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Large Deviations for a matching problem related
to the co-Wasserstein distance

José Trashorras *

February 15, 2017

Abstract
Let (E,d) be a compact metric space, X = (X1,...,X,,...)and Y =
(Y1,...,Ys,...) two independent sequences of independent E-valued ran-

dom variables and (L )n>1 and (LY ),>1 the associated sequences of em-
pirical measures. We establish a large deviation principle for (Wao (L, LY ))pn>1
where W, is the co-Wasserstein distance,

Woo(Ly,LY) = min max d(Xi, Yoe)

c€6, 1<i<n

where &,, stands for the set of permutations of {1,...,n}.

1 Introduction

We say that a sequence of Borel probability measures (P™),,>1 on a topological
space ) obeys a Large Deviation Principle (hereafter abbreviated LDP) with
rate function [ if I is a non-negative, lower semi-continuous function defined on
Y such that

— inf I(y) <liminf 1 log P"(A) < limsup ! log P"(A) < — inf I(y)
yeA° n—oo M n—oo TN yeEA

for any measurable set A C ), whose interior is denoted by A° and closure by
A. If the level sets {y : I(y) < a} are compact for every a < oo, I is called
a good rate function. With a slight abuse of language we say that a sequence
of random variables obeys an LDP when the sequence of measures induced by
these random variables obeys an LDP. For a background on the theory of large
deviations see Dembo and Zeitouni [4] and references therein.

Let (E,d) be a metric space. There has been a lot of interest for years in
considering the space M!(E) of Borel probability measures on E endowed with
the so-called p-Wasserstein distances

. 1/p
W)= ol { ([ dtaraea) }
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where p € [1,00) and C(v,~) stands for the set of Borel probability measures
on E? with first marginal Q; = v and second marginal Qs = v, see Chapter 6
n [20] for a broad review. However, the oo-Wasserstein distance equivalently
defined by either

Woo(v,v) = lim W,(v,7)

p—00
or
Weo(v,7) = inf sup{u,ueS(Qod? 1
() = int sup{u,u € S@Qod ™)} (1
where S(Qod~1) C E? stands for the support of the probability measure Qod~!
has attracted much less attention so far.!

Our framework is the following : We are given a compact metric space
(E,d). Without loss of generality we can assume that sup, ,cpd(2,y) = 1. Let
(Xn)n>1 and (Y,)n>1 be two independent sequences of E-valued independent
random variables defined on the same probability space (£2,.4,P). We assume
that all the X;’s (resp. Y;’s) have the same distribution p' (resp. u?). For every
n > 1 we consider the empirical measures

1< 1<
Lf:gz% and LZ:E;&Q.

i=1

In [7] Ganesh and O’Connell conjecture that (We(L:X, LY)),>1 obeys an LDP
with rate function

o) = {H@' ") + H@?|p?)}

inf
viv2e M1 (E)
Woo (v1,02)=2

where for any two v, u € M1(E)

log &dy if v p
H — fE dp
(i) { 00 otherwise.
If instead of I, one considers its lower semi-continuous regularization J., which
is defined by
Joo(x) = su inf [ ,
() 520 yEB(2,9) w(t)

see e.g. Chapter 1 in [15], then

Theorem 1.1 The sequence (Weo (L, LY))n>1 satisfies an LDP on [0,1] with
good rate function Joo ().

In Section 3.1 we show that if e.g. E = [0, 1] is endowed with the usual Euclidean
distance and p' = p? = p admits f(z) = %1[0%](@ + %1[%71] (x) as a density
w.r.t. the Lebesgue measure then, due to the disconnectedness of the support
of u, I fails to be lower semi-continuous. Hence, I, and J,, do not always
coincide. This example illustrates a general feature of the problem considered

1Let us recall that the support S(P) of a Borel probability measure P on a metric space
(E,d) is defined by = € S(P) if and only if for every ¢ > 0, P(B(z,£)) > 0 where B(z,¢)
stands for the open ball centered at x with radius . If E is separable, in particular if E is
compact, S(P) is closed, see e.g. Theorem 2.1 in [14].



here : the connectedness properties of the support of the reference measures
are the key ingredient in the behavior of (W (LX,LY)),>1. We will say more
about that below, in Proposition 1.3 below.

Since for every n > 1 every Q € C(LX,LY) can be represented as a bi-
stochastic matrix and since, according to the Birkhoff-Von Neumann Theorem,
every bi-stochastic matrix is a convex combination of permutation matrices (see
e.g. Theorem 5.5.1 in [17]) we have

Woo(LX,LY) = d(X;,Y, 2

(B ) = Jeig, 203, 4% Yoro) .

where &,, stands for the set of permutations of {1,...,n}. Hence, computing

Woo(LX, LY) is nothing but solving a minimax matching problem which is a
fundamental combinatorial question. Equality (2) can be rephrased as

Woo (Liy, L) = dyu(S(Lyy), S(Ly) (3)

n?

where S(LX) = {X1,..., X}, S(LY) = {Y1,...,Y,} and dy is the so-called
Hausdorfl distance. Lets us recall that the Hausdorff distance is defined on the
set of non-empty closed subsets of E by

dy (A, B) = max {wp inf d(z,y), sup inf d(z, y)}
zeAYEB yeB z€A

see e.g. Section 6.2.2 in [3]. It is the essential tool in many applications like
image processing [8], object matching [18], face detection [10] and evolutionary
optimization [16] to name just a few.

Now that we have stated our main result, let us briefly review some facts
about W,. The reference paper on the subject is [1] by Champion, De Pascale
and Juutinen. They consider measures with support on compact subsets of R?
(d > 1). Some of their results have been generalized from R? to the setting of
Polish spaces and general cost functions by Jylha in [9]. We recall them for
latter use.

Lemma 1.1 (Proposition 2.1 in [1] and Theorem 2.6 in [9]) For any two v, €
MY (E) there exists at least one Q € C(v,) such that

Weo(v,y) = sup {u,u eS(Qo dil)} .

They further establish the existence of nice solutions to the problem (1) which
they call infinitely cyclically monotone couplings.

Definition 1.1 A probability measure P € M*(E?) is called infinitely cyclically
monotone if and only if for every integer n > 2, every (x1,Y1),. .., (Tn,Yn) €
S(P) and every o € &,, we have

<
112?‘<X d('r’u yl) mlaX d('r’ta yU(Z)) (4)

Lemma 1.2 (Theorem 3.2 and Theorem 3.4 in [1] and Theorem 2.16 in [9])
For any two v,v € M(E) there exists at least one infinitely cyclically monotone
P € C(v,v) such that

Woo(v,v) = sup {u,u € S(Pod™")}.



In order to check that P € M!(E?) is infinitely cyclically monotone we only
need to know its support. The way mass is spread over S(P) does not matter :
this property is concerned with subsets of E? rather than with fully specified
probability measures. This is the reason why we will also call infinitely cyclically
monotone subsets of E? that satisfy (4). Infinitely cyclically monotone couplings
are nice solutions to the problem (1) in the sense that

Lemma 1.3 (Theorem 8.4 in [1] and Theorem 2.17 in [9]) Any infinitely cycli-
cally monotone P € M'(E?) satisfies

Woo(P1, Py) = sup {u,u eS(Po d_l)} .

Indeed, once an infinitely cyclically monotone A C E? is given, no matter how
one spreads mass over A provided the couple that maximizes (z,y) — d(z,y)
over A is covered, the marginals of the resulting probability measure over E? will
always be at the same W, distance. This will show useful when constructing
approximations. For any two v,v € M (E) we shall denote by Cs (v, ) the set
of infinitely cyclically monotone couplings of v and .

Let us give an elementary example in order to illustrate the difference be-
tween the Wp’s and Wo,. Let E = [0,1] and consider the sequence (v =
(1- %)60 + %51)n21. The v™’s are perturbations of dy in the sense that for
every p € [1,00) we have lim,,_,o, W, (v™,dp) = 0. Nevertheless for every n > 1
we have W, (v™,d9) = 1 since S(v™) = {0, 1} while S(dp) = {0}. This shows
that perturbations so small that they do not impact the W, distances in the
limit can have dramatic consequences when using the W, distance instead.
Again, an illustration of how this singularity affects (Wao (LY, LY)),>1 is given
in Proposition 1.3 below.

Next we briefly review the literature on results involving matching problems
and the W,’s and Wy, distances. The first results on (Woo(L:X, LY )),>1 have
been focused on concentration inequalities for independent [0, 1]?-valued X;’s
and Y;’s with common distribution u! = u? = X where X stands for the uniform
distribution over [0,1]? . In [13] Leighton and Shor establish that there exists a
K > 0 such that

1
?n_l/Q(log n)?* < Woo (LX,LY) < Kn™'/?(logn)3/4

with probability 1 — o(1). Using majorizing measures, Talagrand showed in
[19] that the latter result is a particular case of a general property of empirical
discrepancies.

Concerning Large Deviations, in [7] the authors prove that if E = [0, 1] and
p! = X is the uniform distribution over E then (Wa (L, \)),>1 obeys an LDP
with good rate function

To@)= _if {HEW).
Weoo (v, N)=x

To obtain this result they prove that in this particular case the map v —
Weo(v, A) is continuous with respect to the weak convergence topology, and
then apply the contraction principle, see Theorem 4.2.1 in [4]. They further
show in the same framework as here, i.e. E-valued X;’s and Y;’s where (E,d)



is any compact metric space, that (Wq(L:X, LY)),>1 obeys an LDP with good
rate function

L) = (HW ') + HO 2))

inf
viv2e MY (E)
wi(vlv2)=¢
Their proof relies on the fact that, according to the Kantorovitch-Rubinstein
Theorem (see e.g. Theorem 11.8.2 in [5]), when E is compact W, generates the
weak convergence topology. As a consequence (L:X),>1 and (LY ), > satisfy an
LDP on M!(E) endowed with W; and again the contraction principle leads to an
LDP for (W1 (LX,LY)),>1. Following the same approach, one can deduce from
Theorem 1.1 in [21] that for every p € [1,00) the sequence (W,(L:X,LY)),>1
obeys an LDP with good rate function

. 1,1 21,2
L - {HW ") + H@?p?)}

Wp(vl,v2)=z

One might wonder why this idea is not applicable to the analysis of the LD
properties of (Woo(L:X, LY ))n>1. Actually an LDP for (L:X),>; can not hold
when M1(E) is endowed with W, at least at this level of generality. Indeed,
consider the probability measure u! on E = [0, 1] which density with respect to
the Lebesgue measure is g(z) = 2(1p 1)(#)+12 1)(#)) and assume that (L) n>1
satisfies an LDP on (M!(E), W,,) with some rate function R. Clearly for every
odd integer n we have P(W, (L:X, ut) < 3/8) = 0 hence for every v € B(u',3/8)
we should necessarily have R(v) = co. So we would get

1
limsup — log P(Wao (L, ) <

1
n—oo N 4

) = —oo (5)

but for every even n we have P(Wuo (LY, p!) < 1) > (HT/LQ)Q*” which contradicts
(5). Again this is due to the lack of connectedness of the support of u! and, in
a sense, Theorem 1.1 is the only possible “Sanov-like” statement involving W,

without any additional assumption.

Now let us give some facts about the zeros of J. First notice that since
0 < Lo(Wao(u!, ) < H(p' ') + H(p?|p?) = 0

we necessarily have Jo(Wa (!, u?)) = 0. Actually, due to the highly discon-
tinuous nature of W, the zeros of J., need not be reduced to Woo(ul, u2). We
shall first prove the following

Lemma 1.4 Letx € [0, 1] be such that Jo(x) = 0. Necessarily x > W (ut, u?).
The zeros of J are related to some particular elements of E? as defined next

Definition 1.2 We shall say that (a,b) € E? is a couple of directly connected
points and write a <+ b if and only if a € S(u'),b € S(u?) and there exists Q €
Coo(pt, ) such that for every integer N > 2, every (az,f2),...,(an,n) €
S(Q) and every o € Gn we have d(a,b) < max;—1, N {d(ai,ﬁg(i))} where
(a1, B1) = (a,b).



Notice that in this definition (a,b) need not be an element of S(Q). In words,
a < b if and only if there exists Q € Coo(p!, u?) such that {(a,b)} US(Q) is still
an infinitely cyclically monotone subset of E2. Consider the set

20,2 ={x €10,1] : 3(a,b) € E? such that a <+ b and = = d(a,b)}
Proposition 1.1 Jo(z) =0 if and only if x € Z,1 2.
The notion of directly connected points takes a simpler form when p! = p2.
Proposition 1.2 If u' = p? = u then a,b € E are directly connected if and
only if a,b € S(u) and for every integer N > 3 and every sequence ayq,...,aN

of elements of S(u) such that oy = a and ay = b there is at least one integer
L such that 1 <L < N —1, and d(a,b) < d(ar,arn41).

In words, if ! = p? = u then a <+ b if and only if one can not decompose a
journey from a to b into several stages between elements of S(u) such that each
of these stages has length strictly smaller than d(a,b). As an example consider
again E = [0,1] and p! = 42 = pu with density f(z) = %1[0,%](33) + %1%71] ()
w.r.t. the Lebesgue measure. Then % — % hence Joo(é) = 0 as it is established
through a direct computation in Section 3.1.

Finally we investigate the almost sure behavior of (Woo(L:X,LY)),>1 as
n — oo when p! = i = p. The elements of Z,, hence the asymptotic behavior
of (Wao(LX,LY)),>1, are directly related to the connectedness properties of
S(p). So let us write S(11) = U2 | A; where the A; are the connected components
of S(u). Here D = 1 means that S(u) is connected and we do not exclude the
possibility that D = co. We have

Lemma 1.5 Z, = {0} if and only if S(u) is connected.

For every x € S(u) let us denote by A;(,) the connected component of S(s)
that contains x and for any two closed B,C C E we set

d(B,C) = inf Cd(x,y).

(z,y)EBX
Lemma 1.6 For every a,b € S(u), if a <> b then d(a,b) = d(A;), Aip))-

For any two connected components A;, A; of S(u) we shall write A; <> A; if
and only if there exists a € A; and b € A; such that a <> b. It directly follows
from Lemma 1.6 that

Z, = {d(Ai, 4)), (i,5) € {1,...,D}? such that 4; <> A;}.
In order to formulate our result we need the following

Lemma 1.7 If S(u) is not connected every x € 2, such that x # 0 is an
isolated point.

Hence, if S() is not connected, we can order the elements of 2,
61>52>"'>ﬁn>"'

where 81 = max Z,,, and for every integer 7 > 2

B{ maXZﬂ\{ﬁl,...,Bi,l} ifﬂi,1#0
L 0 if B;_1 =0.



Proposition 1.3 1. If S(u) is connected then Woo (L, LY) — 0 almost
surely.

2. If S(p) is not connected and

(a) there exists only two connected components A;, A; of S(u) such that
Az’ g Aj and d(AZ,AJ) = ﬂl then

liminf Woo (L, LY) = B2 and limsup W (LX,LY) =31 (6)

almost surely.

(b) there are more than two connected components A;, A; of S(u) such
that A; <> A; and d(A;, A;) = B1 then Woo (LX,LY) — B1 almost
surely.

Hence, if E = [0,1] and p admits f(z) = %1[0%](@ + %1[%71] (x) as a density
w.r.t. the Lebesgue measure then limsup Wy, (L:X, LY) = % almost surely and
lim inf Wy (L:X, LY) = 0 almost surely.

The paper is structured as follows : Section 2 is devoted to the proof of
Theorem 1.1. In Section 3 we discuss the properties of I, and J,,. Section
4 is concerned with the almost sure asymptotic behavior of (Woo (LY, LY )),>1
while Section 5 deals with the proof of some complementary results.

2 Proof of Theorem 1.1

The basic idea in the proof of Theorem 1.1 is to partition F in such a way that
we are essentially led to consider finite set valued X;’s and Y;’s. Indeed, on
the one hand we will see that W, is well-behaved with respect to partitioning
(see Lemma 2.1 below) and on the other hand proceeding this way reduces
the computation of probabilities to simple classical combinatorial estimates. In
order to go from the particular case, i.e. E finite, to the general one we shall
need some results on the weak convergence of nets of probability measures. In
Section 2.1 we give an account on partitions, nets and the weak convergence
topology. The proof of all the statements there is postponed to Section 5. The
LD lower bound is established in Section 2.2 while the LD upper bound is
derived in Section 2.3.

2.1 Some facts about partitions of F, nets and the weak
convergence topology

Let P be the set of finite measurable partitions of E into non-empty sets. To

every Il = (A1,...,Ar) € P we associate once for all through Section 2 a family
(s1,...,51) € E¥ such that for every 1 < i < L we have s; € A;. We further
associate to every I = (Ay,...,Ar) € P amap 7 as follows

m: MYE) — M'{s1,...,s})
v —> ZiLzl I/(Al)(sgl .

Finally for every Il = (Ay,...,Ar) € P we define its maximal diameter as

A(IT) = max sup d(z,y).

1SI<La yea,



The following result links the W, distance between elements of M*(E) to the
analogue W, distance between their contractions through .

Lemma 2.1 For every v',v?> € M'(E) and every Il € P we have
(Wie (0, 12) = W (r(v1), m(v2)| < 2A(T0).

Let II = (Ay,...,Ar) and K = (By,...,Bgr) be two elements of P. We say
that IC is a refinement of II if and only if for every 1 < i < L, there exists
Ji € {1,..., R} such that A; = Ujcy,B;, and we denote it by IT < K. This
makes (P, <) a directed set. Let us recall that (J, Q) is a directed set if and
only if J is a non-empty set and < is a reflexive and transitive relation on J
such that for every i,j € J there exists a k € J such that ¢ <k and j <k. We
introduce a general directed set (J, <) since we will use both (P, <) and (N, <)
as directed sets and we do not want to be too specific in the results below. We
call net any map (P7);c; defined on a directed set (J,<). A topological space
(T, T)-valued net (P7);c is said to converge to some P € T if and only if for
every neighborhood U of P there exists a j(U) € J such that for every k € J
satisfying j(U) < k we have P¥ € U. We shall denote this limjc; P/ = P. We
call subnet of (P?);jc; any sub-family (P'),c;, parametrized by a cofinal L, i.e.
a subset L C J such that for every j € J there exists | € L satisfying j <[
(While this is not the most general definition of a subnet it will be sufficient for
the problem considered here). Let us recall that a topological space (T,7) is
compact if and only if every net in T" admits a subnet that converges to some
point in T. Finally, for every real-valued net (P7) jes we shall consider as usual
limsup P/ = inf sup P? and liminf P/ = sup inf P
jeJ J€J i:j<i jeJ jeJ tisi
For this and other questions related to nets we refer to e.g. [12]. The following
lemmas are a consequence of a kind of Portmanteau result for nets of probability
measures that will be derived in Section 5.

Lemma 2.2 FEvery net (Pj)jej of probability measures supported on R that
converges weakly to some probability measure P satisfies

lim sup sup S(P?) > sup S(P). (7)
jeJ
Lemma 2.3 Let (P7);c; be a net of Borel probability measures on a compact
metric space (Y,d) that converges weakly to some probability measure P. For
every x € S(P) and every j € J there exists an 27 € S(P?) such that the net
(x9) ey converges to .

Lemma 2.4 Every P € M'(E?) which is the limit in the weak convergence
topology of a net (P7) ;e of infinitely cyclically monotone elements of M*(E?)
is infinitely cyclically monotone.

2.2 LD lower bound

For every integer n > 1 we consider

1 n
Ml’"(E):{VEMl(E) :there exists (z1, ..., x,) € E"such that v= - Z 6M} .

i=1

The following lemma is the key point in the proof of the LD lower bound



Lemma 2.5 For every e > 0, every Il = (Ay,...,Ar) € P with A(Il) < ¢/2
and every v*,v? € MY (E) there exists two sequences (V1'™),>1 and (V>™),>1
such that

1. For every n > 1 we have v*",v?" € MV"(E).
2. For every 1 <i < L we have v (A;) — v1(A;) and v*"(A;) — V2 (A;).
3. There exists an Ny such that for every n > Ny we have

|WOO(1/1, 1/2) - WOO(VL”, 1/2’”)| <e.

Proving Lemma 2.5 actually requires one more lemma

Lemma 2.6 For every Q € M'(E?) and every Il = (Ay,...,AL) € P there
exists a sequence (Q" = 13" O(ar ymy)n>1 of elements of M*Y(E?) such that

1. For every 1 <wu,v < L we have Q™ (A, X Ay) — Q(A, X Ay).
2. The sequence (Q™)n>1 converges weakly to Q.

3. If Q(A, x A,) =0 then for every n > 1 we have Q™ (A, X A,) = 0.

Proof of Lemma 2.6 Let Q be an element of M (E?) and Il = (A4y,...,A;) €
P. Let (X;,Y;)i>1 be a sequence of independent and @Q—identically distributed
random couples. According to the strong Law of Large Numbers there exists
an event B of probability 1 such that for every 1 < u,v < L

1 n
n Z 1a,xa4, (XMY;) — Q(Au X Av)

=1

on B. Moreover, since E? is separable (it is compact), according to Varadara-
jan’s Lemma, see e.g. Theorem 11.4.1 in [5], there exists an event C' of proba-
bility 1 such that

1o w

= xS Q

n

i=1

on C where % stands for the weak convergence of probability measures. Hence
almost every realization of (% S (S(X“yi))n>1 can play the role of (Q™)n>1
and the conclusions of Lemma 2.6 follow. B (I

Proof of Lemma 2.5 Let v! and v? be two elements of M'(E), ¢ > 0 and
IT € P with A(IT) < £/2. According to Lemma 1.2 there is a Q € C(v!,v?) such
that

W (W', %) = supS(Qod™).

Let (Q™),>1 be the sequence of elements of M!(E?) associated to @ and II by
Lemma 2.6. We shall prove that (v*" = Q7),>1 an (v*" = Q%),>1 meet the
conditions of Lemma 2.5. First, (1) and (2) in Lemma 2.5 are clearly satisfied
with these (v1"),>1 and (1/2’”)“21. Now, due to the definition of W, for every

n > 1 we have
Woo(yl,n7 V2,n) < SupS(Q" ° d—l)



and due to (1) and (3) in Lemma 2.6 there exists Ny such that for every n > Ny
we have

supS(Q"od ) <supS(Qod ') +e¢

hence W, (v, 12m) < Woo (v, 1?) +¢. So we are left to prove that there exists
an Ny such that for every n > Ny we have W (v!,1?) — e < W (v, v20).
Let us assume that this is not true i.e. that there exists a sequence (ng)rp>1
such that for every k > 1 we have

Woo (W1, 1%) — & > Woo (vh7, v2m0), (8)

According to Lemma 1.1 for every k > 1 there exists a C™ € C(v1m+, p2mr)
such that
Wao (Vb 27 ) = sup S(C™ o d™1).

The sequence (C™*)x>1 admits a weakly converging subsequence since M (E?)
is compact for the weak convergence topology, see Theorem 6.4 in [14]. By a
slight abuse of notation we still denote (C™*);>1 this converging subsequence.
Let C be its limit. Due to (2) in Lemma 2.6 we necessarily have C; = v! and
Co = 2. Moreover (C™ o d~1),>; is a sequence of probability measures on R
that weakly converges to C' o d~!. Combining (8) with Lemma 2.2 we have

W, v?) —e > limsup Wy, (v17, v%m5)
k—o0

limsupsup S(C™ od ™)

k—oco

supS(Cod™t)

>
> Wa(v',v?)

which can not be. The announced result follows. O

Proof of the LD lower bound. As usual, in order to prove the LD lower
bound it is sufficient to prove that for every x € [0,1] and every € > 0 we have

1
liminf — log P(Woo (L, LY) €]z — e, 2 + £) > —Juo (). (9)

n—oo N

In particular we can assume that J () < oo for otherwise (9) trivially holds.
If Joo(z) < oo then for every m > 1 there exists an y,, such that |z — y,| <
1/m, Io(ym) < 0o and limy, o0 Too (Ym) = Joo(x). Now let us assume that for
every m and every vt,v? € M'(E) such that Wy (v!, %) = y,, we have

1
liminf ~log P(Woo (L7, L) €lym — €/4,ym + €/4]) = —H(@' ') — H(?[1?).

n—,oo N
(10)

It follows that for every m large enough and every v',v? € M'(E) such that
Woo(Vlvyz) =Ym

liminf — log P(Weo (L, LY) €]z — e,z + ¢[) >
n—soo N

> liminf - log P(Wao (LX, LY ) €lym — /4, ym + /4]

n—o00 nN

> —H' ")~ HOA )

10



hence 1
liminf — log P(Weo (L, LY) €]z — e,z + ¢[) >

n—oo N

> HE) - HER)
viv2e M1 (E)
Woo (v1v2)=ym

> - H( ') + H(|22)

inf
viv2e M1 (E)
Weo (Verz):ynL

which leads to (9) by letting m — oo. Hence it is sufficient to establish (10)
and this is what we do now.
Let € > 0, ¥, € [0,1] be such that I (ym) < oo and v!, 12 € M(E) be such
that We (1, %) = ym. According to Lemma 2.5 to any I1 = (Ay,...,A) € P
with A(IT) < £/32 we can associate two sequences (v1"),>; and (v¥*"),,>1 and
an integer Ny such that for every n > 1 we have v>" 12" € M1 (E) and for
every n > Ny one has
P(Weo(Lyy s Ly, ) €lym — €/4,ym +¢/4]) =
=P([Woo Ly, L) = Weo(v!,1%)] < €/4)
> P([Woo (L3, Ly ) = Weo (17, 2] < /8).
We obviously have
W (B L) = War 02 < (Woo (L5 LX) — W (LX), w(L2 )|+
HWoo (m(LiY), (Ly ) = Woo (m(h"), mw(v>™)) |+
W (r (), 7(027)) = W (017, 27|

so due to Lemma 2.1 we get
{m(L) = n(@wt™)yn{n(Ly) = =(*")} C
c {|WOO(L7)L(7 Lf) - WOO(V17n7 1/2’”)| <¢e/8}

hence
P(IWoo (LY, L)) = Wao (W™, 07| < £/8) >

> P({?T(Lf) = 71—(1/1»")} N {W(LZ) — 71_(1/2,7;,)})

= P({m(Ly) = ("™ PHP({n(Ly) = 7(»*>™)})
since the sequences (X,),>1 and (Y,),>1 are independent. It follows from
elementary combinatorics (see e.g. Lemma 2.1.9 in [4]) that

P({r(LY) = 7(7)}) 2 (n+ 1)~ exp (0 ir(ut)

and the analogue for P({mw(LY) = 7(v*>™)}) also holds true. As a consequence

lim inf — log P(Wao (L, LY ) €lym — £/4, g +=/4]) >

n—oo N

> —limsup(H (r(v"")|7(p')) + H(m(v*") (%))

= —H(r(v")|r(p')) — H(r(v?)|r(1?)) (11)
> —HW'|u") — H|u?) (12)

where (11) is due to (2) in Lemma 2.5 and (12) comes from the fact that
H(m(vY)|m(pt)) < H(vt|p!) for every 11 € P, see e.g. Theorem 1.4.3 in [6].
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2.3 LD upper bound

We first establish the LD upper bound under the assumption that E is finite.
Then we extend this result to the general case.

2.3.1 A particular case

Here we assume that £ = {ay,...,an}. Since for every n > 1 we have
Woo LX,LY) € T = {d(aj,a;),1 < i, < N} which is a finite set it is suffi-
cient in order to establish the LD upper bound to show that for every § € " we
have

1

li ZlogP(Wao (LX,LY) = 6) < — inf

imsup - log P(Woo (L5, , Ln ) = 0) < L .
Woo (v1,02)=5

{H@ ) + H@?p?)}

(13)
For every n > 1 we get
P(Wee(Ly, Ly, ) = 0) (14)
- > P =vtLy =
1/1‘”,1/2’”€M1’"(E)
Woo (v1:m 12,m) =5
< Yo e (-nHEM ') - nH @ |u?)) (15)
l/l‘”,VQ’nGMl’"(E)
Woo(ulﬂn,z/z")=5
< 12N _ ‘nf H( b H (2112
< mtDNesp|on nfAHE )+ HO )

Woo (v1,02)=6

see e.g. Lemma 2.1.9 in [4] for the elementary combinatorial estimate (15). The
announced (13) follows.

2.3.2 The general case

Let us introduce some more notations. For every Il € P we consider

@)=, e L)) + H @) ()}
Woo (v1,02)=z

and we shall denote by J.I the lower semi-continuous regularization of I'..

Since [0, 1] is compact the sequence (Wao (L:X, LY )),,>1 is naturally exponentially
tight so it is sufficient in order to establish the LD upper bound to consider
events of the form {W.,(L:X,LY) € [a,b]}, see Lemma 1.2.18 in [4]. According
to Lemma 2.1 for every a,b € [0,1], a < b, and every Il € P we have for every
n > 1 that

P(Wa(Lyy, Lyy) € [a,b]) < P(Wee(m(Ly), m(Ly,)) € [a — 2A(I1), b+ 2A(ID))).

Hence, due to the computation carried out assuming that F is finite we get for
every Il € P

12



1
limsup — log P(Wao (L, LY) € [a,b]) <
n—oo

< —

inf HYr(uh)) + H? | (p?
B {HO () + HOA ()}
Woo (v1,v2)€la—2A(T1),b4+2A(11)]

< — inf H 1 1 H 2 2
< Vlﬂ"?lean(E) {H@@")|x(u")) + H(x(?) |7 (1))}
Woo (v1,v2)€[a—2A(T1),b+2A(11)]

< — inf 11 (2)
z€la—2A(II),b+2A(11)]
< — inf J(2).

z€[a—2A(ID),b+2A(11)]

Hence, to conclude the proof of the LD upper bound we are left to prove that
s inf JE(z) > inf Jo(x). 16

Hep wela—2A () b 2A () (@) 2 aclab] (@) (16)

Assume for a while the following
Lemma 2.7 For every x € [0,1] we have supy JL (2) = Joo(z).

Assume also that (16) does not hold : There exists a ¢ > 0 such that for every
MeP
inf Jl(z) < inf J(x) — 6.
z€[a—2A(IT),b+2A(II)] z€la,b]
Since for every IT € P the map x ~ J (x) is lower semi-continuous there exists
a net (zm)nep such that zp € [a — 2A(ID), b + 2A(II)] and

J () —6/2 < inf Joo(x) — 0.
z€Ja,b]
Due to the log sum inequality, see e.g. Theorem 2.7.1 in [2], for every K, K’ € P
such that K < K’ and every x € [0,1] we have IX(z) < IX (z) hence JX(z) <
JE () so for every I’ € P such that IT' < IT we have

JY (zn) —6/2 < inf oo (z) ~ 6.

z€a,b]

Since (zm)mnep is a [0, 1]-valued net it admits a converging subnet which limit
we denote z* € [a,b]. Due to the fact that J.L is lower semi-continuous we get

- 1’ > gl
hIrInel}leJw (zm) > Jo (27)

hence

JT (") < inf Joo(x) —6/2
z€[a,b]

which, according to Lemma 2.7, implies Joo (2*) < infgeq,p) Joo(2) — 0/2. Since
the latter can not be (16) holds and the LD upper bound follows.

Proof of Lemma 2.7 According to Theorem 1.4.3 in [6] for every = € [0,1]
and every Il € P I'L(x) < I(x) hence JII(z) < Jo(z) whence supy JI (z) <
Joo(2). Conversely let x be a fixed element of [0,1]. We shall assume that
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supg JIL () < oo for otherwise the claimed equality trivially holds. Hence
for every II € P and every & > 0 there exists ysn such that |z — ysu| < 9,
lims_y0 I'L (ys11) = JIL () and

I . . il
Io(ysmm) —0/2 < yeggmfoo(y) (17)

In particular we can assume that Il (ys 1) < oo thus there exists yln o 1/%T 0 e

M*(E) such that WOO(VP’67 I/QH’(;) = ys,1 and
H(m(n")|m(uh)) + H(x vy ) (1)) = 6 < I (ysu) = 6/2. (18)

Next we define pI"°, pi® € M'(E) by

11,6
11,6 m(v ") (4i)
napy = 3 T 1 g
Aen M (Ai)
and accordingly
1,5
11,6 m(vy ") (Ai)
P (F) =Y =2 (FNA)
Aen M (A;)
for every borelian F C E. Clearly 7(v1"°) = m(p) and 7(1A"°) = m(pi%)

hence
I, I1,6 1,6 11,6
Woo(p17%5p57%) = Weo(vy %, 15

< Wao(p1,057%) = Wao (m(p1"), (03 )| +
)

~—

HWeoo (m(p10), 7(p30)) — W, 10, (s 0)] +
HWao (m (1), 7(15%)) = Wao (172, 15|
< AA(ID).

According to Theorem 1.4.3 in [6] and Theorem 2.7.1 in [2] we have

M6 1 1,6 P?’é(Bj)
H(py " |p) = sup P1 (Bj)logm
BjeK J
1,6
p1 (B
o LT
KeP sen Bjek KB
- BjCA,;
1,5 1,6
) A,L » Al
— s Z m(r)( )ul(Bv)logﬂ(Vl )(Ai)
KePpP 1t (A) ! pt(Ai)
%o A€l BjEK v v
- BjCA;
1,6
(v, (A;
= s Y ) o T
(2

§§§ A;ell
= Hx(")lr(n")
u?) = H(W(V?"S)\W(;ﬂ)) as well, hence

i) = Hm(")m(ph) + H(m (") |m(u?)).

and H(py"’

H(p ) + H(py’
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Thus it follows from the preceding, (17) and (18) that for every ¢ > 0 and every
II € P we have

inf Io(w)—8< inf II
w€B(ys,m,4A(I1)) (u) ~ yeB(z,5) ()
hence
inf I —6< inf 1Y
yeB(x,lériuLA(H)) ~(v) _yelBrtxﬁ) ()
whence

inf I.(y)—d < supsu inf IEO
y€B(z,0+4A(II)) ) He%)? 6>Ig ye€B(x,9) )

= supJl(x).
m

But for every § > 0 we have

S veneitaam) =W = 30 o iam W)
A(m<s
hence
vedllon =) < GBI
whence supy JI (z) > Joo (). O

3 On some properties of I, and J..

3.1 I can fail to be lower semi-continuous

All through Section 3.1 we consider that E = [0, 1] is endowed with the usual
Euclidean distance and that p! = p? = p admits f(z) = %1[0’%](1') + %l%,l] (x)
as a density w.r.t. the Lebesgue measure. That in this setting I, is not lower
semi-continuous is an immediate consequence of the following two lemmas.

Lemma 3.1 Let v! and v? be two elements of M'(E) such that W, (v, v?) =
1, S(W') C S(n) and S(v?) C S(u). Necessarily at least one of v* or v has an
atom.

Lemma 3.2 The sequence (p"),>4 of elements of M'(E) defined by the densi-
ties

31 3
+<2 n) Lt a+ 0@ 5l @)

n’

is such that for every n > 4 we have

1 n
§ < Woo(p a,u/) S

and

3 2 2 3 2 2
Hp"p)=—(1-——]1 1—— — 1+ — )1 1 .
(P"11) 2n( 3n> 0g< 3n>+2n( +3n> og< Jr3n>



Indeed, let v*,12 € M'(E) be such that We(v*,1?) = £. We have two possi-
bilities :
i) S(') or S(v?) is not included in S(u) which implies that H(v!|u) +
H( ) = 00

ii) both S(v!) and S(v?) are included in S(u) which, according to Lemma
3.1, implies that at least one of v or v? has an atom, hence H (v'|u) +
H(2 ) = .

Thus I (3) = co. Meanwhile, it follows from Lemma 3.2 that the sequence
(Zn)n>a defined by z, = W (p", p) is such that z, — % and 0 < Io(zp) <
H(p™|n) + H(u|lp) — 0 as n — oo, whence I is not lower semi-continuous.
From the preceding we deduce that Jo(3) = 0.

3.1.1 Proof of Lemma 3.1

Lemma 3.1 is an immediate consequence of the following three lemmas
Lemma 3.3 Let v' and v? be two elements of M*(E) such that S(v') C S(p)

and S(V?) C S(p). If Weo(v*,12) < 1 then necessarily at least one of these two
statements s true

i) ([0, 30) = v*([0, 3));
ii) at least one of V' or v? has an atom.

Lemma 3.4 Let vt and v? be two elements of M*(E) such that S(v') C S(u),
S(v?) C S(p), Wee (v, 1) < & and v1([0, 3]) = v*([0, 3]) = o with a €]0,1[.
Then at least one of these two statements is true

i) we have

WOO(VlaV2) = maX{WOO(’Yla’Y2)aWOO(91’02)}
where v',7? € M'([0,1]) and 6',6% € M*([2,1]) are defined by

) AB)
(O S MA(ERY)

for every measurable A C [0, %] and B C [%, 1], ¥2 and 62 being defined
on the ground of v? accordingly;

7'(A) =

ii) at least one of v' or v? has an atom.

Lemma 3.5 Let ¢! and (* be two elements of M'([0,3]) (resp. M*([2,1]))
such that Wes(¢1,¢?) = §. Then at least one of (* or ¢* has an atom.

Proof of Lemma 3.3. Let v! and v? be two elements of M!(E) such that
S(vt) € S(u) and S(v?) C S(u). We shall prove the following, which is equiv-
alent to the announced statement : If v1([0, ]) # v*([0, 3]) and neither ' nor
v? have an atom then Wi (v',v?) > 1. To this end assume that v*([0, 3]) >

16



v2([0,3]). Let Q € C(v',v?) be such that We (v*,1?) = supS(Qod™'). We
have

1 1

Vl([oﬂ §]> = Q([Ov g] X E)
= QUO, 5] x [0, 3) + Q0. 5]x15 2D + Q0. 5] x [5,1)
= QU0 3) % [0, 3D+ QU0 3] x [5.1)
since Q([0, 3]1x]3, 30 < v2(]3, 3[) = 0 because S(v*) € S(u) = [0,3] U [3.1].
But Q([0, 5] x [0, £]) < Q(E x [0, 5]) = v*([0, £]) hence
Qo5 < [5.1) = (0, 5) - Q(o, 5] < 0, 5]
> (0, 5) — (0, 5]
> 0
We have v%({2}) = 0 since v has no atom, hence Q([0, 3] x {3}) < Q(E x
{2)) = 0 whence Q0. }}xI3.1)) > 0. Since (0,131 = Ui 0:3)
[2 + L, 1] there exists an mg > 0 such that Q([0, 3] x [5 + m%w 1]) > 0 hence
We ( V) =supS(Qod~ )> +70>, O

Proof of Lemma 3.4. Let v! and v? be two elements of M'(E) such that
SW) € S(), SE?) € S), Woulw',v?) < 1 and #1([0, 3)) = 12([0, 1]) = a
with a €]0,1[. We shall prove that if ii) is false then i) is necessarily true.
According to Lemma 1.2 there exists a Q € Coo (v}, ?) such that W, (v}, v?) =
supS(Q od™1). Since S(vt) C S(,u) and S(VQ) C S(u) we have Q(Ex]é 20

Q(3, 2[xE) = 0. Since supS(Q o d™') < £ we further have Q([0, 1]

e
(G 3 = Q3,11 0,31V (G, 1) = 03w UG, 1) + @, 3)) =0

W,

for otherwise either v! or v? would have at least an atom. Hence Q(FE

X
1=Q([0,3] x[0,5]) + Q([3,1] x [3,1]) whence Q([0, 3] x [0, 3]) = v*([0,
V2([0,3]) = a > 0 and Q([Z,1] x [£,1)) = 1 ([2,1]) = v2(2. 1)) = 1 —a > 0.
Since S(Q) is infinitely cychcally monotone , the probability measures on F?

defined by

Q(ANT0, 5] < [0,
([, ] [0, 3]
for every measurable A, B C E? are elements of Coo(7',7%) and Coo(6!,62)

respectively and S(Q) = S(Q*) U S(Q™¢). Indeed, for every measurable A C

[0, 4] we have

Q" (A) =

, QU(B) =

5)
)

QI"(A) = Q(AXE)
QA X EN[0,1] x [0, 3])
Q([0, 3] x [0, 3])
QA X E)




where (20) follows from (19) due to the fact that Q([0, 5]x]3,1]) = 0. One
proves that Q3% = 42, Q¢ = 6! and Q3¢ = 02 the same way. Thus we have
W (7, 92) = sup S(Q*™W o d™1) and W (0%, 60%) = sup S(Q™° o d~ 1) hence
Wao (@', v?) = supS(Qod™)
= max {sup S(Q* od™1),supS(Qm° o dil)}
= Imax {WOO(lea 72)3 WOO(917 92)} .

O
Proof of Lemma 3.5. Let ¢! and (? be two elements of M'([0, 3]) such
that W (¢t ¢?) = &. (The proof when ¢! and ¢? are elements of Ml([ ,1]) is

obviously the same. ) There exists a Q € Coo (¢!, ¢?) such that sup S(Qod~1t) = 3
and, to fix notations, we assume that (0, 3) € S(Q). We shall prove that if ¢*
has no atoms on [0, 3] then 0 i is an atom for ¢'. To this end it is sufficient to
prove that for every u,v €]0, £[ we have ¢'([0,u]) > ¢*([0,v]) since this leads
to ¢1([0,u]) = 1 for every u E]O [ hence (1({0}) = 1. So, let us assume
there exists u*,v* €]0, [ such that C (10, u*]) < ¢2([0,v*]). Since (0, %) € S(Q)
we have 0 < C ([0,u ]) < ¢2([0,v*]). Since ¢? has no atoms on [07 %] there
exists a v** €]0,1[ such that ¢*([0,u*]) = ¢%([0,v**]). We can assume that
¢1([0,u*]) < 1 for otherwise we would have ¢1([0,u*]) = ¢%([0,v**]) = 1 hence
Weo (¢, ¢?) = max{u*,v**} < % We define four probability measures on [0, %]
by setting for every measurable A

¢HANT0, u*]) ¢2(AN0, v

1,1 _ 2,1 _

CO=aTmey 0 C W T Em, e
and

b G ) L A, L)

STy T e

There exist two infinitely cyclically monotone Q' € C(¢*,¢%!) and Q" €
C(¢hr,¢?") and we observe that the probability measure K defined on E? by

K o= (0@ +¢ (o, )@

(0,07 NQ+ v, S)Q"

is such that K € C(¢!,¢?). Moreover

Weo(¢h, () < supS(Kod™)
maX{Woo(Cl’l7 <2,l)7 WOO(CLTv <2,r)}
< max{max(u*,v*), max(1 — u*,1 — v™*)}
1
<3

which contradicts Woo (¢!, ¢?) = & and concludes the proof.

3.1.2 Proof of Lemma 3.2

First of all notlce that for every n > 3 we have p™([0,1]) # ([0, 5]) hence
W (p™, 1) > T according to Lemma 3.4. Next, it is not dlfﬁcult to check that
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for every n > 4 the probability measure on E? denoted Q™ which density w.r.t.
the Lebesgue measure on E? is given by

3 3 1
h(x) = 2(%7_1)1[0)%7% 2(x) +n (2 - n) 1[%7%’%]2(1‘)4—

is such that Q7 = p and Q5 = p™ hence Woo (11, p™) < supS(Qmod ') < £ 4 2.
Finally, that H(p™|u) is as given is the result of a straightforward computation.

3.2 On the zeros of J.

First we prove Lemma 1.4. In Section 3.2.2 we establish that if Jo(z) = 0 then
x € Z,1 2 while the converse is proven in Section 3.2.3. Finally in Section 3.2.4
we prove Proposition 1.2

3.2.1 Proof of Lemma 1.4.

Let 2 € [0,1] be such that Joo(z) = 0 : There exists a sequence (z"),>1 of
elements of [0,1] such that 2™ — z and lim, o Ioo(2™) = 0. Thus, by taking
subsequences if needed, we can say that there exists a sequence (P™),>1 of
infinitely cyclically monotone elements of M!(E x E) such that for every n > 1
we have 2" = supS(P" o d 1), H(PP|u') + H(Py|u?) — 0 as n — oo and
(P™),>1 is convergent w.r.t. the weak convergence topology on M!(E?) since
E? is compact. Lets denote P the limit of (P™),>1. We necessarily have that
PP 8 Py =p! and Py 5 Py = p? since

0< H(P|u') + H(Palp?) < liminf (H(PJ|u") + H(P}|u)) = 0

for v +— H(v|p) is lower semi-continuous w.r.t. the weak convergence topology,
see e.g. Theorem 1.4.3 in [6]. According to Lemma 2.4 P € Cy(p!, u?) whence
supS(P od™ ') = Wy (u',x?). Finally, since P* % P Lemma 2.2 implies
z = limsup,,_, . supS(P"od 1) > supS(Pod™ ') = Wy (u!, pu?). O

3.2.2 If J(z) =0 then z € Z,1 2.

Let = € [0,1] be such that Jo(x) = 0. We know from Lemma 1.4 that z >
Woo (!, 1?). Moreover there exists a sequence (z"),>1 of elements of [0,1]
such that 2 — z and lim,, o Ioo(z™) = 0. Again, by taking subsequences if
needed, we can say that there exists a sequence (P™),>1 of infinitely cyclically

monotone elements of M*(E x E) such that for every n > 1 we have 2" =
supS(P" od~1) = d(a™,b"), (a™,b™) € S(P")

H(P}|u') + H(Py|p?) — 0 (21)

n — oo and (P™),>1 is convergent w.r.t. the weak convergence topology on
MY(E x E). We can also assume that (a"),>1 and (b"),>1 are converging
sequences of elements of S(u') and S(u?) respectively. Lets denote P (resp.
a,b) the limit of (P"),>1 (resp. (a™)n>1,(0")n>1). We obviously have that
x = d(a,b) and we prove that a <> b. Again, due to Lemma 2.4, Lemma 2.2

19



and (21) we necessarily have that P % P, = p! and Py % P, = u?, hence
P € Coo(ut, u?). We have that a € S(u') and b € S(u?) since both S(u!) and
S(u?) are closed so we are left to prove that for every integer N > 2, every
(a2,82),...,(an, Bn) € S(P) and every o € S we have
d@%b)giiﬁng{d@u,ﬁd@)}

where a; = a and 7 = b. Indeed, it follows from Lemma 2.3 that for every
integer ¢, 2 < i < N, and every n > 1 there exists (af, 8I') € S(P™) such that
(af, B™) — (o, B;) as n — oco. Moreover, (a™,b") — (a,b) and (a™,b™) € S(P™)
for every n > 1. Since P is infinitely cyclically monotone and sup S(P"od~!) =
d(a",b") we have that for every o € Gy d(a",b") < max;—1 .. n{d(of", 8] ;))}
where af = a™ and 7 = b". This proves the announced inequality by taking
the limit n — oo and & € Z,1 ;2 since & = d(a,b) and a < b.

3.2.3 Ifxe€ Z, > then J(z)=0.

First we prove that W, (u', u?) € Z,1 ;2. Indeed, according to Lemma 1.2 there
exists P € Coo (!, p?) such that W (u!, u?) = supS(P o d~1) = d(a,b) with
(a,b) € S(P). Clearly a <> b hence Woo (p', %) € Z,1 2. Sonow let z € 2,1 2
be such that > W, (u!, u?) since we already know that Joo (W (ut, u?)) = 0.
Since © € Z,1 ,2 there exists (a,b) € S(u') x S(p?) such that z = d(a,b)
and a <> b which means that there exists Q € Coo (!, u?) such that for every
integer N > 2, every (aw, f2), ..., (an,Bn) € S(Q) and every o € Gy we have
d(a,b) < max;—1,..,n {d(i, By(i)) } Where (a1, B1) = (a,b). Since d(a,b) =z >
Weo(ut, 1?) = supS(Q o d=1) > 0 there exists an gy small enough to ensure
that for every 0 < € < g9 we can find an open neighborhood U, x V. of (a,b)
such that

L U.NV. = o;

2. U xV.NS(Q) =

3. ut(U.) >0 and p?(Vz) > 0;

4. sup, ey, d(z,y) < /2 and sup, ey, d(z,y) < €/2.

Starting from those (U:)o<ce<e, and (Vz)o<ce<e,, for every 0 < & < gy one can
choose a finite partition II° = (Bf, ..., B, E)) of F into non-empty measurable
sets such that

1. for every 1 <i < L(e) we have sup, ,¢p- d(z,y) < £/2;

2. there exists two distinct integers i(a) and 4(b) such that 1 < i(a),i(d) <
L(e), Bj,y = Ue and Bj;, = V..

To every II¢ we associate (s7, ..., si(s)) € B such that for every 1 < i < L(e)
we have 57 € Bf with s7,, = a, s7,) = b and we set

7€ MYE) — Ml({sf,...,Si(g)})
v e SO u(B)de.
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For every 0 < e < g9 we define two elements £¢ and k> of M1(E) by

1 5
M (A n Bz(a))

i(B,)

KAANBy)
HQ(Bf(b))
For every 0 < € < g9 and every n €]0, 1] we further introduce
Qam =17 (Hl,e ® K_/Q,E) + (1 _ ﬂ)Q

which is an element of M(E x E) such that Q7" = nxb* + (1 — n)u! and
Q5" = K> + (1 — n)p?. Finally, we also consider

kbE(A) = and k%°(A) =

CM =nd(ap) + (1 =) > QUBE Bt s
(4,5)€{1,...,L(g)}2

We have C7" = 7¢(Q7") and C5" = 7¢(Q5"). Since C*" need not be infinitely
cyclically monotone we have to consider

Con=mdan +(A=m > QB X B850
(i,)€{1,....L(e)}?

where for every (i,5) € {1,...,L(e)}? such that Q(Bf x BS) > 0 we have
(s1(i,7),55(i, 7)) € Bf x Bj N S(Q) and (s1(i(a), (b)), s5(i(a), (b)) = (a,b).
That a <> b implies that €= is infinitely cyclically monotone thus, according
to Lemma 1.3, W (CT",C5") = d(a,b) = z. Clearly Wo.(C7",CT") < ¢
and W (C5",C5") < & so |[Wuo(CT",C5") — 2| < 2¢ which implies that
W (QT",Q5") — x| < 4e according to Lemma 2.1. For every 0 < € < &g
and every n €]0, 1] we have

Le(Wae (QT",Q5™) < H(QY"|p") + H(QS"|1?)
H(nrhs 4 (L=n)p'|ut) + H(nr*e + (1 —n)p?|p?)
nH (k"% |p') + (1= n)H(u' ') +
+nH (k2 |p?) + (1= n)H (1*|u?)
= nH(k"|pb) + nH(>%|u?).

IN

Since for every 0 < & < g9 we have H(rk"¢|u!) < oo and H(k?¢|u?) < oo one

can find an 7. €]0, 1] such that

m (’I]EH(I{LE

li
e—0

p') 4+ n-H(k>¢|?)) = 0.

Now, for every 0 < € < g9 we set 2° = W (Q7"*,Q5"). By construction we

have lim. 0 2° = = and lim._,¢ I (%) = 0 hence J(z) = 0.

3.2.4 Proof of Proposition 1.2

The key here is that when p! = p? = p the set Coo (!, ?) is reduced to the
diagonal coupling of p with itself, which we denote Q*.

Let a,b € F such that a <+ b. Let N be any integer larger than 3 and
a1, ...,an be any sequence of elements of S(u) of size N, with ay = a and
an = b. We introduce (ai,ﬁi)lgiSNH by setting (&, El) = (a,b) and (5%51‘) =
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(ie1,i-1) € S(QH) for every integer 7,2 < ¢ < N + 1. Since a <> b, for every
o € Gyy1 we have d(a,b) < max;=1_ nt1 d(&i,ﬁg(i)). Taking o such that
o(i) =i+1forevery 1 <i< N and o(N+1) =1 leads to d(a,b) < d(ar,ar+1)
for some L such that 1 < L < N — 1 since d(&l,Bg(l)) = d(a,a) = 0 and
d(an+1,Bo(n+1)) = d(b,b) = 0.

Conversely let a,b € S(u) such that for every integer N > 3 and every
sequence ayq,...,an of elements of S(u) such that ay = a and any = b there
is at least one integer L such that 1 < L < N —1 and d(a,b) < d(ap,ap+1).
To prove that a <+ b we prove that for every integer N larger than 2, every
family (a3, 52) = (42,03), . .., (@, By) = (@, an) of elements of S(QH) and
every o € Sy we have d(a,b) < max;—1 . n d(&i,ga(i)) where (&I,/B\I) = (a,b).
If 1 is a fixed point of ¢ then obviously d(a,b) < max;—; .. N {d(&i7ac,(i))}. If
o(1) # 1 we denote C(o,1) the cycle of o which contains 1

C(o,1) = (1,0(1),...,0"71(1))

where k is the length of C(o,1). By setting ay = a1 = a,a0 = Qp(1),a3 =
Qg2(1)y -+, Ok = Qgk-1(1), @k+1 = b we clearly obtain a journey from a to b
through elements of S(p) divided into k stages hence

d(a,b) < {nand(OéL,OéLH)

ERRRE)

= d ~i7 ~cr i
5 L O)

< [ mex d(@i, Bo(i)

i=1,...

which achieves the proof that a < b.

4 On the almost sure asymptotic behavior of
(WOO(Lf, Lg))nzl

In this section we will successively prove Lemma 1.5, 1.6, 1.7 and Proposition
1.3. To this end we need some more notations and results. For every x,y € S(u)
and every integer n > 2 we set

Rn(x,y) ={a = (a1,...,a,) € S(u)" such that oy =z and «,, = y},

%(I7 y) = URZQQH (I, y) and §H(I7 y) = &Ejgn(g,y) iE{lI,r.l‘.a,)'rifl} d(aia ai+1)'

For every a,b,c € S(u), every a@ = (a1,...,a,) € €(a,b) and every 5 =
(M5 ---,Ym) € €(b,c) we shall write

avy=(al,...,0n,Y2,...,Tm) € €(a,c).

We will use 0# mainly to define appropriate partitions of S(u). It has the
following properties

Lemma 4.1 1. For every a,b € S(u) we have 6*(a,b) < d(a,b).
a7 C)’

2. For every a,b,c € S(u) we have 6*(a,b) < max{d§*( 0¥ (c,b)}.
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3. For every a,b € S(u) we have a <> b if and only if 6*(a,b) = d(a,b).

Proof of Lemma 4.1 1. For every a,b € S(u), by considering & = (a,b) we
immediately get §#(a,b) < d(a,b). 2. For every a,b,c € S(u) and every € > 0
there exists a' = (ol =a,...,al =¢) € €(a,c) such that

n =

max _d(a},a;, ) < 8*(a,c) +¢/2

i=1,....n—1

and there exists a? = (af =¢,...,a2, = b) € €(c,b) such that

max ld(af,a?H) < 0*(c,b) +¢/2.

Since a =atva?=(af =a,...,al =c,a3,...,a% =b) € ¢(a,b) we have

6"(a,b) < max{ max d(oj,al,;), max d(af,ai, )}

i=1,...n—1 Ti=1,...,m—1

max{d*(a,c), 0" (c,b)} + ¢

A

which leads to the announced inequality by taking e — 0. 3. Let a,b € S(u)
be such that a <+ b. By definition of < for every n > 2 and every a € %,(a,b)
we have d(a,b) < max;eqi,... n—1} d(i, iy 1) hence d(a,b) < 6 (a,b). It follows
that if a <> b we have 0*(a,b) = d(a,b) since 6*(a,b) < d(a,bd) is always true.
Conversely assume that a,b € S(u) are such that we have 6#(a,b) = d(a,b) thus
d(a,b) < 6*(a,b). It follows from the definition of 6* that for every integer n > 2
and every & € #Zn(a,b) we have d(a,b) < max;e1,.. n-1} d(as, a;y1) which by
definition means a < b. ]

Proof of Lemma 1.5 First we assume that S(u) is connected. Then it is
well-chained i.e. for every a,b € S(u) such that a # b and every € > 0 there
exist an integer n > 2 and & € %, (a,b) such that for every 1 <i < n—1 we
have d(a;, ai41) < €, see e.g. 8.2 of Chapter I in [22]. Thus 6*(a,b) = 0 for
every a,b € S(u) hence, according to the third point of Lemma 4.1, a <> b if and
only if d(a,b) = 0 whence Z,, = {0}. Now we prove that if Z,, = {0} then S(u)
is connected. It is sufficient to prove that S(u) is well-chained since, according
to e.g. 9.21 of Chapter I in [22] any metric, compact, well-chained space is
connected. Actually we shall prove that if Z, = {0} then necessarily for every
a,b € S(u) we have 6#(a,b) = 0 since this is obviously equivalent to the well-
chained condition. To this end we proceed by contradiction and assume that
we have Z,, = {0} and that there exists some a,b € S(p) such that 6*(a,b) > 0.
We shall construct (u,v) € S(u)? such that 6 (u,v) = d(u,v) = §*(a,b) > 0 in
contradiction with Z, = {0}.

According to the definition of §* for every integer n > 1 there exists a™ =
(af,....af,) € €(a,b) such that

1
0*(a,b) . 1"1}1’%@) ld(al,al 1) <& (a,b)+fn

Since a™ € € '(a,b) it follows from the second point in Lemma 4.1 that
oM(a,b) < max  M(a,ay ). (22)

i=1,...,L(n)—1
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Due to the first point in Lemma 4.1 we have

n n n n 1
Z_:L‘I‘I‘l’%}((n)ila#(% i) < i:l,fr.l,%)((n)fl d(aj', ajy 1) < 6% (a,b) + o (23)
For every n > 1 we consider G(n) C {1,...,L(n) — 1} defined by j € G(n)
if and only if 6#(a},af ;) = max;—y . p(m)—10" (e}, af ;). We further define
io(n) € G(n) to be such that d(oy! ), ot () 11) = MaXieg) d(af, afy). In
particular

1
d(a?o(n), O‘Z,(n)ﬂ) < max  d(of,0jy ) < 6*(a,b) + (24)

i=1,...,L(n)—1 n

According to the definition of ig(n), every j € {1,...,L(n) — 1} such that
d(aj,al ) > d(aﬁ)(n), O‘Z(n)ﬂ) is necessarily such that

0¥ (af, i) < (0, (n)> O (m)41)-

By definition of §* for every such j € {1,...,L(n) — 1} there exists &/ =

(d{V o 764?\4(])) S %(a;ﬂ OZ?+1) such that
e d(6],60,,) < 0"(al () Ol (1)
< (0 () Vg (ny41)- (25)

By replacing every such (a?, ay '+1) ring in the @" chain by the corresponding &J
n

chain we get 7 € ¢(a,b) such that maxd(yi, Yi+1) = d(aj; ), (,)41)- Since
7 € €(a,b), according to the second point of Lemma 4.1 and (25) we have

6M(a’7 b) S d(aZ)(n)’ Oé'Z)(n)—i-l)' (26)

So we have a sequence ((u",v") = (aj, ), (,y41))n>1 of elements of S(u)?
such that for every n > 1

o (a,b) <o (u",v™) < 6*(a,b) + 1
n
according to (22) and (23) and
0 (a,b) < d(u™,v"™) < é*(a,b) + l
n

according to (24) and (26). Since S(u)? is compact, from this sequence we
can extract a sub-sequence ((u™*,v™* ),>1 that converges towards some (u,v) €
S(u)?. Obviously d(u,v) = §*(a,b) and if we show that 6*(u,v) = §*(a,b) too
the proof of Lemma 1.5 is done. It follows from the definition of (u™,v™*)p>1
that for every k > 1 we have

o*(a,b) oM (u* ™)
max (6% (u™ 1), 3 (u, v), 6" (v, 07 )}

max {d(u™*,u), " (u,v), d(v,v"™)}

IN A IA
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hence by taking k large enough we get 6#(a, b) < §*(u,v) since §*(a,b) > 0. On
the other hand

o (u,v)

IN

max {6 (u"*, u), 0 (u"* v™*), 6 (v, v"™*)}

{d(u”k,u), 5 (a,b) + — . d(v, vnk)}

Nk

IN

hence 6*(u,v) < 0(a,b) + n% for k large enough hence 6*(a,b) = 0*(u,v). O

Proof of Lemma 1.6 Let a,b € S(u) be such that a <> b : According to
Lemma 4.1 we have 6#(a,b) = d(a,b). If a = b then A;,) = A;p) and the
equality d(a,b) = d(Aj(a), Aip)) is satisfied. If a # b necessarily A;) # Aiw)
for if @ and b were elements of the same connected component of S(u) we would
have 6*(a,b) = 0 # d(a,b) since every connected space is well-chained. By
definition we have d(a,b) > d(A;@q), Ai)) and it can not be that d(a,b) >
d(A;(q), Ai(sy) since this would be in contradiction with a <+ b. Indeed, since
Aj(q) and A;() are both closed there exists (x(a), z(b)) € A;q) X Ajp) such that
d(z(a),x(b)) = d(Aji), Ai)) and according to the second point in Lemma 4.1

5 (a,b) < max{s" (. 2(a)), d(z(a), 2(5)), 5" (b, 2(b))} = d(x(a), 2(b)) < d(a,b)

since 0*(a, z(a)) = 6*(b, 2(b)) = 0 because A;(,) and A, are connected hence
well-chained, and this contradicts a < b. O

Proof of Lemma 1.7 We start showing that 8; = sup Z, is not the limit
of an increasing sequence (z,)n>1 of elements of Z,. We can assume that
B1 > 0 since otherwise the claim is clearly true. We proceed by contradiction
and assume there exists an increasing sequence (2, ),>1 of elements of Z,, such
that z,, — (1. Then there exists a sequence (a,,b,)n>1 of elements of S(u)?
such that for every n > 1,a, + b, and §*(a,,b,) = d(an,b,) = x,. Since
E is compact, by taking sub-sequences if needed, we can assume that there
exists a,b € S(u) such that a, — a,b, — b and d(a,b) = 5. So, we can
choose € > 0 small enough to ensure that there exists an Ny such that for every
n > No, 0" (an, ant1) < d(an, ani1) < &,0(bn,bnt1) < d(bp,bpt1) < € and

e < ,81 —e< (5#((11\70,()]\[0) = d(aNO,bNO) < d(an,bn)

hence
6" (an, bn)
= k=0 mT?“XN 1{5!’« (aN0+k7 a’No+k+1)ﬂ o (aNm bN0)7 5M(bNo+k7 bNg+k+1)}
=0,...,n—=No—

= &L(aNov bNo)

< d(an,by)
in contradiction with a, < b,. Thus 8; = maxZ, is an isolated point of
Z,,. One can repeat this to prove that every 3; =sup Z, \ {f1,...,0i—1} is an
isolated point as long as 3; # 0. O

With Lemma 1.7 in hands we can start the proper proof of Proposition 1.3. We
first prove that

P(limsup Woo (LY, LY) € 2,) = P(liminf Wo (LY, LY) € 2,) = 1. (27)
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Indeed, since J, is a good rate function, it follows from Theorem 1.1 that for
every ¢ > 0 there exists C() > 0 such that

1
lim sup — log PWa (LY, LY) € VC) < —C(e)

n— oo

where V. = [0,e[U (Ugez,]8 —€,8 +¢[). Thus

ST PV, 1Y) € V) < ox

n>1

hence P(limsup{Wuo(LX,LY) € V£}) = 0 according to the Borel-Cantelli

n
Lemma. It follows that for every e > 0

P(limsup Wao (LY, LY) € V.) = 1 and P(liminf W (LY, LY) e V.) =1

which, because of Lemma 1.7, implies (27) by taking ¢ | 0. The first point in
Proposition 1.3 follows immediately thanks to Lemma 1.5.

From now on we assume that S(u) has at least two connected components.
We shall prove in Section 4.1 that we always have

P(limsup Wee(Lyy, Ly, ) = B1) = 1. (28)

Next we will prove in Section 4.2 that if there exists only two connected com-
ponents A;, A; of S(u) such that A; <+ A; and d(4;, A;) = B then

P(liminf Woo (L, LY) = B2) = 1 (29)

and in Section 4.3 we will prove that in all other situations where S(u) is not
connected
P(liminf W (L, LY) = 31) = 1. (30)

All these results rely on the following “bins and balls” lemma which proof is
postponed until the end of the section.

Lemma 4.2 Let U = (Uy,...,Uy,,...) and V. = (Vq,...,Vy,...) be two in-
dependent sequences of independent random wvariables with the same law on
{1,...,L} defined by P(U; = i) = v, 0 < v < 1 for every i € {1,...,L}.

The counters
i=1 i=1
and
v — (Z Ty (Va), 0y 1{L}(m)>
i=1 i=1
are such that
1. If L =2 then P(limsup{U™ # V"}) = 1;
2. If L =2 then P(limsup{U™ =V"}) =1
3. If L =3 then P(limsup{U™ =V"}) =0.
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4.1 Proof of (28)

According to Lemma 1.6 and Lemma 1.7 there exists (at least) two a,b € S(u)
such that a <> b and d(a,b) = d(A;(), Ai)) = B1. We define a partition of
S(u) into two non-empty sets by taking

C* = {y € S(u) such that 6*(a,y) < f1}

and
C? = {y € S(u) such that 6*(a,y) > p1}.

Notice that if x € C! and y € C? then necessarily d(z,y) > $1. Indeed if
we had d(z,y) < B then, according to Lemma 4.1, we would have §*(a,y) <
max{§*(a,z), 5" (z,y)} < P1 in contradiction with y € C2. It follows that if
LX(CY) # LY (C*) then for every o € &,, there exists at least one 1 < i < n
such that X; € C* and Y, ;) € C? hence Weo(L;y ,LY) > 1. Thus

limsup{Ly (C1) # Ly, (C1)} C {limsup Weo (L7, Lyy) > Bi}
hence
P(limsup{L (C') # LY (C")}) < P(limsup Weo (LY, LY) > f1).

By defining for every integer ¢ > 1

Ui:{ 1 ifX;ecC?

2 if X;€C?
and V; accordingly on the ground of Y; we see that
P(limsup{U" # V"}) = P(limsup{L¥ (C!) # LY (C)})

whence P(lim sup Wy, (LY, LY) > 1) = 1 according to Lemma 4.2, which com-
bined to (27) proves (28).

4.2 Proof of (29)

Here we assume that there is a unique pair {4;, A;} of connected components
of S(p) such that A; < A; and d(A;,A;) = Bi1. Let a € A; and b € A;
be such that a <> b and d(a,b) = ;. Since Z, has no accumulation point
there exists (at least) two Ay, A; such that Ay + A, d(Ax, 4;) = B2 < p1
and (a’,b') € Ap x A; with @/ < b and d(a’,t') = 2. With C! and C?
as defined in the previous section we necessarily have either a’,b’ € C! or
a’,b' € C?. Indeed if we had e.g. o’ € C! and b’ € C? then we would have
0 (a,b') < max{d*(a,a’),0"(a’,b')} < B1 in contradiction with the definition
of C2. So we assume that a’,b’ € C', the other case works the same way by
switching a and b if needed. We define a partition of C! into two non-empty
sets by setting
Ch! = {y € C' such that 6*(a’,y) < B2}

and
C"? = {y € C" such that §"(a’,y) > B2}
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Again, if € CY! and y € C1? then necessarily d(z,y) > (2. It follows that
if Woo(L:X, LY) < B3 then necessarily LX (CY1) = LY(CH1) and LY (CH?) =
LY (C*2) simultaneously hence

{liminf Weo (LY, L)) < B2}
C limsup{Weo (L7, Ly,) < B2}
C limsup {{L7(CHY) = Ly (CT} n{L(C1?) = Ly (C2)}} .

By defining for every integer ¢ > 1

1 if X; echt
U =< 2 ifX;eCh?
3 if X; € 02

and V; accordingly on the ground of Y; we see that

P(limsup{U™ = V"})
= P(limsup {{L; (C") = Ly, (CV)} n{L7 (C1?) = Ly (CT2)}})

hence P(liminf W (L;Y,LY) < B2) = 0 according to Lemma 4.2. Thus, from
(27) we deduce that

P(liminf Wao (LY, LY) € {81, B2}) = 1. (31)

Next we show that necessarily P(liminf W, (L:X,LY) < B5) = 1. Indeed, it
follows from Lemma 4.2 that P(limsup{LX(C*) = LX(C1')}) = 1 so we can
define an increasing sequence (7;);>1 of diverging random times such that for
every integer i > 1, L3 (C') = Ly, (C'). We further define four processes by
means of

' =inf{n > 1,X, € C'}, T0 =inf{n>T"" X, € C'},
7% =inf{n > 1, X, € C?}, Tl)_f_ll = inf{n > 7", X, € C?},

K2

Tt =inf{n > 1Y, € C'}, T} =inf{n>T""Y, € C},

)% =inf{n > 1Y, € C?}, T} =inf{n>T""Y, € C?},

K2

and

X = (Xpxa, Xpxay oo, Xypxay o) Y= (Vv Yova, oo, Yova, ..
1 2 n 1 2 n

X = (Xpxo, Xpxzy oo, Xpxay o) Vo= (Yove, Vove, ..., Yove, ... ).
1 2 n n

1 2

In words, we sort the X;’s and Y;’s according to whether they take values in ¢ 1
or C?. Clearly X,Y,X and Y are four independent processes of independent
random variables. The variables X; and Y; are all distributed according to !

which is p conditioned on C' and the X; and Y] are all distributed according
to p? which is u conditioned on C2. Since for every integer i > 1 we have

Wao(LX, L) < max{WOO(L%,L%)7WOO(L%7L%)}
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we get

liminf Woo (Lyy, Ly,) < liminf Weo (L7, L7,)
< limsup Wao (L7, LY.)
<

max {lim sup VVOO(LnX7 LnY)7 lim sup WOO(LHX7 Lg)} .
But sup Z,1 < B2 and sup Z,,2 < 3, hence
P(lim sup Wao (LY, LY ) < B2) = P(limsup Wao (LY, LY ) < B5) = 1

according to (28) whence P(liminf W, (L:X,LY) < 33) = 1 which combined
with (31) concludes the proof of (29).

4.3 Proof of (30)

Finally let us assume that there are (at least) two different {A;, A;} and {Ax, Ai}
such that 4; < A;, Ay < A; and d(A;, Aj) = d(Ag, A;) = Bi. There exists
a,b,a’,b’ such that a <> b, ¢’ < V', a € A;,be Aj,a’ € Ay and V' € A;. Since at
least one of Ay or A; is not A; or A;, at least one of @’ or b is not a or b, let us
denote it ¢. We define a partition of S(u) into three non-empty sets by setting

D' = {y € S(p) such that §*(a,y) < B1}

and
D? = {y € S(u) such that 6" (a,y) > B1,0"(c,y) < B1}

and
D3 = {y € S(p) such that 6*(a,y) > B1,6"(c,y) > b1}

Again, for any two = and y in two different elements of the partition D', D?
and D3 we necessarily have d(z,y) > ;. Hence
{Wee( Ly L) < Bi} C{LY (DY) = Ly (DY)} n{L;{(D?) = Ly (D*)}
whence
P(liminf W (Lyy , LY) < 1) < P(limsup{Wao(L; , LY ) < B1})
< P(limsup {{L;} (D) = Ly (D")} N {Ly (D?) = L, (D*)}}) =0
according to Lemma 4.2.
Proof of Lemma 4.2 We shall proceed by means of an elementary coupling.
To the sequences U and V we associate the sequences U and V by setting
Uy = (u1,...,ur) € {0,1}F with up = 1if U; = k all other components of
U being 0. The random variables V are defined accordingly on the ground
of the V;’s, and we set Z; = U; — V;. If L = 2 then Z; € {(0,0),e1,—e1}
with e; = (1,-1) and P(Z; = e1) = P(Z; = —e1). If L = 3 then Z; €
{(Oa 07 0)7 €1,€2,€3, —€1, —€2, _63} Wlth €1 = (17 _17 0)7 €y = (1a 0) _1)a €3 =
(0,1,—1) and for every j = 1,2,3 we have P(Z; = ¢;) = P(Z; = —e;). Hence
Z, = > 1 Zi, Zy = (0,...,0) corresponds to the position of a symmetric
random walk on 2% with d = 22U and {U" = V"} = {Z, = 0}, while
{U™ # V"} = {Z, # 0}. Thus the first claim corresponds to the fact that a
one-dimensional symmetric random walk is infinitely often away from zero with
probability one. The second claim corresponds to the fact that one-dimensional

symmetric random walks are recurrent. The third claim corresponds to the fact
that three-dimensional symmetric random walks are transient. ([l
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5 Additional proofs

Here we give the proofs of the lemmas presented in Section 2.1. They are
ordered so as to minimize the total length of the paper and not according to the
expository order. Lemmas 2.2, 2.3 and 2.4 are already established in [1] and [9]
for sequences rather than nets. We give their proofs as well as a proof of (3) for
the paper to be self-contained.

5.1 One more lemma

We shall employ the following Portmanteau-type result several times in the
present section

Lemma 5.1 Let (P7);c; be a net of Borel probability measures on a metric
space (Y,0) that converges weakly to some probability measure P. For every
open U C'Y we have
liminf P7(U) > P(U).
jedJ

Proof of Lemma 5.1. We follow the proof of Theorem 11.1.1 in [5]. Let
F = U° For every x € Y we define 6(z, F) = inf crd(z,y) and for every
m > 1, fn(r) = min(l,mé(z, F)) and F,, = f,1({1}). We see that f,, is
an increasing sequence of bounded and continuous functions that converges to
1y. For every € > 0 there exists an My such that for every m > My we have
P(F,,) > P(U) — ¢ and for those m we have

liminf P/(U) > liminf [ f,(2)P?(d
minf PI(U) > %nfyf (2) P/ (da)
— [ fulo)Pln)
Y
> P(Fn)
> PU)-¢
the conclusion follows by letting £ — 0. O

5.2 Proof of Lemma 2.3.

Assume that the announced statement is not true: There exist an z € S(P)
such that for every net (z7),c; satisfying 27 € S(P?) the net does not converge
to . Consider (27);e; with 27 defined by d(z,2?) = inf,cs(pi)d(x,y). Then
there exist an € > 0 and a cofinal L C J such that for every [ € L d(z, ') > e.
For every [ € L we have P!(B(x,¢/2)) = 0 while P(B(x,2/2)) > 0 by definition.
This is impossible according to Lemma 5.1 and the conclusion follows. ]

5.3 Proof of Lemma 2.4.

Let n > 2,(x1,y1),...,(%n,yn) € S(P) and 0 € &,,. Due to Lemma 2.3 for
every 1 < i < n there exists (27,y])jcs such that for every j € J (z],y]) €
S(P7) and limje](m{,yg) = (2;,y:;). Since for every j € J, P’ is infinitely
cyclically monotone we have maxi<i<n d(:cf,yi) < maxi<i<n d(zf,yi(i)) and

passing to the limit we get maxi<;<y d(z;,¥;) < maxi<i<n d(2i, Yo (s))- O
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5.4 Proof of Lemma 2.2

For every j € J we denote 7 = sup S(P?) and z = sup S(P). Let us assume that
(7) does not hold i.e. there exists an 77 > 0 such that limsup;c ;27 <z —7n. As
a consequence there exists a subnet (P');cr, of (P7);c s such that for every | € L
we have P!(]Jz — /2, +n/2[) = 0 while by definition P(]Jz —1/2,x+n/2[) > 0.
But according to Lemma 5.1 we should have lim inf,c, P!(Jx — /2,2 +n/2[) >
P(Jx —n/2,2 + n/2[). The conclusion follows. O

5.5 Proof of Lemma 2.1

Let v', 12 € MY(E) and II = (Ay,...,Ar) € P. According to Lemma 1.2
there exists P € Coo (v, 1?) such that W, (v}, v?) = supS(P od~1t). Consider
PY e MY({sy,...,s.}?) defined by

L
PH = Z P(Al X Aj)d(si’sj).

ij=1
Since P € Coo(vt, v?) necessarily P! € C(m(v!), m(v?)) hence

Woo (m(vh), m(v?)) supS(PMod™t)
supS(Pod™t) 4+ 2A(I0)

Woo (vt V%) + 2A(10).

IAIN TN

We are left to prove that Wy, (v',1?) < W (n(vh), 7(v?)) + 2A(I0). Again,
according to Lemma 1.2 there exists Q! € Co (7(v!), 7(¥?)) such that

Woo(m(vh), m(1*)) = sup S(Q" 0 d ™).

Clearly QU is of the form Q™ = ZiL,j=1 Qi,j0(s;,s,)- Now we consider Q €
M*'(E?) defined by

L
Qi 1o 2
F) = _r Fn(A; xA))). 2
Q( ) ijZ:1 VI(AZ‘)Z/Q(AJ‘)V ®V ( m( X J)) (3 )
Since Q! € C(n(v!), 7(v?)) we see that Q;; = 0 as soon as v*(4;) = 0 or
v*(4;) = 0 so Q is well defined and we can assume that the sum in (32) runs
over i, j such that v!(A;)v?(A;) # 0. Let us check that e.g. Q1 = v!. For every
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measurable U C E we have

L

QUxE) = > Mi%ul @ (U x E)N (4; x A;))

i,j=1 v J

= XL: %ulwmm)y?(/g)
L VA (4)
L .

= Z Vl(lj.)yl(UﬁAi)
i,j=1 4
L 1 L

= > A > Qi | v UNn4)
i=1 v j=1

L
= Y S UNn4) (33)
1
= v'(U)

where (33) is due to the fact that Q™ € C(w(v1), 7(v?)). Now

Wao(v',v?) < supS(Qod™)
< supS(QModt) + 2A(I0)
< Wao(rn(v)), m(v2) + 2A(10).
which concludes the proof. ([l

5.6 On W, and the Hausdorff distance.

Here we prove (3) i.e. for any integer n > 1 and every (z1,...,2n), (Y1,---,Yn)
in E™ we have

Weo (Lfv Lz) =dy (S(Lf)a S(LZ))

where LY = 13" 46, and LY = 13" 5, . Indeed, for every integer 1 <
i <n and every o € G,, we have

d(ajia yo'(i)) > inf d(.Ti, y)

yeS(LY)
hence
max d(zi,yo)) 2 ,oup yeé?ﬁp d(z,y)
whence

Woo(LX,LY) = mi ax d(xi, Yoriy) > S inf d(z,y).
o ln) = Jain oo, d@ovow) 2 o, By A0 9)
The proof that W (L:X, LY) > SUPyes(LY) inf,es(rx) d(x,y) is the same once
one has noticed that Wy (L:X, LY) = min,cg, max;—1,....n A(To (i), Yi)-

To prove the reverse inequality notice that there exists x* € S(LX) and
y* € S(LY) such that W (L:X, LY) = d(z*,y*) and without loss of generality
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we can claim that for every y € S(LY) we have d(z*,y) > d(x*,y*). In words,
transporting the mass at «* somewhere else than y* would have been at least
as expensive. We get inf,csry)d(z*,y) > d(z*,y*) hence

sup inf d(z,y) >d=z",y"
z€S(LX)YES(LY) (@9) ( )

whence dy (S(LX),S(LY)) > Waoo(LX,LY) which concludes the proof of the
announced claim.
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