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This paper is devoted to the study of Lifshitz tails for a continuous matrix-valued
Anderson-type model H,, acting on L*(R%) @ CP, for arbitrary d > 1 and D > 1.
We prove that the integrated density of states of H,, has a Lifshitz behavior at the
bottom of the spectrum. We obtain a Lifshitz exponent equal to —d/2 and this
exponent is independent of D. It shows that the behaviour of the integrated density
of states at the bottom of the spectrum of a quasi-d-dimensional Anderson model is

the same as its behaviour for a d-dimensional Anderson model.
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I. INTRODUCTION

A. A general model

We study the Lifshitz tails behaviour of the integrated density of states (IDS for short) of random

Schrodinger operators of the form:

Hy(w) = -Ag®@Ip+ Y Vi (z —n), (1.1)

nezd
acting on the Hilbert space L?(RY)®@CP, where d > 1 and D > 1 are integers, A is the d-dimensional
Laplacian and Ip is the identity matrix of order D.
Let (9, A, P) be a complete probability space and let w € Q. We assume that, for every n € Z¢, the
functions x — Vcﬁn)(x) take values in the space Sp(R) of real symmetric matrices of order D and

that these functions are supported on [—1, 2]¢ and bounded uniformly on z, n and w. The sequence

202
(Vugn))nezd is a sequence of independent and identically distributed (i.i.d. for short) random variables
on (€2, A). We finally assume that the sequence (VL‘S"))nezd is such that the family of random operators
{Ho(w) }weq is Z-ergodic. An operator like (1.1) is also called a quasi-d-dimensional Anderson model.
The vector space L*(RY) ® CP is endowed with the usual scalar product:

D
< f,9 >12gayeco= / < f(@)g(w) >ep dr =) | fi@)g(@)de.
i=1

R
where f = (f1,...,fp), 9= (g1,...,9p) and f; € L*(R)®C, g; € L*(R?)®C are the i-th components
of f and g.

As the functions x — V™ (z), for every w € Q and every n € Z¢, take values in Sp(R), the operator
Hy(w) is self-adjoint on the Sobolev space H?(RY) @ CP, for every w € Q (see [20]). Thus, its
spectrum o (Hy(w)) is included in R. Moreover, due to the hypothesis of Z?-ergodicity of the family
{Hy(w)}weq, there exists a set ¥y C R with the property: for P-almost-every w € €2, o(Hp(w)) = X
(see [4]).

B. Existence of the IDS

We want to study the asymptotic behaviour of the IDS associated to Hy(w) near the bottom of

the almost-sure spectrum of Hy(w). The IDS of Hy(w) is the repartition function of energy levels, per



unit volume, of Hy(w). To define it properly, we first need to restrict the operator Hy(w) to boxes of

finite volume. We set, for L > 1 an integer,

oOL+1 2L +11¢

Then, we consider Hy ¢, (w) the restriction of Hy(w) to the Hilbert space L?(Cr) ® CP with Dirichlet
boundary conditions on the border 0C}, of C';. To define the IDS, we now consider, for every F € R,
the following thermodynamical limit:

No(E) = Lgffwm# {ASE|A€a(Hoc, (w))}- (1.3)

We have already proved in [1] that, for the general model Hy(w), for every E € R, the limit (1.3) exists
and is P-almost-surely independent of w € Q (see [1, Corollary 1]). The question of the existence of
(1.3) involves two problems to solve. First we had to prove that, for every F € R and every w € €,
the cardinal #{\ < E| X\ € 0(Ho¢,(w))} is finite. Then we had to prove the existence of the limit
when L tends to infinity. Both solutions to these two problems rely strongly on the fact that the
semigroup (e~to.cr (“’))t>0 has an L2-kernel, which is given through a matrix-valued Feynman-Kac
formula (see [1, Proposition 1]). Once we obtain that the cardinal #{\ < E| X\ € o(Hy ¢, (w))} is
finite, we prove the convergence, as L tends to infinity, of the sequence of Laplace transforms of the
counting measures of the spectral values of Hy ¢, (w) smaller than E. We prove the convergence of
this sequence by using Birkhoff’s ergodic theorem which leads to the existence of a Borel measure ng

on R, independent of w, which is the desired limit. We finally set
VE € R, No(E) = ny((—o0, E]), (1.4)

the distribution function of nyg. The measure ny is called the density of states of Hy(w).

C. A particular model

After this review of existence result of the IDS for the general model Hy(w), we may consider a
particular example of such model for which we will be able to prove precise results on Lifshitz tails
of the IDS at the bottom of the spectrum.

We consider
wgn) Vi(z—n) 0

H,=-Ag®@In+W(x)+ ) : (1.5)

nezd 0 w(;) Vp(z—n)



acting on L?(R?) ® CP, where d > 1 and D > 1 are integers, Ay and Ip are as in (1.1). We set:

wgn)Vl(x—n) 0
H=-A;®@Ip+W and V,(z)= Z ) (1.6)

nezd 0 w(;)VD (z—n)

For the model (1.5), we make the assumptions:

(H1) W : R?Y — Sp(R) is Z%periodic, measurable and bounded.

(H2) Vi,...,Vp are nonnegative, bounded, measurable, real-valued functions supported on [—%, %
Moreover, we assume that, for every i € {1,..., D}, there exists a non-empty cube C; C [—%,
which is not reduced to a single point such that V; > 1¢,, where 1, is the characteristic function
of Cz

(H3) For every i € {1,...,D}, (wf"))nezd is a family of i.4.d. random variables on a complete
probability space (QZ, .ZQ, 51), which are bounded, and whose support of their common law v;

contains zero and is not reduced to this single point. Moreover, we assume that,

log |log P;(w® <
Vie{l,...,D}, limsup 808Pl <)

=0. 1.7
— loge (-

)

In particular, we can take Bernoulli random variables for the wi(" ’s. By adding a suitable constant

)

diagonal matrix to the periodic background W, we may always assume that the wi(" 's are nonnegative

valued (because of their boundedness). If we set

(2, A,P) = <®(§1®~-~®§D),®(fll®~-~®ﬂn),®(§1®~-~®5D)>,

necZzd neZd neczd

then (Q, A,P) is a complete probability space and {H,},cq is Z%-ergodic because of the non-
overlapping of the random variables wi("). We denote by X the almost-sure spectrum of H,,. By adding
a suitable scalar matrix AIp to the periodic potential W, we may always assume that inf 3 = 0, where
¥ is the almost sure spectrum of the Z%-ergodic family {H,}.cq.

The model (1.5) is a particular case of (1.1) for which the potential split into a deterministic periodic
part W and a random part V,, which appears as a diagonal matrix. We will denote by N : E — N(F)
the IDS of H,,.

Remark I.1. If we assume that, at least for one v € R, W (x) is not a diagonal matriz, then we
cannot write H, as a direct sum ®P:1Hw7,~ of scalar-valued operators H, ; acting on L*(RY) @ C and

for which all the results we will present here are already known.



Remark 1.2. The hypothesis (H2) on the boundedness of the functions V; and the boundedness of
their support implies in particular that each V; is in LP(R?) @ CP withp =2 if d <3, p > 2 ifd =4
and p > 4 if d > 5. These are the assumptions made in [11].

For d = 1, matrix-valued operators as (1.5) are also called quasi-one-dimensional Anderson models.
Localization results in both dynamical and spectral senses for such models, for particular simple
choices of W and Vi, ..., Vp, are obtained in [2] and [3]. These quasi-one-dimensional models are of
physical interest as they can be considered as partially discrete approximations of Anderson models
on a two-dimensional continuous strip. Such a two-dimensional Anderson model on a continuous strip
can, by example, modelize electronic transport in nanotubes. Indeed, a two dimensional continuous

Anderson model is defined by:

H(w) = —As + Zw(")V(x —n,y), (1.8)

acting on L?(R x [0, 1]) ® C with Dirichlet boundary conditions on R x {0} and R x {1}. The w™’s
are 7.1.d. random variables and V is supported in [0, 1]?. As the continuous strip R x [0, 1] has one
finite length dimension ([0, 1]) and one infinite length dimension (R), we can physically consider this
strip as a quasi-one-dimensional nanotube. The spectral properties of H.s(w) describe properties of

the electronic transport in the nanotube R x [0, 1].

D. The behaviour of the IDS

The main result of this paper is about Lifshitz tails for the IDS N(F) of H, at the bottom of
the spectrum. In 1963, Lifshitz (see [13]) had conjecture that, for a continuous random Schrédinger

operator of IDS N(FE), there exist ¢, co > 0 such that N(FE) satisfies the asymptotic:
N(E) = ey exp(—ex( B~ Ey) %), (1.9)

as F tends to Fy, where Ej is the bottom of the spectrum of the considered Schrodinger operator.
The behaviour (1.9) is known as Lifshitz tails (for more details, see part IV.9.A of [19]) and the
exponent —d/2 is called the Lifshitz exponent of the operator. The principal results known on
Lifshitz tails are mainly shown for Schrédinger operators, in both continuous and discrete cases (see
[7, 8, 11, 14, 18, 22] and others) and for Schrédinger operators with magnetic fields (see [12, 15] ).
Up to our knowledge, all studied examples of Schrodinger operators are for scalar-valued operators,

and no adaptation of the known results to matrix-valued operators like (1.5) has been done yet.



In a previous article of one of the author (see [1]), we had already obtain a result of Holder continuity
of the IDS for a particular example of model H,,, in dimension d = 1. For d = 1, we can use the
formalism of transfer matrices and define Lyapunov exponents for H,, and, in this case, the sum of
the positive Lyapunov exponents is harmonically conjugated to the IDS of H,,, through a so-called
Thouless formula (see [1, Theorem 3]). It allows us to prove that under some assumptions on the
group generated by the transfer matrices, the Fiirstenberg group of H,, we have positivity of the
Lyapunov exponents, their Holder continuity with respect to the energy parameter and thus, by the
Thouless formula, the same Holder regularity for the IDS. This assumptions are hard to verify for a
general D (where D is the size of the matrix-valued potential), but we were able to verify them for
a very particular example of H, in dimension d = 1, where the periodic and random potentials W

and V, acts like constant functions. In [3], we studied the following Anderson operator:

(n

9 c1wy )1[075] (z—fn) 0

Hg(w):—d—®ID+V—I—Z : (1.10)

dz?

(n

nez 0 CDWp, )1[0,5] (z—Ln)

acting on L?(R) ® CP, where D > 1 is an integer, Ip is the identity matrix of order D and £ > 0 is a
real number. The matrix V is a real D x D symmetric matrix. The constants ¢y, ..., cp are non-zero
(n)

real numbers. For I C R, 1; is the characteristic function of I. The random variables w, ’ are like
in model (1.5). As we can see, H;(w) is a particular example of H,, with W constant and V; = 14,

for every i € {1,...,D}. For this operator we had obtained the following regularity result:

Proposition 1.3. [3, Proposition 6.2] For Lebesgue-almost every V € Sp(R) , there exist a finite set
Sy C R and a real number lc := (D, V) > 0 such that, for every £ € (0,{¢), there exists a compact
interval I(D,V,£) C R such that, if I C I(D,V,£)\ Sy is an open interval, then the integrated density
of states of Hy(w), E — Ny(FE), is Holder continuous on I.

Remark 1.4. We actually proved even more : in such an open interval I with ¥ N1 # 0, we have

Anderson localization in both spectral and dynamical senses.

The Proposition 1.3 is interesting in itself but doesn’t give any information about the behaviour of
the IDS at the bottom of spectrum and, until now, it was not clearly stated that it has a Lifshitz
behaviour. One of the motivation of the present article is to fill this lack of information of the IDS
for quasi-one-dimensional operators and in particular those like Hy(w) we have studied before from

the localization point of view.



E. The result
We can now state the main result of the present article.

Theorem 1.5. Let H,, be the operator defined by (1.5) and let N be its IDS. We assume hypothesis
(H1), (H2) and (H3) and we also assume that inf ¥ = 0. Then,

log |log (N(E) — N(07))| %l. (1.11)

B0+ log(E) -

In particular, this limit does not depend on D.

Remark 1.6. (1) Under some assumption on the behavior of the integrated density of states of the
background operator H, it might be possible to obtain a result for internal bands.

(2) Theorem 1.5 could be used to give a different proof of localization than the one provided in [2]
(see [5, 16, 17, 23]).

It is important to insist on the fact that the Lifshitz exponent —d/2 obtained here does not depend
on the integer D > 1. It means that, looking only at the Lifshitz behaviour of the IDS at the bottom
of the spectrum of the considered operator, we cannot distinguished a quasi-d-dimensional Anderson
model like (1.5) from a d-dimensional Anderson model (for D = 1).

One of the motivations in considering matrix-valued Anderson models is that we could expect, as
D tends to infinity, that we could obtain information about a (d + 1)-dimensional Anderson model
from a quasi-d-dimensional Anderson model. In particular, by obtaining a localization result for
(1.10) for an arbitrary D > 1, we could have expect to obtain a similar localization result for the
continuous strip (1.8). The presence of the Lifshitz tails behaviour of the IDS is usually a strong
sign of the presence of localization at the bottom of the spectrum. If we wanted to use the Lifshitz
tails behaviour of the IDS to prove localization (like in [5]) and at the same time following the idea
of approaching a (d + 1)-dimensional Anderson model by a quasi-d-dimensional Anderson model, we
would have expected a Lifshitz exponent depending on D in a way such that this exponent would tend
to —(d+1)/2 as D tends to infinity. But, Theorem 1.5 contradicts this. So, we actually obtained an
argument in favor of the idea that we cannot really get a proof of localization in dimension 2 (or more
generally in dimension d + 1) by an approximation procedure using quasi-one-dimensional Anderson
models. This, at least if we follow a localization proof based upon the Lifshitz tails behaviour of the
IDS.



II. MATRIX-VALUED FLOQUET THEORY

A. Matrix-valued Floquet decomposition

In this section, we review the main results of the Floquet theory for the deterministic operator
H=-A;Ip+W (2.12)

acting on L?(R?) ® CP, with periodic potential W, and we adapt them to the matrix-valued setting.
More precisely, we assume here that W is a Z?-periodic function in LP(R?) @ Sp(R) with p = 2 if
d<3,p>2ifd=4and p> % if d > 5. If W is Z%-periodic, measurable and bounded as in model
(1.5), it is in such an LP(R?) ® Sp(R) space. Then, H is essentially selfadjoint on C§°(RY) @ CP
(the space of compactly supported function, CP-valued, of class C*°) with domain the Sobolev space
H%*(RY) @ CP [20].

First of all, let us notice that the formalism and all the general results about constant fiber direct
integrals are still valid in our setting of matrix-valued operators. We refer to [21, Section XIII.16] for
a complete presentation of these results.

For y € R, we denote by 7, the operator of translation by y which is defined, for u € L*(R?) @ CP
and z € RY, by (r,u)(x) = u(x —y). Then, because W is Z%-periodic, the operator H is invariant by
conjugation by 7,, for every n € Z4: Vn € Z¢, r,oHo1' =1,0 HoT_, = H.

Thus, H is a Z%periodic operator. Let (e1,...,e4) be the canonical basis of R?. We recall that Cy

can be considered as the fundamental cell of the lattice Z¢,
1 1
C(]: {$1€1+...+l’d€d VJ S {1,...,d},—§ SLL’]‘ < 5}

If Cf is the fundamental cell of the dual lattice (Z9)* ~ 27Z¢, then C; is identified to the torus
T* = R?/277Z%. Let § € T*. We denote by Dé the space of CP-valued, §-quasiperiodic distributions
in R?, which is the space of distributions u € D'(R?) ® CP such that, for any n € Z%, 1,u = e” ™.

Let Hy = (L} .(R%) @ CP) N D,, endowed with the norm on L?(Cy) ® CP. We also define, for k € Z,
the spaces Hf = (HF (R?) @ CP)ND,, where HF (R?) @ CP is the space of distributions that locally
belong to the Sobolev space H*¥(R?) ® CP. In order to define the Fourier decomposition we will use

later, it remains to define the space:
H= {U E loc(Rd> ® L2(T*) ® (CD ‘ V(m,@,n) S Rd x T* x Zdv U(I + nue) = einﬂu(x’e)}’
endowed with the norm:

Vu e H, |lulln = / 4., )| 2(cpyco d6.



For § € R? and u € L*(RY) ® CP, we define Uu € H by

Ve € RY VO € T, (Uu)(x,6) = Z ™ (1) (z) = Z e™u(x —n). (2.13)

nezd nezd
Actually, the expression (2.13) is well-defined for v € S(R?) ® CP, the Schwartz space, and by
Parseval theorem, this expression can be extended as an isometry from L?(R%) @ CP to H. For every

v € H, we can define U*, the inverse of U by:

1

Vo e RY, (U*v)(z) = )

/ v(z,0) de. (2.14)
’]T*
Indeed, we have, for v € H and = € RY,

; 1
* in.0(rr* o in.0 _
(UU*v E e (Uv)(x —n) = E e “ol(T) /T* v(zx —n,0)do

nezd nezd
=> ei"ﬂvol T /T * e " u(x,0) df = Y "0, (x) = v(x,0).
nezd nezd

Thus, U* is a left inverse for U which is an isometry from L?(RY) ® CP to H, therefore U is unitary
and U* = U~!. To obtain a Floquet decomposition for the operator H, it remains to prove that the
operators U and H commute. As, for any j € {1,...,d} and any n € Z%, the partial derivation 0,
commute with the translation 7,,, we have [0;, U] = 0. Thus, [-Aq ® Ip,U] = 0. Then, using the
Z%-periodicity of W, we also have, for every u € L?(R%) @ CP, every z € R? and every 6 € T*,

(UoW)(u)(z Ze‘”(’Wx—n u(z —n) Ze‘”OW u(z —n)
x) Z emOu(x —n) = W(x)(Uu)(x,0) = (W o U)(u)(z, ),

as at z fixed, the multiplication by W(x) € Sp(R) is continuous. Thus, [W,U] = 0 and we finally
have [H, U] = 0. As we can see, even in the matrix-valued case we still have that H and U commute.
Following [21], we deduce that H admits the Floquet decomposition:

&®
UHU* = | Hydo, (2.15)

’]I‘*
where Hy is the selfadjoint operator H acting on Hy with domain H2. Having this Floquet decompo-
sition, we can continue to follow [21] to obtain that Hy has a compact resolvent. It is a consequence
on the assumptions made on the LP-regularity of W which ensure that H is elliptic. As Hy has a

compact resolvent, its spectrum is discrete and we denote by

Eo(0) <E(0) <...< E;j(0)<...
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its eigenvalues, called the Floquet eigenvalues of H. Moreover, the functions 6 — E;(6), for j € N,
are continuous and, if j tends to infinity, then E;(#) tends to +oo, uniformly in 6. Actually, as Hy
depends analytically on 6, we also have that § — E;(f) is an analytic function in the neighborhood
of any point % € T* such that £;(0°) is an eigenvalue of multiplicity one of Hgo.
The set £;(T*) is a closed interval called the j-th spectral band of H and the spectrum of H is given
by

o(H) = | E;(T).

jEN
If d > 2, the bands can overlap, but it is not the case in dimension 1 (except maybe at an edge

point).

Remark I1.1. Heuristically, the difference between the usual scalar-valued case (D = 1) and the
matriz-valued case is that they are “D times” more Floquet eigenvalues in the matriz-valued case
and thus the multiplicities of the E;(0)’s are a priori bigger in the matriz-valued case than in the

scalar-valued case.

We finish this section by proving a result of nondegeneracy of the minimum of the first Floquet

eigenvalue.

Proposition I1.2. Let 0° € T* be a minimum of 6 — Ey(0). Then, there exist 6 > 0 and C > 0
such that
VO e T, |0—-60°| <6 = O —0°2 < Ey(0) — Eo(6°) <16 — 6°2. (2.16)

This proposition means that a minimum of the function 6 — FEy(0) is always nondegenerate.

Proof. We will follow the ideas of [9] and [11] and adapt them to the matrix-valued case. Let
S(-,0°) € GLp(C) be the fundamental solution of the differential system Hgotp = Ey(6°)1). We have,

HypS(-, 0% = Ey(6°)S(-,6°). (2.17)
We define a new scalar product on the space Hgo by:

Vi, g € Hopo, < f,9>p= / < S8(z,0°) f(x),S(z,0°)g(x) >cp da.

Co

We denote by Hgo the Hilbert space (Hgo, < -, >g0). Then, for every 6 € T*, we define on Hpo the
operator Hy of domain

D(Hg) = {u € Mg | S(-,0)u € Hj},
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and given by
Yu € D(Hy), Yz € R, (Hou)(x) = S(x,0°) " (Hy — Eo(6°))(S(x,0°)u)(z).

Let 6 € T*. For every u € D(Hj),

< u, Hyu >go = / < (S(z, ) (), (Hy — Eo(0°)(S(z, 0%)u)(z) >cp dx

Co
_ /C S(a, 6%)u) (2)); (Ho — Bo(09))(S(z, 0)u) (@),

where (v); denote the i-th coordinate of the vector v € CP. Let ¢ € {1,...,D}. Since S(z,6°) is

invertible for every x € (), one can perform the same change of coordinates in

/C (S, 0%)u) () (Ho — Eo(6°))(S(w, 0°)u)(x))idx

than the one done in [6, (4.6)]. Then we can follow the proof of [6, Proposition 4.4D] to obtain :

/C (S, 0°)u)(@)); (Hy — Eo(0°))(S(x,0%)u)(x))idx :/c (S, 0°)Vu)(@))i (S(x,0°)Vu)(x))ide

and thus, by summing over ¢ € {1,..., D},
Yu € D(Hy), < u, Hyu >gp=||Vul|2. (2.18)

We have, using (2.18) at the second equality, for every u € D(Hy),
(Eo(0) — Eo(6°)) < u,u >g0 = < u, Eg(0)u >g0 — < u, S(x, 0°)  HyS(x, 0°)u >go
+ < u, S(z,0°) 7 (Hy — Eo(6°)S(z,0%)u >0
=— <u,S(x,0°) " (Hy — Eo(0)S(z,0°)u >g0 +||VullZ. (2.19)

Since, by definition, Ey(6) is the smallest eigenvalue of the compact resolvent operator Hy, one has

< u,S(z, 00" Hy — Ep(0))S(z,0%)u >go= /C < (S(x, 0%u)(z), (Hp — Eo(0))(S(z,0°)u)(x) >cp dz > 0.

Thus,

Vu € D(Hy), (Eo(60) — Eo(6°))lullfe < [|VullG. (2.20)
Moreover, if one choose ug = S(-,6°)71S(-,0)(1,0,...,0), then S(-,6°)uq is an eigenfunction of Hy
associated to Ey(f) and < wug, S(+,0°) 7 (Hy — Eo(0))S(+,0°)ug >go= 0. For such a particular w,
(Eol6) — Bo(#))Iluol 3 = V] 3 and we have

Eo(0) — Eo(¢°) = inf { HVUL@O ;U € D(ﬁa)} . (2.21)

[l o
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Now we choose an other particular uy in Hgo : uy = (0,...,0,e @) 0... 0). Then,
V|3 =110 = 6°)(0,...,0,e@"" 0. 0)[3 = 0 — 6°P |1 ]]o-
Setting this u; in (2.21), one gets

2
EO(G) _E0(90> < ||vu1||6)0

=l G

=160 —6°]2. (2.22)
To prove the lower bound in (2.16), let uy € D(Hjy) be such that

2
7”%2'2'90 = Eo(0) — Eo(6°). (2.23)
2| [0

The vector us is a vector where u —< u, ﬁ[gu >go is minimal. Since {Hy}ger+ is an analytic family

of operators, one can use its Taylor expansion near §° to write

36 >0, 3C >0, Vo € T", |0 — 0°] < 6, / < (S(x,0%Vus) (x), (Hy — Eo(6°))(S(x, 0°)uz)(z) >eo da

Co
> /C < (S(x,0%)us)(x), (Hgo — Eo(8°))(S(x,0°)us)(2) >co da (2.24)
)
+(0 -6 ; 3 /C O < (8(z,0%)us)(2), Ho(S(,6")us)(x) >co da i (2.25)
+C|0 — 6°)? /C < (S(x,0%)us) (x), (S(x,0%)us) () >eo da (2.26)
> C10 — 0°?[Jua|[5o0- (2.27)

Indeed, the integral in (2.24) is equal to zero by definition of S(-,8"). Moreover, the derivatives in
(2.25) vanish since 6" is where § — Ey(6) is minimal and u, verifies (2.23). Finally, for the inequality
and the existence of C' > 0 in (2.26), one uses a compactness argument as in the proof of [11,

Proposition 1.1]. So we have

< U2, ﬁgUg >go

36 >0, 3C >0, V0 € T*, |0 — 6°| < ¢, Taal 2 > C|o—6°P. (2.28)
U2 00
Using (2.18), (2.22), (2.23) and (2.28), one finally gets :
~ .
36> 0,3C >0, V9 € T, [0—6°| <6, Clo—6°2 < > “2’H97;2 >0 _ |l “2!90 = Ey(0)—Eo(6°) < |0—6°2,
[lu2l[5o [lu2l[5o

which achieves the proof. O
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B. Wannier basis

We recall concepts used in [11, 15]. Let & C L*(R%) ® CP be a closed subspace, invariant by
Z%-translations, i.e., for every n € Z2, 1I¢ = 7117, where II¢ is the orthogonal projection on &.

As TI¢ is Z%periodic, it admits a Floquet decomposition similar to the one of H and, using the

D
1€ :/ 11§ dé,

orthogonality, one gets:

where I1§ is the operator II¢ acting on H,. The operator 115 is therefore an orthogonal projection
acting on L*(Cy) @ CP. As for (Hp)ger+, the family (I15)ger- is continuous in @ and thus is of constant
rank. If we fix # € T*, we can find an orthonormal system (W, 0)menr, with M C N a set of indices
independent of #, that spans the range of I1§. Taking the image by U* of this orthonormal system, one
gets an orthonormal system (W, 0)mens- If we set, for n € Z4, W, = 7 (W), then (Winn) (m,n)e M x 24
is an orthonormal basis of £. Such a system is called a Wannier basis of £. The vectors (W 0)menm

are called the Wannier generators of £.

Let £ C L?(R?) ® CP be a space which is invariant by Z9-translations. The closed subspace £ is said
to be of finite energy for H if II* HII® is a bounded operator. In this case, & admits a finite set of

Wannier generators. We now assume that £ is of finite energy for H.

Let Jy be the set of indices of the Floquet eigenvalues of H which take the value 0 for some values
of € T*. We identify Jy to {1,...,n0}. Let Z be the set of § € T* for which there exists j € Jy such
that, F;(6) = 0. When 6° is a nondegenerate minimum of F;, Z is a set of isolated points (see [11]).
It occurs when the density of states n has a nondegenerate behavior at 0 (see [10]). For j € Jy, we
define Z; = {0 € T* ; E;(0) = 0}. The sequence (Z;),cy, is decreasing for the inclusion and Z; = Z.
For §° € Z, My C N is the set of indices such that F;(6°) = 0.

We will denote by w;(-,8) a Floquet eigenvector associated with the Floquet eigenvalue FE; () of H.
For (0,0') € (T*)2, we define Ty_g : Hg — He by:

Yo € Hy, Yo € RY, (Ty_ev)(z) = @@ =Do(z).

Lemma IL.3. There exists (v;(-,0))je,, a family of functions on Hy, such that:

1) for 8° € Z and j € Myo, there exists Vyo a neighborhood of 6° in T* such that the map 6 € Vyo
vi(-,8) € Hy is real analytic (i.e. 0 — Ty_pov;(-,0) is analytic as a function from Vg to Heo) and,

for 0 € Vio, span((v;(+,0))jenr,,) = span{(w;(+,0))jen,,)-

2) For 0 € T*, the system (v;(-,0))jen,, is orthonormal in He and span{(w;(-,0));es,) = span{(v;(-,0))jep)-
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Proof. We refer to [11, 15], Lemma 3.1. O

In the next section, we will use this notion of Wannier basis and the notations we have just introduce

to reduce our problem on estimating N(E) — N(0%) to a discrete problem.

III. REDUCTION OF THE PROBLEM

The goal of this section is to give an estimate of N(E) — N(0") for an energy E close to 0. This
will be accomplished by means of the IDS of certain reference operators, which are discrete operators.

In this section we will use the notations introduced in Section II.

A. Reduction to a discrete problem

The reduction procedure consists into decomposing the operator H,, according to various translation-
invariant subspaces. The random operators thus obtained are what we consider as reference operators.
They will be used to prove the upper bound on the IDS.

We denote by IIy(6) the orthogonal projection in Hy on the vector space generated by (w;(-,)),e,-
One defines

I, = U—l( / HO(H)d9>U . I*(RY) ®CP - [(RY) o CP. (3.20)

Il is an orthogonal projection on L*(R%) @ CP and, for every n € Z%, we have 7Ily7,, = IIy. Thus,
Il is Z%-periodic. We set & = IIo(L?(R?) @ CP). This space is translation-invariant because of the
Z%-periodicity of IIop. Moreover & is of finite energies for H as defined in (1.6). The main result
justifying this reduction procedure is the following theorem which compares E — N(FE), the IDS of
H,, to E + Ng,, the IDS of the discretize operator H® = 1o H, 1.

Theorem II1.1. Let H, be defined by (1.5) with the assumptions (H1), (H2) and (H3). There exist
e >0 and C > 1 such that, for 0 < E < e we have

0< N(E) - N(0*) < Ng,(C - E), (3.30)
where Ng, is the IDS of the discretized operator HS = 1o H,,I1.

Proof. See Theorem 4.1 in [11]. O
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B. Periodic approximations

In order to get bounds on the density of states of Iy H,Ily, we will now define periodic approxi-
mations of the operator H,,. For these approximations, we will be able to control the density of state
near 0 by comparing it to some reduced operators. Then by taking a limit on the density of state
of the reduced operators, we can get bounds on the density of states of I1oH Il and thus on the
density of states of H,, itself by using Theorem III.1. Let k an integer larger than 1. We define the
following periodic operator

W™ Vi (@—(n+8)) 0
Hyp=-0@Ip+ W)+ Y. > . (3.31)

neCkﬁZd BE(2k+1)Z 0 WMV (z—(n+8))
The operator H,,, is (2k + 1)Z%periodic and essentially selfadjoint. It is an H-bound perturbation
of H with relative bound zero. Because of the (2k + 1)Zperiodicity, we introduce the torus Tj =
R4/ (2(2k + 1)7Z%). We also define N, the IDS of H,; by

N, x( / do. 3.32
k QWdZ 9€T;, E ( )

wk] <E}

where E, i ; is the j-th Floquet eigenvalue of the periodic operator H,, ;. Let dN,, ; be the derivative
of N, , in the distribution sense. As E — N, ;(FE) is an increasing function, dN, is a positive
measure, it is the density of states of H,, . Then, by [11, 21], for every ¢ € C5°(R), the distribution

dN, i, verifies

1 1
<90a de7k> = W /96']1’;; tryy, (Qp(Hw,kﬂ))de VOl(Ck)tr(lck(p(Hw’k)lck>’ (333)

where tr(A) is the trace of a trace-class operator A. We index this trace by H, if the trace is taken
in Hy and here, the operator 1, o(H, ) is a trace-class operator. The proof of (3.33) is given in [11,
Proposition 5.1].

We want to take a limit on the density of states dV,j of the periodic approximations in order to
recover properties of the density of states of H, from properties of dN, ;. The following theorem

ensure that it is possible.
Theorem II1.2. 1) For any ¢ € C§°(R) and for almost every w € €2, we have
lim <307 de,k) = <307 dN)
k—o0
2) For any E € R a continuity point for N, we have klim E(N,x(E)) = N(E).
—00

Proof. The result of Theorem III.2 is close to that of Theorem 5.1 of [11]. The proof is also similar

and is based on functional analysis. O
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IV. PROOF OF THEOREM 1.5

We will proceed in two steps. First, we will prove a lower bound and then an upper bound.

A. Lower bound

In this subsection we prove

Theorem IV.1. Let H,, be the operator defined by (1.5) with the assumptions (H1), (H2) and
(H3). We have

log ) log (N(E) - N(0+)> ) J

lim inf > ——,

E—0+ log £ 2

(4.34)

The proof of Theorem IV.1: As 0 is the bottom of the spectrum, for € > 0 we have N(¢)—N(0) =
N(e) — N(—¢). To prove Theorem IV.1, we will lower bound N(¢) — N(—¢). Then, for L large, we
will show that H,, ¢, (we recall that H, ¢, is H, restricted to Cf, with Dirichlet boundary conditions)
has a large number of eigenvalues in [—¢, €| with a large probability. To do this we will construct a
family of approximate eigenvectors associated to approximate eigenvalues of H, ¢, in [—¢,¢]. These
functions will be constructed from an eigenvector of —A; ® Ip + W (z) associated to 0. Locating
this eigenvector in # and imposing to wi”) to be small for n in some well chosen box, one obtains an
approximate eigenfunction of H, ¢, . Locating the eigenfunction in x in several disjointed places, we
get several eigenfunctions two by two orthogonal.

In order to simplify the notations, we assume in what follows that §° = 0 is a point where Fy(f)
reaches 0. From the same arguments as in [15] and using Proposition I1.2, there exists C' > 0 such
that, for f(-,0) := (f1(-,0),---, fp(-,0)) = v1(-,0) in L*(R%) ® CP, (v; is the vector constructed in
Lemma I1.3) one has

(=24 ® Iy + W (@) F )l oo < IO (4.35)
This is due to the fact that locally near § = 0, we can reduce the study of —A; ® Ip + W (x) which
is analytic in 6 and is equal to 0 when 6 = 0 and to the use of (2.16) and (2.17).
We assume, without loss of generality, that f; # 0 and we set

_ f1(>9)

f6) |01]

(1,0,---,0). (4.36)

Let 0 < ¢ < 1 be a small constant. Let x € C§°(R) being positive, supported in £, €] and such that

2
x(t)2dt = 2.
4]

—

»

[
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For € > 0, we define

d
W.(0) = 44 Hx(g—%ej) c L*(T*) and WI!(-,0) =W.(0) - f(-,0) € L*(Cy) ® CP.  (4.37)

j=1
Now let us estimate ||(—Ay ® Ip + W (2))W!||2,. We have
1
=200 Io + WEDWIIR = oy [ 1(=20® I+ W@)O)F (Ol Lacocn W-6)"de.

So using (4.35) and (4.37), we get

d
£
A o+ Wi <t [ piwopw s [ Teemws @
T 34 j=1

if ¢ is small enough. For 3 € Z¢, we define
W ,(,0) = e7PWI(,0) and W _, (-,0) = eIy, oW!)(-,0),
where A, () is the cube defined by
An(C) = {n e 71 ‘ for 1<j<d |n| < g—<%+a>}

and I, (¢ is the orthogonal projection on A,(¢), i.e it is the operator of orthogonal projection on
L*(T*) on the space spanned by vectors § — e? v € A,(¢).
We set

:5):/ W! (2,0)d0 and Ul _, (x) /ngem(x 6)do.

For L large and 8 and (w% Jneza well chosen, Z/{ ¢ Will be an approximate eigenfunction of H, ¢,
associated to an approximate eigenvalue in the mterval [—e, €]

We notice that Z/If6 8¢ € L*(RY) ® CP and L{f1€ e € L*(RY). As in [15] one gets that

e

aaBCHLZ(RdQ@(CD—H €5CHL2(Rd > (C' > 0.

Now we have to look to the conditions under which we have

— ! 2
H( Ay Ip + W(a:)>u Eﬁc} pranaes <5 (4.39)
Note that
H wertd eﬁc‘ L2(Rd®<cD<HH 554‘ L2(R4)®CD
2
_ f
= 2‘ K Aa @ Ip + WCB))“‘“B’C} L2(R4)®CP @eB, C‘ LR %}540)

Equation (4.39) give the bound on the first member of (4.40). It just remains to control the second

term. To do so, one needs the following lemma
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Lemma IV.2. Let ( =¢. There exists K > 0, such that

Before proving this lemma let us use it to finish the proof of Theorem IV.1.

2

2
<e'+ K- ( sup w%n)> : (4.41)
L2(R4)QCP neB+2Aq(g)

a,e,B,e

Taking (4.39) and (4.40) into account, we get that there exists K > 0 such that

2
HH § 4 + K( sup w%n)) . (4.42)

neB+2Aq ()

asﬁs

Now, for L large, we may divide C, into L(e) disjoints cubes of size 2A,(g). For a < %, there exists

C' > 0 such that L(e) satisfies
ery _ (Le)!

L(e) ~ il 2 C (4.43)

We can find fi,. .., Bre) in Z¢ such that :

L(e)

U+ 20006 € G andtor g £ (54 200(e) 0 By + 28006) =
In particular, for j # 5/, U! e Bse and Z/{O“3 5., are orthogonal. Then,
E(#{eigen\/alues of Il¢, H,Il¢, in [—6,6]}) > E(#{j e{l,...,L(e)} ‘ || H U, 66 le@ayscr < 8})

L(e)
>E Z B;(w) |, (4.44)

where

2
I ifK- (Supneﬁj+2Aa(€) WS )) < %
Bj(w) =

0 if not.
The (Bj)i<j<L(s) are i.i.d. Bernoulli random variables. So equations (4.44) and (4.43) imply that
there exists C' > 0 such that one has

1 L(e)

. . 1
ml@(#{ eigenvalues of Il¢, H, I, in [—8,8]}) > WP(Bl =1)> EgdP(Bl =1)
Hence, taking the limit L — oo, we get that, for € > 0 small,
1
N(g) — N(—¢) > EadP(B =1). (4.45)
It just remains to estimate P(B; = 1). If, for 1 < j < L(e) and n € (3; + 2A,(e), one has w§ " < 2—5

then for e rather small

)2 _ €
K( sup w§ )> < —.
n€Bj+2Mq (€) 2
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As the random variables are i.i.d., one has the estimate

(0) < € )#(QAa(a))'

Hence, taking the double logarithm of (4.45), using assumption (H3) and the fact that #(2A,(¢)) ~

e~ (5449 e oet that

Iim og g Oig - N0) > _g ~ da. (4.46)

The equation (4.46) is true for any a > 0, by letting « tend to 0, we end the proof of Theorem IV.1.
O

It remains to prove Lemma IV.2 to finish this section on the lower bound.

The proof of Lemma IV.2. We have :

2 2
v, uf < H My (2 — U . 447
‘ a,e,B,e L2(Co)mCP ~ %Z‘dwl 1(:1: n) a,e,B,e L2(Co) ( )
Then,
2 2 2
H Z WV (z — rz)lzlile’@6 <é +/ ( Z WV (2 — n)) Lleflﬁ(z)‘ dz. (4.48)
nezd R nezd
Here we used the fact that Z/{C’:,l& e and L{g 15 are close to each other.
We set
2
2
<K | Y W) - / ugﬁ;_ﬁ(x)‘ da. (4.49)
Co

n€Zd \nen+Aale)
So for our choice of f; and using the fact that Vi is supported in Cy, we deal with a with a simple
quantity to control using the non-stationary phase and which was already estimated in [11, 15].0

To finish the proof of Theorem 1.5, it remains to prove the upper bound.

B. Upper bound

We start this section by recalling that, as we deal with the bottom of the spectrum, we have non-
degeneracy of the first Floquet eigenvalue at the bottom of the spectrum as shown in Proposition

I1.2. Using this, we prove the following theorem:

Theorem IV.3. Let H, be the operator defined by (1.5) with the assumptions (H1), (H2) and (H3).
Then

log | log(N(E) — N(0*
lim sup 28 oWV (E) = N(O))| - d,
E—0t logE 2
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The proof of Theorem IV.3. To prove the upper bound, it is enough to prove the same upper
bound on Ng, (as defined in Theorem III.1). To do this, we show that Ng, (and so N) may be
compared to the IDS of some well chosen discrete Anderson model whose behavior of its IDS is
already known.

We begin by isolating the contributions from the various points for which E;(#) take the value 0. We
recall that the band at 0 is generated by (E;(6))1<j<n,- For 1 < j < ng, Z; = {0 € T*; E;(8) = 0}.
The sequence (Z;)1<j<n, is decreasing (Z;11 C Z;). Let 8° € Z. We set j(0°) = sup My with
Mg = {j; 1 <j < ng,E;(0°) = 0}. Wereplace the Floquet eigenvectors (w; (-, 6))1<;<;(0) associated
to (E;(6))1<j<;j0) by the vectors (v;(-,6))1<j<;g0) constructed in Lemma II.3. They are analytic in a
neighborhood Vo of §°. Let 6 be close to 6°. The operator H(0) = Iy H (6)I1 is unitarily equivalent
to the multiplication operator by a function on L*(T*) with values in M,,,(C). This matrix-valued

function takes the following block diagonal form :

Bjgy(®) 0 0 .. 0
0 Ej(€0)+1(9) 0 .. 0
0 0 ’
0 0 o 0 En(0)

where the matrix Bjgo(0) is of size j(6") x j(6°) and is given by

<'U1('>9)7H(9)Ul('>9)>L2(Co)®(CD <'U1('a9)aH(e)vj(eo)('>9)>L2(Co)®(CD

(V) (+,0), H(O)v1(+,0)) r2(coyecr - (Vo) (-5 0), H(0)vj0)(+, 0)) L2(cp)ecp

The matrix Bjgoy(#) has (E;(0))1<;j<jo) for eigenvalues. The operator V) = I VIl is unitarily
equivalent to the multiplication operator by the matrix with entries ((V,vs, v;))1<i j<no-

For u € L*(T*) @ CP, Tlgu = > (u, v;) r2(co)ecpvi- For 0° € Z, we set

M&

<1 — cos(0; — 90))

wgo (60
j=1
We recall that the eigenvalues (£;(6))1<;<j() are non-degenerate at 0. So there exists Vio (an open
neighborhood of %) and C' > 1 such that, for 6 € Vjo, we have, for 1 < j < j(6°), CE;(0) > wg(6)
and, for j > j(6°), CE;(#) > 2d. We remark that the neighborhood Vi can be chosen such that
Vigo C ‘790, where Vpo was defined in Lemma I1.3.
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Let H 30 (0) be the ng x ng diagonal matrix with identical diagonal entries equal to wgo. For 6 € ‘790,

we have

H5(0) < C - H°(). (4.50)

Finally, we note that (%0)9062 can be chosen so that they cover T*, (i.e. Uger%o = T*) and such
that each one of them contains only one point of Z (i.e. for 6 € Z,0" € Z such that 0 # ', we have
0 ¢ 79) We order the points in Z = {0%;1 < k < mg}, where mg = #Z. Let (Xx)1<k<m, be functions
in C°°(T*) which form a partition of the unity on T* such that, for 1 < k < my, supp (xx) C Ve,
0 < xx <1and y, =1 in a neighborhood of #*.

So there exists C' > 1 such that, for any 6 € T*, we have,

1 mo mo
s Yoxi<t and Y HR(O)X < CHOO). (4.51)
k=1 k=1

For t € (L*(T*) ® CP) @ C™ @ C™, we set t = (t;jx)1<j<no:i<k<mo- We consider ¢ as a system
of mg columns denoted by (£ x)i<r<m,- Bach column belongs to (L*(T*) ® CP) ® C™. We endow

3]

(L3(T*) ® CP) ® C™ @ C™ with the scalar product generating the following Euclidean norm:

2 2

J

t,

mo 9
Sl - |
(Lz (T*)@CD)@C’!LO ®(Cm0 ; H ’k (LQ(T*)@CD)@C?’LO Z k LQ(T*)(X)(CD

1<j<no,1<k<mg

We define the mapping S : (L*(T*) ® CP) @ C"™ — (L*(T*) ® C) ® C™ ® C™ by
S(t) = (Xut)1<kzmo = (Xitj)1<jcno, 1<h<mor i T = (t)1<j<n, € (L*(T*) ® CP) @ C™.

Here, for any 1 S] S Nno, tj = (tz’j)lgigD € L2(T*) X CD.
The adjoint of S, S* : (L*(T*) ® CP) ® C™ @ C™ — (L*(T*) ® CP) ® C™ is defined by

1<k<mg

S*(t) = ( > thj,k> for t = (j )1<j<nor1<kamo € (L2(T*) © CP) @ C™ @ C™.
1<j<no

Here, for any 1 < j < ng and any 1 < k < my, we have ¢, = (¢ j1)1<i<p. According to equation
(4.51) we have -—I < S* oS < I, (here I is the identity in (L*(T*) ® CP) ® C™), thus S is one to

)

one. Using the boundedness assumption on the V; and on the support of the wi(" , one shows the

following lemma:

Lemma IV.4. There exists C > 0 such that, for t € (L*(T*) @ CP) @ C™, we have

(H2S(t), S()) (r2(r)ecp)ecromcme < C{LHOEE) (121 )ocd)@cmo,



22

where the operator H® acting on (L*(T*) ® CP) @ C™ @ C™ is defined by
Hit = (Hitin + Vi) .
’ 1<i<D, 1<j<ng, 1<k<mg
Here, H{ is the multiplication by wgr acting as a multiplication operator on L*(T*), Ve =
> ez wi(")ﬂn, where 11, is the orthogonal projection on the vector 6 — ™ in L?(T*), and H? is de-
fined in Section IIIA. For A = (a; j)1<ij<ne, andt € (L*(T*)@ CP)@C", At € (L*(T*) @ CP)@C™,
with (At); = 3212, ajit;

The proof of this lemma follow the same steps as Lemma 5.5 in [15]. We use it to end the proof of
Theorem IV.3. Let us first notice that the operator H? could be written as a direct sum of ng copies

of mg x D random scalar-valued continuous Anderson models. Indeed, we can write

(LA(T*) ® CP) @ C™ @ C™ = P LYT*) @ Ci @ C/ @ CF.
1<i<D, 1<j<no, 1<k<mg
Here, for 1 < j < I, we use the notation C/ = {0}~ x C x {0}~7. So H® is unitarily equivalent to
D Hik
1<i<D, 1<j<ng, 1<k<mg

Here HJ acts on L*(T*) ® Ci®Ci ®Ck. Using the discrete Fourier transformation, we get that for

every k € {1,...,mo}, H)}S is unitarily equivalent to hj)!, where 3" acts on ¢*(Z?) and is defined
by
hott = —Aga + Z wf")ﬂn. (4.52)
nezd

Here, if 0, is the vector (0;,)scze Where &), is the Kronecker’s symbol, then m, is the orthogonal
projection on 9, and —Aya is the discrete Laplacian defined by :
1
Yu € 1X(Z%), (Agau), = 5 > (tn = ). (4.53)

Im—n|=1

Using the fact that for operators A and B, we have N(A® B, FE) = N(A,E) + N(B, E) (see [19]),
we get that
D
Ng,(€) < ng X mg X ZN(hﬁgd,C.mo.a). (4.54)
i=1

To satisfy assumptions of [22], we set, for every i € {1,...,D}, s; = sup,,cza wi(") and :

0 if w™elo0,s/2]

vie{l,...,D}, o =
82/2 if wz(") € (81/2,81]

(2



23

(n)

)

By changing w; "’ into @§”) in (4.52), we define a new operator which we denote by ﬁﬁgd. We notice
that fzﬁf}d lower bound hﬁfgd with the same bottom of the spectrum. As it is known that each fzﬁf}d

exhibits Lifshitz tails with Lifshitz exponent —d/2 (see [7, 22]), using Theorem III.1 and (4.54), we

get that

log|log(N(g) — N(0*
lim sup og [log(N(e) — N(OT))| . _d
JR log e 2

This ends the proof of Theorem IV.3.0
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