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Abstract— This paper presents a new structure of an induction 

heater for aluminium billets. The device consists in using a strong 
DC magnetic field created by a superconducting inductor in 
which the conducting billet is actuated by a linear motion at a 
constant velocity. The analysis, based on the analytical model for 
the magnetic field in the billet, has been developed, and then the 
eddy currents and induced heating power have been evaluated. 
The analytical results are compared to those issued from a finite 
element software (COMSOL). The magneto thermal analysis 
shows that the temperature profile in the billet is homogenous.  
 

Index Terms—Induction heater, analytical solution, eddy 
current, induced heating power, linear motion, superconducting, 
magneto-thermal 

I. INTRODUCTION 

NDUCTION heating is widely used in industrial processes 
to preheat aluminium billets before press-forming operations 

[1]. The analysis of induction heating requires the 
development of simulation and modeling tools. It depends on 
several physical phenomena: electromagnetic, thermal, and 
mechanical ones. 

In conventional induction heaters, the billet is exposed to an 
AC magnetic field produced by a water-cooled copper 
winding. The thermal power is due to the eddy currents 
induced in the billet. It is well known that the efficiency of the 
process is related to the power transferred from the inductor to 
the billet. The efficiency depends on the resistivity and the 
magnetic permeability of the material to be heated. For 
magnetic steel billets, the efficiency is in the range of 80 to 
90% below the Curie temperature and remains relatively 
important (approximately 70%) above this temperature when 
steel becomes nonmagnetic [1]. In the same way, the 
efficiency of an induction heater for nonmagnetic metal billets 
(aluminium and Copper) drastically drops to about 50%. In 
fact, it is difficult to heat nonmagnetic conducting materials 
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with conventional heating devices. 
 In order to improve the efficiency, Runde and Magnusson 

[2]–[4] have proposed a new type of induction heater by 
replacing the conventional copper inductor by a high-
temperature superconducting (HTS) coil excited with 50/60Hz 
AC current. However, because of the AC losses in the HTS 
coil, the efficiency obtained with a small-scale demonstrator 
does not exceed 60% [4]. More recently, a new DC induction 
heating concept with a superconducting coil has been 
proposed. In this approach, the billet is rotated inside a 
transverse DC magnetic field generated by superconducting 
coils [5]-[7]. Velocity induced currents react to the driving 
torque and generates a thermal power within the billet [8]-[9]. 

In this paper, we develop an electromagnetic and thermal 
analysis of an original induction heater for aluminium billets 
using superconducting coils. In this topology, the billet is 
subjected to a linear motion inside a strong DC magnetic field 
produced by a superconducting inductor. The topology 
described here was in its principle, patented independently by 
Magnusson [10] and Müller et al. [11]. The description of the 
studied induction heater is given in section II. An analytical 
electromagnetic model is then developed in section III and IV 
to find the eddy current density and induced power density in 
the billet. Finally, the temperature profile inside the billet is 
obtained with two dimensional finite elements software 
(COMSOL).  

II. DESCRIPTION OF THE INDUCTION HEATER 

Fig. 1 shows the cross section of the studied induction 
heater. It is composed of an inductor made from 
superconducting coils which create a strong DC magnetic 
field. The aluminium billet to be heated is placed inside the 
warm hole of the cryostat and moves linearly at a low speed. 
The linear displacement of the billet in the DC magnetic field 
generates induced currents which produce a Joule heating in it. 
As will be shown in the paper, the use of a low linear speed 
and a strong DC magnetic field allow obtaining a large skin 
depth and therefore a homogeneous temperature distribution 
inside the billet, which is necessary before the press-forming 
step. The physical parameters of the studied device are given 
in Table I. The geometrical parameters have been chosen 
arbitrarily in order to test the analytical model developed in the 
paper. 
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Fig.1. Induction heater with DC magnetic field and linear motion 

III.  EQUIVALENT CURRENT SHEET 

To reduce the study to a 2D axisymmetric problem, we 
consider that the induction heater (the inductor and the billet) 
has an infinite axial length. The billet is subjected to a linear 
movement along the z axis with a constant velocity V. In the 
analysis, the current in the superconducting coil is replaced by 
a current sheet of radius R2+e/2 with an infinite axial length as 
shown in Fig. 2 [12]-[13]. This current sheet is chosen to carry 
the same current as the original coil. 

The superconducting winding is excited with a DC current 
density J. The electrical current in a coil is given by 

 

I a eJ=                    (1) 

The corresponding value of the equivalent current sheet in 
A/m is then 

 

sJ e J=                    (2)  

 
where J and JS have only one component in the θ direction. 

 
Fig.2. Simplified model used for the analysis 

 

 
Fig.3. Current sheet distribution along the axial coordinate z 

 
The current sheet distribution versus the coordinate z is shown 
in Fig. 3. Its Fourier series expansion is  
 

( ) cos( )s sn
n

J z J nkz=∑   with   
2

k
π
τ

=       (3) 

where Jsn is the peak value of the nth harmonic component of 
the current sheet given by 
 

4
sinsn

e J n a
J

n

π
π τ

 =  
 

             (4) 

with 2( )a bτ = +  the spatial period of the current sheet. 

Due to the cryostat and thermal insulation thicknesses, the 
radius of the billet is relatively small compared to the inner 
radius of the superconducting coil. Hence, the higher harmonic 
terms of the flux density strongly decrease with the air gap 
thickness. In this study, only the fundamental term (n=1) of 
the current sheet distribution is considered. 
 

( ) ( )1
4

sin coss
e J a

J z kz
π

π τ
 =  
 

         (5) 

IV.  MATHEMATICAL FORMULATION  

A general multiregion problem is analyzed. The whole 
space is divided into three regions as shown in Fig. 4.  

 
- Region 1 corresponds to the conducting billet (workpiece). 
- Region 2 corresponds to the space between the billet and the 
current sheet.  
- Region 3 corresponds to the space outside the current sheet. 

TABLE I 
PHYSICAL AND GEOMETRICAL PARAMETERS OF THE STUDIED INDUCTION 

HEATER 

Symbol Quantity Value 

R1 Billet radius 8 cm 
R2 Superconducting coil inner radius 13 cm 
e Superconducting coil thickness 4 cm 
a Width of the coil 15 cm 
b Distance between two coils 10 cm 
L Billet axial length 1 m 
V Linear velocity of the billet variable 
σ Electrical conductivity of the billet (Al) 37 106 Ω-1m-1 

µ0 Magnetic permeability 4π  10-7 H/m 
λt Thermal conductivity of the billet 206  Wm-1 K-1 

ρ Specific mass of aluminium  2707 Kg m-3 

c Specific heat of aluminium  936  J Kg-1 K-1 

J Current density in the superconducting 
coils 

200 A/mm2 
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Fig.4. Multiregion problem used for the analysis 
 

A. Diffusion equation 

By considering the movement of the billet, the 
electromagnetic behaviour of the system is described by 
Maxwell's equations expressed as 

 

. 0 . 0

B
H J E

t

B E

∂
∇ × = ∇ × = −

∂
∇ = ∇ =

�

� � � � �

� � � �

         (6) 

 
with the material properties 
 

( )
0

 = × =

=

�� � � �

�

� �

J V B with V V uz

B H

σ

µ
          (7) 

 

The magnetic vector potential A is defined by 
 

B A= ∇ ×
�� �

                  (8) 

 
The combination of (6), (7) and (8) gives the magnetic 

diffusion equation which takes into account the movement of 
the conducting billet 

 

( )0        in  region 1

0                              in regions 2 and 3

A V A

A

σµ∇×∇× = × ∇×

∇×∇× =

� �� � � �

�� �

 (9) 

 
Due to the axial symmetry, the studied problem is invariant 

according to the θ-coordinate. So, the electric and magnetic 
quantities will be independent of θ. Under these conditions, the 
magnetic vector potential, in each region, presents only one 
component in the azimuthal direction, and depends only on r 
and z variables. Then, (9) becomes in region 1 

 
2 2

1 1 1 1
1 02 2 2

1 1A A A A
A V

r r zr r z
σµ∂ ∂ ∂ ∂

+ − + =
∂ ∂∂ ∂

      (10) 

B. Magnetic vector potential expressions 

According to the form of the current sheet excitation for the 
fundamental term of the Fourier series (5), the solution of the 
magnetic vector potential in region i (i=1,2,3) can be written as 

 

( ), ( )cos( ( ))i i iA r z A r kz rϕ= +          (11) 

  
Since the magnetic vector potential is varying sinusoidally 

in space, we can use the complex notation 
 

( ) ( ){ }, ii
jkzA r z A r e= ℜ             (12) 

 
Where ℜ  denotes the real part of a complex number. Using 

the complex representation, (10) becomes a modified Bessel 
differential equation 

 
2

1 12 2 2
12

( 1) 0
d A d A

r r r A
drdr

λ+ − + =        (13) 

with 

 2 2
0k jk Vλ σµ= +   and  1j = −         (14) 

 
In the conducting billet (Region 1), the general solution of 

(13), knowing that 1A must be finite when r → 0, has the 
following form [14]  

 

1 1 1( ) ( )A r a I rλ=               (15) 

 
where I1 is the modified Bessel function of the first kind and 
order 1 and a1 is a complex coefficient which will be 
determinate using the interface conditions. 

For region 2 where the electrical conductivity σ = 0, the 
general solution is  

 

2 2 1 2 1( ) ( ) ( )A r a I kr b K kr= +          (16) 

 
where K1 is the modified Bessel function of the second kind 
and order 1. 

For region 3, knowing that 3A  must be finite when ∞→r , 

the solution is 

3 3 1( ) ( )A r b K kr=          (17) 

The complex coefficients a1, a2, b2 and b3 in (15), (16) and 
(17) are determined using the interface conditions between the 
different regions  

     at 1r R= :  
1 2

1 2

A A

d A d A

dr dr

 =



=


                              (18) 

 at 2 2

e
r R= +  (current sheet interface): 

 

 
2 3

2 3
0 1s

A A

d A d A
J

dr dr
µ

 =



= +


              (19) 
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We obtain a system of four linear equations from which we 
extract the expressions of the coefficients a1, a2, b2 and b3. The 
magnetic vector potential in region 1 is then expressed as 

 

0 1 1 1 1 1
1 1

1 1 1 1

( ) ( )1
( ) ( )

( ) ( )
sJ I kR K kR

A r I r
kC I R D I R

µ λ
λ λ

 
= + 

 
    (20) 

 
with 

0 2 1 2

0 2

1 2

2 2

2

2

e e
K k R I k R

e
C I k R

e
K k R

       + +       
          = + +         +   

   

 

 (21) 
 
and 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 0 1 1 1 0 1

0 1 1 1 1 1 0 1

kI R K kR K kR I R
D

kI kR I R I kR I R

λ λ λ
λ λ λ

+
=

−
     (22) 

 
where I0 and K0 are respectively the modified Bessel function 
of the first kind and the second kind, of order 0. 

C. Eddy current expression 

The induced current density in the aluminium billet (region 
1) can be obtained from the following relation 

 

( ) 1
11

( , )
( , )

A r z
J r z V A V

z
σ σ ∂= ×∇ × = −

∂

��

�� �� �� ��

      (23) 

 
which becomes in the complex domain 
 

11( ) ( )J r j Vk A rσ= −               (24) 

 
Finally, the expression of the induced current density can be 

written as 
 

{ }11( , ) ( ) jkzJ r z J r e= ℜ              (25) 

D. Induced heating power expression 

The induced power density in the billet is expressed as: 
 

2
1 ( , )

( , )
J r z

p r z
σ

=                (26) 

 
So the induced power in the billet of length L is 
 

1 2 /2 2
1

0 0 /2

( , )
R L

L

J r z
P rdrd dz

π

θ
σ

−

= ∫ ∫ ∫           (27) 

 
Substituting (20) and (24) into (25) and then (25) into (27), 

we obtain the analytical expression of the induced heating 
power in the conducting billet 

 
2 2 *

1 12 . .P V k a a E Fπσ=              (28) 

 
where 
 

0 1 1 1 1 1
1

1 1 1 1

( ) ( )1

( ) ( )
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        (29) 

 
and 

 

( ) ( ) ( ) ( )* * *1
0 1 1 1 0 1 1 1*

R
E I R I R I R I Rλ λ λ λ λ λ

λ λ
 = −
 −

(30) 

 

1 1sin( )cos(2 ( ))1

2

kL R
F L

k

ϕ = + 
 

         (31) 

 

where 1 1( )Rϕ is the argument of 1 1( )A R  given by (20). 

The analytical expression of the induced heating power in the 
billet (28) depends on the geometrical and physical parameters 
of the induction heater. This expression will be used in the 
next section to study the effect of the geometrical parameters 
on the performance of the induction heater. 
 

V. RESULTS AND DISCUSSION 

A. Eddy current density 

Figs. 5 and 6 show the flux lines and the magnetic flux 
density distribution obtained by finite element method 
(COMSOL) when the conducting billet is moving respectively 
at a linear velocity of V=0.24 m/s and V=0.62 m/s. The 
superconducting coil is excited with a current density J=200 
A/mm2. One can observe that the flux lines are driven in the 
direction of the motion and are rejected from the billet when 
the speed increases. 

The critical current in the superconducting coil is closely 
dependent on the maximum value of the flux density. Hence, it 
is important in the design of the HTS induction heater to 
carefully consider this maximum value. In the case of the 
simulations of Figs.5 and 6, a maximum value of around 5T 
appears in the inner surface of the coils. Notice that this value 
is acceptable for DI-BSCCO HTS tapes [15] for which the 
critical current density is higher than 200 A/mm² for operating 
temperatures of 15-20 K. 

Fig. 7 and 8 show the spatial distribution of the eddy 
currents in the billet for V=0.24 m/s and V=0.62 m/s. 

The eddy current density versus the radial distance r at z = 0 
for a linear speed of V = 0.24 m/s and V = 0.62 m/s are given 
respectively in Figs. 9 and 10. We can notice that the results 
obtained with the analytical method (current sheet 
approximation with the first harmonic) are in good agreement 
with those obtained by FEM (the real coil geometry is 
considered in the FE computations). 



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 

5 

 
Fig.5. Flux lines distribution and magnetic flux density distribution (T) for V 
= 0.24 m/s and J = 200 A/mm2 
 

 
Fig.6. Flux lines distribution and magnetic flux density distribution (T) for V 
= 0.62 m/s and J = 200 A/mm2 
 
 

 
 
Fig.7. Eddy current distribution in the billet for V = 0.24 m/s and J = 200 
A/mm2 
 

 
Fig.8. Eddy current distribution in the billet for V = 0.62 m/s and J=200 
A/mm2. 
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Fig.9. Eddy current density versus the radial distance r (at z = 0) for  
V = 0.24 m/s and J = 200 A/mm2 
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Fig.10. Eddy current density versus the radial distance r (at z = 0) for  
V = 0.62 m/s and J = 200 A/mm2 

 
Figs. 11 and 12 show the eddy current density versus the 

axial distance z at the surface of the billet (r = R1) for V = 0.24 
m/s and V = 0.62 m/s. Obviously, the eddy current density 
presents a sinusoidal variation along the z-axis. 
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Fig.11. Eddy current density versus the axial distance z (at r = R1) for  
V = 0.24 m/s and J = 200 A/mm2 
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Fig.12. Eddy current density versus the axial distance z (at r = R1) for  
V = 0.62 m/s and J = 200 A/mm2 

B. Induced heating power  

The power density variation with respect to radius is plotted 
in Fig. 13 for two values of the velocity. As for the current 
density (Figs. 9, 10), the penetration of the power density is 
higher in the case of low velocity values. 

The induced heating power in the conducting billet obtained 
for various values of the linear velocity V and for the coil 
excited by a DC current density J = 200 A/mm2 is given in Fig. 
14. These results have been obtained using the analytical 
expression (28) and compared with those obtained by FEM 
(FEM with real coil distribution). We can observe that the 
analytical model can predict with a very good precision the 
induced power in the billet. Furthermore, the analytical 
computations are much faster than the numerical ones. 
Therefore it could be used as an efficient tool to study the 
influence of the geometrical parameters on the induced heating 
power. 
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(b) 
Fig.13. Induced power density versus the radius r at z = 0  a) V = 0.24 m/s 
b) V = 0.62 m/s 
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Fig.14. Induced heating power versus the linear velocity for J = 200 A/mm2 
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C. Design analysis of the induction heater 

1) Effect of the distance between two coils (parameter b) 
Using the analytical expression (28), Figs. 15 and 16 show 

the effect of the distance between two superconducting coils 
(inductor) on the induced power for two values of the linear 
velocity V. We can observe that the induced power presents a 
maximum value for b = 7.5 cm, then decreases while 
increasing the distance b. 
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Fig.15. Induced heating power versus the distance between two 
superconducting coils for V = 0.24 m/s and J = 200 A/mm2 
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Fig.16. Induced heating power versus the distance between two 
superconducting coils for V = 0.62 m/s and J = 200 A/mm2 

 
2) Effect of the distance between the inductor and the 
conducting billet 

 
Figs. 17 and 18 show the effect of the ratio (R2+e/2)/R1 on the 
induced power for various values of the linear velocity V. A 
certain distance is necessary between the inductor and the 
billet. Indeed, the superconducting coils must be placed inside 
the cryostat and a thermal insulation must be placed between 
the cryostat and the billet. As expected, one can observe on 

Figs. 17 and 18 that the induced power decreases rapidly when 
the distance between the inductor and the conducting billet 
increases. 
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Fig.17. Induced power versus the distance between the inductor and the billet 
for V = 0.24 m/s and J = 200 A/mm2 
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Fig.18. Eddy current versus the distance between the inductor and the billet 
for V = 0.62 m/s and J = 200 A/mm2 
 

VI.  TEMPERATURE FIELD ANALYSIS 

Taking into account the movement of the conducting billet, 
the equation describing the heat transfer phenomenon in the 
billet to be heated is given by [9],[16]  

 

. ( , )
∂ + ∇ = + ∆ ∂ 

�� ��

t
T

c V T p r z T
t

ρ λ          (32) 

 
where T, λt, ρ and c respectively represent the temperature, the 
thermal conductivity of the billet, the specific mass and the 

specific heat. The term T.V ∇  in (32) is the convective term 
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due to the motion of the billet and ( )zrp ,  is the heat source 

produced by eddy current in the billet. In 2D cylindrical 
coordinates, the boundary value problem describing the 
temperature evolution is defined only in region 1 (adiabatic 
condition is considered on the surface of the billet) 

 
2 2

2 2

1
( , ) t

T T T T T
c V p r z

t z r rr z
ρ λ

 ∂ ∂ ∂ ∂ ∂ + = + + +    ∂ ∂ ∂∂ ∂   
   (33) 

1

0

( , , 0) 30

r R

T

r

T r z t C

=

∂ =
∂

= = °

         (34) 

 
The problem is solved with 2D finite element software 

(COMSOL). The induced power density is evaluated using the 
electromagnetic problem with a constant linear velocity V of 
the billet. The source term for the heat transfer problem is the 
one given by (26). 

Fig. 19 gives the transient temperature profile at the centre 
of the conducting billet. The linear velocity of the billet is 
constant and equal to V = 0.62 m/s and the current density in 
the superconducting coil is fixed at J = 200 A/mm2. The 
corresponding induced heating power in the billet is about 200 
kW. We observe that the temperature inside the billet increases 
almost linearly because the boundary condition on the surface 
of the billet is adiabatic. The rise time to heat the conducting 
billet from 30 °C to 500 °C is about 145 s. 

Fig 20 shows the temperature distribution inside the 
conducting billet along the radial distance r at t = 150s.  
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Fig.19: Transient temperature profile at the center of the billet for V=0.62 m/s 
and J=200 A/mm2  
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Fig.20: Temperature distribution in the billet versus the radial distance r for 
V=0.62 m/s and J=200 A/mm2 at time t=150 s. 

 
The maximum temperature is T=543°C on the surface of the 

conducting billet and the minimum one is T=517°C at the 
centre of the billet. This result shows that the temperature is 
sufficiently homogeneous in the billet (within 5%), which is 
suitable for press forming operation. 

 
It is important to keep in mind that the analysis developed in 

the paper is a simplification of a 3-D problem to a 2-D one. 
Indeed, we have supposed an infinitely long cylinder whereas 
the length of the cylinder is finite. The end effect is ignored so 
the power density in the end regions of the cylinder will be 
smaller than in the centre of the billet.  This can be shown only 
with a 3D analysis. 

 

VII.  CONCLUSION 

In this paper, we have presented a new structure of 
induction heaters for aluminium billets. The device consists in 
using a strong DC magnetic field created by a superconducting 
inductor in which the conducting billet is actuated by a linear 
movement at a constant velocity. 

An analytical model for the magnetic field distribution in 
the billet has been developed, and then the eddy currents and 
the induced heating power have been evaluated. The results 
obtained using this model are validated through finite element 
computations. The analytical model has been used to study the 
effect of the geometrical parameters on the performance of the 
induction heater. It has been shown that an optimum distance 
exists between the superconducting coils to obtain the 
maximum induced power in the billet. By solving the thermal 
problem, we have also shown that the heat power is distributed 
in the heart of the billet, so the temperature is sufficiently 
homogeneous in the billet and satisfies the requirement for 
press forming operation. 
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The considered model being a 2D one, it will probably be 
necessary to develop a full 3D model in order to consider the 
end effects. Furthermore, the choice of a constant velocity 
leads to a very long furnace which may be a limitation for this 
heating system. The use of an oscillating system would 
probably be more suitable. Finally, it will be important to 
consider the end effects as well as the reaction field since they 
affect the performances of the superconducting coils (losses 
and critical current density). 
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