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ABSTRACT. In this paper, we prove that the Cauchy problem associated to
the following higher-order Benjamin-Ono equation

(0.1) Bv — bHOZv — aed>v = cvdyv — dedy (VHOzv + H(vdgv)),
is globally well-posed in the energy space H'(R). Moreover, we study the
limit behavior when the small positive parameter € tends to zero and show

that, under a condition on the coefficients a, b, ¢ and d, the solution ve to (0.1)
converges to the corresponding solution of the Benjamin-Ono equation.

1. INTRODUCTION

Considered here is the following higher-order Benjamin-Ono equation
(1.1) v — bHO*v — aed?v = cvdyv — dedy (VHILv + H(vpv)),

where z, t € R, v is a real-valued function, a, b, ¢ and d are positive constants,
€ > 0 is a small positive parameter and H is the Hilbert transform, defined on the
line by

(1.2) Hf(z) = S,

TJRI Y
The equation above corresponds to a second order approximation of the unidirec-
tional evolution of weakly nonlinear dispersive internal long waves at the interface
of a two-layer system of fluids, the lower one being infinitely deep. It was derived
by Craig, Guyenne and Kalisch (see equation (5.38) in [5]), using a Hamiltonian
perturbation theory. Here, v represents the dislocation of the interface around its
position of equilibrium, the coefficients a, b, ¢ and d are respectively given by

(1.3) _hinp (__ }) ghi(p —p1) p Phi apilp—p1)
27 3 pr 2p7 hy

(1.4) _ 3V2 ,[gpi(p— p1) and d— V2phi [ gpi( p p1)
4p1 hy 2p7
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2 L. MOLINET AND D. PILOD

where h; represents the depth of the upper layer when the fluid is at rest, p; is the
density of the upper fluid and p is the density of the lower fluid. Moreover, the
system is assumed to be in a stable configuration, which is to say that p > p;, so
that the coefficients a, b, ¢ and d are positive.

It is worth noting that the equation obtained at the first order approximation of
the above physical model is the well-known Benjamin-Ono equation

(1.5) Opv — bHO*v = cvd,v,

and therefore equation (1.1) can be seen as an higher-order perturbation of equation
(1.5). Moreover, the quantities

(1.6) M) = / vidx
R
and
(1.7) H(v) = / (ae(@zv)2 — bvHO,v — %1)3 + dev29{8zv) dx
R

are conserved by the flow associated to (1.1).

The initial value problem (IVP) associated to the Benjamin-Ono equation on
the line has been extensively studied in the recent years and has been proved to be
globally well-posed in L?(RR) by Ionescu and Kenig in [9] (see [23] for another proof
and [1,4, 11,12, 17, 26, 27] for former results). The IVP associated to (1.1) presents
the same mathematical difficulties as for the Benjamin-Ono equation. Indeed, it
has been shown in [25] that the flow map data-solution cannot be C? in any L?2-
based Sobolev space H*(R), s € R, by using the same counter-example as for the
Benjamin-Ono equation in [24]. On the other hand, the Cauchy problem associated
to (1.1) was proved in [18] to be locally well-posed in H*(R), for s > 2 (and also in
weighted Sobolev spaces H*(R) N L%(R; z2dx), for k € Z,, k > 2). However, there
are no conserved quantities at the H? level and thus it is not known wether these
local solutions extend globally in time or not. Therefore, as commented in [18], the
question of the local well-posedness in H*(R), which would directly imply global
well-posedness by using (1.6) and (1.7), arises naturally.

The first aim of this paper is to give a positive answer to this issue. The result
states as follows.

Theorem 1.1. Fiz e > 0 and let s > 1 be given. Then, for all vg € H*(R) and all
T > 0, there exists a unique solution v to equation (1.1) in the space

(1.8) C([0,T); HY(R)) N LW N L2LF N X220, for all0< 6 < 1.

satisfying

(1.9) v(-,0) =g

and

(1.10) w = 8, Pypi(e”F1) € X:,77%’717

where F[v] is a spatial primitive of v defined in Section 3.
Moreover, v € Cyp(R; HY(R)) and the flow map data-solution S. : vo + v is
continuous from H*(R) into C([0,T]; H*(R)).
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Note that above H*(R) denotes the space of all real-valued functions with the
usual norm, while XZ’; and X:%q are Bourgain spaces defined in Subsection 2.2.

Since it follows from the result of ill-posedness in [25] that the Cauchy problem
associated to (1.1) cannot be solved by using a fixed point theorem on the integral
equation, we use a compactness argument based on the smooth solutions obtained
in [18]. To derive a priori estimates at the H' level, we introduce a gauge trans-
formation which weakens the high-low frequency interactions in the nonlinearity
of (1.1), as it was done by Tao in [27] for the Benjamin-Ono equation. Note that
the same kind of gauge transformation was already introduced in [18] to obtain the
solutions in H2(R). However, to lower the regularity till H!(R), we will need to
combine this transformation with the use of Bourgain’s spaces (as it was already
done in [4, 9, 23] for BO). More precisely, we need to work in a Besov version of
Bourgain’s spaces (introcuded in [29] in the context of waves maps). Indeed, on one
hand we have to work in Bourgain’ spaces of conormal regularity 1/2 to establish
the main bilinear estimate (see Proposition 4.2 below). On the other hand, to con-
trol some remaining terms appearing in the transformation, we need the full Kato
smoothing effect for functions that are localized in space frequencies (see Proposi-
tion 4.4). The rest of the proof follows closely the one in [23] for the Benjamin-Ono
equation (see also [20]).

In the second part of this article, we investigate the limit behavior of the solutions
ve to (1.1), obtained in Theorem 1.1, as € tends to zero. First, it is interesting to
observe that a direct argument based on compactness methods (see for example [22]
in the case of the Benjamin-Ono-Burgers equation) does not seem to work. Indeed,
the leading terms in the energy H, which is to say ae(9,v)? and bvHwv, have opposite
signs, so that (1.6) and (1.7) do not provide a priori bounds, uniformly in €, on
ellvell3 + [lvell? 1 Therefore, the problem of studying the limit of v., as € goes to

zero, turns out to be far from trivial.

Nevertheless, we are able to prove the convergence of solutions of (1.1) toward
a solution of the Benjamin-Ono equation in the special case where the ratio of the
densities is equal to v/3.
Theorem 1.2. Assume that % =bh & p’= 3p%. Let vy € Hl(R) and for
any € > 0 denote by S:(t)vg € C(R; HY(R)) the solution to (1.1) emanating from
vo. Then for any T > 0 it holds

(1.11) HSE(t)’UO — S(t)'UO”Loo((LT;Hl(R)) —0ase—0
where S(t)vg is the solution to the Benjamin-Ono equation emanating from vg.

In the case where ﬁl = /3, the spatial primitive chosen to perform the gauge
transformation for equation (1.1) corresponds to the one chosen for the Benjamin-
Ono equation. Then, we can show that the Cauchy problem associated to (1.1) is
uniformly in € well-posed in H!(R), which will in a classical way (see for example [7])
lead to Theorem 1.2. The main difficulty here arises from the fact that the dispersive
linear terms €92 and HJ? compete together as in the Benjamin equation (see the
introduction in [2]). Therefore, we are only allowed to use the dispersive smoothing
effects associated to (1.1) in some well behaved regions in spatial frequency and we
need to refine the bilinear estimates obtained in the proof of Theorem 1.1 in the
other regions.
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It would be interesting to derive a class of higher-order equation for internal long
waves from the first order one derived by Bona, Lannes and Saut in [3]. Among
those equations, which would be formally equivalent to (1.1), one might find some
with better behaved linear parts, which would avoid to deal with those technical
difficulties.

Finally, we observe that the techniques introduced here would likely lead to
similar results for the following intermediate long wave equation

(1.12)  Opu — bF 0% u + (a1T7 + az)edu = cudyu — dedy (uTp0pu + T (udpu))

where F3, is the Fourier multiplier —icoth(h), u is a real-valued solution, and
a1, ag, b, ¢, d and h are positive constants, and which was also derived in [5].
Note that the same ill-posedness results as for equation (1.1) also hold for this
equation (see [25]).

The paper is organized as follows: in the next section, we introduce the notations,
define the functions spaces and recall some classical estimates. Sections 3 and 4 are
devoted the key nonlinear estimates, which are used in Section 5 to prove Theorem
1.1. Finally, in Section 6, we prove Theorem 1.2.

2. NOTATIONS, FUNCTION SPACES AND PRELIMINARY ESTIMATES

2.1. Notation. For any positive numbers a and b, the notation a < b means that
there exists a positive constant ¢ such that a < cb. We also denote a ~ b when
a < band b < a. Moreover, if a € R, ay, respectively av_, will denote a number
slightly greater, respectively lesser, than a.

For u = u(x,t) € 8(R?), Fu = U will denote its space-time Fourier transform,
whereas F,u = (u)"=, respectively Fru = (u)"t, will denote its Fourier transform
in space, respectively in time. For s € R, we define the Bessel and Riesz potentials
of order —s, J7 and D3, by

Jiu=F (14 ¢*)2F,u) and Diu=TF, ' (|¢*Fu).

Throughout the paper, we fix a smooth cutoff function n such that

neCeR), 0<n<1, n_,,=1 and supp(n) C[-2,2].

Then if A is a positive number, P< 4 denote the Fourier multiplier whose symbol is
given by n(zz) and P> 4 is defined by P> =1— P<y. Forl € Z,, we define

$(&) = (&) —n(28), (€)== B(27'€),
and
P91 (€,7) = dot (T — bIE[E + ae?).
By convention, we also denote
$o(§) :==n(26), and  Po(€) := (§,7) = ¢o(2(7 — BEIE + ae€?)),
Any summations over capitalized variables such as N, L, K or M are presumed to

be dyadic with N, L, K or M > 0, i.e., these variables range over numbers of the
form {2" : n € Z;} U {0}. Then, we have that

N
D_0n(© =1, supp(én) C {7 <|¢/ 2N}, N> 1, and supp (o) C {J¢] < 1}
N

Let us define the Littlewood-Paley multipliers by
Pyu=9,(¢onTou), Qru=I""(YrFu),
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and P>y = ZK>N Pk . Moreover, we also define the operators Py;, Py, P, and
Pro by -

Pyi=Y» Py, Pur=Y» Py, Po=1-Py, and Pro=1-Pur.

N>2 N>24

Let Py and P_ denote the projection on respectively the positive and the nega-
tive Fourier frequencies. Then

Piu= 5";1 (X]Ri.’fmu),

and we also denote Pyp; = Py Py, Prpyr = P+ Pyy, Pyjo = P+ P, Prro = P+ Pro
and Pyny = P+ Py. Observe that Py;, Pyr, Po, Pro, Py and Pyy are bounded
(uniformly in N) operators on LP(R) for 1 < p < oo, while Py are only bounded
on LP(R) for 1 < p < co. We also note that

Finally, we denote by V.(t) = e!(t79:+a<d}) the free group associated with the
linearized part of equation (1.1), which is to say,

(2.1) T (Ve(t) ) (€) = eMOlele=aceg f(e).

2.2. Function spaces. For 1 < p < oo, LP(R) is the usual Lebesgue space with
the norm || -||ze, and for s € R, the real-valued Sobolev spaces H*(R) and W*?(R)
denote the spaces of all real-valued functions with the usual norms

6l = [|T7¢ll> and  [[@llwer = [[T2¢] Lr-

If f = f(x,t) is a function defined for = € R and ¢ in the time interval [0, T], with
T > 0, if B is one of the spaces defined above, 1 < p < oo and 1 < g < oo, we will
define the mixed space-time spaces LY. B, LY B,, L1LY. by the norms

s, = ([ 1C0030)" 1z, = ([ 156 00ar)

Ifllacy = (A(/OT|f(x,t)|Pdt)%dx>“.

Moreover, if s € R, 1 < ¢ < oo and X denotes one of the mixed space-time spaces
defined above, we define its dyadic version B*7(X) as

£l 5eacx) = <Z<N>SqIIPNf||§<> :

N

and

In the special case (s,q) = (0,2), the space B*(X) will be simply denoted by X.
For s, b € R, we introduce the Bourgain spaces X3’ related to the linear part of
(1.1) as the completion of the Schwartz space §(R?) under the norm

2

(2.2) [vll o0 2= (/R (T — blE|E + aeg®)P(€)>[0(¢, T)|2d£d7-) ,
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where (z) := 1+ |z|. We will also use a dyadic version of those spaces introduced
in [29] in the context of wave maps. For s, b € R, 1 < ¢ < 0o, X>?? will denote
the completion of the Schwartz space $(R?) under the norm

(2.3) 0]l om0 = (Z (Z<N>”<L>quIPNQw”%z,,,)q) -

N L

Moreover, we define a localized (in time) version of these spaces. Let T' > 0 be a
positive time and Y = X% or Y = X259, Then, if v : R x [0,7] — C, we have
that
||’UHYT = lnf{”f}Hy | ?:RxR— (C, /D|]R><[O,T] = ’U}.

When e = 1, we will denote X*0 = X0 x50 = X0 xsba — X504 and

bq b,
Xt = x4

Finally we list some useful properties of the Bourgain spaces defined above.

Proposition 2.1. Fiz 6 >0, s € R and € > 0. Then it holds that

(2.4) ol g S0l egn SN g
(2.5) [l zemy S NJ5vllezey S WOl g,
and

(2.6) AN ormgvs S SNy

for & > 0 satisfying 1 + 6’ = 5. In other words, the injections

1
$,3

5,246 5,41 s, % 1
X7 = Xt = X2, Xe — L°H;,

and

146 17s 51_%"1‘5
LI HS < X

are continuous.

2.3. Linear estimates. First, we recall some linear estimates in Bourgain’s spaces
which will be needed later (see for instance [29]).

Lemma 2.2 (Homogeneous linear estimate). Let s € R and € > 0. Then
(2.7) @Vl oy a S NN 5

Lemma 2.3 (Non-homogeneous linear estimate). Let s € R and € > 0. Then, it
holds that

t
(2.8) Inte) [ Vete= )90 | oy S Nl oy

Next, we derive local and global smoothing effects associated to the group
{Ve(t)}, for the KdV scaling, in the context of Bourgain’s spaces. We begin with
the Strichartz estimates.

Lemma 2.4. Forall0<e<1,T >0 and 0 <6 <1, we have that

.
(2.9) ollze, S M0l 775, S € Sl\vllxg,g+,
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and

_8
(2.10) lellgre, < € *loll g

0,
X
€,

Suie

1 _ 9, 1-9
wherep—ef8+ 5

Proof. First, we observe, arguing as in Lemma 2.1 in [18], that w is a solution to
the linear equation

(2.11) Opw — aedw £ ibd2w = 0,
if and only if
b2t

. 3
2.12 1) = etiTarateFizee Ty (p — 20 ¢
( ) u(x,t) = e 'z e w(x 30c’ )

is a solution to
(2.13) Opu — aedu = 0.

Let us denote by {W(¢)} and {U.(t)} the groups associated to (2.11) and (2.13).
Since U, (t) = Ui (et), we deduce from the classical Strichartz estimate for the KdV
equation (cf. for example [19], chapter 4) that

(2.14) U ¢llzs , S € 5[]l -
Then, it follows gathering (2.11)—(2.14) with the identity
(2.15) Ve(t) = WS () Py + W (1) P-,
that

(2.16) IVe®)olls , S e * 16l ze.

Next, we use Lemma 3.3 in [6] to rewrite estimate (2.16) in the context of
Bourgain’s spaces. We get that

_1
(2.17) lollzs , S € s llvll oz+-

x,t ™
Therefore, we deduce by using Stein’s theorem to interpolate estimate (2.17) with

Plancherel’s identity ”UHLi,t = [|v] 0.0, that

_8
(2.18) [olzzs, S €40l g

Finally, estimate (2.9) follows directly by applying estimate (2.18) to each dyadic
block of ||vHL77—é O
x,t

Next, we turn to the local Kato type smoothing effect.

Lemma 2.5. Let 0 <e <1 and T >0 and N 2 L. Then, it holds that

(2.19) 10:Prollerz S € 1 Proll oy
and

1 _3
(2.20) 1000 s S T2 3 0l oy
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Proof. Since N 2 1, we obtain applying estimate (4.3) in Theorem 4.1 of [13] that

€17
OuVe(t)P, > L2 <( 12b¢ — 3act?|
02 Ve(t) Pnvollpeorz S /Iflzi |20¢ — 3aet?|

< € || Pyvol| 2.

1
2

oo |(Pyvo) " () 2d¢)

Moreover, by applying the Fourier inverse formula, it follows that
Oy Pyv(z,t) :/811/;(15)(1/6(_.)13]\”,)“(%T)eitTdT_
R

Therefore, Minkowski’s inequality, estimate (2.21), Plancherel’s identity and the
Cauchy-Schwarz inequality imply that

J0-Pxvlzzsss 5 [ I(ViC=)Pxo) ()|

(2.22) ) R
< D o) (Vi) Pro) |z

which leads to estimate (2.19) since

A A
(Ve(=)Pnv) (6, 7) = (Pnvv)" (&, 7 + bJEIE — aet?).
On the other hand, if N < 1, we deduce from the Sobolev embedding H*(R) <
L*°(R), whenever s > £, that

10 Ve (t) Pxvo | poe p2. S T2 102 Ve (£) Pyvol| s,
< T2 0, Ve(t) Prvol| s s
STEe (1 + )| Pyvol 2.
Therefore, we deduce arguing as above that

(2.23) 10: Py vl ooz S T2 (1 +€7%)|[ Pav]|

X 1

1
'3
e, T

whenever N < 1.
Estimate (2.20) follows gathering estimates (2.19) and (2.23) and by squaring
and summing over N. O

Finally, we derive the maximal function estimate.

Lemma 2.6. Let s > %, 0<e<1, andT >0 be such that 0 < €I' < 1. Then, we
have that

(2.24) 10l 252 S € vl

2700 ~Y s 1
LILT Xe’ ’

Nl

Proof. The L2-maximal function for the KdV group {U;(t)} derived in Theorem
2.7 of [15] implies that

1

(2.25) (/ sup |U1(t)u0(x)|2d$) * < uol| g,
R [t]<1

if s > 2. Then, a scaling argument and estimate (2.25) yield

||U6(t)u0HLiL,1°,° = ||U1(et)u0||ngrL%o

(2:20 = ([ s (W@ Pde) < ol

|s|<eT
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sinces>%and0<eT§1.
Thus, if w and u are the solutions associated to (2.11) and (2.13) with respective
initial data wo and ug, it follows from (2.12) and (2.26) that

(2.27) lwllzzrse = lullzoe S lluollay S € flwoll -
Therefore, we conclude gathering (2.15) and (2.27) that
(2.28) IVe@)vollzzLge < € *llvollag,

whenever s > % and €, T satisfying 0 < €' < 1. This implies estimate arguing as
in (2.22) that

1.

[1PnollLzre S € (N)*[[Proll o,

S JEEY
T

for any N > 0 and s > %, which leads to (2.24) by squaring and summing over

N. (]

2.4. Fractional Leibniz’s rules. First we state the classical fractional Leibniz
rule estimate derived by Kenig, Ponce and Vega (See Theorems A.8 and A.12 in

[15]).

Proposition 2.7. Let 0 < a < 1, p, p1, p2 € (1,400) with pll + p% = % and
a1, as € 10,a] with a = a1 + aa. Then,

(220)  |DS(7g)— FD%9— D2 ||, < 1D gl DS Flluse.

Moreover, for a; = 0, the value py = +00 is allowed.

The next estimate is a frequency localized version of estimate (2.29), proved in
[20], in the same spirit as Lemma 3.2 in [27].

Lemma 2.8. Leta >0 and 1 < g < oo. Then,
(2.30) | DS Py (FP-829)|| o S 1D flla DS gl o,

with1<qi<oo,qil+qi2:%andalza,agzoanda1+a2:1+a.

We also state an estimate to handle the multiplication by a term on the form
et where F is a real-valued function, in fractional Sobolev spaces.

Lemma 2.9. Let 2 < g<ooand 1 <s < % Consider F and F two real-valued
functions such that v = 0, F and vy = 0, Fy belong to L>(R). Then, it holds that

(2.31) 175 (e F )z < (1 + ol )l T3gll -

Remark 2.10. The proof follows the lines of Lemma 2.7 in [23] (see also [20, 21]).
A version of Lemma 2.9 could also be stated for s > %

3. THE GAUGE TRANSFORMATION

The gauge transform we will use is the one introduced by Tao in [27]. First we
define an antiderivative F' = F'[v] of v. We determine F' on the time axis x = 0 by
solving the ODE

0 F(0,t) = (bﬂ-(vm + aevgy + %A‘lv2 — %ae(vi}(vz + ﬂ{(vvm)))(O,t),
F(0,0) =0,
Then we extend F' on the whole plan by setting
2d

0, F = Av, where A= —.
3a
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Clearly, it holds

Oz (0 F — bHOZF — aediF) = ax(gA*1F§ - gae(meHFm + H(FpFrz))).

and, according to the choice of F' on the time axis, it satisfies the equation
(3.1) O F — bHOF — aed>F = gA*1F§ - gae(inHFm + H(Fy Fya)).
Now, we perform the following nonlinear transformation
(3.2) W = Pypi(e®) and w =W, =iAPy(eF'v).
First, using the identity H( Py = —iP,, we compute
W + ibO*W — aed>W
= P (T (0, F + ibO2F — acO3F — bF? — 3iaeF, Fyy — acFy)).
Then using (3.1) and the identity H + ¢ = 2¢P_ it follows that
W + ibO2W — aed>W
= Py (eﬁ“”(z'(g/r1 — b)F? — iaeF? — 2bP_Fy, + 3acF, P Fyy + 3aeP_(F, Fyy)))
= Ppi(ef (an + azev®)) + agPipi(WP_v,) + 3Py pi(Po(eF)P_v,)
+agePipi(wP-vy) + asePypni(Pio (eiFv)P_vz) + agePrpi(WP_(vvy))
+agePyni(Po(e) P-(vvz)),
where o, j =1---6 are complex constants depending on a, b, c and d.

Remark 3.1. We observe from the definition of the coefficients a, b, ¢ and d in (1.3)
and (1.4) that

dac
4d

In the following, we will fix @y = - -+ ag = 1 for sake of simplicity. Therefore, we
deduce by differentiating the above equation that w is a solution to

(3.3) a; =0 b < p?=3p%

Opw + ib0?w — aed>w = 0y Pypi(eF (v? + ev?))
+ 0u Pipi(WP_v,) + 05 Pypi(Po(e'F) Povy)
(3.4) + €0y Pyni(WP_v,) + €0y Pypi(Po(eF v) P_vy,)
+ €0y Py 1i(W P (vv3)) 4 €02 Py ni(Pro (') P_ (vv,))
= N(e'' v, W, w).
On the other hand, we can recover v as a function of w by writing
(3.5) iAv = e 9, () = e w4 e 0, Py(e) + e 0, Py ('),
so that it follows from the frequency localization
(3.6) iAP v = Pygr(e” M w) + P+HI(P+hi?7iFazBo(€iF))
+ Pyrrr(Prrre” T 0, P_pi(e™)).

Then, we have the following a priori estimates on v in terms of w.
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Proposition 3.2. Let s >1,0<T<1,0<60<1,0<e<1 andv be a solution
to (1.1) in the time interval [0,T]. Then, it holds that

(3.7) ol xs5200 S Nollogens + vlzgem, + el vl -

Moreover, if 1 < s < %, it holds that

(3.8) 720l gz S ol + (1 + HUII%;OH;)(HU}IIXS,%,I +vllizem),
T

€,

x,t N b'e

€,

. L
(3.9) 150llzs, < lvoller + (U4 ollie ) (7= wll oss + 0l Zoemr)
T

(3.10) [[ollzzeze <™ (lvolla + I0llegem (hollcaprms + ol g + ollz2))
and

_3 _3
0l gy 5 (5 ol + ¢ H

(3.11)

Wollagermy (lol o g+ 130000 g + ollenm))-

Remark 3.3. It is worth noticing that estimates (3.8) and (3.9) could be rewritten
in a convenient form for s > %

Proof. (3.8) and (3.9) follow from (3.6) for the high frequencies and from (1.1) for
the low frequencies (see for instance [23]). To prove (3.7) we proceed as in [23],
noticing that according to (1.1),

10 (Ve (=0)u(®) 2 rz-2 < T30l
To prove estimate (3.10), we also split v between its high and low Fourier modes

(3.12) 1ol z5= < 1PLovll

L2Lg2 ~

e+ I1Parl g

The low frequency term on the right-hand side of (3.12) can be treated by using
(1.1) and the maximal function estimate (2.28) to get

(3
(3.13) 1Peovl iz S €4 (Joollm + 013z ) -
To treat the high frequency term we use that v is real-valued to first notice that

[Prrvlrzrse S 211 Prmrvllpzpse

so that we are reduced to estimate each terms on the right-hand side of (3.6).

Now the problem is that P is not continuous in L2LS°. We will overcome this

difficulty by noticing that Pypr = Y.<, Pior and that the family of operators

Pyoy, is bounded in L2LSY. To treat the first term of the right-hand side of (3.6)

we first notice that for k > 4,

(3.14)

P ok (eﬂ'Fw) = Pyor ( Z PyjwPcgi— (eiiF>) + Pyok ( Z PeojwhPs; (eiiF))
j>k—3 j>k—3



12 L. MOLINET AND D. PILOD

so that
1Perr(eFo)lesy < 3 IPrac(e™ Fw)llrery
k>4
< 22 IPwliang
k>4 j>k—3
+ Y 1Pa(e ) ng, [ Peaswl L2 s |-
J>k=3

But on one hand, for s > 1 we deduce from (2.24) and Bernstein inequalities that
for o €]0,1/4],

Z Z [ Pioiwllrzrse SZ Z 27aj||DgP+2jw||L§L%°

k>4 j>k—3 k>4 j>k—3

~

Ssup | DG Poxw| pz2pee S e Hwll grsen
k>3 T

and on the other hand,
Z Z 1Poi (6= lgs [ P<aiwl2pee S Z Z 27 ||v]| Lgs, || P<aiwl 2 Loe

k>4 j>k—3 k>4 j>k—3

S ||U||L%0H; iglil) ||P2HU||L§L;°

S e wllgamallvlzgem,

which completes the estimate of the term P, g7(e~Fw). To treat the second term
and third terms of the right-hand side of (3.6) we proceed as above, using the
frequency localization due to the projections, to obtain

[P (e Popie™ o)) || aree S D, DL ||PK€iF||Lg<jT||P3KPfhi(€iFv)||LgL;°)
o N>24 K>N/4

S (X K7Mels, > IPraullzery )
N>24  K>N/4 2<Q<K
(3.15) S vllegmllvlirzrs.
which completes the proof of (3.10).

Finally, to prove (3.11) we proceed similarly. First we use (1.1) and Sobolev
inequality to get

1Peovll =z S (Ileollm + ol ) -

LeeLz, ™~
Second, from (3.14) we deduce that for any integer k > 4,
1502 Pyor (e~ w)| oo 2.
S2ED (Y Pywliers + Y IPeawlig, [Pae ey )
Jj=k—=3 Jj=k—=3
S Z Q(kfj)(sﬂ)||J;azP2fw||L;oL2T + ||w||L2TH; Z 27]-”‘];8IP2JUHL;°L%'
Jj=k=3 Jj=k—=3

Therefore, noticing that the first term on the right-hand side of the above inequality
is a discrete convolutions between {291} o, € I'(Z) and {I130: Paswl| poo 12 }jez,
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we deduce from Young’s inequality that

|50 Pyr(e” < |[J20,w|

J=Z

LyL
3
-2+
Sl g + ol T3000]
where we made use of (2.20) in the last step. Third, we proceed similarly to estimate
the second and third term of the right-hand side of (3.6) by

HJ;azP-i-HI( Fp,e +HJ;51P+H1( “EP e

HLooLZ HL°°L2

S lollpse mz sup | J305 Pos vl oo 12 -
j=3
This completes the proof of (3.11) and of the proposition. O

4. BILINEAR ESTIMATES

In this section, we fix e = 1. The aim of this section is to derive an estimate on
[[w]

SY%J'
T

Proposition 4.1. Let 0 <T < 1,1 <5< 2, v be a solution to (1.1) on the time

interval [0,T] and w defined in (3.2). Then it holds that
(4.1)

ol ogpa S (14 ol Z) llvol |
T

PUlwll yog s vl [0l oy, 0llpange s (172020 ] sup v x1-200),
<6<1 T

LyL3’,
where p is a polynomial function at least quadratic in its arguments.

The main tools to prove Proposition 4.1 are the following crucial bilinear esti-
mates.

Proposition 4.2. For any s > 1, we have that

(4.2) |00 Pypi (wP-0,v)

lyemga Slwllgega sup [vllxr-soo.

Proof. We only prove estimate (4.2) in the case s = 1, since the case s > 1 follows
by similar arguments due to the frequency localization on the functions w and v.
By duality, estimate (4.2) is equivalent to

1
2
(4.3) 115 (X suplbw,clZ ) ol oga sup flollxi-soo.
~ L & 0<6<1

where

(44)  I= D (N)L)* /D Ehn.n(€, )N ()L (6, ) B(E1, 11)E2D(E2, 72)d,

(4.5) dv = d¢déydrdry, &=¢—&, m=T1-T,
(4.6) 0’:7‘—|£|§+§3’ Ui:Ti_§i|€i|+§?, i=1,2,
and

(4.7) D={(& rm) eR* |£>1, & >1and & <0}
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Observe that we always have in D that
(4.8) §1>2¢6>1 and & > (&l

Then, we obtain by performing dyadic decompositions in &7, &5, o1 and o2 that

> X W [ e non©uen)

(4.9) N,N Ny L,L1,Ly
X (Prny Qryw)” (&1, 71)&2 (PN, Qo) (&2, 72)dv.
Due to the second identity in (4.5) and (4.8), we can always assume that one of the
following cases holds:
(1) high-low interaction: N3 ~ N and Ny < Ny
(2) high-high interaction: N3 ~ Ny and N < Nj.

Moreover, the resonance identity

2
(4.10) 0701*02:3552(51*5)
holds in D, so that for fixed N, N1 and Ns, we can always assume that
(4.11) Lz ~ max{Lyeq, NN1No},

where Lz, Lmeq and L,,;, denote respectively the maximum, median and mini-
mum of L, L; and Lo.

To estimate I, we will divide the sum in (4.9) depending on the high-low or
high-high interactions regime and on wether Ly,ax = L, Lj or L.

Case high-low interaction and L][naX = Ls. In this case, we can estimate I as

|I| < Z Z |§§2|<§2> |hN1 ( )|¢N1 (§)¢L(§77—)

Ni,N2<N; Lz,L<L; p (&) (0)3—9
(o2)

|(PN1J ) (5157-1)|@|(PN2QL2U) (52’7-2)|dy‘

Since Ly = Lpaz, we deduce from (4.10) that Ly > N2Ny. Therefore, Ly ~
2 N2ZN, for k € Z, so that, we obtain by using Plancherel’s identity and Holder’s
inequality

h
ns Y 5wl (255) s (Pt )
N1,1\72<N1 (0)2 o
< Y 2 P Qo i
kEZy

SZS%thNl,LHLgT (|(Py, J2w)™)” HL4 [[vllx-1.2
N,

S(ZS%PHth,LH%g’) (ZH (1P T2 )15, ) ol
Ny

which, combined to estimates (2.9) and (2.4) leads to estimate (4.3) in this case.
Note that we have used here any 0 < 6 < %—, since X3+ < L;t due to estimate
(2.9).
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Case high-high interaction and Ly.x = Lo. This case works exactly as in the prece-
dent case, summing in N < Nj instead of No < N.

Case high-low interaction and Ly.x = L1. We obtain from the frequency localiza-
tion properties that

s ¥ <—L [ 1egt P& s (@i

N1,N2<N; L{,L<L, < >

% [(Pr, Qrw) (&1, 71)|| (P, D2 T2 0) €, 7)|dv,

in this case. Therefore, it follows from (4.10), estimate (2.9), Plancherel’s identity
and Holder’s inequality that

(4.12)

\
ns > Ny ‘52sup||(| Ni’_L(l) Hngt

Ni,N2<N;

146, v
XZM ML) ¥ Py, Qrawllz 11 (1(Pra D200 )l s

(Zsup||(| Ny, L|) ||L° ) ol .o (ZH PN2D2+62 )ADVH%L)%,

where ¢ and Jy are two small positive numbers. Now, we have from (2.9) that the

o . . 2 . . .
injection X% 9+ < L3 | is continuous. Then, we can choose 3 postive small enough
such that

1
1462 V2 2
(4.13) (Zn (P DE o) ) Mg, )" S Wl gy S 32 ollsos.

Estimate (2.9) also implies X%5+ < LS, so that

x,t)
Ay L\ Y2 3 3
(4.14) (;s%pu(wf;;g) I2.) S(%S%Mhm,ﬂ%gﬁ) ,

for 0 < 0 and small enough. We deduce estimate (4.3) in this case gathering (4.12)—
(4.14).

Case high-high interaction and Lya.x = L1. We proceed exactly as in the precedent
case. I can be estimate as

s Y ¥ —<L [ e 'h“f{’ N (epin e

1 1
N1,N<N; L1,L<IL. )2 (o)2

x |(Pn, Qr,w )A(§1,71)||(PN1D31))A(§2,72)|du

N\t |hn.ol \V
s 2 () ewel(inrs) i,

N1,N<N;

1 \Y
XZNl )(L1)? \PNIQLleL? I (|(Pxy D2 0)™) "l L3

x,t

lhnvol\Vy2 \2 146 AnViz \?

(Zsupn( l,,s) 170 ) ol (3200w DE o) )12, )"
, 3 ,
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which yields estimate (4.3) in this case, recalling (4.13) and (4.14).

Case high-low interaction and Lya.x = L. From (4.11), we can always assume that
L~ (NNlNQ)% in this case, since when L ~ L,,.q we are in one of the precedent
cases. Therefore, for fixed N, N7 and N5, we only have a finite number of terms in
the sum in L appearing on (4.9), so that the following estimate holds in this case,

s > ) /D 1663 |, (€, 7) v, (€)1, (€, 7)

2 1
N Nazn, (NTN2)2

% |(Pr,w)" (&1, 7)|| (P, D2 T2 0)M (&, 7)o

_s \% 1448 \
S Z Ny sup lhy,z || 2 [1((Pry Jzw)™) e (1P, D22 0)™) s,
N1, N2< N L e
1

s(X ) -
< ( > sup sl ) Folg ol s g5

This proves estimate (4.3) in this case.

Case high-high interaction and Lyax = L. This case can be treated combining
the ideas used for the high-high interaction and Ly.x = L1 case and the high-low
interaction and L., = L case. O

Proposition 4.3. Let 0 < T <1, s> 1, v e L>®(R; L3(R)) N LY(R; WH4(R)) and
w e Xb21 supported in the time interval [0,2T). Then, it holds that
(4.15) 102 P s (W P_u,,)

lee gy Sl oy l0evllz

(4.16) 102 Pieni (W P- 00 (V)| o310 S Mlwll o3 1020l s, 0]l 5o 1,
and
417) 102 P i (Pro(€™ ) Pvz) |l oo 31 + 100 Pini (Pro(eT0) P_vg ) | o3

+ 1105 Pni (Pro(e) P-0: ()| o0 S I0l74 -

oy

Proof. We begin with the proof of estimate (4.15). We deduce from the Cauchy-
Schwarz inequality and estimate (2.6) that
H(?IPJF}”'(WP,’Uz)H 1 < HaIPJrhi(WP*UI)HLi+H£

xS gl ~

S NOuPrni (WP-va) | 1+ 12 + 1D300 Pini (W P-va ) || 1+ 2.
Thus, it follows applying estimate (2.30) and Holder’s inequality in time that

(|00 Ppi (W P_v,) ST (lwllza, + |[Diw| 1

[ Ml La
X2t z,t z,t Tl Ly

which proves estimate (4.15) since X%2:1 <y X0:3+ L3, by combining (2.4) and
(2.9). Similar arguments combined to the Sobolev embedding H!(R) < L*(R)
imply estimate (4.16).

Finally, we turn to the proof of estimate (4.17). We will only bound the first
term on the left-hand side, since the other ones can be treated exactly by the same
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way. The Cauchy-Schwarz inequality and estimate (2.6) imply that

||azP+hi (Plo(eiF)P—UI) ||XS’7%’1

N HawP-i-hi (PlO(eiF)P—Um) HLtl*Lg + HDascaﬂcP-i-hi (PlO(eiF)P—Um) HLtl*Lg-
On the other hand, we get from the frequency localization that
OaPrni(Pio(e™)P_vy) = 82 Py 1o (Pio(e" ) P-Lovs).
Therefore, we deduce from Bernstein’s inequalities and estimate (2.30) that

. 1_ ;
182 Pini (Pro(e™) P-vy) 10 SN0 s ollzs, S llvlZs

||X5,*§, z,t "

recalling that 9, F = Av. This concludes the proof of Proposition 4.3. O

Proposition 4.4. Let 1 < s < %, 0<T<1,v asolution to (1.1) which belongs

to L>=(R; L2(R)) N L*(R; L>°[0,T)), such that J5d,v € LX L% and supported in the
time interval [0,2T). Then, it holds that

(4.18)

102 Prni (€T 0?) || omg Spl(IIvIIL;cH;)IIUIIL;H;IIUIIL;OH;JrIIvIIL;L;sJ||J§81v||L/;ch2T
and

(4.19)

(|00 Pni (e7F0?) I orm10 S p2(llvllLge m)llvll Lgs mn (||U||L39H;+||U||L§L39 ”Jiaﬂ”fg-?f;)’
where p1 and ps are polynomial functions.

Proof. First we notice that according to (2.31)
|02 Py pi (eiFUQ) [0z Py i (eiFUQ) ||L1T+Hs

[~
X9zt~
< 16 e s+ €700 (0) |1
<
~J

L+ ol g ) U0l g0 pra ol e s + 102 (v) ]2z 2 )-
It thus remains to control || Pgro.(v?)]| r2.ms since the low frequency part of the
contribution of 9,(v?) is easily estimated by |[v]|2ep:. To this aim we use the
T x
same decomposition as in (3.14) and write for k > 4,
Py (1)2) = P2k( Z PQj'UPSQj—l'U + Z PQjUPSQj’U).
Jj=k=3 j=k—3
Hence,

[Po ()2 S 280D > 279D Py T || oo 2 10l L2 e
j2k—2
S vllzzrge Z 2| Py T30, e 2.,
j>k=3

and by Young’s inequality we obtain that

2112 2\112 2 2
1Pr10x(v )22 1y S ];IIszam(v Wiz g S M0lkzng 1202l -

This completes the proof of (4.18). The proof of (4.19) follows a similar way and
will thus be omitted. g

We are now in position to give the proof of Proposition 4.1.
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Proof of Proposition 4.1. Let s > 1,0 < T <1, and ¢ and @ be extensions of v and
w such that ||7|| x1-20,6 < 2||v|\X;ze,e forall0 <6 < 1land[|@f, 11, < 2”wa;’%'1'
By the Duhamel principle, the integral formulation associated to (3.4) writes

w(t) = (t)w(0) + n(t) / N (e mv, W, nrw) (),

where N (e'f' v, W, w) is defined in (3.4), for 0 < ¢t < T < 1. Therefore, we deduce
gathering estimates (2.7), (2.8), (4.2) and (4.15)—(4.19) that

[wll guga S Nw(O)] s

2

+p(lwll oz s ol Il s wrss lollza g IIJivaL}VLZTvOzl;I; [Vl x1-200),

where p is polynomial at least quadratic in its arguments. This concludes the proof
of estimate (4.1), since

lw(O)lae S 1173 (7 0uo) |2 < (1 + o) lvoll e,

due to Lemma 2.9. O

5. PROOF OF THEOREM 1.1

Without loss of generality, we will fix ¢ = 1 in this section. First observe that,
unlike to the Benjamin-Ono equation, equation (1.1) is not invariant under scaling.
However, if v is a solution to the equation (1.1) on the time interval [0,7] with
initial data vg, then for every 0 < A < oo, vy(z,t) = Mv(Ax, A3t) is a solution to

(5.1) 4o — bAHO2v — ad>v = e vdpv — ddy (VIHOv + H(vd,v)),
on the time interval [0, \=2T]. Then, since
lox - 0)llas ~ A2 ool 2 + A% [|9avoll 2 S A2 [lvolla,

we can always force vy(-,0) to belong to B,, where B, is the open ball of H!(RR)
with radius 0 < a < 1 and centered at the origin. Therefore the existence and
uniqueness of a solution to (5.1) on the time interval [0, 1] for small initial data in
HY(R) will ensure the existence and uniqueness of a solution to (1.1) on the time
interval [0,7] with T ~ A3 ~ min{1, [|vo| 55} for arbitrary initial data in H*(R).
Moreover, using the conservation of the energy H defined in (1.7), which controls
the H'-norm, will imply the global well-posedness of (1.1) in H!(R).

Since all the estimates obtained in the precedent sections are still valid for (5.1)
with implicit constants independent of 0 < A < 1 and for sake of simplicity, we will
continue working with equation (1.1), in the case e = 1, i.e.,

(5.2) Opv — bHO*v — adPv = cv,v — dO, (VHILv + H(vO,v)),

instead of equation (5.1). The rest of the proof of Theorem 1.1 follows closely our
proof for the Benjamin-Ono equation (see Theorem 1.1 in [23]). For this reason,
we will only give a sketch of it.

As a consequence of the well-posedness theory for more regular solutions obtained
in Theorem 1.3 of [18], we have the following result.

Proposition 5.1. For allvg € H*(R), there exists a positive time T = T (||vo||g2) €
(0,1] and a solution v € C([0,T]; H*(R)) to equation (5.2). Moreover, T is a non-
decreasing function of its argument.
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Note however that at this point, we still do not know wether those solutions are
global or not.

The first step is to obtained a priori estimates for those smooth solutions. Let
1o € Bo N H>®(R) be given. Here, we recall that B, = {¢ € HX(R) : ||¢||m < o},
where a > 0 will be choosen sufficiently small. For any s > 1, we will also denote
(5.3) Np(v) = max {[[vl| g s | T30l s s vl 2 s s (17700

=5 el egs }-
x T

Then, estimates (3.7)—(3.11) and (4.1) yield
(5.4) N7(v) S (L + voll ) llvoll s + a(N7(v)) N (),

for any s > 1, where ¢ is a polynomial with no constant term. By continuity,
estimate (5.4) for s = 1 ensures that there exist two positive constants o and Cy
such that Ni(v) < Cia, provided vy € B, with 0 < o < a3. Moreover, using
estimate (5.4) again implies that

(5.5) [0l gy < N7-(0) S llvollas,

for any s > 1, provided ||vg||g: < @ < aj. Therefore, by using estimate (5.5) for
s = 2, we can reapply the result of Proposition 5.1 a finite number of time to extend
the solution v to the interval [0, 1], as soon as ||vg|| g1 is small enough. We observe
that the scaling argument explained above and the control of the H'-norm by the
Hamiltonian H defined in (1.7), allow to extend our solution v globally in time, so
that v € C(R; H*(R)).

To prove the uniqueness as well as the continuity of the flow map, we follow
our argument in the proof of Theorem 1.1 of [23] and derive a Lipschitz bound
on the flow map : H*(R) — L°°([0,1]; H*(R)) for initial data having the same
low frequency part, and where L°°([0,1]; H*(R)) is considered with the norm N7
defined in (5.3). The idea is to apply similar estimates to (3.7)—(3.11) and (4.1)
to the difference of two solutions u := vy — vy and to the difference of the gauges
z := w1 —ws. Note that at this point a control on G := F[v1]—F[ve] in L>°([0, 1] xR)
is needed and can be obtained exactly as in Lemma 4.1 of [23] by splitting G between
its low and high frequency parts G := G, + Gp;. We use the equation satisfied by
(G, and evolving from 0 to control GGj, and Bernstein’s inequalities to control Gp;.

Finally to prove the existence in H*(R), for initial data and the continuity of
the flow map, we fix an initial data vg € B, N H*(R) and an approximate sequence
of initial data vg =g ! (X\Hﬂ 3"11)0). Then, as explained above, the associated se-
quence of solutions {v7}; is a subset of C([0, 1]; H>(R)). Moreover, since it evolves
from initial data having the same low frequency part, the Lipschitz bound implies
that {v7}; is a Cauchy sequence in all the norms appearing in N; and therefore
converges strongly in those norms to a solution v of (5.2) satisfying v(-,0) = vo and
(1.8)~(1.10).

6. CONVERGENCE TOWARDS THE BENJAMIN-ONO EQUATION IN H!(R) WHEN

p=3m

In this section we prove that (1.1) is uniformly in ¢ > 0 well-posed in H*(R)
whenever the ratio of the density between the two fluids is given by p = v/3p1.
This will in a classical way (see for instance [7]) lead to Theorem 1.2. According to
Remark 3.1, this condition on this ratio permits to cancel the term 8IP+;“-(eiFUQ)
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in (3.4). Note that this term behaves mainly as the nonlinear term of the Benjamin-
Ono equation 8, (v?). Therefore we do not know how deal with this term when &
is going to zero. One possibility could be to use the variant of the Bourgain’ space
introduced in [10, 16] as it was done to study the inviscid limit of the the Benjamin-
Ono-Burgers equation in [8]. However, there is another problem here since linear
and bilinear estimates involving V. are not uniform in ¢ (see for instance (6.1)-(6.2)).
This is due to the fact that the linear terms Hu,, and €93 compete together as in
the Benjamin equation (cf. [2]). This is reflected on the energy H (see (1.7)) by
the fact that the H' and H'/2 components of the quadratic part are of opposite
signs.

6.1. Some linear estimates. First we establish needed linear estimates on the
group Vz(-) (see also Lemmas 2.4-2.5).

Lemma 6.1. For any 0 <e <1, any 0 <T <1 and any p € L*(R) it holds

(6.1) Vel sz S e CllollLe
and
(6.2) IVe@®elrsrs S el

1 1

Moreover, denoting by P. a smooth space Fourier projector on {|¢| €]+, 5-[}, we

have

(6.3) IVe() Pegllare S M1l 22

and

(6.4) ||Ve(t)PeSD||L6TLg S llellze

Proof. By the TT* argument it suffices to prove that for 0 < ¢ <1,
(6.5) IVe®ellre S e 272 lg] 2

and

(6.6) IVe(®) Pepllze S 712l 12

By classical arguments, (6.5) will be proven if we show
H/ il (€¢I —e€?)1] de < U312
R L
Setting # := £/t this is equivalent to prove

(6.7) I.:= sup ‘/ GilX0+1010—50°] d@‘ < /3
|t|<1,XeR!JR

We set ®(0) := X0+ 0% — %93 and notice that for 6 # 0,

&' (0) == X +2/0] — 302, ®"(0) = 2(sgn 6 — 3-=0) and " () = —6-— .
(9) 10| Ny (0) = 2(sgn \/Z)an (9) 7

(6.7) is obvious when restricted on |f] < 100. By symmetry we can assume that
6 > 100. X,t and € being fixed, there exists M x > 100 such that

02) .

"

Vi

Therefore, integration by parts yields that I. < 1 in this region.

~

Now for § < M, we use Van der Corput lemma and that | (6)] = 6% to get

VO > M, |®'(0)] > max(1+ 6,
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I. < e /3. This completes the proof of (6.5).

To prove (6.6), we use that & ¢];-, 5[ implies ¢ &]4%2, %j[ and thus [®"(0)| =

2|11 — 3%9| 2 1. This yields the result by applying Van der Corput lemma in the
region 0 < M. (|

Lemma 6.2. For any0<e <1, any 0<T <1 and any ¢ € L*(R) it holds
(6.8) IVe@®)ellLare < e el

and for any dyadic integer N > 10/¢,

(6.9) IVe(t) Py @llzeerz S e /2| Pyl e

Proof. (6.8) can be proved by using the change of unknown (2.12) exactly as in
Lemma 2.6 whereas (6.9) is proven in (2.21).

6.2. Nonlinear estimates. According to the linear estimates of Lemmas 2.2-2.3,
we have to estimate each terms of the right-hand side member of (3.4) in xXh
Recall that the term &CP_Hu-(e_iF v2) cancels in this section due to the choice of the
ratio between p and p;.

Lemma 6.3. Assume that suppv C {|t| < T} with 1 < T < 1. Then for any
0<e<1 it holds

(6.10) }

OuPeriWOLP-iv)| s S 0l (L4 [0l o) oo
€

Proof. We rewrite w as new + (1 — n.)w := wi + wy where 7, is a smooth even
function with support in |¢] €]2, [ such that n. = 1 on |4, 5-[.
By Sobolev embedding we have

J::‘

agEPW(WQaIP_MU)HXl < Tl/?’Hagpw(WQaJEP_W)‘

—1/2,1 ~

L2.L2

But for any fixed integer £ > 1, making use of the discrete Young’s inequality as in
the proof of (3.11), we get

‘agpgkmhi(mawp_w)‘ 2 2%2:‘a§P2kP+M(P2jWQaZP_Mu)‘
L2L2 ; LILZ
jzk
S 28 27| Pywsll pa poe 100 e 12
j>k
S 0zvlzgers Y 27207 Py Oswall e
j>k
S %H@zwﬂﬁfoll@szng

where (v) € [>(Z4). This is acceptable, according to (6.3), since ws cancels on
101

]E’ 2¢ [

Now to treat the contribution of w; we have to use the resonance relation :

O — 01 — 09 = 662(2 —3661)
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Since Supp w; Clz-, |, it follows that max(|o|, [o3]) 2 [£€2| for this contribution.
We set

o= 0P (Wa0ePoit)| e
5 Z "PN&IP+hi(PN1WQamP—hiPNZU)H 1,-1/21 = Z IN,Nl,NZ
N,N1,N» Xe N NNy
Clearly,

- (€)éxr, (&)on (YL (&, 1)
Y | By e on

_ . 2 1/2
X /]R2 On, (E)Wa (&1, m1)E20N, (§2) Poniv(&2, T2)dé: dTl’ dg dT}

We separate the contributions of different regions with respect to which ¢ is dom-
inant. Therefore, to calculate Iy n, n,, We split the integration domain D in the
following disjoint regions

(6.11)

Ann, = {(6,6,7,m) €RY | 272NN, < |o| < 22NN, },

1
By, = {(£,&,7,m) €R* | |o1] > ENNQ , lo] & [27°N N3, 2°NNo) },

1 1
ey, = {(&61,7,m1) €ERY | |o| & [27°NN2,2° NNy, |01 < ENNQ s|oa| > ENNQ}a

AN, Ny BN,N,y CN,Ny c .
and denote by Iy v v,> IN.N, N IN.N, N, the restriction of In n,,n, to each of

these regions. Then, it follows that

AN, Noy BN,No CN, Ny
InNy Ny S Tnvn, Ny I, N T INw v,
and thus
2 < A2 B2 e|?
(6.12) Py NN+ IR+ D IRT
N N N
where
A AN Ny B BN, Ny e . CN,No
Ii= Y I I = ) Iniv, and Ij = Y IV, -

N1,N» N1,N> N1,N3

Therefore, it suffices to bound > |I]<H2, >N }I}%F and > |I](\3,}2.

e Bound on ) ‘Iﬁf. We use that L, < B;ll(fl to get
oS TR ZHP%PH”.(PQJ- W26ZP_MP2QU)HL2 .
>k q<j e
5 Tl/3 Z Z 22(k_j)2_(k+q)/2”P2j am’wQHXo,lm ||P2qazU||L%oLgo
j>k q<j
5 Tl/3 Z Z 2%(k—j) HPQJ‘ az’wQHXo,uzQ(q_j)p||P2q’U||L%0Lgo
j>k q<j
S TV llwallxrase |0l g

with [|(v)[|i2(z,) S 1.
e Bound on ) 5 ‘IfHQ. Note that since |o| ~ NNz in this region, we do not have
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to sum on L.
I{L < ZZ2—2(j—k)2—(k+Q)/2||P2jazw2HLfIHPQQam’UHL%OLgc
Jjzkq<j
< ZZ2%(k_j)||P2j5zw2||L§I2(q_j)/2HP2‘1UHL%°L§°
Jj=kq<j

S TYPylwsllxnoa vl g

with [|(v)[li2(z,) < 1.
e Bound on ) ‘I]%IQ.

1/2 B - P B
(SRR S lalxor | (@D ez S llwllxrasea@llxos
N

where ¥ = 7.0 and 7l is a smooth even function with support in {|¢| < 1003,
Here we used that due to the frequency projections together with the frequency
localization of wy, the modulus of the frequencies of v must be less than 10/e. Now
from the equation (1.1) satisfied by v and the frequency localization of o, we deduce
that

10:Ve(=)3ll 2, < llvvallrz, S lollZges -
This yields the desired result. (I
Lemma 6.4. Assume that suppv C {|t| < T} with 1 < T < 1. Then for any

0<e<1 it holds
(6.13)

€||0x Py pi (wOy P—piv)

R 1 v [ O PP RN T PRy T PRy

Proof. We rewrite @ as (. + (1 — {)w := wy + w3 where (. is a smooth even
function with support in [¢] €] 4, 1] such that (¢ =1 on | &, &[.

2e’ €
By Sobolev embedding and the frequency localization of w; we have

J1 = 6‘

O Pipi(w10, P_p;v) ‘

—1/2,1 ~

a,PW(wlaIP_MU)H 1 < T1/3‘
x! L2L2

We proceed exactly as in the preceding lemma to get

} aQCPQk P_H”'(’LUlazP_hiU)‘ 122 5 22k Z} aIPQk P+hi(P2j wlamp_hiv)‘ L2L.2
t -z ]zk T
5 22kZ2_j||P2j’LU1||Lj£1Lgo||61’U||L?°Li
jzk
< %Haxwll\ﬁgﬂaxvﬂw%i

which is acceptable, according to (6.6), since w; cancels on |-, 5.
Now for the contribution of ws we will use that thanks to the frequency localization

of wy and the resonance relation we have

max(|o], |o;]) 2 €[£€162]

on the space-time Fourier support of this contribution. We decompose this contri-
bution as in the preceding lemma but with respect to e/N N7 Ny instead of Ny Ns.
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e Bound on ) 5 ‘Iﬁ‘z.

5 < 622kZZHPQkP+hi(P2J'w2azP7hiP2q'U) [V
>k q<j T
< \/EZZ22k2_j2_(k+q+j)/2||P2j8Iw2||Xo,1/z||P2q81v||L%Lgo
ik 4<j
S VED D 255D Py dpws| xounse | Paa D2 0| s
ik 4<j ’
S e P 0 lwall e (€Y7 |vall s, )

with H'Yk”l?(ZJr) 5 1.
e Bound on ) ‘If\HQ. Note that since |o| ~ e NNy Ns in this region, we do not
have to sum on L.

o< \/52%ZZ27(]”'7”)/2HPQkP+hi(P2;w28IP,hiP2qv) p

JjZ>k q<j te
S VEYLY 22D Py Byl [|Paa DY 20 s,
J>k q<j
S VY0 wallxrasa (e lue s,)

with ||'Yk||l2(Z+) 5 1.

e Bound on ) }I]%’Q. We separate two subregions.
a) & < % Then we have €| < %. We write

1/2 e _
(DUEE) 7S Wollxor T (@3] gz S lewallcra e 5] x0n
N

where © = 70 and 7, is a smooth even function with support in {|¢| < 100} This is
acceptable since, as in the preceding lemma due to the frequency localization of v,

0]l x0.0 S (X + ol Lgem)l[vllpsem -

b) & > 2 Then we write

s GHff—l (|€2€2||@| |P2J‘w2|)‘
i>k

L2
S lollx-aa Y 1T (1Po Oswa ) e

Jizk
S wllvllx-rrllwlxeae
where we used (6.3) and the frequency localization of ws in this subregion. This is
acceptable, since in view of (1.1) it is not too hard to check that

vl x-10 S (1+ ||UHL§°H;)||U||L§°H; .

O

Now the contribution of the term €9, Pyp; (W P-(vv,)) is easy to estimate as follows

amP-i-hi(WP—(Uvm))Hxl,—l/Z,l S 6‘

6 ‘

O2P(WP-(00))|

(6.14) S R walle ) Nollps (e llvallzs )
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which is acceptable thanks to (6.2). Moreover, the contributions of each term of the
left-hand side of (4.17) is controlled by |\U||2Ltoo 1 since, by the frequency projections,
only low frequencies of v, v? and e**v are involved. It thus remains to control the

term &[0, Pypi (e v?) | ¢1.-3.1- This is the aim of the following lemma.

Lemma 6.5.
5||8$P+M(eiFUB)H

xioda S ol +eloliem

(6.15) e ol (1 Nollzge i) + el g ol

Proof. . First, proceeding as in the proof of Proposition 4.4, it is not too hard to
see that

ellOx Prni (€70 130 S ol sy +ellvlLoe sy + 10N 7y +ell 07 Prir (v 212 -

It thus remains to bound the last term of the right-hand side of the above inequality.
We notice that for k > 4 we may bound its Px-projection by

2Pyl < [|02Pn (30 ParvSaivSu))
||z2kUHLtI x L2k Z 200270921V ]|,

~Y
J>k—4 b

Hence, proceeding as in Proposition 4.4, it is easy to check that for k > 4,
102Pyv? 22 S Yellveell e 202 e

where [|(7x)[li2(z,) < 1. This completes the proof of the lemma. O

Finally to close the estimates we have to control some norms of v in terms of w.

Lemma 6.6. Let 0 < T <1,0<6<1,0<e<1 andv be a solution to (1.1) in
the time interval [0,T]. Then, it holds that
(6.16)

e)10z0ll s, < lvollms + (14 [0l F s 1) [l enon + €2 0ll e |00l s s
(6.17) "ol parse < ool + (1+1v 70 ) 1wl e 20+ [[0l| Lo 0] La e
and

61/2H5§UHL:-;2T Sllvollz + (1 + ol e o) llwll o124
x

(6.18) i
lolegn (Iwlegm + /210200 = )-

Proof. (6.16) and (6.17) can be proven exactly as in Proposition 3.2 with (6.1)-(6.8)
in hand. (6.18) can be proven as (3.11) in Proposition 3.2 with (6.9) in hand, using
that by Bernstein inequality, for any v € LQTJ and € > 0 it holds

[ P<100/evll ooz < 5_1/2||UHL2M :
Gathering Lemmas 6.3-6.6 we obtain that (1.1) is uniformly well-posed in H'(R) ,
ie.

Proposition 6.7. For any R > 0 there exists a positive time T = T(R) and
a positwe real number C(R) such that for all 0 < ¢ < 1 and any initial data
vo € HY(R), with ||v}||z < C(R) , it holds

(6.19) I1S-(8)og |l Lge my < C(R) -
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Moreover for any couple of initial data (v),v3) € H*(R)? with ||v}|| g < C(R) and
Py (v}) = Pi(v3) it holds

(6.20) 1S:(t)vg — Se(t)v5 ]l ey < C(R)llvg — vl

With this proposition in hand, Theorem 1.2 follows by general arguments devel-
oped for instance in [7]. We fix an initial data vo € H*(R) and o > 0 and we would
like to prove that for e > 0 small enough,

[Se()v = SO)vlrgem <

where T' = T'(||lvo||g1). The result for any fixed T > 0 follows by iterating the
argument and using the continuity of the flow-map for the Benjamin-Ono equation.
First, thanks to (6.20) there exists 7, > 1 such that for all € €]0, 1] it holds

[Se(t)vo — Sc(t) P<rovollse s < /3 and [|S(t)vo — S(t) P<r,vollpsoms < /3

On the other hand, denoting by w,_, the gauge transform of S(t) P, vo and noticing
that the Benjamin-Ono equation (1.5) can be rewritten as

Orv — bIHO*v — aedPv — cvdpv + dedy, (VHOv — H(vOyw))
= ded, (vVHOv — H(v0,v)) — aedv ,
we can proceed exactly as in the obtention of the Lipschitz bound (6.20) to get

2t Peravo = S()Perovoll ey S CURYTE(wn, |z 0 +p(NH(S(E) Peyo ) )

where p is a polynomial function and the N#-norm is defined in (5.3). This yields
the result by taking € > 0 small enough.
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