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Well-posedness results for the 3D
Zakharov-Kuznetsov equation

Francis Ribaud* Stéphane Vento!

Abstract. We prove the local well-posedness of the three-dimensional
Zakharov-Kuznetsov equation dyu + Adyu +ud,u = 0 in the Sobolev spaces
H*(R3), s > 1, as well as in the Besov space By (R?). The proof is based

on a sharp maximal function estimate in time-weighted spaces.

Keywords: KdV-like equations, Cauchy problem
AMS Classification: 35Q53, 35B65, 35Q60

1 Introduction and main results

In this paper we consider the local Cauchy problem for the three-dimensional
Zakharov-Kuznetsov (ZK) equation

{ up + Aug + uug = 0, (1.1)

u(0) = o,

where u = u(t,z,y, 2), ug = uo(z,y, 2), t € R and (x,y,2) € R3.

This equation was introduced by Zakharov and Kuznetsov in [11] to
describe the propagation of ionic-acoustic waves in magnetized plasma. The
formal derivation of (ZK) from the Euler-Poisson system with magnetic
field can be found in [9].

Clearly, the Zakharov-Kuznetsov equation can be considered as a multi-
dimensional generalization of the well-known one-dimensional Korteweg-de
Vries equation

{ Ut + Uggr + g = 0, (1 2)

u(0) = up.
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We stress out the attention of the reader that contrary to some other
generalizations of the Korteweg-de Vries equation (like the Kadomtsev-
Petviasvili equations) the (ZK) equation is not completely integrable and
possesses only two invariant quantities by the flow. These two invariant
quantities are the L?(R?) norm

N(t) :/ u?(t,z,y, 2) dedydz
R3

and the Hamiltonian

H(t)= % /]RS ((Vu(t,x,y, 2))? — M) dxdydz .

Hence, it is a natural issue to study the Cauchy problem for the (ZK)
equation in the Sobolev space H'(R?) since any local well-posedness result
in this space would provide global well-posedness .

Another difference with usual generalization of the KdV equation is that
the resonant function associated to the (ZK) equation seems too complex
to develop a Bourgain approach, see [7]. Indeed, this function is defined in

the hyperplane & + & + €3 = 0 by
h(é,é,éﬁ) = £1|£_1|2 + £2|£_2|2 + £3|£_3|25 5_] = (5]’77],#]) € Rga

and its zero set is not so easy to understand. This make again a sharp differ-
ence with the Kadomtsev-Petviasvili equations where the use of the resonant
function allows to derive local well-posedness (for the KP-II equation, see
[1]) or local ill-posedness (for the KP-I equation, see[10]). This explains why
we follow the approach of Kenig, Ponce and Vega introduced in [6] for the
study of the generalized KdV equation rather than a Bourgain approach.

In the the two-dimensional case, Faminskii [2] proved the local and global
well-posedness of (ZK) for initial data in H'(R?). This result was recently
improved by Linares and Pastor who obtained in [7] the local well-posedness
in H%(R?), s > 3/4. The main tool to derive those results is the following
LiLZ% linear estimate [2],

Vs>3/4,  lUMB¢lr2r < Cliellnse2)

where U(t)p denotes the free operator associated to the linear part of the
(ZK) equation. Note also that in [8], Linares, Pastor and Saut recently

!Note that global existence occurs provided the local existence time only depends on
the norm of the initial data in a suitable way. This is usually the case when solving the
equation by a standard fixed point procedure.



obtained local well-posedness results in some spaces which contains the one-
dimensional solitary-waves of (ZK) as well as perturbations.

In the three-dimensional case, as far as we know, the only available result
concerning the local well-posedness of (ZK) in the usual Sobolev spaces
goes back to Linares and Saut who proved in [9] the local well posedness in
H*(R3), s > 9/8. In this paper we prove the following result,

Theorem 1.1. For any s > 1 and ug € H*(R3), there exist T > 0 and a
unique solution u of (1.1) in

X501 Cy([0,T), H* (R3)).
Moreover, the flow-map ug — u is Lipschitz on every bounded set of H®(R3).

To derive our result, the main issue is to prove the local in time linear
estimate

VI <1, Vs>1, [[UB)¢lLzre, < Clielnsms), (1.3)

where U (t)y denotes the free linear operator associated to the (ZK) equa-
tion. Moreover, having a short look on the proof of Theorem 1.1, we note
that any improvement of the linear estimate (1.3) will immediately give the
corresponding improvement for Theorem 1.1. Unfortunately we prove in
Section 3 that the L?ELZ‘;T linear estimate (1.3) fails when s < 1. Hence,
this seems to indicate that the case s = 1 could be critical for the well-
posedness of the (ZK) equation.

Concerning the ”critical case” s = 1, we have unfortunately not been
able to prove the local well-posedness in the natural energy space H'(R3).
Nonetheless, working with initial data in the Besov space B;’I(R?’), we have
the following

Theorem 1.2. For any ug € B;’l(R?’), there exist T > 0 and a unique
solution u of (1.1) in

Xr 0 Gy([0, 7], By (RY)).
Moreover, the flow-map ug — u is Lipschitz on every bounded set 0fB21’1(IR{3).

This result clearly improves Theorem 1.1 in view of the well-known em-
beddings
Vs>1, H*R®)— By'(R®) — H'(R®).



To get Theorem 1.2, our main ingredient is to prove the unusual weighted-
in-time linear estimate for phase localized functions

va>3/8, (AU O¢lzr, S 2" Ake] 2.

This estimate, combined with the standard Kato smoothing estimate (3.2),
allows us to perform a fixed point argument on the Duhamel formulation of
(ZK).

This paper is organized as follows. In Section 2 we introduce our no-
tations and define the resolution spaces. Section 3 is devoted to estimates
related to the linear part of the equation. Finally we prove the key bilinear
estimates in Section 4.

2 Notation

For A,B > 0, A < B means that there exists ¢ > 0 such that A < ¢B.
When c is a small constant we use A < B. We write A ~ B to denote the
statement that A < B < A. For u = u(t,z,y,2) € S'(R*), we denote by u
(or Fu) its Fourier transform in space. The Fourier variables corresponding
to a vector = (x,v,2) will be denoted by & = (£,n, ). We consider the
usual Lebesgue spaces LP, 1 < p < oo and given a Banach space X and
a measurable function v : R — X, we define ||u||zrx = ||||u(t)| x| ;». For
T > 0, we also set LY. = LP([0,T]). Let us define the Japanese bracket
(Z) = (14 ]Z|*)'/? so that the standard non-homogeneous Sobolev spaces
are endowed with the norm || f||gs = [[(V)* f]| 2.

We use a Littlewood-Paley analysis. Let p € C§°(R?) be such that
p >0, suppp C B(0,2), p=1on B(0,1). We define next py(&) = p(£/2F)
for k > 0. We set 6(€) = p(£/2) — p(€) and 6,(€) = §(£/2%) for any k € Z,
and define the operators P (k > 0) and Ay (k € Z) by F(Pyu) = pru and
F(Ay) = 0gu. When d = 3, we introduce the operators P, P/, P¢, and
A7, A%, A7 defined by

Plfu(x, Y, Z) = f_l(pk(g)a(g? m, :U‘))a

Plu(z,y,z) = F Hpe(m)a(,n, ),

Piu(z,y,z) = F L (pr(p)u(€,n, 1))
and

Afu(z,y,z) = F 1R (©)u(€,n, 1),

Afu(z,y,z) = FH(or(n)u(,n, 1)),

Azu(ma Y, Z) = fﬁl(ék(u)a(ga mn, M))



Furthermore we define more general projections P<j, = jioi<ok By A=
> j2isar AF etc. For future considerations, note that for u € S'(R3) and
p € [1,00] we have

[Akullzr S |AFPE Pl e + [|PELALPEul o + (| PEPE Aful re. (2.1)

With these notations, it is well known that an equivalent norm on H*(R%)

is given by
1/2

lullrs ~ (| Poullgz + | D 2° [ Aula
k>0

For s € R, the Besov space BS’I(Rd) denotes the completion of S(R?) with
respect to the norm

[ull s = [ Powl| L2 + > 2| Al .

k>0
3 Linear estimates
Consider the linear ZK equation
us + Auy, =0, teR x e R (3.1)

Let w(€) = £(€2 + 1>+ p?) and U(t) = F~ L@ F | be the associated linear
operator.

First we prove a standard ”Kato smoothing” estimate for the free evo-
lution of (3.1).

Proposition 3.1. For any ¢ € L*(R3), it holds that

INU@)ellpser2, S llellze- (3.2)

Proof. The proof is modeled on the corresponding result for the KdV equa-
tion [4] (see also [5] and [2] for the two-dimensional case). We perform the

change of variables 0 = h(§) = w(€) and obtain

Utpl@) = [ EEOp(E)e

RS
= Fob, (O G OFR0), 1.10) (1,1,2)



Therefore, applying Plancherel theorem and returning to the £-variable yield
@@z, = 1A~ O)B(RO), . 1)l s, |
= [[IK (€)1~ /23(&m, 1)l .2
Ny
~ IV ol
O

We will use in a crucial way the following maximal estimate for the free
evolution when acting on phase localized functions.

Proposition 3.2. Let 0 < T < 1 and o > 3/8.
1. For all ¢ € S(R?) and k > 0, we have
1t AU (Dl 2 e, S 2 1Akl 2 (3.3)

yzT ™
2. For any ¢ € S(R?), it holds that
1PV )¢l 2z, S Pogll L2 (3-4)

Before proving Proposition 3.2, we first show some estimates related to
the oscillatory integrals:

Iolt,z) = [ eSO )i
R3
and for k > 1,
Iy(t, %) = /R POy (€)iho ()3 (1) dE

where (11,v2,3) = (0k, P, Pk), (Pk, Ok, D) OF (Dks P, O)-
Lemma 3.1.
Hollpizee, S 1.
Proof. Since |Iy| < 1, it is clear that HIOHL%LZZT < 1if we are in the region
|z| < 1. Thus we may assume that || > 1. Define the phase function ¢,

by ¢1(&) = tw(€) + x€ so that ¢} (&) = (362 + n? + u?) + . On the support
of pg, we have |¢| = |z|. Thus, two integrations by parts yield the estimate
poce?| | | post

1), B\ </
/R Oy (@) s‘N A e+ |G

It follows that |I| < |#|~2, which implies that ol pee, S 1 as required.
xtyz
O

n 12

Poyy
ol

Pogg < a2
o

~

_l’_

_l’_

_l’_




Lemma 3.2. For any a > 3/8 and k > 0, it holds that
||t2afk||L;L;<;T < 2%

Proof. We split I} into
o= [ DU (€)(1 = po(€) ) ()E

+ /R3 TR, (£)iho ()3 (1) dE
=TIl + 12 (3.5)

e Estimate for I}.
Since we have |¢| > 1, a rough estimate for I} yields |I}| < 2%%, which
gives the desired bound in the region where |z| < 27%. Therefore we
may assume |z| > 27%. If we have either |z| < 2% or |z| > t2%F,
then using that |w’| ~ 22% we infer )| > max(|z|,t2%) where ¢, is
the phase function

p1(8) = tw(E) + €. (3.6)

Integrating by parts twice with respect to £ we deduce

[t -
R

< max(|z|, 12%) 2.

It follows that |I}| < 2%F max(|z|, t2%*)~2 and next
t2| 1| S [ ~%22E,
which is acceptable since we integrate in the region |z| > 27%. Now

we consider the case |x| ~ t22¢. Using that

2,2
. . . _sYyttz LT
/ eztﬁ(n2+u2)+zyn+zzudnduz eV mE g sen(d)
R2

s
tl¢]

)

we may rewrite [ ,i as

. . T
1t = [ daly = i = o) [ T (@1 - m(e)e ) duas
R? R 1§
(3.7)
where we set o (€) = t€3 4+ x€ — “24&”2. Since |¢4'| > 6t on the support
of 1 — pg, Van der Corput’s lemma implies that

/ T2, (£)(1 —po(é“))d§‘ StB,
R t§

7



It follows that |I}| < ¢=%/3 and

t2a|I]%| S t2a—4/3 5 |x|2a—4/32—2k(204—4/3).

Hence we obtain for a > 1/6 and |z| > 27% that

||t2aIIiHL}CLZ<Z’T S 22k(2a—1/3)2—2k(2a—4/3) ~ 22]4}‘

Estimate for I7.

We treat now the low frequencies term I7. The case |z| < 1 is easily
handled since we have the rough estimate |I2| < 2%. Thus we only
need to consider the region where |z| > 1. In the domain |z| < 2%
or |z| > t2%, we have |¢}| > max(|z|,2%) where ¢ is defined in

(3.6), and thus
‘/ e'py
R

It follows that |I?| < 2%%|z|~2 and

< le| 2.

k
”II%”L}CL;";T < 2%,

Now we consider the most delicate case |z| ~ t2%F and rewrite I 2 as in
(3.7) where (1 — po) is replaced with pg. Let us split py as

0
Do = P2k + Z ;.
j=—2k

The part p_oy, is straightforward since |I?| < 1 and we get from |z| ~
t22k < 2% that ||I2|| 1 L, S 22k Thus we reduce to estimate
zHyz

Ii; = /R . Py — u)s(z — v) ( /[R :—gew?(@éj(g)dg) dudv

for j = —2k,...,0. First consider the case |z| < t7127% (u? + v?)
or |z| > t7127% (u? + v?). Since @h(£) = 3tE2 +x + “12?2’2, we have

loh| = max(|x|,t7127% (u? + v?)) and an application of the Van der
Corput’s lemma yields

1S [ Wialy = e = o)l ol /412 02) 742 T dud

< |x|—3/4t—3/42—j/2 Wz(y - U)’du.
~ R |ull/?



On the other hand, the change of variables v = 2F leads to

[¥a(y k[ 0@y = 2Fu)|
/ ,u‘1/2 =2 / \u]1/2 du

‘0‘1/2

d )
< 22 / g / [B(2by — v)ldv
i<t [v| o[>1

Consequently, it is deduced that t3/4]1,37j\ < |a|73/4279/22k/2 and

0
~ dx
I el s NFZ% jalg22k |2[3/4

Finally assume that |z| ~ t7127% (u24v?) so that |¢}| > t22%=7. Then
we get from Van der Corput’s lemma that

|I,§j| < (t22k7j)71/2t7127j ~ 3297 k0=i/2
Hence, we obtain
0
t2a|II§| < t2a73/227k Z 2j/2 < |x|2a73/2272k(2a73/2)’
j=—2k

which is acceptable as soon as a > 1/4. This concludes the proof of
Lemma 3.2.

O

We are now in a position to prove Proposition 3.2.

Proof of Proposition 3.2. Let k > 0 and Ug(t) = ApU(t). The proof will
follow from a slight modification of the usual AA* argument. Let us define
the operator Ay : LLLZ — L? by

T
g = /0 U (~t)g(t)dt.

We easily check that Afh(t) = t*Uy(t)h for h € L*(R?) and moreover,

T
AiAg(t) = [ (Ut = )g(e)ar.

9



The previous integrand can be estimated by

(@) Ukt — t)g(t', 2)| S ||t = ¢'PUp(t — t)g(t', 2)| + ||t + '** Ukt — t')g(t', )]
=I1+11.

Using the Young inequality, the first term is bounded by
IS (1t =PIt — 1) +5 g()) ()]
S (U =PIt = )llege) %2 19(E)lry ) (@).

Integrating this into ¢’ € [0,7] and taking the LiLZ‘;T norm, this leads to

H/OT It = #'[*Uk(t = t)g(t', 2)|dt

S [tz o g @l

yzT yzT

2 L2
Lz LZOZT £

S Ht%{[k”L}cL;‘;THgHLQ%L;‘MT'

(3.8)
To estimate I, we introduce §(t,z) = g(t, —z) and notice that
Uslt — )g(t', ) = U(t + )3t 7).

We infer that

115 (4 VP + ) age) 0 13011, ) @)
and we get

g 2 2
/ / ! = / ~
|[ 1+ vrmvie- e om| e, o,

L2102
xHyzT
< HtQQIkHL;cL;ozTHgHLgLyoozT- (3.9)

Combining estimates (3.8)-(3.9) and Lemma 3.2 we deduce

AR ARl L2 Loo . S HtQaIkHL;L;gTHgHLngT < z%HQHLgL;gT-

The usual algebraic lemma (see Lemma 2.1 in [3]) applies and yields the
first estimate in Proposition 3.2. The second one is obtained by following
the same lines and using Lemma 3.1. U

In order to get the desired bounds for data in H*(R3), s > 1, we will use
the following estimate.

10



Proposition 3.3. For0 < T <1, s > 1 and any ¢ € S(R?), it holds that

UMl rzre, S llllms- (3.10)

yzT ™

This proposition is a direct consequence of Lemma 3.1 together with the
following result.

Lemma 3.3. For any € > 0 and k > 0, it holds that

MkllLize, S 24k,

Proof. Setting

Tijult,a) = [ 5 (6)6, () ()
]R3
we see that from the estimate

[Anullpiree, S > 1A A ARull e,
i,5,k:21,29 2k<on
it suffices to show that

Higallnse, S 1+ M)22M (3.11)

for all i,j,k € Z and with M = max(i, j, k) > 0. From the straightforward
bound |I; j x| < 2HFF, we see that we may assume |z| > 27™ where m =
min(i, j, k). In the region |z| < #22M or |z| > t2*M the phase function
¢1 defined in (3.6) satisfies |¢}| = max(|x|,#2%M) and integrations by parts

lead to
/ eiwl 5@
R

Therefore we get |1 ;.| < 277 /|| and then || I jxll 11z, S 277" S
ztyz

22M  Finally consider the case |z| ~ t22M. Rewriting I; 5 ; as

<27l

Lij k= /R2 6j(y — u)o(z — v) </R :—gew?(g)&(&)d&) dudv,

we immediately obtain |I; ;x| < t7! < 22M|z|~! and thus I Zijrllrine, S

yzT ™
M22M | as desired.
O

Up to the end point s = 1, we show next that estimate (3.10) is sharp.

11



Proposition 3.4. Suppose that for any ¢ € H*(R?) we have

|Val7@)¢HLgL;> S llellas, (3.12)

2T ™
for some a > 0. Then it must be the case that s > 1.

Proof. Let us define the smooth functions ¢ through their Fourier trans-
forms by

P(&) = 0—2k(§)0k (1)0k (1)
for £ > 0. Then it is easy to see that

I wl| s ~ 2. (3.13)

On the other hand, for € > 0 small enough, we set t =¢ and y = z = g2~k
so that |yn + zp + tw(€)| < e. Choosing |z| < 2%%, we obtain the lower
bound

U(t)er(z)| =

/ei(f@rtw(ﬁ))(pk(é“)dg‘
R3
= | [ e ) — 11t )6 )
R3
+ [ )5 (]
R3
2 1.

It follows that [[t*U(t)¢kl 2=, 2 2% where the implicit constant does not
Tz Hyz
depend on k. Therefore, (3.12) and (3.13) imply

ok < ohs,
From this, we get for large k that s > 1. U

In the sequel of this section we prove retarded linear estimates which
will be used later to perform the fixed point argument.

Proposition 3.5. Let f € S(RY). Then we have

HV/Ot Ut —t)ft)dt

<oz, (3.14)

L2

12



Proof. The dual estimate of (3.2) reads

H/Z vV S, (3.15)

L2

Noticing that U(t) is a unitary group on L?(R?) we obtain for any fixed t,

H/Z Ut -tV )dt

S HfHLgch - (3.16)
L2 v

To conclude we substitute in (3.16) f(t') by xjoq(t') f(¢') and then take the
supremum in time in the left-hand side of the resulting inequality. O

Proposition 3.6. Let f € S(RY). Then we have

t
HVQ /0 Ut = t)f (1)t Sz, (3.17)

oo T2
L L2 p

Proof. We first observe that for any g : R — R,

/0 g(tdt' = %/Rg(t') sgn(t —t")dt' + % / g(t")sgn(t)at’,

R

where sgn(-) denotes the sign function. Consequently we have
t

V2R(t,T) = v2/ Ut —t)f(t)dt
0

— %W /R Ut —t")f(t") sgn(t —t)dt' + %VQ /R Ut —t)f(t') sgn(t')dt

1 1
= §V2R1(t,£) + §V2R2(t,£). (3.18)

Taking the inverse space-time Fourier transform, it is clear that

Ry = F2 (sen(r - w(©)f(r,9))

Hence we get by Plancherel theorem

IVl = |7 (EPsmt - w@)F.9)]|,

= HK(T,%‘,?],M) *z fyzt(f(x))(naﬂﬂ')HL%M (3'19)

13



where K is the inverse Fourier transform (in §) of the tempered distribution
defined as the principal value of |£|2/(7 — w(€)). It follows that

) ¢|2
K(r,z,n,p) = /Remi_‘gil,(g)dﬁ
_ / eim(n2+u2)1/2§ (772 + M2)3/2(§2 + 1)
R T — (7 + p?)P2E(E2 + 1)

= iy££27+1d
/Re @+

with y = (1% + p?)/22 and ¢ = 7/(n* + p?)?/2. Next, a partial fraction
expansion leads to

dg

£2+1 a?+1 a 206 +a? —1

c—&E2+1)  Ba2+1)(E—-a) 32+12+af+a2+1

where « is the unique real root of ¢ — X (X? + 1). Therefore, we get

evs 202
d
/Rg—a §‘+3a2+1

’< a?+1
~3a2+1

|K (T, 2,n, 1)

iye 3
/Reyf52+oc§+a2+1d§

la(a? — 1) / e it
3a2 +1 RE+af+a2+1
:K1—|—K2+K3.

The first term K7 is bounded by an integral witch is the Fourier transform
of a function that behaves near the singular points like the kernel of the
Hilbert transform 1/¢ (or its translates) whose Fourier transform is sgn(z).
It follows that K; is bounded uniformly in « and y. In the same way,
Ky € L*° since

1€ 3
/6 2 2
R(E+9) +3F+1

4
iz€ 5
/Re £2+1d§'

where 2z = yv/3a2 + 4. Concerning K3, it is easily estimated by
2
K, < late? ) dt.
32 +1 Jr 243 41

< la(a? = 1)[V/3a2 + 4
~ (3a? +1)(3a2 +4)

Ky 5

<

~

<1

14



We deduce that K € L*°(R*). Hence, (3.19) combining with the Young
inequality yields

IV Rall e 2, S I e 1 Fyee(f @D azz,, S IFllosze.,- (3.20)

To treat the contribution of Ra, we use the smoothing bound (3.2) and its
dual estimate (3.15) to get

IV Ralizss, S| [ U001 @) st yar

< HfHL1L2 :

yzt

.2
(3.21)

Estimates (3.20)-(3.21) together with (3.18) yield the desired bound. O
Proposition 3.7. Let T <1, k>0 and a > 3/8. Then for any f € S(R?),

t
ta/o Ut —tApf(t"at

SlIPofllziez (3.22)
L2L3y Y

/t Ut —t)Pyf(t)dt
0

S HAkaL}CLQZT' (3.23)
L2L3S Y

Proof. Combining estimates (3.3) and (3.15) we obtain the non-retarded
version of (3.23):

T
t“/o Ut —t)Apf(t)at

S A ez, (3.24)
L%LSJOZT ’

We consider the function Hy(t,Z) ‘ta fo (t —t")Arf(t)dt ‘ that we may

always assume to be continuous on [0,7] x R3. From (3.24) it follows that
for all measurable function ¢ : R? — [0, T,

|

Replacing now f(',z) by f(t',Z)x[z)(t') we see that
17k (t(Z), D)l 2 Lge S NARFlLrr2 - (3.25)

Since the map ¢ — Hy(t,Z) is continuous on the compact set [0,7], there
exists a € [0, 7] such that Hy(c, ¥) = supsc(o 1] Hk(t, Z), therefore the map

T
t(x)a/o Ut(z) —tALf(t, z)dt’

< ||A 2
P 1A fllzez

T+ to(Z) = inf {a €10,7] : Hy(a, ) = sup Hk(t,x)}
te[0,7
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is well-defined and measurable on R3. Hence, choosing tq in (3.25) we infer
that

[k (to(2), D)2 5e S 1Ak 12,

yz ™
which yields

sup Hy(t, )

S ALz
tE[O,T] LxLsz

L%Lffz’

and ends the proof of (3.23). The proof of (3.22) is similar and therefore
will be omitted. O

4 Proofs of Theorems (1.2) and (1.1)

In this section we solve (1.1) in the spaces By (R?) and H*(R3), s > 1. We
consider the associated integral equation

u(t) = U(t)ug — %/O Ut — "), (u®)(t)dt'. (4.1)

4.1 Well-posedness in B,"(R?)

For ug € B21 1(R3), we look for a solution in the space
Xr = {u € Cy([0,T], By") : |[ullx, < oo}
for some 7" > 0 and where
[ullxy = N(u) + T'(u) + M(u)
with

k
N(u) = |[Poull e 2 + E 2| Agull e 2
k>0

T(u) = HPOUHLgOLizT + Z QQkHAkUHLgongT7
k>0

M(u) = HPOUHLgL;jT + Z HtaAkuHL%inT,
k>0

and 3/8 < a < 1/2. First from Propositions 3.1, 3.2 together with the
obvious bound

1U#)uollpger2 < lluollz2, (4.2)
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we get the following linear estimate:
1U@)uol[xr S Nuoll grr- (4.3)

Now we need to estimate
t
‘ / Ut — )0, (u?)(t)dt'
0

in terms of the X7-norm of w. Using standard paraproduct rearrangements,
we can rewrite Ay(u?) as

Xr

M) = A Jim By (0
__]*)OO

= Ay | Py(u)? + Z(IDJ‘+1(U)2 — P](U)Q)
i j=0

= Ay | Po(u)* + ) Ajpru(Pypru + Pyu)

ik

On the other hand, by similar considerations, we see that Py(u?) can be
rewritten as

Py(u®) = Po[Po(w)®] + Po | Y Ajrau(Pyyru + Pyu)
>0

Hence, without loss of generality, we can restrict us to consider only terms
of the form:

A= P(][Po(u)Q], B= Ak ZAJ‘UP]'U 5 C = P(] ZAJUPJU
Jzk J20

for k > 0, since the estimates for the other terms would be similar.
By virtue of (3.14)-(3.17)-(3.22) and (3.23), we infer that

/t Ut —t") 0, (u?) (t")at'
0

S IRz,
Xr

+ 32 | S APl e, | + S 1A uPul e, (44)
k>0 ik 3>0
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The first term in the right hand side is bounded by
1Po ()l psre . S IPoull 2l Poullrz res,,
S T1/2HP0uHL%oL%M(u)
/2,112
ST |ull,- (4.5)
To evaluate the contribution of B, note that
1AjuPjullpyrz = [ Agu)(E* Ppu)lparz
ST Ajull 2 [t Pyull 2 Lo,
S T Ajull pgep2 1t Pyull 2 e, (4.6)

where p = 1/2 — a > 0. Therefore, since

j
[t Pjull 2 Lo, S 1PoullLz e, + > [t Aull L2 Lo S M (w), (4.7)
k=0

we deduce from the discrete Young inequality that

D 2 D APl gz | STHM) Y | D28 (2| Agullrep,)

k>0 >k k>0 \j>k

k
S T |lullxz Y 281 Akull 2 e,
£>0

S T |lullk, - (4.8)

Using again estimates (4.6)-(4.7), we easily get that the last term in the
r.h.s. of (4.4) can be estimated by

2
> 18Pl ST 3 A suluers S Tl (49)
J=Z J=Z

Hence, gathering (4.3)-(4.4)-(4.5)-(4.8) and (4.9), we infer that
IGullx, < lluoll g1+ T%|lull%,
and in the same way,
1Gu = Gollx, S (lullxy + [[ollxr)llu = vllx,-

Hence for T' > 0 small enough, G is a strict contraction in some ball of Xr.
Theorem 1.2 follows then from standard arguments.
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4.2 Well-posedness in H*(R?), s > 1
Let ug € H*(R3) with s > 1. For T' > 0, we introduce the space
X7 ={u e Cy([0,T], H?) : [Jul|xs. < oo}
where
l[ullxs = N(u) +T(u) + M(u)
with
1/2

N(u) = [ Poullerz + | 34180l ps |

k>0
1/2
k 2
Tw) = |Poull gz, + | 4 1Aullpe |
k>0
1/2

—1-e)k
M(u) = ||P0uHL§L;§T+ 24(5: 1—¢) HAkuH%nggT :
k>0

for some € > 0 small enough. From Proposition 3.1 together with (3.10) and
(4.2),

U (t)uollxs S lluollms-
Following the arguments given in Subsection 4.1, it is not too hard to see
that

/t Ut — )0, (u?)(t))at’
0

< 2
o SR,
o\ 1/2

k
DS DI Y + > IAjuPrullpy -
B0 \Jzk j>0

The estimates for these terms follow the same lines than the B; 1 case, except
that we use the Young inequality for ¢! x £2, as well as the bound

J
1Pjull 2 ree, S I1Poullraree, + D 1Ak 2100,
k=0
1/2

5 M(u) + Z4(1—S+E)k‘ M(u)
k>0

S M(u),

19



as soon as 0 < € < s — 1. This leads to

and

IGullxs < lluollms +T"|lulls.,

1Gu = Gullxs S (lullxz + vl )llu = vllx;.-

This proves the existence and uniqueness of a local solution u in X7 with

T:

T(||uo|| s ) small enough.
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