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Abstract

The fact that the time optimal controls for parabolic equations have the bang-bang
property has been recently proved for controls distributed inside the considered domain
(interior control). The main result in this article asserts that the boundary controls
for the heat equation have the same property, at least in rectangular domains. This
result is proved by combining methods from traditionally distinct fields: the Lebeau-
Robbiano strategy for null controllability and estimates of the controllability cost in
small time for parabolic systems, on one side, and a Remez-type inequality for Miintz
spaces and a generalization of Turdn’s inequality, on the other side.

1 Introduction and main result

Let m be a positive integer, let 2 C R™ be an open and bounded set and let I'" be a
non-empty open subset of 0€2. We consider the heat equation

0z
a(l‘,t) = Az(z,t) for (z,t) € Q x (0,00), (1.1)

with the initial and boundary conditions

z(xz,t) = u(xz,t) on I x (0,00), (1.2)
z(z,t) =0 on (OQ\T) x (0,00), (1.3)
2(x,0) = zo(z) for = € Q. (1.4)

It is known (see, for instance, Tucsnak and Weiss [24, Section 10.7]) that if 0 is of class
C? or Q is a rectangular domain then, for every u € L?([0,00), L?(T")) and 2o € H~1(Q),
there exists a unique solution z € C([0,00), H~1(Q)) of (1.1)-(1.4). It is also known that
the system defined by (1.1)-(1.4) is null controllable in any time 7 > 0, in the sense that for



every zo € H () there exists an input u € L?([0, 7], L?(T")) such that the corresponding
solution of (1.1)-(1.4) verifies
z(-,7) = 0. (1.5)

Our aim consists in studying the associated time optimal control problems in an L™
setting. To state the problem, we set, given M > 0,

Upg = {u € LT x [0,00)) | |ulz,t)] < M a. e. in T x [0,00)}. (1.6)

Given zp € H~1(Q), we define the set of reachable states from 2y as

R(z0,Uzq) = {z(7) | 7 > 0 and z is the solution of (1.1)-(1.4) with u € Uyg}.

For zo € H71(Q) and 21 € R(20,Uyq), the time optimal control problem for (1.1)-(1.4)
consists in determining an input u* € U,q such that the corresponding solution z* of
(1.1)-(1.4) satisfies

2" (7% (20,21)) = 21, (1.7)

where 7*(zp, z1) is the minimal time needed to steer the initial data zp towards target z;
with controls in U, 4,
T(20,21) = inf {7 | z(-,7) =2} (1.8)
u€EULq
General conditions ensuring the existence of at least one solution for the above time
optimal control problem (i.e., of at least one input such that the inf in (1.8) is attained)
will be recalled in Section 2. The main result in this work asserts that, if €2 is a rectangular
domain, then this solution is bang-bang and it is unique. More precisely, we have:

Theorem 1.1. Let m > 2. Suppose that Q) is a rectangular domain in R™ and that T is
a nonempty open set of 9Q. Then, for every zo € H=1(Q) and z1 € R(z0,Usq), there exits
a unique solution u* of the time optimal control problem (1.8). This solution u* has the
bang-bang property:

|u*(z,t)] =M a. e in T x[0,7"(z0,21)] (1.9)

Time optimal control problems for linear parabolic partial differential equations and the
bang-bang property of the corresponding controls have been intensively studied during
the last decades, beginning with Fattorini’s paper [5]. The progress made in this field has
been successively reported in the books of Lions [14] and of Fattorini [6]. The bang-bang
property of time optimal controls has been quite rapidly established for invertible input
operators (which means, roughly speaking, that the control is active in the entire spatial
domain where the parabolic equation is considered).

Several important extensions of the classical results of Fattorini have been obtained
during the last decades. We first recall those corresponding to the heat equation, in the
case of an input operator which is active only in a proper subset of the domain where the
heat equation holds. Firstly, in Wang [26], the set of admissible inputs is defined (unlike in
(1.6)) by bounding the L>([0, 7]; L?(£2)) norm of u. A strategy which has been introduced
by Lebeau and Robbiano in [12] is adapted in [26] to establish a bang-bang property of
the time optimal controls. This property is different from the one in Theorem 1.1, in the
sense that, instead of (1.9), it is shown that ||u*(-,t)||z2(q) = 1 for almost every ¢ € [0, 7%].



The strategy in [26] does not seem directly applicable to the boundary control case. The
results in [26] have been recently extended by Phung and Wang [20] to a system governed
by a perturbed heat equation with internal controls. In the case in which the target is
an open ball in the state space instead of a point, the corresponding time optimal control
problem, with control distributed inside the domain and pointwise control constraints, has
been studied in Kunisch and Wang [11]. The main tools of their approach are Pontryagin’s
maximum principle and a special kind of property concerning the measure of the set where
a nontrivial solution of the linear heat equation vanishes.

In the case of boundary control, with the control constraint |u(x,t)| < M, the first result
establishing the bang-bang property has been obtained by Schmidt [21], under a slackness
condition on the target state. More precisely, the assumption in [21] is that there exists
M’ < M such that the target is actually reachable (in some time) subject to |u| < M’.
In the case of the heat equation in one space dimension, this condition has been removed
by Mizel and Seidman in [18], by using in an essential manner previous results of Borwein
and Erdelyi [2].

The main novelty of Theorem 1.1 consists in showing that, in the case of rectangular
domains in several space dimensions, the bang-bang property holds for the time optimal
boundary control for the heat equation. The only requirement for the target points is to
be reachable in some time. Our methodology is partially inspired by the fact, remarked in
Tenenbaum and Tucsnak [23], that a well-known inequality of Turédn can be successfully
used in control theory. More precisely, two of the most important ingredients of the
proof of Theorem 1.1 are Nazarov’s generalization of the Turan’s inequality and the above
mentioned results on Miintz spaces of Borwein and Erdelyi.

The outline of the paper is as follows. In Section 2 we present some background on
null controllability and time optimal controls for infinite dimensional systems. Most of
the included material is well-known, although not necessarily in the L* setting presented
here. Proposition 2.6 gives a general sufficient condition for the existence, uniqueness and
bang-bang property of time optimal controls. In Section 3 the Lebeau-Robbiano strategy
(see, for instance, [12, 13]) to study the null controllability of the heat equation is adapted
to prove the L null controllability over a positive measure set property. The main novelty
we bring in into this section is that we replace the Lebeau-Robbiano assumption on the
observability of finite combinations of eigenvectors with an assumption on the observability
of the dynamical system’s truncation to a finite number of modes (see inequality (3.8) in
Theorem 3.2). The latter property involves the time variable and it is, in general, weaker
than the observability of finite combinations of eigenvectors. The last two sections of the
paper are devoted to prove that, in our case, this observability property holds. In Section
4, following an idea from Nazarov [19], we give an estimate for finite combinations of
eigenfunctions of the Dirichlet Laplacian in a rectangular domain. Finally, in Section 5,
by combining a result from [2, 3] for real exponential functions defined on a measurable
set with the one obtained in the previous section, we provide the proof of our main result
in Theorem 1.1.



2 Some background on null controllability and time optimal controls for
infinite dimensional systems

We first introduce some notation. If P € £(X;Y') then the null-space and the range of P
are the subspaces of X and Y respectively defined by

Ker P={x € X : Pz =0}, Ran P={Pz : z € X}.

Given m € N, the notation

[flle = sup [f(z)],
xz€e

is used throughout this paper for continuous complex valued functions f defined on a
measurable set e C R™.

Throughout this section, X and U are complex Hilbert spaces, identified with their
duals. The inner product and the norm in X are denoted by (-,-) and || - ||, respectively.
We denote by T = (T})¢>0 a strongly continuous semigroup on X generated by an operator
A :D(A) — X with resolvent set o(A). The notation X; stands for D(A) equipped with
the norm ||z||; := ||(B1 — A)z||, where 5 € p(A) is fixed, while X_; is the completion of X
with respect to the norm ||z||_; := ||(BI — A)~'z||. We use the notation A and T also for
the extensions of the original generator to X and of the original semigroup to X_;. It is
known that X_; is the dual of D(A*) with respect to the pivot space X. The semigroup
T can be extended to X_1, and then its generator is an extension of A, defined on X. We
use the same notation for all these extensions as for the original operators.

Let B € L(U; X_1) be a control operator, let zo € X and let u € L?([0,00),U). We
consider the infinite dimensional system described by the equation
2(t) = Az(t) + Bu(t) (t>0), 2(0) = zo. (2.10)
With the above notation, the solution z of (2.10) is defined by
2(t) = Tezo + Pu (> 0), (2.11)

where ®; € L(L?([0,t],U); X_1) is given by

t
@tu:/ ']I‘t_gBu(a)da. (212)
0

Recall the following classical definition (see, for instance, [24, Section 4.2]):

Definition 2.1. With the above notation, the operator B € L(U;X_1) is called an
admissible control operator for T if the operator ®, defined by (2.12) satisfies Ran &, C X
for some 7 > 0.

Remark 2.2. System (1.1)-(1.4) can be written in the form (2.10). Indeed, let X =
H=YQ), U= L*T), D(A) = H}(Q) and A = A.

The control operator B € L(L*(T'), X_1) is defined by B = AD, where D : L?(0Q) —
L2(2) is the “Dirichlet map”. This map is defined by Dv = z, where z € L?(Q) is the
unique solution of the nonhomogeneous elliptic equation

{AzzO mn Q)

zZ=" on 0N). (2.13)



With the above notation, (1.1)-(1.4) is equivalent to (2.10) and B is an admissible control
operator for the semigroup T generated by A.

Moreover, the operator B* € L(X1, L*(09)) is given by

B*p = —a(_gly)_l*”yp (o € L*()). (2.14)

We refer the interested reader to [24, Sections 10.6-10.7] for a detailed description of the
above functional analytic setting.

The null controllability of the pair (A, B) in some time 7 > 0 is usually defined by the
property Ran ®. D Ran T,. In this work we will mainly use a different concept of null
controllability, which makes sense in the case U = L?(I'), where I' is a measurable set
endowed with a measure pu.

Definition 2.3. Given 7 > 0, e C I X [0, 7] a set of positive measure and an admissible
control operator B € L(U; X_1) for T, consider the operator

(I)Tye € ‘C(LOO(F X [077_]);X71)7
defined by
O, ou= / T;_sBxe(o)u(o)do (u e L=(T x [0,7]), (2.15)
0

where x. is the characteristic function of e. The pair (A, B) is said L* null controllable
in time T over e if Ran ®,, D Ran T,. For e =I' x [0, 7], the above property is simply
called L null controllability in time 7. Given zyp € X_1, a function u € L*>®(I' x [0, 7])
such that &, .u = T,z is called L™ null control for z.

If the pair (A, B) is L>® null controllable in time T over e then, for every zg € X, the
set

Crez i= {u e L x [0,7]) | ®reu+Trzo = 0}
is non empty. The quantity

Cre:= sup inf |lullpeo(e), (2.16)
ll20/|=1 UECr e,z
is then called the control cost in time T over e. If e = T' x [0, 7] the control cost will be
simply denoted by C..

Let C € L(X;,U) be an admissible observation operator for T. The admissibility
assumption means that for some 7 > 0, the operator W, defined by

(Vr20)(t) = CTyzo (20 € X1),

has an extension to an operator ¥, € £(X, L%([0,7],U)). Equivalently, there is a positive
number k such that [ [|CTyzol|*dt < k?[|z0]|* for all zg € D(A). We refer to [24, 27, 28] for
more material on this concept. Here we only mention that it follows from the admissibility
assumption that ¥, € L£(X,L?([0,7];U)) holds for all 7 > 0. The operators ¥, are
called output maps corresponding to the pair (A4,C). Denote by \I/ﬁ the output maps
corresponding to the pair (A*, B*). If e C T" x [0,7] is a set of positive measure, we
consider the map
W, e LG LD < [0,7)), W, = xut

We have the following duality result



Proposition 2.4. Suppose that B € L(U, X_1). Then B is an admissible control operator
for T if and only if B* is an admissible observation operator for the adjoint semigroup
T*. If B is admissible, then

O = (V4,) o, (2.17)

where ¢ = {(x,7 —t) | (x,t) € e}, (\Ifﬁve,)* € L(L™([0,7];U), X) is the dual operator

of \I/ie, and 51, is the reflection operator on L?([0,7];U), defined by SLyu(t) = u(t —t)
(Notice that I, is self-adjoint and also unitary.).

Proof. The first assertion in the statement of the proposition is well-known (see, for in-
stance, [24, Section 4.4]). To check the second one we first note that for every v €
L>*(T x [0,7]) and ¢ € X we have

| [owtsardt= [ "ot 0000, BT = [ (TBo 000,05 dr
0 I 0 0

By making the change of variable t = 7 — ¢ in the above integral and using the fact that
B is admissible for T, we obtain

/ /U\Ilie/cpdxdt = (D A0, 0)x_ x, = (Prefrv, ) (ve LT x[0,7]), ¢ € Xy).
0o Jr
The above formula implies the conclusion by simply using the density of X7 in X. O

The following result shows the equivalence between the concepts of controllability and
observability. Although this is a rather known property, since our framework escapes from
the usual hilbertian setting, we have chosen to include it here (we refer to [26] for the
proof of a quite close statement).

Proposition 2.5. Let e C I" x [0,7] be a set of positive measure and K., > 0. The
following two properties are equivalent

1. The inequality

K. > [|T ¢, (2.18)

LY(T'x[0,7])

‘I’ﬁ,ew‘
holds for any ¢ € X, where ¢ = {(x,7 —t) | (x,t) € e}.
2. The pair (A, B) is L™ null controllable in time T over e at cost not larger than K, .
Proof. “1. = 2.” Consider the subspace X of L}(T' x [0,7]) defined by
X={V o | peX}
Given zg € X, consider the linear functional F on A defined by

FU o) =—(20,Tip)  (p€X).

The fact that this functional is well defined follows from (2.18). Moreover, using again
(2.18), it follows that

|Fo| < Krellzoll [[vllroxp) (v € &),

6



By the Hahn-Banach Theorem, F can be extended to a bounded linear functional F on
LY(T x [0, 7]) such that

[Fol < Erellzoll [vllmioupry (v € LHT x [0,7])).

By the Riesz representation theorem it follows that there exists u € L*(T" x [0,7]) such
that [[ul oo (rx(o,r]) < Krellz0ll and

// u(rT — o, 1) Te,g0+<z0,’]1‘gp>—0 (p € X).
By using (2.17) in the above formula, it follows that
<(I)T,eu7 90> + <TT207 (P> =0 (90 € X)v

which is equivalent to
Q,eu+Trzg =0.
Since the above construction holds for every zg € X, we get the desired result.

“2. & 1.7 Let ¢ € X and 29 = Trp € X. Our assumption implies that there exists
u € L(T x [0,7]) such that ||ulzeorxjo,r) < Krellzol| and ®-cu + Tr20 = 0. It follows
that

IT2 N2 = —(@r e, ) = / / v o

<l oo @x o, %2 el L rx o)) < Krel Tiell 194 0ol irxon)s
which ends the proof. O

We are now in a position to state the time optimal problem. Define the set of admissible
controls

Upg = {u € LT x [0,00)) | |u(z,t)] < M a. e. inT x[0,00)}.
Given zg € X, we define the set of targets which are reachable from zg

R(20,Uaq) = Ups0{z1 = Tizo + Pru € X | u € Ugq}-

We consider the time optimal control problem which consists in determining, for every
20 € X and 21 € R(z20,Uyq), a control u* € U,y such that

P]F"'*(Zo,m)zo + (I)T*(zo,z1)U* = Z1, (2.19)

where 7*(zp, z1) is the minimal time needed to steer the initial data zp towards target z;
with controls in U,g4

7*(20,21) = uie%fd {t>0 | Tizo+ Pu=21}. (2.20)

As shown in [6, 14], the above problem admits at least one solution for every zy € X
and z1 € R(z0,Usq) (see also the proof of Proposition 2.6 below).

The function (zo, z1) — 7%(20, 21) is called the minimal time function. A natural ques-
tion consists in investigating if the time optimal control v* is bang-bang, in the sense that
|u*(x,t)] = M almost everywhere. A sufficient condition for this property is given in the
following known proposition, which is an abstract version of a result for the heat equation
from [20]. For the sake of convenience, we provide the detailed proof below.



Proposition 2.6. With the notation in Proposition 2.5, assume that the pair (A, B) is
L*> null controllable in time T over e for every T > 0 and for every set of positive measure
e C I' x [0,7]. Then, for every zop € X and z1 € R(z0,Uaq), the time optimal problem
(2.19) has a unique solution u* which is bang-bang.

Proof. Let us first prove the existence of a solution u* of the time optimal problem
(2.19). Since z1 € R(20,Uaq), there exists a minimizing sequence (74, u,)n>1 such that
limy, 00 7 = 7*(20, 21) and (uy)n>1 C Uyq has the property that T, zg + ., u, = 21 for
each n > 1.

Since (un)n>1 C Uyg, it follows that (uy,)n>1 tends weakly-* to some u* € U,g in L (T x
[0,7%(20,21)]). We define 21 = T (5 2)20 + Pre(z,)u" and we note that u* is a time
optimal control if Z; = z;. The latter equality follows if we prove that (Z1, ¢) = (z1, ¢) for
each ¢ € X which, in view of the facts that lim, o T, 20 = TT*(Zle)zO, limy, 00 (P, U —
D (2,21 )Un, ©) = 0 and T+, 20 + @7, uy = 21 for each n > 1, is reduced to prove that

<(I)T*(zo,z1)ua 90> - nILH;O<CI)T*(ZO7z1)uTL7 90) ((P € X) (221)

By noting that

7*(20,21)
d
<<I>T*(zo,z1)una 80> = /O <HT*(zo,z1)un(t)v \IJT*(ZO,ZI)§0>Udt

and taking into account that \I/f*(z() )P € LY([0,7*(20, 21)]; U), we deduce from the weak-

« convergence of the sequence (uy,)n>1 that (2.21) holds and the existence of a solution u*
for the time optimal problem is proved.

Now, let us show that u* € L*®(T x [0,7*(z0,21)]) is bang-bang. We denote by z*
the corresponding state trajectory. Assume that there exist € > 0 and a set of positive
measure E C I' x [0, 7%(29, z1)] such that

|u*(z,t)| < M —e ((z,t) € E). (2.22)

Let 99 > 0 be small enough such that

70 = 7%(20,21) — 6o > 0,

(2.23)
the set eg = {(z,t) € T x [do,70] | (2,t) € E} has positive measure.
Since limy_,o 2*(t) = zo, there exists € (0,dp) such that
€
20 — 25 (0)] < ) 2.24
20— 20} < 35— (2.24)

Moreover, the L> null controllability of (A, B) in time 7y over ey implies that there exists
v e L®(T x [0,7*(20, 21)]) with

suppv C ey,

7*(20,21)
T’T‘O (T50*5<ZO - Z*<5))> + / TT*(ZQ,Zl)—SBU<S> ds
5 (2.25)

7*(20,21)
= Tre(2,20)—-6(20 — 27 (9)) + /5 T+ (29,21)—sBv(s)ds = 0,

[ [Wllzoe(en) < 2Cr,e0ll20 = 27 (9)];



where C7, ¢, is the cost constant defined in (2.16). From (2.24), together with the first
and the third conditions in (2.25), it follows that

HU”LO"(FX[OJ*(zo,zl)]) <e. (2.26)
Now, let w € L>=(I" x [0, 79]) be defined by

Ut) = uw (E+0) +o(t+06)  (te]0,m).

By combining (2.22), (2.26) and the fact that suppv C ey, it follows that
%] oo (0 [0,70)) < M. (2.27)
Finally, the semi-group property, the above definition of @ and (2.25), imply that
TT*(zo,zl)f(S Zo + QT*(Zo,Zl)fa u= TT*(zo,zl)fJ(ZO — 2" (5)) + TT*(zo,zl)ffs Z*((S)

+(I)T*(zo,zl)—5 U( © 5) + (I)T*(zo,zl)—(s U*( -+ 5)

1)
= TT*(zo,zl)f(s(ZO - Z*((S)) + TT*(ZQ,Z]_) zo + TT*(ZQ,21)5A T(;_SBU(S) ds

T*(zo,zl) T*(ZO,Zl)
+/ TT*(ZO:'Zl)—SBU(S) ds + / TT*(zo,zl)—sBu(‘S) ds
g 5

70
- T‘r*(zo,zl)fJ(ZO - Z*((;)) + /5 TT*(ZQ,Zl)*SB/U(S) ds + TT*(zo,zl) 20 T+ (I)T*(zo,zl) u* = z.

Hence, u € U,q is a control which drives zy to z; in time 7%(2¢, 21) — §. This contradicts
the definition of 7*(zp, z1) and the bang-bang property is proved.

To show the uniqueness, let v and v be two time optimal controls in I/,4. Note that in
this case w = %(u +v) is also a time optimal control. From the proof above it follows that
lu(z,t)] = |v(z,t)] = |w(z,t)] = M a. e. in I" x [0,7%(20, 21)]. If u(x,t) # v(x,t) in a set
of positive measure £ C I" x [0,7(20, z1)] then

0 =u(x,t) + v(z,t) = 2w(x,t) (x,t) € E,

which contradicts the fact that |w(z,t)| = M a. e. in T’ x [0, 7 (20, 21)]. O

3 A modified Lebeau-Robbiano strategy

In this section we propose a version of a method introduced by Lebeau and Robbiano
[12] to study the null controllability of the heat equation. Roughly speaking, the Lebeau-
Robbiano strategy combines the observability of finite combinations of eigenvectors (which
is a property not involving the time variable) with the exponential decay of the heat
semigroup to obtain the null controllability. The fact that this method can be adapted to
null controllability with inputs in L>°([0,7]; L?(I')) over a positive measure set e C [0, 7]
has been remarked in Wang [26]. The main novelties we bring in into this section consist in
the facts that this strategy is adapted to null controllability with inputs in L>°([0, 7] x T")
over a positive measure set e C [0,7] x I' and that we replace the Lebeau-Robbiano
assumption on the observability of finite combinations of eigenvectors with an assumption



of controllability of the truncation of the dynamical system to a finite number of modes.
This latter property involves the time variable and it is, in general, weaker than the
observability of finite combinations of eigenvectors.

We continue to use in this section the notation and assumptions in Section 2 on the
spaces X, U and on the operators A and B. Moreover, we add some new notation and
assumptions.

The operator A : D(A) — X is supposed to be a self-adjoint (possibly unbounded)
operator on X such that

(A, 4) <0 (P € D(A)).

Such an operator will be briefly called a negative operator. We also assume that A is
diagonalizable with an orthonormal basis of eigenvectors { ¢y } x>1 and corresponding family
of eigenvalues {—Aj }r>1, where the sequence {\x} is positive, non decreasing and satisfies
A — o0 as k tends to infinity. According to classical results, this holds, in particular, if
A has compact resolvents. With the above assumptions on A, we have

AY == M, op)er (1 € D(A)), (3.1)

k>1

so that the semigroup T generated by A is a contraction semigroup on X satisfying

Tz = Ze_“t(z, Ok Pk (t>0, ze X). (3.2)
k>1
Moreover, the sets
X5 = {z € X : Yoy (1+22)7 1z, 00 < oo} (B>0), (3.3)

endowed with the inner product

. 2s =3 (L+ ) (o) Gopn) (2 y € Xp), (3.4)
k>1

are Hilbert spaces. The scale {Xg}g>o of Hilbert spaces can be extended to a scale
{Xg}per by defining, for every 8 < 0, Xz as the completion of X with respect to the
norm associated to the inner product (3.4). Alternatively, X_3 may be defined, for § > 0,
as the dual of Xz with respect to the pivot space X. For every § > 0, formulas (3.1)
and (3.2), with (-,-) standing this time for the duality between X_3 and Xpg, provide
canonical extensions for the operator A and the semigroup T to a negative operator and
a contraction semigroup on X_g, respectively. These extensions will be still denoted by
A and T. Note that, for every 8 € R, the family {(1 + A?)%/%¢}x>1 is an orthonormal
basis in Xg. Finally, in the sequel we need the following lemma which represents the
dual version of Proposition 5.1.3 from [24]. However, to make precise the admissibility
constant, we provide a short proof below.

Lemma 3.1. Assume that U is a Hilbert space and B € L(U,X_1). Then B is an
2

admissible control operator for T with admissibility constant %HB”ﬁ(aX L)
-2
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Proof. Let u € L*([0,7];U) and let 2 € C([0,7]; X_1) be the mild solution of the equation

2(t) = Az(t) + Bu(t), z(0) = 0. (3.5)

If (Fp)n>1 € WHL([0,7]; X1) is a sequence convergent to Bu in L2([0, 7]; X_%), then let
zn, € C([0,7]; X1) N CL([0, 7]; X) be the solution of

Zn(t) = Azp(t) + Fo(t), zn(0) = 0. (3.6)

It follows that z, verifies

1d
—Nza@®I? = ~llza@®OI +{Fa(t), 2(8)) = ~llza (1 +{Fa(t), za(t))_1 1 *HF O]
th 2 2 272 3
By integrating the last inequality from 0 to 7, we obtain that
. 2 o 2 1 2 2
lim sup ||z, (7)[|* < HBU H §”BH£(U,X_1) ”UHLZ([O,T];U)'
n—oo 2

We deduce that (z,(7))n>1 converges weakly to some z in X. Since (2,,(7))n>1 converges
to z(7) in X_1, it follows that z(7) = z € X and verifies

1
l2(7)I < EHBHE(U,)Q%) [[ull £2((0,73;07) - (3.7)
The proof of the Lemma is complete. O

For v, ¢ > 0 we denote by

Vey =span{e, | A <<},

and we denote by P, , the orthogonal projection from X onto V, ,.

We recall that through this paper U = L?(T") where I is a measurable set with respect
to a measure p. In the sequel, for every £k € N* we denote by pi the Lebesgue measure
in R¥ and by 7 the product of measures p and p;. We now state the main result in this
section.

Theorem 3.2. Let 7 > 0 and let e C T' x [0,7] be a set of positive measure. Assume

B e LU X_ é) Moreover, assume that there exist positive constants v € (0,1), a €

( 7), do, di and Kk such that for every ¢ > 0, s,t > 0, with a < s < t < 7, and
={(z,0) €e | s< o<t} of positive measure, we have

3k d 1 ln =
IT2 0l < doe™ G AT 10 ) s oory (0 € Vi), (3.8)

where &' = {(z,7 — o) | (x,0) € E}. Then the pair (A, B) is L™ null controllable in
lime T over e.

In order to prove Theorem 3.2 we need the following measure theoretic result whose
proof may be found, for instance, in Lions [14, p. 275].

11



Lemma 3.3. Let F' be a set of positive measure. Then there exist positive constants p
and ¢ such that for almost every t € F there exists an increasing sequence (t,)n>0 such
that lim,,_, t, =t and

tn+1 - 75n

([t tna] N F) 2 p(tngr — tn), (n=0). (3.9)

T, X
7571—1—2 - tn-l—l

The following simple lemma will help us to separate the time and space variables in our
estimates.

Lemma 3.4. Let e CT' x [0, 7] be a set of positive measure. For each t € [0, 7], we define
the t—section of e ase; ={x €' | (z,t)€e}. If F = {t € [0,7] } p(er) > % }, then

i (F) > 248 (3.10)

Proof. Let F = {t € [0,7] ‘ wuley) > @} and suppose that pi(F) < Me). Tt follows
that

p(e) = /OT pi(e))dt = /Fy(et)dm/[Oﬂ\F p(er)dt < ﬁi%u(F) +7/74(:) _ ﬁ(;)

which is a contradiction. O

We are now in a position to prove Theorem 3.2.

Proof of Theorem 3.2. Since e C T" x [0,7] is a set of positive measure, we deduce from

Lemma 3.4 that there exists F' C [0, 7] of measure greater than 45 ((er)) such that, for any

t € F, the sections e; has measure greater than %. Let t' € F be one of the points for
which one can find a sequence (t;)r>0 as in Lemma 3.3. Without loss of generality we may
suppose that tg := a > 0. In the remaining part of the proof, for each k£ > 0, we denote
Tk+1 = tk+1 — tr. Define the sequence (<x)r=0 by

1

P
Tok+2

G = (k > 0), (3.11)

where p = p(7) will be conveniently chosen latter on.

For every k > 0 we define the functions z € C([tog,tors2], X) and up € LI x
[tok, tokt2]) recursively by the formulae

Z_l(t(]) = TtOZO, (3.12)

w8 = {ﬂk(m,t) for (w,) € T x o tarsals o ) (313)

0 for (z,t) € T' X [tagt1, tar+2s

3
2(8) = Te—t,, 26—1(t2r) +/ Te_oBxeur(o)do (k> 0, & € [tog, tar2]), (3.14)

tog

12



where uy € L*(T" X [tok, tag+1]) is chosen such that, for each k > 0,

ng,'yzk(t2k+1) =0, supp ﬂk CenlI x [tgk,t2k+1], (3.15)

4Tk

~ di [1+ln<%)}ck+T
”uk||L°°(F><[t2k7t2k+ﬂ) < doe PR RS sz‘—l(t%)n' (3'16)

The existence of uy with the above properties follows from (3.8) with & = eNI' X [tag, tog+1]
by applying Proposition 2.5 and taking into account that

tok41 -~
ﬁ(E):/ / dxda>/ / drdo > °)
tok €o FNltog,tart1] Jeo

T9 1-
Ar PT2k+

Denoting p = %p and using (3.14) and (3.16) it follows that, for each k > 0,

k==

p”’““)\Zk—l(tzk)H- (3.17)

d {l—i-ln(-rl )
2 (t2r4+1) || < <1+dOHB|| Ve Franl

In the above formula and in the remaining part of the proof, | B| denotes the norm in
L(U,X_1). Note that formula (3.14) for zj(tox42) and (3.15) imply that
2

(z(tak+2),0n) =0 (K >0, A} <) (3.18)

and yield that
M,
2k (tapso)l| < e 72422y (togn)| (B > 0). (3.19)

From the above relation and (3.17) it follows that there exists a positive constant kK > x
such that, for each k > 0, we have

—gé/ﬂ/ Tok42+d1 |:1+1n( L

xg gk+"7'%
2k (tarr2) || < e ’ 2’““” Rz (b)) (3.20)

In order to show that the right-hand side of (3.16) forms a bounded sequence, we denote

(o
ap = doe 1{ Tt PP ()] (k2 0).

From the above definition of a; and (3.20) we deduce that

1/y 1 B
a =6 " ropqotdiski hl(”ri) +=
k+1 <e k PTrok+43 PTok+3 (k > 0)' (3'21)
ag

Using Lemma 3.3, formula (3.11) and the fact that v € (0,1) it follows that there exists
k1 > 0 and a constant C' > 0 such that

1/ 1 K
— G Topto + dicy 1111(~ )-l—~
b - - PT2k+3 PT2k+3
P

P_q P ~
(an) 0 (an) (o) 7
T2k+2 T2k+4-2 P T2k+2 P T2k+2

2_1

1 v

<—c( ) (k> k).
T2k+2

13



for any p which verifies % — 1 > max{1,p}. Note that the last inequality is equivalent to
p > max {2% ﬁ} which has at least a solution for each v € (0,1).

The above estimate, (3.21) and (3.16) show that the function

w(@,t) = up(@, )Xt tanya) (2,1) €T % [0,7]), (3.22)
k=0

belongs to L>*(T" x [0,7]) and suppu C €. Moreover, the function

2(8) = D 2Nt torn) (€ 10,7]) (3.23)
k=0

belongs to C(]0,7]; X) and verifies
2(t) = Az(t) + Bu(t), =z(0) =z
and z(7) = T7z0 + ®;cu = 0. The proof of Theorem 3.2 is now complete. O

4 A Turan type inequality

In this section we give an m—dimensional version of an inequality originally proved by
Turan [25] for intervals and extended by Nazarov [19] for sets of positive measure in R.
Let m > 1 be given and, for each 1 < k < m, let I, = [[_,[0,1;] be a k—dimensional
rectangle of volume vy = ly...l5. For m > 2 and any o € (N*)"™ we write a = (¢, ayp)
with o = (a1, ..., am—1) € (N*)™"1 a,,, € N and we denote

om ™ e
Do) = Pa(er, o wn) = 1/~ [ sin (O‘ﬂfﬂr) , (4.24)
mj:1 i

2m71 m—1 L
Do (2') = Doy (21, ey Tn1) = 4 sin (O‘Jlm) . (4.25)
Um—1 =1 j

Now, let E C I, be a set of positive Lebesgue measure. The aim of this section is to
estimate from below the L!'(E)-norm of the finite linear combinations of functions ®,,.
We begin with the following simple variant of Lemma 3.4 on sets of positive measure in
product spaces.

Lemma 4.1. Let E C I, be a set of positive measure. For each k < m and (&1,52, ...,&k) €
Iy, we define the (&1, &2, ..., &) —section of E as the set

m

Ee o) = {(5k+17---,§m) € H [0, 1] ‘ (61,82, - &y Er 15 - Em) € E}

i=k+1
If, for each k < m, F}, denotes the set

- pim (B)
Fk = {(517627 7§k) € ’H[Ovl’b] ‘ Mm—k(E(fl,ygk)) > 4Zlk‘ } ’

then
pin(E)

. 4.26
Ayt lm (4.26)

pr (F) >
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Proof. Tt is similar to the proof of Lemma 3.4 and we omit it. O

The following theorem, proved in [19, Theorem I], will play an essential role in our
study.

Theorem 4.2. Let N € N be a nonnegative integer and p(x) = 3 <y ape™** (a) € C,
v € R) be an exponential polynomial. Let I C R be an interval and E a measurable subset
of I of positive measure. Then

Cpa (1) 2
el < (S ) e 420

where C' > 0 is an absolute constant.

The following result is a consequence of Theorem 4.2.

Corollary 4.3. With the notations from Theorem 4.2 we have that the following inequality
holds for any sequence (ag)x<n C C

1

2 1 20:“’1([) N T
Z lak| < Crnl) < 0 (B) ) /E Z age dz, (4.28)

k|<N k|<N

where C' > 0 is the constant from (4.27).

Proof. By denoting p(z) = ZlkléN ape™+® and by using the orthogonality of (ei”kw)
in L?(I), we have that

k<N

pa (1) jarl* = [ Ip(@)® de < p (I) sup p()[* . (4.29)
' |I<§N g /I ' zel

In order to bound sup,c; [p(x)| with an integral over E we use (4.27) and an idea from
[2, Theorem 5.6]. If we denote & = {x €eE | |px) > ﬁ”p”Ll(E)}’ we remark that
wi(€) < % Thus 1 (E\€) > %E) and, by applying (4.27) in E'\ &€, we deduce that

Cm(I) \* 2 (20m()\*"
o) < (i) s ol < g (o) ol

and the proof is complete. O

The following result generalizes Corollary 4.3 to multi-dimensional domains. For other
similar results and extensions the interested reader is referred to [4, 8|.

Corollary 4.4. Let m, N > 1 and D C [1, N|" "N™. Let E C IL,, = [[;-,[0,4] be a set
of positive measure. If C > 0 is the constant from (4.27), then the following inequality
holds for any sequence (by)aep C C

3 1 L opm m (2N+1)
Z o] < (N2> (w’l) /
2m C2m oy, pom (E) E

a€D

Z ba®o

aeD

dz, (4.30)

_ 2m41+4(m—1)
- m

where the sequence (ppm)m>1 s defined by p1 = 1 and py, Pm=1for m > 2.
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Proof. We prove (4.30) by induction over m. For m = 1, (4.30) follows from Proposition
4.3. Indeed, it is sufficient to take in (4.28) ag = 0, ag = b  and a_j, = —ay, for each k >
to obtain (4.30) in the case m = 1.

Now, let us suppose that (4.30) holds in any dimension less or equal than m — 1 and
prove it for dimension m > 2. Let p(z) = >_ cp ba®a(x), where D C [1, N N"N™. With
the notations from Lemma 4.1 note that

Im
/\p(x)\da::/ / XE]p(x/,xm)]dxmdx’Q/ / lp(x, 2 )| Ay, da’.
E Im-1J0 Fr_1 !

We have that p(z) = Zévzl (Zalepk a(a/,k){)a/(:c’)) ,/% sin (I“l””m) where Dy, = {a/ €

[1, N]™~1 |(«/, k) € D} for each 1 < k < N. Our recurrence assumption implies that

1
292

901, \ N+ | N
/ Ip(a, xm)| Az =/ 2Um C( ) Z Z Ao ) Por (2) ,

! .Z‘ ) k=1 OL/EDk

for each 2’ € I,,,_;1. Integrating the above formula over F, and taking into account that
w1 (Eyr) > Z’”ng ) for every 2’ € Fy,,, we deduce that

1
8 C U1l \ VTV al
/;|p($)|d$ > \V4 QZmC </J,(E'3> / Z Z a(a/7k)<1)a/(;p/) dl‘/

k=1 |a’ EDk

—(2N+1) N
> /20,C (80Um> LZ Z Ao ) Do ()] da’.

(E) VN = JFa =

Using again the recurrence assumption and the fact that ju,—1 (Fp,) > £ Zl(f), we deduce

that

/ Ip(x)| de
E
oM\ 2 (8 C v\ "N [ 92 4P 0y, | T DENHD ) :
(=) Gos) o) 2 laal
N5 fim (E) tim (E)
2m+1+(m—1)p,, —1 m(2N+1)

L - 1
QmCQmUm>2 2 m Cupm 5\’
= — (075% 5
< N fim (E) <Z| | )

so that the proof is complete. O

To end this section we give a simple consequence of the above estimates to an interior
controllability problem for a (possibly fractional) diffusion equation. Let m be a positive
integer, let 2 C R™ be an open and bounded set and let I" be a non-empty open subset
of Q. For 0 € (%, oo), we consider the diffusion equation

gi (z,t) = —(=A)z(z,t) + u(z, t)xr(z) for (z,t) € Q x (0,00), (4.31)
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with the boundary and initial conditions
z(z,t) =0 on 09 x (0,00), (4.32)
z(x,0) = zp(z) for z € Q. (4.33)

Equation (4.31) involves a fractional power of the Dirichlet Laplacian, (—A)a, and it
is used as mathematical model for physical processes exhibiting anomalously slow or fast
diffusion (see, for instance, [10, 15]). We refer to [16, 17, 23] for some of the controllability
properties of this equation. The input u acts only on the subset I' of 2. We have the
following result for the time optimal control problem associated to (4.31)-(4.33).

Proposition 4.5. Suppose that €2 is a rectangular domain in R™ and that I is a nonempty
open subset of Q. Then, for every zy € L?(Q) and 21 € R(z0,Uaq), there exits a unique
solution u* of the time optimal control problem (2.19)-(2.20), associated to (4.31)-(4.33).
This solution u* has the bang-bang property:

|u*(z,t)] =M a. e in T x[0,7"(z0,21)] (4.34)

Proof. System (4.31)-(4.33) can be written in the form (2.10). Indeed, let X = L2(12),
U=L*T)and A= —(—A)’. Let the control operator B € L(L?*(T), X) be defined by

Bu = uxr. (4.35)

With the above notation, (4.31)-(4.33) is equivalent to (2.10) and B € L(U,X) is an
admissible control operator for the semigroup T generated by A. In this case the measure
won I' is the Lebesgue measure fiy,.

For any v € (0,1) and ¢ > 0, let Vi y = {p € X [ ¢ = > \1 . aaPa}, where (P )qe(n)m
are the eigenvectors of the operator —A which are given by (4.24). The eigenvalue A, of

— A corresponding to the eigenvector ®,, is given by A\, = (a2 + ... + a?n)e.

Forany0 <a<s<t<7let & ={(r,0) €e | s<o <t} beasetof positive measure
and let &' = {(z,7 — o) | (z,0) € £}. By using Lemma 3.4 we have that there exists a
set I C {t€[0,7] | (t,x) € £} such that puy(F) > %1(%) and the o—section E, has the
property that pm,(Es) > “mii;(g) for every o € F.

According to Proposition 2.6 and Theorem 3.2, the conclusion of our proposition follows
if we show that the pair (A, B) verifies (3.8). In this particular case, (3.8) is a direct
consequence of Corollary 4.4. Indeed, we have that

.
W eplianm = | [ xelB Topldsdo
}// |B*T;<p|dxdo’:// Z aa®o(x)e 7| dzdo.

FJE, FJE, |2

1
By using Corollary 4.4 with N = ¢20v, we deduce that there exists a constat C' =
C(T',0,m) such that

ol

1
d _m-1 C _m(%mﬂ) 2 2o
|7 el rxio) = Cs ) > aol?e do
F Hm{Zo Ad<s
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D=

1
_m—1 4C —m(2§29’Y+1) 2 —2A\qT
> Cg 40y (5)) pa (F) Z |aq|"e

Hm+1 ( N<c

Now, by taking into account that there exists k£ > 0 such that

Hm+1 (5)
4t (T)

and by choosing v = 5 € (0,1), it follows that (3.8) holds, which ends the proof. O

K
T i1 (&)
>e Ham41( )7

p(F) =

Remark 4.6. The generalization of the results in Theorem 1.1 and Proposition 4.5 to a
domain Q of arbitrary shape is an interesting open question. A result which may allow to
tackle this issue has been recently obtained in Apraiz and Escauriaza [1]. In this work, the
authors prove the null controllability of the heat equation by means of controls supported
in a subset of positive measure of the domain 0 or of its boundary. The main new tool
introduced in [1] is an inequality of the same nature as (4.30), in which the eigenfunctions

®,, of the Dirichlet Laplace operator in §2 are replaced by the solutions etVrayp, () of the
elliptic equation
Agz(x,y) + agz(x,y) =0 (x,y) € @A xR.

5 Proof of the main result

The aim of this section is to prove our main result, Theorem 1.1. In order to achieve our
objective we need to show that (3.8) holds. One of the key ingredients in the proof of
(3.8) is the following Remez-type inequality, which has been proved in Theorem 2.1 from
Borwein and Erdélyi [3] (see, also, [2]). Recall from the previous section that, for every
k > 1, py stands for the Lebesgue measure in R¥.

Theorem 5.1. Let v := k", k€ {1,2,...}, n > 1. Let p € (0,1), e € (0,1 — p) and
€ < 1/2. Then there exists a constant ¢, > 0, depending only on n, such that

IPl0. < exp (e 0= Ipll,

for every p € span{z"*,x"2,...} and for every set E C [p,1] of Lebesgue measure at least
e>0.

The above result has the following consequence:

Corollary 5.2. For every T > 0 there exist two constants C, k > 0 such that for every
F C [0,7] of positive Lebesque measure the following inequality holds

1

Ce /M) [N ae ™t dt > | |ag2e ™ ((ax) € £2(C)). (5.36)
Flk=1 k>1

Proof. If (ax)k>1 € £2(C), let us denote f(t) = D k1 are ¥t Let p= e~ and let

E={z=e¢' | teF}Clpl]

18



Then
pi(E) = / e tdt > e Ty (F).
F

We can thus apply Theorem 5.1 (with n = 2) to obtain that there exists an absolute
constant ¢ > 0 such that

110,71 < exp (ce™/pa(F)) [ f]] - (5.37)

Let § = {t eF | |f(t) = ﬁ\\f\\y(p)}. It is easily seen that pq(S) < ’“éF). Thus
ui(F\S) > # so that, by applying (5.37) in F'\ S, we deduce that

£ 10,7 < exp (2ce™ /1 (F)) [ fllp\s < exp (2ce” /1 (F)) [ fll £y (r)- (5.38)

2
pa (F)

On the other hand, by using a classical result (see, for instance, [7, 9, 22, Corollary
3.6]), we deduce that there exists a constant C' > 0, depending only of 7, such that

2
1 T
171y > /0 S are | dt > 03 jagPe 59)

E>1 k>1

From (5.38) and (5.39) it follows that (5.36) holds with positive constants C' and x
depending only of 7 and the proof ends. O

Now we have all the ingredients needed to prove our main result.

Proof of Theorem 1.1. Recall from Section 2 that (1.1)-(1.4) may be written in the form
(2.10), with (A, B) defined in Remark 2.2. In this case the spaces X1 and X 1 defined
2

at the beginning of Section 3 are given by X% = L?(9), X7% = (HQQ(Q) N H}(Q)) (the
dual space of H?(2) N HE(Q) with respect to the pivot space L?(€2)). Moreover, B €
L(L*(T'),X_1) is an admissible control operator for the semigroup T generated by A.
Therefore, acQC:ording to Proposition 2.6, it suffices to show the L null controllability of the
pair (A, B). This will be done by using Theorem 3.2. We recall that B* € L£(L?(2), L*(T"))
is given by

Bp=-"—~—""_T (p € L*(Q)). (5.40)

Without loss of generality we may suppose that I' is an open subset of {z = (2/,1,,) €
00Q}. In this case, p is the m — 1 dimensional Lebesgue measure.

Note that (®q)ae(=)m defined by (4.24) is the complete family of orthonormal eigen-
vectors of the operator —A4 and A\, = af + ... + a2, are the corresponding eigenval-
ues. Now, for any ¢ > 0 and v € (0,1), let Vo, = {9 = > y1. aa®Pa}. For any
0O<a<s<t<Tlet&={(z,0) €e | s< o<t} bea set of positive measure
and let & = {(z,7 —0) | (z,0)€&}.

By using Lemma 3.4 we have that there exists a set F' C {t € [0,7] | (¢,z) € £} such
that ©)

Hm
1(F) > ———, 5.41
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and, if o € F then the o—section E, has the property that

i (€)
A

fn—1(Eg) > (5.42)

By using (5.40), it follows that for every ¢ € V., we have

1 eeliwenn = [ [ xelBTpldrdo > [ [ 1B Tplar’do

//E Zaa mo‘m” A dxda—//E S b (0) @ (2')| da’ do,

7 |Al<s ° |a’'€Dp,
1
where D,,, = {a’ e (N )™ 1| a2 <67 — 1} and

1
g'y_|a/‘2

bor(0) = > aa(_ll):a”me—w (o € Dpy). (5.43)

am=1

From Corollary 4.4, by taking N = gi and using (5.42), we deduce that there exists a
constant C' = C'(I', m) such that

1
o —(m—1)(2¢27 +1
H‘I’fl—,ngDHLl(rx[o,r])>/F e (C> ( ) > Jbarl? do

a’€Dy,

N[

We deduce that

e (L )—<m—1>( H

||\Ijg,8":0||L1(F><[O,T]) = Cs * |ba | do. (5.44)
(€)
Hm « E’D

In order to find a lower bound for the integral over the measurable set F' C [0, 7], we
use Corollary 5.2. We have that

/1
Y —lall2
/ ’b ,’do' > eallzT/ g’yg |a‘ a Meiagna do—

am=1
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By taking into account (5.41), we deduce that

M=

1 4K -1 (1) el aq |?
by |do > — exp <_m—1) Ga

—2AaT
e~aT| (5.45)
am=1 Aa

Finally, from (5.44) and (5.45) it follows that

1T el L rx0.1))

[NIES

1 /1
m—2 40 —(m—l)(2g27+1) 4R gy —1 (1) 1 §"/—|O/‘2 a 2
C¢ 4 e mm@ ¢ 7 Z Z haiil —2XaT
-~ ) 3
m o' €Dy am=1 )\a
1
2 2
1
_ 1 2y 4Kk
> die d1<1+ln(um<5)))g T @ a—of e PaT| (5.46)
0 A2<s A&

Choosing v = %, we conclude that (A, B) satisfies condition (3.8) in Theorem 3.2, which
concludes the proof of Theorem 1.1. O
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