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Two-Scale Macro-Micro decomposition of the Vlasov equation
with a strong magnetic field

Nicolas CROUSEILLES* Emmanuel FRENOD Sever HIRSTOAGA?
Alexandre MOUTONS$

Abstract

In this paper, we build a Two-Scale Macro-Micro decomposition of the Vlasov equation with a
strong magnetic field. This consists in writing the solution of this equation as a sum of two oscillating
functions with circonscribed oscillations. The first of these functions has a shape which is close to
the shape of the Two-Scale limit of the solution and the second one is a correction built to offset this
imposed shape. The aim of such a decomposition is to be the starting point for the construction of
Two-Scale Asymptotic-Preserving Schemes.

1 Introduction

The goal of this paper is to make the first step towards the setting out of a new class of numerical
methods: the Two-Scale Asymptotic-Preserving Schemes or TSAPS. We intend to use these methods
in order to treat problems involving the following two numerical difficulties: first, dealing efficiently on
long time scales with solutions having high frequency oscillations (the Two-Scale approach) and second,
an accurate and stable managing of the transition between different regimes, using a unified model (the
Asymptotic-Preserving approach). These problems naturally occur in solving a Vlasov equation implying
some small parameter, for the modelling of the dynamics of charged particles in the presence of a strong
magnetic field. More precisely, we are interested to develop a model whose discretization will be able to
simulate both, the regime when the parameter is not small (i.e. the magnetic field is not large), and the
limit regime obtained when the parameter is small. The discrete scheme will automatically shift from one
regime to the other. In addition, in the limit of the small parameter, the particles mean behaviour will be
efficiently described by the two-scale limit while the micro behaviour will be expressed by some correctors.

To make the purpose more precise, we first refer to [4, 8, 13, 14, 15, 16] and the references therein
as previous works about different regimes, by taking limits of Vlasov or Vlasov-Poisson equations cor-
responding to small parameters, having in common the framework of a large magnetic field. Then, we
refer to [1, 2, 9, 11, 21, 22, 23] for a detailed description of Two-Scale Numerical Methods. As for the
Asymptotic-Preserving schemes, although there is an abundant literature about, we first cite the classical
paper [17] and then [3, 6, 7, 19, 20] which treat problems close to our, without considering the two-scale
aspect.

Next we start to detail the method, by setting a generic and formal problem

E‘uc =0, (1.1)
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in which E€ is a partial differential operator depending on a parameter ¢ which induces oscillations of
typical size € in the solution u¢ = u¢(z). In the case where € is uniformly small over the domain on which
(1.1) is posed, a Two-Scale approach may give good results. To summarize, this approach consists in

noticing that, in some sense,
z

’U,E(Z)%U(Z,—)7 (12)
€
where U = U(z, () is the Two-Scale limit of u¢ (Two-Scale convergence goes back to [23]), and that U is
the solution of a well-posed problem of the form

EU=0, (1.3)

where £ does not induce high frequency oscillations. Building a Two-Scale Numerical Method consists
then in solving, via an usual numerical method, model (1.3) and rebuilding u¢ using an algorithm based
on (1.2).

In the case where € is not a uniform parameter over the domain, in the sense that it may be small
in some sub-region and of order 1 in other ones, Asymptotic-Preserving schemes are intended to be
used, since they allow to simulate both sub-regions with the same method. The methodology for these
numerical schemes is based on the fact that u° may converge, in a strong or a weak topology, towards a

limit v which is solution of
Eu=0. (1.4)

Then, an Asymptotic-Preserving scheme consists in solving

Ej,up, =0, (1.5)
such that
UR, —> u, as Az — 0, (1.6)
and
UN, — UAz, as e — 0, (1.7)

where ua, is a numerical approximation of u, meaning that
UA, — U, as Az — 0, (1.8)

and is the solution of
FEa,un, =0, (1.9)

where Ea. is a numerical operator. Notice that the property (1.6)-(1.7)-(1.8) is called the Asymptotic-
Preserving Property.
All what was just said may be summarized in the following diagram:

u€ solution of e—=0 u solution of (1.10)
Euc=0 Fu=0 ’
Az—0 Az—0
u% , solution of =0 ua solution of
EeAz ueAz =0 EAZ UAz = 0

In the case when u€ contains high frequency oscillations with high amplitude when € is small, solving
(1.5) can be time consuming to capture the oscillations. In this case, the convergence

ut = u, (1.11)



occurs in a weak sense only. Besides this, the Two-Scale limit U = U(z, () may describe very well the
oscillations of u in the sense that the convergence
z

U(z,=) —u(z) =0, (1.12)

€

occurs in a stronger sense than (1.11). This is particularly the case when E€ generates pseudo-periodic
oscillations, essentially at a sole period, of size € in the solution u¢ when e becomes small. Moreover, u
and U are linked by a relation of the kind

1
u) = oz [ VG0 de. (1.13)
12l )z
where Z is the cell such that ¢ — U(z, () is Z-periodic for any z, and | Z] is its measure.

In this case, we propose to add a layer in the diagram (1.10) which summarizes the ideas on which
Two-Scale Asymptotic-Preserving Scheme is based:

u€ solution of €— 0, weak-x u solution of
Eu =0 Fu=0

— 0, Two-Scale /
1
— [ d
U solution of |Z| /Z ¢
EU=0
Az—0 Az—0
e—0
U*€ solution of
EU=0
Az—0
u% , solution of €0 ua, solution of
Ef,u%, =0 FEaupn, =0
Az—0
%M
U, solution of E / ¢
5Az UAz =0 z
e—0
Uy, solution of
EA-UA. =0
(1.14)

Diagram (1.14) may be looked at as a prism. At the bottom of the front edge stands the TSAPS and
the back rectangle is made of the Asymptotic-Preserving scheme diagram of (1.10). The intermediate
layer gathers the Two-Scale limit problem, at the top, and the Two-Scale Numerical Method, at the
bottom.

The solution Ug, computed with the TSAPS must be close to v when it is computed in ¢ = Z and
when Az converges to 0. This is the first part of the Two-Scale Asymptotic-Preserving Property and it
is symbolized by the arrow going from Uj, to u%, and by the one linking u% , and u°.

The second part of the Two-Scale Asymptotic-Preserving Property is symbolized by the right part of
the diagram (1.14) : Uy, must be close to the numerical approximation Ua, of the Two-Scale limit of

1 NUM
ue when ¢ — 0 and a numerical integration (symbolized by Z / d¢) of Ua. needs to recover an
z



approximation ua, of the weak-x limit u of u€.

We will deduce the Two-Scale Asymptotic-Preserving model on the base of a T'wo-Scale Macro-Micro
decomposition that yields an equation which stands at the top of the front edge. Arrows linking U¢ and
u€, U and U and u may be seen as the continuous Two-Scale Asymptotic-Preserving Property. They
are constraints for the Macro-Micro decomposition. We refer to [3, 6, 18, 20] for the use of micro-macro
decomposition in order to design an asymptotic-preserving scheme.

The present paper implements the Two-Scale Macro-Micro decomposition in the case of the linear
Vlasov equation with a strong magnetic field. This equation is the following:

afe M
i+v-foE+(E€+v>< (B€+—)) N fe=0,
ot € (1.15)

fe(t =0,x, V) = fO(X7 V),

where f€ = f¢(t,x,v) is the distribution function of an ion gaz submitted to external electric and mag-
netic field E¢ = E¢(¢,x) and B¢ = B¢(t,x), where t € RT, x € R?, v € R? and where M = 2mey, i.e.
the first vector of the canonical base (e1, ez, e3) of R3.

The paper is organized as follows: in section 2, we recall the results of Frénod & Sonnendriicker [12]
giving the Two-Scale convergence of f¢. Roughly speaking they claim that, when e is small,

t
fe(t,x,v) is close to G(t,x,u(=,v)) in a strong sense, (1.16)
€

fe(t,x,v) is close to f(t,x,v) in a weak sense, (1.17)

and the equations for G and f are known (u(r,v) is defined by (2.9)). In particular the v-dependence
of f is only through v = v -e1, v1 = /(v -e2)? + (v -e3)? and not through the angle o, which is such
that v -es = v, cosa. Based on this fact, in section 3, we build a classical Macro-Micro decomposition
of (1.15) by following the same ideas of Lemou & Mieussens [20]. It consists in decomposing f€ in the
following way

fe(t,x,v) = mE(t,x, v, v1) + n(t, x,v),vL, @) (1.18)

with m¢ € Ker((v x M) - Vy) and n¢ € Im((v x M) - Vy). Indeed, we will see in details that this
decomposition is unique so that it is valid for every e, small or not. Note that m® does not depend on
«, as f, while n¢ does. Equations for m® and n¢ are set out, making up the Macro-Micro model. The
drawback of this model is that, because of (1.17), the exact equality (1.18) implies that function n is
still highly oscillating, as f€. To avoid this drawback, we develop the Two-Scale Macro-Micro framework.
This is done in sections 4, 5, and 6, where we build the Two-Scale Macro-Micro approximation of f€.
First, based on results of Frénod, Raviart & Sonnendriicker [10] we improve (1.16) by using a first order
approximation, claiming that when € is small

t t t
fe(t,x,v) is close to G(t,x,u(-,v)) + eGi(t,x,u(=,v)) + €l(t,-,x,v)) in a strong sense,  (1.19)
€ € €

where G is the solution of a partial differential equation and [ is given by a formula (see [10]). Inspired
by (1.19), we construct our Two-Scale Macro-Micro decomposition in the following way

t t t
fetx,v) = G(t,x,u(f,v)) + eGi(t,x,u(=,v)) +el(t, - x,v) +eh(t, - x,v), (1.20)
€ € € €

where G is intended to be close to GG; when € is small and h¢ is the corrector to be taken into account
when the order of magnitude of € is 1. In other words, we use the Macro-Micro decomposition in order
to make precise for every e the approximation in (1.19) which is valid only for small e. Then, we need to



show that the decomposition in (1.20) is unique. This is done by paying attention to the properties of
the operator

0
Zp(vx M)V, (1.21)
or

since the expression (1.20) may also be set in the following form:

t t
fet,x,v) = A(t, -, x,v) + B(t, -, x,v), (1.22)
€ €
with

0 0 1
AT = A%(t, 7%, v) € Ker(5—+(vxM)-W) and B = Bi(t,m,x,v) € (Ker(a——l-(vx./\/l)-vv)) . (1.23)
T T
Then, we obtain the equations for the Macro part G{ and the Micro one h°. In section 7, we underline
the continuous asymptotic-preserving property of the Two-Scale Macro-Micro decomposition. We close
the paper with two appendices about some properties of the operator in (1.21) leading mainly to the
uniqueness of the decomposition in (1.22).

2 Two-Scale convergence of f¢

In this section, we briefly recall the results of Frénod & Sonnendriicker [12] where the asymptotic be-
haviour of (1.15) is studied. What is known and taken for granted concerning (1.15) is that, considering
the following hypothesis

fo=0, fo € L*(R®), (2.1)

and

E° - E strong in L>(0,T; L{,.(R?)),

loc

B¢ — B strong in L™ (O, T;L? (R3)),

loc

(2.2)

we claim that, for any T > 0, (f)c>o is bounded in L> (O,T;LQ(RG)). Moreover, as € — 0, up to a
subsequence, ().~ Two-Scale converges towards the Two-Scale limit (see [2, 23])

F =F(t,7,x,v) € L>(0,T; LE (R*; L*(R%))), (2.3)

where the subscript #; indicates that 7 — F(¢,7,x,v) is 1-periodic for any (¢,x,v). Introduced in [23]
and further analyzed and used in several homogenization problems in [2], the Two-Scale convergence
means that for any regular function ¢ = (¢, 7,x,v) such that (¢,x,v) — ¢(t,7,%x,v) is compactly
supported in Q = [0,T) x R® for any 7, and 7 — (¢, 7, %, v) is 1-periodic for any (¢,x,v), we have

1
lim [ f () dtdxdv = / / Fdrdtdxdv, (2.4)
c=>0Jq aJo
where ,
W)E = W)E(fa X, V) = w(tu ;7 X, V) . (25)
It was shown in [12] that the Two-Scale limit F' has the following property:
0
Fe Ker(a— +(vxM)- V), (2.6)
T



where 6% + (v xM)-V is seen as anti-symmetric, non-bounded, with open range from L*° (O, T, L%, (RT;

L%(R%))) on itself. The direct consequence of (2.6) is that, introducing the rotation matrix r as

1 0 0
r(r)=|( 0 cos(2rn7) —sin(277) |, (2.7)
0 sin(277)  cos(27T)

the Two-Scale limit F' expresses itself in terms of a function G = G(t,x,u) € L>(0,T; L*(R?)) by
F(t,7,x,v) = G(t,x,u(T, v)) , (2.8)

where

u(r,v) =7r(r)v. (2.9)
Using oscillating test functions defined by (2.5) for regular functions ¢ which are moreover in Ker(a% +
(v x M) - V), it may be brought out that G is the solution of

oG
E_;_ull.VxG—l-(EH—l—u><BH)'VuG:Oa (2.10)

G(t=0,x,u) = fo(x,u),
where the notation u)| = (u-e;)e; is considered.

Having in mind the diagram (1.14), we can say at this point that equation (1.15) plays the role
of E€uf = 0, and (2.8)-(2.10) plays the role of €U = 0. So, if we build a numerical method to approxi-
mate (2.10), this numerical method, coupled with (2.8) would play the role of Ea, Ua, = 0.

In [12], it was also proved that the weak-* limit f of f¢ is the solution to
of
E—i_VH -fo-i-(EH + v X B||)-va=0,

) (2.11)
ft=0,x,v) :/0 fo(x,u(r,v))dr.

This equation is gotten from (2.8)-(2.10) by performing an integration in 7 and by using the link between
the weak-* limit f and the Two-Scale limit F' given by

flt,x,v) = /01 F(t,r,x,v)dr. (2.12)

Then, equation (2.11) plays the role of Eu = 0 in the diagram (1.14) and a numerical approximation of
it would play the role of Fa,ua, = 0.

3 Classical Macro-Micro decomposition

3.1 Rewriting the weak-x limit model

Before going further, we will rewrite model (2.11) in a form involving cylindrical variables in velocity.
In this coordinate system, the weak-* limit is independent of the angle variable, and consequently it is
easily gotten that the v x By piece in the force term in (2.11) is removed.

Because of the average over 7 and of the definition of u(7, v), it is obvious to see that the initial data
in (2.11) only depends on x, v|| and v = \/v3 + v3. In other words, writing the velocity in the following



cylindrical variables

v)| € R such that v =v-eq,

vy € RT such that vy = \/v3 + 03, (3.1)
« € [0,27] such that vo = v, cosa and vs = v, sinq,

there exists a function mg = mo(x, v)|,v.) such that

1 21
mo(x,vH,vL):2—/ fo(x,u(r,vHel—l-vL cosaey + v sinaeg)) do. (3.2)
T
The quickest way to get this is to notice that
Y|
u(r,vj e +vy cosaey +vy sinaes) = | vy cos(a+277) , (3.3)
v sin(a + 277)

and that, consequently, integrating in 7 suppresses the a-dependency. Hence, (3.2) writes also
1 2T
mo(X,v),vL) = o Jo(x,v e +vy cosaey + v sinaes)da. (3.4)
T Jo
Concerning the function f itself, we introduce the function m = m(t,x, v, vy, a) linked with f by
m(t,x, v, v, a) = f(t,x,ve1 + v cosaey +v) sinaes). (3.5)

Because of (2.12) and (2.8), and using the same argument as just above, it is easily seen that m does not
depend on « and that

1
m(t,x,v),vL) = / G(t,x,v) e1 + vy cos(a+2m7) ez + vy sin(a + 277) e3) dr
0

L e (3.6)
=5 G(t,x,v)|e1 + vy cosaey +vy sinaes)da.
™ Jo
Noticing that
i ) (tx, vy en + 4oy sinaes)
—(t,x,v),vL) =cosa —(t,x,v;j€1 + v, cosaes + v, sinae
TN |, VL 90, || €1 L 2 L 3
. f .
—i—sma—(t,x,vnel—i—vj_ cosaes + v smaeg),
81)3
om (3.7)
—(t,x,v||,v1) = —v, sina—(t,x,ve1 + v cosaes + v, sinae
8a( I1>vL) L 8@2( e +uvL 2+ vy 3)
+ v cosaa—(t,x,v“el—l—vl cosaey + v, sinaes),
U3

the equation for m can be deduced from (2.11). For this purpose, we develop v x By in the new variables:
vy (cosaey +sinaes) x B = |Bjj|vL (sinaey — cosaes) . (3.8)
As a consequence, we have

(vL(cosaeQ—l—sinaeg) X BII) -V f(t,x,v €1 + vy cosaes + v sinaey)

om (3.9)
= —|B||| 8—04(15,}(,1)”,’1)1_) =0,

meaning that the force term in (2.11) may be reduced to Ej;. Then, m is the solution of
om N om +E om 0
m(t = 0,x,v),v1) = mo(X,v),vL).



3.2 Macro-Micro decomposition

Inspired by (2.11) or more precisely by (3.10), we now write a classical Macro-Micro decomposition of
the solution f¢ of (1.15). The aim of this decomposition is (see [3, 20]) to lead to a new model which
will be equivalent to (1.15) when € ~ 1 and will formally give the weak-* limit model (3.10) when € — 0.
It is evident that this last property is not satisfied by the model (1.15). The new model will be the base
for the build of an Asymptotic-Preserving scheme which will have to satisfy diagram (1.10).

The main idea of the Macro-Micro decomposition is to write f¢ as a sum of a function being in
Ker((v x M) -V ) and a function being in (Ker((v x M) - VV))J'. Adapting this idea to our context and
having in mind (3.10), we seek m{ = m{(t,x,v,v1) € L>(0,T; L*(R* x R x RT; v, dxdv dv,)) and
p¢ = p(t,x,v),vL,a) € LOO(O,T;LE#ZW(R; L?(R3 xR x Rt; v dx dvy| d’UJ_))) such that

op©

ne(t, x, v, v, ) = ——(t, %, v, 0L, @), (3.11)

Oa

and
fe(t,x, v e + v cosaey +vy sinaes) = m(t,x, vy, ve) +mi(t,x,v,ve) +n(t, %, 0,01, ). (3.12)

The subscript #2, indicates that a — p®(t,x, v, v1, «) is 27m-periodic for any (¢, x, V||, VL)
Considering the anti-symmetric, non-bounded operator with closed range!

o
— : L>(0,T;L%, (R;L*(R® x R x RT;0y dxdv) dvy)))

O (3.13)

— L>(0,T; L%, (R;L*(R® x R x RT;0, dxdvj dvy))),

we clearly have that

0
m € Ker(%) ,
m{ € Ker(=), (3.14)

Q

) =iz

Then, if we inject the decomposition (3.12) in Vlasov equation (1.15), we obtain

|

0
n¢ € (Ker(

Om  Omi  Ont, o Vie(m +m§ +n)
BN BN BN V] COS« k(m+mj +n

v sina
Ef| + vy (cosa B§ — sina Bj)

n cos a B5 + sin o E§ — vy| (cos a B — sin aw B)
1

3 € € ] € € € 1
E(—smaE2 + cos o B + v)| (sina B + cos a BS)) — B, — - (3.15)

om N om§ N on‘
WH 6v|| (9’1}“

Om ~Omi On° | _
M ov, Ov,

on¢

O

1See Appendix A



Combining this equation with (3.10), we finally obtain

om§ Onf 0 Il
o gt | vicosa | -Vam+ | vy cosa -V (m§ +n)
v] sina v sina
0
Ef — B|| + vy (cosa B — sina BY) aTm
n cosa B +sina E§ — v)| (cosa B§ — sina BS) . (’“)Tr‘L‘
1 1 -
v—(—sinaE§ +cosa E5 + )| (sin o Bg +cosaB§)) — Bﬁ - vy
i 0
8mi+ on®
Eﬁ + vy (cosa B§ — sin v B) v O,
n cosa B +sina E§ — v)| (cosa B§ — sina BS) | omg  onc |
1 . . i . E 6 ¢ 1 ov ov '
Z(—smaEg + cosa E§ + ) (sin o Bg +COSCYB2)) — BH - Lané +
e

(3.16)

By projecting (3.15) onto Ker(%) and (Ker(%))l = Im(%), we will obtain the Macro-Micro de-
composition of f¢. We refer to Appendix A and [5] to get that projecting a function onto Ker(%) consists
in computing its average in a and projecting it onto Im(%) consists in substracting from it its average

value. This is what we do in the next lines.
Since m, m§, E, E¢, B and B¢ do not depend on «, and recalling the definition of n¢ given in (3.11),

the projection of (3.15) onto Ker(Z) gives

om§ om§ LR om§
0
0 27 8p5
om vy i d
_ (EH_EII)—__ 1 . /0 s1naax2 «
(91)“ 2w 27 €
1 / Op
— COS (v do
0 ax3
0
27 6 € €
1 Ee / sin o ( i + p_) da (3.17)
T 0 ov, v
™ 27 8p5 pE
— COS (v + —) do
A (6'UJ_ ’UJ_)
27 a €
/ (cos«a BS + sin a BS) 8p do
_ 0 Y|
1 ChE 27 8 € €
tao- v B |- / sina ( P +p—)da
T\ v B 0,  ouou
/ Ccos & ( P + L d
0 8’UL v

In the second, third and last terms of the right hand side of (3.17), we use integrations by parts to tackle
a-integrations. Finally, we perform the projection onto Im(%) by substracting (3.17) from (3.15), we



obtain a second order equation for p¢ in which m and m{ appear as right hand side members:

82pe
3$H 80&
82p5 ;}H (92]?6 1 /271' 62p6 J
n . _
oo\ b O w00 2w J Y Oxp 00
ane 1 21 ane
. b . d
s Or3 0o 27 /0 s Oxs Oo @
(92]?6
6v|| Oa
82p5 1 27 82pe 1 82p5 1 27 82pe
4 Ee . - 2T o —& v r - . 7
COS («x 90,00 2n /0 COS (x 90, O o ol S1n v 902 + oL /0 Sin o 902 o
) 32[)6 1 2 ) 32[)6 1 32[)6 1 2 32[)6
sinqg ——— — — sin «v doa+ — cosa —= — Cos (v do
v, da 27 J, Ov,| Oa v a2 2mvy Jy oo
. ) . 82p5 1 27 . ) . 2p5
) (cosaB3—smaBg)m—%/o (cosaB3—smaBQ)mda
L 2,.€ 2,€ 27 2,€ 2,.€
0 1 0 1 0 1 0
| - Bs |- Cosaip——sina—pz——/ (cosaip——sina—pz)da
B ov, 0o vy Oa 27 Jo ov, 0o vy Oa
v)| 2 ane 1 ane 1 27 ane 1 ane
. L 1 . 1 d
s vy 3a+ v cosa oa? 2w J (Sma ovy 8a+ vl cosa 3@2) @
. 1 62p6
—Bji+) 57
0
0 om
=—| vy cosa |- -Vym—E*. cosaavl
v sina ) om
sino ——
8UL
om
v, (cosa B§ — sina BS) 8v|(|3
. m
- —vy Bg | cosa 90
BS Can
v|| P2 . om
sin « AN
0
0 ImSg
— | vicosa |-Vimi—E°. cosaavj_
vy sinao . 0mg
sin «
81@
om§
v, (cosa B§ — sin v BY) (%g .
. m
- —Y) Bj : cos o 5 !
BS vl
Uiz ) om§
sin o 9o,

(3.18)

10



Concerning the initial conditions for m{ and p¢, we invoke the initial distribution fo as follows:

Jo(x,v)e1 + vy cosaey +v sinaes)

1 27
=5 ; Jo(x,v)je1 + vy cosfey + vy sinfey)dd
+ | fo(x,v) €1 +vL cosaes +v) sinaes)
(3.19)
1 21
~ 5 fo(x,v)e1 + vy cosfes + vy sinfes)dd
0
= mo(X,v),v1)
+ [fo(x,vnel + v, cosaey + v sinaes) —mo(x,vn,vl)] .
Since my, _, = mo, we have
Ope
mi(t = O,X,’UH,UL) + %(t = O,X,’UH,’UL,OZ) (320)
= fo(x,v)e1 +vL cosaes + vy sinaes) —mo(x,v),vL).
By integrating this equation in «, we find
mi(t=0,x,v),v1) =0, (3.21)
so we also have
«
p(t =0,%x,v),vL, ) = / fo(x, v e1 +v1 cosfes 4 vy sinfes)dd — amo(x,v),vL). (3.22)
0

Remark 3.1 (Conceiving Asymptotic-Preserving schemes). Building a somehow discretization of
the coupled problem (3.10), (3.17), (3.21), (3.18), and (3.22) would give a scheme which will be consistent
with (1.15) when € > 0 and consistent with its weak-x limit (2.11) when € is small. This scheme would
play the role of the problem ES , u$, = 0 in the diagrams shown in (1.10) and (1.14).

4 Two-Scale Macro-Micro decomposition: preliminaries

The aim exposed in the first paragraph of subsection 3.2 will now be changed in order to obtain the
Two-Scale limit model (2.10) when ¢ — 0. Eventually, we will see in section 7.2, that the Two-Scale
Macro-Micro decomposition described in the following sections, will lead by integration in 7 to the classical
Macro-Micro decomposition.

We assume from now that the input electric field and the input magnetic field do not depend on e,
i.e. we take

E‘°=E, B°=B. (4.1)

4.1 Complements on convergence results

Before entering in the core of the Two-Scale Macro-Micro decomposition, we integrate some knowledge
which can be deduced from Frénod, Raviart & Sonnendriicker [10] where the asymptotic expansion of f€
is presented. From the hypotheses (2.1) and (2.2) and adding some regularity assumptions for E and B,
we can claim that

1 t ~
- (fé(t, x,v) — F(t, -, %, v)) Two-Scale converges to  F(t,7,x,v) ase— 0, (4.2)
€ €
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and that F expresses in terms of other functions G and [ in the following way:

Fv(t, T,X,V) = é(t,X,U(T, V)) +IU(t, T, %, V), (4.3)
where
1 1
I(t,7,%x,v) = (r(t + Z) — T(Z)) v Vi, G(t,x,u(1,v))
1 1 1 1 (4.4)
+ [(r(r + 9 = 1) B0 +urv) x (17 + ) = () Btx))]
: VUJ_G(t’ Xv'—'(Ta V)) )
and where G satisfies an equation of the form
aG oG ~
E—F uj| %H—l— (EH +u- BH) VWG = RHS(t,x,v,E,B,G), (4.5)

which right hand side can be explicitly computed like that in Theorem 4.2 of [10].
In these equations, G is the solution of (2.10), r is defined in (2.7), and the gradients Vi, and Vi, are
defined as

0 0
0 0
VXJ. = Oxo ) VUJ_ = Ovy : (46)
0 0
Jrs vz

4.2 Sought shape of f¢

As announced in the introduction, we want to use a shape given by (1.22)-(1.23) to f¢.
We clearly have that operator

0
5+ (v x M) V% : L®(0,T; Ly (RT; L*(R%))) — L>(0,T; LY (R*; L*(R?))), (4.7)
is anti-symmetric, non bounded and with closed range (see Appendix B) and satisfies
9 9 +. 72(TR6
Ker(E—i— (v M) V) ® Im(E—l— (v x M) V) = L=(0,T; LF, (RT; L*(R%))) . (4.8)
On another hand, we have
0
Fe Ker(a——l- (vx M) V). (4.9)
T
Furthermore, we can easily prove that the function [ defined in (4.4) is such that

leIm(%—l—(va)-Vv). (4.10)

0
Indeed, any regular function in Ker(a——f—(va)-Vv) reads (¢, x,u(r, v)) for some y € L>(0,T; L*(R")).
T

Multiplying I(t, 7, %, V) by v(t,x,u(r,Vv)), integrating over R® x [0, 1] and performing the change of vari-
ables
v = u=u(rnv), (4.11)
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we obtain

/RG ”y(t,x,u){[</01 r(r — i) —r(%)dT) u} -V, G(t,x,u)

1 1 1
— l /0 r(r — Z) - T(Z) d7'> E(t,x) (4.12)

+ux [(/Olr(T_ i) —r(%)df) B(t,x)]

because the integrals over [0, 1] all vanish.

-VULG(t,x,u)} dxdu=0,

Now, we integrate every remark we just did. We also notice that a decomposition of the type (1.22)
cannot be unique because of choices concerning the place where oscillations are put: in the superscript e

t
or in variable -. This will also prescribe what we set now: we look for
€

G = Gi(t,x,u) € L>(0,T;L*RY)), (4.13)

k¢ = k°(t,7,x,v) € L= (O,T; Ly, (RT; L2(R6))) , ‘

such that, for any T,
[t x,v) = G(t,x,u(r,v)) + e Gy (t,x,u(r,v))
Ok (4.14)
+el(t,7,x,v) + ¢ a—(t,T, x,v)+ (v x M) -V k(t, 7,x,v) | .
T
From now, we shall denote

(Gou)(t,7,x,v) = G(t,x,u(r,Vv)), (4.15)

leading, for instance, to the writing of F' = G ou. With this notation, we can claim that

d
e(Gou)—i—e(GlOU) € KGY(EHVXM)'VV)’ (4.16)

ok 0
el—|—e(aT —|—(v><./\/l)-Vvk€) € Im(E—l—(va)-Vv),

and, as a consequence of (4.8), decomposition (4.14) exists and is unique since G and [ are already iden-
tified as the unique couple satisfying (2.10) and (4.4).

In the previous section, when building the usual Macro-Micro decomposition, we projected the equa-

tion satisfied by f¢ onto the kernel and the range of the involved operator. Here, this cannot be done.
0

Indeed, here, the involved operator is 8_+ (vx M)-V, and the function which has to be used in equation
T

(1.15) in order to extract some informations on G and k€ is

t t
fe(t,X, V) = (G © I_I)(t, - X, V) +€ (Gi © I_I)(t, - X, V)
€ €
4.17)
t oke t t (
+ Gl(t, - X, V) +€ <_(t5 - X, V) =+ (V X M) ' VVke(tv - X, V)) )
€ or "€ €

t
where 7 was replaced by - in (4.14). Once this replacement done, we face with functional spaces where
€

operator (4.7) makes no sense. In order to bypass this difficulty, we use a weak formulation of (1.15) with
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oscillating test functions
t
(d))é = (1/’)€(ta X, V) = 1/}(ta 27 X, V) ) (418)

where 1) = 9 (¢, 7,x, V) is regular, 1-periodic in 7 and with compact support on [0,T) x R3 x R? for any
fixed 7 € [0,1]. Writing

(FE) = (FO (1%, v) = FE(1, E,X, V) = (G5 ou)(t, E,x, V), (4.19)

and using the same convention for other functions, the weak formulation with oscillating test functions
reads

T oY, oY,
[ [ [+ e+ e + o] [+ 2 v (v
0 JRe Iy (4.20)
+(E+vx B+ ?)) . (VVQ/J)E] dxdvdt = — o fo(x,v)¥(0,0,x,v)dxdv,

where F' is linked with G by (2.8), Ff with G§ by (4.19), [ is defined in (4.4) and h€ is linked with k¢ by
_ Ok°
- or

The way to deduce the equation for Gf and for k¢ consists in using, in a first computation, test functions

hE

+ (v X M) - Vike. (4.21)

d
Y e Ker(E—l— (v x M) - V), i.e. of the form

¥ = (you), (1.22)
for regular functions v = (¢, x, u) compactly supported in [0,T) x R? x R3. Then, in a second compu-

0
tation, test functions belonging to Im(a— + (v x M) - V), or writing
T

ok
w:E—i—(va)-an, (4.23)

for some regular functions x = (t, 7, %, v) with compact support in [0,7T) x R? x R3 for every 7 € [0, 1],
will be chosen.

5 The Two-Scale Macro equation

We begin by going further in the writing of weak formulation (4.20) by using the link between G and .
We recall this weak formula:

T €
/ / (F)e {8(5;) +v V(@) + (B+v x (B+ M)) ~Vv(1/;)5} dx dv dt
0 RS6 €

T e [0V 10U, . M .
+e/0 /RG(F1) [(E) +Z(E) + v (W) +(E+VX(B+T))'(Vv¢)}dxdvdt

+e /T /6(1)6 [8(52)6-1-@ x %)-vv(w)ﬂ dx dv dt

0 e (5.1)
+e/0 /Rs(l)f [v.(vx¢)f+ (E+v xB)- (wp)ﬂ dt dx dv

T
+e/0 /Rﬁ(hé) [(%—f)w%(g—f)wv-(vx¢)€+(E+vx(B+%))-(vvw)f] dx dv dt

=— | fo(x,v)¥(0,0,x,v)dxdv.
RS
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Performing an integration by parts on the first term of (5.1) gives

[ L

() + (E+vx (B+ %)) : vv(zp)ﬁ] dx dv dt

/ /RG 1 81:) +v - (VeF) + (E+ v x (B+%)) . (VVF>E] ()¢ dx dv dt
/ F(0,0,x,v)¥(0,0,x,v)dxdv (5.2)

//R o) TV (&F) + <E+V><B)-(VVF)E}(w)fdxdvdt

fo(x,v)(0,0,%,v) dxdv,
R6

0
since F' € Ker(—— 3 + (v x M) - V). We invoke the link between F' and G, and we consider the change of
T

variables

t t t
v u = u(=,v) which is equivalent to v =u(—-,u) =u"*(=,u). (5.3)
€ € €

We also use the following notation
(W ou Nt 7,x,u) = 1/)(t,7',x,|u_1(7', u)) = 1/)(t, T, X,u(—T, u)) ) (5.4)
Since a direct computation yields
(VW) =V (F) = V(G o) = r(—é)((qu) ou), (5.5)

(5.2) reads

//F at V'Vx(¢)€+(E+VX(B+M))-Vv(w)ﬂdxdvdt
R6 p

/ /RG Ju) - VG + (r (6)[E+(T(_£)U)XB}'VHG}
(¥ ou™ ) dt dx du

- fo(X v)¥(0,0,%,v) dx dv (5.6)

/ /Rf Ju) - VG + [r(= )E+HX(T(£)B)]-%G} (¥ ou™ )" dt dx du

fo(x,v)(0,0,%,v)dxdv .
Rﬁ

Using now equation (2.10) satisfied by G, we finally obtain

[ L

(W) + (E+vx (B+ %)) : vv(w)f] dx dv dt

-/ /Rﬁ ( )%+ [ B), o () BL] ) .

(Y ou N dtdx du

- Jo(x,v)(0,0,x,v)dxdv .
Rﬁ
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Notice that the last term containing fo will vanish with the right hand side member of (5.1).

Now, we study the third term of (5.1). For this purpose, we first notice that

Olou! ol
KU ) (D) o) + ((r(=ryw) x M) - (R ou™) 53)

= —(r(=7)u) V%, G~ [r(1)E+ux (r(r)B)] - Y, G,

hence, integrating by parts the third term of (5.1) and making the change of variables defined by (5.3),
we get

¢ /T/ (0)° [6(5)5 + (v x %)-vv(w)ﬂ dx dv dt
0
T
“/0 /]R [“%Eﬂgi) +(vxM) - (W >}(wfdxdvdt—/RG(l)é(o,x,v) (¥)5(0,x, v) dx dv ,
T oL -
= _/0 /RG [6 ((le))f+ (6(1877-1))1 (¥ ou™ V)¢ dx du dt

T ou1). .
=— /RE(M) (Y ou Y dxdudt

6 ot

T ¢ / . .
+/O /R [(r(——)u) Ve, G+ [r(D)E+ux (r(0)B)] -VuLG] (1 ou=1)E dx du dt,

€

(5.9)

since 1(0,0,x,v) = 0 (see (4.4)). The last term of (5.9) will vanish with the first term of the right hand
side member of (5.7).

Hence (5.1) has to be replaced by

alou?)
/ / 8 N (g ou) dx dudt
Rf

Ve | (e la_wf v - € v M ‘ldxdv
+e/0 /RG(Fl) O+ L0 v (Vi) + (B v x (B+ 20) - (V)] deav -

: /T/ (1) [v (V) + (E+v x B) - (vvw)é} dx dv dt
o Jre
T 0 0
e / / (h)¢ {(a—f)ﬁ + }(6_1/1)5 +v - (V) + (B+v x (B+ M)) : (w/})f} dxdvdt =0.
0 R6 € T €
Now, choosing % as in (4.22) yields
g 9y, e c
€ / (G on_l)6 ((—) ou) +v- ((Yky)ou) +(E+vxB) V(v ou)e} dx dv dt

R6
( )
// L *ydxdudt—l—// (h)* ( )) dx dv dt (5.11)
R6 R6

//R +eh6)6)[ (Vx(’you))e-l-(E—i—va)-(Vv(’you))e}dxdvdtzo.

t
Making in the first, third and fourth terms the change of variables v +— w(-,v), replacing h¢ by its
€
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expression in terms of k¢ and dividing (5.11) by e finally gives

/OT /}R6 GS {a—ZwL (T(—z)u) - Viy + [r(é)EJru X (T(E)B)] -Vuﬂ dx du di

—/OT/RG (Wiaip)éydxdudt
+/0T /R [((%lf)"”_ly* (’“({)M) (k) ou)] %dxdudt (5.12)

T
+/0 /R [(ou™) + (G ou™) + (r(=2) M) - (Wk) ou)']
X [(T(_é)u) - Vv + [T(E)E—i-u X (T(E)B)} .Vu,d dxdudt =0,

which is the Two-Scale Macro equation of the model.

6 The Two-Scale Micro equation

In this section, we use in the weak formulation (4.20) oscillating test functions defined by (4.23). The

computation leading the formula (5.10) is valid for any oscillating function ¢ so we use it as a starting
point for finding the Micro equation.

0
Recalling that Ff € Ker(a + (v x M) - V), the second term in (5.10) yields

0 0
e [ R (G o v (S (Bt v x (B 20 - (%) v
0 R6 € T €

— /T /RG(Ff)E a(w)f + (v x %) : vv(w)f} dx dv dt

be [ [v (B @ v B)- (] v
/ / BFl dxdvdt—i—e/ Fr(0,0,%x,v)(0,0,x, v) dx dv
RS o
/ L v (B0 + (B v B ()] axavae
RaF (6.1)
RG 7'

+6/ Ff(0,0,%,v) [g (0,0,x,v) + (VXM)'VVH(O,O,X,V)} dx dv

//RFFl

8Vx/£
or

)<+ (v x M) - (W) V)

(’“)VVFJ)E
or

+(E+vxB)-( FEXM+vxBxM)- (Vo)

+(E+vx M) (Vr) (v x M))] dxdvdt.
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The first term of (5.10) reads

lou =
/ / ) dx dv dt
R (6.2)

[ L lo“fl o)+ [(r(=Dv) < M] - (W) 0w )] vt
.

€
The third term gives

L b @) ] e

/ /RF W 5+ (v x M) - (VeWr) V) + (E+v x B). (agz’i)e (6.3)

+(EXxM+vxBx M) (%r) + (E+v xB)- (V2 )(va))}dxdvdt.

Concerning the last term of (5.10), we have

//Rh ~( w))d dv dt
I /Rshff i
o T 6(h6)6

) dx dv dt + / he(0,0,x,v)1(0,0,x,v) dx dv
R6

R

he 1 8h€ ok
/ /Rr a0 T (GG (v x M) - (Wr)] dxdv dt

+/ he(0,0,x,v) [g (0,0,x,v) + (v x M) - %k(0,0,x,v)] dxdv (6.4)
a%f Ok, 1 Pk 1 OV,
//R i) VX M) () + () + L M) ()
X [(g:) + (vx M) (Vyr) ] dxdvdt
ke
* /1%6 [ or (O’ O,X, V) =+ (V X M) ! Vvke(ov O,X, V)}
X [%(O, 0,x,v) + (v x M) - %r(0,0,x,v)] dxdv,
on the one hand, and
T M
/ / h€€ v- (W E—F(E—FVX(B-l—T))'(VVUJ)e}dXdth
RS
/ / (9]g6 (v x M) - (Vvke)e) [v . (aavxli)e + (VX M) ((Vvam)E V)
R6 T
OV K (6.5)

+(E+vxB)-( )+ (EXx M+ (vxB)x M) (Vr)S

or
+(E+vxB)- (Wr) (v x M) + %(v x M)- (aaV:H)E

+ (v x M) x M) - (Vr) + (v x M) - (V28)(v x M))} dx dv dt,
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on the other hand. Remarking that
(v x M) x M) - (Wr) = —(v x M)+ ((Wk) x M) = —v - (WK)° (6.6)
and dividing by €, we finally get the weak formulation of the Two-Scale Micro equation:
82k6 OVyk . 1 0?k¢ o1 OAVATA
//Rs ator VXM)'(6t)+2(6r2)+Z(VXM)'(ar))

[(gi) + (v x M) - (Vr)] dxdv dt

ke
+/ [-—(0,0,x,v) + (v x M) - %Wk (0,0,%,V)]
R6 or

)
[6—“(0, 0,%,v) + (v x M) - Vr(0,0,x,v)] dxdv
-

/ /RG 8[{5 V X M) (vka)é) |:V . (85:/5)5 + (V % M) . ((Vvali)e V)

GAVAT A

+(E+VXB)-(7)

+(EXM+ (vxB)x M) (Wk)
OVk .
or )
— v (Vr)© + (v x M) - (V2R)(v x M))] dx dv dt
T oL . 6 |
/ / 8 l {(%OU 1)6 + [(T(_E) V) X M} ’ ((Vvli) oufl) } dxdv dt (6.7)
0

6

£ B4V X B)- (V2R) (v x M)+ - (v x M) - (

=

) € 6VVI$E
—i—/o /}RF )+(VXM).((Vvaf<;) v)+(E+va).(8T)

+(Ex M+ (v x B) x M) - (k)" + (E +v x B) - (V2r) (v x M))} dx dv dt
/ / 8F1 6 8K + (v xM)- (V% )E} dx dv dt
0

6

=

6
—i—/ Fr(0,0,x,v [ (0,0,x,v) + (v xM)- VVH(O,O,X,V)} dx dv
R6 or

T OV, )
+/0 /]RG v ( 8T)+(VXM)'((VXVVH) v)
+(E+VXB)(8§;H)€+(EXM+(VXB)XM).(VVK)e

+(E+vx M) (Vir)(vxM))|dxdvdt=0.

Remark 6.1. We are aware that the Two-Scale Macro-Micro system, (5.12)-(6.7), has not necessarily
a unique solution. In future work we will look for an additional condition for G{ and k¢ leading to
the uniqueness of the whole solution (G, k). Such a condition will be usefull for the conception of the
numerical scheme for the Two-Scale Macro-Micro model in order to be sure that when € ~ 1 we will
approzimate the solution of the starting Viasov equation (1.15).
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7 Asymptotic-Preserving Properties

7.1 The Two-Scale Macro-Micro problem

The Two-Scale Macro-Micro problem, i.e. the system of equations (2.10)-(4.4)-(5.12)-(6.7), is more
complicate to solve than the original problem (1.15), but has two advantages over the latter. First,
when ¢ — 0 the Two-Scale Macro-Micro model reduces to the limit model in (2.10) while equation
(1.15) becomes singular at the limit. Second, the Two-Scale Macro-Micro model decomposes the original
solution f€ into a macro part, G ou + € G{ ou, and a micro part, el + e h.. This question is relevant
when doing the transition from the very small € regime to the one of ¢ ~ 1, since our model describes
separately the evolution at the macroscopic time (of G ou and G§ ou) which contains essential oscillation
through v, and the evolution of oscillation corrections (I and h.) at the microscopic time.

Now it is easy to see that, under the hypothesis of uniqueness of the solution of equations (5.12) and
(6.7) (see Remark 6.1), the Two-Scale Macro-Micro problem (2.10)-(4.4)-(5.12)-(6.7) is equivalent to the
original problem (1.15). Indeed, let f€ be the solution of (1.15). We have seen, by using Lemma B.1, that
the decomposition (4.14) exists and is unique. Then, by the calculations we did in the previous sections,
we obtain that G is solution to (2.10), [ is given by the formula (4.4), G§ is solution to (5.12) and & to
(6.7). In particular, we have proved that the equation system (5.12)-(6.7) has solution.

Conversely, assume that the solution of the system (5.12)-(6.7) is unique. Let (G,l, G, k) be the
solution of (2.10)-(4.4)-(5.12)-(6.7). Then constructing f€ by (4.17), we will obtain the solution of (1.15),
since this problem has unique solution.

7.2 Macro-Micro Decomposition vs Two-Scale Macro-Micro Decomposition

Property 7.1. Integrating in 7 the Two-Scale Macro-Micro decomposition leads to the classical Macro-
Micro model developed in Section 3.2.

Indeed, let us recall that the unique decomposition made in (4.14) is of the kind

fet,x,v) = F(t,7,x,v) + Fy(t,7,x,v) + H{(t,7,%x,V), (7.1)

0 0 . : .

for some Ff € Ker(a——i— (vxM)- Vv) and Hf € Im(a——i— (vxM)- VV). Then, integrating (7.1) in 7,
T T

we obtain using (2.12)

1 1
fet,x,v) = f(t,z,v) —I—/ Fi(t,7,x,v)dr —I—/ Hi(t,7,x,v)dr. (7.2)
0 0

Now, changing the variable v in (’UH,’UJ_, «) defined in (3.1), and using Lemma B.2, we obtain that the

! 0

function (v, ) — / Ff(t,7,%,ve1 +vi(cosaes +sinaey)) dr is in Ker(a—). Similarly, (vy,«)—
0 «

1

0
H{(t,7,%x,v €1 + vy (cosaey +sinaes)) dr is in Im(—). Next, writing (7.2) in the new variables

OJa

0

and recalling the decomposition of f¢(¢,x,v) in (3.12), we deduce from (3.5) and the uniqueness of such
a decomposition (stated in Lemma A.1(iii)) that

1
mi(t,x,vH,UL):/o Ff(t,T,x,UHel +UL(cosae2+sinae3))dT,

1
n(t,x, v, v, ) = / Hf (t,7,%,v) €1 + vL(cos ey + sinaes)) dr.
0
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7.3 Convergence of the Two-Scale Macro-Micro problem

Let us recall that our Two-Scale Macro-Micro decomposition (4.14) is based on the convergence result
in (4.2). More precisely, keeping in mind that G + ¢ G + €l is the first order approximation of f€¢, then
(4.14) can be seen as a Macro-Micro decomposition at the first order level of approximation of f¢. Next,
we justify this approximation using the T'wo-Scale convergence.

Theorem 7.2. We assume that fo € L*(R%), E € WL>(R3), B € WhH(R?), and 01/0t, Vil €
L>(0,T5L>(0,1; L>(R®))). Then, when € — 0, the solutions GS ou of (5.12) Two-Scale converges to

Ge L™ (0,7 LA(RS)), the solution of (4.5). When e — 0, the solutions k¢ of (6.7) Two-Scale converges
to 0.

Proof. Recall from Theorem 1.5 of [10] that when € — 0, (% (f6 -G ou) — l) . Two-Scale converges to
€>

~ 0
Goue€ Ker(a—l— (vxM)- Vv). Then, since (4.17) implies that

%(fE—Gou)—l:Gﬁou—l-hé,

0 0
and since G{ ou € Ker(a— +(vxM)- Vv) and h° € Im(a——l- (vxM)- Vv), the theorem’s conclusion
T T
is clearly true. [l

Appendices

In the first Appendix we characterize the projection onto Ker(a%). We establish that it consists in
computing its average in « and projecting it onto Im(a%) consists in substracting from it its average
value. Then, in the second one, we do the same with operator 8%— + (v x M) - V. We also establish the
link that exists between these two operators.

0

A About the operator —
Oa

d
Lemma A.1. Let the unbounded operator 3 L%, (R;L2(RY 0y dvy)) — L3, (R;L*(RT;0p dvy)).
Then, it has a closed image in L3, (R; L*(RT;vy dvy)) and

0 0
(i) Ker(g)l = Im(%).

0
(ii) For any function f € LQ#2 (R; L2(R*; v, dvy)), the projection of f on Ker(a—) is the function
n a

1 2m

Pf: (vi,a) — o fvy,0)do. (A1)
T Jo

(iii) L%, (R; L3(R*;0, dvy)) = Ker(%) ® Im(%).
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. 0\t oy .
Proof. (i) Let g € (Ker(g)) . Then, for any g € Ker(%), i.e. g =g(v,), we have

2 “+o00
/ / qvi,a)g(vi)vydvg da=0. (A.2)
o Jo

Remarking that ¢ can be written as

qv,a) = %(/00‘ q(vy,0) d9> , (A.3)

we only have to prove that the function K defined by

K(vl,oz)—/oaq(vb@)cw, (A.4)

27 “+o0
is in L3, (R; L*(R*;vpdvy)), i.e. K is 2m-periodic in o and / / |K (v, 04)|2 vy dvy da < +o0.
o Jo

First, we have

2w
K(UL,O[—‘,-QTF)—K(UL,O[):/ q(vy,0)dd =0, (A.5)
0
by (A.2). Secondly, using the Jensen inequality, we remark that
a 2m
|K (v, )| < o / lq(v1,0)]*db < 27 / lq(v1,0)* do. (A.6)
0 0
Then
27 “+o0 9 27 “+o0 9
/ / |K(vL,a) UJ_dUJ_dO(§47T2/ / lq(vL,0)| v dvy df < 400, (A7)
o Jo o Jo

: 2 CT2(RF 0 A 0 :
since ¢ € L7, (R;L*(R™;v, dvy)). Thus g € Im(a—a) and so Ker(a—a) C Im(a—a). Since the converse

inclusion is obvious, (i) is proved and the image of the operator is indeed closed.
(1) Tt is clear that f € L%, (R; L*(R*;v. dvy)) implies that Pf € L3, (R;L*(R*;vy dv)). Then,
using the projection characterization, we have for any function 1 € Li% (R; L?(R*; v, dv,)) such that

oy _

8a_0’
2m +oo 1 2
/ / (f(vl,a)—2— f(u,o)cw) Y(vi) vy dv do
o Jo T Jo
+oo 27 o oo o
_/0 < ; f(’UL,Oé)dOé> 7/)(UL)’ULd’UL—<%/O da)/o ( ; f(vlﬁ)d@)i/)(vl)mdvl
=0.

0
Hence Pf defined in (A.1) is the projection of f on Ker(a—).
e
(#4i) Using item (i) we have only to prove that any f € Li% (R; L2 (R*; v, dv,)) writes as a sum

0 0
f =g+h with g € Ker(a—) and h € Im(a—). Given f € L%, (R;L*(R*;vy dvy)), let g be the
a « 4

0 0
projection of f on Ker(a—) and let h = f—g. Then, by item (i) we only need to show that h € Im(a—).
o o

This can be done using a similar way as in the proof of item (i). This concludes the proof of the
Lemma. (|
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0
B The operator p + (vx M) -V
T

Lemma B.1. Let the unbounded operator

0
E_'— (VvXM) -V : L™ (O,T;L;f1 (RF; L2(R%))) — L (O,T;L;&OI(RJF;LQ(RG))). Then we have

L>(0,T; LE (RY; L*(R%))) = Ker <§T+ (Vv x M) - Vv> ® Im(%—l— (VvxM)- Vv>. (B.1)

Proof. Let f € L>(0,T; L3, (R*; L*(R%))). Through the change of variables
v)| € R such that v =v-eq,

v, € R" such that v, = \/v3 + v, (B.2)
« € [0,27] such that vo = v cosa and vs = v, sinq,

f (Where f(t, T,X,v),vL, ) = f(t,7,X,v) e1+vL(cosaer —i—sinaeg))) is in L™ (O, T; L, (R*; Lizﬂ (R;

) . 0 , 0 0
L*(R* x R x R*;v, dxdv dv.)))) while the operator o + (v x M) - Vi, writes e 27r8—. Next,
T T o

performing the second change of variables

1
O=T+ —a«,

217T (B.3)
ﬂ:’?’—%a,

f (where f(t,a,x,vn,vl,ﬂ) = f(t, (a+ﬂ)/2,x,v||,vL,w(a—ﬁ))) stays in LOO(O,T;L%EI(RJr;L%E%(R;

0 0 0
L*(R* x R x RT; v dxdvjdv.)))) and the operator — — 2r— (and consequently — + (v x M) - V)

5 ar oa or
becomes 2%. From now on, let us fix (t,x) € [0,7] x R3. Considering
O . L3 (R 1%, (R; L2(R® x R x R*;0, dxduy d
% : #1( ) 2,,( ) ( X X ;UL axav UL))) (B 4)
= Ly (RT L%, (R;L*(R® x R x RT;0, dxdvj dvy))),
k by L A1, that L%, (R; L*(R*;v, dvy)) =K 2 @l i H b L (RT;
we know, by Lemma A.1, tha #%( : iv dv)) = Ker a5 m 95) ence, because #1( ;

L3, (R;L*(R x RY;vp dyydvy))) C L, (R LG, (R;L*(R x RT;vp dvjdvy))), we can write f=
Pf + (f — Pf), where Pf is defined as in (Alv) Since f was chosen in Ly (RY; L3, (IEVQ;LQ(R
R*;v1 dvjdvy))) then it is easy to see that Pf belongs to this same space. Obviously f — Pf
LF (RY; L3, (R;L*(R x RF;v, dujjdvy))) and thus (B.1) is proved.

Om X

Lemma B.2. Let f € L™ (O,T;LO"1 (R*; L2(RY))) and let f be defined as in the proof of Lemma B.1.
Then

0
(i) if [ € Ker(E—l— (vxM)- Vv) then for any fized (t,x,v)|) € [0,T] x R* x R we have

L 0
: t d Ker( —
F (vl,a)»—>/0 ft, 7, x,v),v,)dr € er(aa)
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0
(i) if [ € Im(a—i- (vxM)- Vv) then for any fized (t,x,v)) € [0,T] x R* x R we have

1 0
F i (vL,a) H/0 f(fmxvvnvvbo‘)dTeIm(%)'

5}
Proof. (i) Let f € Ker(a +(vxM)- Vv) and fix (¢,x,v)) € [0,T] x R* x R. Thus, by the proof of

T

~ 0 0
Lemma B.1, f € Ker(— — 27r—). We then derive F :
or Ja

OF Lof
8_O[(UJ_,O{) = ) 8—£(t,T,X,’U||,’UJ_,Of)dT
1 [tof
= 5 ; a_i(t’T’vall’vba)dT
= 0, (B.5)
Coe = 0 g 0
by the 1-periodicity in 7 of f. Thus, F € Ker(a—). (73) Now let f € Im(a——l— (v M)- Vv). Then there
o s \oT
~ Oh oh
exists a function h € L>(0,T; L (R*; L*(R®))) such that f = 8——2778—. Fix (t,x,v)) € [0, T]xR3*xR.
T a

Integrating in 7 from 0 to 1, we obtain, using that h is 1-periodic in 7,

o [~
f(UJ_,U||):—27ra—a/0 h(t,T,x,v),vL,®)dr,

0
leading to F € Im( 8_) and thus concluding the Lemma. [l
«
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