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Global hypoelliptic estimates for Landau-type operators with
external potential
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Abstract

In this paper we study a Landau-type operator with an external force. It is a linear model
of the Landau equation near Maxwellian distributions. Making use of multiplier method, we
get the global hypoelliptic estimate under suitable assumptions on the external potential.
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1 Introduction and main results

In this article we are interested in the study of the regularity of solutions of some kinetic
equations. In the case of linear or linearized equations, the corresponding collision operator may
behave in some cases like a Laplacian - or at least a fractional power of a Laplacien, and we
may hope for some improved smoothness when times goes on. This type of question concerns
Fokker-Planck equations, Landau equations or Boltzmann equations without angular cut-off.

In the linear homogeneous case these equations have then a parabolic behavior, and the study
of the local smoothing properties in the velocity variable is rather direct. In the non-homogeneous
case, the regularization in space variable is not so easy, but occurs anyway thanks to the so-
called hypoelliptic structure of the equation. This type of behavior is a subject of intensive
recent research in kinetic theory, coming back to the first results of Hérmander concerning the
Kolmogorov equation [12], and is also in the core of averaging lemmas (see e.g. [2]). In this
article we are interested in global estimates of the following Landau-type operator

P =i(y- Dy — 0,V (x)- Dy) 4 Dy - v(y)Dy + (y A Dy) - n(y) (y A Dy) + F(y),

where D, = —i0,, D, = —i0,, and = € R3 is the space variable and y € R? is the velocity
variable, and X -Y stands for the standard dot-product on R3. The real-valued function V (z) of
space variable x stands for the macroscopic force, and the functions v(y), u(y) and F(y) of the
variable y in the diffusion are smooth and real-valued with the properties subsequently listed
below.

(i) There exist a constant ¢ > 0 such that

VyeR?, v(y)>c(y), wuy) >cly) and Fly)>c(y)*, (1)

with v € [0,1] and (y) = (1 + [y*) """,
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(ii) For any a € Z3, there exists a constant C, such that
Yy eR®, (0" (y)| +10%n(y)l < Ca (u)", and |9*F(y)| < Caw)* . (2)
It is sometimes convenient to rewrite the operator as the form
P =i(y-Dy—0;V(x)-Dy) + (B(y)Dy)" - B(y)Dy + F(y),

where the matrix B(y) is given by

VAW  —usvely) vV i)
B(y) = (Bjk(y))1§j7k§3 - —Y3v :U’(y )‘(y) —U1 :U’(y) ’ (3)
—y2vi(Y) Y1V iy) Ay)

~—

and (B(y)Dy)* = D,B(y)T, with BT the transpose of B, is the formal adjoint of B(y)D,. By
(1) and (2) one has, for any y,n € R? and any o € Z3 ,

10 Bjr(y)| < Co (y)' 7117/ (4)
and [B(y)nl* = v(y) nl> + w() ly Anl* > clyl” (Inl* +ly Anl?). (5)

As a result, observing i(y - D, — 0,V (x) - Dy) is skew-adjoint, we have

%l % Dyl [ 002 D)l
< By}, < ¢ Re (Pu,u)a. (6)

where (-, -);. and H . HL2 standing for the inner product and norm in LZ(Rgvy).

Denoting by (£,n) the dual variables of (x,y), we notice that the diffusion only occurs in
the variables (y,7n), but not in the other directions; and that the cross product term y A D,
improves this diffusion in specific directions of the phase space where the variables y and n are
orthogonal. In this work, we aim at proving that linear Landau-type operators are actually
hypoelliptic despite this lack of diffusion in the spatial derivative D,. More specifically, we shall
be concerned in proving global hypoelliptic estimates with weights in both spatial and velocity
derivatives whose structure is exactly related to the anisotropy of the diffusion. Our main results
can be stated as follows.

Theorem 1.1 Let V € C%(R3; R) satisfy that
Vi]al=2, 3 Ca>0 suchthat Yz € R3, |00V (z)| < Ca (8,V (2))¥3. (7)
Then there exists a constant C such that for any u € C§°(R%) one has
| )% 102V )P wll 1] )5 ]+ | |D Sl o+ ) 1Dy ]
+ [ w)% [y A Dy UHLz < C([[Pull o+ lull2)- ®)
Moreover if V' satisfies the condition that
CoH ()M < (0. V() < Co @)™, and ¥ |a] > 2, |05V (2)| < Co (0:V (2))'/?, (9)
with M, Cy two positive numbers and C, a constant depending only on o, we have additionally
[((0=V A +yng)s ) ul| 2 +[[ (VA €)5 ) ull 2 < C([|[Puf 2+ [[ul 1), (10)

where p¥ stands for the Weyl quantization of the symbol p.



Estimates of the type given in Theorem 1.1 can be analyzed through different point of views.
At first they give at least local regularity estimates in the velocity direction, according to the
term |D,|? appearing in (8). Now one of the goal of this article was to give global estimates
in order to identify the good functional spaces associated to the problems: here we are able to
prove that in the elliptic direction we have an estimate of type

H <y>2+% u”L? + H <y>% |Dy|2uHL2 + H <y>% ly /\Dy|2uHL2 = C{ HPUHH + HUHH } :

A priori it does not seem to be optimal, and indeed when V' = 0 a similar inequality was proven
in [10] with an exponent ~ there instead of 5y/6 and /2 here, but the study with V' # 0 is
harder. Similarly to [10]| anyway, we recover here in (8) some intrinsic global anisotropy via a
term of type y A D, already appearing in the definition of the original operator.

The second main feature of this result is to reflect the regularizing effect in space variable
x, thanks to the hypoelliptic structure, which leads to terms involving e.g. \DJCP/ 3. Recall that
the exponent 2/3 here is optimal , according to local estimates coming back to [12]| (see also
[1]). In this direction (i.e. concerning local optimal subelliptic estimates for kinetic models),
we mention also the works [19, 20| and [17] on the Boltzmann operator without cut-off and the
series of works on Gevrey regularity |5, 4, 3].

Now similarly to the case of elliptic directions, it may be interesting to get global weighted
estimates in space direction. In [9], [8] the authors studied the Fokker-Planck case, in particular
with a potential, following original ideas by [7] (see also [6]). In this direction the work [10]
also gave a first subelliptic global (optimal) estimate, concerning the Landau operator in the
case when there is no potential; the main feature of that work was to show that subellipticity in
space direction occured with anisotropic weights of type (y)” y A D,. In the present article we
recover the same type of behavior, with additional terms - also involving wedges - linked with
the potential V.

In order to prove the result, we use the same multiplier method as in [10], which allows
to obtain a global hypoellipticity result with optimal loss of 4/3 derivatives. This method has
been first introduced in [11] for the Fokker-Planck equation. It has then been extended to more
general doubly characteristic quadratic differential operators by K. Pravda-Starov in [21] to get
optimal hypoelliptic estimates. The present work is a natural continuation of [10], and as there
we will make a strong use of pseudodifferential and Wick calculus, following the presentation by
Lerner in [16].

The plan of the article is the following. In the second section we introduce some notations
and facts about the symbolic calculus. In the third section we prove some weighted estimates
in space and velocity, without derivatives, needed later to complete the proof. In Section 4,
We essentially work on the velocity side after a change of operator through a partial Wick
quantization in (z, ). This allows to treat the space variable (and its dual) as parameters, and
to get optimal velocity estimates with parameters. In the last two sections we go back to the
original operator and complete the proof.

2 Notations and some basic facts on symbolic calculus

We firstly list some notations used throughout the paper. Denote respectively by (-, -);» and
H . H the inner product and the norm in L?(R™). For a vector-valued functions U = (ul, e ,un)
2 \1/2
the norm HU”L2 stands for (zj HujHLQ) /2,
To simplify the notation, by A < B we mean there exists a positive constant C', such that
A < CB, and similarly for A 2 B. While the notation A ~ B means both A < Band B S A
hold.



Now we introduce some notations of phase space analysis and recall some basic properties
of symbolic calculus, and refer to [13] and [16] for detailed discussions. Throughout the paper
let g be the admissible metric |dz|*> 4 |d¢|* and m be an admissible weight for g (see [13] and
[16] for instance the definitions of admissible metric and weight). Given a symbol p(z, (), we
say p € S(m, g) if

Va, BEZ, V¥ (2,() € R™,

0207p(2,0)| < Cap m(=,0),

with Cy g a constant depending only on «, 3. For such a symbol p we may define its Weyl
quantization p" by

Z+v
2 7

Vu e S(R™), p“u(z) = /eQi”(z_U)'Cp ( ) u(v)dvd(.

The L? continuity theorem in the class S (1, g), which will be used frequently, says that if
pE S(l, g) then
vuel?  p"ullp S full.

We shall denote by Op(S(m,g)) the set of operators whose symbols are in the class S(m, g).
Finally let’s recall some basic properties of the Wick quantization, and refer the reader to the
works of Lerner [14, 15, 16] for thorough and extensive presentations of this quantization and
some of its applications. Using the notation Z = (z,() € R?", the wave-packets transform of a
function u € S (R") is defined by

WU(Z) = (u, SDZ)LQ(R") — 2”/4/ u(v)efﬂvfzp62i7r(vfz/2)(dv’

n

with
QOZ(U) _ 2n/4e—7r|v—z\262i7r(v—z/2)~n’ v e R™.

Then one can verify that W is an isometric mapping from L?(R") to L?(R?"):
Wl 2 gany = el o en- (11)
Moreover the operator
Ty = WW*

with W* the adjoint of W, is an orthogonal projection on a closed space in L?, whose kernel is
given by

us

K(2,7) = e (=) in(=2)(40) 72 (2.0), 2= (5,0). (12)
We define the Wick quantization of any L symbol p as
pVik = Ty,
The main property of the Wick quantization is its positivity, i.e.,
p(Z) >0 forall Z € R* implies p"'k > 0. (13)

According to Proposition 2.4.3 in [16], the Wick and Weyl quantizations of a symbol p are linked
by the following identities

pWick _ pw + W (14)



with

r(Z) = / / (2 + 0Y)Y2e 2 Fam dy g,
R2n
We also recall the following composition formula obtained in the proof of Proposition 3.4 in [14]
i i 1 Wick
mequlck _ [pq - _{p’ }] icl T,

471'

with 7" a bounded operator in L?(R?"), when p € L>®°(R?*") and ¢ is a smooth symbol whose
derivatives of order > 2 are bounded on R?". The notation {p,q} denotes the Poisson bracket

defined by

{p,Q}:a—C'&—g'a_C- (15)

3 First part of the proof of Theorem 1.1: weighted estimates
In this section we are mainly concerned with the estimate in weighted L? norms, that is
Proposition 3.1 Let V(z) € C?(R3; R) satisfy the condition (7). Then
VueCE®E), | 0@+ 02 S |Pule+ e 10
In order to prove this proposition, we begin with

Lemma 3.2 (Lemma 3.7 in [10]) Let p € S(1, |dy|* + |dn|*) and B(y) be the matriz given in
(3). We have

VueCER), [(F(y), p"u)pel + |((By)Dy) Bly)Dyu, p“u) | < 1(Pu, w)pel.  (17)
Lemma 3.3 For all u € C§°(R3) we have
% ] o+ 1| ) Dyl + [[49)™+F (w4 Dyl
< Nw)® @Vl + [ Pull o (18)
Proof. In the proof we let u € C§°(R?"). The conclusion will follow if one could prove
| @)% wlffe + || )3 B)Dyull72 < 6)F (@)% ulZa + | Pullfe + lul 7 (29)
since by (4), one has
)3 1B)Dyul > ()7 Dyl + )7 | (A Dy)ul.

As a preliminary step , let’s firstly show that for any € > 0 there exists a constant C. > 0 such
that

((P ()3, () U)L2 Se

+ Ce { | )% 0V @) |5 + P2 + a7

(1) ull3, + || " Bo)Dul},)

In fact, the estimate

0.V (@) ()" T2 < e () 4 O ()P 0,V ()P



yields
(" @, (@) w, u>L2 < el )O3, + Ol () (0, V () P a5, (21)
Consequently, using (2) we compute
[P, )3 u| 5 10,V @) ) Jul + )™ ¥ |B)Dyul
and thus

([P 3], <y>1+%u)

L2

S (10 @I 05w w) |+ (W) |Bw) Du! gt e ru\)
S e @ w4 Cell )" @V (@) ulla + Cel| ) F Bly) Dyl
S e W™  ulls +ell 1+”/3B< yuHLz
+0H<y )0V (@)* ull o + Ces|| (4) 7 Bw)Dyu[
H w7 ul| o+ | )7 By) Dyul )

)
Ce ([l 4" @2V @) ull 2 + || Pul| 5 + [ull72),

where the second inequality follows from (21), the third inequality holds because

v

Ve>O, H <y>% B(y)DyuHL2 < 5” <y>1+§ B(y)DyuHLQ + CéH <y>71 B(y)DyuHLQa
and the last inequality follows from (6) since by (4),
H (y)fl B(’y)DyuHL2 = H <y>w2 DyuHL?'

As a result, observing

(P @) i)

2y

< (o ¥,

(17 e W),

L2

and

[(Pu 7% ) | < ol ) a2+ P

due to the fact that 2v/3 < 5v/6 for v > 0, we obtain the inequality (20).
Now we prove (19). Let’s firstly write

I

:
6
B
o

uHL2 + |y )13 B(y)D uHL?

S W) ullf + 1B@)Dy () w1 + 1B Dy, )3 Jull7s
L L L

< (P Fu @) Fa) |+ [B@ID,. @) ]ul.

the last inequality using (6). For the last term, we have
|BOID, )3 Julz S 116) % a7 < el 0% w7 + Ceull7..

Then the desired estimate (19) follows from the above inequalities and (20), completing the
proof of Lemma 3.3. O



Proof of Proposition 3.1. Let p € C! (RZ") be a real-valued function given by

2 (y)3 0,V () -
(0 V (2))"/?

2+2v/3
Y
¢ =x Lw )
(0:V ()
where x € C§°(R; [0,1]) such that x =1 in [—1,1] and supp x C [—2,2]. We have, using the
notation Q@ =y - D, — 0,V (x) - Dy,

Yo(z,y),

p=plz,y) =

with

Re (Pua pu)L2 =Re (ZQU, PU)LQ + ((B(y)Dy)* ’ B(y)Dyu7 PU)LQ + (F(y)ua pu)L2 )
which along with (17) yields
Re (iQu, pu)2 S|(Pu, u)p2| + |(Pu, pu)e].

Next we want to give a lower bound for the term on the left side. Direct computation shows
that

Re (iQu, pu);2 =

N | .

3
([p, @ = (Aju, w),, (22)
7j=1
with A; given by

()7 0.V ()|
A = OV (z )>4/3 b,

Az = 0,V (2)) " (0,V (2) - 9) 8V (@) - 0y |03 éla.y)]
A== (9)3y- 0, ((2V (@) (0. (2) - yo(x,9)))-

We will proceed to treat the above three terms . Firstly one has

v/3
Av = )P0V (@) (ay) — @ﬁww,y)
v/3
= WP OV @) — ) 0V @) (1 b)) - @g(ww,y),
from which it follows that
(Avu, w2 > () 0V @) uu) = [ 67 (23)

Here we used the facts that
(y)”?
@V ()~

on the support of ¢, and (3xV(ac)>2/3 < (y>2+27/3 on the support of 1 — ¢. As for the term Ao
we make use of the relation

Vo eR, &BV(x)(?y( <y>0) =0 (?/>072 0.V (z) -y

7



to compute

_ 19 V(e | T it CEN W )t
Ay = (0:V(x)) 310.V(x) -yl [3 () ¢+<axv(x)>2/3x <<axv(x)>2/3

> {0,V (x)) 0.V () - yl? (0. V (2)) " ()

> — ()™,

the first inequality using the fact that v > 0 and hence the term <y>%_2 ¢ is nonnegative. As
a result we conclude

(Agu, w2 = = (W)* M, ) . (24)
For the term Ajs , using (7) gives
Ay > = ()" = — ()™,

and thus
(-’43u’ u)L2 > — (<y>2+7 u, u)

This along with (22), (23) and (24) shows that

2’

(W @V @) Pu) S ull7, +1(Pu, w) ] + [(Pu, pu)yal
S 1(Pu, w)gal +[(Pu, pu)al.

1/3

Now for any u € C§°(R?"), we use the above estimate to the function (9, V (z))"/” u; this gives

()7 @V @) ) S [0V @) P 0V @) ul o] 0V @) ]
which, together with the fact that v > 0, implies
1) 0V @)* ul| o < [ €0V (@) P(0aV (@) |
S1Pull 2 + [V @)™ [P (@0 (@) | o
Moreover in view of (7) we have
140V @) [P, {0V (@) Jull o S ([ @)l 2 S [Pl 2+ [l

Then the desired inequality (16) follows, completing the proof of Proposition 3.1. O

4 Hypoelliptic estimates for the operator with parameters

In this section we always consider X = (x,£) € RS as parameters, and study the operator
acting on the velocity variable y:

Px =iQx + (B(y)Dy)" - B(y)Dy + F(y), (25)

where Qx =y -&§ — 0,V (x) - Dy and B(y) is the matrix given in (3).
Notations Throughout this section, we will use H . H 2 and (-, ) 12 to denote respectively

the norm and inner product in the space LQ(Rg). Given a symbol p, we use pWVick and p* to
denote the Wick and Weyl quantization of p in the variables (y, 7).

The main result of this section is the following proposition.



Proposition 4.1 Let X be defined by

1/2
A= (14 10V An+y A&+ 10,V (@) + I + [yl + Inl° + @V (2) A7)
Then the following estimate

(@ (@) + (€77 ) [ull o + | ) 1Dy P o + || )2 by 7 Dy
+ Ol 2 S 1Pl o + [l o

holds for all u € S(Rg), uniformly with respect to X.

(26)

(27)

We will make use of the multiplier method introduced in [10], to show the above proposition

through the following subsections.

4.1 Lemmas

Before the proof of Proposition 4.1, we list some lemmas.
Lemma 4.2 Let A be defined in (26). Then
VoeR, X eSO, |dyl*+]|dn|?)
uniformly with respect to X. Moreover if o < 1 then the inequality

v lel + 161 > 1, S (0:V (@) 4+ (6)°

9,0, (\7)

holds uniformly with respect to X, and thus
o\ Wick o\W o o\, w
(A7) = (A7) + (@ (@) + (€)% ),
with r € S(1, |dy|* + |d77|2) untiformly with respect to X.

Proof. By direct verification we see that for all (y,7) € RS and all o, 3 € Zi one has

5335(/\(%77)2)( < Ay.n)*,
which implies (28). Moreover note that

Volaf+ (8] =1,

9505 (Aw,m)?)| < ((0.V (@) + () My, ).
and thus

Vo eR,

050y (A(y,m)7)

S ol A H((0:V (@) +(€) ).

Then we get (29) if o < 1, and thus (30) in view of (14), completing the proof of Lemma 4.2. O

Lemma 4.3 Let A be given in (26). Then for all u € S(R3) one has

H) ™2 1Dy ull 2+ 1) by A Dyl ] o < (1P o + 1922l 2 + [[(A2) 0|2, (31)

where ® is defined by

O =d(X) = (1+0,V(@)]+|¢?)"%

(32)



Proof. Similar to (6), we have, for any u € S(R3),

@) 2 ull 7 + || ) Dyul| 7o + [ )72 (y A Dy)ulje S Re (Pxw,u)e. (33)

~

Using the above inequality to D, u gives

n n
> w2 Dy Dyullls S D |(PxDyu, Dyju) ]
j,k=1 J=1

)

n
N |(PXU7 Dy'Dyu)H""Z‘([PX’ Dyj]u’ Dyju)L2
j=

which with the fact that v > 0 implies

n n
Z H (y>7/2 Dy, 'DyjuH; S HPXUH; + Z K[PX, Dyj]“? Dyj“)L?‘ : (34)
7,k=1 j=1

So we only need to handle the last term in the above inequality. Direct verification shows
[Px, Dy,] =&+ ((Dij(y))Dy)* - B(y)Dy + (B(y)Dy)" - (Dy; B(y)) Dy + (Dy, F(y)).

This gives

Z‘([P’ Dy].]u, Dyj“)ﬂ‘ < By + By + Bs, (35)
j=1

with

Z‘@u D, u

By = Z (|(B(y)Dyu, (Dy,B)DyDy,u) 2|+ [((Dy, B) Dyu, Bly)DyDy,u) ),

By Parseval’s theorem, we may write, denoting by 4 the Fourier transform with respect to y,

)

)

| (&1 Dy,u) 1| = ‘(Qﬁv Wjﬁ)L?(Rg)
and hence
By < 2| Dy - Dyul[a + Cel[ 4wl
due to the inequality
€mil < elnl® + C= ().
From (4) it follows that

By+Bs < ¢ Z | (y)1/? Dme“”i? +Ce ()72 DyuHi?
k=1

IN

e Y 1) Dy Dyul7a + Cc (|| Pxcul e + | 02V (@) ul72),
Jk=1

10



the last inequality using lemma 3.3. Due to the arbitrariness of the number e, the above
inequalities along with (34) and (35) give the desired upper bound for the first term on the left
hand side of (31).

It remains to treat the second term. In the following discussion we use the notation

T:(Tl,--- ,Tn):y/\Dy. A:(Al,AQ,Ag):y/\g—i—@xV(x)/\Dy.

From (33) it follows that

n

> (M T Tyull s + || Dy - Tyull s + e - Tull72)
jk=1

< Z |(PxTju, Tju),.| < [(Pxu, T-Tu)p|+ |([Px, T]u, Tu)L2| ,
j=1
which with the fact that v > 0 implies

ST (@ T Tyl + || Dy - Tyl 7o + (e - Ty 72)
jk=1 (36)

< Pxullie + [([Px, Tlu, Tu) o]

In order to handle the last term in the above inequality, we write

[P, T;| = —Aj+ Dy, Tj] -v(y)Dy + Dy - v(y)[Dy, T;] + Dy - (Tjv(y)) D,
+[T, Tj] - w)T + T - (Tu)T + T - u(y) [T, Tj] + (T (y))-
This gives
|([P, T]u, Tu),o| < Nv+No+ N3+ Ny, (37)
with
Nt = [(Au, Tu)p|,

rzl’

Ny = Z‘([Dy’ Tj] - v(y)Dyu+ Dy - v(y) [ Dy, Tjlu+ Dy - (Tjv(y)) Dyu, Tju>
j=1

)

Ny = Z‘([ﬂ Ty] - p)Tu+T - (Tiu(y)Tu+T - py) [T, T;]u, Tju)m
j=1

Ny = Z‘((aij(y))uv Dyju)L2|'

Next we treat the above four terms. For the term N7 one has, with A\ defined in (26),

IN

ell (A2 Tul|f + Cel (A7) Au 7,
< el V) T + G (%) a7

(Au, Tu);»

the last inequality holding because

(A1) AN € Op(S(L, [dyl® + [dnf?).

11



On the other hand,

[ 2) Tl

AN

‘((AQ/B’)wTu, Tu> L2‘
(00 71a) o |10 71 ),

S el Tl + Gl 02 |+ | ([02)", T, Tu)

A

L2‘ ’
Observing (28), symbolic calculus give that

[(Z3)", T] = [(\¥3)", y A Dy] = Dby + yby + by,
with b;, 1 < j < 3, belonging to S()\2/3, |dy|* + ]dn]z) uniformly with respect to X. This shows

(102", Thu Tu) [ 2 3 (IDw - Tulls + - Toull) + G 02 a2

7,k=1
Combining the above inequalities, we have
n
Mg e X (o2 T Tull e + 1Dy, - Tl 7o + e - Tyull72 ) + CEL () ul 7.
k=1
Direct verification shows

[T, Dy ] = a5 Dy, [T, B] =iTs, [Ty, Ti] =iTs, [T, Ty =i,
)4
with aik € {0,—1,+1}, and thus

No+ Ny 5 e 30 (M) T Tiul7a + ) Dy - Tyl + 1| )72 v~ T2
j.k=1

+C= (|| ) Tl + || ) Dyul[7a + || () yu|72)

< e > (1w T Tyullg + | 07 Dy - Tyull 7o + [ )7 - Tyl )
g k=1

+C:(|Pullzz + [lull72)-
the last inequality using (6). It remains to treat Ny, and by (1) and (6) we have
N S [l + [ 00" Dyulza S (1Pxulza + ullz2).

Combining the above estimates, we conclude

Ny +No + Ny + Ny
<o > (1w T Tl + 1) Dy - Tyull 7 + 11 ) - Ty )
jk=1

+Ce ([1Pxull 2 + 22 22 + [ul22)

This along with (36) and (37) yields the desired upper bound for H <y>7/2 ly A Dy|2 HLQ, letting
€ small enough. The proof of Lemma 4.3 is thus complete. a
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Lemma 4.4 Let p € S(1,|dy[* + |dn|*) uniformly with respect to X, and let X be defined in (26).
Then for any € > 0 there exists a constant C¢, such that

(P (V) u, 2 (N3) ") <el| () a2

+ Ce{|[Pxu 7o+ |0%u] fa + | (0aV (2) A 7 w7 }
(38)

2

where ® is given in (32).

Proof. As a preliminary step we firstly show that for any €, > 0 there exists a constant C. ¢,
such that

([P, (N9)"Ju, (W) ") 10 5 & (P (M), (N1F9)") (39)
42 022, + Cos {0752 + | 0,V () 1 %P2} (10)

where a is an arbitrary symbol belonging to S(1, |dy|2 + |d77|2) uniformly with respect to X.
Observing (2) and (29), symbolic calculus (see for instance Theorem 2.3.8 in [16]) shows that
the symbols of the commutators

(), (\*)] and [u(y), (\'?)"]

belong to S(<I>1/3, |dy|* + \dn\Q) uniformly with respect to X. As a result, using the notation
1/3 1/3
2 = (D, ). (WD, a®(N)")

2 = ((yaDy) - [u), N ")(yADy)u, a® (N )

)

)

.
we have

242 < e (D) a" (W) ]2, + el (y 2 Dy)ar ()
O D) @2, + Cl| (1 D)@ 2
(D) + ) ()l + el 4 D) ) 2
002 (Dy) a2, + C.0 (3 1 Dy

IN

the last inequality holding because
Dy @], [yaDy @] (14 () + ) ") € Op(S(L Iyl +|dnl)).

since a € S(1, |dy|* + |d77|2) uniformly with respect to X. Moreover using (33) gives

21+ 2y <o (P (V)"u (W) u) |+ C{ | Pru7, + |05, } (41)
Denote
2z = (1D (V)] s(@)Dy (W) |
(D, v [Dye (W), (A
2o = (ADy O] )y A Dy, a(N)™)

+(wADy)  u)yn Dy (W) Ju, a® (W)

13



Observing (29), symbolic calculus gives that
Dy ()] s [(yA D) (\V%)*] = D, +afy +af.

with aj, 1 < j < 4, belonging to S(<I>1/3, \dy|* + \dn\Q) uniformly with respect to X. It then
follows that

Zt 20 < e[ (D) a (V) ulfs e ()72 0 (W)
ell )72 (Dy) @ (W) ul | + el ()72 (y A Dy) (X2 a1
+C[[ ()72 () + (Dy) ) V0o + Cel| ()72 (y A Dy ) @37
Using similar arguments as the treatment of Z; and Z5, we conclude
Za+ 20 <o (P (V) u, (W) u) |+ C | P, + 05, }

This along with (41) gives

([(B&)D,) BGID,, (A" Ju, a”(N)"u) | (42)
< e (PO (W)") |+ C{|| Pl + (|97 ],

(IBWD,) Bw)D,. (V) Ju, a"(WF)) = 3 2,

1<j<4

Moreover we have

([F ). (\V2)"Ju, a® (V3 ")
1/3\w 1/3\w ’ 2 2/3, |2 (43)
S e (PO u, (W) ) |+ Ce (|| Pl + 0207, )

which can be deduced similarly as above, since by (2),
[F(y), (\2)"] € Op(S((y) ™7 @13, [dy|* + |dnf* ))
uniformly with respect to X. Next we treat the commutator [’LQ X ()\1/ 3)w], whose symbol is

\1/3-2

200V (@) An+y AE) - BV (@) AE) +3lyl BV (@) -y +3Inf* €]
In view of (28) and (26), one could verify that the above symbol belongs to
S ((axV(x) AEVINB L 92BN |dy + \dn\Q)

uniformly with respect to X. As a result, observing A3 € S(AY3, |dy|* + |dn|?) uniformly with
respect to X, we have

(W) e [iQx, (NV?)"] € Op(S((0:V (2) AOX® + 872, |dy|® + |dn|* )
uniformly with respect to X, which implies, with € arbitrarily small,
(liQx, (W4)“Tu, a®(N3)"u)

S ell ()17 + Ce (I 0V (@) A& ull + |97

14



This along with (42) and (43) gives (39), since
[Px, (A2)"] = [iQx, (\2)°] + [(Bw)Dy) Bw)Dy + Fy), (A%)"].
Next we prove (38). The relation

Re (P(N2)"u, (\9)"u) |+ Re (P(AY2)"u, p" (N9) ") |

= Re(Pu, (\?)"(1d+p") (AV%) ") ,+Re ([P ()" Ju, (14 p*) (N3) ")

gives, with € > 0 arbitrary,
Re (P(Y2)"u, (AW)"u) |+ Re (POV2)"u, p (W) ") |

< el 7+ Cell Pl + Be ([P (W) Ju, (1 +p%) (AV9) ")

L2

We could apply (39) with a = 1 + p to control the last term in the above inequality; this gives,

with €,€ > 0 arbitrarily small,
Re <P()\1/3)wu, ()\1/3)wu> L2 + Re (P()\l/3)wu, p¥ ()\1/3)wu)
Se(POVP) " (WP)"0) |+ 0212,

+Cee (|| Pxull 7 + 19wl + [ 02V () A€ 7).

L2

Letting ¢ small enough yields the desired estimate (38). The proof is thus complete.

4.2 Proof of Proposition 4.1
In what follows, let hpy, with N a large integer, be a symbol defined by

V(@) -y+E&-n+ (0.VAn+yAg)-(yAn)

4/3
¥

where
2 2 2 ~1 6/5\ /2
v = (1410:V An+y AEP +10:V (@) + [P + N7 0.V (@) A% )

and

ly Anl* + [y[**7 + n* ) N2
Un(y.m) = x<( ICE ) ;

N

with x € C§°(R; [0,1]) such that x =1 in [—1,1] and supp x C [-2,2].
Lemma 4.5 Let Ay be given in (45). Then

Vo ER, XY € SO dyl* + [dn]’)
uniformly with respect to X. Moreover if o < 1 then

Vool +18] > 1,

950, (A%)

S (0:V(2))7 +(€)7 -

15
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Proof. The proof is the same as that of Lemma 4.2. O

Lemma 4.6 The symbol hy given in (44) belongs to S(1, |dy|2 + |d77|2) uniformly with respect
to X.

Proof. It is just a straightforward verification by (47). 0

Lemma 4.7 Let Ay and ¢y be given in (45) and (46). Then for any o € R the following two
inequalities

2
(€0, + 0,V () - 0,) A% | S NAY (49)

and

(& 0y + 0.V (@) - 9y)uw| S NP (ly Anl® +1yl* + Inf*) (50)
hold uniformly with respect to (z,€).
Proof. Using the inequality (0,V A§) < N5/6)\?\{3 due to (45), we can verify

1€-0,(A\3) | + 8.V (2) - 8, (M%) | S Aw (8:V A €) S NAY,
Then for any ¢ € R one has
€0, (0%)| +10:V (@) -9, (0%) | £ NAGAY™

Thus (49) follows. In order to show (50), we write

‘(5 : an + amV($) : 83/)7;[)]\/‘ = (ICI + IC?),

with

_2 _
K1 = N2 (€0, + 0.V () 0,) [ly Al + 1yl + Inl* X (g Al + 1yl + )N |
Ko = N2|(ly Al + |yl + n?) [(€- 8, + 0.V (2) - ,) A"

—2/3
¥ ((ly Al + o + )N

Using (49) shows
Ko S N*(Jy Anl* + [yl + nf?).

Moreover direct computation gives
1/3 —2/3
K1 S N2 (ly Al + byl + D)X (Cy Anl + g+ nP)NAG7) S N2 (ly Anl + lyl +nl?),

. . . 2/3
the last inequality following from the fact that )\]\; < ( ly A 77|2 + |y|2 + |17|2 )N2 on the support
of the function

¥ ((y A+ Iy + ) N2AR).

Then the above inequalities yield the desired inequality (50). The proof of Lemma 4.7 is thus
complete. a
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Proof of Proposition 4.1. This will occupy the rest of this section. Since the proof is quite
long, we divide it into three steps.

Step I) Let N be a large integer to be determined later and H = hyVViCk be the Wick
quantization of the symbol hy given in (44). To simplify the notation we will use Cy to denote
different suitable constants which depend only on IN. In the following discussion, let u € S (Rg)

By (14) and Lemma 4.6 we can find a symbol Ay such that H = h% with hy € S(1, |dy|*+ |dn|?)
uniformly with respect to X. Then using (17) gives

|((B(y)Dy) " B(y)Dyu, Hu), + (Fu, Hu)p2| S [(Pxu, u)ps|.
This together with the relation
e (iQxu, Hu);» =Re (Pxu, Hu);> — Re ((B(y)Dy)*B(y)Dyu, HU)L2
—Re (Fu, Hu);»
yields
e (IQxu, Hu)p2 S [(Pxu, u)p2|+ |[(Pxu, Hu) | (51)

Next we give a lower bound for the term on the left side. Observe the symbol of Qx is a first
order polynomial in y,7n. Then

iQx =i(y & — 0 V(z) )",

and hence

e (iIQxu, Hu) . = % <{h, y-&— 0, V(x)- n}WiCku, u) ) (52)

L2
where {-, -} is the Poisson bracket defined in (15). Direct calculus shows

{h y-&—0,V(x 77}
0V (@) Ay AP +18:V (@) + €7 +2(0V AE) - (yAn)

VN
A3
F(0V An+ynE) - (yAn) (&8, + 0,V -8,) A" vn)]
14+ N1 (0, V() /\y>6/5 2(0,V /\f) . (y /\77)
= Xy - Ve YN + ( VE YN
OV An+ynE) - (yAn)[(6- 0y + 0V - 0,) A" w)]
1+ N0,V A0 20,V AE) - (yAn
> A%B—A?\{g(l—wv)— NE - I )\423 ( )‘T/JN
N N

@V Aty ) (AN (€ 0y + 0V 0,) A )]

1+ N9,V A &)%/5
— N2(Jy Al + [yl + ) - i4/3 :

N

> A28

2|0V AE) - (yAm)]

4/3
Y

@V Antyng) - (AN [(§- 0y + 0.V -0,) Oy en)] .

(N
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the last inequality holding because )\%3 < N2(|y Anl> + |y|* + n]*) on the support of 1 — .
Due to the positivity of the Wick quantization, the above inequalities, along with (51), (52) and
the estimate

(ol Iyl ) ), S 1P )]+ (53)

due to (33), yield

3

2/3\ Wick i 2

(03, “)LzRS) <3 (R, “)L2 +[(Pxu, w)pa| + [(Pxu, Hu)p|+ ||ul|}, (54)
Y

i=

where R; are given by

1+ N"1(0,V A g)%/5
Rl - )\4/3 b
N
21(8,V AE) - (y A
R, — 2 23 wAnl,
)\N

Ry = |0V An+yng) - (wan) (€0, + 0.V - 0,) 03" ow)]|.

Step II) In this step we treat the above terms R;, and show that there exists a symbol g,
belonging to S(1, |dy|* + |dn|*) uniformly with respect to X, such that

S (R ) < N (Y ) 59

Jj=1

2 } (56)

+Cn {|(PXU, u)pe| + ‘(PXU, C]WiCku) Lo
For this purpose we define ¢ by

0.V (x) NE) - (0,V () A+ y AE)
(0. V (z) A€/

q(y,n) = qx(y,n) = e(y,m),

with

(10V(@) An+y A€+ 10,V (@) + 1€
e(y,m) = x < 0,V (z) A§>6/5 ) .

Then one can verify that ¢ € S(1, |dy|* + |dn|?) uniformly with respect to (z,¢). Thus similar
o (51) we conclude

<z’QXu, quCku>L2 S [(Pxu, uw)p2] + ‘(qu, quCku)L2 . (57)
On the other hand, it is just a direct computation of the Poisson bracket to see that
1 Wick
(Zqu g%y ) L= ({Q(y,n), y-&—0, V(w)' ny u)
1 i i
- (), e (A ),

with
210,V () A&
1,1 = D,V () A £>8/5 ')
(0:V (@) AE) - DV (@) An+y g
(0:V () A&

Rio=

(€ 0y + 0.V () - Dy) oy, m)].-
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Moreover we have
Ria < (10.V (@) An+y AP+ 10V (@) + 16P) " < AP
due to the fact that
0.V (@) A 2 (10:V () A+ y AEP + 18,V (@) + [¢[*)?

on the support of ¢/, and

Riy = (0:V(x)NE — —(0:V(2) AP (1)

— (1Y (@) An+y AER + 0.V (@) + [€[2) 2,

> (8, V(z) NE -

where the inequality holds because

0.V (2) A5 < (10,V(2) An+y A& + 10,V ()2 + [¢2)

on the support of 1 — . These inequalities, combining (58) and (57), yield

(V@ n )" uw) 5 (X" u),

+[(Pxu, u)p2| + ‘(PXU, QWiCku) + HuHi?

L2

Consequently, observing that

LNV AP

Ry = < N Y30,V(z) A +1,

4/3
¥
and
LV NANE) - (yA N0,V ANE) N |y A _
Y A AN

we get the desired upper bound for the terms Ry and Rs.
It remains to handle R3. By virtue of (49) and (50), we compute

1/3 —1.2/3
Ry S N [y Al + N> (ly Anf> + [y + Inf*) < N7IAY + O (ly Al + 1yl + Inf?)-
As a result, the positivity of Wick quantization gives
(B, ) < N, u) L+ O ((lyanl + P +[n*) " u, u)

< NI <()\%3)W1Cku, u>L2 +Cn {\(PXU, w2+ HuH;} ’

L2

the last inequality using (53). Thus the desired estimate (55) follows.
Step III) Now we proceed the proof of Proposition 4.1. From (54) and (55), it follows that
there exists a symbol p € S(1, |dy|2 + |d77|2) uniformly with respect to X, such that

<(A%3)Wicku7u)L2 < N3 ((A%S)Wid‘u, u)L2

+Cy {|(qu, u) 2| + ‘(PXU, pWiCku)

e A
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which allows us to choose an integer Ny large enough, such that

(3™ u, ), 5 0n {

Consequently, observing that

(qu, U)LQ‘ + ‘(PXU, pWiCku> 12

2}.

NSO+ ol + Il
with A defined in (26), we get, combining (53),

()™ 0 )

Note (0, V (2))%3 + (€)%3 < A¥/3 then the above inequality yields

((@V @) +(©* ) u, w) |, S 1(Pxu, w)gal + | (Prw, pV*u) |

< I(Pxu, )l + | (Pxu, pV %) (59)

L2

Since p € S(1, |dy|2 + |d77|2) uniformly with respect to X, applying the above inequality to the
function 12
(@ @)+ (%)

implies

(@V @)™ + (%) [ull 2 S | Pxul 2 + ] o (60)
Similarly, since (9, V (z) A €)%° < A2/3_ by virtue of (59) we have, repeating the above arguments,

(0. (@) A& [lull 2 S (1Pl 2 + ] = (61)

Now we apply (59) to the function ()\1/3)wu, to get
()2 P, (M) )
(P, (V)] | (P02, ) ) L 02

el (72w [Za + Ce (1@ ull 7 + | 0V () A7l + [Jull72)

A

IN

where the last inequality follows from (38). Furthermore, using (30) implies

()™ 9) ", (W3 "u) 2 ()" @/ %ul[

[ -

Combining the above inequalities, we have

| O2) ul .

A

| ) "l 4 G (11222l 7 + [0V (@) A €% ul 7o + [lul 7 )

e [|7%) "l 4 Ce (1| Pxcull e+l 2)

N

the last inequality following from (60) and (61). Letting the number e small enough yields
IO ull 2 ([Pl 2+ [lul 2
This, along with (31) and (60), gives the desired estimate (27), completing the proof of Propo-

sition 4.1. O
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5 Proof of Theorem 1.1: regularity estimates in all variables

In this section we show the hypoelliptic estimates in spatial and velocity variables for the

original operator P. Throughout this section H . H ;. stands for the norm in L? (]Rg’y).

Proposition 5.1 Let V(x) be a C?-function satisfying the assumption (7). Then for any u €
Cg° (RQ") one has

11D ull 2 + [ )™ 1Dy ull 2 + 1) by A Dyl 2 S [1Pull o+ ull o (62)

Proof. The proof is quite similar as that of Proposition 4.1 in [18]. So we only give a sketch
here and refer to [18] for more detailed discussions. With each fixed x, € R® we associate an
operator

Let Px,, with X, = (x,,£), be the operator defined in (25), i.e

Px, =i(y-&—8,V(z,) - Dy) + (B(y)Dy)" - B(y)Dy + F(y).

Observe
fa:Pa:H = PXW

where F, stands for the partial Fourier transform in the x variable. Suppose V satisfies the
condition (7). Then performing the Fourier transform with respect to x, it follows from (27)

that for all u € C§°(R%),
[ {Dx) 2/3UHL + |ty )72 Dy ? ul| g2 + | (v )7 /\Dy|2uHL2 S Pl g2+ [lufl 2o (63)
Lemma 4.2 in [18] shows that the metric
ge = (0,V (2))?? |dz|?, = eR3,
is slowly varying, i.e., we can find two constants Cy, 79 > 0 such that if g,(z — y) < r3 then

ct < L <C,.
9y

The main feature of a slowly varying metric is that it allows us to introduce some partitions of
unity related to the metric (see for instance Lemma 18.4.4 of [13|). Precisely, we could find a
constant 7 > 0 and a sequence x,, € R", u > 1, such that the union of the balls

Qur = {x eR"; gy, (ac — mu) < 7"2}

covers the whole space R™. Moreover there exists a positive integer NV,., depending only on r,
such that the intersection of more than NV, balls is always empty. One can choose a family of
nonnegative functions {¢,} -, in S(1,g) such that

supp ©u C Qpur,s ngu =1 and sup|(9xgpu( 2)| {8,V ()3
u>1

By Lemma 4.6 in [18] we see

1P ull}e £ 321D w3 + [Pl + [l (64)
pu>1
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Using the notation
Ry =~y 0upu(2) — 0u(0aV (@) — 0V (24)) - Oy,
we write
ouPu= P, ouu+ Ryu.

Then

Do lPrueuullze <23 (louPullza + | Ruullzz) < 2|/ Pullyz +2 3 [[Ruul 7.
p=>1 p=>1 =1

On the other hand, by Lemma 4.9 in [18] we have

S Rul7 < Pl + lulf7.
p=>1

The above two inequalities yield

Vue O R™), D || Popuull S [Pullz + ullya:
p>1

Using (64) and (63), we have

|3 ullz 314D @uullys +[|Pull7 + a7

p>1
< Yo lPeeuullye +[1Pullfs + ull ..
p>1
and
1) 1Dy Pl o + | )2 1y A Dyl [
= > 121Dy P puull o + D 1) Iy A Dy P il
p>1 p>1
<D MPeenulls + D llowullze.
p>1 p>1
As a result, combining these inequalities gives (62). The proof is then complete. O

6 End of the proof of Theorem 1.1: anisotropic estimates

In this section we prove the anisotropic estimate (10) in Theorem 1.1 under the condition
(9). Starting from the estimates for operators with parameters given in Section 4, we firstly
establish a estimate in Wick quantization, and then come back to the Weyl quantization from
the Wick quantization.

Notations Throughout this section,

. HL2 stands for the norm in L? (ng). Given a symbol
p, we use pVi%k to denote Wick quantization of p in all variable (z,y,&,m), while pWick(x) and
pWViekY) to denote respectively the Wick quantization of p in (z,£) and in (y,7), and similarly
for the Weyl quantization p*, p*®) and p»®), and for the wave packets transform W, W, and

W,
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Proposition 6.1 (Estimates in Wick quantization) Let V' satisfy the condition (9). Then
Vue S(ng)’ H()‘z/s)WiCkuHm S HpuHH +[1Pul 2 + [Jull 2. (65)
where X\ is given in (26) and P is defined by

)Wick(x)

P=i(y-&£-0,V(z)- D, + (B(y)Dy)" - B(y)Dy + F(y). (66)

Proof. We prove this proposition in three steps. In what follows let uw € S (Rg,y) and use the
notation X = (z,&).
Step 1) Let A be given in (26). Then for any f € S(R? £y): We have, by (30),

|22 1) g,

S H()‘Q/B)w(y)f X, HL?(R%) + |l 0=V ()" S (X, ‘)HLQ(RS) + |l € 1(x, ')HL2<R2>'

This along with (27) gives for all f € S(R? )

€0V @) Fllagugy + 1) 1| gy < 1Pkl 2y + 115 ogegy

Wthh holds uniformly Wlth respect to (z,&). Integrating both sides of the above estimate over
¢ vields for all f € S(R? 2y)

1@V @) Fll ooy + 1O YD £ ooy S 1PxF |2y + 1] 2 o

IN particular, for any u € S (ng)7 applying the above inequality to the function W u, with W,
the wave packets transform only in the (z, &) variables, we have

| (0:V (2))% quHm(Rf’) +| (AQ/g)WiCk(y)quHB(Rf?) N HPXWQCUHB(RSJ) + HquHm(Rf?)'

Note the operator 73 = W,W} is an orthogonal projection on a closed space in L?, then from
the above inequality it follows that
[Waws () W ooy S O™ W] e

HPXWZ'UHLQ(RQ) + HquHLQ(Rg).

IN A

On the other hand by (11) we see
* (2/3\ Wick(y) _ * (2/3\ Wick(y) _ 2/3\ Wick
W (A / ) Wm“HL2(R9) = [[w (A / ) Ww“HL?(RG) =|(x / ) uHLQ(RG)’
where the last equality follows from the relation
WaWNBW, W, = WA,
Then the above inequalities yield

02V (@) W] gy + | )™l oy S 1PxWetl] ooy + W] 2 g

(67)
r<vH7T7'lPXw$uHL2(R9) +[(1- WH)PwauHH(R% + HUHL2(R6)'
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Using (11) again, we have

HWHPXWJL“UHL?(RGJ) = HWQJW;PXWEBUHL?(RGJ) = HW;PXWZL““HL?(M)

= [[[W3 (i - € — i0.V (z) - Dy)Wo + W ((B(y)Dy) " B(y) Dy + F(y)) Wa ] ul| 12 ge).
and thus, with P given in (66),

70 Px W] ooy = | Pull 2z (68)
due to the relation
W2 ((B(y)Dy)*B(y) Dy + F(y))Wa = (B(y)Dy)*B(y) Dy + F(y),
since WW,, = Id and (B(y)D,)* B(y)D, + F(y) commutes with W,. Moreover observe
(1 =) ((B(y)Dy)*B(y) Dy + F(y)) Wy = 0,

since (1 — )Wy = W, (Id — WiW,) = 0. Thus

(1—mp)PxW, = (iy-&—1i0,V(x) - Dy)Wy — WoWyi(iy - £ — i0,V (x) - Dy) W,
= —[W.W:, iy € —i0,V(z) - Dy|W,.
This along with (67) and (68) gives
Wick
| (@aV (@) Wat|| 2 poy + | (A*7) ull 2 oy (69)
S HPUHLQ(RS) + HUHLQ(RG) +[[[mH, v &= 0V (2) Dy quHLQ(Rf’)'

Step 2) In this step we deal with the last term in (69), and show that for e > 0 there exists
a constant C. such that

7. v S]quHLQ(RS’) S HPUHB(RG) + HUHLQ(RG) (70)

and
[[70, 0.V (@) - Dy Wort] ooy < € [0V (@) W] o o (71)
+Ce (1Pl agesy + [l oy ) - (72)

Let’s firstly prove (70). In view of (12) we see the kernel of the commutator [ry, y-£] is given
by

Ky (X, X) = K ((2,), (3, 6)) = e 3 (=il le=dl’) gimla=2)-(6+8) (. £y ).
Then »
6 (x, )| < e D e gy,

sup /
X€ERS JRE

Consequently using Schur criterion we have

and thus

Kl(X,X)‘ dX + sup /
XeR6 /RS

K1 (X, X)| dx < Jyl.

s v - EIWarls )l ooy S WHIWeul 9| 2ges ) = 1 luC 9)]] 2 ps)-
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the last equality following from (11). Integrating both sides with respect to y gives
|72, y-€] Wﬂﬁu”m(ﬂm <l <y>uHL2(RG)’

which along with (6) gives the desired estimate (70).
It remains to show (71). In view of (12) we see the kernel of the commutator [y, 8,V (z)-Dy]
is given by
= Z Ksj- Dy,
1<5<3
with

Ry (x, %) = =3 (ol =€) gim(a=2)-(+) (9, v (7) - 0, V(@)

Direct computation shows

sup /
X RS JRS

since

R’g,j (X,X')‘ (8$V(x)>_1/3 dX + sup

XERG /]R6

1
0,V(F) - 0V (@) < |o— 7 Z/O 10,V (2 + 6( — )| db

R (X, X)| 0.V (@)1 ax s €,

< x—x|/ (x+0(z >M/3d9
< Caplw — 5)1HMI3 () M/3
S Cule =) MOV @),

the second and the last inequalities using (9), and the third inequality holding because
(w+0(F —2))"® < Car (0@ — )M/ ()M
with Cjs a constant depending only on M. Using again the Schur criterion for the kernel

RQ,]' (X, X) <8$V(1')>_1/3

implies
3 ~
[, 0=V () - Dy] Wr“”L?(R% N Z HK2JDij$uHL2(R9)
j=1
S 1@V @D (D)) Wt ey
On the other hand for any € > 0 we have
I (0.V () {Dy) quHLQ(Rf’) < e[ (V(x) 3 W. UHLQ(R9 +Ce[[ (D W uHL2

and moreover by (11) and (62),
(D) Watl| ooy = 4Dy ull 2 sy S (1Pl 2 + [l

Then (71) follows from the above inequalities.
Step 3) By virtue of (69), (70) and (71), the desired estimate (65) follows if we let the
number ¢ in (71) be small enough. The proof of Proposition 6.1 is thus complete. a
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End of the proof of Theorem 1.1. Now we are ready to prove the anisotropic estimate
(10) in Theorem 1.1. This will occupy the rest of the section.
Step a) Using the inequality

123 ) 122+ [ (0272) = (29 ],
we have, by (65),
1022y < 1Pl o + [l o+ Ra + [ (P = Pyl o S [Pl + ] o + R+ Ray (73)
with
Rio= ()" = (@)™ )

Ry = |[(6:V(x) - (8$V($))W1Ck()()) - Dy 1.

Iz

Here we used the fact that

P—P = i(y-Dy—08,V(z)-Dy) —i(y-&—0,V(x) D
— —i0,V(x)- Dy +i(8,V () - D)V

ick(x
y)W (9]

)

Wick(x)

the last equality holding because y - D, — (y . 5) = 0 due to (14) since the symbol y - £ is

a first order polynomial in (x,&).
Step b) In this step we show that

1((23) = ()W ]| o < || Puf o + [ (74)
By (14),
()\2/3)Wick . ()\2/3)10 _ v

with
r(z,y,&,m) =7 / / 0)(A3)"(Z +02) 72121 98 aZap.
R12

Direct computation shows that if |« + |8] + |&] + ‘ﬁ‘ > 1 then

0200505 (W) < €, 510V (@) 448 + (y) + ().

As a result we have , with Z = (z,y,&,n) and Z = (z,9,&,7),

02005000 (Z)| < s (L1 + Lo+ Ly + L2), (75)
where £; is given by
1 5 ~
Ly = / / (0aV (x + 05))%/% | Z|2e=2712]" 26 azap,
0 R12
1 - - 5 ~
o= [ [ (ev 08P \zPe 7 aza,
0 JR12
1 5 ~
o = [ [ o2 0 azas,
0 R12
1 - -
Ly = / / (n+0) | Z|Pe 27171 28 aZap.
0 R12
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As for the term L1, we use the condition (9) to compute
1 ~ =12 ~
/ / (@ +08)M/3 | 7?2127 26 azap
0 R12
/ <.%'>2M/3 <£>2M/3 ‘Z|2e—27r’2’226 dZ
R12

< (@)MP <0,V (2)P.

Ly

N

N

Using the inequality
(6406 S (@ (&),

we have
Ly S <§>2/3/ (&Y zPe 22 98 az < ()23
R12
Similarly
L3+ Ly S (y)+ ().

It follows from (75) and the above estimates that

r(((0aV (@) + (™ + () + () )" € Op(S(1, |dal” + |dy[* + [de|* + dn]*)),
and thus
1@V @) ) | o+ [(422) o+ 11 )l o+ [0 ]

<
S @V @) ull o+ [ (D) ull o + || ) wll 2 + [ (Dy) ] o
S Pl + [lell e

Il 2

the last inequality using (16), (62) and (6).
Step ¢) Supposing V satisfies the assumption (9), we show

| (8:V @) = @V (@) ") - Dy S [[Pull 2 + ] o (76)
In fact, for each 1 < j < 3, one has , by (14)
00,V () = (0, V() V0
= (20, V(@)™ = (00, V@) ") + (80, V() — (8, V (@) ")

. w ~Ww
=T, —}—7“]

with 7; € S((@IV(@“))U?’, |dz|* + |d€|*) due to Theorem 2.3.18 in [16], and

rilr. &) = 1 [ _ " 5:3326_2”‘5(’2 3 5%
i(2,8) = (X)—/0 /R6(1 0)(05,V)" (z + 02) 23 dX de.

Applying (9) we have, for any «a, § € Z‘:’L,

N

1 =12 ~
/ / (24 05) M3 |32 21593 1% ap
0 R6
<£C>M/3/ <;E>M/3|j|2 6727‘(’|X|223 dX
R6

< (@ V ().

3?8?73 (w,f)‘

A
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It then follows that

7 (0 V (@) 3)Y, P ((0,V (2))73)" € Op(S(L, |da|* + |def?)),

and thus

< @V @)Dy ul L
S @V @) .+ || (Da)?ul| 2
< [Pull e + [l o

HT;UD%“HL? + Hf}uDyjuHL?

the last inequality using (16). The estimate (76) follows.

Step d) Combining (73), (74) and (76), we get the desired estimate (10), completing the

proof of Theorem 1.1. O
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