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Abstract We consider the equation div Y = f, with f a zero average function on the torus T%. In their seminal paper [5],
Bourgain and Brezis proved the existence of a solution Y € W4 L% for a datum f € L%. We extend their result to the critical
Sobolev spaces W*? with (s + 1)p = d and p = 2. More generally, we prove a similar result in the scale of Triebel-Lizorkin
spaces. We also consider the equation div Y = f in a bounded domain Q subject to zero Dirichlet boundary condition.
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1 Introduction

This paper is devoted to the regularity of solutions of the equation
divY=f, where fsz. (1.1)

Here, the scalar function f and the vector field Y are defined on the d-dimensional torus® T¢ or in a smooth bounded domain
in R?.

Standard regularity theory asserts that Y gains one derivative with respect to f. For example, when f € L?, 1< p < oo,
one can pick Y € WP, 2 In the limiting cases where f € L1, respectively f € L%, it is not always possible to pick Y € Wh1 [5],
respectively Y € W1 [18]; see also [8,13].

In their seminal paper, Bourgain and Brezis [5] discovered another limiting situation: the case where f € L%. For such £,
(1.1) has a solution Y € Wh¢  so that Y "almost” belongs to L. It turns out that (1.1) does have a solution in L®. This was
noted in [5, Proposition 1]. In principle, there is no reason to have a solution in both L® and W'¢. Bourgain and Brezis [5]
obtained the existence of a solution of (1.1) in L® W< for a datum f € L. The proof is a real tour de force: the construction
of Y is highly nontrivial and the proof of the fact that Y has the desired regularity is extremely involved. In the special case
p =d =2, existence of Y € L n W12 can be established via a simpler duality argument [5, Section 4]. More generally, when
f e W2-1.2 oxistence of a solution Y € L nW%22 of (1.1) can be obtained by a similar strategy [12,14]. However, no simple
proof of existence is known when p # 2.

In this paper, we investigate the regularity properties of the Bourgain-Brezis field Y in other function spaces. We con-

sider regularity in Sobolev-Slobodeskii spaces WP and more generally, in Triebel-Lizorkin spaces F;’p , focusing on the

limiting situation where (s + 1)p = d. In this case, if f € F;’p , we expect a solution Y € F;H’p , and the latter space is "close”

to L*°, thanks to the condition (s + 1)p =d.
Our main result is
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1
Theorem 1.1 Let p=2,q€[2,pl, d=2and s> ~3 We assume that
(s+1p=d. (1.2)
Let f € F;’p(Td) satisfy the compatibility condition fd f =0. Then (1.1) has a solution Y € L°°(1Td) ﬁF,‘;H’p(Td) such that
T

1Yl poo(pay + IIYIIF;u.p(W) = Clflpse ray. (1.3)

The result of Bourgain and Brezis corresponds to s =0, p =d, ¢ = 2. In particular, Theorem 1.1 contains the following
regularity result in the scale of Sobolev-Slobodeskii spaces:

1
Corollary 1.2 Let p =2 and d = 2. We assume that (1.2) holds and that s > ~5 Let f € WSP(T?) be such that fd f=0.
T
Then (1.1) has a solution Y € L®(T%) nWs*L2(T?) such that

1Yl Looray + 1Y lws+rordy < ClUf lyysiprd)-

Our proof follows the main lines of the one of Bourgain and Brezis in [5]. In particular, as in [5], we make use of a one-sided
inequality, due to Rubio de Francia [20]; see Theorem 5.1 below. This inequality requires p = 2; this is why the condition p = 2
appears in both Theorem 1.1 and Corollary 1.2.3 Whether the assumption p = 2 can be removed is a challenging question.

1
Observe also that we do not obtain the conclusions of Theorem 1.1 and Corollary 1.2 when s < —3 This is probably due to

our method.

The regularity result concerning the divergence equation was subsequently extended by Bourgain and Brezis [6] to more
general Hodge systems. It is plausible that a version of Theorem 1.1 still holds for these systems. We will return to this
question in a subsequent work.

Our paper is organized as follows. In Section 2, we recall the definition of the Triebel-Lizorkin spaces. In Section 3, we
describe the Bourgain-Brezis construction, give the main steps of the proof of Theorem 1.1 and state the main estimates.
In Sections 4 and 5 we collect the harmonic analysis background used in the proof of Theorem 1.1; the estimates we prove
in Section 5 are crucial in the proof of Theorem 1.1. In Section 6, we establish the validity of the main estimates stated in
Section 3. In Section 7, we discuss the solvability of (1.1) in bounded domains. More specifically, we prove the following

1
Theorem 1.3 Let p=2,qg€l2,pl, d=2and s> ~3 satisfy (1.2). Let Q be a smooth bounded domain in R%. Let f € F;’p(Q)
satisfy the compatibility condition f f=0.%
Q

divY=f inQ

. Moreover, we can choose Y such that
trY=0 on 0Q2

Then there exists Y € F;H’p(Q) NL%°(Q) such that {

”Y”LOC’(Q) + ||Y||F‘s]+1,p(Q) <C ”f”FZ’p(Q) .

A final appendix gathers the proofs of some elementary estimates involving trigonometric polynomials used in the proof of
Theorem 1.1.
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2 Projections and Triebel-Lizorkin spaces

We denote by 22(T%) the space of trigonometric polynomials.
If A is a subset of Z%, then we denote by P the projection on the Fourier coefficients in A:
Pa(F)x):= Y f(n)e™™.
neA

This projection makes sense if either A is finite and f € @'(T%), or A is arbitrary and f € 22(T%).

Of special importance in the theory of function spaces are the projections on dyadic sets. These sets are finite unions of
intervals® and are defined as follows: ' '

A§ =10}, AY:=[2/ < n| <21, V= 1;

here, we work with the norm |n| = max{|n ;€ [1,d]}.6

3 The condition p =2 amounts to s <d/2-1.

4 When s < 0, this condition has to be suitably interpreted, see Section 7 below.
5 Aninterval in Z¢ is a Cartesian product of intervals in Z.

6 The notation [a,b], with a,b € Z, denotes the set {n € Z;a < n < b}.
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One of the possible equivalent definitions of the Triebel-Lizorkin spaces is [22, Theorem 3.5.3]

<oo}. (2.1)
Lr(Td)

The scale of Triebel-Lizorkin spaces contains in particular most of the Sobolev-Slobodeskii spaces: when 1 < p < oo, we have

H (2J'S|PA§ (f)(x))

JeN

FoP(1Y) = {f €' TN:Nflpse(ya) = ‘
19(N)

FyP(19), ifseN

WeP(T?) = :
FP(T?), ifsgN
In particular, when s = 0, the above and (2.1) amount to the square function theorem

, 1<p<oo. (2.2)
Lp(T9)

Il ~

T

12(N)

A word about the condition f

. f =0, which appears in (1.1): when s in Theorem 1.1 is positive, we have f € L1(T%), so
T

that the condition f ., f =0 makes sense. For arbitrary s, this condition has to be understood as
T

foy=o. (2.3)

3 Proof of Theorem 1.1

It suffices to establish (1.3) when f; € 2(T%). The general case is obtained by density. We use the notations which will be
introduced in (3.6)-(3.8) below. Since f(0) =0, we have [ = fl +e 4 fd, with f* = P (f).
Theorem 1.1 will be a consequence of

Proposition 3.1 There exist 6o >0 and a > 0 such that, for every f € P(T%) satisfying |If | FOP(Td) < 0o, there exist functions
Y1i,...,Yq: T = C such that

1Yk lpooqray < L, 1Rl govtoggay < 1, for k€ [Ld], 3.1)
and
k 1
10rYr —f ||F3»P(1Td) < ||f||Fjs;,‘§(Td), for k€ [1,d]. (3.2)

From Proposition 3.1, we get at once

Corollary 3.2 There exist 69 > 0 and a > 0 such that, for every 0 <6 < ¢ and every g € F;’p (T?) satisfying (2.3), there exists
X =(X1,...,Xq) € FSTVP(T9) such that

gz ray g lFs ra)
IXkl poocray <~ WXk llpsetoggay S ——5——, for ke[Ld], (3.3)
and
”diVX—g”F;P(-n—d) Sd&a”g"F;,p(-n—d). (34)

Proof of Theorem 1.1 using Corollary 3.2. Let f € Fs’p(Td). We set go := f and 6 := min ((2d)’1/"‘,60). By Corollary 3.2, there
exists X0 e F;H’p (T%) such that

180l e ra)

0
IXplpoocpayaps e ray < 5

, for ke [1,d], I1divX°® - gollpsr(ya) < A8 lIgol psr (ya)-
More generally, assume that go,...,g; have been defined, as well as the corresponding vector fields X°,...,X! provided by
Corollary 3.2. Thus we have

lg: ||F;>P('n'd)

l
” Xk ||L°°('[Td)ﬁF;+1’p('|]'d) = 6

, for k€ [1,d], IldivX’ —g; Ipse(ray < d6°Ng1 I psp ra)- (3.5)
We then set g;.1 := g; —divX’ and let X/*1 € FZH’p(]Td) satisfy (3.3) and (3.4) with g replaced by g;.1.
Combining (3.5) with our choice of §, we find that

1
I+1
”gl-%—l”F;’P(Td) = d5“||gl ”F;’p(Td) =...= (d(sa) * ||go||pgqud) = ﬁ ||g0||F;qud).

It then follows that
||g0||ngP('[|'d)

[ e
||Xk||L°°(Td)ﬁF;+1’P('H'd) = 9l

, for k € [1,d].

We can thus define X := Z Xl, which satisfies || X]| 1o pdy < C||f||F§"’(1Id)- Moreover, the fact that | g; ||F;‘»qu) goes to

Lo(Td)nF;
I
0 when [ — +o00 implies that divX = f. This completes the proof of Theorem 1.1. a
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It remains to explain the

Proof of Proposition 3.1. We write

d _ 1 d
i \{0}_U([EB].U...[H3J-), (3.6)
j=0
with
4 . . . d-1
Bl :=(neA?: 2/ <|ny| <2}, 8% = (ne AY: 27 <|ngl <2/)\B},..., B := A9\ kL_Jl[EBf-). (3.7
d
Hence, for each j =0, A? = U [Bf, the union being disjoint. We also let
k=1
B" = (B, for ke[1,d], (3.8)

720

and
B=B'n(Nxz™h), B =B} n(Nx 2z

We describe the construction of Y; which only involves B!, [EB} and 1= Pg1(f). The component Yy, with & € [2,d], is built

in the same way from f* = Pg:(f). We note that f I is a trigonometric polynomial, and that supp ﬁ cB!. We also note that

[
J

” (231 Pg; P f(x))
J

JeNIa\y || o (Td)

1
IPef "l per(ray = ‘ = ‘
Lr(Td)

JeNIza(n)

” (ZSij’M f(x))
J

= C”f”F;'P(H'd)y

< C'
Lr(Td)

JeNT7a(n)

the above inequality being a consequence of Theorem 4.9. It follows that it suffices to prove Proposition 3.1 when f is
replaced by Pgfl. Therefore, we assume, in the sequel, that f is a trigonometric polynomial such that supp f cB.
Following the strategy in [5], we divide the proof of Proposition 3.1 into five steps.

Step 1. Estimates for the naive solution of (1.1). When supp }? c B, an exact solution of divX = f is given by X = (F,0,...,0),
where

1 -
F=) —f(n)e™™. 3.9)
ne 11

The field Y; will be constructed by modifying X.
The purpose of Step 1 is to collect some estimates involving F' and the projections of f and F, defined by

~ 1 4
fii= f)e"* =Py, f=Pyf, Fj:= ) —f(n)e"* =Py F=P,F. (3.10)
nE[EBj ’ J nEIBj n]- ! J

More specifically, we will establish the following
Lemma 3.3 We have

||F||F;+1,pqd) = C(S,p,q)llfllpgqud), (3.11)
”Fj"Loo(*n—d)SC(S,p,q)“fle;’P(-u—d), (312)
IVl oray < Cs.0, 0027 | £ 2oy (3.13)
and
”fj”F;:P(-n-d) < C(S,p,q)”f”F;ﬁ(-u—d). (3.14)

Step 2. Construction of a good function H; dominating |Fj|. Let e = 2-¢ with ¢ €N to be determined later. For j > ¢ we
define k() := /e = 2¢ and we decompose B; into disjoint vertical strips B; ., r € [1,k(j)]. More specifically, each B; , is of the
form

By, = ([ajrbjr 11 % 277 By, with b, —a;, =2/ = 1().

Following [5], we set

Giw= Y | X L Fnyen (3.15)
1<r<l/e [neB;, 1
and
Hj(x)=3%Gj * (F g ®Fy ® -+ ®Fy)). (3.16)
Here and after, we denote by Fy the Fejér kernel given by
Fy@i= Y N-Inl ,pe 1 (sinNx)? (3.17)

=Ny N " AN7 (sin(x/2))2
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We set, for all (i1,...,iq) € N9,
Fiy®...0F;,(x1,...,2q) :=F; (x1)...F;, (xq).

We clearly have, for all x € T¢,

|Fi(x)] = G j(x) (3.18)
and also '
suppH, c[|n| <2/ -1]. (3.19)

A slightly more involved estimate, taken from [5], is that, for all x € T¢,
G(x) < H;(x); (3.20)

this follows from Corollary 8.5 in the appendix.
Up to now, the functions G; and H; have been defined only for j > . When j < ¢ (that is, when €271 < 1), we do not split B I3
Instead, we let

aj1=2""1,b;1=2,G;=Fj| (3.21)

and define H; via
Hj=3%G*(Fy ®Fy ®--- ®Fy). (3.22)

In this case, we set k(j)=1and I(j)=bj1-a,1= 2771 It will follow form the proof of (3.20) that estimates (3.18), (3.21) and
(3.22) remain valid.
The main purpose of Step 2 is to establish the following estimates satisfied by G; and H;.

Lemma 3.4 We have

p
Y | X fem® < CONFN] pyay <CPIZTPUf s rays (3.23)
1<r=<k(j) neB; . Lp(Td) q
IG jllooray < Cs, p, k() 2P || f] PPy (3.24)
and '
IVG Ipo(ray < Cls, 0, @2 kG 2P fl oo (ya)- (3.25)
An immediate consequence of (3.14), (3.16), (3.24) and of [Fyllp1 ) =11is
"Hj”Loo(-[rd) < C(s,p, k() 2P ||fj||F2vP(-[|'d) < C(s,p, k() 2P ||f||ngP('[|'d)~ (3.26)
Similarly, we have
IVH;lipo(ray < 32 IVG jll oocray < Cls, 0, 2 kG 2P fll oo gy < Cls, 0, 2 RGP I | g - (3.27)
Step 3. Construction of Y1. Following [5], we let
Yl = ZFJ' H(I—Hk).
J=0  k>j
Set
K;:=Y F, [| A-Hp) ifj>0, Ko:=0.
k<j k<m<j
The next result will be an immediate consequence of Lemma 3.4.
Lemma 3.5 One has
Yi=) Fj-} HK; (3.28)
j=0 j=0
and
01Y1=) fi— > 01(HK)). (3.29)
j=0 7=0

Assume furthermore that k(j)l’Z/pllfIIF;,p(Td) <no for all jeN, where 19 >0 is a constant which will be determined in the
proof- Then, for all x € T,

Yi(®) =1, (3.30)
|Kj(x)| <1, VjeN (3.31)

and
0<|Fj(x)|<Gjx)<Hj(x)<1, YjeN. (3.32)

In particular, Lemma 3.5 implies the L™ estimate in (3.1).

Step 4. Proof of (3.2). The proof relies on
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Lemma 3.6 There exist 69 >0, a>0and C=C(s,p,q) >0 such that, if ||f||F;,pqd) <y, then

<CIfIs (3.33)

01(H ;K § .
2 01(H,K;) . FP(Td)
FyP(md)

7=0

Step 5. Proof of (3.1) completed: estimate of ||[VY1]| FEP(Td): This is achieved via the following

Lemma 3.7 Let ng be as in Lemma 3.6. Then there exists a constant §o > such that, if
1f ps gy < min (e1-#P170,5), (3.34)

then ||VY1||F;,p(-|]—d) <1

It is easy to see that Proposition 3.1 is a consequence of the five above steps. d

4 Kernels and multipliers

We will make use of the following classical kernels defined on T:
1. The Fejer kernel Fy, given by (3.17).
2. The de la Vallée Poussin kernel Vy = 2Fon — Fpr.

If ¢ : 7% — C and f is a trigonometric polynomial on T¢, we let

To(F)@):= Y. on)f(n)e™*, xeTd.

nezd

Similarly, given, for any j € N, a function ¢; : 7% — C and a trigonometric polynomial f i, we set ¢ = (@) jen, respectively
f =(f})jen, and define T, by the formula
re ( i}

More generally, the above formulae make sense if the trigonometric polynomial f has coefficients in a vector space over C.

nezd

> <pj(n)fj(n)e’”'x) ) ) (4.1)
JeN

We start by recalling a classical estimate on Fourier multipliers.
Theorem 4.1 [23, Section 1.6.2] Let k € 9'(T%). Assume that
1. @:=kel>Z?).
2. keLl (T9\{0}).

loc
Then for each 1< p < oo there exists C, >0 such that

T f || ocray < CoB@IIfllpocray » ¥ fePTH.

Here,
B(y):= max{lltpllloo(zd), supf k(y —2) = k()| dy}-
xeTd Jlx—y|=2x]|
The next result that we quote is a vector-valued version of Theorem 4.1; see [1, Theorem 2]. In [1], Theorem 4.2 is stated
in R?, but the proof is easily adapted to T<.
Theorem 4.2 [1, Theorem 2] Let A,B be Banach spaces and let k € LYT?, %(A,B)). Define T : LP(T%,A) — L?(T%,B)
through the formula
Tf(x)=Fk*f(x)= f kGx-y)f(dy, Vf e LP(T¢ A). (4.2)
Fix 1< pg<ooand let
ME[ Ie(y —x) = k(N 2By dy, Vx € L (4.3)
|y—x1=2|x|

Then, for 1 < p < oo, the norm |T|Lp—rr of T as a linear continuous operator from LP(T%, A) into LP(T%,B) is controlled by
a quantity depending solely on M, on p and on | T'llLro—Lro, but not on kllp1rd o4 By
We next derive some consequences of Theorem 4.2. To start with, we consider the case where
i.d=1.
it. A=B=19(N), with 1 < ¢ < +o0.
iii. The operator T'f acts, on a sequence f = (f;)en of functions in LY(T), through the formula

Tf@) = (Fy; < fi®) . 4.4)

JeN
More specifically, we will be interested in the case where

N;= 2%j for some integer k;j=0,VjeN. (4.5)
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Lemma 4.3 Let 1<p <ocoand 1< q <oo. Then T defined by (4.4) and (4.5) is continuous from LP(T;l9(N)) into LP(T;19(N)).
In addition, we have

(4.6)

=C@.0) || (£7)en
Lr(T)

N ” ([FNj *fi )JeN 19(N)

19(N) Lr(m’

with C(p,q) independent of k;.

Proof By a standard limiting procedure, it suffices to prove (4.6) (with bounds independent of J € N) for the truncated
operator, still denoted 7', defined on L” (T,9 ([0,/])) with values into L? (T,19 ([0,e/])) through the formula

T = (F; i) Vf; € LP(T,C), j€ [0,J].

je[oJ]’

For this purpose, it suffices to check that the assumptions of Theorem 4.2 are satisfied with py = ¢, and that the norm
ITlze—Ls as well as the right-hand side of (4.3) have upper bounds independent of £ and J.
Let us start by computing | 7|z ¢—14. For each j, we have

[, pi@ax = [ i,
T T

since ” Fu; = 1. By taking the sum over j in the above inequality, we find that | T'|p¢—rs < 1.

LY(T)
We next obtain a uniform estimate for the right-hand side of (4.3). We have

12(y — %) = k(W aaqvy,iaowy = sup [Fa;(y —x) = Fa (y)] < Y For(y — ) —For (y)]. 4.7)
J k
In view of (4.7), it suffices to establish the estimate
Zf IFor(y —x) —For(¥)Idy<C, VxeT. 4.8)
E Jly—x|=2x|

In order to prove (4.8), we rely, on the one hand, on Bernstein’s integral inequality [9, Theorem D.2.1], which yields

[ 1ty -0 -Fx(idy = CNIsi 4.9)
C
On the other hand, we have Fy(y) < — Ny = and therefore
[ Ene-w-Fxodys o (4.10)
lx—yl=2lx] izl Y2 N x|’

Let x € T\ {0}. If |x| = 1, then (4.10) implies that

Zfl ‘2”|[F2k(y x)=For(Wldy = CZlel C, (4.11)
x—y|=2|x

guaranteeing the validity of (4.8) for such x.
Assume next that |x| < 1. Let k¢ € N be such that 27%0~! < |x| < 270, Thanks to (4.9) and (4.10), we have

C 1
Z[ - ||[F2k(y—x)—[F2k(y)|dy= Y o+ Y sclrl Y 2k = Y —<c,
b Jlx—y|=2]x

E<ko  E>ko e xS, 2k
which proves (4.8). This completes the proof of the lemma. d

Lemma 4.3 combined with a Fubini type argument’ leads to

Lemma 4.4 Let 1<p <ocoand 1<q <oo. Let
T((£)en) = ([ Fypoy @ 8F ) * fj)jeN, Vf;e 2T, ¥ jeN,

Then

C(p, q)H H f3) jen

7 (),e0) (4.12)

with C(p,q) independent of k1 ;,...,kq ;.

19(N) Lmrd) 1M lipp(rd)’

Let us also recall the scalar and the vector-valued Marcinkiewicz Theorem on Fourier multipliers:

Theorem 4.5 Let ¢:Z — Cand 1< p <oo.

7 A similar argument is detailed in the proof of Corollary 4.6.
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1. [9, Theorem 8.2.1] The operator T, initially defined for trigonometric polynomials f € P(T%), can be extended to an
LP-bounded operator satisfying

I1TyflLrmy < C@AWIS ILe(T), (4.13)
provided

A(p):=max| [@lio@), sup Y lp(n+1)=pn)l | <oo.

J neal
J

2. [25, Proposition 2] Let X be a Banach space satisfying the UMD property. Then the conclusion of item 1. holds for X-valued
maps. More specifically, if A(@) < oo, then the operator

f=Tyf)=Y pm)f(n)e,

nez

initially defined for trigonometric polynomials f with coefficients in X, f € 22(T,X), can be extended to a linear operator
on LP(T,X) satisfying (4.13).

For a discussion on the UMD property, see [11]. Some results related to item 2. above and the UMD property can be found,
e.g., in [10]. Of importance for us is that the space [9(N), with 1 < g < oo, has the UMD property.
We will also need the following d-dimensional version of Theorem 4.5:

Corollary 4.6 Let 1< p <oo. Let X be a Banach space with the UMD property, ¢;:Z—C,1<j<dand ¢p=¢1®...®¢q.
Then

1Ty flLocra x) < C0,X)AWP1)... A@DI fliocra x), ¥ €PTD),

where

Algy) = max(nwl lzeo(z), 5up Y lpr(n+ 1)—<pz(n)|).

J neal
J

Proof If g: T — X, we denote by g.,» the map x1 — g(x1,x'). Observe that
Tof(x)=Tp,(Tyf)ex)x1),

where y(n1,n9,...,nq) = p2(ng)...p4(ng). Theorem 4.5 and the Fubini theorem imply

p _ p / p !
1T F 12 a0y = fT T Ty a2y A S Algr)? fv Ty a1y A

=A@V ITY 12 0 ) S o S AGDP AP IFIL, o o 0

Here and in what follows, < stands for < C, with appropriate C.
We will often rely on the following special case of Corollary 4.6.
Corollary 4.7 Let X be a Banach space with the UMD property and let 1 < p < co.
d
Let f € 2(T% X) be such that supp f [1le;,5;]

j=1
Let ¢;:Z— R, j€[1,d], be monotonic in the sets [n; >0l and [n; <0]. Set o = @1 ®...®¢q. Then

||T¢pf||Lp(1]'d,X) = C(p,X)II<P1||zoo([[a1,b1]]) "(Pd ||l°°([[ad,bd]])”f”LP('[rd,X)' (4.14)

Proof Apply Corollary 4.6 to the functions ¢ La;,b,1- a

Vector-valued Fourier multiplier are valid beyond multipliers ¢ of the form ¢; ® ... ® ¢4. Here is a special case we will
rely on in the sequel. The next result is a straightforward consequence of [25, Proposition 2].

Lemma 4.8 Let 1< p <ooand 1< q <oo. Let (P;)jen be a sequence of trigonometric polynomials. Then

(4.15)

<C(p,q) H “ (2f|PM(PJ-))

o

JeNIzaqn || o (1) AN IILp(Td)

We will also make use of the following vector-valued version of the Riesz inequality.

Theorem 4.9 [19,3] Let 1 < p <oco and 1< q <oo. Let (I;); be an arbitrary sequence of intervals in Z%. For all jeN, let
fj € P(T%). Then

sC(p,q)H H(fj)jer\l

),

Here, C(p,q) is independent of the choice of the intervals.

19\l Lo (rd) 1N llLe(ray”
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5 An inequality of Rubio de Francia and applications

We start by recalling the following one-sided estimate due to Rubio de Francia [20].

Theorem 5.1 [20] Let 2 < p < co. Let (I) be an arbitrary sequence of pairwise disjoint intervals in Z. Then

l61),.

Here, C(p) is independent of the choice of the disjoint intervals.

<COIf oy, ¥ f € P(T).
LP(T)

12(N)

In the remaining part of this section, we establish two consequences of Theorem 5.1 (Corollaries 5.3 and 5.5). These
results will play a crucial role in the proof of Theorem 1.1.

Lemma 5.2 Let 2 < g < p <oo. Consider, in each dyadic set A}, a family of k(j) pairwise disjoint intervals I; ., r € [1,k(j)].
Then there exists C(p,q) such that

Nzless]

Though we will apply the above lemma with £(j) as in Step 2 of the proof of Proposition 3.1 and to the equal length intervals
considered there, we emphasize the fact that here k() and the intervals are arbitrary.

, Y f e 2(T). (5.1)
Lr(T)

<C(p,q) H H (k(™2Ppf)
J 7/ jeN
LP(T)

JeNTlza () 19(N)

Proof By the Cauchy-Schwarz inequality, we have, for all je N,

o\ 1/2
¥ [pr, | = w25 o, ) 5.2
r r
In view of (5.2), (5.1) will follow from the estimate
o\ 12
H ((Z Pr,,f ) ) < ” H (Parr). (5.3)
T Nl o 7 2JeNllaw e (1)
applied to the function Y (k(j)2P: f.
J
In turn, estimate (5.3) will be obtained by interpolation, starting from the limiting cases ¢ =2 and g = p.
i. Proof of (5.3) when q =2. When g =2, (5.3) amounts to
Pr. <SP . (5.4
H ”( I”rf)J'EN:rEI[LkU)ﬂ 2lrea ™ H N( 8 f)jeN 2l ey )

By Theorem 5.1, the left hand side of (5.4) can be estimated by | fllL»(t). By the square function theorem, the right hand
side of (5.4) is equivalent to |||l (r). This proves (5.3) for g = 2.

ii. Proof of (5.3) when q = p. In this case, (5.3) is equivalent to
> (Z Pr, f|2),,/2 <Y | P fIP.
j=0JT \'r o ~ j=0JT
The above estimate follows from 2
[(Z . r2) 1 i, v =0
which in turn is a consequence of Theorem 5.1 applied to P al f.

tii. Proof of (5.3) when 2 < q < p. Let us consider the Banach space
Xpq:= {(fj)jel\l € LP(T,19(N)); supp f] c AJl.,Vj € N}.

Define the linear map

T
Xp,q 3 (fj)jeN — ((uj,r)rE[[l,k(j)]])jeN ’

where
- Pfj,rfj9 if re[1,k())]
T 0, otherwise

Up to now, we have proved (5.3) for ¢ = 2 and q = p. Equivalently, we have proved that T is continuous from X 5 into

LP(T,I12(N,72(N))) and from X, p into LP(T,IP(N,I2(N))), with norms controlled by a constant.
1 1-6 0

Assume for a while that, if ¢ and 0 satisfy — = = + —, then
q p

Xpg o Xp2.Xppho- (5.5)
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We continue as follows: we have (12(N, 12(N)), 1P (N, 2(N)))g = [9(N, 12(N)), which implies
(LP(T, 2N, I2(N))), LP (T, 1P (N, 12 (N)))g = LP (T, 19(N, 12(N))).

Note that the interpolation results used in this part of the proof can be found in [2, Theorem 5.1.2]. By complex interpolation,
T is continuous from (X, 2,X, p)p into LP(T,19(N,I2(N)). In view of (5.5), T maps continuously X q into LP(T,19(N, I2(N))).
This is precisely (4.8) and the conclusion of Lemma 5.2.

Let us now prove (5.5). By Theorem 4.9, the projection map

LE(T,190ND) > (F)jer ™ (Pa1 ) Xpg
J JE

is well-defined and continuous. Clearly, 7 is onto and the continuous embedding J : X}, ;, — LP(I?) is a right inverse of 7.

By complex interpolation, 7 is continuous from the space (LP(T,I2(N)),L”(T,I?(N)))g into the space (X p,2,Xpple, and the
continuous embedding J : (X} 2,X, )g — (LP(T,I2(N)),LP(T,IP(N)))g is a right inverse of 7. Using the equality

(LP(T,12(N)), LP(T,1P(N)))g = LP(T,19(N)),
we find that (5.5) holds. O

The Fubini theorem combined with Lemma 5.2 leads to the following

Corollary 5.3 Let 2 < g < p <oo. Consider, in each dyadic set A}, a family of k(j) pairwise disjoint intervals I; ., r € [1,k(j)].
Then there exists C(p,q) such that, for each f € P(T%), we have

e

In contrast with the hypotheses of Lemma 5.2, in the next result the intervals I ; . are not arbitrary.

<C(p,q) H H ((k(j»WPA}XZd_l f) (5.6)

JeNIlza(N)

JeN|lza(n) LP(Td) Lr(Td)

Lemma 5.4 Assume that 2 < q < p < oo. Consider, in each dyadic set A}, a family of k(j) pairwise disjoint intervals I; ,,
r € [1,k())], all of same cardinal 1(j) = 2m\0) with m(j) € N. Then there exists C(p,q) such that

Iz

Proof Arguing as at the beginning of the proof of Lemma 5.2, it suffices to establish the estimate

P, f 1) =C(p, H H (CORSIHENYY

Lr(T)

, YV fe(T. (5.7
JeNzaeny e (T

JeNIlza(ny)

N2\ 12
” ((Z Upff,rf ) ) ) S H ” (tparf) , Vfe(T). (5.8)
r JeNlaqy || Loy 7 7JeNIliany Lo ()
We write I; . =[a;,,b;,—1], where b, ,—a;,=1(j) = 2mU) We rely on the key inequality
!
[P, 1] [ <100[Fip w00, 1, (5.9)

whose proof is postponed to the appendix; see Lemma 8.6. Taking (5.9) for granted, we obtain (5.8) provided the following
inequality holds:

(5.10)

91172
H((Z‘[Fl(j)*(e_laj,rxﬂ:u[jyrf)‘ ) )

e

J 7jeN| q ’
Le(n) 12 e (T

JeNza ()
Indeed, (5.8) follows by applying (5.10) to Zl(j)lP’A;f and using (5.9).
J

We now turn to (5.10). It suffices to establish the validity of this estimate in the limiting cases ¢ =2 and g = p. Indeed, if
this is proved then we are in position to repeat the interpolation argument used in the proof of Lemma 5.2.8

i. Proof of (5.10) when q = 2. We have to prove the inequality

—

JEN,re[LE()]

s||eayr)
12(N) L(T) J 7 jeN

2N Le(T)

This is obtained as follows: we have

(@)
<

Lr(T)

(e_mj”xﬂ:"l.

H H ([Fl(j) s (e_mf”xﬂj’zj,,f)) J"f)jeN,rE[[l,k(j)]]

|l
~ 1
JeNre[LEG] LoD 857 jen

12(N) Lr(T)

12(N) 12(N)

Here,

(a) is a consequence of Lemma 4.3.
(b) follows from Theorem 5.1 and the square function theorem (2.2).

8 Interpolation is applied to the operator f — (([Fl( ) * (e Mir*p 1, f )) e[Lk ,)]]) .
f r KD jen
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it. Proof of (5.10) when q = p. In this case, the left-hand side of (5.10), denoted by A, is estimated as follows

9\ 172 (@) 2\ 12
4= (Z‘[Fl<j)*<e““”x“3’1nf )|) & (Z e R, )
r LP(TM)/ jeN||1p(n) r LAY/ jeN |l 1p ()
[Thf)” =l e
- — | i . ~ 8 jen L lpey 8 jen el Loy’
LP(M)/ jeN||p (v (N) M
items (a) and (b) are justified as above. ]

Corollary 5.5 Assume that 2 < q < p < co. Consider, in each dyadic set AJI., a family of k(j) pairwise disjoint intervals I; ,,
r € [1,k()], all of same cardinal 1(j) = 2m(j), with m(j) € N. Then there exists C(p,q) such that, for each f € W(Td), we have

SC(ILQ)H ” ((k(j))1/2l(j)PA;de-1f) (5.11)

JeNIza(n)

H H (;"1 |P1j,rxzd—1f‘)

jeNllzaw iz (ra) Ly
Remark 5.6 The proof of Lemma 5.4 also yields the following more general result. Assume that 2 <q < p <oo. Consider,
in each dyadic set Al, a family of k(j) pairwise disjoint intervals I i 7€ [1,k()], each of cardinal I(j,r) = 2mU") | with

m(j,r) € N. Then there exists C(p, g) such that

!
” H (Z|ﬂ”z,-,rf)) =C(p, ) ‘((k(j))mzl(j,r)ﬂmz,,,f) , YV fe(T). (5.12)
r JeNlNzaen l Lp(T) 4 JeNlizaeny e (T
6 Proof of Proposition 3.1
Proof of Lemma 3.3.
i. Proof of (3.11). Recall that supp f < B. Since in B, we have 2/~1 <n1 <2/, we find that
(s+1)j 7. — Sjf.
(2 FJ)jeN =Ty ((2 fJ)jeN)' (6.1)

2J . 4
Here, ¢ is the scalar function (acting on vector-valued functions) ¢ = @1 ®...® ¢g, where ¢1(n1) = — if 2/ 1 <n; <27,
ini

0 otherwise and ¢ =1 for % € [2,d]. By combining (6.1) with Corollary 4.6, we find that

I, =M o Dig | _H T, (297,) 5”” 2f;). = 1f lpso.
Fg? ( ])jEN 1N llLp(Td) (p( ])JeN 19N llLp(Td) ( J)JEN 1N lILp(Td) i
ii. Proof of (3.12). Since Pya(F;) = §F; and Pya(f;) = 8% f;, we have
IFjllpseray =2 1Fjlpcray and Ifjlpseray = 2% 1fillpocray- ©.2)

1
Corollary 4.7 applied to ¢1(n1) = — if n1 = 1 and ¢1(n1) = 0 otherwise and ¢ =1 for % € [2,d] implies that
inq

Il o cray S 27 15 Lo ray- (6.3)

Lemma 8.2 in the appendix combined with (1.2) and (6.3) yields
1Fill pooray S 2P |l poray S 2P PN filloray = N Fillprocray - 6.4)

iii. Proof of (3.13). Lemma 8.2 combined with (6.4) gives

IVEjlleoqray S 2Nl oocray S 27 | £l oo ray -

iv. Proof of (3.14). Since f; =P af, we have
J

plg
p = skq q sjp P _ 9sjp AP — || F||P
17 W e fw(% 2M P f| ) 22 [ 1Py 1P =2 [ 1 =1 )

Proof of Lemma 3.4.
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i. Proof of (3.23). Using the fact that B , = ([a},b;, — 1] x Zd_l] NB; for all 1 <r <k(j), we obtain that

p
I:= Z X — Z f"}(n)emvc
1<r<k(j) new; , Lp(Td)
satisfies
P
I= ) f f > (F)ux(n1)e™™ | dxyda’
1=r=k()Y T |nyefab),-1]

2\ P
JE— (b)
Z (fj)*x’(nl)elnlxl ) dx1 dx’ 5 ﬁdil fn— |(f])*x’|p dx1 dx, = ”fjllip(‘[rd)

nle[[aj,rabj,r_lﬂ

() f f (
= >
Ta-1JIT \1<r=E())

Here,

(a) is a consequence of )_la,” < () Iarl2)p/2, valid when p = 2.
(b) follows from Theorem 5.1 applied to I} = [a; b, — 1] and f = (f})uy'.
This completes the proof of (3.23).

ii. Proof of (3.24). When j <, this is just (3.12). If j > [, by Holder’s inequality we have

p 1/p
) . (6.5)

Lo(T4)

1.
X — Z _fj(n)etnx

neB; »

1G | ooray < RGP’ ( >
1<rs<k(j)

1
Corollary 4.7 applied to ¢1(n1) = — when n1 2 1, 0 otherwise, and ¢; = 1 for j € [2,d] implies that
ni

<se2
Lr(Td)

x— Y fj(n)e”"x (6.6)

neB; »

1.
x— Z _f](n)elnx

neB; »

Lr(Td)

1 -~
Corollary 8.3 applied to x— Y —f;(n)e’™* and combined with (1.2), (6.2), (6.5), (6.6) and (3.23) yields
1

n€|Bj>,
) 1/p
! . p 1 =N
1G jll ooy SEDP | 2 (2J(d’1)/p(l(j))l/p) x— ) —fin)e™

1=r=k(j) nel; LP(T4)

P Up

Sk(j)l/p’l(j)l/pzj(d_l)/pz_j Z N Z E(n)el"'x
1er=k) neBir Lp(1d)
p

x— Z f’;(n)elrrx

neB;

1/p
Sk ( > ) SR P2 Nl ray = RGY PP e ray.

1<r<k(j)

Lr(Td)

In the third inequality, we used the fact that £(j)I(j) = 2/~1.

tii. Proof of (3.25). The proof is similar to the one of (3.24). When j </, (3.25) is a consequence of (3.13). When j > [, we start
from the inequality

Z ﬂf(n)emx

neB; . ni

0G0l = Y
1=r=<k(j)

We continue as in the proof of (3.24). The only noticeable difference is that, in the proof, estimate (6.6) is replaced with

x— ) %fj(n)em'x N EEDY }?j(n)em'x 6.7)
nEBjy,- Lp(-ﬂd) nERj!r LP(Td)
1
In turn, (6.7) with % # 1 follows from Corollary 4.7 applied to ¢1(n1) = —, @p(ng) =ng, m(ny) =1 for m # 1,k%. a
ni

Proof of Lemma 3.5.
i. Proof of (3.28) and (3.29). Clearly, (3.29) is a consequence of (3.28). By straightforward induction on m = 0, we find that

m m m
Y F; |] A-Hp)=) F;j-) H/K;. (6.8)
j=0  j<k=m j=0 j=0

Noting that the sum in (3.28) contains only a finite number of nonzero terms, we find that (3.28) is a consequence of (6.8).
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it. Proof of (3.30), (3.31) and (3.32). Inequality (3.32) follows immediately from (3.20) and (3.26) provided 7 is sufficiently
small.
In order to establish (3.30), we start from (3.20), which implies that |F;| < H;. This yields

il <Y H,; [[-Hp), (6.9)
J k>j

with 0 < Hy, < 1. Estimate (3.30) is a consequence of (6.9) and of the inequality

Y a;[[A-ar) <1, validifa;€[0,1], ¥;j=0.
Jok>)

The proof of (3.31) is similar to the one of (3.30). O

Proof of Lemma 3.6. In what follows, we use the convention H,, = K, =0 when m <0. '
In view of (3.19), we have supp K; c[|n| <2/ —2]. Using again (3.19), we have supp H;K; c[|n|< 2/*1 _3]. Thus

YOUHKN=Y, Y Py OiHKN =) Y Pri O1Hmsj-1Kmsj-1)-

j=0 j=00<m<j+1 m=0;=0
Hence,
) 01(H,K;) =2 || X Pai O1Hpmej-1Kmj-1) =) S; (6.10)
j=0 FeP(rd) 20 [m=0 FEP(Td) 20
Note that

S, = (6.11)

‘ | (2P ag OLEHims j- 1K j-1)

meN Il [2(N) LP('I]'d).

We are going to estimate the sum in (6.10) by an interpolation technique: we will establish two estimates involving S

(estimates (6.13) and (6.20) below) and use the most convenient one according to the values of j.
These two estimates will rely on:

2o+ im ) < e V2| f | pon. 6.12
“ I ) medisgol e, 56 W7 (6.12)
Let us prove (6.12):
H(z(s+1)mH ) (2’ H(2(3+1)mG ) (2) ”(2(s+1)mk(m)1/2F )
™) meN LIN) |[Lp(Td) ~ ") meN LIN) |[Lp(Td) ~ " JmeN LIN) |[Lp(Td)
(c)
-1/2 (s+Dm -1/2 -1/2
<e¢ H(Z F ) <e¢ F » e 5.0
"I menllia® || oty WElgynn 5 1£ gy

The above estimates are obtained as follows:

(a) is obtained by combining Lemma 4.4 with (3.16) and (3.22).
(b) is a consequence of Corollary 5.3 applied to the function Z 2(s+1)mFm+ j-1.
m

(c) relies on (3.11).
This ends the proof of (6.12).

i. First estimate of Sj. Starting from (6.11), we obtain successively

S (2) 2(s+1)m H K (2) 2(s+1)mH K
J H( Pag Hm+j-1 m”’l))meN 1N || Locray ™ H( m+j-1 m”*l]meN 19(N) || Lo (1)

© (s+D)m ] (i) ~1/20—(s+1)j

= ” (2 Hm+]_1)m€N 19N || Lp(rd) ~ €772 ”f”Fq’p'
The above estimates are obtained as follows:
(a) follows from Lemma 4.8.
(b) is a consequence of Theorem 4.9.
(c) relies on (3.31).
(d) relies on (6.12).
We established our first estimate: '

S;Se P2 flpes. (6.13)
ii. Second estimate of Sj. Using (6.11) and Theorem 4.9, we find that
S5 1201 E s -1 Km0 mens 1o | o e
= | 1@ Kt j-101Hms 1) mens oo | gy + || @ Honti-101Kimej ) el | o (6.14)

+27%

< 9sJ
~ Lp(Td)

=275 (TJ’ + Uj) .

1@ K01 Hom) el 10y

1@ Hn01Kom) el 10

Lp(T4)
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We proceed by estimating T'; and U; separately.
iii. Estimate of T';. Let I € N be such that £ = 27!, Using (3.21) and the definition of K as well as (3.31) and (3.18), we find

Tj= " (2" Km01Hm) ey 10
m

(2sm Z Gk
k=1

(a)
S U gy | 12701 Hn) ey

LP(T4) + H " (ZSme(')le]m>l “lq

Lr(Td)

<

+ 1@ 01H ) 1oyl
Lp(T9)

ale)

LrTd) (6.15)

m<l11]19

+|I@ ™01k )

LP(T9) Lr(Td)’

Inequality (a) follows from the fact that, when m <[, we have

m—1
2. Gr
k=1

m—1
< 2 Mllpse ey SUFlpsrray (6.16)
k=1

here, we rely on (3.24) and (3.14).
For I =[0,{] or I =[I+1,00[, we have

Lr (1) (g H H (zsmk(m)l/zl(m)F’”)

(6.17)

(a)
|| || (2sm61Hm Lp(-[rd) ’S H “ (zsmale)mEI ||lq(N)

]mel”lq(N)

mel ll]2(N) LP(Td).

The above estimates are obtained as follows:

(a) follows from Lemma 4.4.
(b) is a consequence of Corollary 5.5 applied to Y, 2™ F,,.

Let us recall that, when I = [0,[], we have £(m) =1 and I(m) = 2™~1 for any m € I. On the other hand, in the case where
I =[l+1,00[, we have k(m) =&~ ! = 2! and I(m) = £2™~1 = 2"~!-1 By combining this with (6.15), (6.17), (3.11) and with the
definition of F,,, we obtain

1/2
Ty S (~meflgsray + %) 1F lpsocray (6.18)

iv. Estimate of Uj. We start by estimating

@ ® n(L+d/p) R 1-2p
101Km| S Y (IVFpllpeoqray + IVHR I poo(ray) S 3 (2 IFpllppray +2"k(n) ||fn||F;,p<Td))

n<m n<m

(c) (d)
< X k@) P2 I fallprecray S €772 If Ipsp ra)-

n<m
Here are the explanations:

(a) follows from the definition of K,, and (3.32).

(b) is a consequence of Lemma 8.2 and (3.27).

(c) relies on (6.2) and (6.3).

(d) is a consequence of the fact that £(m) <&~ 1 for any m = 1.

In view of the definition of U}, this implies that

< 2p-1 N H (s+1)m < 2Ip-3/2 2
Uy 2 Uggocroy || (297" Em) | sy 5527 W Vo (6.19)
where the second inequality follows from (6.12). By combining (6.18) and (6.19), we obtain the second estimate of S :
S;<27s ((—lne + P2 g cray + 81/2) 1 Nz cray- (6.20)
v. Optimization. In view of (6.10), we have for every 7> 1
Y 01(H,K) <) S;j+) 8, (6.21)
j=0 FZvP(-[rd) j=t j<t
In the first sum, we use the first estimate of S;, while in the second sum we use the second estimate. This gives
Y 01(H,K)) < max(1,27°) ((—1ns + P2 |l pso ray + 51/2) $f psocpay + €227 VT o
Jj=0 F;’p('ﬂd)
(6.22)

< max(1,27°7) (52/17*3/2 ”f"F;,p(_I],d) + 51/2) ”f”F;’p(Td) L e V29-(s+Dy "f”F;’P(vd)

-5 [max(l_’z—sr) (Ez/p—3/25+ 51/2) +E—1/22—(s+1)1'] ,
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—-plné

_—pmo pl2p-2)
2(p+1)In2

1
with § := ||f||F;,pqd). We now choose [ (and thus ¢): we let [ be the integer part of Hence 55 <e=27"<

5‘0/(217_2)_

l
The next step consists in choosing the integer 7. Assume first that s = 0. Then we define and 7 as the integer part of P
s
and an elementary computation gives

Y 01(H,K))
720

1+p/(4p—4) .
I (Ll ).
FP(Td)

1
Assume next that — 3 <s<0. We then let T =1 and obtain

1+(2s+1)p/(4p—4)
Sl P

Z 01(H ;K ) FiP(1d)

Jj=0

F P (1)
Taking §¢ sufficiently small, we can thus ensure that (3.33) holds for any

p (@s+1)p
4p—-4" 4p-4

O<a<min(

and any IIfIIF;,p(Td) <dyp.
Moreover, the condition &( j)1_2/p £ FEP(rd) <110 is satisfied provided that
gl=%p "fllF;vP(-u'd) <no. (6.23)

In turn, (6.23) is satisfied for small §; this follows from the inequality
- 3p-4)(2p-2 3p—4)(2p-2
2P I g ray < IF by a2 < 60 P~ /2P72),

FoP(T4)
This completes the proof of Lemma 3.6. O
Proof of Lemma 3.7. We have
||VY1”FZ’p('ﬂ'd)S ZVFJ' + ZV(HJ'K]') :=A+B.
J FePerdy T FiP(Td)

By Lemma 3.6, we have that

LoHEKD|  SWflpran< g

J FyP(1d)

provided that || £ FoP S 60 and Jy is chosen sufficiently small. A proof similar to the one of (6.13) combined with the choice
of ¢ leads to
-1/2 Bp—-4)/(4p-4)
<e ||f||F;,p(1]—d) < 6P p
FP(1d)

2_0m(H,K;)
j

1
for m € [2,d]. Hence B < 3 for small 0.

In order to estimate A, we prove that

S I lpsp pay- (6.24)
FgP(d)

2 VF;
j

This is obtained as follows: for m € [1,d], we have

q\ Vg 1/q
Y 0nF; = (Z 2k |p 4 (ZamFJ-) ) = (szS‘I|a,,,Fk|q)
J FpPrd) ||\ K Y Loqray IE Loae)
1/q
< (szsqzqkmﬂ) = WPl ps o gay S 1 Upgocray,
k LP(T9)
by Lemma 4.8. This implies (6.24).
Finally, we have [|[VYq]|| FP(Td) <1, provided | f|| FOP(Td) < dp with §¢ sufficiently small. O
The proof of Proposition 3.1 is complete. d

7 Inversion of the divergence in domains

Throughout this section, Q is a smooth bounded domain in R?. With no loss of generality, we may also assume that Q is
connected.

For the definition of the space Fg’p (R%) and its basic properties, we refer the reader to [21, Chapter 4]. Let us recall that
F;’p (Q) is the space of restrictions to  of elements in F;’p (R%).9

9 When s > 0, functions in F;’p (RY) are locally integrable, and we deal with restrictions of functions. When s < 0, we deal with restrictions of
distributions.
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We next give a meaning to the condition f f=0,when feF Z’p (Q). When s > 0, any element f € Fg’p (Q) belongs to
Q

LP(Q) c LY(Q) so that the condition [ f =0 has an obvious meaning. When s < 0, we have —s < 1/p’ (since (s + 1)p = d).
Therefore, we are in position to apply ([221, Section 4.6.3, Theorem 1] and obtain that the characteristic function yq of Q is
a multiplier of F;,S’p ’(Rd). Equivalently, the extension operator by 0 of maps in F;,S’p ,(Q), which will be denoted by u— Eu
in the sequel, is bounded from F;,S’p ,(Q) into F;,S’p ’(Rd). In particular, there exists C > 0 such that for every ¢ € F;,s’p ,([R{d)
vanishing outside Q) we have

”(p"F;IS’P’([Rd) =C|pa ||F;,SvP,(Q)' (7.1

A consequence of this fact is that
FP(@)=(F," Q). (7.2)

Indeed, when Q = R? this corresponds to [21, Section 2.1.5]. In order to prove (7.2) for a general Q, let f € F;’p (Q). For any
extension f € F;’p (R?) of £ and any ¢ € CX(Q), define (f,¢) := (f ,E ). This definition does not depend on the choice of f,

and the linear functional thus defined is continuous on C3°(2) with respect to the F' ;,sl’p ,(Q) norm. The density of C7°(Q2)
in F;,S’p ,(Q) [21, Theorem 2.4.4.3] allows to extend this linear functional to a continuous linear functional on the whole
F;,S’p Q) space. This proves the inclusion Fg”(Q) (F;,s’p Q).

Conversely, let g € (F;,s’p '(Q))'. Thanks to the boundedness of E, F;,s’p '(Q) can be identified with a subspace of F;,s’p '(RY).

The Hahn-Banach theorem yields an extension g of g as a bounded linear functional on F;,S’p ,(Rd) with the same norm as

g. Thus g e F;P(R?) [21, Proposition 2.1.5], which shows that g € Fy”(Q).
The claim (7.2) is therefore proved. In addition, a closer look to the above arguments shows that the norms of Fg’p (Q) and

(F;,s’p I(Q))’ are equivalent.

By the above discussion, we may interpret, when s < 0, the condition f f=0as (f,1) =0, where (,) denotes the pairing
Q

between F;’p (Q) and F;,s’p Q).

Proof of Theorem 1.3. The proof follows the one of [5, Theorem 2], with several modifications due to the possibly high
regularity of functions in F;’p (whereas, in [5, Theorem 2], we only have f € LP). We first introduce the following notation:

Q. := (—r,r)d‘l, Qr:=Q,. x(0,r) (r >0) and % := max(0,[s]). Here, [] denotes the integer part. When we deal with traces, we
identify @’ with @’ x {0}.

i. Extension by reflection. Let f € Fz’p (®1). We introduce the invertible Vandermonde matrix A := ((—1/. j)i_l)lsi, j<k+1 and let
a=ay,...,ap1) = A, D] e R, (7.3)

If s > 0, we then define, for x = (x',24) € @] x (-1,1):

fx',xq), ifxg >0

Foad = k+1

f&' xa): aif (¢, -X2), ifxg<0’
f 1

i=1

Then f € F;’p(Q’1 x(-1,1)) and ||f~||F;,p(Q,1x(_1’1» < "f”F;'P(Ql)- Indeed, this is easily checked when s € N and ¢ = 2 (that is,

when F;’p is the classical Sobolev space W*P). This special case combined with interpolation implies that these assertions
still hold when s >0, p > 1 and g > 1.
When s <0, define f in the following way:

(Fo0) = (£,9), Yo e F 7P Q) x (-1,1),
where ¢°(x',xq) = p(x',x4) + p(x',—x4). Since the map
©F Q) x(-L1) = F Q). oo,

is continuous, it follows that the map
LFSP Q) — FEP@Q) x (~1,1), f—F
is also continuous.

it. Inversion of the divergence in the case of a flat boundary. This is performed in Lemma 7.2.

Lemma 7.1 Let f € F;’p(Ql). Then there exists X € F;+1’p(Q2)ﬂL°°(Q2) such that div X = f in @1 and tr Xg =0 on Q'l
Moreover, there exists C > 0 (independent of f) such that

||X||F2+1,p(Q2) + Xl Loy = C ||f||F;xP(Q1)-
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Proof Let g be a compactly supported F;’p extension of f to (—m,7)?. Extending g by periodicity, we may identify g with
SIEI FiP (@) By Theorem 1.1, there exists

~

an element of F;J’(l]'d). We may further assume that fdg =0 and ||g||F2,de)
T
Y € FS*VP(14) A L(T4) such that div Y = g and

||Y||F2+1,pqd) + Yl zeoqray = Cllglpse (ray-

Let
12---k+1 -1
1 ai
1 0 ag
B:= s
0 :
1 aps1

where a1,...,a;.1 are given by (7.3). In order to prove that B is non singular, we note that

12+ k+1-1
1
10)
B= - (7.4)
(OA A :
1

Therefore, it suffices to prove that the matrix in the right hand side of (7.4) is non singular. Its determinant equals
-1 -1 -1

P P20 P16+1 1

Py Py Ppyl

1
=——V(p1,.--,Pk+1,1),
D1...-Pr+l

'k k k
P1 Py~ Pryp 1l
where p; = -1/j, 1< j<k+1 and V(pi,...,pr+1,1) is the Vandermonde determinant associated with the parameters

{p1,.--,Pr+1,1}. This implies that A # 0 and B is non singular.
We can thus define '(8,)1<j<z+2 := B~![(0,1,0,...,0)]. We then consider for any 1<i=<d -1,

k+1 xq
Xi(xly--"xd) = Z ﬁle (x’5 7) +,Bk+2Yi(x’,—.')Cd),
=

and for i =d,
k+1 ) , Xq ,
Xa(x1,...,xq) =Y jB;jYa (x , 7) —Br+2Yalx',—xq).
=1
It is easy to check that div X = f in @1, that tr X5 =0 on @] and that ||X||F2+1,p(Q2) + Xl L@y S ||f||F;~P(Q1)- O

Lemma 7.2 Let f € F;’p(Ql). Then there exists X € F;H’p(Qz) NL®(Q2) such that div X = f in Q1 and tr X =0 on Q).
Moreover, there exists C > 0 (independent of f) such that

||X||F;'+l,p(Q2) + "X”L"O(Qz) =C ”f“F;’P(Ql)'

Proof By Lemma 7.1, there exists Y € F;+1’p(Q4) NL>®(Q4) such that divY = f on @ and tr Y; =0 on Q’1 (with the cor-
responding estimates). For 1 < j < d, we set C; := (—1)j+de. Observe that tr C; = 0 on Q). We claim that there exists
Dje FZ+2’p(Q2) NWL(Qs) such that tr D; =0 on Q) and

oD; ,
tr (a_t) =C; on Q5.

Indeed, let [ :=tr 1@, Cj € F;H_l/p’p(Q"l) NL>®(Q)). Fix some p € C®(R?1) such that fd p= 1 and supp p c Q). With the
-
!

x
), set, for x’ € @),

1
. n_
notation ps(x') = P o (_t

tEj* pi(x'), ifO<t<2

D;(x,t) =
s0 {0, if =0

We then havefor 1<k<d-1

on; op
L@ )=F* |
s o=ere ()

and also
ab; /
E(x B =Ej*(p+n)(x'),
where 1(y') := —(d - 1)p(y") — (Vp(y"),y"). Clearly, D; € W1(Q3) and D;(-,0) = 0. We now use the following result:
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Lemma 7.3 Let L >0 and R =R*"1 x (0,L). Let p € C®(R?"!) and o > Up. For any y e g~ "PP®R41), let
fy:R—C, R3(x,t)—y*p;(x") eC.
Then the map Fg_l/p’p(Rd_l) 3y—fye€ Fg’p(R) is continuous for any q €[2,pl.

Proof of Lemma 7.3. Let K(x',x4) := py, (x). A straightforward computation shows that R ,xq) = p(xg&"), where K denotes
the d — 1 dimensional Fourier transform with respect to x’ = (x1,...,x4_1). Since p € SR, the kernel K belongs to the
class S introduced in [21, Section 3.2.1, Definition 2]. The conclusion of Lemma 7.3 follows therefore from [21, Theorem

3.2.2.3]. a
. a[Dj aDj s+1,p s+2,p
Proof of Lemma 7.2 continued. By Lemma 7.3 we have 6_”6_t€Fq ""(Q2), so that D; € F;" " (Q2). We observe that
x
k
t (aDj) 0ifksd-1,t (‘mj) E
— 2| = < — — 7| = .
g O0xp, nes U 0xq J
For 1 < j<d, we then define
.0D; d g OD;
Zj:=(-1)"—L 5,3 Y (-1 e FS*MP(Qy)nLO(Qy).
j=(=1) e Jdi;( 5 €Fa T@INLT@)

Finally, let Z := (Z4,...,Z4). The identities div Z = 0 and tr Z = tr Y are straightforward. The vector field X =Y — Z has all
the required properties. ]

iii. Inversion of the divergence in epigraphs. This is achieved in Lemma 7.5.
Let v € C®°(R?"1) and for r > 0,
U :={(',xa) € Q) x R:y(x') <xg <y(x') + 1.

Lemma 7.4 Let k = [s]. There exists €y > 0 such that if Zf:lz ||Di1//||Loo(Rd_1) < &g, then given any f € F;’p(Ul), we may find

some X € F;+1’p(U1)ﬂL°°(U1) satisfying div X = f in Uy and tr X=0on {(x',p(x)) : &’ € Q). Moreover, we may choose X such
that

”X”F;+LP(U1) + XLy =C ”f”F;'p(Ul) ,

with C > 0 independent of f.

Proof As in the proof of [5, Lemma 6], for x' € @) and 0 < y <1, set f(x',y) = f(x',y + y(x')). When s <0, this definition has
to be understood as (£, ) := (f,po ¥ 1), where W(x', y) := (', y + w(x')). We claim that

”f”p;;p(Ql) <c ||f||F2,p(U1). 7.5)

Indeed, when s is an integer (with s = —1) and q = 2, we have F;’p(Q) = W*P(Q), and in this case (7.5) is easily checked using
the definition of Sobolev spaces. By complex interpolation [24, Theorem 2.13] one obtains (7.5) for all s = —1 and g = 2. Then
real interpolation yields || f || BIP@1) <clfl BIP(Uy) for all s > —1 and all ¢ € R. In particular, (7.5) holds for all s whenever
q = p. Since (7.5) also holds when g = 2, complex interpolation yields (7.5) for all s,p and ¢ €[2, p].

By Step 2, there exist Cq >0 and X € F;H’p(Qg) NL*(Q3) such that div X = f in @1, tr X=0 on Q] and

X510 * X 2oi@ = Coll g -

Now, set X(x',y) := X(x', y —w(x')) and write the components of X as X = (X', X?). We obtain

d-1 5d

oX
div X(',xq) - f (', x0) = ) ==
in1 0x;

0
2 — Y oo ().
Oxi

Clearly, this X satisfies

] d-1 axd aw
"leX_f”F;’p(Ul)SCO Z W@ .
i=1 i illFRP @)
By [21, Theorem 4.6.2.2] (this requires s > —1/2), we obtain
[Idiv X —flng,p(Ul) <C; (”VV/"LOO(Rd—l) + "Vu/”Fgl’p(Rd‘l)) ||f||F;>P(U1) =Cs¢gg ||f||F;:P(U1) > (7.6)
XU gseio g,y + XLy < Calflpgr ) (1.7

1
where the constants C;, 0 <i < 3, do not depend on . If we choose ¢( < PTe then Lemma 7.5 follows by iterating the above

2
construction of X (as in the proof of Theorem 1.1) and using (7.6) and (7.7). ]

We next remove the smallness condition on .
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Lemma 7.5 Let v € C‘C’O([R?d_l). There exists 6 > 0 which only depends on d and v with the following property: one can find
X e F2+1’p(U5) N L (Uy) satisfying div X = f in Us and tr X =0 on {(x',w(x')) : x' € Qg}. Moreover, there exists C > 0 (which
may depend on vy but not on f) such that

”X”F;H’p(Ug) + ”X“LO"(Uﬁ) =C ”f”F;’P(Ul) .

Proof As in the proof of [5, Lemma 7], define y5(x') := w(5x') for any 6 > 0. We also define f5(x',x4) = f(6x’,x4). For small §,

we have Z’?:f ||Di1//6||L°°(Rd-1) < g9, where g is given by Lemma 7.4. We apply Lemma 7.4 to 5 and f5 on Uj. This gives a

12
vector field X € F;+1’p(U1)ﬂL°°(U1) satisfying div X = f5 on Uy and tr X5 =0 on {(x’,15(x")) : &’ € Q' } with the corresponding

estimates. We then consider for (x,x4) € Us,

! !
X(x',xq) = ((‘5X£S (xg,xd) ,Xg (%,xd)).

We can easily check that X satisfies all the required properties. a

iv. Proof of Theorem 1.3 completed: inversion of the divergence in general domains.

Lemma 7.6 There exists a map S :F " (Q) — L™(Q) nF2+1’p(Q) such that for every f € Fy*(Q) we have

||§f||F;+1,p(Q) +1Sfllpeoiy =C ”f”F;'p(Q) s

"f —div Sf”FzH‘p(Q) <C "f”F;rP(Q) )

tr Sf=0o0n 0Q, tr (f —div Sf) =0 on 0L.

Proof There exist § > 0 and a finite covering of 0Q2 by open sets {Uj,...,U;} such that for each 1 <i <1, there exists v; €
C*(Q}) satisfying
1. U;nQ is isometric to {(x',24) € @ x R: y;(x') <xg <w;(x') +5}.

2. U;n0Q is isometric to {(x',x4) € @ x R: y;(x') = x4}.

We may further assume that ¢ is sufficiently small for the conclusion of Lemma 7.5 to hold true in each U;.
We then complete the proof using a partition of unity, as in the proof of [5, Lemma 5]. a

In order to complete the proof of Theorem 1.3, we apply the following lemma [5, Lemma 8].

Lemma 7.7 Let E, F be two Banach spaces and let T be a bounded linear operator from E into F such that Ker T* = {0}.
Assume that there exists a bounded operator S from F to E and a compact operator K from F into itself such that ToS = I+K.
Then T admits a right inverse.

Proof of Theorem 1.3 completed. We apply the above lemma with

E = {X e F{ ™ P(Q,RY) N LP(Q,RY); tr X = 0 on 60,

F:{feF;’p(Q):fozo}

and T = div. Then T* = -V, defined on F' = (F;’p(Q))’/[R. If D € 92'(Q) satisfies VD = 0, then D is constant on Q (here,
we use the connectedness of Q). This implies that Ker T* = {0}. The existence of S follows from Lemma 7.6. To define
K, we consider the compact embedding o/ : F;H’P Q) — F;’p (Q). Let K : F — F be the composition of the continuous map

F>f——f+ divSfe F;+1’p with /. Then K is compact and satisfies ToS = I + K. We complete the proof of Theorem 1.3
via Lemma 7.7. d

Remark 7.8 1. It is very likely that Theorem 1.3 is true in Lipschitz domains.
2. A similar argument shows that, for all s >0, all 1< p,q < +oo, for all f € Fg’p(Q) with f f =0, there exists Y € Fgﬂ’p(ﬂ)
Q
such that div Y = f, tr Y =0 on dQ and IIYIIFs+1,p(Q) < ||f||F;,p(Q). This is a particular case of [15, Theorem 1.1]; see also
q

[7, Theorem 1.1]. However, note that the arguments in [7,15] are of different nature.
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8 Appendix. Some estimates involving trigonometric polynomials

We gather here some elementary results involving trigonometric sums required in the proof of Theorem 1.1; some of
them are well-known.
The first result is essentially due to Bernstein, but seems difficult to find in the literature.

Lemma 8.1 The Fejér and de la Vallée Poussin kernels satisfy
IED e < C;V + 171V W < N + 1YY, W jeN, V1< p <co. (8.1)
Proof The standard Bernstein’s inequality [4, Theorem 11.1.1] asserts that
1F ey < N7 iz, if supp £ < [-N,N] and j = 1. 8.2)

The integral Bernstein inequality [9, Theorem D.2.1] is
fT If(x+a)=f(x)ldx < CNlallfllpi ), if supp fc [-N,N]. (8.3)

The next step is to generalize (8.3) to
If¢-+a)= FliLocry < CNlalllfILocr), if supp £ < [-N,N],V1<p <oo. (8.4)
This is obtained as follows: we have Vy(n) = 1 if |n| < N. Therefore, we have f+*Vy=Ffand[f(-+a)l*Vy = f(-+a), and thus
1fC+a)=Floea) = IIfC+a) = F1xVnlre = If * VNG —a) = VnllLem < 1flLe@mIVN (= a) = VnliLiy = CNlalll f Lo (my;

here, we used (8.3) (for Vi) and the fact that |Vyllp 1) = I2Fon —FnllLir) < 3.
By letting @ — 0 in (8.4), we find that

1 lzecry < CN I fllzecry, if supp F < [-N,N], V1< p <oo. (8.5)
If we iterate (8.5), then we obtain
1N Locry < C;NI N fliLocry, if supp F < [-N,N],VjeN*,¥1< p <oo. (8.6)

On the other hand, we have
IFnlzr =1, IFN Lo =2N + 1, Vy = 2Fony —Fp,

so that
IFnlLe <CN + DY VP | Wnllr < CAN+DV7VP V1< p <oo. 8.7)

We conclude by combining (8.6) with (8.7). ]

The next estimates are known as Nikolskii’s inequalities [17]. However, they were known before [17]; see the historical
discussion in [16].

Lemma 8.2 Let 1< p<q<oo, a=(ay,..,az) €N and (N1,...,Ng) e N®. Assume that supp fc ]_[;l:l[[—Nj,Nj]]. Then

d
10% Fll acray S [TQV; + DS VPV £ pa. (8.8)
j=1

Proof The identity f = f * (Vn, ®...®Vy,) implies

>

d .
10%Fllocray = | % (07 Vv, ©... %V, )| Loray = I1F I pcra Il oS va,
i

L7(T)

1 1 1 .
where — + 1= — + —. We conclude via (8.1). ]

q p r
Corollary 8.3 Let 1< p < g < oco. Assume that supp f © H;l:l[[aj,bjﬂ. Then

d 1/p-1/
||f||Lq(1yd)§, H(bj—aj+1) L q“f”qud)- (8.9)
j=1

Proof Apply Lemma 8.2 to x — f(x)e H@1¥1++aaxa) ]

We next present an estimate involving Fejer’s kernel Fy.

Lemma 8.4 Ifsupp f c [-N,N], then we have
Ifl=3Ifl=Fn. (8.10)
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Proof The starting point is again the identity f = f * Vj, which yields

IF1=1f *VNI=If * 2Fon —Fn)I < If | * 12Fan —Fnl.

A simple computation shows that Fon < 2Fy, so that |2Fen —Fn| < 3Fy, and the proof of (8.10) is complete. O

d
Corollary 8.5 Assume that supp [ < 1_[ laj,a;+N;—1]. Then

=1

If1<3%f1*(Fn, ®...0Fy,). (8.11)

Finally, we present a proof of (5.9).
Lemma 8.6 Let [ € 2(T) be such that supp f < [a,b —1]. Then

[IFI'| = (b-a)|Fp_q * (7% F)|. (8.12)
Proof We have
b-1 ! b-1 oje-1 /
||f|!| — Z f(n)elnx — Z f(n)el(n—b)x < Z f(n) (el(n—b)x)
n=a n=a n=a
b-1 b-1
=| X b =mf e’ ™ =1 3 (b= n)f (e ™| = |(b - alFp—q * (7 f)],
the last equality being easily checked. ]

Acknowledgements We thank Sylvie Monniaux for the proof of Lemma 8.4.
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