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❆❜str❛❝t✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡st✐♠❛t✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② π ♦❢ ❛ r❡s♣♦♥s❡
✈❡❝t♦r Y ❣✐✈❡♥ t❤❡ ♣r❡❞✐❝t♦r X ✭✇❤✐❝❤ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡✮✳ ❲❡ ♣r♦✈✐❞❡
❛♥ ❛❞❛♣t✐✈❡ ♥♦♥♣❛r❛♠❡tr✐❝ str❛t❡❣② t♦ ❡st✐♠❛t❡ π✱ ❜❛s❡❞ ♦♥ ♠♦❞❡❧ s❡❧❡❝t✐♦♥✳ ❲❡ st❛rt ✇✐t❤ ❛
❝♦❧❧❡❝t✐♦♥ ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❞✉❝t s♣❛❝❡s✱ s♣❛♥♥❡❞ ❜② ♦rt❤♦♥♦r♠❛❧ ❜❛s❡s✳ ❇✉t ✐♥st❡❛❞ ♦❢
❡①♣❛♥❞✐♥❣ ❞✐r❡❝t❧② t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥ π ♦♥ t❤❡s❡ ❜❛s❡s✱ ✇❡ ♣r❡❢❡r t♦ ❝♦♥s✐❞❡r t❤❡ ❡①♣❛♥s✐♦♥ ♦❢
h(x, y) = π(F−1

X (x), y)✱ ✇❤❡r❡ FX ✐s t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ X✳ ❚❤✐s
✬✇❛r♣✐♥❣✬ ♦❢ t❤❡ ❜❛s❡s ❛❧❧♦✇s ✉s t♦ ♣r♦♣♦s❡ ❛ ❢❛♠✐❧② ♦❢ ♣r♦❥❡❝t✐♦♥ ❡st✐♠❛t♦rs ❡❛s✐❡r t♦ ❝♦♠♣✉t❡
t❤❛♥ ❡st✐♠❛t♦rs r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ❛ r❡❣r❡ss✐♦♥✲t②♣❡ ❝♦♥tr❛st✳ ❚❤❡ ❞❛t❛✲❞r✐✈❡♥
s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ❜❡st ❡st✐♠❛t♦r ĥ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ h✱ ✐s ❞♦♥❡ ✇✐t❤ ❛ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ❞❡✈✐❝❡ ✐♥
t❤❡ s♣✐r✐t ♦❢ ●♦❧❞❡♥s❤❧✉❣❡r ❛♥❞ ▲❡♣s❦✐ ✭✷✵✶✶✮✳ ❚❤❡ r❡s✉❧t✐♥❣ ❡st✐♠❛t♦r ✐s π̂(x, y) = ĥ(F̂ (x), y)

♦t❤❡r✇✐s❡✱ ✇❤❡r❡ F̂ ✐s t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳ ❲❡ ♣r♦✈❡ t❤❛t ✐t r❡❛❧✐s❡s ❛ ❣❧♦❜❛❧
sq✉❛r❡❞✲❜✐❛s✴✈❛r✐❛♥❝❡ ❝♦♠♣r♦♠✐s❡✱ ✐♥ ❛ ❝♦♥t❡①t ♦❢ ❛♥✐s♦tr♦♣✐❝ ❢✉♥❝t✐♦♥ ❝❧❛ss❡s✿ ✇❡ ❡st❛❜❧✐s❤
♥♦♥✲❛s②♠♣t♦t✐❝ ♠❡❛♥✲sq✉❛r❡❞ ✐♥t❡❣r❛t❡❞ r✐s❦ ❜♦✉♥❞s ❛♥❞ ❛❧s♦ ♣r♦✈✐❞❡ r✐s❦ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✳
❙✐♠✉❧❛t✐♦♥ ❡①♣❡r✐♠❡♥ts ✐❧❧✉str❛t❡ t❤❡ ♠❡t❤♦❞✳

❑❡②✇♦r❞s✿ ❆❞❛♣t✐✈❡ ❡st✐♠❛t♦r✳ ❈♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t②✳ ▼♦❞❡❧ s❡❧❡❝t✐♦♥✳ ◆♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛✲
t✐♦♥✳ ❲❛r♣❡❞ ❜❛s❡s✳
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✶✳ ■♥tr♦❞✉❝t✐♦♥

✶✳✶✳ ▼♦t✐✈❛t✐♦♥✳ ❆ss✉♠❡ t❤❛t ✇❡ ♦❜s❡r✈❡ ♣❛✐rs ♦❢ r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (X,Y ) ✇✐t❤ ❥♦✐♥t
✉♥❦♥♦✇♥ ❞❡♥s✐t② f(X,Y )✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♣r❡❞✐❝t♦r X ❛♥❞ t❤❡ r❡s♣♦♥s❡ Y ✐s ❝❧❛s✲
s✐❝❛❧❧② ❞❡s❝r✐❜❡❞ ❜② r❡❣r❡ss✐♦♥ ❛♥❛❧②s✐s✳ ❇✉t t❤✐s ❝❛♥ ❛❧s♦ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❡st✐♠❛t✐♥❣ t❤❡ ❡♥t✐r❡
❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t②✱ t❤❛t ✐s

π(x, y) =
f(X,Y )(x, y)

fX(x)
, ✐❢ fX(x) > 0,

✇❤❡r❡ fX ✐s t❤❡ ♠❛r❣✐♥❛❧ ❞❡♥s✐t② ♦❢ t❤❡ ✈❛r✐❛❜❧❡ X✱ ❛♥❞ ✐s ❛ss✉♠❡❞ ♥♦t t♦ ✈❛♥✐s❤ ♦♥ t❤❡ ✐♥t❡r✈❛❧
♦❢ ❡st✐♠❛t✐♦♥✳
❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♣r♦✈✐❞❡ ❛ ♥♦♥♣❛r❛♠❡tr✐❝ str❛t❡❣② t♦ ❡st✐♠❛t❡ π✱ ✇❤✐❝❤ ❤❛s t♦ ❜❡ ❜♦t❤
❛❞❛♣t✐✈❡✱ ❛♥❞ s✐♠♣❧❡ t♦ ❝♦♠♣✉t❡✳ ❖✉r ♠❛✐♥ ✐❞❡❛s ❛r❡ t♦ ✉s❡ ✇❛r♣❡❞ ❜❛s❡s t♦ ❜✉✐❧❞ ♣r♦❥❡❝t✐♦♥
❡st✐♠❛t♦rs ❛♥❞ t♦ ♣❡r❢♦r♠ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ✐♥ t❤❡ s♣✐r✐t ♦❢ ●♦❧❞❡♥s❤❧✉❣❡r ❛♥❞ ▲❡♣s❦✐ ❬✷✵✶✶❪✳

✶✳✷✳ ❙t❛t❡ ♦❢ t❤❡ ❛rt✳ ❆❧t❤♦✉❣❤ ♥♦♥♣❛r❛♠❡tr✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ❤❛s ✐♥❝r❡❛s✐♥❣❧②
❜❡❝♦♠❡ ❛ s✉❜❥❡❝t ♦❢ ✐♥t❡r❡st s✐♥❝❡ t❤❡ ❡❛r❧② ✶✾✼✵s✬✱ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦rs✱ ✇❤✐❝❤ ♠❛t❝❤ t❤❡ ♣❡r❢♦r✲
♠❛♥❝❡s ♦❢ ❛♥ ♦r❛❝❧❡ t❤❛t ❦♥♦✇s t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ tr✉❡ ❢✉♥❝t✐♦♥✱ ❛r❡ st✐❧❧ r❛t❤❡r s❝❛rs❡✳ ❚♦ ♦✉r
❦♥♦✇❧❡❞❣❡✱ ♠♦st ♦❢ t❤❡ ♠❡t❤♦❞s t♦ ❡st✐♠❛t❡ π ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♣r✐♥❝✐♣❧❡ t❤❛t ✐t ❝❛♥ ❜❡ s❡❡♥ ❛s
❛ ♥♦♥♣❛r❛♠❡tr✐❝ ✇❡✐❣❤t❡❞ r❡❣r❡ss✐♦♥✳ ❚❤✐s ❧❡❛❞s ♠❛✐♥❧② t♦ t✇♦ ❞✐r❡❝t✐♦♥s✿ ❦❡r♥❡❧ ♠❡t❤♦❞s ✇✐t❤

∗ ❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✳ ❊♠❛✐❧✿ ❣❛❡❧❧❡✳❝❤❛❣♥②❅♣❛r✐s❞❡s❝❛rt❡s✳❢r

a▲❛❜♦r❛t♦✐r❡ ▼❆P✺ ✭❯▼❘ ❈◆❘❙ ✽✶✹✺✮✱ ❯♥✐✈❡rs✐té P❛r✐s ❉❡s❝❛rt❡s✱ ❙♦r❜♦♥♥❡ P❛r✐s ❈✐té✱ ❋r❛♥❝❡✳
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✇❡❧❧✲❝❤♦s❡♥ ❜❛♥❞✇✐❞t❤✭s✮✱ ✇❤✐❝❤ ❤❛✈❡ ❡ss❡♥t✐❛❧❧② ❜❡❡♥ st✉❞✐❡❞ ❢r♦♠ ❛♥ ❛s②♠♣t♦t✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱
❛♥❞ ♣r♦❥❡❝t✐♦♥ ❡st✐♠❛t♦rs ❜✉✐❧t ♦♥ r❡❣r❡ss✐♦♥✲t②♣❡ ❝r✐t❡r✐❛ ♠✐♥✐♠✐s❡❞ ♦♥ ❛ ✇❡❧❧✲❝❤♦s❡♥ ♠♦❞❡❧✳

❚❤❡ ❧✐t❡r❛t✉r❡ ❛❜♦✉t t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❦❡r♥❡❧ ❡st✐♠❛t♦rs ✐s ✈❛st✳ ❙❡✈❡r❛❧ ❛❞❥✉st❡❞
❢♦r♠s ♦❢ t❤❡ ◆❛❞❛r❛②❛✲❲❛ts♦♥ ❡st✐♠❛t❡ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✱ ❢♦r ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥
❬❙t✉t❡✱ ✶✾✽✻❜✱ ❍❛❧❧ ❡t ❛❧✳✱ ✶✾✾✾❪ ❛♥❞ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t②✿ ✧❞♦✉❜❧❡ ❦❡r♥❡❧✧ ❡st✐♠❛t♦r ❬❍②♥✲
❞♠❛♥ ❡t ❛❧✳✱ ✶✾✾✻✱ ❍②♥❞♠❛♥ ❛♥❞ ❨❛♦✱ ✷✵✵✷❪✱ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✉s✐♥❣ ❧♦❝❛❧ ♣♦❧②♥♦♠✐❛❧s ❬❋❛♥ ❡t ❛❧✳✱
✶✾✾✻❪✱ ❛♥❞ r❡✇❡✐❣❤t❡❞ ❦❡r♥❡❧ ❡st✐♠❛t❡ ❬❉❡ ●♦♦✐❥❡r ❛♥❞ ❩❡r♦♠✱ ✷✵✵✸❪✳ ❆❝❝♦r❞✐♥❣❧②✱ ❞❛t❛✲❞r✐✈❡♥
s❡❧❡❝t✐♦♥ r✉❧❡s ❢♦r t❤❡ ❜❛♥❞✇✐❞t❤ ❛r❡ ♣r♦♣♦s❡❞✱ ✉s✐♥❣ ♠❡t❤♦❞s ✐♥s♣✐r❡❞ ❜② ❋❛♥ ❛♥❞ ●✐❥❜❡❧s ❬✶✾✾✺❪✱
t❤❡ ❜♦♦tstr❛♣ ❛♣♣r♦❛❝❤ ❬❍❛❧❧ ❡t ❛❧✳✱ ✶✾✾✾✱ ❇❛s❤t❛♥♥②❦ ❛♥❞ ❍②♥❞♠❛♥✱ ✷✵✵✶❪✱ ♦r ❝r♦ss✲✈❛❧✐❞❛t✐♦♥
❬❙❛r❞❛ ❡t ❛❧✳✱ ✶✾✾✹✱ ❋❛♥ ❛♥❞ ❨✐♠✱ ✷✵✵✹❪✳ ❆❧❧ t❤❡s❡ ♠❡t❤♦❞s ❧❡❛❞ t♦ ❛s②♠♣t♦t✐❝ r❡s✉❧ts✿ ❝♦♥s✐s✲
t❡♥❝② r❛t❡s✱ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t②✱ st✉❞② ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r ❡①❛♠♣❧❡✱ ✉♥❞❡r ✈❛r✐♦✉s
❛ss✉♠♣t✐♦♥s ✭s✉❝❤ ❛s α− ♠✐①✐♥❣ ❞❡s✐❣♥✮✳ ❆ ❝♦♠♠♦♥ ❢❡❛t✉r❡ ♦❢ t❤❡s❡ ❡st✐♠❛t♦rs ✐s t❤❡✐r r❛t✐♦
❢♦r♠✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ t❤❡♦r❡t✐❝❛❧ ❞✐✣❝✉❧t② ✭s❡❡ P❡♥s❦❛②❛ ✶✾✾✺ ❢♦r ❛ s♣❡❝✐✜❝ st✉❞②✮✱ ✇❤✐❝❤
❝❛♥ ❜❡ ❜②♣❛ss❡❞ ❜② ✉s✐♥❣ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥ ♦r t❤❡ ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥ ❬❈❛rr♦❧❧ ❡t ❛❧✳✱ ✶✾✾✹✱ ❚❛❦❡✉❝❤✐
❡t ❛❧✳✱ ✷✵✵✾✱ ❋❛✉❣❡r❛s✱ ✷✵✵✾❪✿ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡st✐♠❛t❡s st✐❧❧ s❛t✐s❢② ❝❧❛ss✐❝❛❧ ❛s②♠♣t♦t✐❝ ♣r♦♣✲
❡rt✐❡s✳ ❆♥♦t❤❡r ✇❛② ♦❢ ❛✈♦✐❞✐♥❣ r❛t✐♦ ✐s t♦ ❝♦♥s✐❞❡r ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ❞❛t❛✳ ❚❤✐s
str❛t❡❣②✱ ❡❛r❧② st✉❞✐❡❞ ✐♥ ❙t✉t❡ ❬✶✾✽✻❛❪ ✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

▼♦r❡♦✈❡r✱ ♣r♦❥❡❝t✐♦♥ ❡st✐♠❛t♦rs ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✿ t❤❡ q✉❛❧✐t② ❝r✐t❡r✐♦♥ ✇❤✐❝❤ ❤❛s t❤✉s
❜❡❝♦♠❡ ❝❧❛ss✐❝❛❧ ✐s t❤❡ ♠❡❛♥ ✐♥t❡❣r❛t❡❞ sq✉❛r❡❞ ❡rr♦r✱ ♦r ❡♠♣✐r✐❝❛❧ ✈❡rs✐♦♥s ♦❢ ✐t✳ ◆♦♥❛s②♠♣✲
t♦t✐❝ r❡s✉❧ts✱ s✉❝❤ ❛s ♦r❛❝❧❡ ✐♥❡q✉❛❧✐t✐❡s ♦r ❧♦✇❡r✲❜♦✉♥❞s ❢♦r t❤❡ r✐s❦ ❛r❡ s❡t ❢♦r ❡st✐♠❛t♦rs ❜❛s❡❞
♦♥ ♦rt❤♦❣♦♥❛❧ s❡r✐❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ ❋♦✉r✐❡r ❜❛s✐s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❜✉✐❧❞ ❛ ❜❧♦❝❦✇✐s❡✲s❤r✐♥❦❛❣❡
❊❢r♦♠♦✈✐❝❤✲P✐♥s❦❡r ❡st✐♠❛t♦r✱ ✉s✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥s t♦ r❡✇r✐t❡ π✿ t❤❡ r❡❣r❡ss✐♦♥ s❡t✲
t✐♥❣ ✐s st✉❞✐❡❞ ✐♥ ❊❢r♦♠♦✈✐❝❤ ❬✷✵✵✼❪✱ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✐s t❤❡ s✉❜❥❡❝t ♦❢ ❊❢r♦♠♦✈✐❝❤ ❬✷✵✶✵❛❪✱ ❛♥❞
♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✐t② ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ ❊❢r♦♠♦✈✐❝❤ ❬✷✵✶✵❜❪✳ ❍✐s ❡st✐♠❛t♦rs ♠❛t❝❤ t❤❡ ♣❡r✲
❢♦r♠❛♥❝❡s ♦❢ t❤❡ ♦r❛❝❧❡ ✉♥❞❡r t❤❡ q✉❛❞r❛t✐❝ r✐s❦✳ ❚❤❡ ♦r❛❝❧❡✲t②♣❡ ✐♥❡q✉❛❧✐t✐❡s st❛t❡❞ ♣❡r♠✐t t♦
❡st❛❜❧✐s❤ s❤❛r♣ ♠✐♥✐♠❛①✐t② ♦✈❡r t❤❡ ❜✐✈❛r✐❛t❡ ❛♥✐s♦tr♦♣✐❝ ❙♦❜♦❧❡✈ ❝❧❛ss❡s✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❞✐✲
♠❡♥s✐♦♥ r❡❞✉❝t✐♦♥ ✐s ❛❧s♦ st✉❞✐❡❞ ✐♥ ❋❛♥ ❡t ❛❧✳ ❬✷✵✵✾❪✱ ✐♥ t❤❡ s♣✐r✐t ♦❢ s✐♥❣❧❡ ✐♥❞❡① r❡s✉❧ts✳ ▼♦❞❡❧
s❡❧❡❝t✐♦♥ t❤❡♦r② ❧❡❛❞s ❛❧s♦ t♦ ❛❞❛♣t❛t✐♦♥ r❡s✉❧ts✿ ❜② ♠✐♥✐♠✐③✐♥❣ ❛ ❧❡❛st✲sq✉❛r❡s ♣❡♥❛❧✐s❡❞ ❝♦♥tr❛st
✐♥tr♦❞✉❝❡❞ ❜② ▲❛❝♦✉r ❬✷✵✵✼❪✱ ❇r✉♥❡❧ ❡t ❛❧✳ ❬✷✵✵✼❪ ❜✉✐❧❞ ❛♥ ❡st✐♠❛t♦r ✇❤✐❝❤ ❛❞❛♣ts t♦ ❛♥ ✉♥❦♥♦✇♥
✉♥❞❡r❧②✐♥❣ ❞❡s✐❣♥ ❛♥❞ ✐s ♠✐♥✐♠❛① ♦✈❡r ❛♥✐s♦tr♦♣✐❝ ❜✐✈❛r✐❛t❡ ❢✉♥❝t✐♦♥ ❝❧❛ss❡s✳ ❇✉t t❤❡ ❝♦♥tr❛st✱
❝♦♥s✐❞❡r❡❞ ❛❧s♦ ❜② ❆❦❛❦♣♦ ❛♥❞ ▲❛❝♦✉r ❬✷✵✶✶❪ t♦ ❞❡❛❧ ✇✐t❤ ❞❡♣❡♥❞❡♥t ❞❛t❛ ❛♥❞ ✐♥❤♦♠♦❣❡♥❡♦✉s
❢✉♥❝t✐♦♥❛❧ ❝❧❛ss❡s✱ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❡①♣❧✐❝✐t ❡st✐♠❛t♦r ✇✐t❤♦✉t ♠❛tr✐① ✐♥✈❡rt✐❜✐❧✐t② r❡q✉✐r❡♠❡♥ts
✭❡①❝❡♣t ✇❤❡♥ ✉s✐♥❣ ❛ ❤✐st♦❣r❛♠ ❜❛s✐s✮✳ ▼♦r❡♦✈❡r t❤❡ ♣❡♥❛❧t② ❣✐✈❡♥ ✐♥ ❇r✉♥❡❧ ❡t ❛❧✳ ❬✷✵✵✼❪ ❞❡♣❡♥❞s
♦♥ t❤❡ ✉♥❦♥♦✇♥ ✐♥✜♥✐t❡ ♥♦r♠ ♦❢ π✳ ■t ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜✉t ✐t t❤❡♥ r❡q✉✐r❡s str♦♥❣ r❡❣✉❧❛r✐t②
❛ss✉♠♣t✐♦♥s✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t r❡❝❡♥t ✇♦r❦s ❜② ❈♦❤❡♥ ❛♥❞ ▲❡ P❡♥♥❡❝ ❬✷✵✶✶❪ ❢♦❝✉s ♦♥ ❛ ♣❡♥❛❧✐s❡❞
♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦r ❧❡❛❞✐♥❣ t♦ r✐s❦ ❜♦✉♥❞s ❢♦r ❛ ❏❡♥s❡♥✲❑✉❧❧❜❧❛❝❦✲▲❡✐❜❧❡r ❧♦ss ❢✉♥❝✲
t✐♦♥✳ ❚❤❡ ♠❛①✐♠✐s❛t✐♦♥ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ s❡❡♠s t♦ ❜❡ ❞✐✣❝✉❧t ✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s
♦♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t②✳

❚❤❡ ♣r❡s❡♥t ✇♦r❦ ✐s ✐♥ t❤❡ s♣✐r✐t ♦❢ ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞s✳ ❲❡ ❛✐♠ ❛t ♣r♦✈✐❞✐♥❣ ❛♥ ❛❞❛♣t✐✈❡
❡st✐♠❛t♦r✱ ✇❤✐❝❤ s❛t✐s✜❡s ♥♦♥❛s②♠♣t♦t✐❝ r✐s❦ ❜♦✉♥❞s✱ ❜✉t ✇✐t❤ ❛ s✐♠♣❧❡r ❡①♣r❡ss✐♦♥✱ t❤✉s ❛✈♦✐❞✲
✐♥❣ ♠❛tr✐① ✐♥✈❡rs✐♦♥ ❛♥❞ ♣✉r✐❢②✐♥❣ t❤❡ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥✳ ❚❤✐s ❣♦❛❧ ✐s ❛❝❤✐❡✈❡❞ ❜② ✉s✐♥❣ ❜♦t❤
❛ ✧✇❛r♣✐♥❣✧ ♦❢ t❤❡ ❞❛t❛✱ ❧✐❦❡ ✐♥ t❤❡ ✇♦r❦s ♦❢ ❙t✉t❡ ❬✶✾✽✻❛❪ ❛♥❞ ▼❡❤r❛ ❡t ❛❧✳ ❬✷✵✵✵❪ ✭♥♦ r❛t✐♦✱
♥♦ ♠❛tr✐① ✐♥✈❡rs✐♦♥✮✱ ❛♥❞ ❜② ❛♣♣❧②✐♥❣ ✐♥ ❛ ♥❡✇ ❛♥❞ ♦r✐❣✐♥❛❧ ✇❛② t❤❡ ●♦❧❞❡♥s❤❧✉❣❡r ❛♥❞ ▲❡♣s❦✐
♠❡t❤♦❞ ✭t❤❡ ❦❡② t♦ ❛✈♦✐❞✐♥❣ ♥✉✐s❛♥❝❡ t❡r♠s ✐♥ t❤❡ ♣❡♥❛❧t②✮✳

✶✳✸✳ ●❡♥❡r❛❧✐t② ❛❜♦✉t t❤❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ ❞❛t❛ ❛r❡ ♣❛✐rs ♦❢ r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
(Xi, Yi)i∈{1,...,n} ✭✇✐t❤ n ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✮✱ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✭✐✳✐✳❞✳✮ ✇✐t❤
❥♦✐♥t ❞❡♥s✐t② f(X,Y )✱ s✉♣♣♦rt❡❞ ❜② ❛ s✉❜s❡t A1 × A2 ♦❢ R

2 ✭A2 ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧✮✳ ❲❡ ❛ss✉♠❡



❲❆❘P❊❉ ❇❆❙❊❙ ❋❖❘ ❈❖◆❉■❚■❖◆❆▲ ❉❊◆❙■❚❨ ❊❙❚■▼❆❚■❖◆ ✸

t❤❛t t❤❡ ♠❛r❣✐♥❛❧ ❞❡♥s✐t② fX ♦❢ t❤❡ Xi ❞♦❡s ♥♦t ✈❛♥✐s❤✱ ❛♥❞ ❞❡♥♦t❡ ❜② FX t❤❡ ❝✉♠✉❧❛t✐✈❡
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭❝✳❞✳❢✳✮ ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s✱ ✇❤✐❝❤ ❝♦♥s❡q✉❡♥t❧② ❛❞♠✐ts ❛♥ ✐♥✈❡rs❡✳

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✐❞❡❛ t♦ ♣r♦✈✐❞❡ ❛ s✐♠♣❧❡ ❡①♣❧✐❝✐t ❡st✐♠❛t♦r ✐s t❤❛t

✭✶✮ h(u, y) = π
(

F−1
X (u), y

)

, (u, y) ∈ [0; 1] ×A2,

✐s t❤❡ ❥♦✐♥t ❞❡♥s✐t② ♦❢ t❤❡ r❛♥❞♦♠ ♣❛✐r (FX(X1), Y1)✳ ❲❡ ♣r♦✈✐❞❡ ✜rst ❛♥ ❡st✐♠❛t♦r ♦❢ t❤✐s ❢✉♥❝t✐♦♥
h✱ ❛♥❞ t❤❡♥ ❛♥ ❡st✐♠❛t♦r ❢♦r t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥ π✱ ❜② ✉s✐♥❣ t❤❡ r❡✈❡rs❡ ❢♦r♠✉❧❛✿ π(x, y) =
h(FX(x), y)✳ ❚❤✐s str❛t❡❣② ❤❛s ❛❧s♦ ❜❡❡♥ ✉s❡❞ ❜② ❙t✉t❡ ❬✶✾✽✻❛❪ ❛♥❞ ▼❡❤r❛ ❡t ❛❧✳ ❬✷✵✵✵❪ t♦
❜✉✐❧❞ ❦❡r♥❡❧ ❡st✐♠❛t❡s ♦❢ ❝✉♠✉❧❛t✐✈❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t②
r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❝❤ ❛r❡ s❤♦✇♥ t♦ ❜❡ ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❑❡r❦②❛❝❤❛r✐❛♥ ❛♥❞
P✐❝❛r❞ ❬✷✵✵✹❪ ❡♠♣❧♦②❡❞ s✐♠✐❧❛r ✐❞❡❛s t♦ ♣r♦✈✐❞❡ ✇❛✈❡❧❡t t❤r❡s❤♦❧❞✐♥❣ ❡st✐♠❛t♦rs ♦❢ ❛ r❡❣r❡ss✐♦♥
❢✉♥❝t✐♦♥✳

❲❡ ❛❞♦♣t ❤❡r❡ ❛ ♥♦♥❛s②♠♣t♦t✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❜② ✉s✐♥❣ ♠♦❞❡❧ s❡❧❡❝t✐♦♥✱ ❛♥❞ ✇❡ ❛✐♠ ❛t ❛❞❛♣t✐✈❡
r❡s✉❧ts✳ Pr❡❝✐s❡❧②✱ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t h ✐s sq✉❛r❡❞ ✐♥t❡❣r❛❜❧❡ ❧❡❛❞s ✜rst t♦ ♣r♦❥❡❝t✐♦♥ ❡st✐♠❛t♦rs
♦❢ t❤❡ ❢♦r♠

∀(u, y) ∈ [0; 1] ×A2, ĥD1,D2(u, y) =

D1
∑

j1=1

D2
∑

j2=1

âj1,j2φj1 ⊗ ψj2(u, y),

✇✐t❤ φj1 ⊗ ψj2(u, y) = φj1(u)ψj2(y)✱ ❢♦r ❞✐✛❡r❡♥t ❝♦✉♣❧❡s (D1, D2) ✇✐t❤ (φj1 ⊗ ψj2)j1,j2 ❛♥ ♦r✲
t❤♦♥♦r♠❛❧ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s ❛♥❞ âj1,j2 ❡st✐♠❛t❡❞ ❝♦❡✣❝✐❡♥ts✳ ❚❤❡♥✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❡st✐♠❛t♦r
♦❢ π ❣✐✈❡♥ ❜②✿

∀(x, y) ∈ A1 ×A2, π̂D1,D2(x, y) = ĥD1,D2

(

F̂n(x), y
)

,

✇✐t❤ F̂n ❛♥ ❡♠♣✐r✐❝❛❧ ❝♦✉♥t❡r♣❛rt ❢♦r FX ✳ ❚♦ ❛✈♦✐❞ ❞❡♣❡♥❞❡♥❝② ✐♥ t❤❡ ♣r♦♦❢s✱ ✇❡ ❛ss✉♠❡ t❤❛t
t❤❡r❡ ❡①✐sts (X−i)i∈{1,...,n} ❛ s❛♠♣❧❡ ♦❢ ✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s t❤❡ (Xi) ❛♥❞
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡♠✳ ❚❤✉s✱ ✇❡ s❡t

F̂n : x 7→ 1

n

n
∑

i=1

1X−i≤x.

❍♦✇❡✈❡r✱ ✐t ✐s ❛♥ ❛rt❡❢❛❝t ♦❢ t❤❡ t❤❡♦r②✿ ❢♦r t❤❡ ♣r❛❝t✐❝❛❧ st✉❞②✱ ✇❡ ❛ss✉♠❡ t♦ ♦❜s❡r✈❡ ♦♥❧② t❤❡
♣❛✐rs (Xi, Yi)i ❛♥❞ ❝♦♠♣✉t❡ s✉❝❝❡ss❢✉❧❧② t❤❡ ❡st✐♠❛t♦r ♦❢ FX ✇✐t❤ t❤❡ Xi✳

❚♦ s✉♠ ✉♣✱ ✇❡ ❣❡t ❛ ❞❡✈❡❧♦♣♠❡♥t ♦❢ π̂D1,D2 ✐♥ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s✱ ✇❤♦s❡ ✜rst ❝♦♦r❞✐♥❛t❡ ✐s
✇❛r♣❡❞ ❜② F̂n✿

∀(x, y) ∈ A1 ×A2, π̂D1,D2(x, y) =

D1
∑

j1=1

D2
∑

j2=1

âj1,j2φj1 ⊗ ψj2

(

F̂n(x), y
)

.

❚❤❡ ♣r♦❝❡❞✉r❡ ✐s ♣❛rt✐❝✉❧❛r❧② s✐♠♣❧❡ ❛♥❞ ❢❛st t♦ ❝♦♠♣✉t❡✱ s✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥ts âj1,j2 ❛r❡ ❥✉st
❡♠♣✐r✐❝❛❧ ♠❡❛♥s ✭t❤❡② ❞♦ ♥♦t ✐♥✈♦❧✈❡ ❛♥② ♠❛tr✐① ✐♥✈❡rs✐♦♥✮✳ ❚❤❡ s❡❧❡❝t✐♦♥ r✉❧❡ ♦❢ t❤❡ ❧❡✈❡❧s D1

❛♥❞ D2 ✉s❡❞ ✐♥ ❛ s❡❝♦♥❞ st❡♣ ✐s ✐♥s♣✐r❡❞ ❜② r❡❝❡♥t ❛❞✈❛♥❝❡s ♦❢ ●♦❧❞❡♥s❤❧✉❣❡r ❛♥❞ ▲❡♣s❦✐ ❬✷✵✶✶❪
❛♥❞ ✐s ♣❛rt✐❝✉❧❛r❧② ✇❡❧❧ s✉✐t❡❞ t♦ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❢r❛♠❡✇♦r❦✳

❖✉r ♠❛✐♥ t❤❡♦r❡♠ ✐s ❛♥ ❛❞❛♣t✐✈✐t② ♥♦♥❛s②♠♣t♦t✐❝ r❡s✉❧t✱ ❛♥ ♦r❛❝❧❡✲✐♥❡q✉❛❧✐t② ❛♥❞ ♣❡r♠✐ts
t♦ ❞❡❞✉❝❡ ❛s②♠♣t♦t✐❝ r❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ q✉❛❞r❛t✐❝ r✐s❦✱ ✐❢ t❤❡ ❢✉♥❝t✐♦♥ h ❜❡❧♦♥❣s t♦
❛♥✐s♦tr♦♣✐❝ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s✳ ❲❡ s❤♦✇ t❤❛t ❛❞❛♣t❛t✐♦♥ ❤❛s ♥♦ ♣r✐❝❡ ❛♥❞ t❤❛t t❤❡ r❛t❡ ❝♦rr❡✲
s♣♦♥❞s ❡①❛❝t❧② t♦ t❤❡ ❜❡st ❜✐❛s✲✈❛r✐❛♥❝❡ ❝♦♠♣r♦♠✐s❡✱ ✇✐t❤ ❛ss✉♠♣t✐♦♥s st❛t❡❞ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ h
✐♥st❡❛❞ ♦❢ π✳ ▼♦r❡♦✈❡r✱ ♦♥ t❤❡ ♣r❛❝t✐❝❛❧ ❡①❛♠♣❧❡s✱ t❤❡ str❛t❡❣② ✇❡ ♣r♦♣♦s❡ ♦✉t♣❡r❢♦r♠s ❦❡r♥❡❧
♠❡t❤♦❞s s✉♠♠❡❞ ✉♣ ✐♥ ❋❛♥ ❛♥❞ ❨✐♠ ❬✷✵✵✹❪ ❛♥❞ t❤❡ ♣❡♥❛❧✐③❛t✐♦♥ ❞❡✈✐❝❡ ♦❢ ❇r✉♥❡❧ ❡t ❛❧✳ ❬✷✵✵✼❪✳
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✶✳✹✳ ❖r❣❛♥✐s❛t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r✳ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts t❤❡ t✇♦ ✇❛r♣❡❞ ❜❛s❡s ❡st✐♠❛t♦rs ✭t❤❡ ♦♥❡
❜✉✐❧t ❛ss✉♠✐♥❣ FX ✐s ❦♥♦✇♥✱ ❛♥❞ t❤❡ ♦♥❡ ❜✉✐❧t ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✮✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ❡❛❝❤
❡st✐♠❛t♦r ❛r❡ st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✿ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s ❛r❡ ❞❡s❝r✐❜❡❞ ❛♥❞ ❣❧♦❜❛❧ r✐s❦ ❜♦✉♥❞s
❛♥❞ r❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♣r❡s❡♥t❡❞✳ ❙❡❝t✐♦♥ ✹ ✐s ❞❡✈♦t❡❞ t♦ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳ ❋✐♥❛❧❧②✱ t❤❡ ♣r♦♦❢s
❛r❡ ❣❛t❤❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳

✷✳ ❊st✐♠❛t✐♦♥ str❛t❡❣②

❆❧❧ t❤❡ ❡st✐♠❛t♦rs ❞❡✜♥❡❞ ✐♥ t❤❡ s❡q✉❡❧ ❛r❡ ♣r♦❥❡❝t✐♦♥ ❡st✐♠❛t♦rs✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❜❡❣✐♥ ✇✐t❤
t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡s ✭❙❡❝t✐♦♥ ✷✳✶✮✳ ❲❡ t❤❡♥ ♣r♦❝❡❡❞ ✐♥ t❤r❡❡ st❡♣s t♦
❡st✐♠❛t❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② π✱ ♦♥ A1×A2✳ ❋✐rst✱ ✇❡ ❞❡✜♥❡ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡st✐♠❛t♦rs ❢♦r t❤❡
❢✉♥❝t✐♦♥ h ✭s❡❡ ❞❡✜♥✐t✐♦♥ ✭✶✮✮✱ ❜② ♠✐♥✐♠✐③✐♥❣ ❛ ❝♦♥tr❛st ♦♥ t❤❡ ♠♦❞❡❧s ✭❙❡❝t✐♦♥ ✷✳✷✮✳ ❚❤❡ s❡❝♦♥❞
st❡♣ ❝♦♥s✐sts ✐♥ ❡♥s✉r✐♥❣ t❤❡ ❛✉t♦♠❛t✐❝ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✱ ✇✐t❤♦✉t ❛♥② ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡
r❡❣✉❧❛r✐t② ♦❢ h✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ✇❡❧❧ ❞❡✜♥❡❞ ❡st✐♠❛t♦r ĥ ✭❙❡❝t✐♦♥ ✷✳✸✮✳ ❋✐♥❛❧❧②✱ ✇❡ ♣❛rt✐❛❧❧② ✇❛r♣
ĥ t♦ ❡st✐♠❛t❡ π✳

✷✳✶✳ ❆♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡s✳ ❖✉r ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡
❢✉♥❝t✐♦♥ h ❜❡❧♦♥❣s t♦ L2([0; 1]×A2)✱ t❤❡ s❡t ♦❢ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ [0; 1]×A2✱ ✇❤✐❝❤
✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ✉s✉❛❧ ❍✐❧❜❡rt str✉❝t✉r❡✿ ✇❡ ❞❡♥♦t❡ ❜② 〈., .〉 t❤❡ s❝❛❧❛r✲♣r♦❞✉❝t ❛♥❞ ❜② ‖.‖ t❤❡
♥♦r♠✳ ❈♦♥s❡q✉❡♥t❧②✱ h ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❛♥② ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s✱ ❛♥❞ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜②
✐ts ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s ♦♥t♦ t❤❡ ❧✐♥❡❛r s✉❜s♣❛❝❡s s♣❛♥♥❡❞ ❜② t❤❡ ✜rst ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❜❛s✐s✳
❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ A2 = [0; 1] ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣❛rt✳ ❚❤❡ ❝❛s❡ ♦❢ ❛♥② s❡❣♠❡♥t
A2 ❝❛♥ ❜❡ ❡❛s✐❧② ♦❜t❛✐♥❡❞ ❜② ♠❛❦✐♥❣ ❛ s❝❛❧✐♥❣ ❝❤❛♥❣❡✱ s❡❡ ❙❡❝t✐♦♥ ✹✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❡①❛♠♣❧❡ ♦❢
❊❢r♦♠♦✈✐❝❤ ❬✶✾✾✾❪✱ ✇❡ ❝❤♦♦s❡ t❤❡ ❋♦✉r✐❡r ❜❛s✐s (ϕj1 ⊗ ϕj2)j1,j2∈N\{0} ♦❢ L2([0; 1] × A2)✱ ❞❡✜♥❡❞
❢♦r u, y ∈ [0; 1] ❜②

✭✷✮ ϕ1(u) = 1, ∀k ∈ N\{0}, ϕ2k(u) =
√

2 cos(2πku), ϕ2k+1(u) =
√

2 sin(2πku),

❛♥❞ ϕj1 ⊗ ϕj2(u, y) = ϕj1(u)ϕj2(y)✳ ❋♦r ❛♥ ✐♥❞❡① l = 1, 2✱ ✇❡ ❛❧s♦ ❞❡♥♦t❡ ❜② Sml
t❤❡ s♣❛❝❡

s♣❛♥♥❡❞ ❜② {ϕ1, . . . , ϕDml
}✱ ❢♦r Dml

= 2ml + 1✱ ❛♥❞ ml ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s❡t ♦❢ ✐♥❞✐❝❡s I(l)
n =

{1, . . . , [√n/2]− 1} ✭[.] ✐s t❤❡ ✐♥t❡❣❡r ♣❛rt✮✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡s ❛r❡ t❤❡♥ Sm = Sm1 ×Sm2

❢♦r m = (m1,m2) ∈ Mn✱ ✇✐t❤ Mn = I(1)
n × I(2)

n ✳ ❚❤✉s✱ ✇❡ ❤❛✈❡

Sm = Sm1 × Sm2 = ❙♣❛♥ {ϕj1 ⊗ ϕj2 , j1 = 1, . . . , Dm1 , j2 = 1, . . . , Dm2} ,
❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Sm ✐s Dm = Dm1Dm2 ✳ ◆♦t✐❝❡ t❤❛t ❢♦r ❛❧❧ ml ∈ I(l)

n ✭l = 1, 2✮✱ Dml
≤ √

n
❛♥❞ t❤✉s Dm ≤ n✳

❘❡♠❛r❦ ✶✳ • ❚❤❡ ❜❛s✐s s❛t✐s✜❡s ‖∑Dm1
j1=1

∑Dm2
j2=1(ϕj1 ⊗ ϕj2)

2‖∞ ≤ Dm✱ ✇❤❡r❡ ‖.‖∞ ✐s t❤❡
s✉♣r❡♠✉♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ♦♥ [0; 1] × A2✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ ❧✐♥❦
❜❡t✇❡❡♥ t❤❡ ✐♥✜♥✐t❡ ♥♦r♠ ❛♥❞ t❤❡ L2 ♥♦r♠ ✭s❡❡ ❇✐r❣é ❛♥❞ ▼❛ss❛rt ✶✾✾✽ ❢♦r t❤❡ ♣r♦♦❢✮✿

✭✸✮ ∀t ∈ L2([0; 1] ×A2), ‖t‖∞ ≤
√

Dm1Dm2‖t‖ =
√

Dm‖t‖.
• ❋♦r ❡❛❝❤ ml,m

′
l ∈ I(l)

n ✭l = 1, 2✮✱ ✇❡ ❤❛✈❡

✭✹✮ Dml
≤ Dm′

l
=⇒ Sml

⊂ Sm′

l
.

◆♦t✐❝❡ t❤❛t ♦t❤❡r ❝❧❛ss✐❝❛❧ ♠♦❞❡❧s✱ s✉❝❤ ❛s ♠♦❞❡❧s s♣❛♥♥❡❞ ❜② r❡❣✉❧❛r ✇❛✈❡❧❡t ❜❛s✐s✱ ❤✐st♦❣r❛♠
❜❛s✐s ♦r ❞②❛❞✐❝ ♣✐❡❝❡✇✐s❡ ♣♦❧②♥♦♠✐❛❧ ❜❛s✐s s❛t✐s❢② s✐♠✐❧❛r ♣r♦♣❡rt✐❡s✳ ❲❡ r❡❢❡r t♦ ❇❛rr♦♥ ❡t ❛❧✳
❬✶✾✾✾❪✱ ❛♥❞ ❇r✉♥❡❧ ❛♥❞ ❈♦♠t❡ ❬✷✵✵✺❪ ❢♦r ❛ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥✳ ❙❡❡ ❛❧s♦ ❘❡♠❛r❦ ✷ ❜❡❧♦✇ ❛❜♦✉t
t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ♦✉r r❡s✉❧ts t♦ t❤❡s❡ ♠♦❞❡❧s✳
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✷✳✷✳ ❊st✐♠❛t✐♦♥ ♦♥ ❛ ✜①❡❞ ♠♦❞❡❧✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✐t❡r✐♦♥

∀t ∈ L2([0; 1] ×A2) 7→ γn(t, F̂n) := ‖t‖2 − 2

n

n
∑

i=1

t
(

F̂n(Xi), Yi

)

.

❚❤✐s ❝♦♥tr❛st ✐s ♥❡✇ ❛♥❞ q✉✐t❡ ❢❛r ❢r♦♠ t❤❡ r❡❣r❡ss✐♦♥ ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② ❧❡❛st✲sq✉❛r❡s
❝r✐t❡r✐♦♥✳ ❚❤❡ ♥♦✈❡❧t② ❝♦♠❡s ❜♦t❤ ❢r♦♠ t❤❡ L2 ♥♦r♠ ✇❤✐❝❤ st❛♥❞s ✐♥ ♣❧❛❝❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♥♦r♠
✉s❡❞ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝♦♥tr❛sts ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❝♦♥tr❛st γ0

n ✐♥ ❇r✉♥❡❧ ❡t ❛❧✳ ✷✵✵✼✮✱ ❛♥❞ ❢r♦♠
t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❝✳❞✳❢ F̂n✳ ❚♦ ❥✉st✐❢② t❤✐s ❝❤♦✐❝❡✱ ♣❧✉❣ ❢♦r ❛ ♠♦♠❡♥t t❤❡ tr✉❡ ❝✳❞✳❢
FX ✐♥st❡❛❞ ♦❢ ✐ts ❡♠♣✐r✐❝❛❧ ❝♦✉♥t❡r♣❛rt✱ ❛♥❞ ❝♦♠♣✉t❡✱ ❢♦r t ∈ L2([0; 1] ×A2)✱

E [γn(t, FX)] − E [γn(h, FX)] = ‖t‖2 − ‖h‖2 − 2E [(t− h) (FX(X1), Y1)] ,

= ‖t‖2 − ‖h‖2 − 2

∫

A1×A2

(t− h)(FX(x), y)π(x, y)fX(x)dxdy,

= ‖t‖2 − ‖h‖2 − 2

∫

[0;1]×A2

(t− h)(u, y)h(u, y)dudy,

= ‖t‖2 − ‖h‖2 − 2〈h, t− h〉,
= ‖t− h‖2.

❚❤✐s q✉❛♥t✐t② ✐s ♠✐♥✐♠❛❧ ✇❤❡♥ t = h✳ ❚❤✐s s❤♦✇s t❤❛t γn(., FX) ✭❛♥❞ γn(., F̂n) ✐♥ ♣r❛❝t✐❝❡✮ s✉✐ts
✇❡❧❧ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ h✳ ❲❡ t❤✉s s❡t✱ ❢♦r ❡❛❝❤ ♠♦❞❡❧ Sm✱

ĥF̂
m = ❛r❣ min

t∈Sm

γn(t, F̂n), ĥFX
m = ❛r❣ min

t∈Sm

γn(t, FX),

♦r ❡q✉✐✈❛❧❡♥t❧②✱

ĥF̂
m =

Dm1
∑

j1=1

Dm2
∑

j2=1

âF̂
j1,j2ϕj1 ⊗ ϕj2 , ✇✐t❤ âF̂

j1,j2 =
1

n

n
∑

i=1

ϕj1(F̂n(Xi))ϕj2(Yi),

❛♥❞ ❛ s✐♠✐❧❛r ❡①♣r❡ss✐♦♥ ❢♦r ❡st✐♠❛t♦r ĥFX
m ✇✐t❤ ❝♦❡✣❝✐❡♥ts âFX

j1,j2
✳ ❋✐♥❛❧❧②✱ ✇❡ s❡t

πF̂ ,F̂
m (x, y) = ĥF̂

m(F̂n(x), y) ❛♥❞ π̂FX ,FX
m (x, y) = ĥFX

m (FX(x), y),

❞❡♥♦t❡❞ ✇✐t❤ t✇♦ s✉♣❡r✲✐♥❞❡①❡s F̂ ✭♦r FX✮ t♦ ✉♥❞❡r❧✐♥❡ t❤❡ ❞♦✉❜❧❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t♦r

♦♥ t❤✐s ❢✉♥❝t✐♦♥✱ t❤r♦✉❣❤ ❜♦t❤ t❤❡ ❝♦❡✣❝✐❡♥ts âF̂
j,k ❛♥❞ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✜rst ✈❛r✐❛❜❧❡ ❜②

FX ✳ ◆♦t✐❝❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❝♦♥tr❛st ✇❡ ❞❡✜♥❡✿ ✇❡ ❣❡t ❛♥ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ❢♦r t❤❡ ❡st✐♠❛t♦r✳
❚❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❡❛s✐❧② ❝♦♠♣✉t❛❜❧❡ ❡♠♣✐r✐❝❛❧ ♠❡❛♥s✳ ❚❤❡② ❞♦ ♥♦t ✐♥✈♦❧✈❡ ❛ ♠❛tr✐❝✐❛❧ ✐♥✈❡rs✐♦♥
❝♦♠♣❛r❡❞ t♦ t❤❡ ❡st✐♠❛t♦r ♦❜t❛✐♥❡❞ ✈✐❛ t❤❡ ❧❡❛st✲sq✉❛r❡s ❝r✐t❡r✐♦♥ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❇r✉♥❡❧ ❡t ❛❧✳
✷✵✵✼✮✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤❡ t♦② ❝❛s❡ ♦❢ ❦♥♦✇♥ ❝✳❞✳❢✳ FX ✱ ĥFX

m ✐s ❛♥ ✉♥❜✐❛s❡❞ ❡st✐♠❛t♦r ♦❢ t❤❡
♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ h ♦♥t♦ Sm✳

✷✳✸✳ ▼♦❞❡❧ s❡❧❡❝t✐♦♥✳

✷✳✸✳✶✳ ❘✐s❦ ♦♥ ❛ ✜①❡❞ ♠♦❞❡❧✳ ■♥ ♦r❞❡r t♦ ❡①♣❧❛✐♥ ✇❤✐❝❤ ♠♦❞❡❧ Sm ✇❡ s❤♦✉❧❞ ❝❤♦♦s❡✱ ✇❡ ✜rst st✉❞②

t❤❡ q✉❛❞r❛t✐❝ r✐s❦ ♦❢ ❡❛❝❤ ❡st✐♠❛t♦r ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥ (πF̂ ,F̂
m )m∈Mn ✳ ❚❤❡ ❧♦ss ❢✉♥❝t✐♦♥ ♥❛t✉r❛❧❧②

❛ss♦❝✐❛t❡❞ t♦ ♦✉r ❝♦♥t❡①t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ L2−♥♦r♠✱

∀v ∈ L2(A1 ×A2, fX), ‖v‖2
fX

=

∫

A1×A2

v2(x, y)fX(x)dxdy,



✻ ●❆❐▲▲❊ ❈❍❆●◆❨A ∗

✇✐t❤ L2(A1 × A2, fX)✱ t❤❡ s♣❛❝❡ ♦❢ sq✉❛r❡❞✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ A1 × A2 ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✇❡✐❣❤t❡❞ ❜② t❤❡ ❞❡♥s✐t② fX ✳ ❲❡ ❞❡♥♦t❡ 〈., .〉fX

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❛❧❛r✲
♣r♦❞✉❝t✳ ◆♦t✐❝❡ ❜❡s✐❞❡s t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❦s ❤♦❧❞ ❜❡t✇❡❡♥ t❤✐s ♥♦r♠ ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ♥♦r♠
♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞✿ ❢♦r t, s ∈ L2([0; 1] ×A2)✱ ✇❡ ❝♦♠♣✉t❡✱ ✉s✐♥❣ F ′

X = fX ✱

‖t(FX(.), .)‖fX
= ‖t‖, 〈t(FX(.), .), s(FX(.), .)〉fX

= 〈t, s〉.
■❢ ✇❡ ✇❛♥t t♦ ❜♦✉♥❞ t❤❡ ❝❧❛ss✐❝❛❧ q✉❛❞r❛t✐❝ r✐s❦ ♦❢ t❤❡ ❡st✐♠❛t♦r✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t fX ✐s

❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t f0✿ t❤✐s ❛ss✉♠♣t✐♦♥✱ ✇❤✐❝❤ ✐s st❛♥❞❛r❞ ✭s❡❡
❢♦r ❡①❛♠♣❧❡ ❆ss✉♠♣t✐♦♥ A2 ✐♥ ❇r✉♥❡❧ ❡t ❛❧✳ ✷✵✵✼✱ ♦r ❆ss✉♠♣t✐♦♥ (HBas) ✐♥ ❇❛r❛✉❞ ✷✵✵✷✮ ❧❡❛❞s
t♦ t❤❡ ✐♥❡q✉❛❧✐t② ‖v‖fX

≥ f0‖v‖✱ ❢♦r ❛❧❧ v ∈ L2(A1 ×A2, fX)✳ ❚❤✉s✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❜♦✉♥❞ t❤❡
✇❡✐❣❤t❡❞ r✐s❦✳
❲❡ ❝❛♥ ❣✐✈❡ ❛ s✐♠♣❧❡ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ❝❤♦✐❝❡ ♦❢ ❛♥ ❡st✐♠❛t♦r ❛♠♦♥❣ t❤❡ ❝♦❧❧❡❝t✐♦♥✱ ❝♦♥s✐❞❡r✐♥❣
✜rst t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ t❤❡♦r❡t✐❝❛❧ ❡st✐♠❛t♦rs (π̂FX ,FX

m )m✳ ❋♦r t❤❡ ✇❡✐❣❤t❡❞ L2−r✐s❦ ✇❤✐❝❤ ✐s ✉s❡❞
✐♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✱ ❛♥❞ ❢♦r ❡❛❝❤ m ∈ Mn✱ ✇❡ ❣❡t

E

[

∥

∥π̂FX ,FX
m − π

∥

∥

2

fX

]

=
∥

∥π − πFX
m

∥

∥

2

fX
+ E

[

∥

∥πFX
m − π̂FX ,FX

m

∥

∥

2

fX

]

,

= ‖h− hm‖2 + E

[

∥

∥

∥
hm − ĥFX

m

∥

∥

∥

2
]

,✭✺✮

✇❤❡r❡

πFX
m (x, y) = hm(FX(x), y) ❛♥❞ hm ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ h ♦♥t♦ Sm.

❲❡ r❡❝♦✈❡r t❤❡ ✉s✉❛❧ sq✉❛r❡❞✲❜✐❛s✴✈❛r✐❛♥❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r✐s❦✳ ❚❤❡ ❦❡② ♣♦✐♥t ✐s t❤❡
❞✐✛❡r❡♥❝❡ ♦❢ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ t✇♦ t❡r♠s✿ t❤❡② ❜♦t❤ ❞❡♣❡♥❞ ♦♥ Dm ❜✉t ✐♥ ♦♣♣♦s✐t❡ ✇❛②s✳ ❚❤❡
✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✺✮ ❞❡❝r❡❛s❡s ✇❤❡♥ Dm ❣r♦✇s✱ s✐♥❝❡ π ✐s ❜❡tt❡r ❛♣♣r♦①✐♠❛t❡❞
❜② ✐ts ♣r♦❥❡❝t✐♦♥ ✇❤❡♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡ ❣r♦✇s✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ t❡r♠ ❣r♦✇s ✇✐t❤ Dm✿

E

[

∥

∥π̂FX ,FX
m − πFX

m

∥

∥

2

fX

]

=

Dm1
∑

j1=1

Dm2
∑

j2=1

❱❛r
(

âFX

j1,j2

)

,

≤ 1

n

Dm1
∑

j1=1

Dm2
∑

j2=1

E

[

(ϕj1 (FX(Xi))ϕj2(Yi))
2
]

≤ Dm1Dm2

n
,✭✻✮

✉s✐♥❣ Pr♦♣❡rt② ✭✸✮✳ ❚❤❡ ❜❡st ♠♦❞❡❧ ❛♠♦♥❣ t❤❡ ❝♦❧❧❡❝t✐♦♥ ✐s t❤❡ ♦♥❡ ✇❤✐❝❤ ♠✐♥✐♠✐s❡s t❤❡ r✐❣❤t✲
❤❛♥❞ s✐❞❡ ✐♥ ✭✺✮✱ ♠❛❦✐♥❣ ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ sq✉❛r❡❞✲❜✐❛s t❡r♠ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ t❡r♠✳
❍♦✇❡✈❡r✱ ✐t ✐s ✉♥❦♥♦✇♥ s✐♥❝❡ h ❛♥❞ hm ❛r❡ ♥♦t ♦❜s❡r✈❡❞✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r ♦❢ π
♠✉st ♠❛❦❡ t❤✐s ❝♦♠♣r♦♠✐s❡ ❛✉t♦♠❛t✐❝❛❧❧②✳

✷✳✸✳✷✳ ❙❡❧❡❝t✐♦♥ r✉❧❡✳ ❲❡ ♣r♦♣♦s❡ t♦ ✉s❡ ❛ s❝❤❡♠❡ ♣r♦♣♦s❡❞ ❜② ●♦❧❞❡♥s❤❧✉❣❡r ❛♥❞ ▲❡♣s❦✐ ❬✷✵✶✶❪
❢♦r ❞❡♥s✐t② ❡st✐♠❛t✐♦♥✳ ❚❤❡ ❛❞❛♣t✐✈❡ ✐♥❞❡① ✐s ❝❤♦s❡♥ ❛s ❢♦❧❧♦✇s✿

m̂F̂ =
(

m̂F̂
1 , m̂

F̂
2

)

= ❛r❣ min
m∈Mn

[

A(m, F̂n) + 2V F̂ (m)
]

,

✇❤❡r❡ V F̂ ❤❛s t❤❡ ♦r❞❡r ♦❢ t❤❡ ✈❛r✐❛♥❝❡ t❡r♠✿

✭✼✮ V F̂ : m = (m1,m2) 7→ c1
Dm1Dm2

n
,

✇✐t❤ c1 ❛ ♣✉r❡❧② ♥✉♠❡r✐❝❛❧ ❝♦♥st❛♥t✳ ■ts t❤❡♦r❡t✐❝❛❧ ❝❛❧✐❜r❛t✐♦♥ ✐s ♣r❡❝✐s❡❞ ✐♥ t❤❡ ♣r♦♦❢s ✭❙❡❝t✐♦♥
✺✳✸✳✶✮✱ ❛♥❞✱ ✐♥ ♣r❛❝t✐❝❡✱ ✇❡ ❛❞❥✉st ✐t ❜② s✐♠✉❧❛t✐♦♥s ✭s❡❡ ❞❡t❛✐❧s ✐♥ ❙❡❝t✐♦♥ ✹✮✳ ❚❤❡ ❢✉♥❝t✐♦♥
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A(., F̂n) ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡st✐♠❛t♦rs ❜✉✐❧t ✐♥ t❤❡ ✜rst st❛❣❡✿

✭✽✮ A(m, F̂n) = max
m′∈Mn

(

∥

∥

∥
ĥF̂

m′ − ĥF̂
m∧m′

∥

∥

∥

2
− V F̂ (m′)

)

+

,

✇❤❡r❡ x+ = max(x, 0)✱ x ∈ R ❛♥❞ m ∧m′ = (m1 ∧m′
1,m2 ∧m′

2)✳ ❲❡ ♣r♦✈❡ t❤❛t A(m, F̂n) ❤❛s
t❤❡ ♦r❞❡r ♦❢ t❤❡ ❜✐❛s t❡r♠ ✭s❡❡ ■♥❡q✉❛❧✐t② ✭✶✼✮✮✳ ❚❤✉s ✇❡ ❣❡t ❛♥ ❡st✐♠❛t♦r✱ ❡①♣❧✐❝✐t❧② ❡①♣r❡ss❡❞
✐♥ ❛ ✇❛r♣❡❞ ❜❛s✐s✱

✭✾✮ π̃(x, y) = ĥF̂
mF̂

(F̂n(x), y).

❚❤❡ L2−♥♦r♠ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ A(., m̂) ✐s ❡❛s② t♦ ❝♦♠♣✉t❡✱ s✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥s ĥF̂
m′ ✱

m′ ∈ Mn ❛r❡ ❡①♣r❡ss❡❞ ✇✐t❤ ❛ ❞❡✈❡❧♦♣♠❡♥t ✐♥ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✭s❡❡ ❙❡❝t✐♦♥ ✹ ❢♦r ❞❡t❛✐❧s✮✳
❚❤✐s ❛❞✈❛♥t❛❣❡ ♠✉st ❜❡ ❤✐❣❤❧✐❣❤t❡❞ ❝♦♠♣❛r❡❞ t♦ ♦t❤❡r str❛t❡❣✐❡s ♦❢ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ✉s✐♥❣ t❤❡
❝♦♥tr❛st ❢✉♥❝t✐♦♥ ♦r t♦ str❛t❡❣✐❡s ✐♥✈♦❧✈✐♥❣ ❜❛♥❞✇✐t❤ ❝❤♦✐❝❡ ❢♦r ❛ ❦❡r♥❡❧✳
❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♥♦✈❡❧t✐❡s t♦ ✉♥❞❡r❧✐♥❡✳ ❋✐rst✱ t❤❡ ✇❛r♣✐♥❣ ♦❢ t❤❡ ❜❛s✐s ❢♦r t❤❡ ✈❛r✐❛❜❧❡ x ❧❡❛❞s t♦
❡①♣❧✐❝✐t ❛♥❞ s✐♠♣❧❡ ❝♦❡✣❝✐❡♥ts âF̂

j1,j2
❢♦r t❤❡ ❡st✐♠❛t♦r✳ ❚❤❡ ✉s❡ ♦❢ ❛ s❡❧❡❝t✐♦♥ ❞❡✈✐❝❡ ✐♥s♣✐r❡❞ ❢r♦♠

●♦❧❞❡♥s❤❧✉❣❡r ❛♥❞ ▲❡♣s❦✐ ❬✷✵✶✶❪ ✐s ♦r✐❣✐♥❛❧ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ s❡❧❡❝t✐♦♥✳

◆♦t❡ ❛❧s♦ t❤❛t t❤❡ s♣❡❝✐✜❝ ❢❛❝t♦r 2 ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ m̂F̂ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t ✭❜✉t t❡❝❤♥✐❝❛❧✮ r♦❧❡
✐♥ t❤❡ ♣r♦♦❢s✳ ❖♥❝❡ t❤❡ ❝♦♥st❛♥t c1 ✐s ❝❤♦s❡♥ ✭t❤r♦✉❣❤ s✐♠✉❧❛t✐♦♥ ❡①♣❡r✐♠❡♥ts✮✱ t❤❡ ✧♣❡♥❛❧t②✧

t❡r♠ V F̂ ✐s ❡♥t✐r❡❧② ❞❛t❛ ❞r✐✈❡♥✱ ✇❤✐❧❡ t❤❡ ♣❡♥❛❧t② ✐♥ t❤❡ r❡❣r❡ss✐♦♥✲t②♣❡ ❝♦♥tr❛st ❞❡♣❡♥❞s✱ ✐♥
❛❞❞✐t✐♦♥✱ ♦♥ t❤❡ ✉♥❦♥♦✇♥ ✐♥✜♥✐t❡ ♥♦r♠ ♦❢ π ✭s❡❡ ❇r✉♥❡❧ ❡t ❛❧✳ ✷✵✵✼✱ ♦r ▲❛❝♦✉r ✷✵✵✼✮✳

❋✐♥❛❧❧②✱ ❧❡t ✉s ❞❡✜♥❡ ❛♥ ❡st✐♠❛t♦r ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❝❛s❡ ♦❢ ❦♥♦✇♥ ❝✳❞✳❢✳ FX ✿

✭✶✵✮ π̃0(x, y) = ĥFX

m̂FX
(FX(x), y),

✇✐t❤ m̂FX s❡❧❡❝t❡❞ ❛s t❤❡ ❛r❣✉♠❡♥t✲♠✐♥✐♠✉♠ ♦❢ A(m,FX) + V FX (m)✱ ✇❤❡r❡ ✇❡ ❞❡♥♦t❡ ❜②
V FX (m) = c0Dm1Dm2/n✱ c0 ❛ ♥✉♠❡r✐❝❛❧ ❝♦♥st❛♥t✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞✐✛❡r❡♥t ♦❢ c1✳

✸✳ ▼❛✐♥ r❡s✉❧ts

✸✳✶✳ ❆♥✐s♦tr♦♣✐❝ ❙♦❜♦❧❡✈ s♣❛❝❡s✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s ✇❡ ❝♦♥s✐❞❡r ❢✉rt❤❡r ❢♦r
t❤❡ ❢✉♥❝t✐♦♥ h ✭❡✈❡♥ ✐❢ ✐ts ✐♥❞❡① ♦❢ r❡❣✉❧❛r✐t② ♥❡❡❞s ♥♦t ❜❡ ❦♥♦✇♥✮✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ tr✐❣♦♥♦♠❡tr✐❝
♠♦❞❡❧s ❧❡❛❞s ✉s t♦ ❝♦♥s✐❞❡r s♣❛❝❡s ♦❢ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✱ t❤❛t ✐s ❙♦❜♦❧❡✈ s♣❛❝❡s✳ ❲❡ ❞❡✜♥❡ t❤❡♠
❞✐r❡❝t❧② ✈✐❛ ❋♦✉r✐❡r ❝♦❡✣❝✐❡♥ts✱ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t t❤❡② ❝❛♥ ❛❧s♦ ❜❡ ❝❤❛r❛❝t❡r✐s❡❞ ✈✐❛ ✇❡❛❦
❞✐✛❡r❡♥t✐❛❜✐❧✐t② ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❉❡❱♦r❡ ❛♥❞ ▲♦r❡♥t③ ✶✾✾✸ ❛♥❞ ❍är❞❧❡ ❡t ❛❧✳ ✶✾✾✽ ❢♦r ❢✉♥❝t✐♦♥s
♦❢ ♦♥❡ ✈❛r✐❛❜❧❡✱ ❛♥❞ ❆❞❛♠s ✶✾✼✺ ❢♦r ❢✉♥❝t✐♦♥s ♦❢ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s✮✳ Pr❡❝✐s❡❧②✱ ♦✉r ❛✐♠ ✐s t♦
❡①t❡♥❞ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❚s②❜❛❦♦✈ ✭▲❡♠♠❛ ❆✳✸✱ ♣✳✶✻✷✱ ❚s②❜❛❦♦✈ ✷✵✵✹✮ t♦ ❢✉♥❝t✐♦♥s ♦❢ t✇♦
✈❛r✐❛❜❧❡s✳
▲❡t t ∈ L2([0; 1]2)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ r❡❛❧✲✈❛❧✉❡❞ ❢❛♠✐❧② (θj1,j2)j1,j2∈N\{0} s✉❝❤ t❤❛t

t =
∑

j1,j2∈N\{0}

θj1,j2ϕj1 ⊗ ϕj2 .

❘❡❝❛❧❧ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s ϕj ❛r❡ ❞❡✜♥❡❞ ❜② ✭✷✮✳ ❲❡ s❛② t❤❛t t ❜❡❧♦♥❣s t♦ t❤❡ ♣❛rt✐❛❧ ❜❛❧❧ ✇✐t❤
r❛❞✐✉s L > 0 ❛♥❞ r❡❣✉❧❛r✐t② α = (α1, α2) ✭αl ∈ N✱ l = 1, 2✱ α 6= (0, 0)✮✱ ✐❢

✭✶✶✮
∑

j1,j2∈N\{0}

µ2
j1,α1

µ2
j2,α2

θ2
j1,j2 ≤ L2

π2(α1+α2)
,

✇✐t❤ µjl,αl
= jαl

l ❢♦r ❡✈❡♥ jl✱ µjl,αl
= (jl − 1)αl ♦t❤❡r✇✐s❡✳ ❲❡ ✇r✐t❡ t ∈ W 2

per([0; 1]2, L, α)✱ ✐♥
t❤❡ s♣✐r✐t ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❚s②❜❛❦♦✈ ❬✷✵✵✹❪✳ ❚❤❡s❡ s♣❛❝❡s ❛r❡ ❛♥✐s♦tr♦♣✐❝✳ ❚❤❡ ❢✉♥❝t✐♦♥ h ❝❛♥
t❤✉s ❤❛✈❡ ❞✐✛❡r❡♥t s♠♦♦t❤♥❡ss ♣r♦♣❡rt✐❡s ✇✐t❤ r❡s♣❡❝t t♦ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✳



✽ ●❆❐▲▲❊ ❈❍❆●◆❨A ∗

▲❡t ✉s ✜♥❛❧❧② ❣✐✈❡ ❛ ✉s❡❢✉❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦♣❡rt② ♦❢ t❤✐s s♣❛❝❡✳ ❲❡ ❞❡♥♦t❡ ❜② tm = t(m1,m2) t❤❡
♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ t ♦♥t♦ t❤❡ s✉❜s♣❛❝❡ Sm = S(m1,m2)✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
r❛t❡✿

‖t− tm‖2 ≤ C(α,L)
(

D−2α1
m1

+D−2α2
m2

)

,

✇❤❡r❡ C(α,L) ✐s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ α ❛♥❞ L✳ ❚❤✐s ✐♥❡q✉❛❧✐t② ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ▲❡♠♠❛
✾ ✐♥ ▲❛❝♦✉r ❬✷✵✵✼❪✱ ❜❛s❡❞ ♦♥ ♣❛♣❡rs ❜② ❍♦❝❤♠✉t❤ ❬✷✵✵✷❪ ❛♥❞ ◆✐❦♦❧′s❦✐✟✙ ❬✶✾✼✺❪✳

✸✳✷✳ ◆♦♥❛s②♠♣t♦t✐❝ r✐s❦ ❜♦✉♥❞ ❛♥❞ ❝♦♥s❡q✉❡♥❝❡✳ ❚❤❡ ✜rst t❤❡♦r❡♠ ♣r♦✈✐❞❡s ❛ ♥♦♥❛s②♠♣✲
t♦t✐❝ ❜♦✉♥❞ ❢♦r t❤❡ r✐s❦ ♦❢ t❤❡ ❡st✐♠❛t♦r π̃ ✭s❡❡ ✐ts ❞❡✜♥✐t✐♦♥ ✭✾✮✮✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ tr✐❣♦♥♦♠❡tr✐❝
♠♦❞❡❧s s❛t✐s❢② ♣r♦♣❡rt✐❡s ✭✸✮ ❛♥❞ ✭✹✮✱ ❛♥❞ t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥sDml

❛r❡ ❜♦✉♥❞❡❞ ❜②
√
n✳ ❍❡r❡❛❢t❡r

✇❡ ❞❡♥♦t❡ ❜② ‖.‖∞,[0;1] t❤❡ ✐♥✜♥✐t❡ ♥♦r♠ ♦❢ ❛ ❢✉♥❝t✐♦♥ ♦✈❡r t❤❡ ✐♥t❡r✈❛❧ [0; 1]✳

❚❤❡♦r❡♠ ✶✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ h ❜❡❧♦♥❣s t♦ t❤❡ ❛♥✐s♦tr♦♣✐❝ ❙♦❜♦❧❡✈ ❜❛❧❧ ❞❡♥♦t❡❞ ❜②
W 2

per([0; 1]2, L, (1, 0))✱ ❢♦r s♦♠❡ ✜①❡❞ L > 0✱ ✐s ❜♦✉♥❞❡❞ ♦♥ [0; 1]2✱ ❛♥❞ ✐s C1 ✇✐t❤ r❡s♣❡❝t t♦ ✐ts
✜rst ✈❛r✐❛❜❧❡ ♦♥ [0; 1]✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t✱ ❢♦r s♦♠❡ ❝♦♥st❛♥ts Ca, Cb, Cc✱ t❤❡ tr✐❣♦♥♦♠❡tr✐❝
♠♦❞❡❧s s❛t✐s❢②

✭✶✷✮ ∀m = (m1,m2) ∈ Mn, Dm1 ≤ Ca

(

n

ln2(n)

)1/3

❛♥❞ Cb ln5(n) ≤ Dm2 ≤ Cc

√
n.

❚❤❡♥✱ t❤❡r❡ ❡①✐sts ♥✉♠❡r✐❝❛❧ ❝♦♥st❛♥ts c ❛♥❞ C ❞❡♣❡♥❞✐♥❣ ♦♥ ‖ϕ′
2‖∞,[0;1]✱ ‖ϕ′′

2‖∞,[0;1]✱ ‖ϕ(3)
2 ‖∞,[0;1]✱

‖h‖✱ ‖∂1h‖✱ ❛♥❞ L✱ s✉❝❤ t❤❛t

E

[

‖π̃ − π‖2
fX

]

≤ c min
m∈Mn

{

Dm1Dm2

n
+
∥

∥πFX
m − π

∥

∥

2

fX

}

+
C

n
.✭✶✸✮

❘❡♠❛r❦ ✷✳ • ❚❤❡r❡ ❛❝t✉❛❧❧② ❡①✐sts ❛♥ ✐♥t❡❣❡r n0✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ h✱ s✉❝❤ t❤❛t
■♥❡q✉❛❧✐t② ✭✶✸✮ ❤♦❧❞s ❢♦r ❛❧❧ n ≥ n0 ✇✐t❤ ❛ ♣✉r❡❧② ♥✉♠❡r✐❝❛❧ ❝♦♥st❛♥t c✳ ❇✉t t❤❡ r❡s✉❧t
✐s ♥♦♥❛s②♠♣t♦t✐❝✱ s✐♥❝❡ t❤❡ ✐♥❡q✉❛❧✐t② ❛❧s♦ ❤♦❧❞s ❢♦r n < n0✱ t❛❦✐♥❣ ❛ ❝♦♥st❛♥t c ✇❤✐❝❤
❞❡♣❡♥❞s ♦♥ q✉❛♥t✐t✐❡s ♦❢ t❤❡ ♣r♦❜❧❡♠✳

• ❯♣ t♦ t❤✐s r❡s✉❧t✱ t❤❡ ♠♦❞❡❧s Sm1 ❛♥❞ Sm2 ❛♥❞ t❤❡✐r r❡s♣❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥s ❤❛✈❡ ♣❧❛②❡❞
t❤❡ s❛♠❡ r♦❧❡✳ ❇✉t ✐♥ t❤❡ t❤❡♦r❡♠✱ t❤❡ ❞✐♠❡♥s✐♦♥ ❝♦♥str❛✐♥ts ✭✶✷✮ ❛r❡ ♥♦t t❤❡ s❛♠❡ ✐♥

❡❛❝❤ ❞✐r❡❝t✐♦♥✳ ❚♦ ❜❡ t♦t❛❧❧② r✐❣♦r♦✉s✱ ✇❡ s❤♦✉❧❞ ❞❡♥♦t❡ ❜② S(l)
ml

t❤❡ ♠♦❞❡❧s ❛♥❞ ❜② D(l)
ml

t❤❡✐r ❞✐♠❡♥s✐♦♥✱ ❢♦r ❡❛❝❤ l = 1, 2✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❦❡❡♣ t❤❡ ✜rst ♥♦t❛t✐♦♥s
❛s t❤❡r❡ ✐s ♥♦ ♣♦ss✐❜❧❡ ❝♦♥❢✉s✐♦♥✳

• ■❢ ✇❡ ❢♦❝✉s ♦♥ t❤❡ s✐♠♣❧❡r s✐t✉❛t✐♦♥ ♦❢ ❦♥♦✇♥ ❝✳❞✳❢✳✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ s❛♠❡ r❡s✉❧t ❛s
■♥❡q✉❛❧✐t② ✭✶✸✮ ❢♦r t❤❡ ❡st✐♠❛t♦r π̃0 ✭❞❡✜♥❡❞ ❜② ✭✶✵✮✮✱ ✇✐t❤ ❢❡✇ ❛ss✉♠♣t✐♦♥s✿ ✇❡ ♦♥❧②
❛ss✉♠❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ h ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ s♣❛❝❡ [0; 1]×A2✱ ❛♥❞ ✇❡ ❤❛✈❡ ♥♦ ❛❞❞✐t✐♦♥❛❧
❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ tr✐❣♦♥♦♠❡tr✐❝ ♠♦❞❡❧✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝♦♥st❛♥t c ✐♥ ✭✶✸✮ ✐s ♣✉r❡❧②
♥✉♠❡r✐❝❛❧✱ ❛♥❞ t❤❡ ♦t❤❡r ❝♦♥st❛♥t C ❞❡♣❡♥❞s ♦♥❧② ♦♥ ‖h‖∞✳ ❚❤✐s r❡s✉❧t ❤♦❧❞s ✐♥ ❛ ♠♦r❡
❣❡♥❡r❛❧ s❡tt✐♥❣ t❤❛♥ tr✐❣♦♥♦♠❡tr✐❝ ♠♦❞❡❧s✳ ■t ✐s s✉✣❝✐❡♥t t♦ ❛ss✉♠❡ t❤❛t t❤❡ ♠♦❞❡❧s
s❛t✐s❢② ♣r♦♣❡rt✐❡s ✭✸✮ ❛♥❞ ✭✹✮✱ ❛♥❞ ❤❛✈❡ ❞✐♠❡♥s✐♦♥s ❜♦✉♥❞❡❞ ❜②

√
n✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s

❛r❡ ✈❡r② ✇❡❛❦✳ ❙✐♥❝❡ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✐s ❜♦t❤ s❤♦rt ❛♥❞ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡
♠❡t❤♦❞ ✉s❡❞ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✱ ✇❡ ❜❡❣✐♥ ✇✐t❤ ✐t ✐♥ t❤❡ ♣r♦♦❢ s❡❝t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✷✮✳

❚❤❡ ❜❛s✐❝ ♦✉t❧✐♥❡ ♦❢ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ✭✇✐t❤ ❛ ♠❡t❤♦❞ ✐♥s♣✐r❡❞ ❜② ●♦❧❞❡♥s❤❧✉❣❡r ❛♥❞ ▲❡♣s❦✐
✷✵✶✶✮ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ❜✐❛s✲✈❛r✐❛♥❝❡ s✉♠ ❛♥❞ t♦ s❡❧❡❝t t❤❡ ♠♦❞❡❧ ✇❤✐❝❤ ♠✐♥✐♠✐s❡s ✐t✳ ❚❤❡♦r❡♠
✶ s❤♦✇s t❤❛t ✐t ✐s ❛ ❣♦♦❞ str❛t❡❣②✿ t❤❡ r✐❣❤t ♠♦❞❡❧ ✭✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t r❡❛❧✐s❡s t❤❡ tr❛❞❡✲♦✛✮
❤❛s ❜❡❡♥ ❝❤♦s❡♥ ✐♥ ❛ ❞❛t❛✲❞r✐✈❡♥ ✇❛② ❛♥❞ t❤❡ s❡❧❡❝t❡❞ ❡st✐♠❛t♦r ♣❡r❢♦r♠s ❛s ✇❡❧❧ ❛s t❤❡ ❜❡st

❡st✐♠❛t♦r ✐♥ t❤❡ ❢❛♠✐❧② {πF̂ ,F̂
m , m ∈ Mn}✱ ✉♣ t♦ s♦♠❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥ts ❛♥❞ t♦ ❛ ♥❡❣❧✐❣✐❜❧❡



❲❆❘P❊❉ ❇❆❙❊❙ ❋❖❘ ❈❖◆❉■❚■❖◆❆▲ ❉❊◆❙■❚❨ ❊❙❚■▼❆❚■❖◆ ✾

r❡s✐❞✉❛❧ t❡r♠ ♦❢ ♦r❞❡r 1/n✳ ❚❤❡ ❝♦♥st❛♥ts ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ♣r♦♦❢✱ ✇❤✐❝❤ ✐s ❞❡❢❡rr❡❞ t♦ ❙❡❝t✐♦♥
✺✳✷✳

❇r✉♥❡❧ ❡t ❛❧✳ ❬✷✵✵✼❪ ♣r♦✈✐❞❡ t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ ♦r❛❝❧❡ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡✐r ❡st✐♠❛t♦r ❜✉✐❧t ❜②
♣❡♥❛❧✐③❛t✐♦♥ ♦❢ ❛ r❡❣r❡ss✐♦♥✲t②♣❡ ❝♦♥tr❛st✳ ❚❤❡ ❛ss✉♠♣t✐♦♥s s❡❡♠ ✜rst t♦ ❜❡ s❧✐❣❤t❧② ❧❡ss r❡str✐❝✲
t✐✈❡✿ ✐t ✐s ♦♥❧② ❛ss✉♠❡❞ t❤❛t Dm1 ≤ n1/2/ ln(n)✳ ❍♦✇❡✈❡r✱ t❤❡ t❡r♠ V F̂ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥②
✉♥❦♥♦✇♥ t❡r♠ ❛♥❞ ✐s t❤❡♥ ❡♥t✐r❡❧② ❝♦♠♣✉t❛❜❧❡✱ ❝♦♥tr❛r② t♦ t❤❡ ♣❡♥❛❧t② ✉s❡❞ ✐♥ ❇r✉♥❡❧ ❡t ❛❧✳
❬✷✵✵✼❪✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ‖π‖∞✳ ▼♦r❡♦✈❡r✱ r❡♣❧❛❝✐♥❣ t❤✐s q✉❛♥t✐t② ❜② ❛♥ ❡st✐♠❛t♦r r❡q✉✐r❡s
♠✉❝❤ ♠♦r❡ r❡❣✉❧❛r✐t② ❝♦♥str❛✐♥ts t❤❛♥ t❤❡ ♦♥❡ ✇❡ ❤❛✈❡✱ ❛♥❞ ❧❡❛❞s t♦ ❛ s❡♠✐✲❛s②♠♣t♦t✐❝ r❡s✉❧t
✭s❡❡ t❤❡ ❛♣♣❡♥❞✐① ♦❢ ▲❛❝♦✉r ✷✵✵✼ ❢♦r ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛ ♠♦❞❡❧
s❡❧❡❝t✐♦♥ str❛t❡❣② ✐♥ t❤❡ s♣✐r✐t ♦❢ ●♦❧❞❡♥s❤❧✉❣❡r✲▲❡♣s❦✐ ❛♣♣❧✐❡❞ ✇✐t❤ ✇❛r♣❡❞ ❜❛s❡s ❤❛s t❤❡ ❛❞✲
✈❛♥t❛❣❡ ♦❢ ♣r♦✈✐❞✐♥❣ ❛♥ ❡st✐♠❛t♦r ❡❛s✐❡r t♦ ❝♦♠♣✉t❡ t❤❛♥ ❛ r❡❣r❡ss✐♦♥✲t②♣❡ ❡st✐♠❛t♦r ❛♥❞ ✇✐t❤
❣♦♦❞ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ✉♥❞❡r q✉✐t❡ ✇❡❛❦ ❛ss✉♠♣t✐♦♥s✳

❚❤❡♦r❡♠ ✶ ❛❧s♦ ❡♥❛❜❧❡s ✉s t♦ ❣✐✈❡ ❛ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ π✱ ✉♥❞❡r r❡❣✉❧❛r✐t②
❛ss✉♠♣t✐♦♥s ❢♦r ❢✉♥❝t✐♦♥ h✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❜♦✉♥❞ ♦❢ ■♥❡q✉❛❧✐t② ✭✶✸✮ ✐s ❝❧♦s❡ t♦ t❤❡ ♦r❞❡r ♦❢ t❤❡
s✉♠ ♦❢ t❤❡ ✈❛r✐❛♥❝❡ t❡r♠ ❛♥❞ t❤❡ ❜✐❛s t❡r♠✳ ❚❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞✲s✐❞❡ ♦❢ t❤❡
✐♥❡q✉❛❧✐t② ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❣✉❧❛r ❢✉♥❝t✐♦♥s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡
♦❜t❛✐♥❡❞ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❧✐❦❡❧② t♦ ❜❡ ♠✐♥✐♠❛① ✐♥ ♠♦st ❝❛s❡s✳

❈♦r♦❧❧❛r② ✶✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ h ❜❡❧♦♥❣s t♦ t❤❡ ❛♥✐s♦tr♦♣✐❝ ❙♦❜♦❧❡✈ ❜❛❧❧ ❞❡♥♦t❡❞ ❜②
W 2

per([0; 1]2, L, α)✱ ❢♦r s♦♠❡ ✜①❡❞ L > 0✱ ❛♥❞ α = (α1, α2) ✭αl ∈ N✱ l = 1, 2✱ α 6= (0, 0)✮ ✇✐t❤
α1 − 2α2 + 2α1α2 > 0✱ ❛♥❞ α2 − α1 + 2α1α2 > 0✳ ❚❤❡♥✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✱

E

[

‖π̃ − π‖2
fX

]

≤ C(α,L)n−
2ᾱ

2ᾱ+2 ,

✇✐t❤ C(α,L) ❛ ♥✉♠❡r✐❝❛❧ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ α ❛♥❞ L✱ ‖ϕ′
2‖∞,[0;1]✱ ‖ϕ′′

2‖∞,[0;1]✱ ‖ϕ(3)
2 ‖∞,[0;1]✱

‖h‖✱ ‖∂1h‖✳ ❚❤❡ q✉❛♥t✐t② ᾱ ✐s t❤❡ ❤❛r♠♦♥✐❝ ♠❡❛♥ ♦❢ α1 ❛♥❞ α2✳

❚❤❡ ❤❛r♠♦♥✐❝ ♠❡❛♥ ♦❢ α1 ❛♥❞ α2 ✐s t❤❡ r❡❛❧ ᾱ s✉❝❤ t❤❛t 2/ᾱ = 1/α1 + 1/α2✳ ❚❤❡ ❝♦r♦❧❧❛r②
s✐❣♥✐✜❡s t❤❛t ✇✐t❤♦✉t ❦♥♦✇✐♥❣ α ❛♥❞ L ✭❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✉♥❦♥♦✇♥ h✮✱ π̃ ❞♦❡s ❛s ✇❡❧❧ ❛s t❤❡
❜❡st ♣♦ss✐❜❧❡ ❡st✐♠❛t♦r ✇❤✐❝❤ ❦♥♦✇s t❤❡s❡ q✉❛♥t✐t✐❡s✳ ■t ✐s t❤✉s ❛♥ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r✳

✹✳ ❙✐♠✉❧❛t✐♦♥ st✉❞②

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ✐❧❧✉str❛t❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❡st✐♠❛t♦r π̃ ❛♥❞ t♦ ❝♦♠♣❛r❡ ✐t ✇✐t❤
t❤❡ r❡❣r❡ss✐♦♥✲t②♣❡ ❡st✐♠❛t♦r ♦❢ ❇r✉♥❡❧ ❡t ❛❧✳ ❬✷✵✵✼❪ ❛♥❞ ✇✐t❤ ❦❡r♥❡❧ ❡st✐♠❛t♦rs ❬❋❛♥ ❛♥❞ ❨✐♠✱
✷✵✵✹❪✳

✹✳✶✳ ■♠♣❧❡♠❡♥t❛t✐♦♥✳ ❚❤❡ ❡st✐♠❛t❡ π̃ ✐s ❝♦♠♣✉t❡❞ ❜② ✉s✐♥❣ s✐♠✉❧❛t❡❞ s❛♠♣❧❡ ♦❢ ❞❛t❛ (Xi, Yi)i=1,...,n✳
❚❤❡ ❡♠♣✐r✐❝❛❧ ❝✳❞✳❢✳ ❢✉♥❝t✐♦♥ F̂n ✐s t❤❡ ♦♥❡ ♦❢ t❤❡ s❛♠♣❧❡ (Xi)i✿ ✐♥ ♣r❛❝t✐❝❡✱ ✇❡ ❞♦ ♥♦t ✉s❡ ❛❞✲
❞✐t✐♦♥❛❧ ♦❜s❡r✈❛t✐♦♥s✳ ❲❡ ❛❝t✉❛❧❧② ❡①♣❡r✐♠❡♥t❡❞ ✐t✱ ❛♥❞ ❛ s❡❝♦♥❞ s❛♠♣❧❡ ❞♦❡s ♥♦t ✐♠♣r♦✈❡ t❤❡
r❡s✉❧ts✳

❋♦r ❡❛❝❤ ❞❛t❛ s❛♠♣❧❡ ✭t❤❛t ✐s ❢♦r ❡❛❝❤ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t♦rs✮✱ ✇❡ ❝❛❧✐❜r❛t❡ t❤❡ s❡t
A1×A2 ❢♦r t❤❡ ❡st✐♠❛t✐♦♥✱ ♦✈❡r 90% ♦❢ t❤❡ ✈❛r✐❛❜❧❡s (Xi, Yi)✿ ✇❡ ❝❤♦♦s❡ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ s♠❛❧❧❡st
✈❛❧✉❡s✱ ❛♥❞ t❤❡ ❧❛r❣❡st ✈❛❧✉❡s ♦❢ t❤❡ ❞❛t❛ t♦ ❛✈♦✐❞ s✐❞❡ ❡✛❡❝ts✳

❚♦ ✐♠♣❧❡♠❡♥t ❡❛❝❤ ❡st✐♠❛t♦r π̃✱ ✇❡ ✉s❡ ✇❛r♣❡❞ tr✐❣♦♥♦♠❡tr✐❝ ❜❛s✐s✳ ❘❡❝❛❧❧ t❤❛t ♦✉r ♣r♦❝❡❞✉r❡
✐s ❜❛s❡❞ ✜rst ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ h✱ ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ L2([0; 1]×A2)✳ ❆❝❝♦r❞✐♥❣❧②✱
t❤❡ ♦rt❤♦❣♦♥❛❧ ❋♦✉r✐❡r ❜❛s✐s ✐s (ϕj1 ⊗ ψj2)j1,j2 ✱ ✇✐t❤ ϕj1 ❞❡✜♥❡❞ ❜② ✭✷✮✱ ❛♥❞ ψj2 ♦❜t❛✐♥❡❞ ❜②✿

∀y ∈ [a2; b2], ψj2(y) =
1√

b2 − a2
ϕj2

(

y − a2

b2 − a2

)

,

✇❤❡r❡ A2 = [a2; b2]✳



✶✵ ●❆❐▲▲❊ ❈❍❆●◆❨A ∗

❲❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ s✉♠ A(m, F̂n) + 2V F̂ (m) ❢♦r ❡❛❝❤ m = (m1,m2)✳ ◆♦t✐❝❡ t❤❛t t❤❡
q✉❛❞r❛t✐❝ ♥♦r♠ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ A(m, F̂n) ✭s❡❡ ✭✽✮✮ ✐s s✐♠♣❧② ❡q✉❛❧ t♦ ❛ s✉♠ ♦❢ sq✉❛r❡❞✲
❝♦❡✣❝✐❡♥ts✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ m ∧m′ = (m1,m

′
2)✱

∥

∥

∥
ĥF̂

m′ − ĥF̂
m∧m′

∥

∥

∥

2
=

Dm′

1
∑

j=Dm1+1

Dm′

2
∑

k=1

(

âF̂
j,k

)2
.

❋✐♥❛❧❧②✱ ✇❡ ❝❛❧✐❜r❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♥st❛♥t c1 ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ V F̂ ✭s❡❡ ✭✼✮✮✳ ❆s ✐♥
♠♦st ♠♦❞❡❧ s❡❧❡❝t✐♦♥ r❡s✉❧ts✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ✭❙❡❝t✐♦♥ ✺✳✸✳✶✮ ✐s ✈❡r②
♣❡ss✐♠✐st✐❝ ❞✉❡ t♦ r♦✉❣❤ ✉♣♣❡r✲❜♦✉♥❞s ✭❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ♣r♦♦❢✮✳ ❚❤✉s✱ s♣❡❝✐✜❝
❞❛t❛✲❞r✐✈❡♥ ❝❛❧✐❜r❛t✐♦♥ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✿ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ s♦✲❝❛❧❧❡❞ ✧❞✐♠❡♥s✐♦♥ ❥✉♠♣✧ ♠❡t❤♦❞
❛❧❧♦✇s ✉s t♦ ❛♣♣❧② t❤❡ s❧♦♣❡ ❤❡✉r✐st✐❝ ✭s❡❡ ❇❛✉❞r② ❡t ❛❧✳ ✷✵✶✶✮ t♦ ❝❤♦♦s❡ t❤❡ ♣❡♥❛❧t② ❝♦♥st❛♥t ♦❢
❛ ❝❧❛ss✐❝❛❧ ♣❡♥❛❧✐s❡❞ ❝♦♥tr❛st str❛t❡❣② ❬❇❛rr♦♥ ❡t ❛❧✳✱ ✶✾✾✾❪✳ ❇✉t t❤✐s ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡
r❡❝❡♥t ♠❡t❤♦❞ ♦❢ ●♦❧❞❡♥s❤❧✉❣❡r ❛♥❞ ▲❡♣s❦✐✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❛❞❥✉st c1 ♣r✐♦r t♦ t❤❡ ❝♦♠♣❛r✐s♦♥
✇✐t❤ t❤❡ ♦t❤❡r ❡st✐♠❛t❡s✿ ✇❡ ❧♦♦❦ ❛t t❤❡ q✉❛❞r❛t✐❝ r✐s❦ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛❧✉❡ ♦❢ c1✱ ❛♥❞ ❝❤♦♦s❡
♦♥❡ ♦❢ t❤❡ ✈❛❧✉❡s ❧❡❛❞✐♥❣ t♦ r❡❛s♦♥❛❜❧❡ r✐s❦ ❛♥❞ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ s❡❧❡❝t❡❞ ♠♦❞❡❧s ✭r❡❝❛❧❧ t❤❛t ✐♥
♣❡♥❛❧t② ❝❛❧✐❜r❛t✐♦♥✱ ✐t ✐s ♠♦r❡ s❡❝✉r❡ t♦ ♦✈❡r♣❡♥❛❧✐s❡✮✿ ✇❡ s❡t t❤✉s c1 = 0.05✳

✹✳✷✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❦❡r♥❡❧ ❡st✐♠❛t❡s✳ ❙✐♥❝❡ ❦❡r♥❡❧ ♠❡t❤♦❞s ♣❧❛② ❛ ❦❡② r♦❧❡ ✐♥ ♥♦♥♣❛r❛✲
♠❡tr✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥✱ ✇❡ ❜❡❣✐♥ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ❛❞❛♣t✐✈❡ ✇❛r♣❡❞✲❜❛s❡s ❡st✐♠❛t❡
π̃ ✇✐t❤ ❞♦✉❜❧❡✲❦❡r♥❡❧ ❧♦❝❛❧ ❧✐♥❡❛r r❡❣r❡ss✐♦♥s ❜✉✐❧t ✇✐t❤ ❛ ❞❛t❛✲❞r✐✈❡♥ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤s✳
❋❛♥ ❛♥❞ ❨✐♠ ❬✷✵✵✹❪ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s ❡st✐♠❛t❡✳ ❚❤❡② ♥✉♠❡r✐❝❛❧❧② ❝♦♠♣❛r❡ t❤❡ ❜❛♥❞✲
✇✐❞t❤s s❡❧❡❝t✐♦♥ r✉❧❡ t❤❡② ♣r♦♣♦s❡ ✭❛ ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ str❛t❡❣② ❜❛s❡❞ ♦♥ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡
✐♥t❡❣r❛t❡❞ sq✉❛r❡❞ ❡rr♦r✱ ✇✐t❤ t❤r❡❡ ♦t❤❡r s❡❧❡❝t✐♦♥ str❛t❡❣✐❡s✿ ❛♥ ❛❞✲❤♦❝ ❡♠♣✐r✐❝❛❧ ❜✐❛s ♠❡t❤♦❞
❬❋❛♥ ❡t ❛❧✳✱ ✶✾✾✻❪✱ ❛ ❜♦♦tstr❛♣ ♠❡t❤♦❞ ✭❞❡✈❡❧♦♣❡❞ ✜rst ❜② ❍❛❧❧ ❡t ❛❧✳ ✶✾✾✾✱ ❛❞❛♣t❡❞ ❜② ❇❛s❤✲
t❛♥♥②❦ ❛♥❞ ❍②♥❞♠❛♥ ✷✵✵✶✮✱ ❛♥❞ ❛ s✐♠♣❧❡ r✉❧❡✱ ❜❛s❡❞ ♦♥ ❧♦❝❛❧ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s ❬❍②♥❞♠❛♥
❛♥❞ ❨❛♦✱ ✷✵✵✷❪✳ ❚❤❡② s❤♦✇ t❤❛t ✐♥ ♠♦st ❝❛s❡s✱ t❤❡ ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ ♠❡t❤♦❞ ♦✉t♣❡r❢♦r♠s t❤❡
♦t❤❡r ❛♣♣r♦❛❝❤❡s s✉❜st❛♥t✐❛❧❧②✳ ❚❤✉s✱ ✇❡ ❡✈❛❧✉❛t❡ π̃ ❜② ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❝r♦ss✲✈❛❧✐❞❛t✐♦♥
❞♦✉❜❧❡✲❦❡r♥❡❧ ❡st✐♠❛t❡✱ ❞❡♥♦t❡❞ ❜② π̃FY ✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❡①❛♠♣❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ s❛♠♣❧❡ s❡tt✐♥❣ ✐♥ ❋❛♥
❛♥❞ ❨✐♠ ❬✷✵✵✹❪✿

• ❊①❛♠♣❧❡s ✶✬✿ Yi = 0.23Xi(16 − Xi) + 0.4εi✱ ✇✐t❤ t❤❡ Xi ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥ t❤❡
✐♥t❡r✈❛❧ [0; 16] ❛♥❞ t❤❡ εi ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ✭✐✮ st❛♥❞❛r❞ ♥♦r♠❛❧✱ ✭✐✐✮ ❢r♦♠ t❤❡ ❙t✉❞❡♥t
❞✐str✐❜✉t✐♦♥ t2✱ ✭✐✐✐✮ ❢r♦♠ t❤❡ ❙t✉❞❡♥t ❞✐str✐❜✉t✐♦♥ t4 ✳

• ❊①❛♠♣❧❡ ✷✬✿ Yi = 20 cos(πXi/10) + εi✱ ✇✐t❤ t❤❡ Xi ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧
[−20; 20] ❛♥❞ t❤❡ εi ❛r❡ st❛♥❞❛r❞ ♥♦r♠❛❧✱ ✐♥❞❡♣❡♥❞❡♥t✳

❋♦r s❛♠♣❧❡ s✐③❡ n = 1000✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ r♦♦t ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r ✭❘▼❙❊✮ ✇✐t❤ t❤❡ s❛♠❡
❢♦r♠✉❧❛ ❛s ✐♥ ❙❡❝t✐♦♥ ✹ ♦❢ ❋❛♥ ❛♥❞ ❨✐♠ ❬✷✵✵✹❪✱ ❢♦r t❤❡ ❡st✐♠❛t♦r π̃✳ ❋✐❣✉r❡ ✶ ♣r❡s❡♥ts ❛♥ ❡①❛♠♣❧❡
♦❢ ❡st✐♠❛t❡ ❢♦r ❊①❛♠♣❧❡ ✶✬ ❛♥❞ ❚❛❜❧❡ ✶ s✉♠♠❛r✐s❡s t❤❡ r❡s✉❧ts✿ ✇❡ r❡♣♦rt t❤❡ r✐s❦ ♦❜t❡✐♥❡❞ ❤❡r❡
❢♦r π̃ ❛♥❞ t❤❡ r✐s❦ ♦❢ π̃FY ♦❜t❛✐♥❡❞ ❜② ❋❛♥ ❛♥❞ ❨✐♠ ❬✷✵✵✹❪ ✭s❡❡ t❤❡✐r ❚❛❜❧❡s ✶ ❛♥❞ ✷✮✳ ❲❡ ❞♦
♥♦t ♠❡♥t✐♦♥ t❤❡ ♠❡❞✐❛♥ ♦❢ t❤❡ ❘▼❙❊ s✐♥❝❡ ✐t ✐s ♥♦t s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♠❡❛♥ ❢♦r t❤❡
❡st✐♠❛t♦r π̃✳

❚❤❡ ✈❛❧✉❡s ❛r❡ s✐♠✐❧❛r ❢♦r ❜♦t❤ ❡st✐♠❛t♦rs ✐♥ ♠♦st ❝❛s❡s✱ ❜✉t s❧✐❣❤t❧② ❜❡tt❡r ❢♦r t❤❡ ✇❛r♣❡❞✲
❜❛s❡s ❡st✐♠❛t♦r ✭✐♥ ❜♦❧❞ ✐♥ ❚❛❜❧❡ ✶✮✳ ❚❤✐s r❡s✉❧t ❤❛s t♦ ❜❡ ♣✉t ✐♥t♦ ♣❡rs♣❡❝t✐✈❡✱ s✐♥❝❡ ♠♦r❡
t❤♦r♦✉❣❤ ♥✉♠❡r✐❝❛❧ tr✐❛❧s ❤❛✈❡ t♦ ❜❡ ❝♦♥❞✉❝t❡❞ t♦ ❝♦♥✜r♠ t❤✐s✳ ❚❤❡ ❛✐♠ ✇❛s ❥✉st ❤❡r❡ t♦ s❤♦✇
t❤❛t ❛ ✇❛r♣❡❞✲❜❛s❡s ❛❞❛♣t✐✈❡ str❛t❡❣② ❝❛♥ ❝♦♠♣❡t❡ ✇✐t❤ ❦❡r♥❡❧ ♠❡t❤♦❞s✳
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✭❛✮ ✭❜✮ ✭❝✮ ✭❞✮

❋✐❣✉r❡ ✶✳ P❧♦ts ♦❢ tr✉❡ ❢✉♥❝t✐♦♥ ✈❡rs✉s ❡st✐♠❛t♦r π̃✱ ❊①❛♠♣❧❡ ✶✬ ✭✐✐✮ ✇✐t❤ n =
1000 ♦❜s❡r✈❛t✐♦♥s✳ ✭❛✮ tr✉❡ ❢✉♥❝t✐♦♥ π✱ ✭❜✮ ❡st✐♠❛t♦r π̃✱ ✭❝✮ ❛♥❞ ✭❞✮ ♣❧♦ts ♦❢
y 7→ π(x, y) ✭❢✉❧❧ ❧✐♥❡✮✱ y 7→ π̃(x, y) ✭❞❛s❤❡❞ ❞♦tt❡❞ ❧✐♥❡✮ ❢♦r t✇♦ ❞✐✛❡r❡♥t ✜①❡❞ x✳

❊① ✶✬ ✭✐✮ ❊①✶✬ ✭✐✐✮ ❊①✶✬ ✭✐✐✐✮ ❊①✷✬

π̃ ✵✳✼✽✵✶ ✵✳✻✸✹✺ ✵✳✻✽✾✶ ✶✳✵✹✵✹
π̃FY ✶✳✵✽✾✾ ✵✳✼✻✹✶ ✶✳✵✶✹✸ ✷✳✼✹✵✹

❚❛❜❧❡ ✶✳ ❱❛❧✉❡s ♦❢ ❘▼❙❊ ×1000 ❛✈❡r❛❣❡❞ ♦✈❡r 100 s❛♠♣❧❡s ♦❢ s✐③❡ n = 1000
❛❝❝♦r❞✐♥❣ t♦ ❋❛♥ ❛♥❞ ❨✐♠ ❋❛♥ ❛♥❞ ❨✐♠ ❬✷✵✵✹❪✱ ✐♥ ❊①❛♠♣❧❡s ✶✬ ❛♥❞ ✷✬ ❢♦r t❤❡
❡st✐♠❛t♦rs π̃ ❛♥❞ π̃FY ✳

✹✳✸✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ r❡❣r❡ss✐♦♥✲t②♣❡ ❡st✐♠❛t♦r✳ ❲❡ ❛❧s♦ ❝♦♠♣❛r❡ π̃ ✇✐t❤ ❛♥♦t❤❡r ❛❞❛♣✲
t✐✈❡ ❡st✐♠❛t♦r✿ t❤❡ ♦♥❡ ♦❢ ❇r✉♥❡❧ ❡t ❛❧✳ ❬✷✵✵✼❪ ❞❡♥♦t❡❞ ❜② π̃BCL✳ ❚❤❡ ❡st✐♠❛t♦r π̃BCL ♦❢
❇r✉♥❡❧ ❡t ❛❧✳ ❬✷✵✵✼❪ ✐s ❞❡✜♥❡❞ ❛s ❛ ♣❡♥❛❧✐s❡❞ ❧❡❛st✲sq✉❛r❡s ❝♦♥tr❛st ❡st✐♠❛t♦r✳ ❚❤❡ ♣❡♥❛❧t②
✐s ♣❡♥(m) = K0‖π‖∞Dm1Dm2/n✳ ❲❡ ✐♠♣❧❡♠❡♥t t❤❡ ♠❡t❤♦❞ ✇✐t❤ K0 = 0.5 ❧✐❦❡ ✐♥ ❇r✉♥❡❧ ❡t ❛❧✳
❬✷✵✵✼❪ ❜✉t ✇❡ ❞♦ ♥♦t r❡♣❧❛❝❡ ‖π‖∞ ❜② ✐ts t❤❡♦r❡t✐❝❛❧ ✈❛❧✉❡✳ ❚♦ ❤❛✈❡ ❛ r❡❛❧ ❞❛t❛✲❞r✐✈❡♥ ♣r♦❝❡❞✉r❡✱
✇❡ ❡st✐♠❛t❡ ✐t ❜② t❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ ❛ ❧❡❛st✲sq✉❛r❡s ❡st✐♠❛t♦r ♦♥ ❛ ✜①❡❞ ♠♦❞❡❧
Sm ♦♥ ❛ r♦✉❣❤ ❣r✐❞✱ ✇✐t❤ m = [(ln(n) − 1)/2]✳

❚❤❡ ❛✐♠ ✐s t♦ ✐♥✈❡st✐❣❛t❡ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝❧❛ss✐❝❛❧ ❜❛s❡s ❛♥❞ t❤❡
✇❛r♣❡❞ ❜❛s❡s✱ ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ●♦❧❞❡♥s❤❧✉❣❡r✲▲❡♣s❦✐ ♠❡t❤♦❞ ❛♥❞ t❤❡ ♣❡♥❛❧✐③❛t✐♦♥
❞❡✈✐❝❡✳

❲❡ ♣r♦♣♦s❡ t♦ ❜❛s❡ t❤❡ s✐♠✉❧❛t✐♦♥ st✉❞② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s✿ ✇❡ ❣❡♥❡r❛t❡ s❛♠♣❧❡s
(Xi, Yi)i∈{1,...,n} s✉❝❤ t❤❛t

• ❊①❛♠♣❧❡ ✶✿ Yi = b(Xi) + εi✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s✳ ❚❤❡ Xi ❢♦❧❧♦✇ ❛ ✉♥✐❢♦r♠
❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0; 1] ✭❞❡♥♦t❡❞ ❜② U[0;1]✮✱ ♦r ♦♥ t❤❡ ✐♥t❡r✈❛❧ [−1; 1] ✭U[−1;1]✮✱ ❛
st❛♥❞❛r❞ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✭N (0, 1)✮✳ ❚❤❡ εi✬s ❛r❡ ❣❡♥❡r❛t❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ st❛♥❞❛r❞
●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✱ t❤❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ✈❛r✐❛♥❝❡ ✹ ✭N (0, 4)✮✱ ♦r t❤❡ ●❛♠♠❛
❞✐str✐❜✉t✐♦♥ ✭Γ(4, 1)✮ ✇✐t❤ ♣❛r❛♠❡t❡rs 4 ❛♥❞ 1 ✭t❤❡ 1 ✐s t❤❡ s❝❛❧❡ ♣❛r❛♠❡t❡r✮✳ ❲❡ ❞❡♥♦t❡
❜② fε t❤❡✐r ❞❡♥s✐t②✳ ❚❤❡ s❛♠♣❧❡ (εi) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ (Xi)✳ ❋✐♥❛❧❧②✱ t❤❡ r❡❣r❡ss✐♦♥
❢✉♥❝t✐♦♥ b ✐s b(x) = 2x+ 5 ♦r b(x) = x2✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② π ✐s t❤✉s ❣✐✈❡♥ ❜②

π(x, y) = fε(y − b(x)).

• ❊①❛♠♣❧❡ ✷✿ Yi = b(Xi)+σ(Xi)εi✱ ✇✐t❤ ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ [0; 1] ❢♦rXi✱ t❤❡ ♣r❡✈✐♦✉s
●❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ❢♦r εi ✭✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢Xi✮ ❛♥❞ σ(x) =

√

1.3 − |x|✳ ❙✐♠✐❧❛r❧②
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❋✐❣✉r❡ ✷✳ P❧♦ts ♦❢ tr✉❡ ❢✉♥❝t✐♦♥ ✈❡rs✉s ❡st✐♠❛t♦rs✱ ❊①❛♠♣❧❡ ✶✱ ✇✐t❤ Xi ✐✳✐✳❞✳
U[0;1]✱ εi ✐✳✐✳❞✳ N (0, 1)✱ ❛♥❞ b(x) = 2x+ 5 ✇✐t❤ n = 2000 ♦❜s❡r✈❛t✐♦♥s✳ ❋✐rst ❧✐♥❡✿
✭❛✮ tr✉❡ ❢✉♥❝t✐♦♥ π✱ ✭❜✮ ❡st✐♠❛t♦r π̃✱ (c) ❡st✐♠❛t♦r π̃BCL✳ ❙❡❝♦♥❞ ❧✐♥❡✱ ✭❞✮ ❛♥❞
✭❢✮✿ ♣❧♦ts ♦❢ y 7→ π(x, y) ✭❢✉❧❧ ❧✐♥❡✮ ❛♥❞ y 7→ π̃(x, y) ✭❞❛s❤❡❞ ❞♦tt❡❞ ❧✐♥❡✮ ❢♦r t✇♦
❞✐✛❡r❡♥t ✜①❡❞ x✳ ❙❡❝♦♥❞ ❧✐♥❡✱ ✭❡✮ ❛♥❞ ✭❣✮✿ ❢♦r t✇♦ ✜①❡❞ x✱ ♣❧♦ts ♦❢ y 7→ π(x, y)
✭❢✉❧❧ ❧✐♥❡✮ ❛♥❞ y 7→ π̃BCL(x, y) ✭❞❛s❤❡❞ ❞♦tt❡❞ ❧✐♥❡✮ ✳

t♦ ❊①❛♠♣❧❡ ✶✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② ✐s

π(x, y) = fε(y − b(x)/σ(x))/σ(x).

• ❊①❛♠♣❧❡ ✸✿ Xi ❢♦❧❧♦✇s ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ U[0;1]✱ ❛♥❞ ❣✐✈❡♥ Xi = x✱ Yi ❢♦❧❧♦✇s t❤❡
●❛✉ss✐❛♥ ♠✐①t✉r❡ 0.5N (8− 4x, 1)+0.5N (8+4x, 1)✳ ❚❤❡ ❢✉♥❝t✐♦♥ π ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡
♠✐①t✉r❡✳

• ❊①❛♠♣❧❡ ✹✿ Xi ❢♦❧❧♦✇s ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ U[0;1]✱ ❛♥❞ ❣✐✈❡♥ Xi = x✱ Yi ❢♦❧❧♦✇s ❛
●❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡rs 3 ❛♥❞ x2 + 1✳ ❚❤❡ ❢✉♥❝t✐♦♥ π ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
●❛♠♠❛ ❞❡♥s✐t②✳

❊①❛♠♣❧❡s ✷ ❛♥❞ ✸✱ ❛♥❞ s♦♠❡ ❝❛s❡s ♦❢ ❊①❛♠♣❧❡ ✶ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ st✉❞✐❡❞ ❜② ❇r✉♥❡❧ ❡t ❛❧✳ ❬✷✵✵✼❪✱
❛♥❞ ❊①❛♠♣❧❡ ✺ ❜② ❋❛♥ ❛♥❞ ❨✐♠ ❬✷✵✵✹❪ ✭❜✉t ♥♦ r✐s❦s ❢♦r t❤✐s ♠♦❞❡❧ ❛r❡ ❣✐✈❡♥ ❢♦r t❤❡ ❧❛st t✇♦
❡①❛♠♣❧❡s✮✳

❋✐❣✉r❡s ✷ ❛♥❞ ✸ ✐❧❧✉str❛t❡ t❤❡ ✈✐s✉❛❧ q✉❛❧✐t② ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥✱ ❢♦r ❛ ❝❛s❡ ♦❢ ❊①❛♠♣❧❡ ✶✱ ❛♥❞
❢♦r ❊①❛♠♣❧❡ ✸✳ ❲❡ ❞♦ ♥♦t ♦❜s❡r✈❡ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡st✐♠❛t♦rs✱ ✇❤✐❝❤ ❜♦t❤
❜❡❤❛✈❡ q✉✐t❡ ✇❡❧❧✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ π̃BCL r❡q✉✐r❡s ♠✉❝❤ ♠♦r❡ t✐♠❡ t❤❛♥ t❤❡ ♦♥❡
♦❢ π̃✱ ♣r♦❜❛❜❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ♠❛tr✐❝✐❛❧ ✐♥✈❡rs✐♦♥✱ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❧❡❛st✲sq✉❛r❡s
❝♦♥tr❛st✳ ❚❤❡ ✇❛r♣❡❞✲❜❛s❡s ❡st✐♠❛t♦r ❝❛♥ t❤✉s ❛❞✈❛♥t❛❣❡♦✉s❧② ❜❡ ✉s❡❞ ❢♦r ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠s
✇✐t❤ ❧❛r❣❡ ❞❛t❛ s❛♠♣❧❡s ✭❞❛t❛ ❞❡r✐✈✐♥❣ ❢r♦♠ ❞♦♠❛✐♥ s✉❝❤ ❛s ♣❤②s✐❝s✱ ✢✉♦r❡s❝❡♥❝❡✱ ✜♥❛♥❝❡✳✳✳✮✳

❋♦r s❛♠♣❧❡ s✐③❡s n = 60, 500 ❛♥❞ 2000✱ ✇❡ ❣✐✈❡ ✐♥ ❚❛❜❧❡s ✷ ❛♥❞ ✸ t❤❡ ❡st✐♠❛t❡❞ ✈❛❧✉❡s ♦❢ t❤❡
r✐s❦ E[‖π̂ − π‖2

2]✱ ✇✐t❤ ‖.‖2 t❤❡ q✉❛❞r❛t✐❝ ♥♦r♠ ♦♥ L2(A1 × A2)✱ ❛♥❞ π̂ = (π̃BCL)+ ♦r (π̃)+✳ ■t
✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣♦s✐t✐✈❡ ♣❛rt ♦❢ ❜♦t❤ ❡st✐♠❛t♦rs ❝❛♥ ♦♥❧② ♠❛❦❡ t❤❡✐r
r✐s❦s ❞❡❝r❡❛s❡✳ ❚❤❡ ▼■❙❊ ✐s ❝♦♠♣✉t❡❞ ♦✈❡r N = 100 r❡♣❧✐❝❛t❡❞ s❛♠♣❧❡s✱ ❛♥❞ t❤❡ q✉❛❞r❛t✐❝ ♥♦r♠
✐s ❛♣♣r♦①✐♠❛t❡❞ ✉s✐♥❣ s✉❜❞✐✈✐s✐♦♥s ♦❢ A1 ❛♥❞ A2 ✭s❡❡ ❇r✉♥❡❧ ❡t ❛❧✳ ✷✵✵✼✱ ❙❡❝t✐♦♥ ✺✳✶✱ ❢♦r ❞❡t❛✐❧s
❛❜♦✉t t❤❡ ❢♦r♠✉❧❛✮✳

❚❤❡ r✐s❦ ♦❢ ♦✉r ❡st✐♠❛t♦r π̃ ✐s ♦❢t❡♥ ❜❡tt❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ t❤❡ ♣❡♥❛❧✐s❡❞ ❧❡❛st✲sq✉❛r❡s ❡st✐♠❛t♦r
π̃BCL ✭✐♥ ❜♦❧❞ ✐♥ t❤❡ t❛❜❧❡s✮✳ Pr❡❝✐s❡❧②✱ ✐t ✐s ❛❧✇❛②s s♠❛❧❧❡r ❢♦r t❤❡ s❛♠♣❧❡ s✐③❡s n = 500 ❛♥❞



❲❆❘P❊❉ ❇❆❙❊❙ ❋❖❘ ❈❖◆❉■❚■❖◆❆▲ ❉❊◆❙■❚❨ ❊❙❚■▼❆❚■❖◆ ✶✸

✭❛✮ ✭❜✮ ✭❝✮

✭❡✮ ✭❢✮ ✭❣✮ ✭❤✮

❋✐❣✉r❡ ✸✳ P❧♦ts ♦❢ tr✉❡ ❢✉♥❝t✐♦♥ ✈❡rs✉s ❡st✐♠❛t♦rs✱ ❊①❛♠♣❧❡ ✸ ✇✐t❤ n = 2000
♦❜s❡r✈❛t✐♦♥s✳ ❋✐rst ❧✐♥❡✿ ✭❛✮ tr✉❡ ❢✉♥❝t✐♦♥ π✱ ✭❜✮ ❡st✐♠❛t♦r π̃✱ (c) ❡st✐♠❛t♦r π̃BCL✳
❙❡❝♦♥❞ ❧✐♥❡✱ ✭❞✮ ❛♥❞ ✭❢✮✿ ♣❧♦ts ♦❢ y 7→ π(x, y) ✭❢✉❧❧ ❧✐♥❡✮ ❛♥❞ y 7→ π̃(x, y) ✭❞❛s❤❡❞
❞♦tt❡❞ ❧✐♥❡✮ ❢♦r t✇♦ ❞✐✛❡r❡♥t ✜①❡❞ x✳ ❙❡❝♦♥❞ ❧✐♥❡✱ ✭❡✮ ❛♥❞ ✭❣✮✿ ❢♦r t✇♦ ✜①❡❞ x✱
♣❧♦ts ♦❢ y 7→ π(x, y) ✭❢✉❧❧ ❧✐♥❡✮ ❛♥❞ y 7→ π̃BCL(x, y) ✭❞❛s❤❡❞ ❞♦tt❡❞ ❧✐♥❡✮ ✳

n = 2000✱ ✇❤✐❝❤ ❝♦♥✜r♠s t❤❛t ♦♥❡ ❝❛♥ ❡❛s✐❧② ✉s❡ t❤❡ ✇❛r♣❡❞✲❜❛s❡s ❡st✐♠❛t♦r ❢♦r ❡st✐♠❛t✐♦♥
♣r♦❜❧❡♠s ✇✐t❤ ❧❛r❣❡ s❛♠♣❧❡s ♦❢ ❞❛t❛✱ ✐♥ s♣✐t❡ ♦❢ ✐ts ❜❛❞ ♣❡r❢♦r♠❛♥❝❡s ❢♦r ✈❡r② s♠❛❧❧ s❛♠♣❧❡ s✐③❡s✳

✺✳ Pr♦♦❢s

■♥ ❛❧❧ t❤❡ ♣r♦♦❢s✱ t❤❡ ❧❡tt❡r C ❞❡♥♦t❡s ❛ ♥♦♥♥❡❣❛t✐✈❡ r❡❛❧ t❤❛t ♠❛② ❝❤❛♥❣❡ ❢r♦♠ ❧✐♥❡ t♦ ❧✐♥❡✳
❲❡ r❡❝❛❧❧ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② ‖t‖∞,A t❤❡ ✐♥✜♥✐t❡ ♥♦r♠ ♦❢ ❛ ❢✉♥❝t✐♦♥ t ♦✈❡r ❛ s❡t A✱ ❜② ‖t‖A ✐ts
❍✐❧❜❡rt ♥♦r♠✱ ❛♥❞ ❜② 〈., 〉A t❤❡ ❛ss♦❝✐❛t❡❞ s❝❛❧❛r ♣r♦❞✉❝t✳

✺✳✶✳ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts✳ ▲❡t ✉s st❛rt ❜② s❡tt✐♥❣ ❛ r❡s✉❧t ✇❤✐❝❤ ✐s t❤❡ ❦❡② ❛r❣✉♠❡♥t ✐♥ t❤❡
♣r♦♦❢ ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡♠✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❡♥tr❡❞ ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜②

✭✶✹✮ ∀t ∈ L2([0; 1] ×A2), νn(t) =
1

n

n
∑

i=1

t (FX(Xi), Yi) − E [t (FX(Xi), Yi)] .

❚❤❡ ❛✐♠ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s t♦ ❝♦♥tr♦❧ t❤❡ ❞❡✈✐❛t✐♦♥s ♦❢ t❤❡ s✉♣r❡♠✉♠ ♦❢ t❤✐s ♣r♦❝❡ss
♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ ♦❢ Sm

S(m) = {t ∈ Sm, ‖t‖ = 1} .
Pr♦♣♦s✐t✐♦♥ ✷✳ ■❢ t❤❡ ❢✉♥❝t✐♦♥ h ✐s ❜♦✉♥❞❡❞ ♦♥ [0; 1]×A2✱ ❢♦r ❛❧❧ δ > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
C > 0✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ‖h‖∞✱ s✉❝❤ t❤❛t✱

E

[

max
m′∈Mn

(

sup
t∈S(m′)

ν2
n(t) − 2(1 + 2δ)

Dm′

1
Dm′

2

n

)

+

]

≤ C

n
.

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ❲❡ ✜rst ❜♦✉♥❞ t❤❡ ♠❛①✐♠✉♠ ❜② ❛ s✉♠✿

E

[

max
m′∈Mn

(

sup
t∈S(m′)

ν2
n(t) − c(δ)

Dm′

1
Dm′

2

n

)

+

]

≤
∑

m′∈Mn

E

[(

sup
t∈S(m′)

ν2
n(t) − c(δ)

Dm′

1
Dm′

2

n

)

+

]

,

✇✐t❤ t❤❡ ❛❜❜r❡✈✐❛t✐♦♥ c(δ) = 2(1 + 2δ) ❛♥❞ ✇❡ ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥❡q✉❛❧✐t②✳



✶✹ ●❆❐▲▲❊ ❈❍❆●◆❨A ∗

b(x) ε X n = 60 500 2000 ▼❡t❤♦❞

2x+ 5 N (0, 1) U[0;1] ✶✾✳✽✶ ✷✳✽✼✾ ✶✳✸✷✼ π̃
✼✳✹✹✻ ✷✳✺✸✻ ✶✳✹✵✾ π̃BCL

U[−1;1] ✷✵✳✽✼✶ ✹✳✽✶✶ ✷✳✾✼✶ π̃
✾✳✹✹✸ ✻✳✸✽✹ ✺✳✺✵✶ π̃BCL

N (0, 1) ✸✽✳✷✺✺ ✶✹✳✽✸✸ ✶✶✳✵✸✽ π̃
✸✼✳✸✼✹ ✹✵✳✷✾✺ ✸✽✳✾✾✸ π̃BCL

Γ(4, 1) U[0;1] ✺✳✻✷✽ ✵✳✾✻✾ ✵✳✹✼✾ π̃
✷✳✸✻✶ ✶✳✹✶✼ ✵✳✼✶✺ π̃BCL

U[−1;1] ✾✳✷✷✹ ✷✳✷✺✺ ✶✳✸✼✻ π̃
✻✳✻✻✻ ✸✳✺✻✾ ✷✳✸✶✹ π̃BCL

N (0, 1) ✷✵✳✵✾✹ ✽✳✻✹✶ ✻✳✵✾✸ π̃
✷✹✳✼✹✾ ✷✵✳✷✵✶ ✷✷✳✺✼✶ π̃BCL

x2 N (0, 2) U[0;1] ✺✳✵✻ ✵✳✷✽✽ ✵✳✷✺✽ π̃
✷✳✾✽✻ ✵✳✺✷✼ ✵✳✺✹✽ π̃BCL

U[−1;1] ✶✵✳✸✽✶ ✵✳✺✹✻ ✵✳✹✷✽ π̃
✹✳✷✼✼ ✵✳✽✹✻ ✶✳✵✸✸ π̃BCL

N (0, 1) ✷✵✳✶✶✸ ✷✳✻✺✽ ✷✳✸✼✾ π̃
✶✹✳✹✹✷ ✷✳✼✺✹ ✷✳✸✾✺ π̃BCL

Γ(4, 1) U[0;1] ✺✳✽✹✺ ✵✳✽✶✶ ✵✳✸✺✶ π̃
✷✳✺✵✺ ✵✳✽✾✹ ✵✳✺✹✼ π̃BCL

U[−1;1] ✶✵✳✽✷✽ ✵✳✻✻✹ ✵✳✺✾✾ π̃
✹✳✻✼✷ ✶✳✶✹✹ ✵✳✾✺✵ π̃BCL

N (0, 1) ✷✷✳✸✸✼ ✻✳✷✼✼ ✸✳✺✺✶ π̃
✶✽✳✼✷✸ ✼✳✸✻✼ ✸✳✼✾✷ π̃BCL

❚❛❜❧❡ ✷✳ ❱❛❧✉❡s ♦❢ ▼■❙❊ ×100 ❛✈❡r❛❣❡❞ ♦✈❡r 100 s❛♠♣❧❡s✱ ✐♥ ❊①❛♠♣❧❡s ✶ ✭r❡✲
❣r❡ss✐♦♥ ♠♦❞❡❧s✮ ❢♦r t❤❡ ❡st✐♠❛t♦rs π̃ ❛♥❞ π̃BCL✳

▲❡♠♠❛ ✸✳ ▲❡t ξ1, . . . , ξn ❜❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❞❡✜♥❡ νn(r) = 1
n

∑n
i=1 r(ξi)−E[r(ξi)]✱

❢♦r r ❜❡❧♦♥❣✐♥❣ t♦ ❛ ❝♦✉♥t❛❜❧❡ ❝❧❛ss R ♦❢ r❡❛❧✲✈❛❧✉❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥✱ ❢♦r δ > 0✱ t❤❡r❡
❡①✐st t❤r❡❡ ❝♦♥st❛♥ts cl✱ l = 1, 2, 3✱ s✉❝❤ t❤❛t

E

[

(

sup
r∈R

(νn (r))2 − c(δ)H2

)

+

]

≤ c1

{

v

n
exp

(

−c2δ
nH2

v

)

✭✶✺✮

+
M2

1

C2(δ)n2
exp

(

−c3C(δ)
√
δ
nH

M1

)}

,
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❊①❛♠♣❧❡ n = 60 500 2000 ▼❡t❤♦❞

❊① ✷ ✼✳✻✷✶ ✶✳✶✻✸ ✵✳✹✾✽ π̃
✷✳✼✸✾ ✶✳✶✼✽ ✵✳✻✺✼ π̃BCL

❊① ✸ ✶✹✳✹✺✶ ✶✷✳✷✻✹ ✶✷✳✽✼ π̃
✶✸✳✶✺✸ ✶✷✳✼✻✹ ✶✸✳✶✼✺ π̃BCL

❊① ✹ ✸✳✻✶✼ ✵✳✾✵✼ ✵✳✺✺✼ π̃
✷✳✹✵✼ ✶✳✶✹✷ ✵✳✻✶✶ π̃BCL

❚❛❜❧❡ ✸✳ ❱❛❧✉❡s ♦❢ ▼■❙❊ ×100 ❛✈❡r❛❣❡❞ ♦✈❡r 100 s❛♠♣❧❡s✱ ✐♥ ❊①❛♠♣❧❡ ✷✱✸✱✹✱✺
❢♦r t❤❡ ❡st✐♠❛t♦rs π̃ ❛♥❞ π̃BCL✳

✇✐t❤✱ C(δ) = (
√

1 + δ − 1) ∧ 1✱ c(δ) = 2(1 + 2δ) ❛♥❞

sup
r∈R

‖r‖∞ ≤M1✱ E

[

sup
r∈R

|νn(r)|
]

≤ H✱ ❛♥❞ sup
r∈R

❱❛r (r (ξ1)) ≤ v.

■♥❡q✉❛❧✐t② ✭✶✺✮ ✐s ❛ ❝❧❛ss✐❝❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❛❧❛❣r❛♥❞✬s ■♥❡q✉❛❧✐t② ❣✐✈❡♥ ✐♥ ❑❧❡✐♥ ❛♥❞ ❘✐♦
❬✷✵✵✺❪✿ s❡❡ ❢♦r ❡①❛♠♣❧❡ ▲❡♠♠❛ 5 ✭♣❛❣❡ ✽✶✷✮ ✐♥ ▲❛❝♦✉r ❬✷✵✵✽❪✳ ❯s✐♥❣ ❞❡♥s✐t② ❛r❣✉♠❡♥ts✱ ✇❡ ❝❛♥
❛♣♣❧② ✐t t♦ t❤❡ ✉♥✐t s♣❤❡r❡ ♦❢ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r s♣❛❝❡✱ t❤❛t ✐s S(m′)✱ ❢♦r ♦✉r ♣r♦❜❧❡♠✳
❲❡ r❡♣❧❛❝❡ ❛❧s♦ t❤❡ ❢✉♥❝t✐♦♥s r ❜② rt : (x, y) 7→ t(FX(x), y)✱ ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❝♦♥st❛♥ts M1, H
❛♥❞ v✳ ◆♦t✐❝❡ ✜rst t❤❛t ‖rt‖∞ ≤ ‖t‖∞✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ Pr♦♣❡rt② ✭✸✮ t❤❛t ✇❡ ❝❛♥ s❡t M1 =
√

Dm′

1
Dm′

2
✳ ■❢ t ∈ S(m′)✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ t =

∑
Dm′

1
j=1

∑
Dm′

2
k=1 bj,kϕj ⊗ϕk✱ ✇✐t❤

∑

j,k b
2
j,k = 1✳ ❙♦✱

✉s✐♥❣ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ♣r♦❝❡ss✱ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③✬s ■♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t supt∈S(m′) νn(t)2 ≤
∑

Dm′

1
j=1

∑
Dm′

2
k=1 ν

2
n(ϕj ⊗ ϕk). ❲❡ ✉s❡ ❛♥❡✇ Pr♦♣❡rt② ✭✸✮ t♦ ❞❡✜♥❡ H2✿

E

[

sup
t∈S(m′)

ν2
n(t)

]

≤
Dm′

1
∑

j=1

Dm′

2
∑

k=1

1

n
❱❛r (ϕj(FX(X1))ϕk(Y1)) ≤

Dm′

1
Dm′

2

n
:= H2.

❋✐♥❛❧❧②✱ ❱❛r(t(FX(X1), Y1)) ≤ E[t2(FX(X1), Y1)] ≤ ‖t‖2‖h‖∞ = ‖h‖∞ := v. ❲❡ ❥✉st r❡♣❧❛❝❡ t❤❡
q✉❛♥t✐t✐❡s M1, H ❛♥❞ v ❜② t❤❡ ✈❛❧✉❡s ❞❡r✐✈❡❞ ❛❜♦✈❡ ✐♥ ■♥❡q✉❛❧✐t② ✭✶✺✮✿
∑

m′∈Mn

E

[(

sup
t∈S(m′)

νn(t)2 − c(δ)
Dm′

1
Dm′

2

n

)

+

]

≤ c1







∑

m′∈Mn

1

n
exp

(

−c2Dm′

1
Dm′

2

)

+
∑

m′∈Mn

Dm′

1
Dm′

2

n2
exp

(

−c3
√
n
)







.

■t r❡♠❛✐♥s t♦ r❡♠❛r❦ t❤❛t t❤❡ ✜rst s✉♠ ✐s ❛ ❝♦♥st❛♥t ❛♥❞ t❤❛t
∑

m′∈Mn
Dm′

1
Dm′

2
≤ n2 t♦ ❝♦♥❝❧✉❞❡

t❤❡ ♣r♦♦❢✳

✷

❲❡ ❛❧s♦ s❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ ❧❡♠♠❛✳



✶✻ ●❆❐▲▲❊ ❈❍❆●◆❨A ∗

Pr♦♣♦s✐t✐♦♥ ✹✳ ▲❡t ν : L2([0; 1]×A2) 7→ R ❜❡ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧✳ ▲❡t ❛❧s♦ m = (m1,m2) ❜❡ ❛♥
✐♥❞❡① ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥ Mn✳ ❚❤❡♥✱

sup
t∈S(m)

ν2(t) =

Dm1
∑

j=1

Dm2
∑

k=1

ν2(ϕj ⊗ ϕk).

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳

■❢ t ❜❡❧♦♥❣s t♦ S(m)✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ t =
∑Dm1

j=1

∑Dm2
k=1 bj,kϕj ⊗ ϕk✱ ✇✐t❤

∑Dm1
j=1

∑Dm2
k=1 b

2
j,k = 1✳

❚❤✉s✱ ❜② t❤❡ ❧✐♥❡❛r✐t② ♦❢ ν ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ■♥❡q✉❛❧✐t②✱

ν2(t) =





Dm1
∑

j=1

Dm2
∑

k=1

bj,kν(ϕj ⊗ ϕk)





2

≤
Dm1
∑

j=1

Dm2
∑

k=1

ν2(ϕj ⊗ ϕk).

❚❤✐s ❧❡❛❞s t♦ supt∈S(m) ν
2(t) ≤∑Dm1

j=1

∑Dm2
k=1 ν

2(ϕj ⊗ ϕk)✳ ❚❤❡ ❡q✉❛❧✐t② ✐s ♦❜t❛✐♥❡❞ ❜② ❝❤♦♦s✐♥❣

t =
∑Dm1

j=1

∑Dm2
k=1 bj,kϕj ⊗ ϕk ∈ L2([0; 1])✱ ✇✐t❤ bj,k = ν(ϕj ⊗ ϕk)/(

∑Dm1
j′=1

∑Dm2
k′=1 ν

2(ϕj′ ⊗ ϕk′))✳

✷

✺✳✷✳ Pr♦♦❢ ♦❢ ■♥❡q✉❛❧✐t② ✭✶✸✮ ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❝❛s❡ ♦❢ ❦♥♦✇♥ ❝✳❞✳❢ FX ✳ ❲❡ ❞❡❛❧ ✜rst
✇✐t❤ t❤❡ ❡st✐♠❛t♦r π̃0 ✭❞❡✜♥❡❞ ❜② ✭✶✵✮✮✿ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②✿

E

[

‖π̃0 − π‖2
fX

]

≤ c min
m∈Mn

{

Dm1Dm2

n
+
∥

∥πFX
m − π

∥

∥

2

fX

}

+
C

n
,

❛♥❞ ✐ts ♣r♦♦❢ ✐s ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ s❝❤❡♠❡ ✇❡ ✇✐❧❧ ✉s❡ t♦ ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t✱ ❚❤❡♦r❡♠
✶✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡♥♦t❡ ❜② m̂ t❤❡ s❡❧❡❝t❡❞ ✐♥❞❡① m̂FX ✱ ❜② V t❤❡
♣❡♥❛❧t② V FX ✱ ❛♥❞ ❜② A t❤❡ q✉❛♥t✐t② A(., FX)✳ ▲❡t Sm ❜❡ ❛ ✜①❡❞ ♠♦❞❡❧ ✐♥ t❤❡ ❝♦❧❧❡❝t✐♦♥ ✐♥❞❡①❡❞
❜② Mn✳

✺✳✷✳✶✳ ▼❛✐♥ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ■♥❡q✉❛❧✐t② ✭✶✸✮✳ ❲❡ ❞❡❝♦♠♣♦s❡ t❤❡ ❧♦ss ♦❢ t❤❡ ❡st✐♠❛t♦r ❛s
❢♦❧❧♦✇s✿

‖π̃0 − π‖2
fX

=
∥

∥

∥ĥ
FX

m̂ − h
∥

∥

∥

2
≤ 3

∥

∥

∥ĥ
FX

m̂ − ĥFX

m∧m̂

∥

∥

∥

2
+ 3

∥

∥

∥ĥ
FX

m∧m̂ − ĥFX
m

∥

∥

∥

2
+ 3

∥

∥

∥ĥFX
m − h

∥

∥

∥

2
.

❇② ❞❡✜♥✐t✐♦♥ ♦❢ A✱
∥

∥

∥
ĥFX

m̂ − h
∥

∥

∥

2
≤ 3 (A(m) + V (m̂)) + 3 (A(m̂) + V (m)) + 3

∥

∥

∥
ĥFX

m − h
∥

∥

∥

2
,

▼♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ m̂✱ A(m̂) + V (m̂) ≤ A(m) + V (m)✱ ✇❤✐❝❤ ❧❡❛❞s t♦
∥

∥

∥ĥ
FX

m̂ − h
∥

∥

∥

2
≤ 6 (A(m) + V (m)) + 3

∥

∥

∥ĥFX
m − h

∥

∥

∥

2
.

❲❡ ❤❛✈❡ ❛❧r❡❛❞② ❜♦✉♥❞❡❞ t❤❡ r✐s❦ ♦❢ t❤❡ ❡st✐♠❛t♦r ♦♥ ❛ ✜①❡❞ ♠♦❞❡❧ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸✳✶✱ ■♥❡q✉❛❧✐t✐❡s
✭✺✮ ❛♥❞ ✭✻✮✮✱ t❤❡r❡❢♦r❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ V ✱ ✇❡ ❣❡t

✭✶✻✮ E

[

∥

∥

∥
ĥFX

m̂ − h
∥

∥

∥

2
]

≤ 6E [A(m)] + (6c0 + 3)
Dm1Dm2

n
+ 3 ‖hm − h‖2 .

❚♦ ♣✉rs✉❡ t❤❡ ♣r♦♦❢✱ ✇❡ ❤❛✈❡ t♦ ❝♦♥tr♦❧ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ A(m)✳ ❇② s♣❧✐tt✐♥❣ t❤❡ ♥♦r♠ ‖ĥFX

m′ −
ĥFX

m∧m′‖2 ❢♦r m,m′ ∈ Mn✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ A✱ ✇❡ ❣❡t

A(m) ≤ 3 max
m′∈Mn

[

∥

∥

∥ĥ
FX

m′ − hm′

∥

∥

∥

2
− V (m′)

6

]

+

+ 3 max
m′∈Mn

[

∥

∥

∥hm∧m′ − ĥFX

m∧m′

∥

∥

∥

2
− V (m′)

6

]

+

+3 max
m′∈Mn

‖hm′ − hm∧m′‖2 .
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❚❤❡ t❤r❡❡ t❡r♠s ♦❢ t❤❡ ❛❜♦✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛r❡ st✉❞✐❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s✱ ♣r♦✈❡❞ ❥✉st
❜❡❧♦✇✳

▲❡♠♠❛ ✺✳ ■❢ t❤❡ ❢✉♥❝t✐♦♥ h ✐s ❜♦✉♥❞❡❞ ♦♥ [0; 1] × A2✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t✱
❢♦r m ∈ Mn✱

(a) E

[

max
m′∈Mn

(

∥

∥

∥ĥ
FX

m′ − hm′

∥

∥

∥

2
− V (m′)

6

)

+

]

≤ C

n
,

(b) E

[

max
m′∈Mn

(

∥

∥

∥hm∧m′ − ĥFX

m∧m′

∥

∥

∥

2
− V (m′)

6

)

+

]

≤ C

n
.

▲❡♠♠❛ ✻✳ ■❢ t❤❡ ❢✉♥❝t✐♦♥ h ✐s ❜♦✉♥❞❡❞ ♦♥ [0; 1] ×A2✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t✱

max
m′∈Mn

‖hm′ − hm∧m′‖2 ≤ 4‖hm − h‖2.

❚❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ✐♠♣❧② t❤❛t

✭✶✼✮ E[A(m)] ≤ C

n
+ 12‖hm − h‖2.

●❛t❤❡r✐♥❣ t❤✐s ✇✐t❤ ■♥❡q✉❛❧✐t② ✭✶✻✮ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠✳

✷

✺✳✷✳✷✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥s✱ ✇❡ ❞❡♥♦t❡ ❜② Tp = ‖ĥFX
p − hp‖2 ❢♦r p = m′

♦r p = m ∧m′✱ ❛♥❞ ❜② Up = (Tp − V (m′))+✳

■♥❡q✉❛❧✐t② ✭❛✮✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✱ ✇❡ ✜rst ❝♦♠♣✉t❡✱

∥

∥

∥
ĥFX

m′ − hm′

∥

∥

∥

2
=

Dm′

1
∑

j=1

Dm′

2
∑

k=1

(

âFX

j,k − aj,k

)2
=

Dm′

1
∑

j=1

Dm′

2
∑

k=1

ν2
n(ϕj ⊗ ϕk) = sup

t∈S(m′)
ν2

n(t),

✇✐t❤ νn t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② ✭✶✹✮✳ ❚❤✉s✱

E

[

max
m′∈Mn

Um′

]

= E

[

max
m′∈Mn

(

sup
t∈S(m′)

ν2
n(t) − V (m′)

6

)

+

]

,

❛♥❞ ■♥❡q✉❛❧✐t② (a) ♦❢ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞ ❜② ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳
■♥❡q✉❛❧✐t② ✭❜✮✳ ❲❡ ❤❛✈❡ t♦ ❞✐st✐♥❣✉✐s❤ s❡✈❡r❛❧ ❝❛s❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ m ∧m′✿

maxm′∈Mn
Um∧m′

≤ max
m′∈Mn

m′

1≤m1,m′

2≤m2

Um∧m′ + max
m′∈Mn

m1≤m′

1,m2≤m′

2

Um∧m′ + max
m′∈Mn

m′

1≤m1,m2≤m′

2

Um∧m′ + max
m′∈Mn

m1≤m′

1,m′

2≤m2

Um∧m′ .

• ❋✐rst t❡r♠✿ m′
1 ≤ m1 ❛♥❞ m′

2 ≤ m2✳ ■♥ t❤✐s ❝❛s❡✱ m∧m′ = m′✳ ❚❤✉s✱ ✇❡ ❜♦✉♥❞ r♦✉❣❤❧②

E






max

m′∈Mn

m′

1≤m1,m′

2≤m2

Um∧m′






≤ E

[

max
m′∈Mn

Um′

]

,

❛♥❞ ✉s❡ ■♥❡q✉❛❧✐t② (a) t♦ ❝♦♥❝❧✉❞❡ t❤❛t t❤✐s t❡r♠ ✐s ❜♦✉♥❞❡❞ ❜② C/n✳



✶✽ ●❆❐▲▲❊ ❈❍❆●◆❨A ∗

• ❙❡❝♦♥❞ t❡r♠✿ m1 ≤ m′
1 ❡t m2 ≤ m′

2✳ ❍❡r❡✱ m ∧m′ = m✳ ❯s✐♥❣ V (m) ≤ V (m′) ✭❜❡❝❛✉s❡
Dml

≤ Dm′

l
✱ l = 1, 2✮✱ ✇❡ ❤❛✈❡

E






max

m′∈Mn

m1≤m′

1,m2≤m′

2

Um∧m′






≤ E






max

m′∈Mn

m1≤m′

1,m2≤m′

2

(

Tm − V (m)

6

)

+






= E

[(

Tm − V (m)

6

)

+

]

,

❛♥❞ ✐t ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ❛♥❞ ♦❢ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦♦❢
♦❢ ■♥❡q✉❛❧✐t② (a) t❤❛t t❤✐s ❧❛st t❡r♠ ✐s ❜♦✉♥❞❡❞ ❜② C/n✳

• ❚❤✐r❞ t❡r♠✿ m′
1 ≤ m1 ❡t m2 ≤ m′

2✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ m ∧ m′ = (m′
1,m2)✳ ❲❡ ✉s❡

V ((m′
1,m2)) ≤ V (m′

1,m
′
2) t♦ ❣❡t

E






max

m′∈Mn

m′

1≤m1,m2≤m′

2

Um∧m′






≤ E






max

m′∈Mn

m′

1≤m1,m2≤m′

2

(

T(m′

1,m2) −
V ((m′

1,m2))

6

)

+






,

≤
∑

m′

1∈I
(1)
n

E

[(

T(m′

1,m2) −
V ((m′

1,m2))

6

)

+

]

.

❚❤❡ ❧❛st t❡r♠ ✐s ❛❧s♦ ❜♦✉♥❞❡❞ ❜② C/n✱ ✉s✐♥❣ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ✈❡rs✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥

✷ ✭t❛❦❡ t❤❡ ♠❛①✐♠✉♠ ♦♥❧② ♦✈❡r m′
1 ∈ I(1)

n ✐♥st❡❛❞ ♦❢ ♦✈❡r m ∈ Mn✱ ❛♥❞ r❡♣❧❛❝❡ m ❜②
m ∧m′✮✳

• ❋♦✉rt❤ t❡r♠✿ m1 ≤ m′
1 ❡t m

′
2 ≤ m2✳ ❲❡ ❞❡❛❧ ✇✐t❤ t❤✐s ❝❛s❡ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts

❛s ❢♦r t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t E[maxm′∈Mn
Um∧m′ ] ✐s ✉♣♣❡r✲❜♦✉♥❞❡❞ ❜② C/n✳

✷

✺✳✷✳✸✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❧✐♥❡s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✱ ✇❡ ❞✐st✐♥❣✉✐s❤
❢♦✉r ❝❛s❡s✿

• m′
1 ≤ m1 ❛♥❞ m′

2 ≤ m2✳ ❋♦r s✉❝❤ ❝♦✉♣❧❡s (m1,m2) ❛♥❞ (m′
1,m

′
2)✱ ‖hm′ − hm∧m′‖2 = 0✳

• m1 ≤ m′
1 ❡t m2 ≤ m′

2✳ ❲❡ ♥♦t✐❝❡ ✜rst t❤❛t ‖hm′ − hm∧m′‖2 = ‖hm′ − hm‖2 ≤ 2‖hm′ −
h‖2 + 2‖hm − h‖2✳ ❙✐♥❝❡ t❤❡ ♠♦❞❡❧s ❛r❡ ♥❡st❡❞ ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥ ✭s❡❡ Pr♦♣❡rt② ✭✹✮✮✱
✇❡ ❤❛✈❡ Sm = Sm1 × Sm2 ⊂ Sm′

1
× Sm′

2
= Sm′ ✳ ❈♦♥s❡q✉❡♥t❧②✱ hm ∈ Sm′ ✱ ❛♥❞ ❜② t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ Sm′ ✱ ✇❡ ❣❡t ‖hm′ − h‖ ≤ ‖hm − h‖✳ ❚❤✐s
❧❡❛❞s t♦ ‖hm′ − hm∧m′‖2 ≤ 4‖hm − h‖2✳

• m′
1 ≤ m1 ❡t m2 ≤ m′

2✳ ❚♦ ❞❡❛❧ ✇✐t❤ t❤✐s ❝❛s❡✱ ✇❡ ✉s❡ ✜rst t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦✿ ✐❢
t ❜❡❧♦♥❣s t♦ L2([0; 1] × A2)✱ t❤❡♥ ❢♦r ❛❧❧ u ∈ [0; 1]✱ y 7→ t(u, y) ❜❡❧♦♥❣s t♦ L2(A2) ❛♥❞
y ∈ A2✱ u 7→ t(u, y) ❜❡❧♦♥❣s t♦ L2([0; 1])✳ ▼♦r❡♦✈❡r✱ ❜② ❞❡♥♦t✐♥❣ ❜② G1 ✭r❡s♣❡❝t✐✈❡❧② G2✮
❛ ❝❧♦s❡❞ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢ L2([0; 1]) ✭r❡s♣❡❝t✐✈❡❧② ♦❢ L2(A2)✮✱ ❛♥❞ ❜② ΠG t❤❡ ♣r♦❥❡❝t✐♦♥
♦♣❡r❛t♦r ♦♥t♦ ❛ s✉❜s♣❛❝❡ G✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s✿

ΠG1×G2t = ΠG1×L2(A2)

(

ΠL2([0;1])×G2
t
)

.



❲❆❘P❊❉ ❇❆❙❊❙ ❋❖❘ ❈❖◆❉■❚■❖◆❆▲ ❉❊◆❙■❚❨ ❊❙❚■▼❆❚■❖◆ ✶✾

■♥ ♦✉r s❡tt✐♥❣✱ ✇❡ t❤✉s ❝♦♠♣✉t❡

‖hm′ − hm∧m′‖2 =
∥

∥

∥ΠSm′

1
×L2(A2)

[

ΠL2([0;1])×Sm′

2

h− ΠL2([0;1])×Sm2
h
]∥

∥

∥

2
,

≤
∥

∥

∥ΠL2([0;1])×Sm′

2

h− ΠL2([0;1])×Sm2
h
∥

∥

∥

2
,

≤ 2
∥

∥

∥
ΠL2([0;1])×Sm′

2

h− h
∥

∥

∥

2
+ 2

∥

∥

∥
ΠL2([0;1])×Sm2

h− h
∥

∥

∥

2
,

≤ 4
∥

∥

∥
ΠL2([0;1])×Sm2

h− h
∥

∥

∥

2
≤ 4‖hm − h‖2,

✇❤❡r❡ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ♦❢ t❤❡ ❧❛st ❧✐♥❡ ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♥♦t✐❝✐♥❣ t❤❛t Sm2 ⊂ Sm′

2
❛♥❞ t❤❛t

Sm1 ⊂ L2([0; 1])✱ ❛♥❞ ❜② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s✳

• m1 ≤ m′
1 ❡t m′

2 ≤ m2✳ ❇② s②♠♠❡tr②✱ t❤✐s ❝❛s❡ ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ s✐♠✐❧❛r❧② t♦ t❤❡ ❧❛tt❡r✳

●❛t❤❡r✐♥❣ t❤❡ ❜♦✉♥❞s ♦❢ t❤❡ ❢♦✉r ❝❛s❡s ❛♥❞ t❛❦✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❢♦✉r ✉♣♣❡r✲❜♦✉♥❞s ❧❡❛❞
t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥✿

max
m′∈Mn

‖hm′ − hm∧m′‖2 ≤ max
{

0, 4‖hm − h‖2
}

= 4‖hm − h‖2.

✷

✺✳✸✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥s✱ ✇❡ ✇r✐t❡ ✐♥ t❤✐s s❡❝t✐♦♥ A(m) t♦ r❡♣❧❛❝❡

A(m, F̂n)✱ V ❢♦r V F̂ ✱ ❛♥❞ m̂ ✐♥st❡❛❞ ♦❢ m̂F̂ ✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ r❡❝♦✈❡r t❤❡
❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❙❡❝t✐♦♥ ✺✳✷✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ♠♦r❡ t❡❝❤♥✐❝❛❧✱ s✐♥❝❡ t❤❡ ❡st✐♠❛t♦r

π̃ = ĥF̂
m̂(F̂ (.), .) ❞❡♣❡♥❞s ✐♥ t✇♦ ✇❛②s ♦♥ F̂ ✳ ❲❡ ❞❡♥♦t❡ ✐t ❜② π̂F̂ ,F̂

m̂ ✱ ❛♥❞ ❝♦❤❡r❡♥t❧②✱ ✇❡ ❞❡♥♦t❡ ❜②

π̂FX ,FX

m̂ t❤❡ ❡st✐♠❛t♦r ♣r❡✈✐♦✉s❧② st✉❞✐❡❞✱ t❤❛t ✐s π̃0✳ ❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r♠❡❞✐❛t❡✿

✭✶✽✮ ∀(x, y) ∈ A1 ×A2, π̂
F̂ ,FX (x, y) = ĥF̂

m̂(FX(x), y).

❚❤❡s❡ ♥♦t❛t✐♦♥s ❛❧s♦ s✉✐t ✇❡❧❧ ❢♦r ❛ ✜①❡❞ ✐♥❞❡①m ∈ Mn✳ ❲❡ ❞❡♥♦t❡ ❜② E[.|(X−l)] t❤❡ ❝♦♥❞✐t✐♦♥❛❧
❡①♣❡❝t❛t✐♦♥ ❣✐✈❡♥ t❤❡ s❛♠♣❧❡ (X−l)l=1,...,n ✭t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ✇✐❧❧ ❜❡ ❝♦❤❡r❡♥t❧② ❞❡♥♦t❡❞
❜② ❱❛r(.|(X−l))✮✳ ❆ ❦❡② ♣♦✐♥t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❤✐❝❤ ❤♦❧❞s ❢♦r ❛♥② ✐♥❞❡① m✿

‖π̂F̂ ,F̂
m − π‖2

fX
≤ 6

∑4
l=0 T

m
l , ✇✐t❤

✭✶✾✮

Tm
0 = ‖π − πFX

m ‖2
fX

+ ‖πFX
m − π̂FX ,FX

m ‖2
fX
,

Tm
1 =

∥

∥

∥
π̂FX ,FX

m − π̂F̂ ,FX
m − E

[

π̂FX ,FX
m − π̂F̂ ,FX

m |(X−l)l

]∥

∥

∥

2

fX

,

Tm
2 =

∥

∥

∥
π̂F̂ ,FX

m − π̂F̂ ,F̂
m − E

[

π̂F̂ ,FX
m − π̂F̂ ,F̂

m |(X−l)l

]∥

∥

∥

2

fX

,

Tm
3 =

∥

∥

∥E

[

π̂FX ,FX
m − π̂F̂ ,FX

m |(X−l)l

]∥

∥

∥

2

fX

, Tm
4 =

∥

∥

∥E

[

π̂F̂ ,FX
m − π̂F̂ ,F̂

m |(X−l)l

]∥

∥

∥

2

fX

.

▲❡t ✉s r❡♠❛r❦ t❤❛t Tm
0 ✐s t❤❡ ❜✐❛s✲✈❛r✐❛♥❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r t❤❡ r✐s❦ ♦❢ ❛♥ ❡st✐♠❛t♦r π̂FX ,FX

m ✱
❛♥❞ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ st✉❞✐❡❞ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸✳✶✮✳ ❚❤❡ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ✐s ♥♦✇ t♦ ❞❡❝♦♠♣♦s❡
t❤❡ ❧♦ss ❢✉♥❝t✐♦♥✱ ✉s✐♥❣ t❤❡s❡ ✐♥t❡r♠❡❞✐❛t❡s ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ A ❛♥❞ V ✱ ❛♥❞ t❤❡♥ t♦ ❜♦✉♥❞
❡❛❝❤ ♦❢ t❤❡ t❡r♠s ❜② CDm1Dm2/n ♦r t♦ ❝❡♥tr❡ t❤❡♠ ✭s♦ ❛s t♦ s❤♦✇ t❤❡② ❛r❡ ♥❡❣❧✐❣✐❜❧❡✮✳
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✺✳✸✳✶✳ ▼❛✐♥ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✳ ❲❡ ❜❡❣✐♥ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❡st✐♠❛t♦r ❞❡✜♥❡❞ ❜②
✭✶✽✮ ✐♥ t❤❡ ❧♦ss ♦❢ ♦✉r ❡st✐♠❛t♦r✿

∥

∥

∥π̂
F̂ ,F̂
m̂ − π

∥

∥

∥

2

fX

≤ 3
∥

∥

∥π̂
F̂ ,F̂
m̂ − π̂F̂ ,FX

m̂ − E

[

π̂F̂ ,F̂
m̂ − π̂F̂ ,FX

m̂ |(X−l)l

]∥

∥

∥

2

fX

+3
∥

∥

∥
E

[

π̂F̂ ,F̂
m̂ − π̂F̂ ,FX

m̂ |(X−l)l

]∥

∥

∥

2

fX

+ 3
∥

∥

∥
π̂F̂ ,FX

m̂ − π
∥

∥

∥

2

fX

,

= 3T m̂
2 + 3T m̂

4 + 3
∥

∥

∥
ĥF̂

m̂ − h
∥

∥

∥

2
.

❚❤❡ ❧❛st t❡r♠ ✐ts❡❧❢ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞✱ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ A✱ V ✱ ❛♥❞ m̂✿
∥

∥

∥ĥF̂
m̂ − h

∥

∥

∥

2
≤ 3

∥

∥

∥ĥF̂
m̂ − ĥF̂

m∧m̂

∥

∥

∥

2
+ 3

∥

∥

∥ĥF̂
m∧m̂ − ĥF̂

m

∥

∥

∥

2
+ 3

∥

∥

∥ĥF̂
m − h

∥

∥

∥

2
,

≤ 3 (A(m) + V (m̂)) + 3 (A (m̂) + V (m)) + 3
∥

∥

∥ĥF̂
m − h

∥

∥

∥

2
,

= 3 (A(m) + 2V (m)) + 3 (A (m̂) + 2V (m̂)) + 3
∥

∥

∥
ĥF̂

m − h
∥

∥

∥

2
− 3V (m̂) − 3V (m) ,

≤ 6 (A(m) + 2V (m)) − 2V (m̂) + 3
∥

∥

∥
ĥF̂

m − h
∥

∥

∥

2
.

❋✉rt❤❡r♠♦r❡✱ ‖ĥF̂
m − h‖2 = ‖π̂F̂ ,FX

m − π‖2
fX

≤ 3Tm
1 + 3Tm

3 + 6Tm
0 . ❈♦♥s❡q✉❡♥t❧②✱

∥

∥

∥
π̂F̂ ,F̂

m̂ − π
∥

∥

∥

2

fX

≤ 3T m̂
2 + 3T m̂

4 − 3 × 2V (m̂) + 3 × 6 (A(m) + 2V (m))✭✷✵✮

+3 × 3 × (3Tm
1 + 3Tm

3 + 6Tm
0 ) ,

✇❤❡r❡ t❤❡ t❡r♠s Tm
l ✱ l = 0, . . . , 4 ❛r❡ ❞❡✜♥❡❞ ❜② ✭✶✾✮✳ ❲❡ s♣❧✐t t❤❡ t❡r♠ A✱ ✜rst ✐♥ ❛ s✐♠✐❧❛r ✇❛②

❛s ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳ ▲❡t (m,m′) ∈ M2
n✱

∥

∥

∥ĥF̂
m′ − ĥF̂

m∧m′

∥

∥

∥

2
≤ 3

∥

∥

∥ĥF̂
m′ − hm′

∥

∥

∥

2
+ 3 ‖hm′ − hm∧m′‖2 + 3

∥

∥

∥hm∧m′ − ĥF̂
m∧m′

∥

∥

∥

2
.

❇✉t ✇❡ ✐♠♠❡❞✐❛t❧② tr② t♦ r❡❝♦✈❡r t❤❡ s♣❧✐tt✐♥❣ t❡r♠s ❞❡✜♥❡❞ ❜② ✭✶✾✮✳ ❇② ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥
✹✱ ✇❡ ❣❡t✱ ❢♦r p = m ♦r p = m ∧m′✱

∥

∥

∥
hp − ĥF̂

p

∥

∥

∥

2
= sup

t∈S(p)
ν̃2

n(t), ν̃n(t) =
1

n

n
∑

i=1

t
(

F̂n(Xi), Yi

)

− E [t (FX(Xi), Yi)] ,

❢♦r ❛ ❢✉♥❝t✐♦♥ t ∈ L2([0; 1]×A2)✳ ❲❡ r❡❝♦✈❡r t❤❡ ♣r❡✈✐♦✉s ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss ❜② t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
ν̃2

n(t) ≤ 2ν2
n(t) + 2R2

n(t)✱ ✇✐t❤ Rn(t) = (1/n)
∑n

i=1 t(F̂n(Xi), Yi) − t(FX(Xi), Yi). ▼♦r❡♦✈❡r✱ ✐❢ t

❜❡❧♦♥❣s t♦ S(p)✱ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ✇r✐tt❡♥ t =
∑Dp1

j=1

∑Dp2
k=1 θj,kϕj ⊗ϕk✱ ✇✐t❤

∑Dp1
j=1

∑Dp2
k=1 θ

2
j,k = 1✳

❯s✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥✱ ❈❛✉❝❤②✲❙❝❤✇❛r③ ■♥❡q✉❛❧✐t②✱ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts âFX

j,k ♦r

âF̂
j,k ②✐❡❧❞ supt∈S(p)R

2
n(t) =

∑Dp1
j=1

∑Dp2
k=1(â

F̂
j,k − âFX

j,k )2. ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦❢ âF̂
j,k − âFX

j,k

✐s ✐♥tr♦❞✉❝❡❞ t♦ ❣❡t supt∈S(p)R
2
n(t) ≤ 2T p

1 + 2T p
3 ✳ ❈♦♥s❡q✉❡♥t❧②✱

∥

∥

∥
hp − ĥF̂

p

∥

∥

∥

2
≤ 2 sup

t∈S(p)
(νn(t))2 + 4T p

1 + 4T p
3 .

❇② s✉❜str❛❝t✐♥❣ V (m′)✱ t❛❦✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♦✈❡rm′ ∈ Mn ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❣✐✈❡ ❛♥ ✉♣♣❡r✲❜♦✉♥❞
❢♦r E[A(m)]✳ ❲❡ ✐♥tr♦❞✉❝❡ ✐t ✐♥t♦ ✭✷✵✮ t♦ ♦❜t❛✐♥✿
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E

[

∥

∥

∥
π̂F̂ ,F̂

m̂ − π
∥

∥

∥

2

fX

]

✭✷✶✮

≤ 36V (m) + 27E [2Tm
0 + Tm

1 + Tm
3 ] + 18

{

3 max
m′∈Mn

‖hm∧m′ − hm′‖2

+3E

[

(

T m̂
2 − V (m̂)

)

+

]

+ 3E

[

(

T m̂
4 − V (m̂)

)

+

]

+6E

[

max
m′∈Mn

(

sup
t∈S(m′)

(νn(t))2 − V (m′)

18 × 36

)

+

]

+6E

[

max
m′∈Mn

(

sup
t∈S(m∧m′)

(νn(t))2 − V (m′)

18 × 36

)

+

]

+12E

[

max
m′∈Mn

(

Tm′

3 − V (m′)

18 × 72

)

+

]

+ 12E

[

max
m′∈Mn

(

Tm∧m′

3 − V (m′)

18 × 72

)

+

]

+12E

[

max
m′∈Mn

(

Tm′

1 − V (m′)

18 × 72

)

+

]

+ 12E

[

max
m′∈Mn

(

Tm∧m′

1 − V (m′)

18 × 72

)

+

]}

.

✭✷✷✮

❲❡ ❜♦✉♥❞ ❡❛❝❤ ♦❢ t❤❡s❡ t❡r♠s✳ ❙♦♠❡ ♦❢ t❤❡♠ ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ st✉❞✐❡❞✿ r❡❝❛❧❧ ✜rst t❤❛t

E [Tm
0 ] ≤

∥

∥πFX
m − π

∥

∥

2
+
Dm1Dm2

n
,

✉s✐♥❣ ✭✺✮ ❛♥❞ ✭✻✮✳ ▼♦r❡♦✈❡r✱ ❛♣♣❧②✐♥❣ t✇✐❝❡ Pr♦♣♦s✐t✐♦♥ ✷ s❤♦✇s t❤❛t

E

[

max
m′∈Mn

(

sup
t∈S(m′)

(νn(t))2 − V0(m
′)

)

+

]

≤ C

n
,

E

[

max
m′∈Mn

(

sup
t∈S(m∧m′)

(νn(t))2 − V0(m
′)

)

+

]

≤ C

n
,

✇✐t❤ V0(m
′) = 2(1 + 2δ)Dm′

1
Dm′

2
/n. ❈❤♦♦s✐♥❣ c1 ✭s❡❡ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✼✮✮ ❧❛r❣❡r t❤❛♥ 2(1 +

2δ)✱ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞ ✇✐t❤ V ✐♥ ♣❧❛❝❡ ♦❢ V0✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ ✐♥ ▲❡♠♠❛ ✻ t❤❛t
maxm′∈Mn

‖hm′ − hm∧m′‖2 ≤ 4‖hm − h‖2. ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② (21) ❢♦r
t❤❡ r✐s❦✱ ✇❡ ❣❡t

E

[

∥

∥

∥
π̂F̂ ,F̂

m̂ − π
∥

∥

∥

2

fX

]

≤ 36V (m) + 27 × 2
Dm1Dm2

n
+ (12 × 18 + 27 × 2)‖hm − h‖2 +

C

n

+3E

[

(

T m̂
2 − V (m̂)

)

+

]

+ 3E

[

(

T m̂
4 − V (m̂)

)

+

]

+ 27E [Tm
1 + Tm

3 ]✭✷✸✮

+18

{

12E

[

max
m′∈Mn

(

Tm′

3 − V (m′)

18 × 72

)

+

]

+ 12E

[

max
m′∈Mn

(

Tm∧m′

3 − V (m′)

18 × 72

)

+

]

+12E

[

max
m′∈Mn

(

Tm′

1 − V (m′)

18 × 72

)

+

]

+ 12E

[

max
m′∈Mn

(

Tm∧m′

1 − V (m′)

18 × 72

)

+

]}

.
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■t r❡♠❛✐♥s t♦ ❜♦✉♥❞ t❤❡ t❡r♠s Tm
l ✱ l = 1, 2, 3, 4 ♦r t❤❡✐r ❝❡♥tr❡❞ ✈❡rs✐♦♥s✱ ❜② q✉❛♥t✐t✐❡s ♦❢ ♦r❞❡r

❛t ♠♦st Dm1Dm2/n✳ ▲❡t ✉s ✜rst ♥♦t✐❝❡ t❤❛t✱ ❢♦r l = 2, 4✱

E

[

(

T m̂
l − V (m̂)

)

+

]

≤ E

[

max
m′∈Mn

(

Tm′

l − V (m′)
)

+

]

,

❛♥❞ t❤❡♥ ✉s❡ t❤❡ ❧❡♠♠❛s ❥✉st ❜❡❧♦✇✱ ✇❤♦s❡ ♣r♦♦❢s ❛r❡ ❞❡❢❡rr❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✳

▲❡♠♠❛ ✼✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ♠♦❞❡❧s ❛r❡ tr✐❣♦♥♦♠❡tr✐❝✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C ❞❡♣❡♥❞✐♥❣
♦♥❧② ♦♥ ‖ϕ′

2‖∞,[0;1] s✉❝❤ t❤❛t✱ ❢♦r m ∈ Mn✱

E [Tm
1 ] ≤ C

D3
m1
Dm2

n2
.

▼♦r❡♦✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✱ ✐❢ Dm1 = O(
√
n/ ln(n))✱ ❢♦r pm′ = m′ ♦r pm′ = m∧m′✱

❛♥❞ ❢♦r ❛ ❝♦♥st❛♥t C > 0

E

[

max
m′∈Mn

(

T
pm′

1 − V1(m
′)
)

+

]

≤ C

n
,

✇✐t❤ V1(m
′) = κ1Dm′

1
Dm′

2
/n, ❛♥❞ κ1 ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ‖ϕ′

2‖∞,[0;1]✳

■❢Dm1 = O(n1/2) ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ♦❢ ▲❡♠♠❛ ✼ ❧❡❛❞s t♦ E[Tm
1 ] ≤ CDm1Dm2/n.

▲❡♠♠❛ ✽✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ♠♦❞❡❧s ❛r❡ tr✐❣♦♥♦♠❡tr✐❝✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C✱ ✇❤✐❝❤ ❞❡♣❡♥❞s
♦♥ ‖ϕ′

2‖∞,[0;1]✱ s✉❝❤ t❤❛t

E

[

max
m′∈Mn

(

Tm′

2 − V2(m
′)
)

+

]

≤ C
ln(n)

n
,

✇✐t❤ V2(m
′) = κ2D

4
m′

1
Dm′

2
ln2(n)/n2✱ ❛♥❞ κ2 ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ❛❧s♦ ♦♥ ‖ϕ′

2‖∞,[0;1]✳

❆ss✉♠✐♥❣ t❤❛t Dm′

1
= O(n1/3/ ln2/3(n))✱ ✇❡ ❤❛✈❡ V2(m

′) ≤ V b
2 (m′) := κ′2Dm′

1
Dm′

2
/n ✭κ′2 ❛

❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✮✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ♦❢ ▲❡♠♠❛ ✽ st✐❧❧ ❤♦❧❞s ❜② r❡♣❧❛❝✐♥❣ V2 ❜② V b
2 ✳

▲❡♠♠❛ ✾✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ♠♦❞❡❧s ❛r❡ tr✐❣♦♥♦♠❡tr✐❝✱ ❛♥❞ t❤❛t h ✐s C1 ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ✜rst

✈❛r✐❛❜❧❡ ♦♥ [0; 1]✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C ❞❡♣❡♥❞✐♥❣ ♦♥ ‖ϕ(3)
2 ‖∞,[0;1]✱ ‖h‖ ❛♥❞ ‖∂1h‖ ✭∂1 ✐s t❤❡

❞❡r✐✈❛t✐♦♥ ♦♣❡r❛t♦r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜rst ✈❛r✐❛❜❧❡✮ s✉❝❤ t❤❛t✱ ❢♦r m ∈ Mn✱

E [Tm
3 ] ≤ C

(

1

n
+
Dm1

n
+
D4

m1

n2
+
D7

m1

n3

)

.

▼♦r❡♦✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✱ ❢♦r pm′ = m′ ♦r pm′ = m ∧ m′✱ ❢♦r n ≥ n0(h)✱ ❛♥❞

❛ss✉♠✐♥❣ Dm1 = O(n1/3) ❛♥❞ Dm2 ≥ c ln4(n) ✭❢♦r ❛ ❝♦♥st❛♥t c > 0✮ ❢♦r ❡❛❝❤ m✱

E

[

max
m′∈Mn

(

T
pm′

3 − V3(m
′)
)

+

]

≤ C

n
,

✇✐t❤ V3(m
′) = κ3

Dm′

1
Dm′

2
n , κ3 ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ ❛♥❞ n0(h) ❛ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ h✳

■❢Dm1 = O(n1/3) ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ♦❢ ▲❡♠♠❛ ✼ ❧❡❛❞s t♦ E[Tm
3 ] ≤ CDm1Dm2/n.

▲❡♠♠❛ ✶✵✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ♠♦❞❡❧s ❛r❡ tr✐❣♦♥♦♠❡tr✐❝✱ t❤❛t h ✐s C1 ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ✜rst
✈❛r✐❛❜❧❡ ♦♥ [0; 1] ❛♥❞ ❜❡❧♦♥❣s t♦ t❤❡ ❛♥✐s♦tr♦♣✐❝ ❙♦❜♦❧❡✈ ❜❛❧❧ ❞❡♥♦t❡❞ ❜② W 2

per([0; 1]2, L, (1, 0))✱ ❛♥❞

t❤❛t ❢♦r ❛❧❧ m ∈ Mn✱ Dm1 = O(n1/3/ ln1/3(n)) ❛♥❞ Dm2 ≥ c ln5(n) ✭❢♦r ❛ ❝♦♥st❛♥t c > 0✮✱ t❤❡r❡
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❡①✐sts ❛ ❝♦♥st❛♥t C✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ‖ϕ′
2‖∞,[0;1]✱ ‖ϕ′′

2‖∞,[0;1]✱ ‖ϕ(3)
2 ‖∞,[0;1]✱ ‖h‖✱ ‖∂1h‖✱ ❛♥❞ L

s✉❝❤ t❤❛t✱ ❢♦r n ≥ n1(h)✱

E

[

max
m′∈Mn

(

Tm′

4 − V4(m
′)
)

+

]

≤ C
ln(n)

n
,

✇✐t❤ V4(m
′) = κ4Dm′

1
Dm′

2
/n✱ ❛♥❞ κ4 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ ❛♥❞ n1(h) ❛ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ❞❡♣❡♥❞✲

✐♥❣ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ h✳

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✱ ✇❡ ❝❤♦♦s❡ t❤❡ ❝♦♥st❛♥t c1 ❧❛r❣❡r t❤❛♥ κl ✭l = 1, . . . , 4✮✱ t♦ ❤❛✈❡ V (m′) ≥
Vl(m

′) ✭♦r V b
l (m′) ❢♦r l = 2✮✿ t❤✐s ❡♥❛❜❧❡s t♦ ❛♣♣❧② t❤❡ ✐♥❡q✉❛❧✐t✐❡s ♦❢ t❤❡ ❧❡♠♠❛s ✇✐t❤ V ❛♥❞ t♦

✉s❡ ✐t ✐♥ ■♥❡q✉❛❧✐t② ✭✷✸✮✳ ❲❡ t❤❡♥ ♦❜t❛✐♥ t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✶✳

✷

✺✳✸✳✷✳ ❚❡❝❤♥✐❝❛❧ t♦♦❧s ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛s ✼ t♦ ✶✵✳ ❑❡② ❛r❣✉♠❡♥ts ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡
❧❡♠♠❛s ❛r❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F̂n ♦❢ t❤❡ s❛♠♣❧❡
(X−l)l✳ ❋✐rst✱ ❧❡t U−i = FX(X−i) ✭i = 1, . . . , n✮✳ ❘❡❝❛❧❧ t❤❛t ✐t ✐s ❛ ✉♥✐❢♦r♠ ✈❛r✐❛❜❧❡ ♦♥ [0; 1]✳ ❲❡
❞❡♥♦t❡ ❜② Ûn t❤❡ ❡♠♣✐r✐❝❛❧ ❝✳❞✳❢✳ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s❛♠♣❧❡ (U−i)i=1,...,n✳ ▲❡t ✉s ❛❧s♦ ❦❡❡♣ ✐♥ ♠✐♥❞
t❤❛t ❢♦r ❛❧❧ u ∈ [0; 1]✱ F̂n(F−1

X (u)) = Ûn(u) ❛♥❞ t❤❛t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ‖F̂n − FX‖∞,A1 ❤❛s
t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s ‖Ûn − id‖∞,[0;1] ✭✇✐t❤ id t❤❡ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t u 7→ u✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✇❡ ❣❡t

E

[

âF̂
j,k |(X−l)l

]

=

∫

[0;1]×A2

ϕj ◦ Ûn(u)ϕk(y)h(u, y)dudy.

❲❡ ❛❧s♦ r❡❝❛❧❧ s♦♠❡ ✐♥❡q✉❛❧✐t✐❡s t♦ ❝♦♥tr♦❧ t❤❡ ❞❡✈✐❛t✐♦♥s ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❝✳❞✳❢ Ûn✳ ❉✈♦r❡t③❦②
❡t ❛❧✳ ❬✶✾✺✻❪ ❡st❛❜❧✐s❤❡❞ t❤❡ ✜rst ♦♥❡✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳ ❋♦r ❛♥② λ > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t K s✉❝❤ t❤❛t

P

(

∥

∥

∥
Ûn − id

∥

∥

∥

∞,[0;1]
≥ λ

)

≤ K exp
(

−2nλ2
)

.

❇② ✐♥t❡❣r❛t✐♦♥✱ ✇❡ t❤❡♥ ❞❡❞✉❝❡ ♦t❤❡r ❜♦✉♥❞s✿

Pr♦♣♦s✐t✐♦♥ ✶✷✳ ❋♦r ❛♥② ✐♥t❡❣❡r p > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cp > 0 s✉❝❤ t❤❛t

✭✷✹✮ E

[

∥

∥

∥
Ûn − id

∥

∥

∥

p

∞,[0;1]

]

≤ Cp

np/2
,

❋♦r ❛♥② κ > 0✱ ❢♦r ❛♥② ✐♥t❡❣❡r p ≥ 2✱ t❤❡r❡ ❡①✐sts ❛❧s♦ ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

✭✷✺✮ E

[(

∥

∥

∥Ûn − id
∥

∥

∥

p

∞,[0;1]
− κ

lnp/2(n)

np/2

)

+

]

≤ Cn−c(p,κ), ✇✐t❤ c(p, κ) = 2
2−p

p κ2/p.

▼♦r❡♦✈❡r✱

✭✷✻✮ E

[

(

∥

∥

∥
Ûn − id

∥

∥

∥

2

∞,[0;1]
− κ

ln(n)

n

)2
]

≤ Cn−2−2κ.

■♥❡q✉❛❧✐t② ✭✷✻✮ ✐s ❛ s❧✐❣❤t❧② ♠♦r❡ ♣r❡❝✐s❡ ✈❡rs✐♦♥ ♦❢ ■♥❡q✉❛❧✐t② ✭✷✺✮ ✐♥ t❤❡ ❝❛s❡ p = 2✳
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✺✳✸✳✸✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳ ❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛ ✐s t♦ ❜♦✉♥❞ E[Tm
1 ]✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ π̂FX ,FX ❛♥❞ π̂F̂ ,FX ❧❡❛❞s t♦

Tm
1 =

∥

∥

∥
ĥFX

m − ĥF̂
m − E

[

ĥFX
m − ĥF̂

m |(X−l)l

]∥

∥

∥

2
.

❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ t❤❡ ❡st✐♠❛t♦rs ✐♥ t❤❡ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s (ϕj⊗ϕk) ②✐❡❧❞ Tm
1 =

∑

j,k{(âFX

j,k −
âF̂

j,k) − E[âFX

j,k − âF̂
j,k|(X−l)]}2✳ ❚❤✉s✱

E [Tm
1 |(X−l)l ] =

∑

j,k

❱❛r
(

âFX

j,k − âF̂
j,k |(X−l)l

)

.

❲❡ ✇♦r❦ ♦✉t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ❢♦r ❛♥② ❝♦✉♣❧❡ (j, k)✿

❱❛r
(

âFX

j,k − âF̂
j,k |(X−l)l

)

=
1

n
❱❛r

(

ϕj (FX(X1))ϕk(Y1) − ϕj

(

F̂n(X1)
)

ϕk(Y1) |(X−l)l

)

,

≤ 1

n
E

[

ϕ2
k(Y1)

{

ϕj (FX(X1)) − ϕj

(

F̂n(X1)
)}2

|(X−l)l

]

.

❲❡ ❛♣♣❧② t❤❡ ♠❡❛♥ ✈❛❧✉❡ t❤❡♦r❡♠✱ s✉♠ ♦✈❡r t❤❡ ✐♥❞✐❝❡s j ❛♥❞ k✱ ❛♥❞ r❡♠❛r❦ ‖ϕ′
j‖∞,[0;1] ≤

Dm1‖ϕ′
2‖∞,[0;1] ✭♣r♦♣❡rt② ♦❢ t❤❡ tr✐❣♦♥♦♠❡tr✐❝ ❜❛s✐s✮✿

E [Tm
1 |(X−l)l ] ≤ 1

n

∥

∥

∥

∥

∥

∥

Dm2
∑

k=1

ϕ2
k

∥

∥

∥

∥

∥

∥

∞,[0;1]

Dm1
∑

j=1

‖ϕ′
j‖2

∞,[0;1]

∥

∥

∥FX − F̂n

∥

∥

∥

2

∞,A1

,

≤ ‖ϕ′
2‖2

∞,[0;1]

D3
m1
Dm2

n

∥

∥

∥
FX − F̂n

∥

∥

∥

2

∞,A1

.

■t r❡♠❛✐♥s t♦ ✉s❡ ■♥❡q✉❛❧✐t② ✭✷✹✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✷ ✇✐t❤ p = 2 t♦ ❜♦✉♥❞ t❤❡ ❡①♣❡❝t❛t✐♦♥✿

E [Tm
1 ] ≤ C‖ϕ′

2‖2
∞,[0;1]

D3
m1
Dm2

n2

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ✐♥❡q✉❛❧✐t②✳ ❋♦r t❤❡ s❡❝♦♥❞✱ ❧❡t ✉s ❜❡❣✐♥ ✇✐t❤ V1(pm′) ≤
V1(m

′)✳ ❚❤❡r❡❢♦r❡ E[maxm′∈Mn
(T

pm′

1 − V1(m
′))+] ≤ E[maxm′∈Mn

(T
pm′

1 − V1(pm′))+]. ■♥ t❤❡
s❡q✉❡❧✱ ✇❡ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥s ❜② s❡tt✐♥❣ p = pm′ ✳ ❲❡ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✹✱ ✇❤✐❝❤ ❧❡❛❞s t♦
T p

1 = supt∈S(p) (νa
n(t))2 ✇✐t❤

νa
n(t) =

1

n

n
∑

i=1

(

t(FX(Xi), Yi) − t(F̂n(Xi), Yi)
)

− E

[(

t(FX(Xi), Yi) − t(F̂n(Xi), Yi)
)

|(X−l)l

]

,

❛ ♣r♦❝❡ss ✇❤✐❝❤ ✐s ❝❡♥tr❡❞ ❝♦♥❞✐t✐♦♥❛❧❧② t♦ t❤❡ s❛♠♣❧❡ (X−l)l✳ ❚❤✉s ✇❡ ❛♣♣❧② ❚❛❧❛❣r❛♥❞✬s
✐♥❡q✉❛❧✐t② ✭✶✺✮✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✱ ❜✉t ❝♦♥❞✐t✐♦♥❛❧❧② t♦ (X−l)l✳ ■♥ t❤✐s s❡tt✐♥❣ t❤❡
❦❡② q✉❛♥t✐t✐❡s ❛r❡ s✉❝❤ t❤❛t

sup
t∈S(p)

‖rt‖∞ ≤M1,a✱ E

[

sup
t∈S(p)

|νa
n(t)| |(X−l)l

]

≤ Ha,p,

❛♥❞ sup
t∈S(p)

1

n

n
∑

i=1

❱❛r (rt(Xi, Yi) |(X−l)l ) ≤ va.
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❲❡ ❝♦♠♣✉t❡

M1,a = ‖ϕ′
2‖∞,[0;1]D

3/2
p1 D

1/2
p2

∥

∥

∥F̂n − FX

∥

∥

∥

∞,A1

,

H2
a,p = 1

n ‖ϕ′
2‖2

∞,[0;1]D
3
p1
Dp2

∥

∥

∥F̂n − FX

∥

∥

∥

2

∞,A1

, va = nH2
a,p,

❛♥❞ t❤✉s ♦❜t❛✐♥ ❢♦r δ > 0✱ E

[(

sup
t∈S(p)

(νa
n(t))2 − 2(1 + 2δ)H2

a,p

)

+

|(X−l)l

]

≤ C0

{

H2
a,p exp (−Cδ) +

H2
a,p

C2(δ)n
exp

(

−C
√
δ
√
n
)

}

.

❍❡r❡✱ C0 ✐s ❛ r❛♥❞♦♠ ❝♦♥st❛♥t✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ‖FX − F̂n‖∞,A1 ✱ ❛♥❞ C ✐s ♣✉r❡❧② ♥✉♠❡r✲
✐❝❛❧✳ ❇✉t C0 ❝❛♥ ❜❡ ❛❧s♦ ❜♦✉♥❞❡❞ ❜② ❛ ✜①❡❞ q✉❛♥t✐t②✱ s✐♥❝❡ t❤❡ ✐♥✜♥✐t❡ ♥♦r♠ ✐s s♠❛❧❧❡r
t❤❛♥ 1✳ ❚❤✉s ✇❡ ✇r✐t❡ ❛♥❡✇ C ✐♥ t❤❡ s❡q✉❡❧✳ ❲❡ ❝❤♦♦s❡ δ = κ ln(n) ✭κ > 0✮✱ s♦ t❤❛t
C(δ) = 1✳ ❲❡ ♥♦✇ ♣✉t p = m′ ✭❚❤❡ ❝❛s❡ p = m ∧ m′ ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ s✐♠✐❧❛r❧②✮✳ ❲❡ t❤✉s

❤❛✈❡ E

[

max
m′∈Mn

(

Tm′

1 − 2(1 + 2κ ln(n))H2
a,m′

)

+
|(X−l)l

]

≤
∑

m′∈Mn

E

[

(

Tm′

1 − 2(1 + 2κ ln(n))H2
a,m′

)

+
|(X−l)l

]

,

≤ C







n−Cκ
∑

m′∈Mn

D3
m′

1
Dm′

2

n
+ exp

(

−C√n
)

∑

m′∈Mn

D3
m′

1
Dm′

2

n2







.

▼♦r❡♦✈❡r✱ ✇❡ ✉s❡ Dml
= O(

√
n) ✭l = 1, 2✮✱ ❛♥❞ r❡♠❛r❦ t❤❛t t❤❡ ❝❛r❞✐♥❛❧ ♦❢ Mn ✐s s♠❛❧❧❡r t❤❛♥ n✱

t♦ ❣❡t
∑

m′∈Mn
D3

m′

1
Dm′

2
/n ≤∑m′∈Mn

Cn3/2n1/2/n ≤ Cn2. ❚❤✉s✱ ✐❢ ✇❡ ❝❤♦♦s❡ κ ❧❛r❣❡ ❡♥♦✉❣❤✱

E

[

max
m′∈Mn

(

Tm′

1 − 2(1 + 2κ ln(n))H2
a,m′

)

+
|(X−l)l

]

≤ C
{

n2−Cκ + n exp
(

−C√n
)}

≤ Cn−1.

❲❡ t❤❡♥ ♥♦t✐❝❡ t❤❛t✱ ❢♦r ❛♥② αn > 0

2(1 + 2κ ln(n))H2
a,m′ ≤ 6κ

∥

∥ϕ′
2

∥

∥

2

∞,[0;1]

D3
m′

1
Dm′

2
ln(n)

n

∥

∥

∥
F̂n − FX

∥

∥

∥

2

∞,A1

,

≤ 6κ
∥

∥ϕ′
2

∥

∥

2

∞,[0;1]

D3
m′

1
Dm′

2
ln(n)

n

(

α2
n + 1‖F̂n−FX‖∞,A1

≥αn

)

.

❈❤♦♦s✐♥❣ αn =
√

3 ln(n)/n✱ ❛♥❞ ✉s✐♥❣ Dm′

1
= O(

√
n/ ln(n))✱

2(1 + 2κ ln(n))H2
a,m′ ≤ 18κ

∥

∥ϕ′
2

∥

∥

2

∞,[0;1]

Dm′

1
Dm′

2

n
+ C

n

ln2(n)
1‖F̂n−FX‖∞,A1

≥αn
,

= V1(m
′) + C1‖F̂n−FX‖2

∞,A1
≥αn

,

❇❡s✐❞❡s✱

E

[

(

Tm′

1 − V1(m
′)
)

+

]

≤ E

[

(

Tm′

1 − 2(1 + 2κ ln(n))H2
a,m′

)

+

]

+ E

[

C
n

ln2(n)
1‖F̂n−FX‖∞,A1

≥αn

]

,

≤ E

[

(

Tm′

1 − 2(1 + 2κ ln(n))H2
a,m′

)

+

]

+ Cn−2 ln−1(n),

✇✐t❤ t❤❡ ✐♥❡q✉❛❧✐t② ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶✳ ❚♦ ❝♦♥❝❧✉❞❡✱
∑

m′∈Mn
E[(Tm′

1 − V1(m
′))+] ≤ C/n✳
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✷

✺✳✸✳✹✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✽✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ t❤❡ ❝♦♥st❛♥t κ2 ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ V2 ✐s s♣❧✐t
✐♥t♦ t✇♦ ♣❛rts✱ t❤❛t ✐s κ2 = κκ′✳ ❚❤❡ ✜rst st❡♣ ✐s t♦ ✇r✐t❡ E[maxm′∈Mn

(Tm′

2 − V2(m
′))+] ≤

∑

m′∈Mn
E[(Tm′

2 − V2(m
′))+]✳ ❚❤❡♥ ✐t ✐s ❡♥♦✉❣❤ t♦ ❜♦✉♥❞ t❤✐s q✉❛♥t✐t② ❢♦r ❡❛❝❤ ✐♥❞❡① m′✳ ❲❡

✇r✐t❡ ✐♥ ❛ s❤♦rt❡♥❡❞ ❢♦r♠ t❤❡ s✉♠ ✧
∑

Dm′

1
j=1 ✧✿ ✧

∑

j✧ ✭❛♥❞ t❤❡ ❛♥❛❧♦❣♦✉s ❢♦r
∑

Dm′

2
k=1 ✮✳ ❲❡ ❝♦♠♣✉t❡

Tm′

2

=

∫

A1×A2

(

ĥF̂
m′ (FX(x), y) − ĥF̂

m′

(

F̂n(x), y
)

−E

[

ĥF̂
m′ (FX(x), y) − ĥF̂

m′

(

F̂n(x), y
)

|(X−l)l

])2
fX(x)dxdy,

=

∫

A1

∑

j,j′

∑

k,k′

(

âF̂
j,k − E

[

âF̂
j,k |(X−l)l

])(

âF̂
j′,k′ − E

[

âF̂
j′,k′ |(X−l)l

])

×
(

ϕj ◦ FX(x) − ϕj ◦ F̂n(x)
)(

ϕj′ ◦ FX(x) − ϕj′ ◦ F̂n(x)
)

∫

A2

ϕk(y)ϕk′(y)dyfX(x)dx,

=

∫

[0;1]

Dm′

2
∑

k=1











Dm′

1
∑

j=1

(

âF̂
j,k − E

[

âF̂
j,k |(X−l)l

])(

ϕj(u) − ϕj ◦ Ûn(u)
)











2

du,

❇② t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ■♥❡q✉❛❧✐t②✱ ❛♥❞ t❤❡ ♠❡❛♥ ✈❛❧✉❡ t❤❡♦r❡♠✱

Tm′

2 ≤
∥

∥ϕ′
2

∥

∥

2

∞,[0;1]
D3

m′

1

∥

∥

∥Ûn − id
∥

∥

∥

2

∞,[0;1]

Dm′

2
∑

k=1

Dm′

1
∑

j=1

(

âF̂
j,k − E

[

âF̂
j,k |(X−l)l

])2
.

❚❤✉s✱ E[(Tm′

2 − V2(m
′))+] ≤ Tm′

2,a + Tm′

2,b ✱ ✇✐t❤

Tm′

2,a = D3
m′

1

∥

∥ϕ′
2

∥

∥

2

∞,[0;1]
E





∑

j,k

(

âF̂
j,k − E

[

âF̂
j,k |(X−l)l

])2
(

∥

∥

∥
Ûn − id

∥

∥

∥

2

∞,[0;1]
− κ′

ln(n)

n

)

+



 ,

Tm′

2,b = D3
m′

1

∥

∥ϕ′
2

∥

∥

2

∞,[0;1]
κ′

ln(n)

n
E









∑

j,k

(

âF̂
j,k − E

[

âF̂
j,k |(X−l)l

])2
− κ

‖ϕ′
2‖2

∞,[0;1]

Dm′

1
Dm′

2

n
ln(n)





+



 .

❇♦✉♥❞✐♥❣ r♦✉❣❤❧②
∑

j,k(â
F̂
j,k − E[âF̂

j,k(X−l)l])
2 ❧❡❛❞s t♦

Tm′

2,a ≤ 2D4
m′

1
Dm′

2

∥

∥ϕ′
2

∥

∥

2

∞,[0;1]
E

[(

∥

∥

∥
Ûn − id

∥

∥

∥

2

∞,[0;1]
− κ′

ln(n)

n

)

+

]

,

≤ Cn4/2n1/2

(

E

[

(

∥

∥

∥Ûn − id
∥

∥

∥

2

∞,[0;1]
− κ′

ln(n)

n

)2
])1/2

✉s✐♥❣ Dml
≤ √

n (l = 1, 2),

≤ Cn5/2n−1−κ′

= Cn−3/2−κ′

✭■♥❡q✉❛❧✐t② ✭✷✻✮✮

❚❤✉s✱ ❝❤♦♦s✐♥❣ κ′ ≥ 7/2✱
∑

m′∈Mn
Tm′

2,a ≤ C/n✳ ❋♦r t❤❡ s❡❝♦♥❞ t❡r♠ Tm′

2,b ✱ ✇❡ ♥♦t✐❝❡ ✜rst t❤❛t
∑

j,k(â
F̂
j,k − E[âF̂

j,k|(X−l)l])
2 = supt∈S(m′)(ν

b
n)2(t) ✭Pr♦♣♦s✐t✐♦♥ ✹✮ ✇✐t❤

νb
n(t) =

1

n

n
∑

i=1

t
(

F̂n(Xi), Yi

)

− E

[

t
(

F̂n(Xi), Yi

)

|(X−l)l

]

.
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❲❡ ♥♦✇ ❜♦✉♥❞ t❤❡ ❞❡✈✐❛t✐♦♥s ♦❢ t❤✐s ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss✱ ❝❡♥tr❡❞ ❝♦♥❞✐t♦♥❛❧❧② t♦ (X−l)✱ ❡①❛❝t❧② ❛s
✇❡ ❜♦✉♥❞ νa

n ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✼✿ t❤❡② ❛r❡ ❝♦♥tr♦❧❡❞ ❜② t❤❡ ❚❛❧❛❣r❛♥❞ ■♥❡q✉❛❧✐t② ✭✶✺✮✳ ❲❡
✜♥❛❧❧② ♦❜t❛✐♥

∑

m′∈Mn T
m′

2,b ≤ C ln(n)/n, ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✱ ❜② ❣❛t❤❡r✐♥❣ t❤✐s ❜♦✉♥❞ ✇✐t❤

t❤❡ ♦♥❡ ♦❢
∑

m′∈Mn T
m′

2,a ✳

✷

✺✳✸✳✺✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✾✳ ❚♦ ❝♦♠♣✉t❡ ❛ ❜♦✉♥❞ ❢♦r E[Tm
3 ], ❧❡t ✉s ❜❡❣✐♥ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢

t❤❡ ❡st✐♠❛t♦rs ❛♥❞ t❤❡✐r ❝♦❡✣❝✐❡♥ts✱ t♦ ❣❡t Tm
3 =

∑Dm1
j=1

∑Dm2
k=1 {〈ϕk,Λj(y)〉A2}2 ✇✐t❤ Λj(y) =

∫

A1
(ϕj(F̂n(x)) − ϕj(FX(x)))f(X,Y )(x, y)dx✳ ❚❤✉s ✇❡ ❝❛♥ ✇r✐t❡ Tm

3 =
∑Dm1

j=1 ‖ΠSm2
Λj‖2

A2
≤

∑Dm1
j=1 ‖Λj‖2

A2
✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞ ❛s

Tm
3 ≤

Dm1
∑

j=1

∫

A2

(

∫

[0;1]
(ϕj(Ûn(u)) − ϕj(u))h(u, y)du

)2

dy :=

∫

A2

T
′m
3 (y)dy.

❲❡ ❛♣♣❧② ❚❛②❧♦r✬s ❢♦r♠✉❧❛ ✇✐t❤ t❤❡ ▲❛❣r❛♥❣❡ ❢♦r♠ ❢♦r t❤❡ r❡♠❛✐♥❞❡r✿ t❤❡r❡ ❡①✐sts ❛ r❛♥❞♦♠
♥✉♠❜❡r ❞❡♣❡♥❞✐♥❣ ♦♥ j✱ α̂j,n,u✱ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❧✐tt✐♥❣ ❤♦❧❞s✿

E

[

T
′m
3 (y)

]

≤ 3E
[

Tm
3,1(y)

]

+ 3E
[

Tm
3,2(y)

]

+ 3E
[

Tm
3,3(y)

]

,

✇✐t❤ ♥♦t❛t✐♦♥s

Tm
3,1(y) =

Dm1
∑

j=1

{∫ 1

0
h(u, y)

(

Ûn(u) − u
)

ϕ′
j(u)du

}2

,

Tm
3,2(y) = (1/4)

Dm1
∑

j=1

{∫ 1

0
h(u, y)

(

Ûn(u) − u
)2
ϕ′′

j (u)du

}2

,

Tm
3,3(y) = (1/36)

Dm1
∑

j=1

{∫ 1

0
h(u, y)

(

Ûn(u) − u
)3
ϕ

(3)
j (α̂j,n,u)du

}2

.

❲r✐t✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ûn(u)✱ ❛♥❞ ♥♦t✐♥❣ t❤❛t u = E[1Ui≤u] ✭i = 1, . . . , n✮✱ ✇❡ ❣❡t ❢♦r t❤❡ ✜rst
t❡r♠

E
[

Tm
3,1(y)

]

= E





Dm1
∑

j=1

(

1

n

n
∑

i=1

Ai,j(y) − E[Ai,j(y)]

)2


 , ✇✐t❤ Ai,j(y) =

∫ 1

Ui

h(u, y)ϕ′
j(u)du.

❲❡ ✐♥t❡❣r❛t❡ ❜② ♣❛rts ✐♥ Ai,j ✭h ✐s ❛ss✉♠❡❞ t♦ ❜❡ C1 ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ✜rst ✈❛r✐❛❜❧❡✮✳ ❚❤✐s ❧❡❛❞s
t♦ ❛♥♦t❤❡r s♣❧✐tt✐♥❣✱ ❢♦r ❡❛❝❤ y ∈ A2✿

E
[

Tm
3,1(y)

]

≤ 2E
[

Tm
3,1,1(y)

]

+ 2E
[

Tm
3,1,2(y)

]

,

✇❤❡r❡

✭✷✼✮

Tm
3,1,1(y) =

Dm1
∑

j=1

{

1

n

n
∑

i=1

h(Ui, y)ϕj(Ui) − E [h(Ui, y)ϕj(Ui)]

}2

,

Tm
3,1,2(y) =

Dm1
∑

j=1

{∫ 1

0
∂1h(u, y)

(

Ûn(u) − u
)

ϕj(u)du

}2

.
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■♥ t❤❡ s♣✐r✐t ♦❢ t❤❡ ❜♦✉♥❞ ❣✐✈❡♥ ❢♦r Tm
1 ✱ t❤❡ ✜rst t❡r♠ ✐s ❝♦♥tr♦❧❧❡❞ ❛s ❢♦❧❧♦✇s✿

E
[

Tm
3,1,1(y)

]

≤ 1

n

Dm1
∑

j=1

E

[

(h(U1, y)ϕj(U1))
2
]

≤ Dm1

n

∫ 1

0
h(u, y)2du.

❚❤✉s✱
∫

A2
E[Tm

3,1,1(y)]dy ≤ ‖h‖2Dm1/n. ❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧
♣r♦❥❡❝t✐♦♥ ♦♥ Sm✱

E
[

Tm
3,1,2(y)

]

= E





Dm1
∑

j=1

(

〈∂1h(., y)(Ûn − id), ϕj〉[0;1]
)2



 ≤ E

[

∥

∥

∥
∂1h(., y)(Ûn − id)

∥

∥

∥

2

[0;1]

]

.

❋✐♥❛❧❧②✱ Tm
3,1,2(y) ≤ C‖∂1h(., y)‖2

[0;1]/n ❜② ■♥❡q✉❛❧✐t② ✭✷✹✮✱ ❛♥❞ t❤✉s✱ ❜② ❣❛t❤❡r✐♥❣ t❤❡ ❜♦✉♥❞s ❢♦r
Tm

3,1,1(y) ❛♥❞ Tm
3,1,2(y)✱

∫

A2

E
[

Tm
3,1(y)

]

dy ≤ C

(

1

n
+
Dm1

n

)

.

❆s r❡❣❛r❞s Tm
3,2(y)✱ ✇❡ r❡♠❛r❦ ✜rst t❤❛t ❢♦r j ≥ 2✱ ϕ′′

j = −(πµj)
2ϕj ✱ ✇✐t❤ µj = j ❢♦r ❡✈❡♥ j✱ ❛♥❞

µj = j − 1 ♦t❤❡r✇✐s❡✱ s♦ t❤❛t µj ✐s ❜♦✉♥❞❡❞ ❜② Dm1 ✳ ❍❡♥❝❡

E
[

Tm
3,2(y)

]

≤ (π4/4)D4
m1

E





Dm1
∑

j=2

{∫ 1

0
h(u, y)

(

Ûn(u) − u
)2
ϕj(u)du

}2


 ,

≤ (π4/4)D4
m1

E

[

∥

∥

∥

∥

h(., y)
(

Ûn − id
)2
∥

∥

∥

∥

2

[0;1]

]

≤ C

∫

[0;1]
h2(u, y)du

D4
m1

n2
,

❜② ♣r♦❝❡❡❞✐♥❣ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❛r❣✉♠❡♥ts ✭♣r♦♣❡rt✐❡s ♦❢ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ■♥❡q✉❛❧✐t②
✭✷✹✮✮✳ ❙♦ ✇❡ ♣r♦✈❡

∫

A2
E[Tm

3,2(y)]dy ≤ CD4
m1
/n2✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ❢♦r t❤❡ ❧❛st t❡r♠ ❛r❡ ❧❡ss

t❡❝❤♥✐❝❛❧✿

E
[

Tm
3,3(y)

]

≤ (1/36)

Dm1
∑

j=1

∥

∥

∥
ϕ

(3)
j

∥

∥

∥

2

∞,[0;1]
‖h(., y)‖2

[0;1]E

[

∥

∥

∥
Ûn − id

∥

∥

∥

6

∞,[0;1]

]

,

t❤✉s
∫

A2
E[Tm

3,3(y)]dy ≤ CD7
m1
/n3✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ♦❢ ▲❡♠♠❛ ✾✳

❲✐t❤ r❡❣❛r❞ t♦ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t②✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❜♦✉♥❞ E[maxm′∈Mn
(T p

1 −V1(p))+]✱ ❧✐❦❡ ❢♦r
t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ▲❡♠♠❛ ✼ ✭p = m′ ♦r p = m ∧m′✮✳ ❆s ♣r❡✈✐♦✉s❧②✱ ✇❡ ❣❡t t❤❡ s♣❧✐tt✐♥❣

✭✷✽✮ T p
3 ≤ 6

∫

A2

T p
3,1,1(y)dy + 6

∫

A2

T p
3,1,2(y)dy + 3

∫

A2

T p
3,2(y)dy + 3

∫

A2

T p
3,3(y)dy,

❛♥❞

E

[

max
m′∈Mn

(

T p,b
3 − V3(p)

)

+

]

≤ E

[

max
m′∈Mn

(

6

∫

A2

T p
3,1,1(y)dy − V3(p)/3

)

+

]

+E

[

max
m′∈Mn

6

∫

A2

T p
3,1,2(y)dy

]

+E

[

max
m′∈Mn

(

3

∫

A2

T p
3,2(y)dy − V3(p)/3

)

+

]

+E

[

max
m′∈Mn

(

3

∫

A2

T p
3,3(y)dy − V3(p)/3

)

+

]

.
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❚❤❡ t❡r♠ ✇❤✐❝❤ ✐s ♥♦t ❝❡♥tr❡❞ ✐s ❞✐r❡❝❧② ♥❡❣❧✐❣✐❜❧❡ ✿ ❞❡♥♦t✐♥❣ ❜② mmax t❤❡ ❧❛r❣❡st ❝♦✉♣❧❡ ♦❢
✐♥❞❡① ✭♠❛①✐♠✉♠ ✐s t❛❦❡♥ t❡r♠ ❜② t❡r♠✮ ✐♥ t❤❡ ❝♦❧❧❡❝t✐♦♥ Mn✱ ✇❡ r❡♠❛r❦ t❤❛t T p

3,1,2 ≤ Tmmax
3,1,2

✭❜② ✭✷✼✮✮✳ ❍❡♥❝❡✱ E[maxm′∈Mn
6
∫

A2
T p

3,1,2(y)dy] ≤ C/n✳ ▲❡t ✉s ❜r✐❡✢② st✉❞② ❡❛❝❤ ♦❢ t❤❡ ♦t❤❡r
t❡r♠s✿ ✜rst T p

3,1,1(y) = sups∈Sp1 ,‖s‖[0;1]=1 ν
2
n,y(s) ✭Pr♦♣♦s✐t✐♦♥ ✹✮✱ ✇✐t❤

νn,y(s) =
1

n

n
∑

i=1

π(Xi, y)s ◦ FX(Xi) − E [π(Xi, y)s ◦ FX(Xi)] .

❯s✐♥❣ ♦♥❝❡ ♠♦r❡ t✐♠❡ ❚❛❧❛❣r❛♥❞✬s ■♥❡q✉❛❧✐t② ✭✶✺✮ ❧❡❛❞s t♦

✭✷✾✮ E

[

max
m′∈Mn

(

6

∫

A2

T p
3,1,1(y)dy − V3,1,1(p)

)

+

]

≤ C

n
,

✇✐t❤ V3,1,1(p) = 6 × 2(1 + 2δ)‖h‖2
∞Dp1/n, ✭δ > 0✮✳ ❇❡s✐❞❡s✱ ❢♦r n ≥ n0 = exp(‖h‖2

∞)✱

V3,1,1(p) ≤ 12(1 + 2δ) ln(n)
Dp1

n
≤ C

Dp1Dp2

n
:= V b

3,1,1(p),

s✐♥❝❡ Dp2 ≥ c ln(n) ✭c > 0✮✳ ■♥❡q✉❛❧✐t② ✭✷✾✮ ❤♦❧❞s ✇✐t❤ V b
3,1,1✳ ❚❤❡ ❧❛st t✇♦ t❡r♠s✱ ✐♥✈♦❧✈✐♥❣

Tm
3,2(y) ❛♥❞ T

m
3,3(y) ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ s❛♠❡ str❛t❡❣②✿ ✉s❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ✐♥❡q✉❛❧✐t②

♦❢ ▲❡♠♠❛ ✾ t♦ ❜♦✉♥❞
∫

A2
Tm

3,l(y)dy ✭l = 2, 3✮ ❜② q✉❛♥t✐t② ♦❢ t❤❡ ❢♦r♠ C‖Ûn − id‖k
∞✱ ❛♥❞ t❤❡♥

❛♣♣❧② ■♥❡q✉❛❧✐t② ✭✷✺✮✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s t❤❛t

✭✸✵✮ E

[

max
m′∈Mn

(

3

∫

A2

T p
3,l(y)dy − V3,l(p)

)

+

]

≤ C
ln(n)

n
,

❢♦r l = 2, 3✱ ✇✐t❤ V3,2(p) = CD4
p1

ln2(n)/n2✱ ❛♥❞ V3,3(p) = CD7
p1

ln3(n)/n3✳ ❆ss✉♠✐♥❣ ❜♦t❤

n ≥ n1 = exp(‖h‖2)✱ ❛♥❞ Dp1 = O(n1/3)✱ Dp2 ≥ c ln3(n)✱ ✇❡ ❤❛✈❡

V3,2(p) ≤ C
Dp1Dp2

n
:= V b

3,2(p).

❲✐t❤ t❤❡ ♠♦r❡ r❡str✐❝t✐✈❡ ❧♦✇ ❜♦✉♥❞Dp2 ≥ c ln4(n)✱ ✇❡ ❛❧s♦ ❣❡t V3,3(p) ≤ CDp1Dp2/n := V b
3,3(p).

❆s ✉s✉❛❧✱ ■♥❡q✉❛❧✐t✐❡s ✭✸✵✮ st✐❧❧ ❤♦❧❞ ✇✐t❤ V b
3,l ✐♥st❡❛❞ ♦❢ V3,l✳ ❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡ ✐❢ ✇❡ ❣❛t❤❡r ❛❧❧

t❤❡s❡ ❜♦✉♥❞s ❛♥❞ ✐❢ ✇❡ ❝❤♦♦s❡ t❤❡ ❝♦♥st❛♥t κ3✱ s✉❝❤ t❤❛t V3 ≥ 3V b
3,1,1✱ V3 ≥ 3V b

3,2✱ ❡t V3 ≥ 3V b
3,3✳

✷

✺✳✸✳✻✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✵✳ ▲❡t ✉s ✜rst s♣❧✐t t❤❡ t❡r♠ Tm′

4 ✐♥ s❡✈❡r❛❧ ♣❛rts✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❜♦✉♥❞
♦❜t❛✐♥❡❞ ❢♦r Tm

3 ✱ ✇❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❡st✐♠❛t♦rs ❛♥❞ t❤❡✐r ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t
t❤❡ ❜❛s✐s (ϕk)k ✐s ♦rt❤♦♥♦r♠❛❧✿ ❤❡♥❝❡

Tm′

4 =

∫

A1

E







Dm′

2
∑

k=1







Dm′

1
∑

j=1

âF̂
j,k

(

ϕj ◦ FX(x) − ϕj ◦ F̂n(x)
)







2

|(X−l)l






fX(x)dx.
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❲❡ ✇r✐t❡ ✐t Tm′

4 ≤ 2Tm′

4,1 + 2Tm′

4,2 ✱ ✇✐t❤

Tm′

4,1 =

∫

A1

E







Dm′

2
∑

k=1







Dm′

1
∑

j=1

(

âF̂
j,k − aj,k

)(

ϕj ◦ FX(x) − ϕj ◦ F̂n(x)
)







2

|(X−l)l






fX(x)dx,

Tm′

4,2 =

∫

A1

E







Dm′

2
∑

k=1







Dm′

1
∑

j=1

aj,k

(

ϕj ◦ FX(x) − ϕj ◦ F̂n(x)
)







2

|(X−l)l






fX(x)dx,

✇❤❡r❡ ✇❡ ❞❡♥♦t❡ ❜② aj,k = 〈h, ϕj ⊗ϕk〉✱ t❤❡ ❋♦✉r✐❡r ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❢✉♥❝t✐♦♥ h✳ ❚❤❡♥ ✇❡ ❤❛✈❡
❛❧s♦ Tm′

4,1 ≤ 2Tm′

4,1,1 + 2Tm′

4,1,2 ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s

Tm′

4,1,1 =

∫

[0;1]
E







Dm′

2
∑

k=1











Dm′

1
∑

j=1

(

âF̂
j,k − E

[

âF̂
j,k |(X−l)l

])2





















Dm′

1
∑

j=1

(

ϕj(u) − ϕj ◦ Ûn(u)
)2











|(X−l)l






du,

Tm′

4,1,2 =

∫

[0;1]
E







Dm′

2
∑

k=1











Dm′

1
∑

j=1

(

E

[

âF̂
j,k |(X−l)l

]

− aj,k

)2





















Dm′

1
∑

j=1

(

ϕj(u) − ϕj ◦ Ûn(u)
)2











|(X−l)l






du.

❆s

E

[

Tm′

4,2

]

= E







Dm′

2
∑

k=1

Dm′

1
∑

j,j′=1

aj,kaj′,k

∫ 1

0

(

ϕj(u) − ϕj ◦ Ûn(u)
)(

ϕj′(u) − ϕj′ ◦ Ûn(u)
)

du






,

❛ ❚❛②❧♦r ❢♦r♠✉❧❛ ②✐❡❧❞s E[Tm′

4,2 ] = E[Tm′

4,2,1 + Tm′

4,2,2 + Tm′

4,2,3], ✇❤❡r❡

Tm′

4,2,1 =

Dm′

2
∑

k=1

Dm′

1
∑

j,j′=1

aj,kaj′,k

∫ 1

0
(u− Ûn(u))2ϕ′

j(u)ϕ
′
j′(u)du,

Tm′

4,2,2 = (1/4)

Dm′

2
∑

k=1

Dm′

1
∑

j,j′=1

aj,kaj′,k

∫ 1

0
(u− Ûn(u))4ϕ′′

j (α̂j,n,u)ϕ′′
j′(α̂j′,n,u)du,

Tm′

4,2,3 =

Dm′

2
∑

k=1

Dm′

1
∑

j,j′=1

aj,kaj′,k

∫ 1

0
(u− Ûn(u))3ϕ′′

j (α̂j,n,u)ϕ′
j′(u)du.

❍❡♥❝❡✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ st✉❞✐❡❞ t❡r♠ ✐s Tm′

4 ≤ 4Tm′

4,1,1+4Tm′

4,1,2+2Tm′

4,2,1+2Tm′

4,2,2+2Tm′

4,2,3,
❛♥❞ ❝♦♥s❡q✉❡♥t❧②

E

[

max
m′∈Mn

(

Tm′

4 − V4(m
′)
)

+

]

≤ E

[

max
m′∈Mn

(

4Tm′

4,1,1 − V4(m
′)/3

)

+

]

+E

[

max
m′∈Mn

(

4Tm′

4,1,2 − V4(m
′)/3

)

+

]

+E

[

max
m′∈Mn

(

2Tm′

4,2,3 − V4(m
′)/3

)

+

]

+E

[

max
m′∈Mn

2Tm′

4,2,1

]

+ E

[

max
m′∈Mn

2Tm′

4,2,2

]

.
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❚❤❡ ♠❡t❤♦❞s ✉s❡ t♦ ❜♦✉♥❞ ❡❛❝❤ ♦❢ t❤❡s❡ t❡r♠s ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ❞❡t❛✐❧❡❞ ❢♦r ♦t❤❡r t❡r♠s✿ ✇✐t❤
r❡❣❛r❞ t♦ t❤❡ t✇♦ q✉❛♥t✐t✐❡s ✇❤✐❝❤ ❛r❡ ♥♦t ❝❡♥tr❡❞✱ ✇❡ ❜♦✉♥❞ ✐t t♦ s❤♦✇ t❤❛t t❤❡② ❛r❡ ♥❡❣❧✐❣✐❜❧❡
✭t❤❛t ✐s ♦❢ ♦r❞❡r ❛t ♠♦st C/n✮✳ ❋♦r t❤❡ ♦t❤❡rs✱ ✇❡ ✜rst ❜♦✉♥❞ ❡❛❝❤ Tm′

4,l ❜② ❛ q✉❛♥t✐t② ♦❢ t❤❡

❢♦r♠ C‖Ûn − id‖∞,[0;1]✱ ❛♥❞ ✇❡ ✜♥❛❧❧② ❛♣♣❧② ■♥❡q✉❛❧✐t② ✭✷✺✮✱ ❛s ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ❞♦♥❡ ❢♦r Tm
2,a

❢♦r ❡①❛♠♣❧❡✳ ❚❤❛t ✐s ✇❤② ✇❡ ♦♥❧② ❣✐✈❡ t❤❡ ❜♦✉♥❞s ❢♦r ❡❛❝❤ Tm′

4,l ✳ ❚♦ ❜❡❣✐♥✱ t❤❡ t❡r♠ Tm′

4,1,1 ❝❛♥
❜❡ ✇r✐tt❡♥

✭✸✶✮ Tm′

4,1,1 =

Dm′

2
∑

k=1

Dm′

1
∑

j=1

❱❛r
(

âF̂
j,k|(X−l)l

)

∫

[0;1]

Dm′

1
∑

j=1

(

ϕj(u) − ϕj ◦ Ûn(u)
)2
du.

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ✐s

❱❛r
(

âF̂
j,k|(X−l)l

)

= ❱❛r

{

1

n

n
∑

i=1

ϕk(Yi)ϕj ◦ F̂n(Xi)|(X−l)l

}

,

≤ 1

n
E

[

ϕk(Y1)
2
(

ϕj ◦ F̂n(X1)
)2

|(X−l)l

]

.

❇② Pr♦♣❡rt② ✭✸✮ ❛♣♣❧✐❡❞ t♦ t❤❡ s✉♠ ♦✈❡r j, k ♦❢ t❤❡ ❧❛st q✉❛♥t✐t②✱
∑

j,k ❱❛r(â
F̂
j,k|(X−l)l) ≤

Dm′

1
Dm′

2
/n✳ ❇❡s✐❞❡s✱ ✇❡ ✉s❡ t❤❡ ♠❡❛♥ ✈❛❧✉❡ t❤❡♦r❡♠ t♦ ❜♦✉♥❞ t❤❡ ✐♥t❡❣r❛❧ ♦❢ ✭✸✶✮ s♦ t❤❛t

Tm′

4,1,1 ≤
Dm′

1
Dm′

2

n
×D3

m′

1
‖ϕ′

2‖2
∞,[0;1]

∥

∥

∥Ûn − id
∥

∥

∥

2

∞,[0;1]
,

✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❝♦♥tr♦❧ E[maxm′∈Mn
(4Tm′

4,1,1 − V4(m
′)/3)+] ❛s ❡①♣❧❛✐♥❡❞ ♣r❡✈✐♦✉s❧②✳ ❋✉rt❤❡r✲

♠♦r❡✱

Tm′

4,1,2 = Tm′

3

∫

[0;1]

Dm′

1
∑

j=1

(

ϕj(u) − ϕj ◦ Ûn(u)
)2
du,

✇❤✐❝❤ ❧❡❛❞s t♦ Tm′

4,1,2 ≤ Tm′

3 D3
m′

1
‖ϕ′

2‖2
∞,[0;1]‖Ûn − id‖2

∞,[0;1]✳ ❚❤❡ t❡r♠ Tm′

3 ✐s r❡♣❧❛❝❡❞ ❜② ✐ts

❞❡t❛✐❧❡❞ ✉♣♣❡r✲❜♦✉♥❞ ✭✷✽✮✱ ❛♥❞ ❛s ❛ r❡s✉❧t✱ Tm′

4,1,2 ≤ ∑4
l=1 T

m′

4,1,2,l✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✇❡ ❣❡t

Tm′

4,1,2,l ≤ C‖Ûn − id‖∞,[0;1] ❛♥❞ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s str❛t❡❣② ❢♦r ❡❛❝❤ l = 1, . . . , 4✳ ▲❡t ✉s ❝♦♥s✐❞❡r

♥♦✇ t❤❡ t❡r♠s Tm′

4,2,1 ❛♥❞ Tm′

4,2,2 ✇❤✐❝❤ ❞♦ ♥♦t r❡q✉✐r❡ t♦ ❜❡ ❝❡♥tr❡❞✳ ■t ✐s ✉s❡❢✉❧❧ t♦ r❡♠❛r❦ t❤❛t
t❤❡ ❋♦✉r✐❡r ❝♦❡✣❝✐❡♥ts ♦❢ h ❝❛♥ ❜❡ ✇r✐tt❡♥

aj,k = 〈ξk, ϕj〉[0;1] =

∫

[0;1]
ξk(u)ϕj(u)du, ✇✐t❤ ξk(u) =

∫

A2

h(u, y)ϕk(y)dy.

❙✐♥❝❡ t❤❡ t❡r♠ Tm′

4,2,1 ✐♥✈♦❧✈❡s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ξk ♦♥t♦ Sm′

1
✱ ✇❡ ✉s❡ ❛ s♣❡❝✐✜❝

♣r♦♣❡rt② ♦❢ t❤❡ tr✐❣♦♥♦♠❡tr✐❝ ❜❛s✐s✿
∑

Dm′

1
j=1 aj,kϕ

′
j =

(

ΠSm′

1
(ξk)

)′
= ΠSm′

1
(ξ′k), s♦

Tm′

4,2,1 ≤
∥

∥

∥
Ûn − id

∥

∥

∥

2

∞,[0;1]

Dm′

2
∑

k=1

∥

∥ξ′k
∥

∥

2

[0;1]
.

▲❡t ✉s ❝♦♠♣✉t❡ t❤❡♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ξk t♦ ❜♦✉♥❞ r♦✉❣❤❧②

Dm′

2
∑

k=1

∥

∥ξ′k
∥

∥

2

[0;1]
=

Dm′

2
∑

k=1

∫

[0;1]

(∫

A2

∂1h(u, y)ϕk(y)dy

)2

du ≤
∫

[0;1]
‖∂1h(u, .)‖2

A2
du = ‖∂1h‖2 .



✸✷ ●❆❐▲▲❊ ❈❍❆●◆❨A ∗

❲❡ t❤✉s ❤❛✈❡ E[maxm′∈Mn
Tm′

4,2,1] ≤ ‖∂1h‖2
E[‖Ûn−id‖2

∞,[0;1]] ≤ C/n ✇✐t❤ ■♥❡q✉❛❧✐t② ✭✷✹✮✳ ❘❡❝❛❧❧
♥♦✇ t❤❛t

Tm′

4,2,2 = (1/4)

Dm′

2
∑

k=1

∫ 1

0
(u− Ûn(u))4







Dm′

1
∑

j=1

aj,kϕ
′′
j (α̂j,n,u)







2

du.

❲❡ ✐♥tr♦❞✉❝❡ µj = j ❢♦r ❡✈❡♥ j ❛♥❞ µj = j−1 ❢♦r ♦❞❞ j✳ ❙✐♥❝❡ h ❜❡❧♦♥❣s t♦W 2
per([0; 1]2, L, (1, 0))

❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✶✶✮

Dm′

2
∑

k=1







Dm′

1
∑

j=1

aj,kϕ
′′
j (α̂j,n,u)







2

≤
∥

∥ϕ′′
2

∥

∥

2

∞,[0;1]

Dm′

2
∑

k=1







Dm′

1
∑

j=1

|aj,k|µ2
j







2

,

≤
∥

∥ϕ′′
2

∥

∥

2

∞,[0;1]

Dm′

2
∑

k=1

Dm′

1
∑

j=1

a2
j,kµ

2
j

Dm′

1
∑

j=1

µ2
j ,

≤
∥

∥ϕ′′
2

∥

∥

2

∞,[0;1]

L2

π2
D3

m′

1
≤ CD3

m1,max
.

❍❡♥❝❡✱ E[maxm′∈Mn
Tm′

4,2,2] ≤ E[‖Ûn − id‖4
∞,[0;1]]CD

3
m1,max

≤ CD3
m1,max

/n2 ≤ C/n ❛s s♦♦♥ ❛s

Dm1,max ≤ n1/3 ✭✇❡ ❞❡♥♦t❡ ❜② Dm1,max t❤❡ ❧❛r❣❡st ✐♥❞❡① ♦♥ t❤❡ ❝♦❧❧❡❝t✐♦♥ (Dm1)✮✳ ❋♦❧❧♦✇✐♥❣ t❤❡
s❛♠❡ s❦❡t❝❤ ❢♦r t❤❡ ❧❛st t❡r♠✱ ✇❡ ✇r✐t❡

Tm′

4,2,3 =

∫

[0;1]
(u− Ûn)3

Dm′

2
∑

k=1







Dm′

1
∑

j=1

aj,kϕ
′′
j (α̂j,n,u)













Dm′

1
∑

j=1

aj,kϕ
′
j(u)






.

❛♥❞ ❝♦♠♣✉t❡ ❧✐❦❡ t❤❡ t❡r♠ Tm′

4,2,2✿

Dm′

2
∑

k=1







Dm′

1
∑

j=1

aj,kϕ
′′
j (α̂j,n,u)







2

≤ ‖ϕ′′
2‖2

∞,[0;1]

L2

π2
D3

m′

1
,

Dm′

2
∑

k=1







Dm′

1
∑

j=1

aj,kϕ
′
j(u)







2

≤ ‖ϕ′
2‖2

∞,[0;1]

L2

π2
Dm′

1
.

❚❤✐s ❧❡❛❞s t♦

Tm′

4,2,3 ≤ ‖ϕ′
2‖∞,[0;1]‖ϕ′′

2‖∞,[0;1]
L2

π2
Dm′

1

∥

∥

∥Ûn − id
∥

∥

∥

3

∞,[0;1]
,

❛♥❞ ✇❡ ❛♣♣❧② t♦♦❧s ❛❧r❡❛❞② ✉s❡❞ t♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢✳

✷

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❋❛❜✐❡♥♥❡ ❈♦♠t❡ ❢♦r ❤❡r ❞❡❝✐s✐✈❡ s✉❣❣❡st✐♦♥s t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✱ ❛♥❞
t❤❡ r❡❢❡r❡❡s ❢♦r t❤❡✐r ❤❡❧♣❢✉❧ r❡♠❛r❦s✳

❘❡❢❡r❡♥❝❡s

❘♦❜❡rt ❆✳ ❆❞❛♠s✳ ❙♦❜♦❧❡✈ s♣❛❝❡s✳ ❆❝❛❞❡♠✐❝ Pr❡ss ❬❆ s✉❜s✐❞✐❛r② ♦❢ ❍❛r❝♦✉rt ❇r❛❝❡ ❏♦✈❛♥♦✈✐❝❤✱
P✉❜❧✐s❤❡rs❪✱ ◆❡✇ ❨♦r❦✲▲♦♥❞♦♥✱ ✶✾✼✺✳ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ❱♦❧✳ ✻✺✳

◆❛t❤❛❧✐❡ ❆❦❛❦♣♦ ❛♥❞ ❈❧❛✐r❡ ▲❛❝♦✉r✳ ■♥❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❛♥✐s♦tr♦♣✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② ❡st✐♠❛✲
t✐♦♥ ❢r♦♠ ❞❡♣❡♥❞❡♥t ❞❛t❛✳ ❊❧❡❝tr♦♥✐❝ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝s✱ ✺✿✶✻✶✽✕✶✻✺✸✱ ✷✵✶✶✳
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❨❛♥♥✐❝❦ ❇❛r❛✉❞✳ ▼♦❞❡❧ s❡❧❡❝t✐♦♥ ❢♦r r❡❣r❡ss✐♦♥ ♦♥ ❛ r❛♥❞♦♠ ❞❡s✐❣♥✳ ❊❙❆■▼ Pr♦❜❛❜✳ ❙t❛t✐st✳✱ ✻✿
✶✷✼✕✶✹✻ ✭❡❧❡❝tr♦♥✐❝✮✱ ✷✵✵✷✳

❆♥❞r❡✇ ❇❛rr♦♥✱ ▲✉❝✐❡♥ ❇✐r❣é✱ ❛♥❞ P❛s❝❛❧ ▼❛ss❛rt✳ ❘✐s❦ ❜♦✉♥❞s ❢♦r ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ✈✐❛ ♣❡♥❛❧✲
✐③❛t✐♦♥✳ Pr♦❜❛❜✳ ❚❤❡♦r② ❘❡❧❛t❡❞ ❋✐❡❧❞s✱ ✶✶✸✭✸✮✿✸✵✶✕✹✶✸✱ ✶✾✾✾✳

❉❛✈✐❞ ▼✳ ❇❛s❤t❛♥♥②❦ ❛♥❞ ❘♦❜ ❏✳ ❍②♥❞♠❛♥✳ ❇❛♥❞✇✐❞t❤ s❡❧❡❝t✐♦♥ ❢♦r ❦❡r♥❡❧ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t②
❡st✐♠❛t✐♦♥✳ ❈♦♠♣✉t✳ ❙t❛t✐st✳ ❉❛t❛ ❆♥❛❧✳✱ ✸✻✭✸✮✿✷✼✾✕✷✾✽✱ ✷✵✵✶✳

❏❡❛♥✲P❛tr✐❝❦ ❇❛✉❞r②✱ ❈❛t❤② ▼❛✉❣✐s✱ ❛♥❞ ❇❡rtr❛♥❞ ▼✐❝❤❡❧✳ ❙❧♦♣❡ ❤❡✉r✐st✐❝s✿ ♦✈❡r✈✐❡✇ ❛♥❞ ✐♠✲
♣❧❡♠❡♥t❛t✐♦♥✳ ❙t❛t✐st✐❝s ❛♥❞ ❈♦♠♣✉t✐♥❣✱ ✷✷✭✷✮✿✹✺✺✕✹✼✵✱ ✷✵✶✶✳
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