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OPTIMIZED SCHWARZ METHODS FOR THE TIME-HARMONIC
MAXWELL EQUATIONS WITH DAMPING

M. EL BOUAJAJI* V. DOLEAN{ M.J. GANDER} AND S. LANTERI*

Abstract. In a previous paper, two of the authors have proposed and analyzed an entire
hierarchy of optimized Schwarz methods for Maxwell’s equations both in the time-harmonic and
time-domain case. The optimization process has been perfomed in a particular situation where the
electric conductivity was neglected. Here, we take into account this physical parameter which leads
to a fundamentally different analysis and a new class of algorithms for this more general case. From
the mathematical point of view, the approach is different, since the algorithm does not encounter
the pathological situations of the zero-conductivity case and thus the optimization problems are
different. We analyze one of the algorithms in this class in detail and provide asymptotic results for
the remaining ones. We illustrate our analysis with numerical results.

Key words. Schwarz algorithms, optimized transmission conditions, Maxwell’s equations
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1. Introduction. Finding robust solvers for indefinite problems, such as Helm-
holtz and the time-harmonic version of Maxwell’s equations, has always been a chal-
lenging research topic. From the pioneering work of Despres [5], where the first
provably convergent domain decomposition algorithm for Helmholtz equations was
proposed and then extended to Maxwell’s equations in [6], other studies followed with
the declared purpose of improving the performance of these algorithms. The first
attempts to obtain better algorithms for this kind of equations were given in [4] and
then [3], where the first inspiring ideas of optimized Schwarz methods can be found.
Then, in [15] and in particular in [14], the advantange of the optimization process
was used at its best for the Helmholtz equations to design an algorithm without over-
lap; for the second order Maxwell system see [1]. But, for the first time, an entire
hierarchy of optimized transmission conditions for the first order Maxwell’s equations
was given in [8], with complete asymptotic results. Applications on real life problems
using a Discontinunous Galerkin method can be found in [9, 10]. For finite-element
based non-overlapping and non-conforming domain decomposition methods for the
computation of multiscale electromagnetic radiation and scattering problems we refer
to [16, 18, 17].

This paper is organized as follows: in Section 2, we introduce the mathematical
formulation of the problem to be solved, and in Section 3, the classical and optimized
Schwarz algorithms are presented. These algorithms are analyzed by computing their
convergence factor in Fourier space in Section 4. The main part of the paper and the
core of this study is given in Section 5, where an optimization problem is solved for
one of the optimized Schwarz methods in all detail, and asymptotic results are given
for all optimized Schwarz algorithms considered in this paper.
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2. Presentation of the problem. The system of Maxwell’s equations describes
mathematically the propagation of electromagnetic waves

saa—f —curlH +0€ =-J, ,uaa—?: + curl€ =0, (2.1)
where £ and H denote the electric and magnetic field, ¢ is the electric permittivity
and p the magnetic permeability. Here o denotes the conductivity and J the applied
current density.

We are interested in solving the time-harmonic Maxwell equations, which are
obtained from their time-domain counterpart (2.1) by assuming that the electric field
& and the magnetic field # follow a harmonic dependence on time (as a result of the
time-harmonic dependence of the current density J (x,t) = Re(J(x) exp(iwt))),

E(x,t) = Re(E(x) exp(iwt)), H(x,t) = Re(H (x) exp(iwt)),

where the positive real parameter w is the pulsation of the harmonic wave. The
unknow complex-valued vector fields E and H are the solutions of the time-harmonic
Maxwell’s equations

iweE —curl H+oE = —J, iwpH + curl E = 0. (2.2)

Equations (2.2) are solved in a bounded domain . On the boundary 992 =T, UT,,
the following boundary conditions are imposed:

e a perfect electric conductor condition on I'y,: m x E =0,

e an impedance condition on T'y: Bn(E, H) = Bn(Eine, Hinc),
where the vector (E™°, H™) represents an incident electromagnetic wave and n
denotes the unit outward normal at any point of 9Q2. The impedance operator is
given by

E
Bn(E,H):nxg—nx(Hxn).

Note that this condition is equivalent to imposing Dirichlet conditions on the incoming
characteristics if we consider the hyperbolic nature of the underlying time-dependent
system, and can be seen also as an approximation of a transparent boundary condition.

3. Schwarz Methods for Maxwell’s Equations. We introduce here a domain
decomposition method based on a Schwarz algorithm. The computational domain
Q with boundary 02 is partitioned into N subdomains ;, i = 1,.., N, such that
0= Uf\il Q,;. We set Iy = 09N\ 0Q where 99; is the boundary of €2;. For a
simple decomposition of the domain into two subdomains (as shown in Figure 3.1), the
classical Schwarz algorithm consists in computing (E*™ ™, H" 1) from (E?", H?™),

for j = 1,2 by the iterative process

—iweEY" 4 curl HY — g EY = J in Qy,
iwpHY +curl EY" = 0 in Q,
Bn1 (El’n,Hl’n) _ Bnl (E2,7L—1’H2,n—1) on F127
—iweE*" + curl H*" —¢E*>" = J in Qo, (3.1)
iwpH>™ 4+ curl E>" = 0 in 0o,
Bn2 (EQ,n,HQ,n) _ an (El,nfl’Hl,nfl) on 1—\21.

For the classical Schwarz method, we see that at the interfaces (artificial bound-
aries between subdomains), characteristic information is exchanged. This type of
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Fic. 3.2. Convergence factor pcq of the classical Schwarz method as a function of |k|, for
L=0,w=2m,0=2and p=c¢=1.

conditions have been proposed for the first time in [6] for the second order version of
the time-harmonic Maxwell equations.

In the constant coefficient case, an estimate of the convergence factor of this
algorithm has been obtained in [8] using Fourier analysis. The convergence factor
(the reduction of the error between two successive interations) for each Fourier mode
k is given by

\/|k|2—®2+i@aZ—icD kP —errizez
pcla(k,@,a, Z, L) — e~ ‘kl —@2+i0oZL

\/|k|2 — O 400 Z + i@

3

where @ = w, /1 denotes the adimensionalized frequency and L is the overlap between
domains. From this result, we see that if ¢ > 0, the method converges also without
overlap (L = 0). But for the high frequencies, the convergence factor is close to one
and therefore the algorithm is not very efficient, see Figure 3.2.

The convergence can be improved by modifying the transmission conditions in
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the classical Schwarz algorithm (3.1), namely

—iweEY 4 curl HY —oEY = J in Q,
iwpHY™ 4+ curl BV =0 in Q,
(Bn, +S1Bn,)(EY" H"™) = (Bn, +81Bn, ) (E*" H*" ') on T4, 49
—iweE*" 4curl H*"—oE*" = J in O, (3.2)
iwpH>™ 4 curl E>" =0 in Qo,

(Bn, +S2Bn, )(E*" H*™) = (Bn, +S2Bn, )(EY" " H"" ') on 'y,

where S;, j = 1,2 are tangential, possibly pseudo-differential operators. For ¢ = 0,
different choices of S;, j = 1,2 have been developed in [8] and lead to different
optimized Schwarz algorithms for Maxwell’s equations. In the next section, we develop
different choices of S; for the case o > 0. This leads to optimization problems which
are very different from the case 0 = 0. The min-max problems can now have interior
maxima, which complicates the mathematical analysis substantially, but their solution
is necessary to obtain optimized transmission conditions in the case o > 0.

4. Convergence Analysis for Non-Zero Electric Conductivity. We present
here an analysis of algorithm (3.2) for the case where the electric conductivity is non-
zero, o > 0. In [8], it was proved that if the operators S;, I = 1,2 have the Fourier
symbol

1 K2—k2—XoZ  —2kyk.

F) = n oo+ t02) 2kyk, k2 —k2-XoZ |’

(4.1)

where A = /[k[2 — &% + i@o Z, then the algorithm (3.2) converges in two iterations.
It was also shown that these symbols can be written in different forms,

1 _ 1 A—iw
F(S1) (wov)(Miong)M T k2 +roz MHE ~
= Broaez ierer M = \—i@)A—ie — 0 Z)M ",

where M and M are given by

o | Bk=deZ 2k o[ KRz 2kk
2%k, K2—k2-XoZ |’ 2%k, KK+ AoZ |’

and A = \/|k|? — @2 + iwoZ. This motivates different approximations of the trans-
parent conditions in the context of optimized Schwarz methods. In the following we
will denote by Mg and MS the matrices M and M where we replaced the non-local
operator A by a constant s.

COROLLARY 4.1. For different symbols of the operators S; (which approzimate
the non local operators 4.1) we get the following convergence factors:
Algorithm 1 IfS;, j = 1,2, have the symbols

05 = ]:(SJ) = 0, (42)

then the Schwarz algorithm (3.2) has the convergence factor

k> — &2 4 ivoZ — i@ Ny
pr(kl,@,0,2, L) = v e VIRl —triaoZL| (43

VIKE —&2 +i00Z + io

This algorithm is the classical Schwarz algorithm.



Algorithm 2 IfS;, j = 1,2, have the Fourier symbols
s — 1w

7 =F ) = G (ee + 02y

s€C, (4.4)

then the Schwarz algorithm (3.2) has the convergence factor

\/k2—®2+id)0Z—s S
p2(|k|,&,0,2,L,s) = [kl o~ Ik &> ticozL|

\/|k|2 — 2 +i0oZ + s

(4.5)
Algorithm 3 IfS;, j = 1,2, have the Fourier symbols
1
— (S = M, e C, 4.6
% =) = G e s eimez  Gie T 0 2)s 8 (46)

then (3.2) has the convergence factor

VIKE = &2 +iooZ — i
ps(|k|,w,0,Z,L,s) =

p2(|k|,@,0,Z,L,s).

VIRE = &2 +iooZ — i

(4.7
Algorithm 4 IfS;, j =1,2, have the Fourier symbols
§; — 1w
= F(S)) = ; M, eC 4.8
e I Ol a2 R A

then the Schwarz algorithm (3.2) has the convergence factor

2 = =
APy 7 — \/ﬁ
p4(|k|,(b’g, Z7L>31;52) = H \/| | w? + wo Sl€72 |k|° —&2+ivoZ L

1=1 \/|k:|2 — 02 +iwoZ + s

2

(4.9)
Algorithm 5 IfS;, j = 1,2, have the Fourier symbols

1
T RZ =202 + 2i00Z + (2i@ + 0 Z)s;

g = f(Sj) ]\4'5].7 S5 € (C, (410)

then the Schwarz algorithm (3.2) has the convergence factor

\/|k|2 — @2 +i0oZ — i@

p5(|k|7a}ao—v Z7L7817 82) = p4(|k‘7@70—7 Z7L7817 82)‘

\/|k|2 — @2 +i0oZ + i@

(4.11)

The different symbols o; depend on the choice of the parameters s, s; and ss.

In order to obtain an efficient algorithm, we will choose o;, 7 = 1,2 such that p;,

I = 2,..,5 is minimum over a range of frequencies. Therefore the parameters are
solutions of the min-max problems

min max p;(|k|,®,0,2Z,L,s),j =2,3, min _max p;(|k|,&,0,Z,L,s1,52),j =4,5,
s€C |k|eK s1,52€C |klek

(4.12)
where K denotes the set of relevant numerical frequencies. In the next section, we

will analyze these min-max problems for each of the algorithms in Corollary 4.1.



5. Optimized transmission conditions. In this section, we solve the various
min-max problems seen in (4.12). The fundamental difference with the case o = 0 is
that here we do not need to exclude the resonance frequencies (see [8]). This changes
the nature of the min-max problems. We have more local maxima in |k|, and bal-
ancing these maxima by the equioscillation principe, is more difficult. In a numerical
implementation, the range of frequencies is bounded, i.e |k| € K := [kmin, Kmax]s
where the minimum frequency ki, > 0 is a constant depending on the geometry, and
the maximum numerical frequency that can be represented on a mesh is kpax = %
where C is a constant and & is the mesh size.

Before solving the min-max problems in (4.12), we give an asymptotic expression
for the maximum of the convergence factor (4.3) of the classical Schwarz algorithm
over |k| € K. This allows us to see the behavior of the algorithm (3.1) when h goes
to zero.

COROLLARY 5.1. The asymptotic convergence factor of the classical Schwarz
method (Algorithm 1), for small mesh size h is

max p1(|k|7@70—u Zv L) =

1— 4 (9wio2uPCS) hi +O(ht),  L=Cph,
|k|eK

ARy T A L=0.
(5.1)
Proof. The proof is obtained by expanding the maximum of p; over |k| € K for
h small. O

5.1. Optimization of Algorithm 2. We look for s under the form s = p + iq,
with (p,q) € Ri and p = ¢, such that p is solution of the min-max problem

min | max po(|k|,&,0,Z, L,p(1 +1)) | . (5.2)
p=20 \ |k|eKk

We choose p = ¢ in order to simplify the computations, this choice being justified for
the Helmholtz equation case in [15]. The case where p # ¢ is discussed in [11].

The non-overlapping case. Using the change of variables

E(|k|) == R (\/|k|2 — @2+ iod}Z) . yi=00Z,

the convergence factor simplifies to

426 —p)* + (y —26p)* _
AE2(E+p)? + (y + 26p)?

p2(@, Z,0,0, |k|,p(1+1)) = \/ : R(&,y,p)-

Since the mapping |k| — £(|k|) is increasing, the optimization problem (5.2) can be
re-written as

min max w, Z,0,0,|k|,p(1+1 = min max  R(&,y, ,
p=0 (km;ngklﬁkmax pal 1l o ))> p=0 <€mm<£<£max (& p))

where Enin = E(kmin) and Emax = £(kmax). We can prove the following result



THEOREM 5.2. In the non-overlapping case, the solution of the problem

min ( max  R(¢, y,p))

P20 \ Emin <E<Emax
is given by
p* = Inin(pg,ng), Zf y < 2§max 5min7 (5 3)
min(plap12)a Zf Y Z 2£max gmina

where p1, p2, P12, and po3 are constants defined by

_ v e (42 o tEn v70) ) yd (142 s a2 )
23 =
2% Emin ’ 27 Emax
8 &mint2Y° 8&haxt2y?
Pv= " 0 P27 T e

Proof. We start by computing the partial derivative of R with respect to p in
order to restrict the range of p in the min-max problem,

4 2
. 1 (32€3y+6455)( 2— 1%5;&1 ) 5.4
By = (5 y:p) = R(&,y,p) (4644-883p+882p2+y2+4ykp)? - (54)

E4 is negative for p € [0, ¥Y——— 85 +2y | and positive for p € [*M +00). Moreover

the minimum of the mapping 5 —_Y—— 85 +2y f This implies that for p < \/7
R decreases with p for all £ € [{min, +oo) Hence we can restrict the range of p to the
interval [/, 4+00).

We now look for the eventual extrema of & — R(&,y,p) by computing the zeros
of the derivative of R with respect to &,

OR ap(&2-1y)(8¢4+16 (y—p?)e2+24?)
97(5 Yp) = R(€,y,p)(4€4+8E3p+8€2p2+y2+4yEp)? (5.5)

The polynomial P(§) = (£2—1y) (8¢* +16 (y — p?) €2 +2y?) has at most three
positive roots, and & = \/g is always a root. The other roots are given by

1
§13= 5\/f4y+4p2 T2V0By—2p)(y —2p?).

We now show that for p > 1/3y/2, & is a maximum and the other two roots of P
cannot be maxima. The second partial derivative of R with respect to & at &5 is

827R(§ ): 2 ( p _3y)
gez =P y [Vap — il (Vap + 5)*

which shows that & is a local maximum if p < 4/3y/2. Moreover in this case, the
other two roots are real and these are minima because & < & < &3. In the case
p > /3y/2, & is a local minimum and the other two roots are not real. Therefore
the maximum of R is either at {min, &2 or Emax-

From the expression (5.4) we can derive the following properties of R:



a) The mappin, — R(&min is decreasing on Y p1] and increasing on

(a) pping p Y5 P g 5. g
[p17 +OO)

(b) The mapping p — R(&2,y, p) is increasing on [y/§, +00).

¢) The mappin — R(&max is decreasing on ¥ po] and increasing on

(c) pping p YD g §5.p g
[p27 +OQ)'

To conclude the proof of the theorem, we need the following lemmas:

LEMMA 5.3. Let p13 be the constant defined by

_ \/2 fmimfmax(y2 + 2y§12nin + 4Y&min§max + 2y§gﬂax + 4£r2nin I2nax)
4£min€max ’

Then the following properties are verified:
i) pi12 is the unique solution of the equation R(&min, y,p) = R(&2,y,p) on Ry \{0}.
i1) p13 is the unique solution of the equation R(Emin,y,p) = R(&max,YsDp) on
R4 \{0}.
iii) pos is the unique solution of the equation R(&2,y,p) = R(&max, Yy, p) on R \{0}.
iv) We have

P13

D2, Zf y < 2€max gmin;

maX(pl’pQ) - { DP1, Zf Yy > 2§max gmin-

v) We have

Pb23, Zf y < 2fmax gminy
max(p12, = .
(p12 p23) { P12, Zf Y > 2§max€min~
vi) We have \/% < P12,P23 < P13
vii) We have

R(&max: ¥:0), i ¥ < 2&max Emin and p € | %71)23]7
R(§27y7p)a ny < 2£max €min andp € [p23,+00)7
R(min, ¥:1),  if ¥ > 2&max &min and p € | %vpu]v
R(€27yap)= ny Z 2£max gmin andp S [P12>+00)-

Proof. To prove the first three properties, we compute

2 2
R(gbayap) - R(é-m»yap)
8P(6m—55)(2EmEo—y) (88 Em P*—4 6560, 265 y—4 yém &—2vE0 )
(4€2(&o+p)2+(y+2p)? ) (462, (Em+) 2 +(y+2 £mp)?)

max  R(&y,p) =
gmingggémax (g y p)

(5.6)
This quantity is zero if

p = V20En(y? + 2065 + 6l + 2065, + 4G5
4§b§m ’

By replacing successively the pairs {€p,&m} by {&min, &2} {Emin, Emax} and {€2, Emax }
in (5.6) we get the desired result.

To prove property iv), we compute

2 .2 (gmax - gmin) (fmin + fmam) (y -2 fmaxgmin) (y + 2€max§min)
h P2 = 8 £r2naX£12nin 7




which shows that P1 < b2 if y < 2§max€min and P1 > b2 if Yy > 2€max§min-

To prove property iv), we compute

2 - \/ﬂ\/i (fmax - {min) (2 gmaxfmin - y) .

2
P12 — P23 =
12 23 4 gmaxgmin

We can see that pi1o < po3 if ¥ < 2&max&min and p12 > po3 if ¥ > 2 &naxEmin-

We now show vi) by computing

2442, ) (Eman—1/2 VGV2)’ 482, 4+2)(Emin—1/2/5V2)°
P%2 - p%?, = *( S)S(max&m;nQ ) <0, p§3 B pf:), - 7( 825(““*"5’“‘“ ) =0
3y VIV2(Emin—1/2/7V2 3y _ VIV2(Emax—1/2 VGV2
Pia — 7y = ( 2 €min ) >0, phy— 7y = ( 2 Emax ) 2 0.

This shows that p?, — 37'” >0 and p% —p?; <0,i=1,2.
Finally we treat the last point. After some computations we obtain

E2 = R(gminayap)Z - R(gmaxay,p)Q )
64 p&minEmax (§max —Emin) (2 Emax&min—y) (P° —p15°)

(4 ffnin(ﬁm;n+p)22+(y+2 EminD)?) g4 €2, (Emax+P)?+(y+2 Emaxp)?)
E?) = R(émaxaQaP) - R(£27y7p)

32 p&max (gmax - 1/2 \/ﬂ\/i)z (p2 —ng)
(4¢2 (§+p)2+2(y+2 £p)?)(v+2 \2/?\/510+2 p?)’
Ey = R(Gninyp) — R(&y.p)

32 pEumin (Emin—1/2 v/5v2)" (p°—p1,)
(4€2(&+p)°+(w+2€p)?) (y+2 v5V2p+2p2)

From the expression above we can easily see that
o if y < 2&nax&min and p € [\/g,pgg], then Es < 0 because p13 > paos3 (see
proposition (vi)) and E5 > 0.
o if y < 2&maxE&min and p € [pag, +00), then E4 < 0 since p1a < pa3 (see
proposition (vi)) and FE3 < 0.
o If y > 2&max &min and p € [/, p12], then E; > 0 and E4 > 0.
e If y > 2&nax&min and p € [p12,+00), then E3 < 0 since p1a < pos (see
proposition (vi)) and E4 < 0.
|
This Lemma proves that the solution of the min-max problem (5.2) depends
mainly on the sign of y — 2£,ax€min. We can see on Figure 5.1 the solution of the
min-max problem for different values of y, &min and &max. The pictures (a), (b),
(c) and (d) show the four cases of the theorem (y < 2&mnax &mins D2 > D23), (¥ >
2£max gmirn D1 Z p12)7 (y < 2€max fmin; P2 S p23) and (l/ Z 2Smax Emina P1 S p12>-
LEMMA 5.4. Ify < 2&max &min, the solution of the min-mazx problem

min ( max  R(¢, y,p))

\/%SPSPQS gmingfgftnax

is p* = min(pa, pa3) and the solution of the min-maz problem

min ( max  R(¢, y,p))

p2p23 fmingfgfnﬂax
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Fi1G. 5.1. Solutions of the min-mazx problem for different values of y, Emin and &max. (a) :
y = 12,5, &min = 0.5, &max = 100, (b) : y = 125.5, &min = 0.5, &max = 100, (¢) : y = 157,
Emin = 3.5, Emax = 24, (d) : y = 157, {min = 3.6, {max = 20.

is p* = pa3.
Proof. By using the property (vii) of Lemma 5.3, for p € [\/%, p23], we have

Mlmacoor) = 00, FEw D!

Hence the solution of the first min-max problem is the minimum of the mapping
p = R(&max,¥,p) on [\/§,p23]. By the property (c) of page 7, the minimum of

R(fmaxaya ) on [ %71723} is min(p23p23)'
By using the property (vii) of Lemma 5.3, for p € [pa3, +00), we have

R(&,y,p) = max  R(&y,p).
(2,9.p) = max = BE&y.p)
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Therefore the solution of the second min-max problem is the minimum of the mapping
R(&2,y,-) on [pa3,+00). By property (b) of page 7, the minimum of R(2,y,-) on

[p23, +00) is pa3. O
LEMMA 5.5. If y > 2&max &min, the solution of the min-mazx problem

min ( max  R(¢, y,p))

\/%SPS;DH Emin <E<Emax

is p* = min(p1, p12) and the solution of the min-mazx problem

min max  R(&,y,
p2p12 <€min§£§£max (é- y p)>
is p* = pi2.

Proof. By using the property (vii) of Lemma 5.3, for p € [\/4, p12], we have

R(fminv Y, p) = §minI§n§a§X§max R(é_v Y, p)

The solution of the first min-max problem is the minimum of the mapping p
R(&min, Yy, p) o0 [\/g,plg]. Using now (a) of page 7, the minimum of R(&min,y,") on

[/ %, p12] is min(p1, p12).
By proposition (vii) of Lemma 5.3, for p € [p12, +00), we have

R(&,y,p) = max R(&,y,p).
(€2,9.0) = max = R(Evp)

Therefore the solution of the second min-max problem is the minimum of the mapping
p— R(&,y,p) on [p12,+00). By property (a) on page 7, the minimum of R(&2,y,-)

on [pa3, +00) is pia.
0

We can now return to the end of the theorem. The min-max problem (5.2) can
be rewritten in the equivalent form

min oy (MaXg,, <e<gma R ¥,p)) = min (min\/g<p<p23 (MaXe, i, <e<Emax B(E, 95 P))
Wil >y (MAXe,,, <€ <o F(E, U5 D)) ) ;

which is useful for the case y < 2&yax Emin, because we then get, using Lemma 5.4

i (o &) = R i)

The min-max problem (5.2) can also be rewritten as

mil’lp> % (maxgmiﬂgfgfmax R(é—’ y)p)) = min (min\/ESPSIHQ (maxfminggﬁgmax R(é-) y7p)) )

ming >y, , (Maxe,, <e<gmay (€ Y5 D)) ) )
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which is now usefull for the case y > 2&nax Emin, because we then get, using Lemma
5.5,

min max  R(&, v, =R , Y, min(pq, .
por/E <£mm§§§5max (& p>> (Smax, y, min(pr, pr2))

0
COROLLARY 5.6. For h sufficiently small in the non-overlapping case, L = 0, the
solution of the min-max problem (5.2) is given by

. _ (wop)'VC

(wop)*vC 2%(wau)%\/ﬁ
2ivh

Je tom): (5.7)

and p3=1-—

Proof. If we assume h sufficiently small, then &, = £(C/h) is large. By this
assumption, the solution of the min-max problem (5.2) is given by the first equation
of (5.3), i.e

V20 (5 + 2 + G V2 7)
p = .
251’1’1&){

By expanding p* for h small, using that &max = £(C/h), we get the desired result. O
Corollary 5.6 gives the optimal parameter p* and the corresponding convergence factor
of algorithm 2 in terms of the mesh size h. In some practical situations, where we
consider high frequencies, it is interesting to give the optimized parameters in term of
w. For the high frequencies, it has been shown in [2] that it is necessary, to avoid the
pollution effect, to couple the frequency w with h by the relation h = C} /w?; where
v > 1 depends on the discretization method. In [2], it has been shown that v = % for
a P; finite element method. We have the following corollary:

COROLLARY 5.7. Let h = Cy/w". If v = 1, then for w large, the solution of the
min-max problem (5.2) is given by

o (o) (C® —epCR)s

21,/C),

If v > 1, for w large, the solution is

2o VCh  —y (5.8)
(C? —euCl)t

3
1

and py=1-—

o _(oW)IVC o 2owVG im
=7 =, and =1-—w % . 5.9
p P2 C (5.9)

Proof. If we assume w sufficiently large, then {max = £(wC/Ch) is large. By this
assumption, the solution of the min-max problem (5.2) is given by the first equation
of (5.3), i.e

VG (5 2 + EmaxV/215)

b %

By expanding p* for w large, using that {max = {(wC/C}), we get the desired result.
0
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The overlapping case. After the complete analysis of the best approximation
problem without overlap in the previous paragraph, we focus in the remainder of
this paper on asymptotic analysis, in order to be able to present a complete set of
optimized transmission conditions for all algorithms. We start with the case of the
previous paragraph, but now consider an overlapping method. We set L = h, kyin = 0,
kmax = % and denote by p* the solution of the min-max problem (5.2). Solving this
min-max problem numerically for different parameter values and different mesh sizes
h, we observe that the solution of (5.2) equioscillates once, i.e. p* is solution of

p2(E17(D707 Z;L7P*(1 + Z)) = P2(E27(D>07 ZaL7p*(1 + Z))? (510)

where k; and ks are two interior local maxima of p2. For small h, we see numerically
that these maxima and the optimized parameter p* behave like

ki = Ch, , ko = Cth_%, and p* = Cph_%, for some constants Cp, Cp,, Cp,.

In order to determine the constants Cj,, Cp, and C), we solve now the corresponding
equations asymptotically: since k1 and ko are local maxima of the convergence factor,
the corresponding derivatives must vanish, and we find asymptotically

902 |y, 0,0, 2, L,p*(1 +1)) =0 = Cy, =@,

gﬂ ko,&,0,7, L, p* 1)) = =,/

8k( 2,W,0,4,L,p (1+Z))*0:>Cb27 QCP'

The equioscillation equation (5.10) must also be satisfied, which gives asymptotically

Chy*+2C)
Cb2 :

p2(E’®’U7Z’L’p*(1 +7’)) = p2(k727@a07ZaL7p*(1 +l)) = \/EC(:;UZ =

Solving the three equations obtained for the constants Cy, , C, and C), and expressing
the results in the original problem parameters w, €, p and o, we find the asymptotic
result
1
o Quop)s 1
= =1-26(wo
p 9 h% P2 ( M)

LEMMA 5.8. Asymptotically, the parameter p* defined in (5.11) is a local mini-
mum of the min-maz problem (5.2).

Proof. The parmeter p* is a local minimum, if there exists no variation dp such
that pa(k,@,0,72,0,(p* + op)(1 +4)) < po(k,0,0,7Z,0,p*(1 + 1)), for k = kq, ko.
By the Taylor formula, it suffices to prove that there is no variation dp such that
5p%—p;(k,@,a, Z,0,p*(1 +14)) < 0, for k = k1, ko. To prove thiSLit is necessary to
obtain the next higher order terms in the expansions of p*, k1 and ks. After a lengthy
computation, we find that

Fi~@+Cphi, T~ Cyh 3+ Gy, pt~ Cyh 5 + Cohs.

ol
wl—

hi. (5.11)

With these new three constants determined, we obtain for the derivative of ps

2815 - 2815
%(k17@7avz7h7p*(1+i))N4L§17 %(k‘g,@,d,z,h,p*(l—Fi))N—Z 6hgl'
Op (wou)s  Op (wop)s

Since these leading terms differ in sign, there can not be a variation dp which di-
minishes the contraction factor obtained for p*, and we have asymptotically a local
minimum. 0

In Figure 5.2 we can see the convergence factor in the non-overlapping and over-
lapping case for the algorithm 2 compared to the classical one.
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5.2. Optimization of algorithm 3. Here, we look for s of the form s = p(1+1),
such that p is solution of the min-max problem

min (Ilgleai)(cpg(k,w, 0,Z,L,p(1+ z))) . (5.12)
Again we are only searching for an asymptotic solution of this best approximation
problem.

The non-overlapping case. Setting L = 0, kyin = 0, kpax = % and denoting
by p* the solution of (5.12), we obtain from numerical experiments that the solution
of (5.12) equioscillates once, i.e. p* is solution of

03 (kmax, @, 0, Z,0,p* (1 +14)) = p3(k, &, 0, Z,0,p* (1 + 1)), (5.13)
where kj is an interior local maximun of p3. For small h we find the asymptotic be-
- 1 4
havior k = Cyh™ 7, p* = C,h~ 7, and to determine Cy, and C),, we solve asymptotically
__ G
- 32072’

0 _

Tk, 2,00 (1+0) =0 = C,
and the equioscillation equation (5.13), which leads to C, = (6 C@*62Z2)7. Solving
the two equations for the two constants, and using again the original parameters w,
€, 1 and o, we find

e loa 4 2 3 1 1 a4 46%&1%#%5%‘0%}1%
P :§G7C7w7u1461407h 7, 03:1*5 C% . (514)

LEMMA 5.9. Asymptotically, the parameter p* defined in (5.14) is a local mini-
mum of the min-mazx problem (5.12).

Proof. The proof follows the same argument as the proof of Lemma 5.8. We
obtain after a lengthy computation that

k~Cyh™7 +Cph?,  p*~Cph™7 +Cph™ 7.

Determining the constants in the higher order terms as well, we can show that

dps 5 _ 4h dpy — _ _ 1273707 Z7h7
- km Xy Wy 7Z;O7 (1 ~ TSy T k7 ) 72707 (1 ~ ST 1,9
ap( ax, W, 0 p*(1+1)) C ap( w,o p*(1+1)) 4 el

which shows by the opposite sign that p* is indeed a local minimum. O
The overlapping case. Also with L = h the solution of the min-max problem
(5.12) equioscillates once, i.e. p* is solution of

P3(E17®» g, Za va*(l + Z)) = PB(E%JJ, g, Za va*(l + Z))a
where ki and ko are two interior local maxima of p3. For small h, we get
Fi=Cyph 1,  ky=Chph 10, p*=Cyh %,

and solving the corresponding equations asymptotically, we find in the original pa-
rameters w, €, u and o

= — L pi=1-Samhoichudehih. (515)

In Figure 5.2 we can see the convergence factor in the non-overlapping and overlapping
case for algorithm 3 compared to the classical one and algorithm 2.
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5.3. Optimization of algorithm 4. Here, we look for s; and s of the form
st =pi(1+1i), 1 =1,2 such that the p; are solution of the min-max problem

nin <Ig1€a;(<p4(k7w,0, Z,L,pr(L+14),p2(1 + Z))) : (5.16)
As for algorithm 3, we proceed directly with the asymptotic analysis.

The non-overlapping case. Letting L = 0, kpin = 0, kmax = % and denoting
by (pi,p3) the solution of the min-max problem (5.16), we find numerically that the
solution of (5.16) equioscillates twice, i.e. (p},p3) is solution of

p4(E1,(Z),O', Z,L,pi(1+1),p5(1 +14)) = p4(E2,(:J,J, Z,L,pi(1+1),p3(1 +1))
- p4(kmaX7a}uo—7Z7L7p>{(1+i)up§(1+i))7

where k; and ko are two interior local maxima of ps. One can to show that ki =@,
and for small h we get

Fy=Chh™2,  pi=Coh™%,  py=C.h i

To determine the constants Cy,, C), and Cy, we solve asymptotically the equioscillation
conditions and the equation stating that ko is a maximum, which leads to the system

Cro=V2C,Cp. Co=555. Cp= (2002)3C1.

Solving this system, we obtain in the original parameters w, €, u and o the asymptotic
result
(Qwop)sCi ., (Quop)sci

PT:Ta PQZT, py=1-

2 hi
% (5.17)

The overlapping case. Also with overlap, L = h, the solution of of the min-max
problem (5.16) equioscillates twice, and we find that (p7,p3) is solution of

p4(E1,(Z),O', Z,L,pi(1+1),p3(1 +14)) = p4(E2,Jl,0, Z,L,pi(1+1),
= p4(k37‘:}7072;LapT(1+i>7

(1414)
(1414)),

~—

*
2
*
2

=3

where ki, ko and ks are three interior local maxima of p4. For small h, we get
Fr=Cy, ky=Cyuh %, k3=Cy,h™5, pi=C,h %,

and solving the corresponding equations asymptotically, we find after a lengthy cal-
culation for the constants the system

4¢3
Co =@, Co=+2C,Cp Coy =T Cp==—L Cy=20C}.

After its solution, we obtain in the original parameters w, €, 4 and o

(wop)s (wop)? 5o
* g 5 5 = 1 ) >k:].—4\/5 10 p5.
Py e P2 o Rt Py (wo )

In Figure 5.2 we show again a comparison of the convergence factors.
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5.4. Optimization of the algorithm 5. We finally look for s; and s of the
form s; = p;(1+14), I = 1,2 such that p; are solution of the min-max problem

min (maxp5(k7cb,a, Z,L,p1(1+14),p2(1 4+ z))) . (5.18)

p1,p220 \ kEK

The non-overlapping case. We set L = 0, kpin = 0, kpax = % and let (p7,p3)
be the solution of the min-max problem (5.16). We observe numerically that this
solution equioscillates twice, where (p}, p3) solves

p5(E1,(:J,O',Z,L,p>1k(1+Z),p;(1+l)) = p5(E2,(D,J,Z,L,pT(1+Z),p§(1+l))
= p5(kmaxaa):o—v ZvLapT(l + i)ap;(]- + 7’))7

and k; and ko are two interior local maxima of ps. Asymptotically, we obtain the
behavior

F1=Cph™ 1,  ky=Cpnh 1, pi=Cyh 1,  pj=C,h 1.
Proceeding as in the other cases, we find for the constants the system

. 10,7 (28@20ZC10)1s
Ci, = 6Co50Z, Co =\2C,Cos Cy=5 G5 Cp="" 5

which allows us to find the asymptotic result in the original parameters to be

. 2%&)%5%#%0%0% . 2%&)%0’%5%#%0% £ 2%&)%0%5%#%]},%
b = 3%]71% y P2 = 3%h% » P5 = 3%0%
The overlapping case. We finally treat the overlapping case L = h, where the

solution of (5.18) equioscillates twice,

p5(E1,J),U,Z,L,pT(1—|—i),p;(1+i)) = p5(E2,@,U,Z,L,pT(1—l—i),p§(1+i))
= ps(ks, @, 0,7, L,pi(1+1i),p5(1 + 1)),

and k1, ky and k3 are three interior local maxima of ps. Proceeding as before, we
arrive after a long asymptotic analysis at

. wigTyleos . V2 wespiod £ 2% wiem 3ol

P = 2i3ipt P2 = PERY )y Ps = 35

In Figure 5.2 we show the convergence factor in the non-overlapping and overlapping
cases for the algorithm 5 compared to the classical one, algorithm 2, algorithm 3 and
algorithm 4. Table 5.1 summarizes the asymptotic results that have been obtained
for all algorithms.

=

[=2]
Sl

h

6. Numerical results. We present here some numerical experiments in order
to illustrate the performance of the optimized algorithms developed in the previous
sections. The domain () is partitioned into several subdomains ;. The Maxwell’s
equations are approximated by a discontinuous Galerkin method (DG — P,), see
[12] for further details. In short, given a mesh Tj of Q; such that Q; = U, o7,
the (DG — P,) method consists in searching an approximate solution of each field

component in the set

V= {V € I2@) /¥y € iV, € By}
P, (%] = {polynomial function on 7 of degree < p}.
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Fic. 5.2. Convergence factor comparisons of different algorithms for w = 27, ¢ = 2 and

u =¢€ =1, for both non-overlapping (L = 0) (left figure) and overlapping (L = h = %) (right

figure) cases

with overlap, L = h

Algorithm p parameters
I3
1 — % (9w402u35) 5 hz none
z 1/6 ;L 2 173
2 1—26(wau)/ h3 = Quon) @
2h3
3 1 2%0(w48u302)20 h% p= 2%(0.)46;130'2)%
3 =——3 z
310 35h5
T
L 1 5 £
4 1—4V2(wop)™ hs pr=©oBE py = eon)?
2h5 2h5
5 1 2%(M4EM302)3%h1l6 _ (UJ4EMSO'2)%6 _ \/5((4.145;;302)%
_ 376 = oi3ipe P2 = 3ipd
without overlap, L =0
254/ u3
w o €
1 1-— Ciauh?’ none
3 I I
2 1_ 24 (wop)ivh p= (wop)2vC
NG 21/
3 1 2%(w45u302)ﬁh% p= 2%(w45;1,302)ﬁC%
- 3 .3 = 3 2
37C7 37hT7
4 1 (2wau)éh% p1 = (2wau)%C% Py = Quwop)/8ct/t
- 1 1 — 3 y Y2 — 1
(o h4 2h4
2%((4)45“30'2)%}7,% _ 21‘%(&)45“352)21760% _ 2%((,«)46#30‘2)%0%
5 1- 3 3 1= 310 P2 = R
313 (13 T 5T 313 h13 313 h13
ABLE oO.

Asymptotic convergence factor and optimal choice of the parameters in the transmission con-

ditions.

6.1. Performance for a two subdomain decomposition. We first test the
propagation of a plane wave in a homogeneous and conductor medium using a TM
formulation. The domain is 2 = (0,1)2, and the parameters are constant in , with
e=p=1,0=>5and w=2r. We impose on the boundary an incident field W"¢ =

(Hire, Hire Eine) = (fu —ke 1)o~iRT Gith k = (k, k) = (w/e—i2,0), @ =

pw’ pw ?

(z,y). The domain  is decomposed into two subdomains ©Q; = (0,1/2+ L) x (0,1)
and Qo = (1/2,1) x (0,1); L is the size of the overlap and is equal to the mesh size
h for the methods with overlap and is equal to zero for the methods without overlap.
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Overlapping case Non-overlapping case
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10%
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Fi1G. 6.1. Number of iterations against the mesh size h, to attain a relative residual reduction
of 10—8

’ Number of subdomains and processors \ 2 \ 4 \ 8 \ 16 ‘

Algorithm 1 59 | 72| 80 | 85

Algorithm 2 39 | 47 | 53 | 61

Algorithm 3 37 | 48 | 51 | 58

Algorithm 4 35| 41 | 49 | 57

Algorithm 5 33 | 40 | 47 | 54
TABLE 6.1

Iteration number comparison for the wave propagation problem in a subsurface

For this test, we use a DG — IP; method, i.e. a uniform polynomial approximation
of order two. The performance of the algorithms is shown in Figure 6.1. In this
figure, we show the number of iterations as a function of the mesh size h for both
the non-overlapping and overlapping cases. We have also represented in this figure
the theoretical asymptotic results denoted by O(h%). The numerical results are in
good agreement with the theoretical asymptotic results which are summarized in
Table 5.1, except for algorithm 1 (the classical algorithm) without overlap where we
get better results. The fact that the discretization can improve the performance of
Schwarz algorithms has also been observed and explained in [7] for Cauchy-Riemann
equations.

6.2. A more realistic application. We present now a second more realistic
test which consists in the simulation of electromagnetic wave propagation in a het-
erogenous subsurface medium. This kind of simulation is very important in imaging,
see [13] for details. The configuration of the subsurface is shown in Figure 6.2 and
is constituted of media which are characterized by various parameter values € and o,
e =1.5,2.25, 3.25, 4.25 and o = 107, 1072, 10~* 1073, The computational domain
is decomposed into several subdomains without overlap (a decomposition into eight
subdomains is shown for example in Figure 6.3). We test here the performance of
the algorithms for a decomposition into two, four, eight and sixteen subdmains. In
Table 6.1, we have summarized the number of iterations needed for convergence, i.e
to attain a relative residual of 1078, depending on the number of subdomains. These
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Fic. 6.2. Configuration of a subsurface

Fic. 6.3. Mesh and decomposition in 8 subdomains

results show that the optimized algorithms converge much faster than the classical
algorithm (i.e. algorithm 1). We can also see that the hierarchy, in terms of number
of iterations, of the optimized algorithms is respected as predicted by the theoretical
results in Corollary 4.1.
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7. Conclusions. We have developed several domain decomposition algorithms
based on optimized transmission conditions for Maxwell’s equations with non-zero
electric conductivity. Two algorithms are obtained by approximating the transparent
operator by zeroth order transmission conditions while two further algorithms are
based on second order transmission conditions. We have shown that the convergence
factor of each algorithm can be written as 1 — O(h*?), ¢ = 1..5. Our results are well
confirmed by the first numerical test with a decomposition into two subdomains where
we obtained also numerical convergence factors in the form 1 — O(h?), i = 1..4, with
a; =~ ;. The first test shows also that optimized Schwarz algorithms converge much
faster than the classical one. This is also confirmed by the second more realistic test
which shows also that these optimized algorithms can be effective for more complex
problems and for arbitrary decompositions.
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