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Optimization of Carrier Multiplication for More 
Effcient Solar Cells: The Case of Sn Quantum Dots

Guy Allan and Christophe Delerue*
IEMN, Department ISEN, 41 boulevard Vauban, 59046 Lille Cedex, France

C
arrier multiplication (CM) is a process

in which more than one electron

hole pair is created as the result of

the absorption of a single photon. CM has 
recently received considerable attention both 
experimentally1�9 and theoretically10�22

because it has the potential to improve 
the performance of solar cells.23 The main 
origin of CM is the relaxation of photoexcited 
carriers by impact ionization24 (Figure 1) 
which, above a certain energy threshold, 
becomes more efficient than the intraband 
relaxation by emission of phonons. In bulk 
Si, CM cannot be useful for solar-energy 
conversion because of its high threshold in 
photon energy (3.8 eV25). Therefore, a lot of 
efforts are devoted to find materials with 
more efficient CM for photons in the solar 
spectrum.

With this aim, it was proposed10 to use 
semiconductor quantum dots (QDs) be-
cause the strong confinement breaks the 
momentum conservation rules which could 
enhance the impact ionization rate. This 
proposition seemed to be supported by 
early experiments on CM in QDs,1�3 but 
unfortunately, all of the recent works have 
reported much less efficient CM,4�8 even 
less than in the parent bulk when compared 
to an absolute photon energy basis.9,21 This 
lower efficiency is, in fact, in agreement with 
our previous calculations of the impact 
ionization lifetimes, showing that momen-

tum conservation is not a limiting factor at 
high excess energy of photoexcited carriers 
even in the bulk.12 Therefore, the main role 
of quantum confinement is to shift the band 
gap to higher energy.19,21 These arguments 
have been recently summarized by Nair 
et al.21 in a critical analysis of the works on 
CM in QDs, but it is fair to mention that 
different opinions have been published.7,8,26 

The magnitude of the CM yields and the 
comparison between bulk materials and

QDs remain sources of controversy in

particular.7�9,19,21,26

Thus a new strategy is needed to select or

design materials with the highest CM effi-

ciency for solar-energy conversion purpose.

As discussed in ref 21, the main challenge is

to choose the best parent bulk material. In

this article, we propose to start with a bulk

material which has a very small band gap;

or even a zero band gap;and a high

density of states near the band edges. The

quantum confinement is mainly used to

tune the gap and thus the CM threshold

with respect to the solar spectrum.21 Calcu-

lations of the CM efficiency in R-Sn QDs are

presented to support this proposition.

QDs with the Highest CM Efficiency. The CM

efficiency is high when hot carriers decay to

lower energy more favorably by impact

ionization than by emission of phonons.12,15

Therefore, our strategy can be understood

from Figure 2, which shows the typical

behavior of the mean impact ionization

lifetime as a function of the energy of the

photoexcited carriers, as deduced from our

previous works12,15 on different types of

semiconductors. The strong dependence

of the lifetime with energy is directly con-

nected to the variation of the density of final

states in the impact ionization process12,13,17

since the average matrix element of the

Coulomb interaction between the initial

ABSTRACT We present calculations of impact 
ionization rates, carrier multiplication yields, and 
solar-power conversion efficiencies in solar cells 
based on quantum dots (QDs) of a semimetal, R-
Sn. Using these results and previous ones on PbSe 
and PbS QDs, we discuss a strategy to select QDs 
with the highest carrier multiplication rate for 
more efficient solar cells. We suggest using QDs 
of materials with a close to zero band gap and a 
high multiplicity of the bands in order to favor the 
relaxation of photoexcited carriers by impact 
ionization. Even in that case, the improvement of 
the maximum solar-power conversion efficiency 
appears to be a challenging task.
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This proposition is already in agreementwith recent

experimental and theoretical studies on PbSe and

PbS showing that CM is more efficient in PbSe and

PbS QDs than in bulk Si.7�9,19,27,28 This is clearly visible

in Figure 3, where we plot the evolution of the CM

threshold with respect to the energy gap for different

types of materials. Both theory and experiments show

that the CM threshold for PbSe and PbS ismuch smaller

than for bulk Si, even at the same energy gap.We argue

that the superiority of PbSe and PbS compared to Si is

due to their relatively small band gap (0.28 and 0.42 eV,

Figure 1. Schematics of the impact ionization process: a hot
electron (energy ε > 0) decays to a lower energy state and
excites an extra electron hole pair. The process for the
excited hole (ε < 0) is symmetric.

Figure 2. Typical behavior of the impact ionization lifetime 
versus the energy ε of the excited carrier. The evolution from 
the bulk semiconductor to QDs of decreasing size is indi
cated by the arrows. The time and energy scales are derived 
for the case of PbS,12 but the rapid variations of the life
time12,15,17 have been smoothed out.

and final states can be considered as constant on this 
scale.12 At a given energy, the lifetime is, on average, 
longer in QDs than in bulk due to a reduced density of 
final states, which implies that the impact ionization 
lifetime in QDs is always bounded by its bulk value. We 
conclude that the highest CM yield in QDs will be 
obtained by shifting the curves for the bulk in Figure 2 
horizontally to lower carrier energy (|ε| f 0) and 
vertically to smaller lifetime. The horizontal shift can 
be obtained using a small band gap material. The 
vertical shift, which can depend on energy, can be 
achieved by increasing the density of final states for 
impact ionization (i.e., the number of combinations of 
three-particle states with the same total energy as 
shown in Figure 1), using a material with a high 
degeneracy of the band edges, for example.

Figure 3. CM energy threshold plotted versus the gap
energy εg for R Sn (blue; open circles, present theory), PbS
(red; filled squares, experiments;9,27 open squares,
theory9,19), PbSe (green; open triangles, theory;19 filled
triangles, experiments28), and bulk Si25 (�).

Figure 4. Band structure of R Sn (solid red curves, ab initio

calculations; dashed black curves, tight binding
calculations). The zero of energy corresponds to the Fermi
level.

Figure 5. Impact ionization lifetime versus the energy ε of
the excited carrier inR Snnanocrystals (red curve,diameter=
3.6 nm; blue curve, 2.6 nm). The zero energy corresponds to
the bulk Fermi level.
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energies of photogenerated carriers and all possible

impact ionization relaxation channels including those

leading to multiexciton generation. The methodology

is described in ref 12. We assume that the lifetime for

the intraband relaxation is a constant τph independent

of the energy.12,15 For the sake of comparison, unless

otherwise stated, the theoretical results presented

here have been obtained with τph = 1 ps. Values in

this range have been reported experimentally34�37

and have been typically used for simulations on PbSe,

PbS, and Si.9,12,19,22

Figure 6a shows the CM yield (number of excitons

per photon) in R-Sn QDs as function of the photon

energy hν for different values of εg between 0.44 and

1.24 eV. The evolution of the CM yield with τph is

presented in Figure 6b for QDs with εg = 0.86 eV. In

contrast to PbSe, PbS,12 Si, and InAsQDs,15 the CMyield

presents sharp peaks due to efficient optical transitions

between electron/hole states characterized by high

impact ionization rates. The CM thresholds deduced

from Figure 6a are reported in Figure 3. For εg= 1.24 eV,

the CM threshold is≈1.2 eV smaller than for bulk Si and

is even slightly smaller than for PbSe and PbS QDs with

similar gap. Remarkably, when εg decreases, the CM

threshold of R-Sn QDs continuously decreases while it

clearly saturates above 1.8 eV for PbSe and PbS. The

predicted threshold for R-Sn QDs varies ∼2.15 � εg,

close to its ideal limit of 2� εg. This result demonstrates

the benefit of small (even zero) band gap materials to

obtain QDs with small CM threshold. The high density

Figure 6. Number of excitons generated by impact ioniza
tion after the absorption of a photon of energy hν. (a) 
Results obtained with τph = 1 ps for various QD sizes (filled 
blue triangles, εg = 0.44 eV; open magenta triangles, εg = 
0.69 eV; filled green circles, εg = 0.86 eV; open orange circles, 
εg = 0.94 eV; red squares, εg = 1.24 eV). (b) Results obtained 
for εg = 0.86 eV and various values of τph.

respectively) and the 8-fold degeneracy of their band 
edges at the L point of the Brillouin zone.

Impact Ionization in r-Sn QDs. If this strategy is correct, 
we anticipate that a smaller CM threshold could be 
obtained using materials with a smaller band gap than 
PbSe and PbS. In the following, we discuss the extreme 
case of R-Sn, a semimetal, whose band structure is 
shown in Figure 4. We consider R-Sn QDs in which a 
gap opens due to the quantum confinement.29,30 We 
have chosen R-Sn as a test case because of its zero 
band gap, its high density of states near the Fermi level 
(see below), its very low toxicity, and the reported 
synthesis of QDs.31�33 We compute the electronic 
structure of R-Sn QDs in tight-binding, and we calcu-
late the impact ionization lifetime of photoexcited 
electrons and holes.

The impact ionization lifetime is plotted in Figure 5 
as function of the energy ε for two QD sizes. It is smaller 
than 1 ps in a wide range of energy, and for the larger 
size (3.6 nm), it remains remarkably small even at low 
kinetic energy (|ε| < 2 eV), which is a direct conse-
quence of the zero band gap of R-Sn (the “horizontal 
shift” discussed above).

CM in r-Sn QDs. Starting from these results, we 
simulate the CM process including the following 
steps:12 (1) the optical absorption that determines 
the distribution of energies of the electron and the 
hole; (2) the relaxation either by impact ionization or by 
emission of phonons. We consider all possible initial

Figure 7. Energy efficiency versus photon energy. (a) Cal
culations for R Sn QDs (filled blue triangles, εg = 0.44 eV;
open magenta triangles, εg = 0.69 eV; filled green circles,
εg = 0.86 eV; open orange circles, εg = 0.94 eV; red squares,
εg = 1.24 eV). (b) Same for PbS QDs and bulk: derived from
the experimental CM yields9,27 (solid red lines); our calcu
lations9 (dotted blue lines). The value of εg in eV is indicated
for each curve (0.42 eV for bulk PbS).
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In contrast to PbSe and PbS, we predict for R-Sn

QDs an important contribution of the CM to the PCE

especially for εg e 0.9 eV (Figure 8) because the CM

threshold does not saturate but follows εg when it

decreases (Figure 3). However, even in this favorable

situation, the gain in PCE is only of 1.8% near the

maximum (εg ≈ 1.1 eV). It is clearly in this region that

the improvement of the PCE is the most difficult to

realize. It was shown14,21 that a gain of ∼5% could be

obtained near εg ≈ 1.1 eV but only in an almost ideal

situation characterized by a CM threshold at 2� εg and

a CM yield profile with a high slope. If, in R-Sn QDs, the

predicted threshold is low, the slope of the CM yield

after the threshold (Figure 6) is smaller than in PbSe

(Figure 2 of ref 19) or PbS27 due to a smaller density of

final states for impact ionization. Thus there is still room

for improvement if we can find a material with higher

multiplicity of bands.

CONCLUSION

Our calculations on R-Sn QDs and the present

knowledge on PbS and PbSe QDs suggest that the

best candidate for QDs with a high CM efficiency

should be found among materials with a close to

zero band gap and a high multiplicity of the bands

such that the density of final states for impact

ionization is enhanced. The main role of the quan-

tum confinement is to open a gap fitting with the

solar spectrum. We predict that the PCE of solar cells

based onR-Sn QDs should be substantially improved

by the CM at low energy gap (<0.9 eV), but the

Figure 8. Calculated maximum solar power conversion ef
ficiency (PCE) for a single junction QD based cell at normal 
incidence under AM1.5 illumination as a function of the 
energy gap: no CM (solid curve, red); PbS9,27 (�, black); R Sn 
(blue dots); PbS but with a threshold at 2 � εg (þ, green). The 
blue vertical bars indicate the variation of the PCE for R Sn 
when τph varies from 0.1 to 10 ps (the bar is hidden by the 
dot symbol for the largest gaps).

of states near the Fermi level in bulk R-Sn induced by 
the presence of relatively flat bands (see the dispersion 
along L Γ X in Figure 4) also contributes to obtaining 
a small CM threshold.

Energy Efficiency. The absence of band gap in R-Sn 
also has a strong influence on the energy efficiency. 
This quantity defined in ref 19 as the ratio between the 
total excitonic energy (number of excitons � εg) and hν 
gives the relative amount of energy transformed into 
excitons instead of heat after relaxation of the carriers. 
Figure 7a shows that the energy efficiency always 
remains above 38% for R-Sn QDs, while for PbS 
(Figure 7b) and PbSe (Figure 4 of ref 19) QDs, it 
decreases to ∼25% for a small gap. This behavior is a 
direct consequence of the lower CM thresholds ob-
tained for R-Sn QDs.

Power Conversion Efficiency. In order to evaluate the 
importance of CM for solar cells, we have calculated the 
power conversion efficiency (PCE) of a single junction 
cell under AM1.5 illumination using the detailed bal-
ance model.38 The PCE for R-Sn and PbS QDs is shown 
in Figure 8. For R-Sn, we present the PCE obtained with 
τph = 1 ps and its dispersion when τph varies from 0.1 to 
10 ps. In the case of PbS, the PCE is derived from the CM 
yields measured in ref 27. Compared to a solar cell 
without CM (red curve shown as a reference), the gain 
brought by the CM in PbS QDs is rather modest, 
whatever εg. Similar conclusion was obtained for PbSe 
QDs.19 The reasons for the small contribution of the CM 
to the PCE in PbS and PbSe are given in Figure 3: (1) at 
εg ≈ 1 eV, close to the maximum of the PCE curve, the 
CM threshold is too high in energy; and (2) for lower 
values of εg, the CM threshold saturates and does not 
follow the variations of εg. The role of the CM threshold 
is further demonstrated by the calculation of the PCE of 
PbS QDs, again using the CM yields measured in ref 27, 
but assuming an ideal CM threshold at 2 � εg. In that 
case, Figure 8 shows a significant enhancement of the 
PCE in a wide range of εg.

TABLE 1. Tight Binding Parameters (Notations of Slater

and Koster40) for r Sn in an Orthogonal sp3d5s* Model

(Δ Is the Spin Orbit Coupling; LatticeParameter = 6.47 Å)

parameters for Sn (eV)

Es 5.32567 Ep 2.52194 Ed 12.06317

Es* 8.80303 Δ 0.25000

Vssσ 1.26716 Vspσ 1.79243 Vsdσ 2.06445

Vss*σ 0.62601 Vs*pσ 0.62509 Vs*dσ 0.73680

Vppσ 2.75609 Vppπ 1.11032 Vpdσ 1.27510

Vpdπ 1.35105 Vpdσ 2.33598 Vddπ 2.53095

Vddδ 1.85318 Vs*s*σ 0.93471

parameters for Sn H (eV)

EH 0.56000 Vssσ 5.15100 Vspσ 5.27000

TABLE 2. Band Gap of r Sn QDs versus Size

diameter (nm) number of Sn atoms band gap (eV)

2.31 191 1.24

2.49 239 1.17

2.61 275 0.94

2.77 329 0.86

2.91 381 0.69

3.57 705 0.44
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enhancement of the PCE at the maximum (εg ≈ 1.1 eV)

remains challenging as it requires fine-tuning

of the CM yield profile. In this regard, Sb or Bi39 could

be considered as promising materials, but others, like

InSb suggested in ref 21, could fulfill the same

requirements.

METHODS

Electronic Structure of r Sn QDs. We calculate the electronic
structure of the QDs in tight binding using a sp3d5s* basis and
interactions restricted to first nearest neighbors. The para
meters (Table 1) are obtained by fitting a reference bulk band
structure (Figure 4) calculated ab initio in the local density
approximation using the ABINIT code41 and the Hartwig
sen Goedecker Hutter pseudopotential.42 The tight binding
parameters are transferred without change from bulk to QDs.
The surface of QDs is passivated with pseudo hydrogen atoms.
The band gap versus size of the QDs considered in this work is
given in Table 2.

Calculation of the Impact Ionization Lifetime. The impact ioniza
tion lifetime in R Sn QDs is obtained using basically the same
method as in our previous works on PbSe, PbS, InAs, and Si
QDs12,15 except that, in the matrix elements of the screened
Coulomb (electron electron) interaction, we consider the full
frequency dependence43 because the opening of the gap (from
zero) influences the screening properties. The frequency
dependent screened Coulomb interaction in QDs is calculated
in the random phase approximation in tight binding as de
scribed in ref 44.
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