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Analytic Calculation of Eddy Currents in the Slots ofElectrical
Machines: Application to Cage Rotor Induction Motors

Thierry Lubin, Smail Mezani, and Abderrezak Rezzoug

Groupe de Recherche en Electrotechnique et Elegtrerde Nancy,
University Henri Poincaré, Nancy, FRANCE

This paper describes a two-dimensional analytic maal for predicting the induced currents within condwcting material placed in the
slots of electrical machines. Slot-embedded condacs are subjected to a rotating magnetic field inelding space harmonics. The
analytical method is based on the resolution of tieharmonic homogeneous Helmholtz’s equation in palacoordinates by the
separation of variables method. The global solutiois obtained using boundary and continuity conditbons between the different sub-
domains (rotor slots and air-gap). The proposed maal is applied for magnetic field and torque calcultions in a rotor cage induction
motor under steady state condition. The analyticatesults are verified with those obtained from finie element analyses.

Index Terms—Eddy currents, analytical solution, diffusion equdion, rotor bars, induction motor.

induction motor.
In this paper, we present an original analyticaldeidfor
ACCURATE modeling of eddy current effects is important taeeddy-currents computation within conducting mateplaced

|I. INTRODUCTION

design electrical machines and especially to cateuthe
torque-speed curve of induction motors. Eddy-cus@an be
evaluated by numerical or analytical methods. Wiitimerical
methods [1]-[5], complex geometric shapes (as rbtms in
induction motor) and non-linear effects (saturatioh the
magnetic parts) can be taken into account. Howetherse
methods are computer time consuming and are niathdeifor

the first step of design stage of electrical maebirnro be fast

and efficient, analytical methods suppose simplenggtries
(conducting plates or cylinders) and linear magnbghavior
[6-7]. Due to their low computational time, theyeaoften
preferred for the first evaluations of electricalotors
performances and for design optimization.

in rotor slots of electrical machines and subjedted rotating
magnetic field. Laplace’'s and Helmholtz’s equatioase
solved respectively in the air-gap and in the retots regions.
The global solution is obtained using boundary antdrface
conditions between the different regions. The psago
analytical method is used to investigate the eddyrent
distribution in the rotor bars of an induction moto

Il. PROBLEM DESCRIPTION AND ASSUMPTIONS

A. Problem Description

The cross-section of the studied machine is showkig. 1.
The rotor contain® slots Q = 6 in Fig.1) with conducting

Two-dimensional (2D) analytical models for inducednaterial (rotor bars) of electrical conductivityand magnetic

currents prediction in induction motors (IM) havesehn

proposed in the literature. They deal with solitbrdopology
(cageless rotor) which present cylindrical symmég&iy[12].

The induced currents distribution in the rotor (@octing

cylinder) is obtained by solving the magnetic dffan

equation in polar coordinates. Analytical modele also
proposed for the evaluation of slot impedance afciangular
conductor placed in a semi-closed slot [13-14]. Eeev, the
models are developed for a single rotor bar (witpdsed net
current), so the interaction between neighbourirgs bis
ignored. These models are well suited for the dateation of
equivalent circuit parameters of IM.

Exact analytical models for the magnetic fielddicton in
the slots of electrical machines have been proposeently
[15]-[18]. However, they deal
machines and are based on the magnetostatic appndach
neglects the eddy-current reaction field. To thehais
knowledge, there has not been anything reportedhin
literature on 2D exact analytic models for the poton of
current density induced in the rotor bars of salirtage
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with permanent magnet

permeability 4. We consider that the rotor bars are
permanently shorted to each other through end .rifige
geometrical parameters are the inner radius ofdter slots
R;, the radius of the rotor surfa& and the stator bore radius
Rs. The slot opening angle /%

Current sheet i i
Jnl6, 1 i
W00

Fig. 1. Geometry of the studied model (W@h= 6 rotor bars).
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In a frame linked to the rotor, the angular positid thei-th
rotor bar is defined as

g=-L.+27 @
2 Q

In order to simplify the theoretical analysis, wesame that
the source term is represented by a current shseibdted
over the stator inner radius (rRs). It is well-known that the
stator ampere-conductor can be approximated byjaivaent
current sheet disposed over the slot openingshdf dtator
currents are sinusoidal in time, the expressiothefcurrent

sheet (A/meter) for therth space harmonic component is

with  1<i<Q

Im(Bs,t) = JmCOS( mFﬂs_wst) 2

whereJ,, is the peak value of the-th harmonic componen,

. D . S
is the number of pole pair§; is the angular displacement on
the stator borews is the angular frequency of the stator

supply,tis time.
For a balanced three-phase stator windings digioibbwvith
an integer number of slot per poles and per phasem-th

space harmonics component is given by
m=1+ 6l where

1=0,1,2,3... (3)

The peak value of thenth harmonic component of the

current sheet is
3Ny 1v/2
m=— K (4)
TRy
whereNgy is the number of series turns per phaselaisdhe
stator RMS current. The winding fact,,, associated with

them-h harmonic is given by
sin(i/§)_sin( e 3

Ky =sin(|m{7z/ 2) sin(|m A/ 2 gsin([m /6 e )2
®)

whereq is the number of slots per pole per phass,the coil
pitch angleg is the width of the slot opening in radiansafd
¢ are electrical angles).

Each harmonic component of the current sheet pexiac
rotating magnetic field which rotates forward (m#&13...) or
backward (m = -5, -11,...) with respect to the statith an
angular mechanical speed given by

=%
mp

wm

sm (6)
B. Assumptions
The model presented here is based on the followiam
assumptions
« The machine is infinitely long (end effects argleeted).

e Stator and rotor iron cores are infinitely permeab and]

(saturation effect is neglected) and the statoe coslotless.
< The rotor iron circuit is perfectly laminated dwat eddy
currents are negligible.

 The rotor slots have radial sides as shown inlFig.

» The current density has only one component afeangs.
* The stator windings are fed with sinusoidal curreh
angular frequencys.

» The angular velocity of the rotor notéds constant.
 The electrical conductivity of the rotor bars astant.

As shown in Fig.1, the whole domain is divided ilteQ
subdomains: the airgap subdomain (regions ) wiiak an
annular shape an@ rotor bars subdomains (regionsThei-
th rotor bar subdomain is shown in Fig. 2. To diéscthe
problem, a magnetic vector potential formulationsed in 2D
polar coordinates. According to the adopted assiomgt the
magnetic vector potential has only one componemigathez-
direction and only depends on theand 8 coordinates. The
magnetic vector potentiah the different subdomains is noted

A=A (16,
A =A(r0.0e,

C. Current Sheet Expression in the Rotor ReferencenEra

If the rotor moves with a constant angular velogtythe
current sheet expression (2) can be transformex fhe stator
reference frame (angk) to the rotor reference frame (angle
) such that

for the air-gap domain
for thei-th rotor bar domain

6, =6+0t @)

which leads to

In(6,1) = Iy cos( M - 0,y ) ®)
where o, is the angular frequency of the rotor currents
induced by thanth harmonic rotating field. Its expression is
given by

5:1—£ 9)
sl

s is the rotor slip for the fundamental component tioé

rotating field fn= 1) andQy, is given by (6).

In the next subsections, the magnetic vector piatisrih the
air-gap and rotor slots sub-domains will be comguite the
rotor reference frame for each space harmonic coewto
According to the form of the source term (8), thagmetic
vector potentials in the whole space vary sinudbidaith
time at an angular frequeney,,. Therefore, it is convenient to
use the complex notation

W = (1-m(1- 9) @, with

A(r,8,t)= D{K(r,e)ej“*mt}
A(r,e,t):D{K(r,e)eWm‘}

(10)
(11)
where [ denotes the real part of the complex number

=+/-1. Using complex notation, therth harmonic
component of the current sheet (8) becomes

Jm(e,t):u{ﬂ(e)é“*mt} with J_(6) = J,6™¥ (12)
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I1l.  ANALYTICAL SOLUTIONS
A. Solution of Helmholtz’s Equation in the i-th RoRar

Thei-th rotor bar sub-domain and the associated boundary
conditions are shown in Fig. 2. From the quasitat

Maxwell’s equations, we have to solve the complektholtz

equation (13) in a domain of inner radiksand outer radius

R, delimited by the angle§ andg+ S

ELL
roar r2 092 C"{'m 0

— —

A _'&O_A + (13)

or?

The tangential component of the magnetic fielchatgides

and at the bottom of the rotor bars is zero (tbe is infinitely

permeable). In terms of magnetic vector potentidle
boundary conditions are

oA =0 and oA =0 (14)
06 -6 06 0=6+p
O_A =0 (15)
or

r:Rl

The continuity condition between tlweh rotor bar and the

air-gap leads to

A(R.0)= A(R,0) (16)

The general solution of (13) can be found by usimg
method of the separation of variables. The magnegitor
potential is expressed as the product of two fonsti each of
them having only one variable

Ar,6)=p0)Q ©)

17

Fig. 2. i-th rotor bar domain with its boundarynddions.

Substituting (17) into (13), we obtain two ordinary
differential equations whertg is the separation constant [19]

(18)
(19)

wherea? = - jamOly , (19) is a Bessel differential equation.
Using (17), the boundary conditions (14) become

@'8)=0 and ©'(G+p)=0 (20)

We are confronted to the problem of finding theuesl of
the parameterd for which non-trivial solutions of (18)
satisfying the boundary conditions (20) exist. Thss a
standard Sturm-Liouville problem [19]. The eigemesd of the
problem (18), (20) are
A =0 (21)

K 2
A = (TZT] with k = 123,..... (22)

The eigenfunctions corresponding #g and A, are given
by

B(f) =1 (23)
0@ =cod X o-¢ )J (24)
I
For A, and/, the general solutions of (19) are
Bo(r) = Agdo(ar) + BoYo(arr) (25)
Pic (1) = Ay 5 (1) + By s (a7) (26)

where E Q E and Q are complex integration
constants,J,, ; is the Bessel function of the first kind and
orderkr/$ and Y, 5 is the Bessel function of the second kind.

Writing the general solution as a linear combinatid the
previous solutions, one gets

A(r,6) :gJo(ar)+EioYo(a )
+Z(A<Jk,,/ﬂ(ar)+ B Yz (ar co{— 6-9, )J

(27)
Consideringthe boundary condition (15) and the continuity

condition (16), the general solution of the magnetector
potential in tha-th rotor bar domain can be rewritten as
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- _~ Jo(m)_ElYo(‘”) :
A(r'g)_c(’[Jo(aRz)—EYo(a Rz)] |

—_ (28)
o Jkﬂ/ﬁ(ar)_EYkﬂ/ﬁ(ar) cod KT 0-8 )j
& Jawp(aR) = RXeyp(@B) LB
wherec_(‘) andc_f< are new integration constants and
R = 2laR) (29)
Yi(aR)
krr
. "”Jl+kn//3(“R1)+ﬁ Jovp (@ R)
o= (30)

~0Nikm g (aR) +’|3<|;T1 You (a R)

The integration constants), andC| are determined using a F'9- 3 Air-gap domain with itsoundary conditions.

Fourier series expansion of the air-gap magnetictove yith

potentialﬁ(r,é’) over the slot intervald, 8+ 3] atr=R,. aK
— — 060[8.8 + ]
f(&)=10r| (36)
e =Ry
=5 | ARO D (31) 0 elsewhere
8

whereﬂ(r,e) is the magnetic vector potential in tik rotor

2 = krr
C,== J A(R,f)cosd — 6-8 )j (o2 (32)  Dbar given by (28).

B ] B Taking into account the boundary conditions (34) &3b),
the general solution of the magnetic vector po&dimi the air-

The expressions for the integration consta@s and C;, gap can be written as

are developeth the appendix.

B. Solution of Laplace’s Equation in the Air-Gap E(rﬂ) :E

The air-gap domain and the associated boundaryitommsl © [ P(rR _ P
are shown in Fig. 3. We have to solve the Laplapgeaton in +Z[A'1 &E”(r—3)+ BL&#)COS( ng) (37)
an annulus of inner radil& and outer radiuB; n=1 N £,(R. R) nE,(R B

— — — +i[5ﬁ—Pn(“R3) sl e Al R) Jsin(n@)
0°A 10A 10°A _ S\ 7" n E(R,R) " nE(R R
+ L4 o =0 (33)

o r o r?96°

o wheren is a positive integer, the functiong,(r,R;) and
Considering the current sheéf,(d) (12) and an infinite E,(R,, R) are given by
permeability of the stator back iron, the boundawgdition at

r :R3 IS ax B Pn(r,Rg):(L]n-‘-(& n (38)
H T HInO) (34) ) AT
r=Rg n n
E\(Ry,R) = [%j —(%j (39)

whereyy is the vacuum permeability.
Due to the presence of the rotor slots, the boyndar ___ -
condition atr =R, is more complex. It can be written asThe complex integration constanty, , By, C, and D) are

follows [18] determined using Fourier series expansiong/gd,, () and

aa_A‘ :T(g) (35) 7(6’) over the air-gap interval [O7
r

r:R2
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2m
N2 [
=~ [F(8)cosw)do (40)
27'[-([
B = izfy J(6) cos(nf )b (41)
2]7_0 0vYm
— 2 2 .
cl ==X I f(8)sin(ng)dg (42)
21 5
_ 2 2
o [ HoIn(@)sin(o)de (43)
0

Taking into account (36), the coefficients (40) 4Ad) can
be rewritten as follow

T_ 23 0A
— — cos(n@ )dé 44
ZHZ | cost®) (44)
1=1 o r—R2
Q 27 A1
cl _i ja—A Sin(ng)do (45)
= 0 r r=R,

The expressions for the integration constafts B!, C!

andD_r'] are developed in the appendix.

The current flowing through thieth rotor bar is determined
by

I, = Fj j (r,0)rdrd @ (50)
R 4
Considering (28) and (49), (50) yields to
I = —ja,aﬁm/} Tr (Jo(ar)—F_lYo(ar))dr (51)
Jo(aRy)- Rl R) 4

The development of (51) leads to

oo jcgmmﬁRz[ 1(aR)¥(aR)- Y(a B) fa Bj
a  (J(aR)¥(aR)- Ya B) Ya B
(52)
- jamol, . With this relation, it is worth noting

that the condition (47) imposes that the sum ofdineents in
the rotor bars is zero.

where a? =

B. Electromagnetic Torque

The electromagnetic torque is obtained using thevivd
stress tensor. A circle of radiug R the air-gap is taken as the

The Laplace equation (33) with the Neumann boundattegration path. The electromagnetic torque duéheom-th

conditions (34) and (35) must verify [19]

R®=0 (46)

ZHaK
dee—la—r

Ry Ry

The treatment of (46) yields to the following rébas

between the coefficierﬁ:}, defined in (31)
(47)

The radial and tangential flux density distributiorthe air-
gap can be deduced from the magnetic vector patdBi) by

— 10A —
Ir:__A1 B =
r 06

6 =" (48)

IV. EDDY-CURRENTS AND TORQUE EXPRESSIONS

A. Currentin the i-th Rotor Bar

The current density induced in théh rotor bar by then-th
space harmonic of the rotating magnetic field iegiby

3(1,0) =~ @A (r,6) (49)

where A (r,6) is given by (28).

space harmonics of the rotating field is expressetbllows

2

Te:%ﬁD[B_.r(&e)E% R0)| @

(53)

whereL is the axial length of the motor. Substituting)(#80
(53), the analytical expression for the electronstigntorque
becomes

(54)
Ho 73
with
W=-ARARR)_ G RPA(R B
" R ENR.R) " RE(R B
X =-C! o RERR) G RE(R B
" "RE(RR) RE(RB o
7 -0 ARR) G RA(R B
R, En(R, R) RE(R B
7 = _E& E(Re R) _E_F% Ei(Re, )
) R ENR.R) " RELR,R)
and X_n is the complex conjugate dTn .
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V. RESULTS AND DISCUSIONS

In order to validate the proposed model, the aiuallyt
results have been compared with those obtained 2Drtime-
harmonic FEM simulations [20]. The finite-elemeptwions
were obtained by imposing the natural Neumann d¢mmdi
along the iron boundaries, as in the analyticalstd’he mesh
in the different subdomains has been refined watilvergent
results are obtained. The analytical and finiterelet
simulations are carried out for the whole motorsergection.
Obviously, if periodicity of the magnetic field tliution
exists, it can be taken into account.

The geometrical parameters given in Table 1 ard irsthe

simulation studies. These parameters have beenerhos

arbitrary. The objective of this subsection is twostudy a real
induction motor but to show the effectiveness &f pinoposed
analytical method. The analytical solutions in #iegap and
in the rotor bars regions have been computed wifmite
number of harmonic ternd andK as indicated in Table I.

For the equivalent current sheet, we consider apitth
stator winding { = z) with a number of slots per pole per
phaseq = 1. Moreover, we suppose that the stator slohioge
¢ is small. So, the value of the winding factor iequal to 1
for each harmonic component (the peak valdgsof the
current sheet harmonics are all the same as itdigated in
Table I). As the peak value of the stator curremees is
imposed whatever the slip, the results presentece he
correspond to an induction motor fed from a cortstamrent
source.

A. Results for the fundamental component of the stator
current sheet

We first consider the fundamental component ofdineent
sheet

3(6,0)= Jycof B-at) with @ =sw  (56)
Figure 4 shows the flux lines in the machine unedfoad

condition (s= 0). The corresponding radial and tangentiz.

components of the flux density distribution in timéddle of
the air-gap are shown in Fig. 5. The effects of thtor
slotting can be clearly observed in these figurssgood
accordance can be seen between the finite elermehthee

analytical computations.
TABLE |
PARAMETERS OF THE MODEL
Symbol Quantity value
R. Inner radius of the rotor slots 4cm
R, Radius of the rotor surface 6 cm
Rs Stator bore radius 6.3cm
L Axial length 20 cm
Q Number of rotor bars 18
yij Rotor slot opening 0.6r7 Qrad
o Electrical conductivity of the rotor bars (Al.) 35FS/m
p Pole-pairs number of the current sheet 2
I Peak value of then-th harmonic component of 8.10' A/m
the current sheet
s Angular frequency of the stator supply 314 rad/s
N Number of harmonics used for magnetic field 50
calculation in the air-gap region
K Number of harmonics used for magnetic field 5

calculation in the slot regions

6

'
a“““

g

Nivg

é
(7
<

Fig. 4. Flux lines for no-load conditiors &€ 0) andm = 1 (fundamental
component of the current sheet) obtained with FEM.

7R

e d A
BN \
k\ﬂﬁf“ &\_ﬁ f;[ﬁ
| NV T
AN o

8 owol L T R
O
Wt W T
Eolll b el ot
JURILE (R RN s o

Angle (mech. degrees)

(b)

Fig. 5. Radial (a) and tangential (b) componenthaf flux density in the
middle of the airgap for no load conditioa % 0) andm = 1 (fundamental
component of the current sheet).
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The flux lines and the eddy-current distributiorthin the
rotor bars for locked rotor conditiors & 1) are shown in
Fig.6. Due to the induced current reaction, one abserve
that the magnetic field is rejected at the surfat¢he rotor.
Fig. 7 presents the corresponding radial and tarajefiux
density distribution in the middle of the airgapr f® = 1.
Compared to the no-load results of Fig.5, one endearly
the influence of the eddy-current reaction field lmoth the
radial and the tangential flux densities (as exgicthe radial
component of the flux density decreases for locketbr
condition).

The current density distribution from the bottomthe top
of a rotor bar (slo@Q = 18;0 = 0) is given in Fig. 8. Due to the
well-known skin effect, the current density tendglow at the
outer surface of the rotor bar. The real part eftdtal current
in each rotor bar computed with (52) is shown ig. Bi.

Comparison between numerical and analytical prieohaif
the torque-slip curve for the fundamental compornanthe
current sheet is given in Fig. 10 for slip valuaaging from

3.017e+001
2.858e+001
2.699e+001
2.541e+001
2.382e+001
2.223e+001
2.064e+001
1.005e+001
1.747e+001
1.588e+001
1.429e+001
1.270e+001
1.111e+001
9.527e+000
7.939e+000
6.351e+000
4.763e+000
3.176e+000
1.588e+000
<0.000e+00

Fig. 6. Flux lines and eddy-current distributioh/ram?) for s = 1 (locked

-0.2t0 +0.2. rotor condition) andm = 1 (fundamental component of the current sheet)
It can be seen from Fig. 7 to Fig. 10 that the ltssabtained obtained with FEM.
with the proposed analytical method are consisteétit those 03 =T —
obtained by FEM. A ) A ‘ Analytical ﬂ
B. Results for the'sharmonics of the stator current sheet 02
To show the effectiveness of the proposed modeltHer £ H ﬂ R ﬁ } Hﬁ FT ﬂ f
modeling of space harmonics effects, we consider the ' > ©- % ¥
harmonic of the current sheet = M/ \f% 1 ﬁ ﬂ # f \ \M f & ﬂ [
X Of ¢
won=aeodgoras) wn ao=e-ma e g b0 LRI A
Figure 11 shows the flux lines (with 10 pole-paisd the ﬂ H K(L E U U
eddy-current distribution in the rotor bars for ked rotor 02
condition § = 1). The corresponding radial and tangentie ﬂ H \I U
components of the flux density distribution arewhdn Fig. 03
12. The current density distribution along a rdiar Q = 18) "o 45 90 135 180 225 270 315 360
and the total current in each rotor are given reyaly in Angle (mech. degrees)
Fig. 13 and Fig. 14. o @

As it is known, the fifth harmonic field rotatesandirection

. X ‘ . Fin‘ite elerr;ent
opposite to the one of the rotor with an angulaesh rk

Analytical I

-0.2

0.15 ﬁ H h
. - \ Ll
=g 2 f b
N
g 00° VTN I R AR
Therefore, the fifth harmonic has its synchronigmd slip § 0
value g g’\ &PK
6 g -0.05 ﬂ " ﬂg .
o §0 Il Iy
5 il 3y {
The torque due to thé"sharmonic is shown in Fig.15. As -0-15} i U 4 L
expected, the torque is null for s = 1.2. The ojirgaregion i
0

for which s < 1.2 corresponds to a generator moegdtive 45 90 135 180 2256 270 315 360
torque). Angle (mech. degrees)

The results presented in Fig. 12 to Fig. 15 shoa the , ) o
analytical model is able to predict the effect qjacse Fig. 7. Radial (a) and tangential (b) componenthaf flux density in the

. . middle of the airgap for locked rotor conditian=1) andm = 1 (fundamental
harmonics with a very good accuracy. component of the current sheet).
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22 1
» Finite element
50| — Analytical //'/4"

— il

£ 18

E 8.018e+000

&. R
7.127e+000

~ 16 6.681e+000

=l 6.236e+000

= 5.781e+000

2 / 5.345e+000

> 4.900e+000
4.454e+000

E 14 4.0092+000

C 3.5638+000

) 3.118¢+000

= 2.673e+000

S 12 2.227e+000
1.782e+000

O 1.336e+000
8.909e-001
4.454e-001
<0.0002+00

8
0.04 0.045 0.05 0.055 0.06

Radius (m)

Fig. 8. Current density distribution along theé"¥8tor bar ¢ = 0) for locked Fig. 11. Flux lines and eddy-current distributighimm?) for s = 1 (locked
rotor condition ¢= 1) andm = 1. rotor condition) andn = -5 (8" harmonic component of the current sheet)
obtained with FEM.

2000 : T T
I Finite element 0.3 —
1500 I Araiytical . . /F\lnltlr;1 .elelment
— Analytica
ol - /‘ﬂ‘ fx f;’t
< 500 5015 ;\ f‘iﬁ i MZ’&
=0
o 0 c
= D
(_3) © 0 (3
l x
AR
=
-1000 g -0
SR SRR RN
-1500
: -0.2 +
-2000 i
0 2 4 6 8 10 12 14 16 18
-0.3
_ - Barnumber 0 45 90 135 180 225 270 315 360
Fig. 9. Current distribution in the rotor bars (reeart) for locked rotor Angle (mech. degrees)
condition 6= 1) andm=1.
(a)
01 . .
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Fig. 10. Torque-slip curve for the fundamental comgnt of the stator current Fig. 12. Radial (a) and tangential (b) componenthef flux density in the
sheet(n=1). middle of the airgap for locked rotor conditi= 1) andm = -5.
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C. Torque with 8 and 7" space Harmonic Effects

We now use the analytical model to compute theueifgr
the fundamental, the "5 and the % space harmonic
components of the current sheet. For a given sipey the
number of computations needed is equal to the nurobe
considered space harmonics. Indeed, the angulgudrey is
different for each harmonic (9).

The torque produced by the fundamental componehttan
5" and 7' harmonic are shown in Fig.16. The total torque is
the sum of all the components. We can observe te w
known parasitic effects of thé"sand 7' space harmonics on
the torque-slip characteristic of an induction miaeh

In order to have a good precision in the analyticatjue
prediction (harmonic 1 of Fig.16), it is sufficientor the
studied machine, to take the fundamental compoireihe
airgap regionl = 1) and the twdirst harmonic terms in the
rotor bars region K = 2). For a given slip value, the
computation time is about 70 mgth the analytical model
whereas the linear FEM takes about 2 s for a mési6200
elements. The analytical computations being mustefathe
presented model can advantageously be used inimipary
design of induction motors.

90
Harmonic 1
80 Harmonic 5 ||
70 Harmonic 7 ||
\ Total torque
60 \
£ 50
£l
o 40
3
g \\
N
20 AN
e T e
TN
0 S
-10
0 05 1 15 2
Slip

Fig. 16. Torque-slip curve with"sand 7' harmonic components effects
(analytical model).

VI. CONCLUSION

An accurate analytical model has been developed to
compute induced currents within conducting matergaced
in the slot of electrical machines. The time-harinon
Helmholtz’'s equation in polar coordinates has bs@red in
the slot regions by the technique of separatiowvasfables.
The method has been validated by finite elementyaisaand
used for the prediction of the eddy-current induicethe rotor
bars of induction motor. In addition, we have shawat the
proposed model provides accurate results for ttoutespeed
curve prediction of induction motor taking into aoot the

Fig. 15. Torque-slip characteristic for th& larmonic component of the stator space harmonics.

current sheetn = -5).
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The analytical model leads to lower computatioriaiet [M](X):(S) (A.11)
than FEM. Therefore, it can be used to investigadly oy
(under linear condition) the influence of the desigrameters () = (q) c A B ¢ b Ja) (A.12)
such as rotor slots dimensions (height and slohiogeangle),

number of rotor slots, electrical conductivity dktrotor bars _ _

and stator winding configuration. The matrix M] and the source vectoB)(are developed in
(A.19) whereN andK represent respectively the number of
harmonics used in the air-gap and in the rotoregions.Q is

APPENDIX the number of rotor bark, is the identity matrix of dimension
For the determination of the integration coeffit&enwe (r?l.atr?enmlg‘tr:sglcsatljffvc\)/gjrtéo(nMZL;?).)19) can be obtainedusing
have to calculate integrals of the form '

« Expression of the integration constar@ andC, for the

6+p K i-th rotor bar sub-domain
f(k,n,i)= I cos(né?)coETZT /-6 3d€ (A1) The treatment of (31) yields to the following limeelation
8
6+p o7 _6 A
a(k, ni)= sin(rﬁ)co{— -6 ﬂd& (A.2) w [ _
,j B +Z[Ag&—Pn(R2’F§)+B'n_F§—2 ]r(n, ) (A13)
9+ﬁ| =\ NBE(R,R) B E(R B)
r(n,i)= j coshd Hé (A.3) Rs [g& ARLR) T R 2 js(nD
g S\ "nBE(R,R) " BE(R B
a+p
s(ni) = I sin(ng)dg (A.4) which can be rewritten in vector and matrix formiradicated
8 in the first line of the matrix\1] in (A.19).

The treatment of (32) yields to the following limealation
The development of (A.1) and (A.2) gives the foliogy

functions that will be used in the expressionshefintegration — & —
coefficients P ’ Ci ZZ[AL@—PH(RZ’ R), 31—%—4 Jf(K nj
Sl N8 E(RR) B E(R, B)
- (=7 2R, P, (R, -
for ki# ng +Z(C$—RZE“( ) R) DLﬁE ]Q(K -
i ~B (D sinn(s+6) -sinma)) ST B E(R.R) T BE(R B
(k.n.i) = k272 - n?p2 (A-5) (A.14)
g(kni) = nﬁ’z((—l)k COS“(,B+6’i)‘COS(r15’i)) (A.g) Which can be rewritten in vector and matrix formiricated
Y k?m? -n?fB? ' in the second line of the matriM] in (A.19). It is worth
noting that the vecto(CL) in (A.19) is of dimensiork-Q
- for km=ng KQ
B 1 _ _ and takes into account tkgrotor bars.
flkn I)=E[COSM H%( sim§+ % r sint ))j « Expressions of the integration constams$, B}, C,
(A7) and D_,'1 for the air-gap sub-domain
g(k, n i) =§[sin(rﬂ. )—%( cosn@ + B ¥ cosf ))j The development of (41) and (43) gives
T
(A.8) E:{%Jm for = m (A.15)
The development of (A.3) and (A.4) gives the foliogv 0 for #
functions
L1, . = _ [—itd for = m
r(n,i) :F(sm(n@, +np) -sin(ng)) (A.9) D} _{O m or - (A.16)

(i) == (-coshd, +n) +coshg))  (AL0)

The solution for the seven unknown integration tams wherep andm are respectively the number of pole pairs and

can be determined by solving a linear system ofatgns them-th space harmonics of the current sheet.
which can be written in matrix form as
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(A.15) and (A.16) can be rewritten in vector andtnima — —1-ad(aR)+ Fay(a

form as indicated in the fourth and the sixth linéshe matrix C,'1 :z 1( RZ) 1( RZ) gn

[M] and vector sources in (A.19). = 7T Jo(aR)- FlYO(a R) (A.18)
The development of (44) and (45) gives Q& —1 Jk,,/ﬁ(aRz)—Fle;,T/ﬂ(a B)

= gk ni
i=1 k=1 “ N -y (aRy)- R Yoy 8 (@ B)

A= ia 1-ad,(aR,)+ RaY(a R) o

S J(aR,)-RY(a R)

e (A.17) Where Ji.5(aR,) meansd\]k,,/ﬂ(ar)/dr‘R
iic 1 Jyp(aR)- Fic¥eyp (@ B) Fkon) ’

+ (A.17) and (A.18) can be rewritten in vector andtnima
i=1 k=1 ”‘]kﬂ/ﬂ(aRz) RYers(a B) form as indicated in the third and the fifth linglsthe matrix
[M] in (A.19).

The seventh line in (A.19) corresponds to the i@a47).

T
- - 0
—(13) —(14) — (15) — (16) ( )Q
Lo om0
0 . VR I v O v O Ko 0
KQ KQxN KQx N KQx N K& N —I) KQ
M e 0 0 0o o ( N N
NxQ Nx KQ N o -
o o 0o - 0 0o o0l (B,'])N = (s), (A.19)
M(Sl) M(SZ) 0 0 2 0 0 F (o)N
NxQ Nx KQ N n N (—)
0 0 0 0 o -l 0 (F) Sy
h 0
(2) 0 0 0 0 0 0 L (), |
L Q ] (Atl))
L 1

[11] D. Gerling, and G. Dajaku, “Three-dimensional aties} calculation
of induction machines with multilayer rotor struetun cylindrical

REFERENCES coordinates,Elec. Eng.yol. 86, no. 4, pp. 199-212, 2004.

[1] JS.J. Salorkinite Element Analysis of Electrical Machin@&oston: [12] M. R. Shah, and S. B. Lee “Rapid analytical optatian of eddy-
Kluwer Academic publishers, 1995. current shield thickness for associated loss miration in electrical

[2] S. Williamson, L. H. Lim, and A. C. Smith “Transieanalysis of machines,”|IEEE Trans. Ind. Appl.vol. 42, no. 3, pp. 642-649,
cage induction motor using finite-element$ZEE Trans. Magn., May/Jun. 2006.
vol. 26, no. 2, pp. 941-944, Mar. 1990. [13] S. A. Swann, and J.W. Salmon, "Effective resistaarareactance of

[3] E. Vassent, G. Meunier, and A. Foggia, “Simulatmhinduction a rectangular conductor placed in a semi-closety, gioc. IEE Vol.
machines using complex magnetodynamic finite elémeathod 110, no. 9, pp. 1656-1662, Sep. 1963.
coupled with the circuit equationdEEE Trans. Magn.vol. 27, no. [14] K. J. Binns, P. J. Lawrenson, and C. W. Trowbrjddge Analytical
5, pp. 42464249, Sep. 1991. and numerical solution of electric and magnetitdieJohn Wiley &

[4] T.J. Flack, and S. Williamson, “Investigation afrent flow in the Sons, pp. 100-102, 1992.
bars of radially-ducted cage rotors using a thiiegedsional finite- [15] B. Ackermann, and R. Sottek, “Analytical modelinfytioe cogging
element eddy-current formulationfEEE Trans. Magn.yol. 28, no. torque in permanent magnet motdislect. Eng.,vol. 78, no. 2, pp.
2, pp. 1378-1381, Mar. 1992. 117-125, Mar. 1994.

[5] S. Mezani, B. Laporte, and N. Takorabet, “Saturatand space [16] B. L. J. Gysen, K. J. Meessen, J. J. H. Paulides Fa A. Lomonova,
harmonics in the complex finite element computatinnduction “General formulation of the electromagnetic fieldstdbution in
machine,”IEEE Trans. Magn.yol. 41, no. 5, pp. 1460-1463, May. machines and devices using Fourier analysiEEE Trans. Magn.,
2005. vol. 46, no. 1, pp. 39-52, Jan. 2010.

[6] J. A. Tegopoulos and E. E. Kriezi€ddy Currents in Linear [17] Z. Q. Zhu, L. J. Wu, and Z.P. Xia, “An accuratddomain model
Conducting MediaNew-York: Elsevier, 1985. for magnetic field computation in slotted surfaceumted permanent

[7] R. L. Stoll,The Analysis of Eddy CurrentSxford: Clarendon, 1974. magnet machines,/EEE Trans. Magn.yol. 46, no. 4, pp. 1100-

[8] B. J. Chalmers and I. Woolley, "General theory of sobitoer 1115, Apr. 2010.
induction machines,Proc. IEE,vol. 119,n0.9, 1972,pp. 1301- [18] T. Lubin, S. Mezani, and A. Rezzoug, “2-D Exact Atiaal Model
1308. for Surface-Mounted Permanent-Magnet Motors WitimiS€losed

[9] M. Perry and T. Jones, “Eddy current induction soéd conducting Slots” IEEE Trans._Magq.,voI. 47, no. 2, pp. 479-492, '.:Eb'. 2011.
cylinder with a transverse magnetic figltEEE Trans. Magn. vol. [19] S. J. Farlow,Partial Differential Equations for Scientists and
MAG-14, no. 4, pp. 227-232, Jul. 1978 Engineers.Dover publications, New York, 414 pp, 1993.

[10] K. R. Davey, “Analytic analysis of single- and targhase induction [20] D. C. Meeker, “Finitg Element Method Magnetic¥ersion 4.2 (1
motors,” IEEE Trans. Magn.yol. 34, no. 5, pp. 3721-3727, Sep. April 2009 Build) http://www.femm.info

1998.



