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THREE EXAMPLES OF BROWNIAN FLOWS ON R

YVES LE JAN AND OLIVIER RAIMOND

ABSTRACT

We show that the only flow solving the stochastic differential equa-
tion (SDE) on R

dX; = 1{Xt>0}W+(dt) + 1x, <oy dW_ (dt),

where W and W~ are two independent white noises, is a coalescing
flow we will denote p*. The flow p* is a Wiener solution. Moreover,
K* = E[d,+|W,] is the unique solution (it is also a Wiener solution)
of the SDE

K f(2) = / KT 1) () W (du) + / Kof"(z

for s <t, x € R and f a twice continuously differentiable function. A
third flow ¢ can be constructed out of the n-point motions of K.
This flow is coalescing and its n-point motion is given by the n-point
motions of Kt up to the first coalescing time, with the condition that
when two points meet, they stay together. We note finally that K+ =
E[0p+ | W4 ].

1. INTRODUCTION

Our purpose in this paper is to study two very simple one dimen-
sional SDE’s which can be completely solved, although they do not
satisfy the usual criteria. This study is done in the framework of sto-
chastic flows exposed in [9, 10, 11] and [17] (see also [14] and [15] in an
SPDE setting). There is still a lot to do to understand the nature of
these flows, even if one consider only Brownian flows, i.e. flows whose
one-point motion is a Brownian motion. As in our previous study of
Tanaka’s equation (see [12| and also |6, 5]), it is focused on the case
where the singularity is located at an interface between two half lines.
It should be generalizable to various situations. The first SDE repre-
sents the motion of particles driven by two independent white noises
W, and W_. All particles on the positive half-line are driven by W,
and therefore move parallel until they hit 0. W_ drives in the same way

the particles while they are on the negative side. What should happen
1
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at the origin is a priori not clear, but we should assume particles do
not spend a positive measure of time there. The SDE can therefore be
written

dX; = 1{Xt>0}W+(dt) + 1{Xt<0}W_(dt)

and will be shown to have a strong, i.e. o(W,,W_) (Wiener) measur-
able, solution which is a coalescing flow of continuous maps. This is
the only solution in any reasonable sense, even if one allows an exten-
sion of the probability space, i.e. other sources of randomness than the
driving noises, to define the flow.

If we compare this result with the one obtained in [12] for Tanaka’s
equation, in which the construction of the coalescing flow requires an
additional countable family of independent Bernoulli variable attached
to local minima of the noise W, the Wiener measurability may seem
somewhat surprising. A possible intuitive interpretation is the follow-
ing: In the case of Tanaka’s equation, if we consider the image of zero,
a choice has to be made at the beginning of every excursion outside
of zero of the driving reflected Brownian motion. In the case of our
SDE, an analogous role is played by excursions of W' and W~. These
excursions have to be taken at various levels different of 0, but the
essential point is that at given levels they a.s. never start at the same
time. And if we could a priori neglect the effect of the excursions of
height smaller than some positive €, the motion of a particle starting
at zero would be perfectly determined.

The second SDE is a transport equation, which cannot be induced by
a flow of maps. The matter is dispersed according to the heat equation
on the negative half line and is driven by W, on the positive half line.
A solution is easily constructed by integrating out W_ in the solution
of our first equation. We will prove that also in this case, there is no
other solution, even on an extended probability space.

The third flow is not related to an SDE. It is constructed in a similar
way as Arratia flow (see [10, 1, 17, 3, 4]) is constructed: the n-point
motion is given by independent Brownian motions that coalesce when
they meet (without this condition the matter is dispersed according to
the heat equation on the line). Using the same procedure, each particle
are driven on the negative half line by an independent white noises and
on the positive half line by W,. This procedure permits to define a
coalescing flow of maps, which is not Wiener measurable.
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2. NOTATION, DEFINITIONS AND RESULTS.

2.1. Notation.

Forn > 1, C(R* : R™) (resp. C,(R™ : R™)) denotes the space of
continuous (resp. bounded continuous) functions f : RT — R™.
For n > 1, Co(R™) is the space of continuous functions f :
R" — R converging to 0 at infinity. It is equipped with the
e — )

For n > 1, CZ(R") is the space of twice continuously dif-
ferentiable functions f : R™ — R converging to 0 at infin-
ity as well as their derivatives. It is equipped with the norm

I fll2.00 = [1Flloo + 225 10: flloo + 225 ; 10605 f [l oo-

e For a metric space M, B(M) denotes the Borel o-field on M.

For n > 1, M(R"™) (resp. My(R"™)) denotes the space of mea-
surable (resp. bounded measurable) functions f : R" — R.

We denote by F' the space M(R). It will be equipped with the
o-field generated by f — f(z) for all z € R.

P(R) denotes the space of probability measures on (R, B(R)).
The space P(R) is equipped with the topology of narrow con-
vergence. For f € M,(R) and p € P(R), puf or pu(f) denotes
o fiis = i f(o)n(de).

A kernel is a measurable function K from R into P(R). Denote
by E the space of all kernels on R For f e My(R), Kf €
M,(R) is defined by K f(z) = [, f(y)K(x,dy). For u € P(R),
ukK € P(R) is defined by (,LLK)f = ,LL(Kf). If K; and K, are
two kernels then K; K5 is the kernel defined by (K1K3)f(x) =
Ki(Ksyf)(z)(= [ f(2)Ki(z,dy)Ks(y,dz)). The space E will be
equipped Wlth & the o-field generated by the mappings K —
wkK, for every p € P(R).

We denote by A (resp. A™ for n > 1) the Laplacian on R (resp.
on R"), acting on twice differentiable functions f on ]R (resp.

on R") and defined by Af = f’ (resp. AW f = D et 8m2 ).

2.2. Definitions: Stochastic flows and n-point motions.

Definition 2.1. A measurable stochastic flow of mappings (SFM) ¢
on R, defined on a probability space (2, A, P), is a family (¢st)s<t such

that
(1)

(2)

For all s < 't, ps; is a measurable mapping from (@ x R, A ®
B(R)) to (R, B(R));
For allh € R, s <t, Qsypitn is distributed like psy;
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(3) Foralls <t <wuand allz € R, a.5. @su(T) = Yru 0 @s1(T),
and @ s equals the identity;
(4) For all f € Co(R), and s < t, we have
lim  supE[(f o pyu(z) — fo ¢S,t<x>>2] = 0;
(uvv)ﬁ(svt) xeR
(5) For all f € Co(R), z € R, s < t, we have
lim E[(f 0 ¢us(y) = f o puale))?] = 0

(6) For all s < t, f € Co(R), limpy—o0 E[(f © ¢s¢(2))?] = 0.
Definition 2.2. A measurable stochastic flow of kernels (SFK) K on
R, defined on a probability space (2, A,P), is a family (Ks¢)s<t such
that

(1) For all s <t, K4 is a measurable mapping from (2 x R, A®
B(R)) to (P(R), B(P(R)));

(2) Forallh € R, s <t, Kgyptn ts distributed like Kgy;

(3) Foralls <t <w and all x € R, a.s. K,,(x) = Ks 1K .(2),
and K equals the identity;

(4) For all f € Cy(R), and s < t, we have

lim supE[(Ky,.,f(z) — sttf(x))Z] =0;

(u,v)—)(s,t) zeR

(5) Forall f € Co(R), z € R, s < t, we have
il_lg E[(Ks,tf(y) - Ks,tf(x))Q] = O;
(6) Foralls <t, f e Co(R), limp o E[(K, . f(2))?] = 0.

The law of a SFK (resp. of a SFM) is a probability measure on
(It B, ®5<:€) (resp. on (Ilst F, @< F)). A SFK K will be called a

SFM when K, ,(x) = é,, ,(») for some SFM ¢.

Definition 2.3. Let (P,ﬁ"), n > 1) be a family of Feller semigroups,
respectively defined on R™ and acting on Co(R™) as well as on bounded
continuous functions. We say that this family is consistent as soon as

(1) for all n > 1, all permutation o of {1,...,n} and all f €
Co(R™),
P (f7) = (P f)°
where fO(z1,...,2n) = f(Toyy- -, To,);
(2) for all k < n, all f € Cy(R¥), all y € R and all z € R™ such

that x; < y; for i1 < n, we have
P g(x) = P f(y)
where g(x1, ..., T,) = (Y1, Yk)-
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We will denote by P the law of the Markov process associated with
PE") and starting from x € R™. This Markov process will be called the
n-point motion of this family of semigroups.

A general result (see Theorem 2.1 in [10]) states that there is a one
to one correspondence between laws of SFK K and consistent family of
Feller semigroups P", with the semigroup P defined by P? = E[KGT]).-
It can be viewed as a generalization of De Finetti’s Theorem (see [17]).

2.3. Definition: white noises. Let ¢' : R x R — R be a covari-
ance function on R, ie. C is symmetric and -, ; MA;C(;,25) > 0
for all finite family (\;,z;) € R% Assuming that the reproducing
Hilbert space H¢ associated to C' is separable, there exists (e;)ier
(with [ at most countable) an orthonormal basis of Hg such that

Clz,y) = X icr ci(@)ei(y).

Definition 2.4. A white noise of covariance C' is a centered Gaussian
family of real random variables (W (x), s <t, x € R), such that

EW. o ()Wan(y)] = [[s, 2] O [u, v]] x C(z,y).

A standard white noise is a centerd Gaussian family of real random
variables (Wsy, s < t) such that

EW. o (@)W (y)] = [[s, 2] O [u, 0]].

Starting with (W?);c; independent standard white noises, one can
define W = (W ¢)s<; a white noise of covariance C' by the formula

Waulz) =Y Wieila),
i€l
which is well defined in L2.

Although W, doesn’t belong to Hc, one can recover W;t out of W
by Wi, = (Ws, e:). Indeed, for any given i, e; is the limit as n — oo
in He of ef = > x AiCan where for all n, (A}, z}) is a finite family in
R%. Note that

e} — e I3, = > MATClag, 27).

.
Denote W:tz = > o AW (af). Then for n and m,
E[(W = W) = (t = s)llef — e[

Thus one can define W¢, as the limit in L* of W i'. Then one easily

checks that W, (z) = 32, Wi (x)e;(z) a.s.
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For K a SFK (resp. ¢ a SFM or W a white noise), we denote for all
s <t by FL (resp. FY, or F}') the o-field generated by {K,.; s <
u <wv <t} (resp. by {@u.; sgugvgt}or{Wuvv; s<u<wv<t}).
A white noise W is said to be a F* (resp. F#-white noise) if 7, C FJ
for all s <t (resp. F)y C F¢, for all s < t). In all the following, all
o-fields will be completed by negligible events.

2.4. Definition: the (1A, C)-SDE. Let ¢ be a SFM and W a F*-
white noise of covariance C'. Then if for all s < t and all x € R, we
have

(1) Pst( _“Z/ €; 0 Qs (z)W'(du).

el

then (¢, W) is said to solve the SDE (1). Since this SDE is determined
by the covariance C, we will more simply say that (¢, W) solves the
C-SDE driven by W. Note that to find SFM’s solutions of the C-SDE
for which the one-point motion is a Brownian motion, we will need to
assume that C'(x,z) = 1 for all z € R. In all the following, we will
be interested in constructing SFM and SFK for which the one-point
motion is a Brownian motion. Adding this condition, the C-SDE will
be called the (1A, C)-SDE, since sAf = 1f” for f € C*(R) is the
generator of the Brownian motion on R.

The notion of solution of this SDE can be extended to stochastic
flows of kernels: let K be a SFK and W = Y. e;W*, a FX-white noise
of covariance C, then (K, W) is said to solve the (1A, C')-SDE driven
by W if
)

Koo f(a +Z/ Ko ulesf”) ()W (du) + /Ksuf"

el

for all f € CZ(R), s < t and = € R. Note that when C is continuous,
then identity (2) implies that W is a F®-white noise (see section 5 and
Lemma 5.3 in [10]). To find solutions of the (1A, C')-SDE, we will need
to assume that C(z,z) < 1 for all € R. (This condition comes from
the fact that for all ¢ > 0,

Pif? = E[Ko. f2(x)] > E[(Ko.f)*(z)] = P f2 f(x, )
and that

AP (x) = AP f2(2,2) = (1 = Oz, 2))(f'(2))*
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where A = %A is the generator of P, and A® is the generator of P§2).)
Having C' stricly less than one means the flow is a mixture of stochastic
transport and deterministic heat flow.

Taking the expectation in (2), we see that for a solution (K, W) of
the (%A, (')-SDE, the one-point motion of K is a standard Brownian
motion. Note that if K is a SFK of the form d,, with ¢ a SFM, then
(K, W) is a solution of the (:A,C)-SDE if and only if (¢, W) solves
(1), and we must have C'(z,x) =1 for all x € R.

A solution (K, W) of the (3A, C)-SDE is called a Wiener solution if
for all s < t, ]—“gt = f%. A SFM ¢ will be called coalescing when for
all z,y, T = inf{t > 0; @o(r) = @or(y)} is finite a.s. A SFK K will
be called diffusive when it is not a SFM.

2.5. Martingale problems related to the (A, C)-SDE. Let (K, W)
be a solution of the (%A, C)-SDE. Denote by P§"’, the semigroup asso-
ciated with the n-point motion of K, and by P the law of the n-point

motion started from z € R".

Proposition 2.5. Let X™ be distributed like PY” with x € R". Then
it 18 a solution of the martingale problem:

3) fﬂ%mw—434Mﬂxﬁ»@

is a martingale for all f € C2(R™), where

1
AN f(2) = JAM f(@) + ) Clas, )
i<j

Proof : When f is of the form f; ®---® f,, with fi,..., fn, in CZ(R),
then it is easy to verify (3) when (K, W) solves (2). This extends to
the linear space spanned by such functions, and by density, to Ca(R").
(A proof of this fact can be derived from the observation that, on the
torus, Sobolev theorem shows that trigonometric polynomials are dense
in C?.) O
Remark 2.6. If one can prove uniqueness for these martingale prob-
lems, then this implies there exists at most one solution to the (%A, C)-
SDE. (Indeed, using It6’s formula, the expectation of any product of

K. f(x) and Wy, (y)’s can be expressed in terms of p™) ’s.)

62

2.6. Statement of the main Theorems.

Theorem 2.7. Let Ci(l‘, y) = 1{x>0}1{y>0} + 1{x<0}1{y<0}. Then there
is a unique solution (K, W) of the (37, C4)-SDE. Moreover, this solu-
tion 1s a Wiener solution and K is a coalescing SFM.
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Denote by ¢ the coalescing flow defined in Theorem 2.7. The white
noise W of covariance C1 can be written in the form W = Wtlg: +
W~ 1g-, with W and W~ two independent white noises. Then (2) is
equivalent to

t

t
(4) @:t(x) = 7 +/ 1{¢;Eu(x)>o}w+(du) +/ 1{¢§u($)<O}W’(du).
A consequence of this Theorem, with Proposition 4.1 below, is

Theorem 2.8. The SDE driven by BT and B~, two independent Brow-
nian motions,

(5) dX; = l{Xt>0}dBt+ + l{Xt<0}dBt_
has a unique solution. Moreover, this solution is a strong solution.

Proof : We recall that saying (5) has a unique solution means that
for all x € R, there exists one and only one probability measure
Q. on C(R* : R3) such that under Q,(dw), the canonical process
(X,B",B7)(w) = w satisfies (5), with BT and B~ two independent
Brownian motions, and X a Brownian motion started at x. Proposi-
tion 4.1 states that (5) has a unique solution. Since (4) holds, one can
take (X¢, B, By) = (¢g,(x), Wy, W) for this solution.

A solution (X, BT, B7) is a strong solution if X is measurable with
respect to the o-field generated by BT and B~, completed by the events
of probability 0. Since p* is a Wiener solution, one can conclude. [

Theorem 2.9. Let Cy(z,y) = 1zsoyl{y>o0}-
(i): There is a unique solution (K™, W) solution of the (31, C4)-
SDE.
(ii): The flow K is diffusive and is a Wiener solution.

(iii): The flow K can be obtained by filtering = with respect to
the noise generated by W+: K, = E[d,= [WT].

Theorem 2.10. There exists a unique coalescing SEM ot such that its
n-point motions coincide with the n-point motions of K+ before hitting
A, ={xeR" Fi#j, v, =xz;}. Moreover
(i): (¢, W) is not a solution of the (34, C+)-SDE but it satis-
fies

t t
/ 1{¢1u<x>>0}d¢;u<x):/ Lot umsop W (du).

(ii): KT can be obtained by filtering ¢t with respect to the noise
generated by W+: K, = E[d,+ [W™].
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Remark 2.11. Following [10], it should be possible to prove that he
linear part of the noise generated by ©* is the noise generated by W.

We refer to section 3.2 for more precise definitions of noises, extension
of noises, filtering by a subnoise, and linear part of a noise.

3. GENERAL RESULTS.
3.1. Chaos decomposition of Wiener solutions.

Proposition 3.1. Let (K, W) be a Wiener solution of the (:A,C)-
SDE. Then for all s < t, f a bounded measurable function on R and
r € R, a.s.,

(6) Ko f(x Z

with J" defined by J? = Py, where Pt 1s the heat semigroup on R, and
forn >0,

(7) K0 =3 / (P f)es) () Wi(du).

This implies that there exists at most one Wiener solution to the (%A, C)-

SDE.

Proof. We essentially follow the proof of Theorem 3.2 in [9], with a
minor correction at the end noticed by Bertrand Micaux during his
PhD [13].
Let us first remark that the stochastic integral ) _, fo s(€i(Pi_o f))(x)Wi(ds)
do converge in L? for all bounded measurable function f since (using
in the fourth inequality that C'(x,z) <1 for all z € R)

Zi E [(/t Ks,u((Pt-uf)’ei)(x)Wi(dU))2]
< Z/:E
< Z/:E

IN
m\J
)

<
.
VRS
—
O
3
=
N
o
Q)]
S0
N———
~—~
=
QU
N

IN

/ Pu_s((Peouf))(z)du
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which is finite (since, using that % (Pu,s(Pt,uf)Q) = Pu,s((Pt,uf)’)Q,

it is equal to Py_sf2(x) — (Ps_sf)*(x)).
Take f a C? function with compact support. For ¢ > 0, denote Ky
simply K;. Then fort >0,n>1and z € R

3

K f(x) =P, f(x) = (Kt(k+1)/n(Pt(lf(kdrl)/n)f) - Ktk/n(Pt(kk/n)f))

k=0
n—1

= (Kt(kJrl)/n — Koyn) (Pe—es1y/m) f)

(k+1)/n ‘
- z% Z / K (ei(Pia—gernym) f)') (2)W'(ds)

L rt(k+1)/n 1 ,
+Z/t K, <§<Pt(1—(k+1)/n)f> ) (z)ds

- Z K /n(Pei—k/m) | — Peai—kr1y/m) f)
k=0

since (K, W) solves the (1A, C')-SDE. This last expression implies that
fort >0,n>1and z € R,

3
Ko f () -3 / Ko(e:(Peof))(@)Wilds) = 3 Be(n)
k=1
with
n—1 t(k+1)/n ‘
Bi(n) = Z/ &/ K (ei(Pea—rnym f = Presf)') (2)W'(ds),
k=0 i "
Bsy(n) = HZK P f—P f- ") (@)
9 th/n | Pt1—k/n) t(1—(k+1)/n) oy T (1= (k+1)/n) Z)s
k=0
n—1 t(k+1)/n 1
Bs(n) = Z/k/ (K — Kiyn) (i(Pt(l(kH)/n)f)”) (x)ds.
0 tk/n
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The terms in the expression of B;(n) being orthogonal,

1 t(k+1)/n
E[(Bi(n))] = ZZ/W E | (Ko (eilPra-qerym f = Pesf)))” (2)] ds

Z Z /t(kﬂ

IN

)/n
2
» (€i<Pt(1—(k+1)/n)f - Ptfsf)l) (z)ds

t(k+1)/n N2
< Z/ Ps ((Pt(l—(k—l—l)/n)f - Pt—sf)) ({L‘)dS

where we have used Jensen inequality in the second inequality and the
fact that >, e?(x) = C(z,2) <1 in the last inequality. This last term
is less that nft/n 1P f" — f'|I2ds = O(|| f"||1.£2/n).

By using triangular inequality, E[(B2(n))?]/? is less than

n—1

1/2
¢ 2
E [Ktk/n (Pt(lk/n)f — Pia—errym) f — %(Pt(l(kJrl)/n)f)”) (37)]

k=0
n—1 " 2 1/2

< Z [Ptk/n <Pt(1—k/n)f — Pia—geriym) f — %(Pt(l—(k—i—l)/n)f)”) (37)]
pn

Using moreover that [P/, f — f — t/(2n) f"]lc = O(t/n)32| f" o),
we get that E[(By(n))?]Y? = O(t**n= 2| f"||s0)-
By using again triangular inequality, E[(B3(n))?]

t(k+1)/n 1
/ (Ks — Kyn) (§(Pt(1(k+1)/n)f)”) (z)ds

tk/n

n—1 " t(k+1)/n ! ) )
< p <E /tk/n E [((Ks — Ktk/n) <§(Pt(1(k+1)/n)f) )) (x)] d3>

For f a Lipschitz function and 0<s < t we have (with (X,Y) the two
point motion of K of law IP’( and E the expectation with respect

to Pgi)x)) "
E[(K.f — K. (x)] = EXI(F(X0) — F(X))(f(YD) = (V)]
< (t—s)(Lip(/))*

with Lip(f) the Lipschitz constant of f. From this estimate, and
since Lip(Py1—(s+1)/m) f") < Lip(f”), we deduce that E[(Bs(n))?]"/? =

1/2 {5 less than

97 1/2

1/2
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O(t*2Lip(f")n~'/?). The estimates we gave for E[(B;(n))?], for i €
{1,2,3}, implies that for f a C® function with compact support,

Kof () = Puf(e) + Y / o6 (P f) ) (@)W (ds),
This implies that
§) Ko@) =Peaf(0)+ Y / Koa(Pe—uf)) ()W (du).

Iterating relation (8), we conclude from the orthogonality of Wiener
chaoses that (6) holds for f a C?® function with compact support. This
extends to all bounded measurable functions. U

3.2. Filtering a SFK by a subnoise. We follow here section 3 in
[10].

Definition 3.2. A noise consists of a separable probability space (£2, A, P),
a one-parameter group (Ty)ner of P-preserving L?-continuous transfor-
mations of Q and a family Fsy, < s <t < oo of sub-o-fields of A such
that:

(a): Ty, sends Fyy onto Fsipipn for allh € R and s <t ,

(b): Fsi and F,, are independent for all s <t < u,

(c): FsiNFru=Fsu foralls <t <u.
Moreover, we will assume that, for all s < t , Fy; contains all P-
negligible sets of F_o 0, denoted F .

A subnoise N of N is a noise (2, A, P, (T},), Fsy), with Fe; C Fey.
Note that a subnoise is characterized by a o-field invariant by 7}, for
all h e R, F = .7:"_00700. In this case, we will say that N is the noise
generated by F.

A linear representation of N is a family of real random variables
X = (Xs4; s <t) such that:

(a): X1 0Ty = Xgppyn forall s <t and h € R,

(b): X, is Fs;-measurable for all s <t

(¢): Xos+Xsi =X, pas, forallr <s<t.
Define F'" be the o-field generated by the random variables X, ; where
X is a linear representation of N and s < t. Define N to be the
subnoise of N generated by F'". This noise is called the linear part of
the noise N.

Let PY be the law of a SFK, it is a law on (Q°, A%) = (1,1 F, ®,:E),
and let K be the canonical SFK of law PY. For h € R, define 7 : Q —
Q by T(w°)sp = Wl pyqn- For s <t, FQ, is the o-field FJ completed
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by P%negligible sets of A°. This defines a noise N° called the noise of
the SFK K.

Let N be a subnoise of N°. In section 3.2 in [10], a SFK K is defined
as the filtering of K with respect to N: for s < ¢, f € Cy(R) and z € R,
K is such that

Ks,tf('];) = E[Ks,tf<x>|ﬁs,t] = E[Ks,tf<x)‘ﬁ]'

Suppose now Py is the law of a SFK that solves the (3A, C)-SDE.
Writing C' in the form C(z,y) = >,; ei(®)ei(y), there is a FX-white

noise W = 3", W'e; such that:
(9)
stf +Z/ Ksu Zf WZ du / Ksuf”
el

(i.e. the (3A, C)-SDE is transported on the canonical space).

Proposition 3.3. Let J C I and N the noise generated by {W7;j €
J}, and W = E]GJ Wie;. Let K be the SFK obtained by filtering K

with respect to N. Then (9) is satisfied with K replaced by K and W
by W (or I by J). If o(W) C o(K), then K solves the (3A, C)-SDE
with C(x,y) = > jesei(@)e;(y), and driven by w.

Proof : This proposition reduces to prove that

Roof (@ +Z/ Roles ) ()W (du) + /Ksuf”

jeJ

which easily follows by taking the conditional expectation with respect
to o(W7; j € J) in equation (9). O

4. Ci(z,y) = Yoy ly<oy + Liz>01Liy>0}-

4.1. The SDE dXt = ]-{Xt>0}dB;_ + 1{Xt<0}dBt_' Let Bl and B2 be
two independent Brownian motions. For z € R, define X*, B** and
B*~ by

(10) X/ = z+ B}

t t
(1) B = [ lwendXi+ [ LixeodBE
0 0

t t
(12) Bt = /1{xg<o}d332+/ Lixesopd X7,
0 0
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Then X%, B*~ and B®" are Brownian motions respectively started at
z, 0 and 0. Moreover B*~ and B** are independent, and we have

t t
(13) th, =+ / 1{B§>O}dB§7+ —+ / 1{Bgc<0}dBSx’_.
0 0

Denote by Q, the law of (X* B*~ B*™).

Proposition 4.1. Let x € R, X, B* and B~ be real random processes
such that BT and B~ are independent Brownian motions. Then if

t

t
(14) Xt:x+/ 1{X5>0}dB;L—|—/ 1{XS<0}ng,
0 0

the process (X, BT, B™) has for law Q,.

Proof. Let
t
By = / Lix.<0pdBJ + Lix,>0pdB; .
0

Observe that X — x and B and two independent Brownian motions.
Moreover

t t
(15) Bf = /1{xs<0}st+/ Lix,>0yd X
0 0
t t
(16) B; = /1{XS<O}dXs+/ 1{Xs>0}st'
0 0

This implies the proposition ((X, B*, B7) is distributed like (X*, B**, B*7)).
0

4.2. Construction of the n-point motions up to 7. Let z ¢
A, ={xr € R"; 3 # j, x; = x;}. For convenience, we will assume
that 1 < x9 < --- < x,, and set 7 the integer such that z; <0 < x;,4,
with ¢ = 1 when z; > 0 and i = n when z,, < 0. Let B! and B? be two
independent Brownian motions. In the following construction, X; fol-
lows B!. Out of X; and B?, we construct B* and B~ two independent
Brownian motions, and for j > i (resp. for j < i), X; follows BT (resp.
B~), this until the first time 7 when X;,; or X; 4 hits 0. After time 7,
we follow the same procedure by replacing i by i — 1 when X;_1(7) =0
or by i + 1 when X;1(7) = 0. More precisely, define for ¢ > 0, the
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processes
XP(t) = i+ By
t t
B)™ = /1{x9(s)<o}d381+/ Lixo(s)>0pd B2
0 0
0 t t
B = /1{X9(s)<o}d33+/ 1x0(s)>0y A B3
0 0
Xt = z;+ B for j <i—1
on(t) = x;+ Bt for j >i+ 1.
Set

7 =inf{t > 0: X (t) =0or X7, (t) =0}
and set for t < 7, (X, B~, B)(t) = (X° B%~, B%")(t). Set iy =i+ 1
if Xi—l—l(Tl) =0 and ’il =¢—1if Xi—l(Tl) =0
Then X;(m) < Xo(m) < -+ < X;(m) =0<--- < X, (7). Assume
now that (7%)g<, and (X, B~, BT)(t) have been defined for ¢t < 7, such
that a.s.
o (Tx)1<k<¢ is an increasing sequence of stopping times with re-
spect to the filtration associated to X;
o Xi(7) < < Xy(mp) for 1 <k <
o for all k, there exists an integer iy such that X; (7) = 0.
We then define (X;, B, B;L)te}TZ,THI] as is defined (Xy, By, By )i<s, by
replacing ¢ by i,, by X;, and (B!, B?) by (B}, — B;,B?,  — B2).
Let T = limy o 7¢. Note that T' = inf{t > 0; X; € A,} (with the
convention inf () = +00). Denote by P{0 the law of (X¢)e<r-

Lemma 4.2. Let X™ be a solution to the martingale problem (3),
with Xé") = x. Let T™ = inf{t; x" e A,)}. Then (Xt(n))th(") is
distributed like PY.

Proof : Let z = (xy,...,x,) € R" be such that x; < --- < x,. Again,

let ¢ be such that z; < 0 < z;,1, with ¢ =1 when z; > 0 and : = n
when z,, < 0. Let X™ be a solution of the martingale problem. This

implies that for all 7, X ;") is a Brownian motion and for all j and k&,
) '
(17) X = [ (9. X0 (9)ds
0
Let B be a Brownian motion, independent of X . Set

no=inf{t >0:35#4, X(t) =0}
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Define for ¢t < 7,

Bf = Xff)l()—xiﬂ, when i <n —1

¢ ¢
B = /0 l{X_(n) >O}dX("( )+/0 l{Xf")(s)<0}ng’ when i = n.

Define also for t < 7y

B = Xi(f)l(t) — T, when ¢ > 2

t t
By = /0 1{x§”)(s><o}dXi(n)(s)+/o Lix 0 dB7(s), when i=1.

Define for ¢t < 7,
B} = X" (1) - ;

and

t t
2 - +
Note that for ¢t < 7, (B!, B?); =0 and that
X](»")(t) = z;+ B, for j<i
Xj(»")(t) = z;+ B/ for j>i.
Assume now that (74)x<¢ and (B}, B?, B;", B; ):<-, have been defined
such that a.s.
o (Tx)1<k<e is an increasing sequence of stopping times with re-
spect to the filtration associated to X ™),
o XM A, for1<k<{
e for all 1 < k </, there exists an integer i such that XZ-(:) (1) =
0.
We then define (B}, Bf, B, By )r,<t<r,., asis defined (B}, B}, B, By )o<t<n,
by replacing i by i, * by X™ (7). Note that T™ = lim,_ o 7.
Define for t > 7™, B} = Bl + X" (t) — X" (T™) and B? =
B2, + B} — BY,. Then B' and B? are two independent Brownian
motions (1t is also the case for BT and B~). We finally remark that

(Xt(n))KT(n) can be defined out of B* and B? in the same way PO i
defined. This proves the lemma. O

4.3. Brownian motions with oblique reflection. Let X and B be
two independent Brownian motions, with X started at x € R. Let Y
be a Brownian motion started at y defined by

t t
Y= Y+ / ]-{Xs<0}st + / 1{X3>0}dXs~
0 0
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Let A; = fg lix,<opds and k; = inf{s > 0; A; > t}. Then define
(X", Y"), = (X,Y),,, it is a continuous process taking its values in
{z < 0}. Denote by L, the local time at 0 of X;. Then X" is a Brownian
motion in R~ reflected at 0 and that if L] = 1L,,, B} = X] — L — X},
is a Brownian motion.

Lemma 4.3. Set B? = 0” 1¢x.<0ydBs. Then B* is a Brownian motion
and we have

Y, = B2 - L[ +Y{.
Thus (X", Y") is a Brownian motion in {z < 0} reflected at {x = 0}
with oblique reflection with angle of reflection equal to 7/4, i.e.
(note that (X{,Yy) = (x,y) if © < 0 and (X, Yy)) = (0,y — x) if
x>0).

Proof : Note that B} = [ 1{x,<0dX,. Since (B'), = (B?), =
Iy Lix.<0pds and since (B', B?); = 0, B! and B? are two independent
Brownian motions. Let € be a small positive parameter and define the
sequences of stopping times o}, and 75 such that 0§ = 0 and for £ > 0
7. = inf{t > op; X; = 0},
o = inf{t > 75 X; = €}.

Note that Xj =2 if x <0 and X] =01if x > 0, and for ¢ > 0
Xtr = Z(Xrg/\m - Xrg_l/\m) + X’rg/\ma
k>1

with Xoepe, = Xy if 2 < 0and sy < 75 and Xoens, = 0 if 5, > 75 (which
holds if 2 > 0). We have that X7 = —L{" + B{"' 4+ Xj with

L = =) (Xeear — Xognn,)
k>1
Byt = ) (Xotnme — Xoe_am) + (Xesnne — X0).
k>1

Then L;" and B; ! both converges in probability respectively towards
L7 and B} (see Theorem 2.23 in chapter 6 of [8]).
Note now that Y = yis 2 < 0and Y] =y — 2 if z > 0, and for
t>0
}/;7‘ = Z<K—I§/\Ht - K’Eil/\lit) _'_ K’S/\Iita

k>1
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with Yiens, = Y if x <0 and k; < 7§ and Yierme =y — 12 it Ky > 7§
(which holds if z > 0). Since when X; and Y; are positive, X; — Y}

remains constant, Yy = —L¢" 4+ By 4+ Y{, with
B§,2 = Z(Yai/\m - Yrgil/\mt) + (YTS/\M - YE)T)
k>1

It remains to observe that Bf? converges in probability towards B2, O

Denote now by (X,Y') a solution of the martingale problem (3), for
n = 2. Denote by T' = inf{t > 0; X, = Y;}. Let DT = {(z,y) €
R* z < Oandy > 0}, D~ = {(z,y) € R*; =z > 0andy < 0}
and D = DU D", Let AF = [\" 1 x.v)epsyds and A, = Af +
A7, Let kf = inf{s; AF > t} and s, = inf{s; A, > t}. Set
(X5 Y)®) = (X,Y)(kf) and (X7,Y7) = (X,Y)(k). Note that if
Xo > Yy (resp. if Xy < Yp) we have (X", Y") = (X", Y"™) (resp.
(X", Y") = (X",Y"7)). Denote by L;(X) and by L;(Y) the local
times at 0 of X and of Y. And denote L, (z) and L, (Y) by L; and
by L?.

The proof of Lemma 4.3 can be adapted to prove that

Lemma 4.4. The process (X", Y") is a Brownian motion in D, with
oblique reflection at the boundary of angle of reflection equal to m/4,
and stopped when it hits (0,0). More precisely, there exists B and B>
two independent Brownian motions such that when Xy < Yy,

X{ = Xg+B - L; + L

Y/ = YO+ B - L+ L
and when Xq > Yy,

X, = X{+B/ +L;—L;

Y, = Y{+B}+L;—L;
with (Xgalfor) = (XOa}/O) of (XO’YE)) €D, (Xoraifor) = (071/0 - XO) of
Yo < Xo <0 o0rif0 < Xog <Yy, and (X5,Y]) = (Xo — Y0,0) if
0<Yy< Xgorif Xog<Yy<O.

This process is a special case of the class of processes studied in [18,
19]: the process (X", Y") is a Brownian motion in the wedge D, with
angle £ = 7/2 and angles of reflection 6; = 65 = 7/4. An important
parameter in the study of these processes is a = (61 + 02)/€ = 1.

The fact that the reflected Brownian motion is a semimartingale on
[0, 7], where 7 is the first time to hit the origin, follows from Theorem
1 of [19]. An alternative proof, in a more general multi-dimensional and
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state-dependent coefficient setting, is given in Theorem 1.4 (property
3) of [16].

The non-semimartingale property of the Markovian extension spend-
ing no time at zero follows from Theorem 5 (with aw = 1) of [19]. Two
alternative proofs, the first of which also generalizes to more general
diffusions and higher dimensions, are given in Theorem 3.1 of [7] and
Proposition 4.13 of [2]. These result are essentially related to the study
of the local times which is done in the next section. We choose not to
derive the results of this study from these references in order to keep
their proof self contained and reasonably short.

4.4. Coalescing n-point motions. Without loss of generality, as-
sume that (X§,Y]) € DT. Let U; = Lﬁxt and V; = Yt\;ixf. Then
V' is a Brownian motion stopped when it hits 0. This implies in par-
ticular that 7, = inf{t > 0; X} = Y/ = 0} is finite a.s. Denote
by L" := L' + L? the local time at 0 of (X", Y") at the boundary

{z =0} U{y =0}.

Lemma 4.5. P(L}, < oo) = 1.

Proof : Fix M > 0 and denote Ty, = inf{t > 0; V;, = M}. Note that
the process (U, V;)i<r, is a Brownian motion with oblique reflection in
{—v < u < v}, stopped when it hits (0,0). For ¢t < Tj, one has that

t
Ui = Up+ W, + \/5/ (Lv=-viy = Lo=-viyJdL;
0

‘/;f = %+Wt27

where W' = BQ\;%BI and W? = BQJEBI are two independent Brownian
motions. Let h(u,v) = % Then, when v = +v, d,h(u,v) = 0 and
Oyh(u,v) = £1. Note also that in {—v < u < v},

w?+0v® 2

Ah(u,v) = <

v3 v

Applying It6’s formula, we get for t < Ty A Ty that

¢
d
(U, Vi) < h(Uy, Vo) +/ VS - \/§L: + M,
0 S

where M, is a local martingale with quadratic variation given by

1/t U2\ ?
My, == (1+22) ds.
M), 4/0<+V£) s
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Since this quadratic variation is dominated by ¢, (M;):<r, is a martin-
gale. This implies that

tANTONT N dS

E (U Vom0 Ve | [ | -VEEILmn )

s

It is well known that E [ fOTOATM f/—j

formula we get for t < Ty A Ty,

} < oo (for example, using Ito’s

dt
Vilog(V0) = (1+ log(V) Vi + -
t
Taking the limit as ¢t — oo, using dominated and monotone conver-
gence theorems (using that A(u,v) is dominated by M on {—v < u <
v < M}), we get

ToNT v dS

E (U V)] < B+ E| [ 3| = VEELLG 0

s

We then must have that E[L7, .7, ] < 0o. So a.s., Ll 7, < oo for all
M > 0. This proves the lemma. U

Lemma 4.6. Consider again (X, Y;) a solution of the martingale prob-
lem (3) forn =2. Then T' = inf{t > 0; X, =Y,} is finite a.s.

Proof : Suppose Yy > X, so that (X, Yy) € D*. To simplify a little,
we will also assume that (Xo,Yp) € D. Note first that when T < oo,
we must have X7 = Yr = 0. Since we are only interested to (X,Y)
up to T, when T' < oo we will replace (X7, Yrie)iso by (Bi, Bt)io0,
with B a Brownian motion independent of (X, Y;)u<ry. Fix e > 0 and
define the sequences of stopping times of and 75, by 75 = 0 and for
kE>1

o, = inf{t >7_,, Xy=¢€orY,=—¢}
7. = inf{t >0y, X; =0orY; =0}.

Then all these stopping times are finite a.s. Let us also remark that
T & Uglof, 5] and that Y, (16 AT — of AT) converges a.s. towards
T — Tp (i.e. the time spent by (X,Y) in D¢ before T'). Take a >
0. Denoting Z = (X,Y), Z is a Markov chain. Note that N, =
inf{k, Z; = (0,0)} is a stopping time for this Markov chain. Moreover
it is clear that (75 — of,)r>1 is a sequence of independent variables, and
independent of the Markov chain Z... And we have for all k£ > 1,
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E[e=(i-0)] = e~<V22 Hence

E[e_ >k oz(’r,g/\T—az/\T)] E[G_ Zi\zl_l oz(’r,s—az)]

— SOPIN, = e

which implies that
E[e—azk(rg/\T—a;/\T)] _ E[e—(Ne—l)sx/%].

By taking the limit as ¢ — 0 in this equality, since eV, converges in
probability towards Ly (X) + Ly(Y). Denote Ly := W Note
that Ly = L7, , so that we have

E[e=T-T0)] = E[e~2Y2%),
Since L7, is finite a.s., T' — Tj is also finite a.s. 0

Proposition 4.7. There exists a unique consistent family (P§”>, n>1)
of Feller semigroups on R such that if X™ is its associated n-point
motion started from x € R™ and T™ = inf{t > 0; Xt(") € A}, then:

(i): (Xt("))tST(n) is distributed like PS
(ii): Fort >T™, X" eA,.

Moreover, this family is associated to a coalescing SFM.

Proof : This proposition follows from Theorem 4.1 in [10]. To prove
the Feller property, it suffices to check condition (C) of Theorem 4.1
in [10]. Denoting by (X,Y’) the two-point motion, condition (C) is
verified as soon as for all positive ¢ and € (denoting d(x,y) = |y — =)

i (2) B
" d(ﬂ}}yr?—m Pl [d(X,Y:) > €] = 0.

Assume 0 < y —x = a < €. Then

]P(2)

(X, Yy) > ¢ = P )

< pY? [su Vi > L] .

= Tew [PV
This last probability is equal to the probability that a Brownian motion
started at o/+/2 hits €//2 before hitting 0, which is equal to a//e. This
implies (18). O
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Proposition 4.8. Let ¢ be the SFM associated to P™ . Then there
exist Wt and W~ two independent white noises, o(p)-measurable, such
that (4) is satisfied.

Proof : Define for s < t, W3 7 = limy 400 (s,¢(2) —2). This limit exists
a.s. since one can check (usmg the martingale problem) that for y >
x>0(resp. y <z <0)andt <77 =inf{u > s; @5 u(x) =0}, ps1(v)—

& = @s4(y)—y. Using that (WE, @5, (y)) = limaioc (05, (2), 05, (y))e =
Litg, . (y)>0}, it is then easy to check (4). O

4.5. Uniqueness. Let P(™ he another consistent family solving the
martingale problem (3). By uniqueness of the solution of this martin-
gale problem up to the first coalescing time, if this consistent fam-
ily is different to the family P§">, then the m-point motion should
leave A,. After a time change, one may assume it spends no time
in A,. Denote by (X Y) the associated two-point motion starting
from (0,0). Denote A, = fo (%.. YS)ED}ds R = inf{s > 0; A, >t}
and (X[,Yr) (X Y).,. Denote Lt(X) and Lt(Y) the local times at
0 of X and of Y. Define also L; by 3 (Lt(X) + Lt(Y)) and L} by th

7,_~T Xr r__ _Xr
Denote U —TandV —’ 7|

Lemma 4.9. For all a > 0, T, = inf{t > 0; d(X,,Y,) = a} is infinite
a.s.

Proof : Let T = inf{t > 0; V) = 751~ Then one has Zfa —T7. Let
€ < 5. Define o}, and 7; by 75 = 0 and for n > 1,

o, = inf{t>715_; V; =€}
o = inf{t > o; Vf =0}.
Recall h(u v) = “2;; o? Applying It6’s formula on the time intervals

o8 AT, 75 ATY], denoting Z” = (U, V"), and using Ah(u,v) > 1 for

a’r'n
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the second term,

19)  h(Zg) -no) = > (MZ,,5) - h(Z 7))
n>1
T/\TT
- oy
o5 /\TT QVT
(2]—) - ( Te/\Ta 06/\Ta>
n>1

(22) © (00 =)

>1

where for all m > 1 and all € > 0, Mneis a martmgale whose quadratic
variation is such that %(M’“E}t < 1. Since fo |B| = 00 a.s. (see
Corollary 6.28 Chapter 3 in [8]), with 7.7 the first time a Brownian
motion B hits —a/v/2 or a/v/2, we get that term (20) goes to oo as
¢ — 0. Terms (19) is positive and is dominated by € x #{n; 7 < T’}
which converges in probability towards L% , with L° the local time

m

at 0 of V, which is a reflected Brownian motion. Denote by M€ the
martingale defined by

€ Q7€ Q€
My = E (M7 — Mgdn)-

n>1

Then if € < e, (M*— M), = (M), — (M*),. Using that 4 (M"), <1,
we get (M€ — M)~ < Y onsi(on ATy — 75 ATY). Since E[Y - o, (o7, A
Tr — 7, ATT)] converges towards 0 as € — 0, we get that Mg, is a

Cauchy sequence in L? (]P’( ) and thus (22), which is equal to Mg, ,

(0,0)

converges in L? (IP’( ) ) . This implies that term (21) converges in prob-

(0,0)
ability towards co. Since it also converges towards L%, . One concludes

~7’ _ 3 T = NT’
that Lfg = o0 a.8. Since T, = Kiirs Lfg
a.s. Since X and Y are two Brownian motions, one must have T, = oo
a.s. U

= E'TL and therefore ZT} = 0

This lemma implies that after hitting Ay = {z = y}, the two-point
motion stays in Ay. Thus P® = P®. The same argument, applies
to prove that P = P This proves that there exists only one flow
which is a SFK solution of the (3A, Cy)-SDE. Moreover this solution
is a SFM ™.
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To prove ¢* is a Wiener solution, define K the SFK obtained by
filtering ¢* with respect to the noise N* generated by W+ and W~.
Then, like for Proposition 4.8 we have o(W* W~) C o(K), and ap-
plying Proposition 3.3, K also solves the (%A,C’i)-SDE driven by
WH1g+ +W~1g-. Since there exists a unique solution, K is distributed
like 6,+. The noise of K being N*, this implies that T is measur-
able with respect to o(WT, W), i.e. ¢* is a Wiener solution. This
concludes the proof of Theorem 2.7.

5. C+<5Uay) = 1m>01y>0-

5.1. The Wiener solution obtained by filtering. Let ¢* be the
SFM solution of the (3A,C4)-SDE, and N the noise generated by
WT. Define K+ the SFK obtained by filtering p* with respect to N*.
Note that for z € R, s € Rand ¢ € [s, 7,(x)] with 7,(z) = inf{u; W, =
—x}, we have ¢ (z) = = + W, and thus that KJ,(z) = W
This clearly implies that W = W1+ is a FX -white noise. Then

(see section 3.2) KT is a Wiener solution of the (3A,C;)-SDE driven
W = W1g+. Proposition 3.1 implies it is the unique Wiener solution.

5.2. Construction of the n-point motions. Let D, = {z € R™; Ji #
J, ©i =x; > 0}. Let x € R"\D,,.

The n-point motion has the property that at any time, the points lo-
cated on the positive half line will move parallel to W and the points
located on the negative half line will follow independent Brownian mo-
tions. Its law is determined up to the first time it hits D,. Indeed,
denote I_ = {j; z; < 0} and I, = {j; x; > 0}. Let ¢ be such that
r; = max{x;; j € I_} when I_ # () and z; = min{z;; 1 < j < n}
when I_ = (). Let (B',...,B" B) be n + 1 independent Brownian
motions. Define for ¢ > 0, the processes

XJ(t) = x;+ B(t) for jel_ U{i}

¢ ¢
B)" = / Lix0(s)<0ydBs +/ Lixo(s)>01dB,
0 0
X0t = z;+B)" for je I \{i}
Set
7 =inf{t > 0; 3j #4, X;(t) =0}
and set for t < 7, X; = X? and B, = B,

Assume now that (74)k<, and (X (¢), W*(t))i<, have been defined
such that a.s.
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o (Tx)1<k<e is an increasing sequence of stopping times with re-
spect to the filtration associated to X;
o X, &D,forl1<k<Y{
o for all k </, there exists an integer i such that X; (7;,) = 0.
We then define (X;, B;" )ro<t<r,,, asis defined (X, B; )o<i<r by replac-

ing i by i7, z by X,, and (B!,..., B", B.) by (Bile ooy B Bry) —

(BL,...,B",B,,). Let T = limy,o, 7. Denote by IP’n)O the law of

Ty Ty

(Xt)th-

Lemma 5.1. Let X ) be a solution to the martingale problem (3), with
X(n) =x. Let T = inf{t; Ji # j, x™eD n}. Then (X( ))tST(n) is
distributed like ngn

Proof : Let x = (z1,...,2,) € R"\D,. As before I_ = {j; z; < 0}
and I, = {j; x; > 0}. Let ¢ be such that z; = max{z;; j € [}
when I_ # () and ; = min{z;; j € I} when I_ = (). Let X™ be a
solution of the martingale problem. This implies that for all j, X () g
a Brownian motion and for all j # k,

t
(n) ym)y _
(23) (X5, X, >t—/0 1{xj<.”)(s)>0}l{x,g">(s)>o}d3'

Let (B%, ..., B®" B°) be n+1 independent Brownian motions, and
independent of X™ . Define (B!,..., B") by

t t
i _ (n)
Bg —/0 I{X;n)(s)<0}de (S)+/O l{XJ(n)( >O}dB g

Note that (B',..., B") are n independent Brownian motions.
Set
=inf{t > 0; 3j £, X\ (t) = 0}.
Define for t < 7, Bt = BY when I, = ) and

t t
_ 0

when I, # () and where & € I, (one can choose for example k£ such
that z; = max{z;; j € I;}). Define also for t <7

t t
Bf = /0 1y  y0y @Bs + / L x50y 4B
Note that for ¢t < 7, (B, B’); = 0 for all j and that
XM = z;+ B for jel U{i}
XM = z;+ B for  jeL\{i}
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Assume now that (73)k<¢ and (By, By )i<,, have been defined such
that a.s.

o (Tx)1<k<¢ is an increasing sequence of stopping times with re-
spect to the filtration associated to X ™,

o XA, for1<k<

e for all 1 < k </, there exists an integer i such that XZ-(:)(Tk) =
0.

We then define (B, B;r)temﬂm as is defined (By, B; )o<i<s, by replac-
ing i by 7y, x by X(”)Te. Note that 70 = lim,_, ., 7. Define for t > T,

B, = BT(n)+B?—Bg(n). Then (B, ..., B", B) are n independent Brow-

nian motions. We finally remark that (Xt(n))tST(") is defined P{""°. This
proves the lemma. O

5.3. Proof of Theorem 2.10. Denote by P(™ the family of consistent
Feller semigroups associated to K*. To this family of semigroups, we
associate a unique consistent family of coalescing n-point motions, P
(see Theorem 4.1 in [10]), with the property that the law of this n-point
motion before hitting A,, is described by Lemma 5.1. These semigroups
are Fellerian and since the two-point motion hits Ay = {x = y}, the
family of semigroups are associated to a coalescing SEFM ™.

Proof of (i): follow the proof of Proposition 4.8.

Proof of (ii): It is a consequence of Theorem 4.2 in [10]. O

5.4. Proof of Theorem 2.9. The existence (and uniqueness) of a
Wiener solution K was proved in section 5.1. By construction, (iii)
holds. The SFK K is diffusive since the two-point motion clearly
leaves Ay (it behaves as a Brownian motion in D = {x < 0 or y < 0}).
So (ii) is proved. To finish the proof of (i), it remains to show that K™
is the unique solution. Let K be another solution. The flow obtained
by filtering K with respect to W is a Wiener solution. Since there
exists at most one Wiener solution, this flow is distributed like K.
For simplicity we also denote this flow K. Denote by P® (resp.
P(2+) the semigroup of the two-point of K (resp. of K¥). Note that
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if P@ = P21 then K = K. Indeed,

E[(K.of(z) — K5 f (@)Y = PO(f @ f(ax) — 2E[K, o f (2) K] f (2)]
+PED(f @ f)(z,2)
= ts<f®f><x x) — 2E[K 7, f(2) K, f ()
ED(f @ f)a, )
= Pﬁ‘i(f ® f)(@,2) = PP (f® f)(x,2)

= 0.
Denote
D" = {(z,y) eR* x<0ory<0}
Dt = {(x,y) € R* x>0 and y > 0}
B = {(z,y) €R* z=0and y >0}

U{(z,y) € R* y=0and z > 0}

so that B is the boundary of D" and D*, and R? = D"U BU D*.
Let Z = (X,Y) be a solution to the martmgale problem:

tl t 62
24 Z) — | SAf(Z)ds — | 1izepsr——F(Zs)d
I R B CALEY TP ~(CAT

is a martingale for all f € C3(R?). For € > 0, let

B¢ = {ze D" d(z,B) =¢}
with d the Euclidean distance on R? (note that when z = (z,y) € D,
d(z,B) =z Nvy).

Define A} = fot l{z,epds and Af = fot l¢z,ep+yds, the amount of
time Z spends in D" and DT up to time t. Denote by x} and by ;"
the inverses of A7 and of A

ky = inf{s > 0; AL >t}
ki = inf{s>0; A} >t}
Denote by Z" and by Z* the processes in D" and D" defined by
Z{ =Zg and Z = Lyt

Define the sequences of stopping times o}, and 7 by of = 0 and for
k>0
7. = inf{t >oy; Z; € B}
inf{t > 75; Z, € B}.

€
Ok+1
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It is easy to see that for £ > 1, in the time interval [of,7{], Z; €
D", Y, — X, remains constant and that d(Z, B) is a Brownian mo-
tion stopped when it hits 0 (note that d(Z,B) = X AY). Thus, if
Ry = d(Z, B), then (Ry),. 4+ is a Brownian motion instantaneously re-
flected at 0 (since Ri—Ro = lim, 0 Y0 (d(zozw, B) ~ d(Z, .+ B)) ).

Denote now by L; the local time at 0 of R,. Then, for any random
times T, LZ+ is the limit in probability as e — 0 of € x N§. where

T
Ni = max{k; o), < T}.

Denote also L] = LXt'

Lemma 5.2. For all f € CZ(R?) (resp. f € C*(R?)), we have
1 t t
@) 1@ - [ areis- [ ooz
0 0
is a martingale (resp. a local martingale).

Proof : Take f € C3(R?) and assume Z, € DT (we leave to the reader
the case Zy & D). Then

(26) f(Ztr) - f(Zg) = Z (f(ZT,g/\m{) - f(ZUZ/\m{))

E>1
(27) + 3 (F o) = F o)
k>0

Note that for & > 1 and s} > of (which implies k] > 7f), Zrens —

Zotnwy = —ev, with v = (1,1). Using Taylor expansion, we have that
the first term (26) is equal to
N
—€> (s +0,)f(Zo) + O(€® x Ng).
k=1

2 g€

e“N€¢,
More precisely, O(e* x N;) < —5= || fll2,00- This implies that O(e* x

Nj.r) converges in probability towards 0 as € — 0 (recall € x N, con-

verges towards L} = L}r ). Thus the first term converges towards
nt

- [+ apsar,
0

(it is obvious if (0, + 0y)f(2) = 1 when z € B). Indeed: we claim
that for H a bounded continuous process, eszjl H,e converges in

probability towards fOA’£+ H,dL,. This holds for H = >, Hy 1y, 4.
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Every bounded continuous process can be approached by a sequence
of processes H" = . Hjp-n 1j(i—1)2-n 42-n]. Thus we prove the claim by
density. Then we apply this result by taking Hy, = (9, + 9,) f(Z;) to
prove the convergence of the first term (26).

Denote by M7 the martingale (24). Then the second term (27) is
equal to

(28) Z(Mof Ak} Mﬂj'; 1/\"’%)
k>1
1 0L ARY

(29) + 52/7— Af(Z )l{ZSeD}dS

(30) + Y /T

k>1 k—1

AL

- 8 a )1{ZSED+}d3

Note that
1 t
29) =5 [ Af(zds
2 0

Note that for a constant C' depending only on f, and denoting D =
[z € D% d(z B) < e},

T

which converges a.s. towards 0 as € — 0.
Denote by M the term (28). It is a martingale for all ¢ > 0 and
one can check that there exists a constant C' < oo depending only on

f such that

d

dt<Mf> = Yzeo|VF(Z)]? + Lzepy1(0: + 8,) f(Z0)]?

< C
Moreover, for € < e,
(M= M), = (M), — (M),
T NE ] k’+1A“t d
= — (MY, — MY,
IY BT ED Y By
k>0 v Tk k>0 T /Mt

Since {s > 0; Z; € D" U DI} D Upsolrs, 05,1] O Upsolth, 0] D
{s > 0; Z; € D"}, we get that

T

<M€_M5’>t < C/O l{ZseDzr}dS.
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Since this converges a.s. towards 0 as € — 0, uniformly in € < €, we
have that M€ is a Cauchy sequence in the space of square integrable
martingales. Thus M€ converges towards a martingale M. This proves
the Lemma. O

This Lemma implies that Z” is a Brownian motion with oblique
reflection in the wedge D" (see [18], it corresponds to the case & = 37/2,
0y =6, =m/4 and o = 1/3): fot l{zr—oyds = 0 and Z" is a solution to
the sub-martingale problem:

(31) 1z -5 | arzas

0
is a sub-martingale for all f constant in the neighborhood of 0 and
f € C3(D) such that (9, + 8,)f(z) > 0 for z € D.

In [18], it is proved that for all initial value Z{, there is a unique
solution to this sub-martingale problem. Thus the law of Z" is uniquely
determined by Zj.

Applying also the Lemma to the function f(x,y) = =, we see that
X/ + L} is a local martingale (it is actually a true martingale). This
implies that X" is a semimartingale and that in the Doob-Meyer de-
composition of X", —L" is its compensator. Thus L" can be recovered
from X". Note that this gives a proof that Z” is a semimartingale (see
also [19]).

Note that L7, = Lj;:r- Thus, if AT, = oo then LJAfgo = oo (since {0}
is recurrent for R) and L%, = oo. Therefore A7 = oo implies that
A”_. On the converse, if A’ = oo, then L] = oo (since B is recurrent
for Z") and LZ+ = 00. Therefore A7 = oo implies that AL = oo.
Since A7 + Ajooo: oo, we must have A7 = Al = oco. It is easy to see
that the processes Z" and R are independent. We have that

with v = (1,1).
Set Ly = Ly (= L}r). Define Ty, T} and T, by
T, = inf{t >0; L; > E}
) = inf{t>0; Ly > (}
T, = inf{t>0; L > (}
Then Ty = A%, + A7, = T; + T;7. Thus the process L, is 0(Z", R)-
measurable since L, = inf{¢; T, > t} = inf{¢; T} + T,/ > t}. Now,
Ay =Ty, and Af =T} . Since
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we see that Z is o(Z", R)-measurable. Thus, the law of Z is uniquely
determined. This proves that P?) = P(+), O
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