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ON THE WELL-POSEDNESS FOR
KADOMTSEV-PETVIASHVILI-BURGERS I EQUATION.

DARWICH MOHAMAD

ABSTRACT. We prove local and global well-posedness in H*°(R?), s >
- %, for the Cauchy problem associated with the Kadomotsev-Petviashvili-
Burgers-1 equation (KPBI) by working in Bourgain’s type spaces. This
result is almost sharp if one requires the flow-map to be smooth.

1. INTRODUCTION

We study the well- posedness of the initial value problem for the Kadomtsev-
Petviashvili-Burgers (KPBI) equations in R? :

(11) { (atu—i_ul‘l‘l‘_uxx"i_uux)x—uyy :07
uw(0,2,9) = (z,7).

where u is a real-valued function of (z,t) € R? x RT. Note that if we replace
—Uyy by +uyy, (1.1) becomes the KPBII equation.

This equation, models in some regime the wave propagation in electromag-
netic saturated zone( cf.[12]). More generally, it can be considered as a
toys model for two-dimensional wave propagation taking into account the
effect of viscosity. Note that since we are interested in an almost unidi-
rectional propagation, the dissipative term acts only in the main direction
of the propagation in KPB. This equation is a dissipative version of the
Kadomtsev-Petviashvili-I equation (KPI) :

(1.2) (atu + Upgr + uul«)x — Uyy = 0.

which is a "universal” model for nearly one directional weakly nonlinear dis-
persive waves, with weak transverse effects and strong surface tension effects.
Bourgain had developed a new method, clarified by Ginibre in [7], for the
study of Cauchy problem associated with non-linear dispersive equations.
This method was successfully applied to the nonlinear Schrodinger, KdV
as well as KPII equations. It was shown by Molinet-Ribaud [14] that the
Bourgain spaces can be used to study the Cauchy problems associated to
semi-linear equations with a linear part containing both dispersive and dis-
sipative terms (and consequently this applies to KPB equations).

By introducing a Bourgain space associated to the usual KPI equation (re-
lated only to the dispersive part of the linear symbol in the KPBI equation),
Molinet-Ribaud [14] had proved global existence for the Cauchy problem as-
sociated to the KPBI equation when the initial value in H*%2(R?), s; > 0
and s9 > 0.

Kojok [1] had proved the local and global existence for (1.1) for small initial
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2 DARWICH MOHAMAD

data in L?(R?). In this paper, we improve the results obtained by Molinet-
Ribaud, by proving the local existence for the KPBI equation , with initial
value ¢ € H*'" when s > —%.

The main new ingredient is a trilinear estimate for the KPI equation proved
in [11]. Following [15], we introduce a Bourgain space associated to the KPBI
equation. This space is in fact the intersection of the space introduced in
[4] and of a Sobolev space linked to the dissipative effect. The advantage of
this space is that it contains both the dissipative and dispersive parts of the
linear symbol of (1.1).

This paper is organized as follows. In Section 2, we introduce our notations
and we give an extension of the semi-group of the KPBI equation by a linear
operator defined on the whole real axis. In Section 3 we derive linear esti-
mates and some smoothing properties for the operator L defined by (2.15)
in the Bourgain spaces . In Section 4 we state Strichartz type estimates for
the KP equation which yield bilinear estimates. In Section 5, using bilinear
estimates, a standard fixed point argument and some smoothing properties,
we prove uniqueness and global existence of the solution of KPBI equation
in anisotropic sobolev space H*? with s > —%.
Acknowledgments. I would like to thank my advisor prof Luc Molinet for
his help, suggestions and for the rigorous attention to this paper.

2. NOTATIONS AND MAIN RESULTS

We will use C to denote various time independent constants, usually de-
pending only upon s. In case a constant depends upon other quantities, we
will try to make it explicit. We use A < B to denote an estimate of the
form A < CB. similarly, we will write A ~ B to mean A < B and B < A.
We writre (-) := (14 |- |*)/2 ~ 1 +|-|. The notation a* denotes a + € for
an arbitrarily small e. Similarly a— denotes a — €. For b € R, we denote
respectively by H?(R) and H?(R) the nonhomogeneous and homogeneous
Sobolev spaces which are endowed with the following norms :

(2.1) \w;:AvWWﬂwnuw;:Am%wWw

where . denotes the Fourier transform from &'(R?) to S’(R?) which is defined
by :
fl&) = FN© = [ dP9500ir, vr e SE).

Moreover, we introduce the corresponding space (resp space-time) Sobolev
spaces H*152 (resp H"31:52) which are defined by :

(2.2) H*%2(R?) =: {u € 8’ (R?); ||u| 1.5 (R?) < 400},
(2.3) Hbs1s2 (R?) =: {u € S (R3); [|w|| go,s1,52 (R3) < +o0}
where,

(2.4) ll 3102 = /RQ (©)*H (> |a(v) v,

(2.5) [ =/ (T)°(€)* () 2 |a(r, v)|dvdr,
R2



ON THE WELL-POSEDNESS FOR (KPBI) EQUATION 3

and v = (&,7n). Let U(+) be the unitary group in H*%2 51, s9 € R, defining
the free evolution of the (KP-II) equation, which is given by

(2.6) U(t) = exp(itP(Dy, D,)),

where P(D,, D) is the Fourier multiplier with symbol P(&,n) = &3 —n?/¢.
By the Fourier transform, (2.6) can be written as :

(2.7) Fo(U(t)$) = exp(itP(€,n))¢, Vo €S (R?), teR.

Also, by the Fourier transform, the linear part of the equation (1.1) can be
written as :

(28) i(r =& =)&) + & =i(r — P(n,€)) + €.
We need to localize our solution, and the idea of Bourgain has been to
consider this localisation, by defining the space X%* equipped by the

(29)  lullxnorse = [[G(T = P(1,€)) + €€ (n)*2a(r, &, 0)|| 2 ) -

We will need to define the decomposition of Littlewood-Paley. Let n €

Co(R) be such that n > 0, supp n C [-2,2], n =1 on [—1,1]. We define next
©(&) = n(&) —n(26).
Any summations over capitalized variables such as N, L are presumed to be
dyadic, i.e. these variables range over numbers of the form N = 27, j € Z
and L =2/, 1 € N. We set oy (&) = w(%) and define the operator Py by
Fr(Pyu) = onFyz(u). We introduce ¥r,(1,¢) = ¢r(t — P(¢)) and for any
u € S(R?),

]::v(PNu(t))(g) = @N(f)]‘—x(U)(f,f), }—(QLU)(T,&U) = ¢L(T’ C)]:(u)(T’ 5)7 L>1

and F(Q1u)(7,&,n) = n(7—P(¢))F(u)(r,€). Roughly speaking, the operator
Py localizes in the annulus {|¢| ~ N} where as @ localizes in the region
{(r = P({)) ~ L}. We denote Pyu by uyn, Qru by ur, and Py(Qru) by
UN,L-

For T' > 0, we consider the localized Bourgain spaces X:l;’sl’
the norm

2 endowed with

[ull yos5o = Inf - {lwll xb.s1.00, w(t) = u(t) on [0,T] }.
T we X 51552

We also use the space-time Lebesgue space Lg ¥ endowed with the norm

lllgge = Nlllzzl g -

and we will use the notation L%J for Lf”j
We denote by W (-) the semigroup associated with the free evolution of the
KPB equations,

(210)  Fo(W(t)o) = exp(itP(&,n) — [€*1), Vo €S (R?), t>0.

Also, we can extend W to a linear operator defined on the whole real axis
by setting,

(2.11)  Fo(W(t)o) = exp(itP(&,n) — |€[*[t)hd, Yo € S (R?), teR.

By the Duhamel integral formulation, the equation (1.1) can be written as

(2.12) u(t) = W(t)é — % / Wt — 0, (W), £ 0.
0



4 DARWICH MOHAMAD

To prove the local existence result, we will apply a fixed point argument to
the extension of (2.12), which is defined on whole the real axis by:

(2.13) ult) = Y)W ()¢ — LD ($Fu?)) (1)),
where t € R, 9 indicates a time cutoff function :
(214) 1,[) € CSO(R)’ sSup ¢ C [_2’2], T;Z) =1on [_1’ 1],

() =(./T), and

tr_ o ltle?

215) L) = W) [ e FW (1) (€ .

One easily sees that

(216)  xn, (DGO (1) = xr, () /0 W(t - 7)f(r)dr.

Indeed, taking w = W(—-)f, the right hand side of (2.16) can be rewritten
as
tr _ o ltl€?

1T + &2
In [15], the authors performed the iteration process in the space X $: equipped
with the norm:

lull xboor5e = [1((7 = P(¥)) + ) (€)°H () a7, v) | L2 m3),
which take advantage of the mixed dispersive-dissipative part of the equa-
tion. We will rather work in its Besov version X*%9 (with ¢ = 1) defined
as the weak closure of the test functions that are uniformly bounded by the
norm

(o) (e, (o) [ xS (e, yiear' ).

N

Qo

2\ b

Jullxoens = ( 30 [S0E + 53 0P Qually, | 1)
N L

Remark 2.1. It is clear that if u solves (2.13) then u is a solution of (2.12)

on [0,T], T < 1. Thus it is sufficient to solve (2.13) for a small time (T < 1

is enough).

Definition 2.1. The Cauchy problem (1.1) is locally well-posed in the space
X if for any ¢ € X there exists T =T(||¢||x) > 0 and a map F from X to
C([0,T]; X) such that w = F(y) is the unique solution for the equation (1.1)
in some space Y — C([0,T]; X) and F is continuous in the sense that

1F (1) = F(@2)l| Lo (jo,1,x) < M([[01 — p2llx, R)

for some locally bounded function M from RT™x R* to R* such that M (S, R) —
0 for fizred R when S — 0 and for v1, p2 € X such that ||p1||x+||e2||x < R.

Remark 2.2. We obtain the global existence if we can extend the solutions
to all t € RT, by iterating the result of local existence, in this case we say
that the Cauchy problem is globally well posed.

The global existence of the solution to our equation will be obtained thanks to
the reqularizing effect of the dissipative term and the fact that the L? norm
18 not increasing.
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Let us now state our results:

Theorem 2.2. Let s > —1/2, 3 €] —1/2,min(0, s1)] and ¢ € H*O. Then
there exists a time T = T(||¢||gs.0) > 0 and a unique solution u of (1.1) in

(2.17) Y = X/ 201

Moreover, u € C(Ry; H*'%) and the map ¢ — u is C™ from H*'0 to Yr.
U

Remark 2.3. Note that this theorem holds also for all initial data belonging
to H51%2 with s9 > 0.

Remark 2.4. Note that the map ¢ — u from H* to C([0,T], H*°) cannot
be smooth for s < —1/2. The proof is based on the construction of a suitable
sequence of initial data that will disprove the reqularity of the application
¢ — u from H® to C([0,T], H®) for s < —3%. Since this works ezactly as in
[2] for the KPBII equation, we omit the details.

The principle of the proof of local existence result holds in two steps:
Step 1: In order to apply a standard argument of fixed point, we want to
estimate the two terms: free term and the forcing term of equation (2.13). A
first step is to show using Fourier analysis, that the map ¢ —— ¥(t)W ()¢ is
bounded from H*0 to X 2*%! and the map L is also bounded from X—3801
to X250,

Step 2: We treat the bilinear term, by proving that the map (u,v) ——
0, (uv) is bounded from X2501 5 X301 o x—3:501,

3. LINEAR ESTIMATES

In this section, we mainly follow Molinet-Ribaud [15] ( see also [22] and

[17] for the Besov version) to estimate the linear term in the space X 2501,

We start by the free term:

3.1. Estimate for the free term.
Proposition 3.1. Let s € R, then V¢ € H*°, we have:
L OW ()l 3000 S ¢ |a0-
Proof. This is equivalent to prove that
(81) Y (L NPN QLW D12, S I1Prdllrz,
L
for each dyadic N. Using Plancherel, we obtain
S L+ NP QLW (1))l

L
S S (L + N3 [on (©)pr (1) d(&) Fi(w(t)e M P (7)) |2
L

&m,7

(32)  <IIPvolle 3(L + N3 lon (©)PL((t)e 1) | 2.
L
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Note that from Prop 4.1 in [17] we have:

(33) S L+ N2 [l () PL (1) )| ooz S1.
L
Combining (3.3) and (3.2), we obtain the result. O

3.2. Estimates for the forcing term. Now we shall study in X 3501 the
linear operator L :

Proposition 3.2. Let f € S(R?), There exists C > 0 such that:

O LN 3000 < ClIFI 3000

Proof. Let
ettt _ 6—|t\§2

wlr) = Wnf (), K = o) [ =
Therefore, by the definition, it suffices to prove that
(34)

_1 .
S (LA+NY2 |lon (€)g pr(M)F(K) Mz, S > (L+N?) "2 |on () er(r) i (€,m, 7)]| 2
L

e
L

w(&,n, T)dT

We can break up K in K = K9+ Ko + Koo + K2 o, Where

1o = (1) /| L e n )dr, Kie = 0(2) /| &, m,7)dr

B w 27” T d], }<‘Z7OO t 2 ,

Contribution of K3 .
Clearly we have

S+ N on(©QuEasollzz, < S+ N sup llon(€@Que )01z
L

L g€l

X

T

/H<PN 5 ez,

ZL+N2 2||SDN( Yer(r)w(&,n, )2
L

&n,T

where we use (3.3) in the last step.
Contribution of K .
We have for |£] > 1

DL+ N3 lon(©Qu(Kz0)llz S Z (L+N%): 2?21» lon (©)PL(1 — e ) (1)) 2
L L &

SO L+N )2 llen (©er ()i, m e,
L
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where we used (3.3) in the last step.
For [¢| < 1, using Taylors expansion, we have

§Lj<L + N2 llon ()Qu(Ka0)llz2

1 A 2n
5ZZ<L+N2>5H¢N@>/ . e o) L

el 47 + €2 m
t"i/f |12 len (E)w(E,m, 7)|
<
S s | [ e
S Z (L +N2>_5H<PN(§)<PL(T)U3(§7777T)HLg 7
L "
where in the last inequality we used the fact
It @1y < Ol < €27

Contrlbutmn of K1 oo.
By the identity F(u*v) = 40 and the triangle inequality (it + §2> <(m)+
li(T — 11) + 52‘7 Let g(§,m,7) = |l|l;§+n§’2‘)|x\7|>1 we see that

STL A+ N2 lon (e Qr(Kioo)llrz,
L
S 2L N llon(©pnl6. 70w 67l
<SSz ||
Z

+ZHw(@m(ﬂzﬁ(n)*<MX\T1|>1>\1L2 T
- ir + €213 i

(©)er(r)ld(r) | % g(& . 71)|

Due to the convolution inequality |[uxvl[zz < |[ul[z1|[v]|p2, we obtain

S+ Nl ©Qulfrelliz, S O lew©pn () drxsnliz,
L L

+3 WOl len @)Dl

CZ (L+ N2 lon (€ ()i () Iz

n,T

IN

Contribution of K .
Using Taylors expansion, we obtain that:

(itr)™
Kl,O - j ) (57777T)d7-

nl(ir + €2)
<1 55 nl(iT 4+ £2)
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Thus, we get
1
Z(L—l—N2>§H‘PN@)QL(KLO)HL?’"’T

L
t"y(t) I7] )
: i 4 1€12] d
=l élﬂgmﬂwwﬁmﬁwwrﬂ
- | &n
<SL+ Ny len (©en (M€ m Lz,
L

where we used [|[t["¢(8)[| 3 < [[[t]"9(8)][ 1 < C2" in the last step.
BQl

Therefore, we complete the proof of the proposition.

4. STRICHARTZ AND BILINEAR ESTIMATES

The goal of this section is to etablish the main bilinear estimate.This
type of bilinear estimate is necessary to control the nonlinear term 9, (u?) in
X_%vsvovll
First following [8] it is easy to check that for any u € X >
[~T,T) and any 6 € [0, 3] it holds:

00,1 supported in
(4.1) ullxe.s01 < T3l 12000
The following lemma is prepared by Molinet-Ribaud in [14].

Lemma 4.1. Let 2 <r and 0 < 5 <1/2. Then
B3(r)

(4:2) |10 0w, < Cllel
t,x
where §(r) =1 — %, and (q,r, ) fulfils the condition
2
(4.3) 0<2< (1 - g) 5(r) < 1.

Now we will prove the following one:

Lemma 4.2. Let v € L*(R3) with supp v C {(t,z,y) : [t| < T}, 6(r) =
1—=2/r and O = @, 0 for some dyadic integer N. Then for all (r,3,0) with

0
4.4 2 < 0<8<1/2, 0<d(r) < ———
(4.9 <r<oo 0SS 05600 S

-1 _08(r) =0, .
4.5)  [F (€ (m = P) = |on(r,v)Dllzer | < Cllonlr2es)
where q is defined by
(4.6) 2/q=(1—=p/3)é(r) +(1-0).
]
Proof Using Lemma 4.2 together with Lemma 3.3 of [7], we see that
Bs(r)
(4.7) H 1D, %5 uN‘ o S Cllunllx200.-
t,x
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By the definition of X®%! we have
(4.8) lunllzz, = llulxosos

Hence for 0 < 6 < 1, by interpolation,
_085(r)

(4.9) 10215

ngrl < CHUNHX%,O,O,I

where
1 0 1-0 1 6 1-40
o g 2 'r or 2
Since d(r1) = 00(r), (4.4) follows from (4.3)
q_11 _ (1 _ g) 5(r1) + (1 - 6),
which can be rewritten as

|7t (15 )|

This clearly completes the proof.
Now, we will estimate the bilinear terms using the following Lemma (see

[11]):

Lemma 4.3. Let ky , ky ,k3s €Z, j1, j2 , j3 € Zy , and f; : R — RT are
L? functions supported in Dy, . »1=1,2,3. Then

<C H<T - P(y)>%aN‘

q1:71 —
Lt,x

Jitdo+is  —(kij+ko+ks)

(4.10) /w*hmsz s e T AT

Where Dy j = {(&,p,7) 2 [€] € 287128, p e R, |7 — P(&, p)| < 27} .

We are now in position to prove our main bilinear estimate:

Proposition 4.4. For all u, v € XI/Q’S’OJ(R‘?), s > —% with compact sup-
port in time included in the subset {(t,x,y) : t € [=T,T]}, there exists pn > 0
such that the following bilinear estimate holds

(4.11) 102 (wv) [ x-1/2:500 < CTH[[ul| 172501 [[0][ 172,50,
(]

Remark 4.1. We will mainly use the following version of (4.11), which is
a direct consequence of Proposition 4.4, together with the triangle inequality

VB €~ 5,0, Vs 2 B, {6 < {67(6) + (@06 -~ ),

10 (wo)|| 172000 <CTHP) (\ [ullx1/2.801|[v][ x1/2.50

(4.12) +1full 172 0a ol 201 ).
with pw(B) > 0.

Proof of Prop 4.4.We proceed by duality. Let w € X1/2750:2° e will
estimate the following term

1 A~ A A~
J = Z Z <L+N2>_§<N>SN| /(UNl,Ll * ONy, Lo )WN,L,dEANAT|
N,N1,N3 L,Lq,L»
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By symmetry we can assume that N3 < Na, note that | £ |[<| & | + | & |
then N < N,.
From Lemma 4.3, we have:

(4.13)

. R . O O A S S . R
(@Ny, L2 %ON;, L, )N Ld€dndT S L Ly L2 Ny Ny *N72[any iz | 0w zollrz | [lonellzz -

5T ,T

Case 1.. 1< N, Ny 21, and Ny > 1.
We have clearly:
(4.14)

(N, Ly * ONg, 12 )N, £dEdNAT S |luny [y, lows,ralleg, Nlwnellez

using Lemma 4.2 ( with 8 = %, r = 4) we obtain that there exists a € [%, %[
such that:
(4.15)

o o o o
/(ﬁNl,Ll * DNy, Lo )WN, Ld§dndT S Li Np° HuNl,LluLg’TLQQ Ny’ HUNmLzHLZTH“}N@HLZW,T'

By interpolating (4.13) with (4.15) we obtain that: there exist 8 = % +

e g, ]and 0 = _ﬁzo‘ €]0, 1] such that:
/ (i, 24 * O, 00 Ldédndr S NYLY [l s 2
x N5 Ly|low, Lallpz
0 0, .
XL5N_5HU)NLHL2 .
’ &m,T
Then

L+ N NN / (i3, 1 * O, 1o pdedndr < N{ L, 1,z

x N3Ly|lons Lallzz

x LAN™5(L+ N7 2(N)*Nljiwcllz -
Now we have:
(L+N?)"3(N)°N / (i, 1 % 0, 20 s < NN (L + N2~ i, 1]z

1 A~
x N5(Ly + N3)2 1oz, a2z |

_1
(4.16) X LEN5(L+ N%) 5N NNy |inellze, -
ST
Note that:
) _1 B=% 1|~ L o 0 1
S LENTHL A N TEHNPNN, Pz, S DD () NS R el
L<N? L<N?
L. e . .
<> (§2)2 NVollowellee
L<N?

where o = 2 +60(32 — 1) < 0.
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By summing in Ly, Ny, La, Ny and L < N2, we get:
Tl ol g eonllollzz S Tl g monlloll ymoallollzz .

where pu = ——B>0

Now we have:

o\ 1 -1 . L o-r 0415 1.
> LEN"2(L+ N*)"3(N)*NN, llowvellez, S > (§2) = N2 2 lowellee
L>N?2 L>N2
N2 19
< 2V N
S Y () N hwelle,
L>N?2

where 0 = o(a,6) < 0. Thus by summing (4.16) in Ly, Ny, Lo, Ny and
L > N2, we get the desired estimate.

Case 2.: Ny <land No ~ N > 1.
By Cauchy-Schwarz we obtain:

1
(L+ N?"2(N)*N /(aNl,Ll % DNy L, )N, LdEdndT

1
<AL+ N%) 72 (N)*Nlfuny,Lal, st at [[UNg Lol o= o= [lwn ez
t,x,y t,x,y

But |£1] ~ Ny < 1 thus

Bé(r
[luny, Lol 4+4+<N 2 H]:tz(\&r 3 uNlLl)H Lt

By applying Lemma 4.2 with r = 4%, 8= 1 and 6 = 1 we obtain that:

1 _0B3(r) < nel|T—1|e. |- 2800
1 Few (&2 L)l e e S Nl (16l i, )] g
sZ,Y

< Nill(r = P(v) + €32ty 1y |12

t,x,y
. 1,
< NE(ND®|[(Ly + NP2y Nz,
where ¢ = 222 62(7")

Now taking r =4—, 8 = % and 0 = % and using again Lemma 4.2 we obtain
that:

6B85(r)
||UN2,L2||L4*,4* S N2 ?
t,x,y

IIftz(Iézl’ = ng,L2)||L4

t,x,y

1+ 1.
S NG {La+ N3 20w 1l

S N7(Ls + N2~ UNQ,LQHLQ
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where 0 < 4 < %, and v > 0 small. Thus:
1 A A A~
(L+N?)7Z(N)*N /(UNhLl * ON,, L, )N, Ld€dndr

€ LTI
S NH((N)(E1 + N2 vl )

1_

X ((N2)*(La + N3 o, Lz )

1
X <L—|—N2>7§NN7’YHU}N7LHLEHT.

1 Y

But (L + N2)"2 < L"1N"'"2 then :

_1 _ _ _ _ X
2o SR el < 2 2 MNTITENT el % Mol

This yields:
J S lallxrsonlollxr/e-ssonllwllze S TOlullxi2m01 [0l x1/2.000 [[w]] 2.

Case 3.: Ni, No and N < 1.
From (4.15) we have :

[y
8

o o
/(ﬁNl,Ll*@Ng,LQ)U?N,Ldfd??dT S LENT Ly N [awy ez 10w allrz Mldowellzz -

,T

[y
8

Thus :
1 . N N a S
(L+ N2>2(N>SN/(UN1,L1 % 0Ny L, )N, LAEdndT S ((N1)*(Ly + NTY2 NP [l ny 2 )

x (N2)*(Ly + N2)ENF 0w, 2allzz )
<AL+ N%) NNl -
ST
By summing we obtain that:

S Sl 31— -gsoallvllxizsonlfwllee S THull 3 oallvllxarzson|fwl]] L2,

2 220

where p = % — g > 0. This completes the proof. O

5. PROOF OF THEOREM 2.2

5.1. Existence result. 5 Let ¢ € H*1'0 with s; > —1/2. For T < 1, if u is
a solution of the integral equation (2.13), then u solve K PB — I- equation

on [0,7/2]. We first prove the statement for T' = T'(||¢|| gs1.0)-

Now we are going to solve (2.13) in a ball of the space X;/Zsl’o’l.

By Proposition 3.1 and Proposition 3.2, it results that,
(5.1) 1Ll x/20001 < Cllllgoro + Cllax(uz)llxgl/z,sml-
By the Proposition 4.4, we can deduce
(5.2) ()l gr/2000 < Clidllgesro + CT“HU\@;/Q,SI,O,I-

Noticing that 0, (u?) — 9, (v?) = 9;[(u — v)(u + v)], in the same way we get
5:3) D) ~ L)l gaynev0n < OTu— vl ajseponlb ol gy 0
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Now take T = (4C?||¢||z1.0)"/* we deduce from (5.2) and (5.3) that L

: : : . . 3,51,0,1 :
is strictly contractive on the ball of radius 2C(||¢||gs1.0) in X7 07 This

proves the existence of a unique solution u; to (2.13) in )(:1/2’81’0’1 with

T=T(¢llgno).
Note that our space X;’Sl’o’l is embedded in C([0, T], H*+'Y), thus u belongs
C([0, Ty], H*1Y).

5.2. Uniqueness. The above contraction argument gives the uniqueness of
the solution to the truncated integral equation (2.13). We give here the
argument of [15] to deduce easily the uniqueness of the solution to the integral

equation (2.12).

Let uy, ug € X%/Q’Sl’o’l be two solution of the integral equation (2.13) on the

time interval [0,7] and let @; — @p be an extension of u; — ug in X1/2,51,0,1
such that 47 — @2 = w3 — ug on [0,7] and

lla1 = 2l x1/2.00 .00 < 2fJur = uall y1/2.01.01

with 0 <y < T/2. It results by Proposition 3.1 and 3.2 that,
llur = w2l 17201

(L1, (3) (@ (¢) = (t) (wn () + w2 () )l 12 0
< Ol (w20 (@ (6) = @a(®)) (i (t) + us(t) ) Lx-12es 01

< Oyl — || g1z 00 |[ur + ual] 120101
T

IN

A

for some ;1 > 0. Hence

-

1=l 172104 < 2097 (| ]y o+ zl ooy 00 ) e =zl ey 1.

—p/2
Taking v < <4C(||u1 Ol /2001 + ||u2(t)||X1/2,51,0,1)) , this forces uy =
T T
ug on [0,7]. Iterating this argument, one extends the uniqueness result on
the whole time interval [0,T]. O

Now proceeding exactly (with (4.12) in hand ) in the same way as above
but in the space

Il a0

Z ={ue X770 ) ullz = [l y1yzmon +
T Xy ] zros.0

Jull g1/ 00 < +00}
where 3 is such that 8 €]—3, min(0, s1)], we obtain that for Ty = T3 (||| gs.0),

L is also strictly contractive on a ball of Z. It follows that there exists a
unique solution % to KPBI in X%/Q’Sl’o’l. If we indicate by Ty = T4, the
maximum time of the existence in X /25101 then by uniqueness, we have

u =4 on [0, min(71,7T;)[ and this gives that T, > T'(||¢||gs.0).

The continuity of map ¢ — u from H*'0 to X1/2:51.0.1 follows from classical
argument, and in particular the map is continuous from H*1% to C([0, T}], H*1'9).
The analyticity of the flow-map is a direct consequence of the implicit func-
tion theorem. O
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5.3. Global existence . Recalling that 7' = T'(|||| gs0) with § €]—2, min(0, s)],
and u € XV/250.1 L?HT10 541 > 0, it follows that there exists ¢y €]0, T
such that u(tg) € L2 Taking u(tg) € L? as initial data, it is easy to show
that [|u(t)||r2 < ||u(to)||r2, Yt > to. Since the time of local existence T" only
depends on ||@|| .0, this clearly gives that the solution is global in time. By
iteration, we obtain that u € C(R* , H>?0). O
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