function. For a survey
on wavelets in nonparametric estimation, we refer to [15]. In this study, we
develop a wavelet estimator based on an individual selection named “hard
thresholding”. The idea of this estimator is simple: we estimate unknown
wavelet coefficients of g, based on the observations, we select the greatest
and ignore the others, then we reconstruct the chosen wavelet coefficients
estimators on the considered wavelet basis. Adopting the minimax point
of view under the Lo risk over Besov balls, we prove that our adaptive es-
timator attains a sharp rate of convergence; it corresponds to the optimal
one in the i.i.d. case for the univariate regression estimation problem up
to an extra logarithmic term. And only this logarithmic term is slightly
deteriorated by the dependence assumption.

The rest of the paper is organized as follows. Section 2 presents addi-
tional assumptions on the model. In Section 3, we describe wavelet basis
on [0,1], Besov balls and wavelets tensor-products on [0,1]¢. Our wavelet
hard thresholding estimator is defined in Section 4. Its rate of convergence
under the Lo risk over Besov balls are determined Section 5. The proofs are

postponed in Section 6.

2 Notations and assumptions

We formulate the following assumptions:

On the variables.
e For any i € {1,...,n}, we set X; = (X14,...,X4;). We suppose
that
— foranyi € {1,...,n}, X1,,...,Xq; are identically distributed
with the common distribution U([0, 1]),

- X4,...,X, are identically distributed with the common known
density f.

e We suppose that the following identifiability condition is satisfied:
for any ¢ € {1,...,d} and i € {1,...,n}, we have

E(g¢(Xe,;)) = 0. (2.1)



Strongly mixing. Throughout this work, we use the strong mixing de-
pendance structure on (Y;, X;);cz. For any m € Z, we define the m-th

strongly mixing coefficient of (Y;,X;);cz by

oy = sup IP(AN B) —P(A)P(B)|,
(A,B)eF T x FLX)
where .FS};OXO) is the o-algebra generated by ..., (Y_1,X_1), (Yo, Xo)

and f,ﬁ,}fﬁ.f’ is the o-algebra generated by (Y, Xpn), (Yint1, Xont1)s - - -
We suppose that there exist three constants v > 0, ¢ > 0 and 6 > 0
such that, for any integer m > 1,

m < yexp(—em?). (2.2)

Notice that, for (2.2), the standard i.i.d. case corresponds to § — oo.
Further details on strongly mixing dependence can be found in [3],
[32], [12], [21] and [6].

Boundedness assumptions.

e We suppose that there exists a known constant C > 0 such that

sup [p(y)| < C. (2.3)
yeR

e We suppose that there exists a known constant C > 0 such that

| ewiay <c. (2.4)

—00

e We suppose that there exists a known constant ¢ > 0 such that

inf  f(x)>ec (2.5)

e For any m € {1,...,n}, let fy, x,v.x,) Pe the density of
(Yo, Xo, Yin, Xim), fivo,x,) the density of (Yp,Xo) and, for any
x [

(y,x,y*,x*) € R 0? 1]d X R X [0’ 1]d’

hm(y7xay*ax*) =
f(Yo,Xo,Ym,Xm)(ya X, Yss X*) - f(Yo,Xo)(y7X)f(Yo,Xo)(y*a X*)-

(2.6)



We suppose that there exists a known constant C' > 0 such that

sup sup | (Y, X, s, x4)| < C. (2.7)
me{l,...,n} (y,x,y*,x*)ERX[0,1}d><]R><[0,1}d

Such boundedness assumptions are standard for the estimation of g,

from a strongly mixing process. See e.g. [10, 11].

3 Wavelets tensor-products and Besov balls

3.1 Wavelet bases on [0, 1]

Let N be a positive integer. We consider an orthonormal wavelet ba-
sis generated by dilations and translations of a ”father” Daubechies-type
wavelet ¢ and a "mother” Daubechies-type wavelet 1 of the family db2N.
In particular, ¢ and ¢ have compact supports, [ ¢(x)dz = 1 and, for any
r€{0,....,N —1}, [2"¢(z)dz = 0.

Set

inl) =220(2x — k), yu(e) = 22p(2r — k).

Then, with an appropriate treatment at the boundaries, there exists an

integer T satisfying 2™ > 2N such that, for any integer j, > 7, the system

{6/, 6(), k€{0,..., 27 —1}; ¥;(.); 5 € N={0,...,5.—1}, k € {0,...,27—1}},

is an orthonormal basis of La([0,1]) = {h : [0,1] — R; fol h%(z)dxr < oo}.
See [7] and [19].
For any integer j, > 7, any h € Ly(]0, 1]) can be expanded into a wavelet

series as
20% —1 oo 20-1
W)= Y ajadin@) + Y D Buie(a), @€ 0,1],
k=0 j=j. k=0
where
1 1
aj,k:/o h(z)d;k(x)dx, 5j,k=/0 h(z);r(x)dz. (3.1)



3.2 Besov balls

Let M >0,s>0,p>1and g > 1. A function h in Ly(]0,1]) belongs to
B, (M) if, and only if, there exists a constant M* > 0 (depending on M)

such that the associated wavelet coefficients (3.1) satisfy

) 1/p q\ /g
00 27 -1
S [ aierzin (Y 15,0 < M*.
j=T k=0

In this expression, s is a smoothness parameter and p and ¢ are norm pa-
rameters. For a particular choice of s, p and ¢, the Besov balls contain the
standard Hoélder and Sobolev balls. See [20].

3.3 Wavelet tensor-product bases on [0, 1]

For the purpose of this paper, we use a compactly supported wavelet-tensor

product basis on [0,1]¢ based on the Daubechies wavelets. For any x =

(z1,...,24) € [0,1]%, we construct 2¢ functions as follows: a scale function
d
o(x) = [] o)
v=1
and 27 — 1 wavelet functions:
d
P(xy,) H () when u € {1,...,d},
U,(x) = piy
II ¢@) ] é(@) whenwe{d+1,...,2¢ -1},

vEAy v Ay

where (Ay)yecdt,..2¢-1) forms the set of all the non void subsets of {1, ..., d}

of cardinal superior or equal to 2.

For any integer j and any k = (k1,...,kq), we set
D;1(x) = 22D xy — Ky, .., D 2g — kg),
for any u € {1,...,2¢ — 1},

U ae(x) = 2920, (P0y — Ky, Vg — ky).



We set D; = {0,...,2/ — 1}¢. Then, with an appropriate treatment at the

boundaries, there exists an integer 7 such that the system
{q)’r,k’k € Dy; (\I]j7k,u)u€{1,...,2d71}’ JjeN- {0’ cees T 1}5 ke Dj}

forms an orthonormal basis of Lo([0, 1]¢) = {h : [0,1]¢ — R; f[o 1) h?(z)dx <
For any integer j, such that j, > 7, a function h € Ly([0,1]%) can be

expanded into a wavelet series as

29-1 oo
h(x) = Z a]*7k¢]*7k(x) + Z Z Z ’ijkvuquvkvu(x)’ X 6 [0’ 1]d’
kEDj* u=1 j=j kEDj

where
Wk = / h(z)®;k(x)dx,  Bjku= / h(x) ¥k u(x)dx.  (3.2)
[0,1]¢ [0,1]¢

For further details about wavelet bases on [0,1]¢, we refer to [7] and [19].

4 Estimators

4.1 Wavelet coefficients estimators

The following proposition present a wavelet decomposition of g; based on the
“marginal integration” method (introduced by [22]) and the wavelet-tensor

product basis on [0, 1]%.

Proposition 4.1 Suppose that (2.1) holds. Then, for any j. > 7 and £ €

{1,...,d}, we can write
27% —1 co 27-1
ge(x) = Z Aj ko 0Pk (T) + Z Z bj ki k(T) — ps z € [0,1],
where
j ke = Cj eyt = Qj(dl)/z/ g9(x) Z D,k (x)dx, (4.1)
[0,1]¢ k_(eD;



bjk,e = bjke e = Tj(d_lm/

o 9(x) Y Wjke(x)dx (4.2)

k,[€D;f
k_,= (k‘l,...,kg_l,kig+1,...,kd) and D; = {0,... ,2j — 1}d_1.

Remark that, due to the definitions of g and V¥ 4, b;r e is exactly the

“mother-wavelet coefficient” of gy i.e.

1
bike = /0 ge(2);(x)dr = B (4.3)

Thanks to Proposition 4.1, the first step to estimate gy consists in estimating

the unknown coefficients a; ;. ¢ (4.1) and b; 1 ¢ (4.2). In this study, we consider

respectively
N . e e 1 = p(Y;
Uk = g0 = 277N 2t > Pu(X) (4.4)
ni f(Xa) eD*
¢ g
and
- ~ el = p(Y;
bjke = bk =27 RN 200 D ikel(X). (4.5)
ni= f(X) | =,
,geDj

These estimators enjoy powerful statistical properties. Some of them are

presented in Proposition 4.2, 4.3, 4.4 and 4.5 below.

Proposition 4.2 Suppose that (2.1) holds. For any j > 7, £ € {1,...,d}
and k € {0,...,27 — 1}, @ (4.4) and ZJ}/M (4.5) are unbiased estimators
of aj e and bj ¢ Tespectively.

Proposition 4.3 (Moment inequality I) Suppose that the assumptions
of Section 2 hold. Let j > T such that 2 < n, k € {0,...,2/ — 1}, £ €
{1,...,d}, @jre be (4.4) and /b\jk,g be (4.5). Then there exists a constant
C > 0 such that

N 1 ~ 1
E (@0 — aje)?) < ¢~, E ((bj,k,e - bj,k,Z)Q) <C-—.

Mention that, in the proof of Proposition 4.3, we only need to have the
existence of two constants C' > 0 and ¢ € (0,1) such that Y 1 mlad, <
C' < 0o. And this inequality is obviously satisfied by (2.2).



Proposition 4.4 (Moment inequality II) Suppose that the assumptions
of Section 2 hold. Let j > T such that 2 < n, k € {0,...,2/ — 1}, £ €
{1,...,d} and /gj,k,é be (4.5). Then there exists a constant C' > 0 such that

E ((bjyk,é - bj,k,£)4> < CE'
Proposition 4.5 (Concentration inequality) Suppose that the assump-
tions of Section 2 hold. Let j > 7 such that 29 < n/(Inn)*/? k €

{0,...,29 =1}, € € {1,...,d}, bjre be (4.5) and A\, = ((Inn)+1/0 /n)t/2,
Then there exist two constants C > 0 and k > 0 such that

B 1
P <‘bj,k,é — bj,k,z’ > Ii)\n/Q) < CF'

4.2 Hard thresholding estimator

Let ¢ € {1,...,d}. We investigate the estimation of gy by the hard thresh-

olding estimator:

271 g1 21
9e@) =D Grpedra@) + > bj,k,él{‘gj’k’dz,@)\n}wj,k(x) — U,
k=0 J=7 k=0

(4.6)

~

x € [0,1] where @j ¢ is (4.4), bj ¢ is (4.5),
1 n
=130, (@7
=1

1 is the integer satisfying 271 = [n/(Inn)'*/?], k is a large enough constant
(the one in Proposition 4.5) and

(ln n)1+1/0

n

An =

Note that, due to the assumptions on the model, our wavelet hard thresh-
olding estimator (4.6) is simpler than the one of [33]. However, contrary to
the one of [33], it takes into account the dependence of the observations. In
its construction, this is characterized by the presence of the factor 6 of (2.2)
in 71 and the threshold A,.

For further details on wavelet hard thresholding estimators for standard

nonparametric estimation, we refer to [15].



5 Result

Theorem 5.1 Let ¢ € {1,...,d}. Suppose that the assumptions of Section
2 hold. Let gy be (4.6). Suppose that g, € B, (M) with ¢ > 1, {p > 2 and
s> 0} or{p €1,2) and s > 1/p}. Then there exists a constant C > 0 such

that
) NUReTEYY 2s/(2s+1)
E( /0 (@5(90)—93(90))26190> <c <&> |

n

The proof of Theorem 5.1 is based on a suitable decomposition of the Lo
risk and the statistical properties of (4.4) and (4.5) presented in Propositions
4.2, 4.3, 4.4 and 4.5 below.

6 Relation to prior work

The rate ((Inn)'+1/¢/n)2s/(2s+1) is the optimal one for the standard one-
dimensional regression model with uniform random design up to an extra
logarithmic term. See e.g. [15] and [31].

Theorem 5.1 provides an “adaptive contribution” to the results of [5],
[9] and [10, 11]. Furthermore, if we confine our study to the i.i.d., we
have a similar result to [33, Theorem 3] but without the condition s >
max(d/2,d/p). However, we have more restrictive assumptions on the model

(p is bounded from above, the density of X is known, etc.).

7 Proofs

In this section, the quantity C' denotes any constant that does not depend
on j, k and n. Its value may change from one term to another and may

depends on ¢ or .

7.1 Technical results on wavelets

Proof of Proposition 4.1. Because of (2.3), we have g € Lo([0,1]¢). For

any j, > 7, we can expand g on our wavelet-tensor product basis as

10



291 oo

= D k@) D)D) BikaPiku(x),  x€[0,1]47.1)

kEDj* u=1 ]:]* keDj

where
ajk =/ 9(x)P; k(x)dx, Bjxu :/ 9(x) WV ko (x)dx.
[0,1]4 [0,1]4

Moreover, using the “marginal integration” method based on (2.1), we

can write

ge(xe) = /[0 i H dz, — pu, xp € [0,1]. (7.2)

v#l

Since fo ¢jk(x)de =27 /2 and fo Y k(x)dx = 0, observe that

d
/[O it ;. x(x) [ ] daw = 271D, 4, (2)

v=1
v#£L

and

2 A=D 2y (xg) ifu=1¢

dz, = ’
/[0,1]‘1 p H ’ { otherwise.
v#l

Therefore, putting (7.1) in (7.2) and writting x = xy, we obtain
ge(z) = Z 2R i k(@) + Z Z 27128, s g () — 1
kGDj* J=Jx kGDJ'

Or, equivalently,

2J% 1 oo 20-1
2) = > ajkedik @)+ YD bikebinx) -

where

Ajkt = Qj kol = 2_j(d_l)/Q/ 9(x) Z P i (x)dx
[0,1)¢ k_(€D?

11



and

bje = bj e = 279412 / x) > Ykelx
[0,1] k [GD*

Proposition 4.1 is proved.

Proposition 7.1 For any ¢ € {1,...,d}, 7 > 7 and k = k; € {0,...,2/ —
1}, set

hg}g(x): Z D1 (x), Z U,k o(x x € [0,1]%.

k4 GD;-‘ gGD*

Then there exists a constant C' > 0 such that, for any a € {1,2},

S[lé%d \h% (X)’ < Cde/2, /[ ‘hg?lz (X)]dx < (9~3/297(d-1)/2
x€|0,

and

Proof of Proposition 7.1.

e Since sup,¢jo 1y |5k (z)| < C27/% and SUPe[o,1] Z2J ! 9 x(2)| < C29/2,

we obtain
9i_1 d—1
sup [h{) (0 = (sup [g0(@)) | sup D [dju(@) < CI2,
x€[0,1]4 xz€[0,1] z€[0,1] 12

e Using fol ¢ x(x)|dz = C279/2 we obtain

([ ot <m)(§f/’¢ﬂ m)dl

— (979/29i(d=1)/2

IN

[, 1o

12



2
e Since, for any (uk)kep;, f[(],l]d <ZkeDj uk<I>j7k(x)) dx = ZkeDj u,
we obtain

2

/[0 1]d(h§’1]2 () = /[0 1) Y 0jlx) | dx =200,

k_eEDj

Proceeding in a similar fashion, using sup,cp ¥ k()] < Cc21/2,

, 2
fol [V k(z)|da = C279/2 and, for any (Uk)keDj, f[O,l}d <ZkeDj uk\I’j,kj(x)) dx =
Y ke D; u}, we obtain the same results for hﬁz

This ends the proof of Proposition 7.1.

|
7.2 Statistical properties of the coefficients estimators
Proof of Proposition 4.2. We have
- Y
E(Gjre) = 27792 P00 Y. Pu(Xa)
f(Xl) k_,eD*
- J
, 1
= 277@D2E [(E(p(1)X ®; (X
PO Fy D PawdX)
_eEDj
— 9—ild-1)/2R 9(Xi ®,1.(X1)
FXa) KZG:D%‘ 8
- J
= 2j(d1)/2/ M @, 1(x) f(x)dx
[0,1]¢ (x) k_ceD;
— 21(d1)/2/ 63 S B(x)dx = ajup
[0,1]¢ k_(€D?
Proceeding in a similar fashion, we prove that E(/b\jk,g) = bj k-
Proposition 4.2 is proved.
|



Proof of Proposition 4.3. For the sake of simplicity, for any ¢ €
{1,...,n}, set

Y;
7, = i) ST u(Xa).
k_gED;-<

Thanks to Proposition 4.2, we have

. _ g 1 >
E (@ ke — aj50)?) = V(@jre) =279 D5V (Z Zz’) : (7.3)

n2 _
i=1

An elementary covariance decomposition gives

n n v—1
V(ZZZ) = nV(Z)+2) > Cov(Zy, Zu)
i=1

v=2u=1
n v—1
< nV(Z;)+2 ZZCOU(ZU,ZU) . (7.4)
v=2u=1
Using (2.3), (2.5) and Proposition 7.1, we have
2
viz) < B@) < el W g 1[5 g xy)
- Y= infyep e f(x) | f(X1) | <D ”
- J
2
1
< C — D, i (x f(x)dx
ey kZZGD* k() | f(x)
- J
2
= C Y @ilx) | dx=C2EY, (7.5)

d
[071] kizeD;

It follows from the stationarity of (V;, X;);ez and 2/ < n that

n v—1 n
Z Z Cov (Zy, Zy)| = Z (n—m)Cov (Zy, Zm)| < R1 + Ra, (7.6)
v=2u=1 m=1
where
271 n
Ri=n) |Cov(Z,Zm)l, Ra=n > [Cov(Zo,Zm)l.
m=1 m=2J

14



Bound for R;. Let, for any (y,X,v. %) € R x [0,1] x R x [0,1]%,
b (Y, X, s, X« ) be (2.6). Using (2.7), (2.4) and Proposition 7.1, we obtain

|Cov (Zy, Z

= > Xy Yy Xk
'/ /[Ol]d/ /[Ol]d y Y )

oly) P ;e i i
17 2, P 2, )| vt

< / / / / m (Y, X, s, X )| X
[0,1]4 0,1)4
Py P(Yx
‘ EX)) Z P;1(x) ‘fgx)) Z D k(%) | dydxdy, dx,
k_(eDj * k_,eD;
9 2
< C ( / !p(y)!dy> / ST @jux)|dx | < 027720,
—0 [0,1]¢ koD
Therefore
Ry < Cn292id=1)9i — p9i(d=1), (7.7)

Bound for R,. By the Davydov inequality for strongly mixing processes
(see [8]), for any ¢ € (0,1), we have

|Cov (Zy, Zm)| < 100, (E (|ZO|2/(1,q)))1—q
2q

supyer [(Y)| v\ 14
< 10ad, [ S sup | DD B(x) E(Z3)) 7.
mfxe[o,l]d f(x) x€[0,1)? | *eps g ( 0 )
- J

By (2.3), (2.5) and Proposition 7.1, we have

SUp,c |
M sip | Y @) < Coswp | Y @px)

infycpo17e £(X) xefo,1]¢ K eD" xe[0,1]4 |y 2
< ©242,

By (7.5), we have
E(23) < c2/t=D.

15



Therefore
|Cov (Zo, Zm)| < C2927d=1) 4

Observe that >°°_, miaf, = v4>.°°_ mlexp(—cqm?) < oco. Hence

Ry < Cn299(d=1) Z ol < Cp2td-b) Z miad < Cn2@1  (7.8)

m=27 m=2J
Putting (7.6), (7.7) and (7.8) together, we have

n v—1

Z Z Cov (Zy, Zy,)

v=2u=1

< Cn2ld=1), (7.9)

Combining (7.3), (7.4), (7.5) and (7.9), we obtain

E a1 1
a 2 —j(d-1 d—1
(@ g0 — ajp)?) < C2 i )Eny( ) — Cn'

Proceeding in a similar fashion, we prove that
E (e~ b)) <O
This ends the proof of Proposition 4.3.
|

Proof of Proposition 4.4. It follows from (2.3), (2.5) and Proposition
7.1 that

~ . 1 & Y;
bj kel < 27](d71)/2—ZM D VX)
n Xl (€D*
- J

ij(dfl)/2 SupyeR \p(y)\

< -
lnfxe[o,l}d f(x) x€[0,1]4 |y " cp=
- J

Uk e(x)

< C2-id=1)/29jd/2 _ 97/2

16



Because of (2.3), we have supy¢g 134 |9(x)| < C. It follows from Proposition
7.1 that

b < 279@ D2 / 90| 3 W) dx
[0,1)¢ k_(€D;

< CQ‘j(d—l)/Q/ Z \I]j7k,€(x) dx

[0,1]4 k_,eD}

< ©279d=D/29=591d/2 — 0973/2, (7.10)
Hence
1B, = bjeel < [Del + [bjgel < C2/2. (7.11)

It follows from (7.11) and Proposition 4.3 that

- N 2
E ((bj,k,z - bj,k,/z)4> < C2’E ((bj,k,z - bj,k,Z)Q) <C—.
The proof of Proposition 4.4 is complete.
|

Proof of Proposition 4.5. Let us present a Bernstein inequality for

exponentially strongly mixing process. See [25] and [17, Theorem 2.1 with

(2.1)].
Lemma 7.1 ([25] and [17]) Let v > 0, ¢ > 0, § > 0 and (Y;)icz be a

stationary process such that, for any integer m > 1, the associated m-th

strongly mixing coefficient satisfies
Oy < fyexp(—cmg).

Let n be a positive integer, h : R — C be a measurable function and, for any

i €Z,U; = h(Y;). We assume that E(Uy) = 0 and there exists a constant

M > 0 satisfying |Ur| < M. Then, for anym € {1,...,n} and A\ > 4mM /n,

we have
1

P < - MU

i=1

A\2n n
>\ <4 — fry— —em).
z ) < exp( m(64E (UIQ)+8>\M/3)>+ ’Ymexp( cm”)

17



For any i € {1,...,n}, set

Ui =277~ 1/2'0 Z Wk o(X e,
k_,eD;

Then we can write
~ 1 <&
ijk;vz - b]vkve = UZ'
n Z 1
i—

So

P <|3j,k,z —bjkel = M"ﬂ) - <‘% ZZ; "

where Uy, ..., U, are identically distributed, depend on (Y;, X;);cz satisfying
(2.2),

> KAn/2> )

e by Proposition 4.2, we have E(U;) =

e by the elementary inequality: (z +y)% < 2(z? +v?), (x,y) € R2, (7.5)
and (7.10), we have

E({U?) < 2279@-VR

k [ED*

< C2i(d=1)9=j(d-1) | c9—j <C,

e proceeding in a similar fashion to (7.11), we obtain |U;| < C'2//2.

Lemma 7.1 applied with the random variables Uy, ..., Uy, A = KA, /2, A\, =
(Inn)*19 /)12 m = (ulnn)/? with v > 0 (chosen later), M = C2//?

18



and 27 < n/(Inn)'*1/9 gives

P <‘/gj,k7g — ijg,g’ Z Ii)\n/Q)

K2X\2n n
< 4 —-C——— 4y — —emf
< eXp( m(l —l—/f)\nM)) + Lo exp(—cem”)
2(1p ) 1+1/0
< 4dexp | -C aal nn)
(ulnn)V0(1 4+ k29/2((Inn)1+1/0 /n)1/2)
+ 7W exp(—culnn)
k?Inn 1
= 4 -C . 4y——plTeu
eXp( W7o (1 + /-@2]/2((11171)1*1/9/71)1/2)) T "
< C <n—Cn2/(ul/9(1+n)) 4 nl—cu) _
Therefore, for large enough x and u, we have
~ 1
P <\bj,k,/z — bjkel = ff/\n/Q) <C.
This ends the proof of Proposition 4.5.
|
7.3 Proof of the main result
Proof of Theorem 5.1. Using Proposition 4.1, we have
ge(x) — ge(x)
271 1 271
S ke ek nnl0) £ D0 S Bar (5 ) — ik k()
k=0 j=7 k=0
0o 2-1
= D D biweik(@) = (- p).
j=j1+1 k=0

Using the elementary inequality: (z+y)? < 2(z* +?), (z,y) € R?, and the

orthonormality of the wavelet basis, we have
1
E </ (Ge(z) — gg(:v))2dx> <2T+U+V+W), (7.12)
0

19



where

271
T =E((i - n)?), U= E(@rke—arre)?),
k=0
J1 29-1 oo  29-1
T 2 2
V= Z Z E ((bj’k’zl{|gj,k,€‘zﬁ)\n} a ijk,z) ) ’ W= Z Z bj,k‘l'
J=7 k=0 j=j1+1 k=0

Bound for 7. We proceed as in the proof of Proposition 4.3. By (2.1), we
have E(p(Y7)) = p. Thanks to the stationarity of (Y;);cz, we have

T = V(i) < ~V(p(1)) + 2. 3 [Cov (p(¥e), p(¥in).

m=1

Using (2.3), the Davydov inequality (see [8]) and (2.2), we obtain

2s/(2s+1)
1 . 1 In n)1 1/
Tgc?<y+z)%>gcﬁgc<ﬁfl——> . (7.13)
m=1

n

Bound for U. Using Proposition 4.3, we obtain

() +1/9 > 2s/(2541)

- (7.14)

UgCT1§C<
n

Bound for W. For ¢ > 1 and p > 2, we have B, (M) C Bj  (M). Hence,
by (4.3),

s . , (In n)L+1/0 2s
w < C E 2728 < C2 s < Cn=2% <C|——
n
Jj=ii+1

2s/(2s+1)
1+1/6
- c (u) |

n

For ¢ > 1 and p € [1,2), we have By (M) C B;g/Q_l/p(M). Since s > 1/p,
we have s +1/2 —1/p > s/(2s +1). So, by (4.3),

w < C Z 9~2i(s+1/2-1/p) < 19=21(s+1/2-1/p)
J=ji+1

2(s+1/2—1/p) 2s/(2s+1)

n - n

20



Hence, for ¢ > 1, {p > 2 and s > 0} or {p € [1,2) and s > 1/p}, we have

2s/(25+1)
1 14+1/6
%> . (7.15)

W§C<
n

Bound for V. We have

V=Vi+Vo+ V34V, (7.16)
where
Jj1 29—-1
2
=303 B (ke k)L ina} el <o)
j=7 k=0
j1 29-1
Z Z < gkl ]k‘é) {\b Z|2,£>\n}1{|bij\2,i)\n/2}> )
j=7 k=0
Jj1 29—1
_ 2 R
Vs = Z Z E <bj7k,€1{|bj,k,l|<mn}1{|bj,,€,4\22mn})
j=7 k=0
and
Jj1 29—1
_ 2 R
Vi = Z Z E (bj,kll{\bj’k,dq,\n}1{|bj,,€,4\<2mn}) :
j=7 k=0

Bounds for V; and V3. The following inclusions hold:
{Bikel < KAns [bjnel = 2620 b € { By = biel > £An/2},
{|b3k£| > KA, |bjkel < Mn/2} {|b]k€ bj kel > FuAn/Q}
and { Bl < ha. el = 260} € {1by el < 28500 — byl )

So
Jj1 29—1
2
max(V3, V3) < CZ Z ( ikt bj, k’é) 1{\£j,k,£*bj,k,z\>/€>\n/2}> ’
j=7 k=0

Applying the Cauchy-Schwarz inequality and using Propositions 4.4, 4.5 and

2/ < n, we have
E((bjre—bjre)lyr
( 35kl Pk 2L (b g 0—bj kel >KAn /2 }
~ 1/2 ~ 1/2
<E <(bj,k,z - bj,k,e)4)> (P <|bj,k,£ —bjkel > “)‘n/2>)

i\ 1/2 1/2
27 1 1
¢ (z) <F> <O

21
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Therefore

1<~ 1 1
max(Vi, V3) < CWZZJ <O <O

j=r

2s/(2s+1)
1+1/6
C <%> . (7.17)

IN

n

Bound for V5. Using Proposition 4.3, we obtain

b 1 Inn)tti/?
K <(bj,k,£ - bj,k,£)2> <C-< o)

n

Hence

(ln n)1+1/0 1 2-1

D ) DE T (VWS

j=1 k=0

Vo <C

Let j2 be the integer defined by

’ n 1/(2541)
272 = [(W) ] . (7.18)

We have
Vo < Vo1 + Voo,
where ,
jo 291
(I n)1+1/9 J2
PR S S T
Jj=1 k=0
and ,
o 291
~ (In n)tH+1/0 2
Voo=0C—=—— Z 1{\bj,k,z|>f€/\n/2}'
j=ja+1 k=0
We have

Vo1 < C
n - n n
j:T

. 2s/(2s+1
(In 7)1 +1/0 i? . C(lnn)1+1/62j2 o <(1nn)1+1/9> /(25+1)
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For ¢ > 1 and p > 2, we have B, (M) C B3 . ,(M). So, by (4.3),

pq
(ID’I’L 1+1/9 o 2-1 oo 2/-1 ) Ly
Jj=j2+1 k=0 j=j2+1 k=0
2s/(2541)
- C <(lnn)1+1/€> .
B n

Forqg>1,p€[1,2)and s > 1/p, using (4.3), 1{|bj,k,z\>n>\n/2} < ClbjpelP /N =

ClBjulP/No, By o(M) C Byt!>7VP(M) and (25 +1)(2 = p) /2 + (s + 1/2 —
1/p)p = 2s, we have

jl 27 —1 1+1/9 (271))/ o0 )
Voo < m” y zm@kw<c<ﬂmﬂ ) $ g2t/

" j=jo+1 k=0 Jj=jo+1
(2—p)/2 2s/(2s+1)
[% (%
< C <(lnn)1+1/ > 27j2(s+1/271/p)p < C ((hln)l-i-l/ > .
n n

So, for r > 1, {p > 2 and s > 0} or {p € [1,2) and s > 1/p}, we have

2s/(2s+1)
1+1/6
wgc(gﬂ%—v . (7.19)

Bound for V,. We have

HY
.77k7£ {|b‘77k’[‘<2.‘€)\n} -

Let jo be the integer (7.18). Then

Vi < Vip+Vao,

where
j2 29—1 j1 29-1
_ 2 _ 2
‘/4,1 = E E bj,k,z]-{|bj’k’e\<2,@)\n}’ ‘/2172 = E E bj,k,zl{‘bj’k’[|<2f€)\n}'
Jj=7 k=0 j=j2+1 k=0
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We have

1+1/6 J2 lnn 1+1/6

0220\2 _ on) 221 SR gi

2s/(2s+1)
1+1/6
e (u) ,

Vi

IN

n

For ¢ > 1 and p > 2, we have By (M) C B3 . (M). Hence, by (4.3),

21 2s/(25+1)
0 1 1+1/9
Vip < Z Zﬁz <C2” 2]25<C<(nn) ) ,

7j=j2+1 k=0
For ¢ > 1, p € [1,2) and s > 1/p, using (4.3), bikvfl{lbj,k,zk%/\n} =
ONL T bjel” = ONLT|8547, By (M) € ByE/*™1/7(M) and (25 + 1)(2
p)/2+ (s+1/2—1/p)p = 2s, we have

Ji 291 (Inn)1+1/0 (2-p)/2 451 21
Vie < CA7P Y Y Bl =cC <7> > 1Bkl

<
j=j2+1 k=0 J=j2+1 k=0
(2-p)/2
(Inn)t+1/? —j(s+1/2—1/p)p
o)y
Jj=j2+1
(2-p)/2 2s/(25+1)
< C w 9—J2(s+1/2=1/p)p < w ]
B n B n
Thus, for ¢ > 1, {p > 2 and s > 0} or {p € [1,2) and s > 1/p}, we have
2s/(2s+1)
1 1+1/0
Vi<C <%> . (7.20)
n
It follows from (7.16), (7.17), (7.19) and (7.20) that
2s/(2s+1)
141/6
v<cC <M> . (7.21)
n

Combining (7.12), (7.13), (7.14), (7.15) and (7.21), we have, for ¢ > 1,
{p>2and s>0}or{pe]l,2) and s > 1/p},

1 ) 1H+1/0 2s/(2s+1)
B ( [ @) - ae)ie) gc(%) .
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The proof of Theorem 5.1 is complete.

Acknowledgement. This work is supported by ANR grant NatImages,
ANR-08-EMER-009.

References

1]

Amato, U. and Antoniadis, A. (2001). Adaptive wavelet series estimation
in separable nonparametric regression models. Statistics and Computing,
11, 373-394.

Amato, U., Antoniadis, A. and De Feis, I. (2002). Fourier series ap-
proximation of separable models. Journal of Computational and Applied
Mathematics, 146, 459-479.

Bradley, R.C. (2007). Introduction to strong mixing conditions. Vol.
1,2,3. Kendrick Press.

Buja, A., Hastie, T. and Tibshirani, R. (1989). Linear smoothers and
additive models (with discussion). Annals of Statistics, 17, 453-555.

Camlong-Viot, C., Rodrguez-Po, J. M. and Vieu, P. (2006). Nonpara-
metric and semiparametric estimation of additive models with both dis-
crete and continuous variables under dependence. In The art of semi-

parametrics, Contrib. Statist., pages 155-178. Physica-Verlag/Springer,
Heidelberg.

Carrasco, M. and Chen, X. (2002). Mixing and moment properties of
various GARCH and stochastic volatility models. Econometric Theory,
18, 17-39.

Cohen, A., Daubechies, 1., Jawerth, B. and Vial, P. (1993). Wavelets
on the interval and fast wavelet transforms. Applied and Computational
Harmonic Analysis, 24, 1, 54-81.

25



[8] Davydov, Y. (1970). The invariance principle for stationary processes.
Theor. Probab. Appl., 15, 3, 498-509.

[9] Debbarh, M. (2006). Asymptotic normality for the wavelets estimator
of the additive regression components. Comptes Rendus Mathematique,
343, 9, 1, 601-606.

[10] Debbarh, M. and Maillot, B. (2008a). Additive regression model for
continuous time processes, Comm. Statist. Theory Methods, 37,13-15,
2416-2432.

[11] Debbarh, M. and Maillot, B. (2008b). Asymptotic normality of the ad-
ditive regression components for continuous time processes, C. R. Math.
Acad. Sci. Paris 346 , 15-16, 901-906.

[12] Doukhan, P. (1994). Mixing. Properties and Examples. Lecture Notes
in Statistics 85. Springer Verlag, New York.

[13] Fan, J. and Jiang, J. (2005). Nonparametric inferences for additive
models. Journal of the Americal Statistical Association, 100, 890-907.

[14] Gao, J., Tong, H. and Wolff, R. (2002). Adaptive orthogonal series
estimation in additive stochastic regression models. Statist. Sinica, 12
(2), 409-428.

[15] Héardle, W., Kerkyacharian, G., Picard, D. and Tsybakov, A. (1998).
Wavelet, Approximation and Statistical Applications. Lectures Notes in

Statistics. 129, Springer Verlag, New York.

[16] Hastie, T.J. and Tibshirani, R.J. (1990). Generalized additive models.
London: Chapman and Hall.

[17] Liebscher, E. (1996). Strong convergence of sums of a-mixing random
variables with applications to density estimation, Stochastic Processes
and their Applications, 65, 69-80.

[18] Linton, O.B. (1997). Efficient estimation of additive nonparametric re-
gression models. Biometrika, 84, 469-473.

26



[19] Mallat, S. (2009). A wavelet tour of signal processing. Elsevier/ Aca-
demic Press, Amsterdam, third edition. The sparse way, With contribu-

tions from Gabriel Peyré.

[20] Meyer, Y., Wavelets and Operators. Cambridge University Press, Cam-
bridge, 1992.

[21] Modha, D. and Masry, E. (1996). Minimum complexity regression esti-
mation with weakly dependent observations. IEEE Trans. Inform. The-
ory, 42, 2133-2145.

[22] Newey, W.K. (1994). Kernel estimation of partial means and a general

variance estimator. Econometric Theory, 10 (2), 233-253.

[23] Opsomer, J.D. and Ruppert, D. (1997). Fitting a bivariate additive
model by local polynomial regression. Annals of Statistics, 25, 186-211.

[24] Opsomer, J.D. and Ruppert, D. (1998). A fully automated bandwidth
selection method for fitting additive models. Journal of the American
Statistical Association, 93, 605-619.

[25] Rio, E. (1995). The functional law of the iterated logarithm for station-
ary strongly mixing sequences, Annals Prob., 23, 1188-1203.

[26] Sardy, S. and Tseng, P. (2004). AMlet, RAMlet, and GAMlet: auto-
matic nonlinear fitting of additive models, robust and generalized, with

wavelets. Journal of Computational and Graphical Statistics, 13, 283-
309.

[27] Sperlich, S., Tjostheim, D. and Yang, L. (2002). Nonparametric estima-
tion and testing of interaction in additive models. Econometric Theory,
18, 197-251.

[28] Stone, C.J. (1985). Additive regression and other nonparametric mod-
els. Ann. Statist., 13, 689-705.

[29] Stone, C.J. (1986). The dimensionality reduction principle for general-
ized additive models. Ann. Statist., 14, 590-606.

27



[30] Stone, C.J. (1994). The use of polynomial splines and their tensor prod-
ucts in multivariate function estimation (with discussion). Ann. Statist.,
22, 118-184.

[31] Tsybakov, A.B., Introduction [’estimation non paramtrique, Springer,
2004.

[32] Withers, C.S. (1981). Conditions for linear processes to be strong-
mixing. Zeitschrift fir Wahrscheinlichkeitstheorie und Verwandte Ge-

biete, 57, 477-480.

[33] Zhang, S. and Wong, M.-Y. (2003). Wavelet threshold estimation for
additive regression models. Annals of Statistics, 31, 152-173.

28



