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LU✲❢❛❝t♦r✐③❛t✐♦♥ ❛♥❞ ♣r♦❜❛❜✐❧✐t②

❱✐♥❝❡♥t ❱✐❣♦♥✱ ■❘▼❆✱ ❯♥✐✈❡rs✐té ❞❡ ❙tr❛s❜♦✉r❣

❙❡♣t❡♠❜❡r ✷✸✱ ✷✵✶✶

❆❜str❛❝t

❖✉r ✐♥✐t✐❛❧ ♠♦t✐✈❛t✐♦♥ ✇❛s t♦ ✉♥❞❡rst❛♥❞ ❧✐♥❦s ❜❡❡t✇❡❡♥ WH✲❢❛❝t♦r✐③❛t✐♦♥s
❢♦r r❛♥❞♦♠ ✇❛❧❦s ❛♥❞ LU✲❢❛❝t♦r✐③❛t✐♦♥s ❢♦r ▼❛r❦♦✈ ❝❤❛✐♥s ❤❛s ✐♥t❡r♣r❡❛t❡❞
❜② ●r❛ss♠❛♥ ❬●r❛✽✼❪✳ ❆❝t✉❛❧❧②✱ ✜rst ♦♥❡s ❛r❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ s❡❝✲
♦♥❞ ♦♥❡s✱ ✉♣ t♦ ❋♦✉r✐❡r tr❛♥s❢♦r♠s✳ ❲❡ ♣r♦❞✉❝❡ ❛ ♥❡✇ ♣r♦♦❢ ♦❢ LU✲
❢❛❝t♦r✐③❛t✐♦♥s ✇❤✐❝❤ ✐s ✈❛❧✐❞ ❢♦r ❛♥② ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ ❛ ❞❡♥✉♠❡r❛❜❧❡
st❛t❡ s♣❛❝❡ ❡q✉✐♣❡❞ ✇✐t❤ ❛ ♣r❡✲♦r❞❡r r❡❧❛t✐♦♥✳ ❋❛❝t♦rs ❤❛✈❡ ♥✐❝❡ ✐♥t❡r✲
♣r❡t❛t✐♦♥s ✐♥ t❡r♠ ♦❢ s✉❜♦r❞✐♥❛t❡❞ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
LU✲❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ▼❛tr✐❝❡ ❞❡t❡r♠✐♥❡ t❤❡ ❧❛✇ ♦❢ t❤❡ ❣❧♦❜❛❧
♠✐♥✐♠✉♠ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥✳

❋♦r ❛♥② ♠❛tr✐❝❡✱ t❤❡r❡ ❛r❡ t✇♦ ♠❛✐♥s LU✲❢❛❝t♦r✐③❛t✐♦♥s ❛❝❝♦r❞✐♥❣ ②♦✉
❞❡❝✐❞❡ t♦ ❡♥tr② ✶ ✐♥ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ ✜rst ♦r ♦❢ t❤❡ s❡❝♦♥❞ ❢❛❝t♦r✳ ❲❤❡♥
✇❡ ❢❛❝t♦r✐③❡ t❤❡ ❣❡♥❡r❛t♦r ♦❢ ❛ ❣❡♥❡r❛❧ ▼❛r❦♦✈ ❝❤❛✐♥✱ ♦♥❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s
❛❧✇❛②s ✈❛❧✐❞ ✇❤✐❧❡ t❤❡ ♦t❤❡r r❡q✉✐r❡ s♦♠❡ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❣r❛♣❤ ♦❢ t❤❡
tr❛♥s✐t✐♦♥ ♠❛tr✐①✳ ❚❤✐s ❞✐s②♠❡tr② ❝♦♠❡ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝❧❛ss ♦❢
s✉❜✲st♦❝❤❛st✐❝ ♠❛tr✐❝❡s ✐s ♥♦t st❛❜❧❡ ✉♥❞❡r tr❛♥s♣♦s✐t✐♦♥✳ ❲❡ ❣❡♥❡r❛❧✐③❡
♦✉r ✇♦r❦ t♦ t❤❡ ❝❧❛ss ♦❢ ♠❛tr✐❝❡s ✇✐t❤ s♣❡❝tr❛❧ r❛❞✐✉s ❧❡ss t❤❛t ♦♥❡❀ t❤✐s
❛❧❧♦✇ ✉s t♦ ♣❧❛② ✇✐t❤ tr❛♥s♣♦s✐t✐♦♥ ❛♥❞ s♦ ✇✐t❤ t✐♠❡ r❡✈❡rs❛❧✳

❲❡ st✉❞② s♦♠❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ❛s✿ s❦✐♣✲❢r❡❡ ▼❛r❦♦✈ ❝❤❛✐♥s✱ r❛♥❞♦♠
✇❛❧❦s ✭✇✐t❤ ❣✐✈❡s t❤❡ WH✲❢❛❝t♦r✐③❛t✐♦♥✮✱ r❡✈❡rs✐❜❧❡ ▼❛r❦♦✈ ❝❤❛✐♥s ✭✇✐❝❤
❣✐✈❡s t❤❡ ❈❤♦❧❡s❦② ❢❛❝t♦r✐③❛t✐♦♥✮✳ ❲❡ ✉s❡ t❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥ t♦ ❝♦♠♣✉t❡
✐♥✈❛r✐❛♥t ♠❡❛s✉r❡s✳ ❲❡ ❡①❤✐❜✐t s♦♠❡ ♣❛t❤♦❧♦❣✐❡s✿ ♥♦♥✲❛ss♦❝✐❛t✐✈✐t②✱ ♥♦♥✲
✉♥✐❝✐t② ✇❤✐❝❤ ❝❛♥ ❜❡ ❝✉r❡❞ ❜② s♠♦♦t❤ ❛ss✉♠♣t✐♦♥s ✭❛s ✐rr❡❞✉❝t✐❜✐❧✐t②✮✳

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❣❡♥❡r❛t♦r ♦❢ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ❛❞♠✐ts ❛ LU✲❢❛❝t♦r✐③❛t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣r♦✈❡❞
❛♥❞ ✐♥t❡r♣r❡t❡❞ ✐♥ ✈✐rt✉❡s ♦❢ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❚❤✐s ✇❛s s❤♦✇♥ ❜② ●r❛ss♠❛♥ ❬●r❛✽✼❪✱
❡①t❡♥❞❡❞ ❜② ❬❍❡②✾✺❪✱ ❛♥❞ ❩❤❛♦✱ ▲✐✱ ❇r❛✉♥ ❬❩▲❇✾✼❪✳ ■♥ ♠❛♥② s♣❡❝✐❛❧ ❝❛s❡s✱
t❤✐s ❢❛❝t♦r✐③❛t✐♦♥ ❧❡❛❞s t♦ ✐♥t❡r❡st✐♥❣ ♠❡t❤♦❞ t♦ ❝♦♠♣✉t❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡s
❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧② t♦ st✉❞② str✉❝t✉r❡❞ ▼❛r❦♦✈ ❝❤❛✐♥s ❛s t❤❡ ♦♥❡ ❛♣♣❡❛r✐♥❣ ✐♥
q✉❡✉✐♥❣ s②st❡♠s ❝❢✳ ❈❛♦ ✱ ▲✐ ✱ ❩❤❛♦ ❬▲❈✵✹❪ ❬▲❩✵✷❪✱ ❬▲❩✵✹❪✳ ❘❡❝❡♥t❧②✱ ❛ ❜♦♦❦ ❜②
▲✐ ❬▲✐✶✵❪ ✇❛s ❝♦♠♣❧❡t❡❧② ❞❡✈♦t❡❞ t♦ t❤✐s s✉❜❥❡❝t✳

■♥ ❛♥ ♦t❤❡r ♣❛rt ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ✇♦r❧❞✱ t❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥ ✇❛s ❡①t❡♥✲
s✐✈❡❧② st✉❞✐❡❞ ❢♦r M ✲♠❛tr✐❝❡s ✭✇❤✐❝❤ ✐♥❝❧✉❞❡s ❣❡♥❡r❛t♦rs ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s✮ s❡❡
❋✐❡❞❧❡r✱ Ptát❦ ❬❋P✻✷❪✱ ❑✉♦ ❬❑✉♦✼✼❪ ✱ ❋✉♥❞❡r❧✐❝✱ P❧❡♠♠♦♥s ❬❋P✽✶❪✱ ❱❛r❣❛✱ ❈❛✐

✶



❬❱❈✽✷❪✱ ▼❝❉♦♥❛❧❞✱ ❙❝❤♥❡✐❞❡r ❬▼❙✾✽❪✳ ❇✉t t❤❡s❡ st✉❞✐❡s ✇❡r❡ ❝♦♥❝❡♥tr❛t❡❞ ♦♥
✜♥✐t❡ ♠❛tr✐❝❡s ✇❤✐❧❡ ♣r♦❜❛❜✐❧✐st✐❝ ♠❡t❤♦❞s ❛❧❧♦✇ t♦ ✇♦r❦ ✇✐t❤ ✐♥✜♥✐t❡ ♠❛tr✐❝❡s
✭❡✳❣✳ ♠❛tr✐❝❡s ✐♥❞❡①❡❞ ❜② Z ❛s ✇❡ ✇✐❧❧ s❡❡✮✳ ❖❢ ❝♦✉rs❡✱ ♣r♦❜❛❜✐❧✐sts ❛r❡ ♥♦t
❛❧♦♥❡ t♦ ❞♦ LU✲❢❛❝t♦r✐③❛t✐♦♥ ✇✐t❤ ✐♥✜♥✐t❡ ♠❛tr✐❝❡s ❝✳❢✳ ❆♥❞r❡✇s✱ ❙♠✐t❤ ✱ ❲❛r❞
❬❆❲✽✻❪✱ ❬❆❙❲✽✻❪✳

❇✉t ❜❡❢♦r❡ ❛❧❧ t❤❡s❡ ✇♦r❦s ✇❛s ❦♥♦✇♥ t❤❡ ❲✐❡♥❡r✲❍♦♣❢ ❢❛❝t♦r✐③❛t✐♦♥ ❢♦r r❛♥✲
❞♦♠ ✇❛❧❦ s❡❡ ❡✳❣✳ ❋❡❧❧❡r ❬❋❡❧✻✻❪✳ ❲❡ ✇✐❧❧ ❡①♣❧❛✐♥ t❤❛t✱ ✉♣ t♦ ❛ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠✱
t❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥ ✐s t❤❡ ♥❛t✉r❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ WH✲❢❛❝t♦r✐③❛t✐♦♥✳ ❇✉t
❜❡ ❝❛r❡❢✉❧❧✱ t❤❡ WH✲❢❛❝t♦r✐③❛t✐♦♥ ✇❛s ❛❧r❡❛❞② ❣❡♥❡r❛❧✐③❡❞ ✐♥ ❛♥ ♦t❤❡r ❞✐r❡❝t✐♦♥
✭❧❡ss ♥❛t✉r❛❧ ✇❡ t❤✐♥❦✮ ❜② ❇❛r❧♦✇✱ ❘♦❣❡rs ✫ ❲✐❧❧❛♠s ❬❇❘❲✽✵❪✱ ❬❲✐❧✽✹❪✱ ❬❲✐❧✾✶❪✱
❬❲✐❧✵✽❪✳

❲❡ ♥♦✇ ♣r♦❞✉❝❡ ❛ ✧♠❛t❤❡♠❛t✐❝❛❧✧ s✉♠♠❛r②✿ ❈♦♥s✐❞❡r (P (x, y))x,y∈E ❛ s✉❜✲
st♦❝❤❛st✐❝ ♠❛tr✐① ♦♥ ❛ ❞❡♥✉♠❡r❛❜❧❡ st❛t❡ s♣❛❝❡ E ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♣r❡✲♦r❞❡r
r❡❧❛t✐♦♥ � ✭❡✳❣✳ E = Z ❛♥❞ � ✐s ≤✮✳ ❲❡ t❤✐♥❦ P ❛s t❤❡ tr❛♥s✐t✐♦♥ ▼❛tr✐① ♦❢ ❛♥
❡✈❡♥t✉❛❧❧② ❞②✐♥❣ ▼❛r❦♦✈ ❝❤❛✐♥ ✇❤✐❝❤ ❝❛♥ ❣♦❡s ✉♣ ♦r ❣♦❡s ❞♦✇♥ ✐♥ E✳ ▲❡t I ❜❡
t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ✐♥❞❡①❡❞ ❜② E✳ ❚❤❡ ♠❛tr✐① I −P ✐s ❝❛❧❧❡❞ t❤❡ ❣❡♥❡r❛t♦r✱ ✐ts
✧✐♥✈❡rs❡✧ U = I + P + P 2 + ... ✐s ❝❛❧❧❡❞ t❤❡ ♣♦t❡♥t✐❛❧ ▼❛tr✐①✳

❲❡ ❝❛♥ ❛❧✇❛②s ❣✐✈❡ ❛ s❡♥s❡ t♦ I − P = (I − L)(I − K) ❢♦r s♦♠❡ ♠❛tr✐❝❡s
L ≥ 0,K ≥ 0 ✇✐t❤ ✧tr✐❛♥❣✉❧❛r s❤❛♣❡✧ ✐✳❡✳ L(x, y) > 0 ⇔ y � x ❛♥❞ K(x, y) >
0 ⇔ y ≺ x✳ ❘❡♠❛r❦ t❤❛t ♦✉r s✐t✉❛t✐♦♥ ✐s ✈❡r② ❣❡♥❡r❛❧✿ ✇❡ ❝❛♥ ❝❤♦s❡ � t♦
❜❡ ❡✐t❤❡r ❛ ♣r❡✲♦r❞❡r ♦r ❛♥ ♦r❞❡r r❡❧❛t✐♦♥✱ s♦ L,K ❛r❡ ❡✐t❤❡r ❜❧♦❝❦✲tr✐❛♥❣✉❧❛r ♦r
tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s✳ ❲❡ ❞✐❞♥✬t ♥❡❡❞ t❤❛t � ✐s ❛ ✇❡❧❧✲♦r❞❡r✿ ❝♦♥tr❛r② t♦ ❝❧❛ss✐❝❛❧
♠❡t❤♦❞s✱ ✇❡ ✇✐❧❧ ♥❡✈❡r ♠❛❦❡ ❛♥② r❡❝✉rr❡♥❝❡ ♦♥ t❤❡ st❛t❡s✳

❇✉t ♠♦r❡ ✐♥t❡r❡st✐♥❣ ✿ I − K ✐s ✐ts❡❧❢ t❤❡ ❣❡♥❡r❛t♦r ♦❢ ❛ ❞❡❝r❡❛s✐♥❣ ▼❛r❦♦✈
❝❤❛✐♥ n 7→ Xkn

✇❤✐❧❡ I − L ✐s✱ ✉♣ t♦ ❛ ❉♦♦❜✲tr❛♥s❢♦r♠✱ t❤❡ ❣❡♥❡r❛t♦r ♦❢ ❛♥
✐♥❝r❡❛s✐♥❣ ▼❛r❦♦✈ ❝❤❛✐♥ n 7→ Xǩn

✳ ❇♦t❤ Xk ❛♥❞ Xǩ ❛r❡ s♦♠❡ t✐♠❡✲❝❤❛♥❣❡s ♦❢
t❤❡ ✐♥✐t✐❛❧ ▼❛r❦♦✈ ❝❤❛✐♥ X ❞r✐✈❡♥ ❜② P ✳ ❖♥ t❤❡ r❛♥❞♦♠ ✇❛❧❦ ❝❛s❡✱ t❤❡ ❡①❝❡ss✐✈❡
❢✉♥❝t✐♦♥ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❉♦♦❜✲tr❛♥s❢♦r♠ ♦❢ I −L ✐s ❝♦♥st❛♥t✱ s♦ ✇❡ ✜♥❞ ♦✉t t❤❡
❝❧❛ss✐❝❛❧ WH✲❢❛❝t♦r✐③❛t✐♦♥✳

❚♦ ❛rr✐✈❡ t♦ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ I−P ✱ ✇❡ st❛rt t♦ ❡st❛❜❧✐s❤ ❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞
t♦ ❢❛❝t♦r✐③❡ t❤❡ ♣♦t❡♥t✐❛❧ ♠❛tr✐① U =

∑
t∈N

P t✳ ❚♦ ❣♦ ❢r♦♠ U = V W t♦
(I − P ) = (I −L)(I −K) s✐♠♣❧② ✉s❡ t❤❡ ❢❛❝t t❤❛t ❣❡♥❡r❛t♦rs ❛r❡ t❤❡ ✐♥✈❡rs❡ ♦❢
♣♦t❡♥t✐❛❧ ♠❛tr✐❝❡s✳

❚❤✐s s✐♠♣❧❡ ♣r♦❣r❛♠ ✇✐❧❧ ❜❡ ❛❝❝♦♠♣❧✐s❤ ✐♥ ❢❡✇ ♣❛❣❡s ❞✉r✐♥❣ s❡❝t✐♦♥s ✸ ❛♥❞
✺✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s ❛rt✐❝❧❡ ✇✐❧❧ ❜❡ ❞❡✈♦t❡❞ t♦ s♣❡❝✐✜❝❛t✐♦♥s ❛♥❞ ❣❡♥✲
❡r❛❧✐③❛t✐♦♥s✿

• ❙❡❝t✐♦♥ ✹✿ ❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ U = V W ✇✐❧❧ ❜❡ ❞✐s✐♥t❡❣r❛t❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

U(x, z)Px⊲z{Xkf
= y} = V (x, y)W (y, z)

✇❤❡r❡ Px⊲z ✐s t❤❡ ✧❤♦♠♦❣❡♥❡♦✉s ❜r✐❞❣❡✧ ✇❤✐❧❡ Xkf
✐s t❤❡ ✜♥❛❧ ✈❛❧✉❡ ♦❢

Xk ✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠❛ ♦❢ t❤❡ tr❛❥❡❝t♦r②✳ ❚❤✐s ❢♦r♠✉❧❛ s❤♦✇s
❤♦✇ t❤❡ LU✲❢❛❝t♦rs ❣✐✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❧❛✇ ♦❢ t❤❡ ♠✐♥✐♠✉♠✳

• ❙❡❝t✐♦♥ ✻✿ ■♥ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ (I −P ) = (I −L)(I −K) ✇❡ ❤❛✈❡ ✐♠♣♦s❡❞
t❤❛t t❤❡ s❡❝♦♥❞ ❢❛❝t♦r ❤❛s ✶ ♦♥ ✐ts ❞✐❛❣♦♥❛❧✳ ❙✉r♣r✐s✐♥❣❧②✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢

✷



I−P = (I−L′)(I−K ′) ✇✐t❤ ✶ ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ ✜rst ❢❛❝t♦r✱ r❡q✉✐r❡s
❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ ♦♥ P ✿ ✐t ❞♦❡s ♥♦t ❡①✐st ❛ r❡❝✉rr❡♥t st❛t❡ ✇❤✐❝❤ ✐s
r❡❛❝❤❛❜❧❡ ❢r♦♠ ❛❜♦✈❡ ❛♥❞ ♥♦t ❧❡❛✈❛❜❧❡ t♦ ❜❡❧❧♦✇✳ ❚❤❡s❡ ❧✐♠✐t ✇❛s ❛❧r❡❛❞②
♣♦✐♥t ♦✉t ❢♦r M ✲♠❛tr✐❝❡s ✭s❡❡ ❱❛r❣❛✱ ❈❛✐ ❬❱❈✽✷❪✮✳

• ❙❡❝t✐♦♥ ✼✿ ❲❡ ❞❡r✐✈❡ ♦t❤❡r ❢❛❝t♦r✐③❛t✐♦♥s✿ t❤❡ ❝❧❛ss✐❝❛❧ t❤r❡❡ t❡r♠s LDU✲
❢❛❝t♦r✐③❛t✐♦♥s✱ ❛♥❞ ❢❛❝t♦r✐③❛t✐♦♥s ❝❛❧❧❡❞ ♠✐①❡❞ ❢❛❝t♦r✐③❛t✐♦♥s✱ ✇❤✐❝❤ ❝❛♥
❛❧s♦ ❤❛✈❡ ✐♥t❡r❡st✐♥❣ tr❛❥❡❝t♦r✐❛❧ ✐♥t❡r♣r❡t❛t✐♦♥s✱ ❛s t❤❡ ✧❡q✉❛t✐♦♥ ❛♠✐❝❛❧❡
✐♥✈❡rsé❡✧ ♦❢ ❄❄✳

• ❙❡❝t✐♦♥ ✽✿ ❲❡ ❣❡♥❡r❛❧✐③❡ ♦✉r ❢❛❝t♦r✐③❛t✐♦♥s ❢r♦♠ t❤❡ ❝❧❛ss ♦❢ s✉❜✲st♦❝❤❛st✐❝
♠❛tr✐❝❡s t♦ t❤❡ ❝❧❛ss ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛tr✐❝❡s ✇✐t❤ s♣❡❝tr❛❧ r❛❞✐✉s ❧❡ss t❤❛t
♦♥❡✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❧❛r❣❡r ❝❧❛ss✱ ✐s t❤❛t ✐t ✐s st❛❜❧❡ ❜② tr❛♥s♣♦s✐t✐♦♥✳

• ❙❡❝t✐♦♥ ✾✿ ❲❡ s❡❡ ❤♦✇ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❝❤❛♥❣❡s ✇❤❡♥ ✇❡ t✐♠❡ r❡✈❡rs❡ t❤❡
✐♥✐t✐❛❧ ▼❛r❦♦✈ ❝❤❛✐♥✳

• ❙❡❝t✐♦♥ ✶✵✿ ❲❡ ❧♦♦❦ ❛t s♦♠❡ s♣❡❝✐❛❧ ❝❛s❡s✿ ■♥ t❤❡ s❦✐♣✲❢r❡❡ ▼❛r❦♦✈ ❝❤❛✐♥
✇❡ ❣✐✈❡ ❛ ❢♦r♠✉❧❛ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ I − P ✳ ■♥ t❤❡ r❛♥❞♦♠
✇❛❧❦ ❝❛s❡ ✇❡ ❡①♣❧❛✐♥ ✇❤② t❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥ ✐s t❤❡ ♥❛t✉r❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥
♦❢ t❤❡ W✐❡♥❡r✲H♦♣❢✲❢❛❝t♦r✐③❛t✐♦♥✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ E ✐s ❛ ♣❛rt ♦❢ Z ✇❡ ❣✐✈❡
❛ s♣❡❝✐❛❧ ❢♦r♠✉❧❛✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ P ✐s r❡✈❡rs✐❜❧❡✱ ✇❡ ♠❛❦❡ t❤❡ ❈❤♦❧❡s❦②
❢❛❝t♦r✐③❛t✐♦♥✳

• ❙❡❝t✐♦♥ ✶✶✿ ❲❡ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ✇♦r❦ ♦❢ ●r❛ss♠❛♥♥ ❛♥❞ ❍❡②♠❛♥ ✇❤♦
✉s❡❞ t❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥ t♦ ❝♦♠♣✉t❡ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ♦❢ ❛ ♣♦s✐t✐✈❡
r❡❝✉rr❡♥t ▼❛r❦♦✈ ❝❤❛✐♥✳

• ❙❡❝t✐♦♥ ✶✷✿ ❖♥ ♦✉r ✈❡r② ❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥ ❤❛s ♥♦t ♦♥❧②
❣♦♦❞ ♣r♦♣❡rt✐❡s✳ ❲❡ ❣✐✈❡ ❡①❛♠♣❧❡ ♦❢ ♥♦♥✲❛ss♦❝✐❛t✐✈✐t② ❛♥❞ ♥♦♥✲✉♥✐❝✐t②✳

• ❙❡❝t✐♦♥ ✶✸✿ ❲❡ ❣✐✈❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢ ♦❢ (I−P ) = (I−L′)(I−K ′)✳ ❚❤✐s
♥❡✇ ♣r♦♦❢ ❥✉st ✉s❡ tr❛❥❡❝t♦r✐❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ❛♥❞ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt②
✭♥♦ ❛❧❣❡❜r❛✐❝ ✐♥✈❡rs✐♦♥ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✮✱ ❜✉t t❤✐s ♥❡✇ ♣r♦♦❢ ✐s q✉✐t❡
tr✐❝❦②✳

✷ ◆♦t❛t✐♦♥s ❛♥❞ s❡tt✐♥❣

❲❡ ❝♦♥s✐❞❡r✿ E ❛ ❞❡♥✉♠❡r❛❜❧❡ st❛t❡ s♣❛❝❡✱ a : E 7→ R ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❣✐✈❡s
t❤❡ ✧❛❧t✐t✉❞❡✧ ♦❢ st❛t❡s✳ ▲❡tt❡rs x, y, z ❛r❡ ❛❧✇❛②s ❡❧❡♠❡♥t ♦❢ E✳ ❲❡ ✇r✐t❡
x � y ✇❤❡♥ a(x) ≤ a(y)✱ x ∼ y ✇❤❡♥ a(x) = a(y)✳ ❚❤❡ r❡❧❛t✐♦♥ � ✭❛❧s♦
✇r✐tt❡♥ �a ✇❤❡♥ ♥❡❝❡ss❛r②✮ ✐s ❛ ♣r❡✲♦r❞❡r r❡❧❛t✐♦♥ ♦♥ E ✭❝♦♥✈❡rs❡❧②✱ ❛♥② ♣r❡✲
♦r❞❡r r❡❧❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✇✐t❤ ❛♥ ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥✮✳ ❲❡ ✇r✐t❡ s❤♦rt❧②
{� y} = {x ∈ E : x � y}✳

❲❡ ❝♦♥s✐❞❡r
(
P (x, y)

)
x,y∈E

❛ s✉❜✲st♦❝❤❛st✐❝ ♠❛tr✐① ♦♥ E✳ ❲❡ ❛❞❞ ❛ ❝❡♠❡✲

t❡r② ♣♦✐♥t † t♦ E ❛♥❞ ♣r♦❧♦♥❣ P t♦ E† = E∪{†} ❜② P (x, †) = 1−
∑

y∈E P (x, y)✱

P (†, †) = 1✳

✸



❲❡ ✇r✐t❡ U ♦r U[P ] t❤❡ ♣♦t❡♥t✐❛❧ ♠❛tr✐①
∑

t∈N
P t✳ ❲❡ ✇r✐t❡ x  y t♦

✐♥❞✐❝❛t❡s t❤❛t x ❣♦❡s t♦ y ✐♥ t❤❡ ♦r✐❡♥t❡❞ ❣r❛♣❤ ♦❢ P ✳ ❚❤✐s ✐s ❛❧s♦ ❡q✉✐✈❛❧❡♥t t♦
U(x, y) > 0✳

❲❡ ❝♦♥s✐❞❡r N ❛s t❤❡ s❡t ♦❢ t✐♠❡s✳ ▲❡tt❡rs s, t, n ❛r❡ ❛❧✇❛②s ❡❧❡♠❡♥ts ♦❢ N✳
■♥t❡r✈❛❧s [s, t], ]s, t] = [s + 1, t] ❛r❡ ❛❧✇❛②s ❞✐s❝r❡t❡ ✐♥t❡r✈❛❧s✳

❙✉♠♠❛t✐♦♥s
∑

x ♠❡❛♥
∑

x∈E ✱ s✉♠♠❛t✐♦♥s
∑

t ♠❡❛♥
∑

t∈N
✳

❲❡ ❞❡♥♦t❡ ❜② Ω t❤❡ s❡t ♦❢ tr❛❥❡❝t♦r✐❡s ❢r♦♠ N t♦ E†✳ ❲❡ ✇r✐t❡ X t❤❡
❝❛♥♦♥✐❝❛❧ ♣r♦❝❡ss ✭t❤❡ ✐❞❡♥t✐t② ♦♥ Ω✮✳ ❲❡ ✇r✐t❡ Px ♦r PP

x t❤❡ ♣r♦❜❛❜✐❧✐t② ♦♥ Ω
✇❤✐❝❤ ♠❛❦❡s X ❛ ▼❛r❦♦✈ ❝❤❛✐♥ st❛rt✐♥❣ ❛t x ❛♥❞ ✇✐t❤ tr❛♥s✐t✐♦♥ ♠❛tr✐① P ✳ ■♥
♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ ∀x, y ∈ E : Px{X1 = y} = P (x, y)✳ ❲❡ ✇r✐t❡ Ex ♦r EP

x t❤❡
❡①♣❡❝t❛t✐♦♥ ✉♥❞❡r Px✳

❲❡ ❝♦♥s✐❞❡r α ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ ♦♥ E ❛♥❞ ✇r✐t❡ Pα =
∑

x α(x)Px ❛♥❞
Eα =

∑
x α(x)Ex✳

❲❡ ✇r✐t❡ ζ = min{t : Xt = †} − 1 ✭t❤❡ ❧❛st t✐♠❡ ❜❡❢♦r❡ t❤❡ ❞❡❛t❤✮ ❛♥❞
Tx = min{t : Xt = x}✳ ■❢ S < T ❛r❡ r❛♥❞♦♠ t✐♠❡s✱ ✇❡ ✇r✐t❡ X[S,T ] t❤❡
tr❛❥❡❝t♦r② XS , XS+1, ..., XT , †, †, ...✳ ✇❡ ✇r✐t❡ X

[
←−−
S,T ]

t❤❡ r❡✈❡rs❡❞ tr❛❥❡❝t♦r②

XT , XT−1, ..., XS , †, †, ...✳
❇② ❝♦♥✈❡♥t✐♦♥ a(†) = +∞✳ ❲❡ ✇r✐t❡ s❤♦rt❧② X[S,T ] � x t♦ ✐♥❞✐❝❛t❡ t❤❛t

XS � x,XS+1 � x, ..., XT � x✳
❲❤❡♥ ✇❡ ❤❛✈❡ ❛ ❢✉♥❝t✐♦♥ h : E 7→ R+✱ ✇❡ ✇r✐t❡ DhP t❤❡ ♠❛tr✐① ❞❡✜♥❡❞ ❜②

DhP (x, y) = h(y)
h(x)P (x, y)1{h(x)>0} ✇❤✐❝❤ ✐s t❤❡ ❉♦♦❜ tr❛♥s❢♦r♠❛t✐♦♥✳ ❲❡ ✇r✐t❡

P⊤ t❤❡ tr❛♥s♣♦s✐t✐♦♥ ♦❢ P ✳ ❚♦ ❛✈♦✐❞ ♠✉❧t✐♣❧❡ ♣❛r❡♥t❤❡s✐s ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r✐♦r✐t② r✉❧❡✿

DhP Q = (DhP ) Q ❛♥❞ DhP⊤ = Dh(P⊤)

❲❡ ✇r✐t❡ I(x, y) = 1{x=y} t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦♥ E✳ ▲❡t F ⊂ E ✇❡ ✇r✐t❡
IF = 1{x=y∈F}✱ PF (x, y) = 1{x∈F}P (x, y)1{y∈F} ✭✉s✐♥❣ ▼❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✱
✇❡ ❝❛♥ ✇r✐t❡ PF = IF PIF ✮✳

◗✉✐t❡ ❛❧❧ q✉❛♥t✐t✐❡s ✇❡ ✇✐❧❧ ✉s❡ ✐♥ t❤✐s ❛rt✐❝❧❡ ❞❡♣❡♥❞ ♦♥ t❤❡ ♠❛✐♥ ❞❛t❛
✇❤✐❝❤ ✐s P ✳ ❚❤✐s ❞❡♣❡♥❞❛♥❝❡ ✐s ♥♦t ❛❧✇❛②s ❡①♣❧✐❝✐t❧② ✇r✐tt❡♥✳ ❊✳❣✳ U(x, y) =
U[P ](x, y) = I + P + P 2 + ... ❲❡ ✇✐❧❧ s♦♠❡t✐♠❡ ❝❤❛♥❣❡ ♦✉r ❞❛t❛ ❡✳❣✳ U[PF ] =
I + PF + P 2

F + ...✱ ♦r ❛❧s♦ U[qP ] = I + qP + q2P 2 + ...✳
❆❧❧ ♠❛tr✐❝❡s A[P ] ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ✭❝❛❧❧❡❞ K[P ], V[P ], L[P ],W[P ], ..✮ ✇✐❧❧ ❤❛✈❡

t❤❡ s❤❛♣❡ A[P ](x, y) = EP
x

[∑
t f(X[0,t])1{Xt=y}

]
❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥❛❧ f✳

❋♦r q ∈]0, 1] ✇❡ ❤❛✈❡✿

A[qP ](x, y) = EP
x

[ ∑

t≤τq

f(X[0,t])1{Xt=y}

]
=

∑

s

q(1−q)sEP
x

[ ∑

t≤τs

f(X[0,t])1{Xt=y}

]

✇❤❡r❡ τq ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❣❡♦♠❡tr✐❝ t✐♠❡✳ ❚❤✉s ]0, 1] ∋ q 7→ A[qP ](x, y) ✐s
✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s✳

✹



✸ ●❡♥❡r❛❧ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ♠❛tr✐①

✸✳✶ ❆ t✐♠❡ ❝❤❛♥❣❡❞ ♣r♦❝❡ss

▲❡t S ❜❡ ❛♥② st♦♣♣✐♥❣ t✐♠❡ t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ [1, ζ] ∪ {+∞}✳ ❲❡ ❞❡✜♥❡ ❛ t✐♠❡✲
❝❤❛♥❣❡ ❜② ✧✐t❡r❛t✐♥❣✧ S ❛s ❢♦❧❧♦✇s

k0 = 0, k1 = S, k2 = k1 + S ◦ X[k1,ζ], ...kn+1 = kn + S ◦ X[kn,ζ] ✭✶✮

❆❧❧ kn ❛r❡ st♦♣♣✐♥❣ t✐♠❡s ❛♥❞ n 7→ kn ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✉♥t✐❧ ✐t ❡✈❡♥t✉❛❧❧②
❥✉♠♣s t♦ +∞✳ ❲❡ ✇r✐t❡ kf t❤❡ ❧❛st ✜♥✐t❡ kn ♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ f = min{n :
kn < ∞}− 1✳

❊①❛♠♣❧❡ ✸✳✶ ✿

• ■❢ ✇❡ ❝❤♦s❡ S = min{t ∈ [1, ζ] : Xt ∈ F}✱ ❢♦r F ⊂ E✱ t❤❡♥ (kn) ❛r❡ ❛❧❧ t❤❡
♣❛ss❛❣❡ t✐♠❡s ✐♥ F ✳

• ❇✉t t❤❡ ❡①❛♠♣❧❡ ✇❤✐❝❤ ✇✐❧❧ ✐♥t❡r❡st ✉s ❛❢t❡r ✐s S = min{t : Xt ≺ X0}✳ ■♥
t❤✐s ❝❛s❡ Xk ✐s ❛ ❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss ✭✇❤✐❝❤ ♠❡❛♥s Xkn

≺ Xkn+1
✇❤❡♥❡✈❡r

kn < ∞ ✮✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷ ❯♥❞❡r Pα✱ t❤❡ ♣r♦❝❡ss n 7→ Xkn
✐s ❛ ▼❛r❦♦✈ ❝❤❛✐♥✳

Pr♦♦❢✿ ❆♣♣❧②✐♥❣ t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt② ❛t t❤❡ st♦♣♣✐♥❣ t✐♠❡ kn ✇❡ ❣❡t

Eα[f(X[0,kn]) 1{Xkn=x} g(X[kn,ζ])] = Eα[f(X[0,kn]) 1{Xkn=x}] Ex[g(X[0,ζ])]

❢♦r ❛❧❧ ♣♦s✐t✐✈❡ ♦r ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥❛❧s f, g ♦♥ t❤❡ s♣❛❝❡ ♦❢ tr❛❥❡❝t♦r✐❡s✳ ❚❛❦❡ ❛♥②
f : En+1

† 7→ R ❛♥❞ g : E† 7→ R✳ P✉t f = f(Xk0 , Xk1 , ..., Xkn
)✱ ✇❤✐❝❤ s❛t✐s✜❡s

f(X[0,kn]) = f✳ P✉t g(X[0,ζ]) = g(Xk1
) ✇❤✐❝❤ s❛t✐s✜❡s g(X[kn,ζ]) = g(Xkn+1

)✳
❆♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t② t♦ t❤❡s❡ f, g✱ ✇❡ ❣❡t ✿

Eα[f(Xk0 , Xk1 , ..., Xkn
) 1{Xkn=x} g(Xkn+1])] =

Eα[f(Xk0
, Xk1

, ..., Xkn
) 1{Xkn=x}] Ex[g(Xk1

)]

✇❤✐❝❤ ❝❧❡❛r❧② ✐♥❞✐❝❛t❡s t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt②✳ �

❘❡♠❛r❦ ✸✳✸ t❤❡ r❡❛❞❡r ❝❛♥ ✈❡r✐❢② t❤❛t n 7→ (Xkn
, kn) ✐s ❛❧s♦ ❛ ▼❛r❦♦✈ ❝❤❛✐♥✳

✸✳✷ ❢❛❝t♦r✐③❛t✐♦♥

▲❡t ✉s ✇r✐t❡

V (x, y) = Ex[
∑

n

1{Xkn=y}]

W (x, y) = Ex[
∑

t<S

1{Xt=y}]

❚❤❡ ✜rst ♠❛tr✐① ✐s t❤❡ ♣♦t❡♥t✐❛❧ ♠❛tr✐① ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ Xk✳

✺



Pr♦♣♦s✐t✐♦♥ ✸✳✹ ❲❡ ❤❛✈❡

U(x, z) =
∑

y∈E

V (x, y)W (y, z)

Pr♦♦❢✿ ❲❡ ❝❛♥ s♣❧✐t [0,∞[ ✐♥t♦ ∪n[kn, kn+1[ t♦ ♦❜t❛✐♥✿

U(x, z) = Ex

∑

t

1{Xt=z}

=
∑

n

∑

y

Ex

[
1{Xkn=y}

( ∑

t∈[0,k1[

1{Xt=z}

)
◦ X[kn,ζ]

]
✭✷✮

❆♣♣❧②✐♥❣ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② ❛t ❡❛❝❤ st♦♣♣✐♥❣ t✐♠❡ kn ✇❡ ❣❡t✿

U(x, z) =
∑

y

V (x, y)W (y, z) ✭✸✮

�

x

z

0

❍❡r❡ ✐s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭✷✮ ♦♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ S =

min{t : Xt ≺ X0}✳ ❚❤✐s s♣❡❝✐❛❧ ❝❛s❡ ✇✐❧❧ ♦❝❝✉♣② ✉s ❞✉r✐♥❣ t❤❡ s❡q✉❡❧✳

✹ ❉✐s✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❢❛❝t♦r✐③❛t✐♦♥

❚❤✐s s❡❝t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t t♦ ♥❡①t ♦♥❡s✳
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s✉♣♣♦s❡ U < ∞✳ ❲❡ ✜① t❤r❡❡ st❛t❡s x, y, z ❛♥❞ s✉♣♣♦s❡

t❤❛t U(x, z) > 0 ✭✇❤✐❝❤ ♠❡❛♥s t❤❛t x z ✐♥ t❤❡ ♦r✐❡♥t❡❞ ❣r❛♣❤ ♦❢ P ✮✳

✹✳✶ ❘❡❝❛❧❧ ❛❜♦✉t ❜r✐❞❣❡s

▲❡t ✉s ❞❡♥♦t❡ ❜② Px⊲z t❤❡ ♣r♦❜❛❜✐❧✐t② ♦♥ Ω ✇❤✐❝❤ ♠❛❦❡s X ❛ ▼❛r❦♦✈ ❝❤❛✐♥
st❛rt✐♥❣ ❢r♦♠ x ❛♥❞ ✇✐t❤ tr❛♥s✐t✐♦♥ ♠❛tr✐① DU(·,z)P ✳ ❯♥❞❡r Px⊲z t❤❡ ❝❛♥♦♥✐❝❛❧
♣r♦❝❡ss ❞✐❡s ❛t z ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✳ ❲❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥✿

Px⊲z = Px[X[0,τz ] ∈ • / τz > −∞] ✭✹✮

✻



✇❤❡r❡ τz = sup{t : Xt = z}✳ ❚♦ ❛ ❝♦♠♣❧❡t❡ st✉❞② ♦❢ t❤✐s ❜r✐❞❣❡ ✇❡ s❡♥❞ t♦
❱✐❣♦♥ ❬❱✐❣✶✶❪✳ ❖♥ t❤✐s ❛rt✐❝❧❡ ✇❡ ✇✐❧❧ s❡❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶ ❋♦r ❛❧❧ ❢✉♥❝t✐♦♥❛❧s f, g : Ω 7→ R+✱ ✇❡ ❤❛✈❡ t❤❡ ✧♣❛st✲❢✉t✉r❡
❡①tr❛❝t✐♦♥✧ ✉♥❞❡r Px ✐✳❡✳✿

Ex

[ ∑

t

f(X[0,t]) 1{Xt=y} g(X[t,ζ])
]

= Ex⊲y[f(X)] Ex[
∑

t

1{Xt=y}] Ey[g(X)]

= Ex⊲y[f(X)] U(x, y) Ey[g(X)]

❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ✧♣❛st✲❢✉t✉r❡ ❡①tr❛❝t✐♦♥✧ ✉♥❞❡r Px⊲z ✐✳❡✳✿

Ex⊲z

[ ∑

t

f(X[0,t]) 1{Xt=y} g(X[t,ζ])
]

= Ex⊲y[f(X)] Ex⊲z[
∑

t

1{Xt=y}] Ey⊲z[g(X)]

= Ex⊲y[f(X)]
U(x, y) U(y, z)

U(x, z)
Ey⊲z[g(X)]

✹✳✷ ▲❡t ✉s ❞✐s✐♥t❡❣r❛t❡ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥

❘❡❝❛❧❧ t❤❛t ✇❡ ✇r✐t❡ kf t❤❡ ❧❛st ✜♥✐t❡ kn ♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ f = min{n : kn <
∞} − 1✳ ❖♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ S = min{t : Xt ≺ X0}✱ t❤❡♥ kf ✐s t❤❡ ✜rst
❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ♦❢ t❤❡ tr❛❥❡❝t♦r②✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷ ❲❡ ❤❛✈❡✿

Px⊲z{Xkf
= y}U(x, z) = V (x, y) W (y, z)

❘❡♠❛r❦ ✹✳✸ ❙✉♠♠✐♥❣ ♦✈❡r ❛❧❧ y ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ❣❡t U(x, z) =
V W (x, z) ✇❤✐❝❤ ✐s ♣r♦♣♦s✐t✐♦♥ ✸✳✹✳

Pr♦♦❢✿ ❋✐rst❧②✱ ❜② t❤❡ ♣❛st✲❢✉t✉r❡ ❡①tr❛❝t✐♦♥ ✭♣r♦♣♦s✐t✐♦♥ ✹✳✶✮ ❛♣♣❧✐❡❞ t♦ Px⊲z✿

Px⊲z{Xkf
= y} =

∑

n

Px⊲z{Xkn
= y, kn+1 = ∞}

=
∑

t

∑

n

Px⊲z{kn = t, Xt = y, t + S(X[t,ζ]) = ∞}

=
∑

t

∑

n

Px⊲z{kn(X[0,t]) = t, Xt = y, S(X[t,ζ]) = ∞}

=
∑

n

Px⊲y{Xkn
= y}

U(x, y)U(y, z)

U(x, z)
Py⊲z{S = ∞} ✭✺✮

❙❡❝♦♥❞❧②✱ ❜② t❤❡ ♣❛st ❡①tr❛❝t✐♦♥ ❛♣♣❧✐❡❞ t♦ Px✿

V (x, y) =
∑

n

Px{Xkn
= y} =

∑

t

∑

n

Px{kn(X[0,t]) = t, Xt = y}

=
∑

n

Px⊲y{Xkn
= y} U(x, y) ✭✻✮

✼



❚❤✐r❞❧②✱ ❜❡❝❛✉s❡ S ✐s ❛ st♦♣♣✐♥❣ t✐♠❡ t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ ]0, ζ]∪{+∞}✱ ♦♥ {ζ < t}
✇❡ ❤❛✈❡ 1{S>t} = 1{S=∞} ◦ X[0,t]✳ ❚❤❡♥✱ ❜② t❤❡ ♣❛st ❡①tr❛❝t✐♦♥ ❛♣♣❧✐❡❞ t♦ Py✿

W (y, z) = Ey[
∑

t<S

1{Xt=z}] = Ey

∑

t

(1{S=∞} ◦ X[0,t]) 1{Xt=z}

= Py⊲z{S = ∞}U(y, z) ✭✼✮

❚♦ ❣❛t❤❡r ❢♦r♠✉❧❛❡ ✭✺✮✱ ✭✻✮✱ ✭✼✮ ❣✐✈❡s t❤❡ r❡s✉❧t✳ �

Pr♦♣♦s✐t✐♦♥ ✹✳✹ ❲❡ ❤❛✈❡

Px{Xkf
= z}U(z, z) = V (x, z)W (z, z)

Pr♦♦❢✿ ▲❡t τz ❜❡ t❤❡ ❧❛st ♣❛ss❛❣❡ ❛t z✳ ❯s✐♥❣ ✭✹✮✱ ✇❡ ❤❛✈❡✿

Px{Xkf
= z} = Px{Xkf

◦ X[0,τz ] = z, τz > −∞}

= Px{Xkf
◦ X[0,τz ] = z/τz > −∞} Px{Tz < ∞}

= Px⊲z{Xkf
= z}

U(x, z)

U(z, z)
❢r♦♠ ✭✹✮

=
V (x, z)W (z, z)

U(z, z)
❢r♦♠ ♣r♦♣✳ ✹✳✷

■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ S = min{t : Xt ≺ X0}✱ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥
❣✐✈❡s ✉s ❛ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❧❛✇ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ✉♥❞❡r Px✳

✺ LU✲❢❛❝t♦r✐③❛t✐♦♥s

✺✳✶ ❋❛❝t♦r✐③❛t✐♦♥s ♦❢ U

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❝❤♦s❡ t✇♦ st♦♣♣✐♥❣ t✐♠❡s ✿

S = min{t : Xt ≺ X0}

S′ = min{t ≥ 1 : Xt � X0}

❲❡ ❦❡❡♣ ❛❧❧ t❤❡ ♥♦t❛t✐♦♥s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ♣r✐♠❡ ♦❜❥❡❝ts ✇✐❧❧ ❜❡
r❡❧❛t✐✈❡ t♦ S′✳

0
5 6

❍❡r❡ ✇❡ ❝♦♠♣❛r❡ k ❛♥❞ k′✳ ❚❤❡ st❛t❡ s♣❛❝❡ ✐s Z ❛♥❞ t❤❡ ❛❧t✐t✉❞❡ ✐s ❣✐✈❡♥

❜② a(x) = x s♦ � ✐s ≤✳

✽



A
ltitu
d
e

X
7
1 X

7
2

X
7 f

X
0

X 

❍❡r❡ t❤❡ st❛t❡ s♣❛❝❡ ✐s Z2 = {(x1, x2)} ❛♥❞ t❤❡ ❛❧t✐t✉❞❡ ✐s ❣✐✈❡♥

❜② a(x) = −x1 + x2✳

■♥ t❤✐s s✐t✉❛t✐♦♥
• ❚❤❡ t✐♠❡ kf ✭r❡s♣✳ k′f ✮ ✐s t❤❡ ✜rst ✭r❡s♣✳ t❤❡ ❧❛st✮ t✐♠❡ ✇❤❡r❡ t❤❡ ♣r♦❝❡ss X
r❡❛❝❤❡s ✐ts ❣❧♦❜❛❧ ♠✐♥✐♠✉♠✳ ❲❡ ✇r✐t❡ t❤❡♠ s❤♦rt❧② ρ ✭r❡s♣✳ ρ′✮✳

• ❚❤❡ ♣r♦❝❡ss Xk ✭r❡s♣✳ Xk′✮ ✐s str✐❝t❧② ✭r❡s♣✳ ❧❛r❣❡❧②✮ ❞❡❝r❡❛s✐♥❣✳
• V (x, y) = 0 ❢♦r y ≻ x ❛♥❞ ♠♦r❡♦✈❡r V (x, y) = 1 ❢♦r y ∼ x✳
• V ′(x, y) = 0 ❢♦r y ≻ x✳
• W (x, y) = 0 ❢♦r y ≺ x✳
• W ′(x, y) = 0 ❢♦r y ≺ x ❛♥❞ ♠♦r❡♦✈❡r W ′(x, y) = 1 ❢♦r y ∼ x✳

❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❣✐✈❡♥ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✹ ❛❞♠✐ts t✇♦ ✈❡rs✐♦♥s

U = V W

U = V ′W ′

✇❤✐❝❤ ❛r❡ t❤❡ t✇♦ ❝❧❛ss✐❝❛❧ LU✲❢❛❝t♦r✐③❛t✐♦♥s ♦❢ t❤❡ ♠❛tr✐① U ✳

✺✳✷ ◆❡✇ ❢✉♥❝t✐♦♥s

❲❡ ✇r✐t❡ K ❛♥❞ K ′ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s Xk ❛♥❞ Xk′ ✳
❲❡ ✇r✐t❡

k(x) = K(x, †) = Px[X[0,ζ] � x]

k′(x) = K ′(x, †) = Px[X]0,ζ] ≻ x]

❲❡ r❡❝❛❧❧ t❤❡ ❝♦♥✈❡♥t✐♦♥ † ≻ x ❢♦r ❛❧❧ x ∈ E✳ ■♥ ♣❛rt✐❝✉❧❛r✿ X1 = † ✐♠♣❧✐❡s
X]0,ζ] ≻ x}✱ Xk1 = † ❛♥❞ Xk′

1
= †✳ ❲❡ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❤✐❝❤ ✇✐❧❧

❤❡❧♣ ✉s ❧❛t❡r✿

▲❡♠♠❛ ✺✳✶ P (x, †) > 0 ✐♠♣❧✐❡s k(x) > 0 ❛♥❞ k′(x) > 0✳

❚❤❡ ♥❡①t ❧❡♠♠❛ ❧✐♥❦s k ❛♥❞ k′ t♦ ❧❛✇s ♦❢ Xρ ❛♥❞ Xρ′ ✳ ❲❡ r❡❝❛❧❧ t❤❛t
P{≻y}(a, b) = P (a, b)1{a≻y}1{b≻y} ❛♥❞ U[P{≻y}] = I + P{≻y} + (P{≻y})

2 + ...✳

▲❡♠♠❛ ✺✳✷ ❲❡ ❤❛✈❡✿

Px{Xρ = y} = U[P{≻y}](x, y)k(y)

Px{Xρ′ = y} = U[P{�y}](x, y)k′(y)

✾



Pr♦♦❢✿ ❋✐rst ❧✐♥❡✿

Px{Xρ = y} = Ex

[ ∑

t

1{X[0,t[≻y}1{Xt=y}1{X[t,ζ]�y}

]

= Ex

[ ∑

t

1{X[0,t[≻y}1{Xt=y}

]
Py{X[0,ζ] � y}

= U[P{≻y}](x, y)k(y)

❚❤❡ ♣r✐♠❡ ✈❡rs✐♦♥ ✐s ♦❜t❛✐♥❡❞ r❡♣❧❛❝✐♥❣ {X[0,t[ ≻ y} ❜② {X[0,t] � y} ❛♥❞
{X[t,ζ] � y} ❜② {X]t,ζ] ≻ y}✳ �

✺✳✸ ◆❡✇ ♠❛tr✐❝❡s

■♥ t❤❡ ♥❡✇ ❞❡✜♥✐t✐♦♥ ✇❡ ❞❡✜♥❡ t❤❡ ✧♦♣❧✐ts✧ ✭❛ ♠❛❞❡ ✉♣ ✇♦r❞✮ ✇❤✐❝❤ ✇✐❧❧ ❤❡❧♣
♦✉r ✐♥t✉✐t✐♦♥ s❡✈❡r❛❧ t✐♠❡s ❞✉r✐♥❣ t❤❡ s❡q✉❡❧✳

❉❡✜♥✐t✐♦♥ ✺✳✸ ❆ t✐♠❡ t s✉❝❤ t❤❛t Xt = y ≻ X0 ❛♥❞ X]0,t] � y ✐s ❝❛❧❧❡❞ ❛♥
♦♣❧✐t ♦♥ y✳ ❲❡ ✇r✐t❡ oplity t❤❡ s❡t ♦❢ ♦♣❧✐ts ♦♥ y✳

1

y

x

3 oplits on y

❚❤❡♥ ✇❡ ❞❡♥♦t❡ ❜② ✿

L(x, y) = Ex

[ ∑

t

1{X]0,t[≻y�X0}1{Xt=y}

]
✭✽✮

= 1{x�y}Px{Ty = 1} + 1{x�y}Px{Ty ∈ [2,∞[ , X]0,Ty−1] ≻ y} ✭✾✮

L′(x, y) = Ex

[ ∑

t

1{X]0,t]�y≻X0}1{Xt=y}

]
✭✶✵✮

= Ex[♯oplity] ✭✶✶✮

❲❡ r❡♠❛r❦ ✐♠♠❡❞✐❛t❡❧② t❤❛t L ✐s ❛❧✇❛②s ✜♥✐t❡✱ ❜✉t L′ ❝❛♥ ❜❡ ❡✈❡♥t✉❛❧❧② ✐♥✜♥✐t❡✳
❲❡ ❞❡✜♥❡✿

ρ∗ = ρ ◦ X]0,ζ] t❤❡ ✜rst ♠✐♥✐♠✉♠ str✐❝t❧② ❛❢t❡r ✵

ρ′∗ = ρ′ ◦ X]0,ζ] t❤❡ ❧❛st ♠✐♥✐♠✉♠ str✐❝t❧② ❛❢t❡r ✵

Pr♦♣♦s✐t✐♦♥ ✺✳✹ ❲❡ ❤❛✈❡

Px{Xρ∗
= y, X[0,ζ] � x} = L(x, y)k(y)

Px{Xρ′
∗

= y, X]0,ζ] ≻ x} = L′(x, y)k′(y)

✶✵



❘❡♠❛r❦ ✺✳✺ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ✇❡ ❤❛✈❡ DkL(x, y) = Px{Xρ∗ = y/X[0,ζ] � x}
t❛❦✐♥❣ t❤❡ ♥❛t✉r❛❧ ❝♦♥✈❡♥t✐♦♥ t❤❛t ❝♦♥❞✐t✐♦♥✐♥❣ ❜② ❛ ♥✉❧❧ ❡✈❡♥t ❣✐✈❡ 0✳

Pr♦♦❢✿ ❋✐rst ❧✐♥❡✿ ❋♦r x ≻ y t❤❡ ❡q✉❛t✐♦♥ ✐s 0 = 0✳ ▲❡t ✉s ❛ss✉♠❡ x � y✳ ❲❡
❤❛✈❡ ✿

Px{Xρ∗
= y, X[0,ζ] � x}

= Px{Ty = 1, X[1,ζ] � y} + Px{Ty ∈ [2,∞[ , X]0,Ty[ ≻ y, X[Ty,ζ] � y}

= Px{Ty = 1}Py{X[0,ζ] � y] + Px{Ty ∈ [2,∞[ , X]0,Ty[ ≻ y}Py{X[0,ζ] � y}

= L(x, y)k(y)

❙❡❝♦♥❞ ❧✐♥❡✿ ❍❛✈✐♥❣ ❛ ❧♦♦❦ ❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ♦♣❧✐t ✇❡ s❡❡ t❤❛t

Px[Xρ′
∗=y, X]0,ζ] ≻ x] = Ex

[ ∑

t

1{t∈oplity}
1{Xt=y} 1{X]t,ζ]≻y}

]
= L′(x, y)k′(y)

�

✺✳✹ ◆❡✇ ♣r♦❝❡ss❡s

❲❡ ❞❡✜♥❡✿

ǩ0 = ρ, ǩ1 = ρ∗ ◦ ǩ0, ... ǩn+1 = ǩn + ρ∗ ◦ X[ǩn,ζ]

ǩ′0 = ρ′, ǩ′1 = ρ′∗ ◦ ǩ′0, ... ǩ′n+1 = ǩ′n + ρ′∗ ◦ X[ǩ′
n,ζ]

0 1 2 3 f4

Pr♦♣♦s✐t✐♦♥ ✺✳✻ ❯♥❞❡r Pα✱ ♣r♦❝❡ss❡s Xǩ ❛♥❞ Xǩ′ ❛r❡ ▼❛r❦♦✈ ❝❤❛✐♥s ✇❤♦s❡
tr❛♥s✐t✐♦♥s ♠❛tr✐❝❡s ❛r❡ DkL ❛♥❞ Dk′L′ ❛♥❞ ✇❤♦s❡ ♣♦t❡♥t✐❛❧ ♠❛tr✐❝❡s ❛r❡ DkW
❛♥❞ Dk′W ′✳

Pr♦♦❢✿ ❲❡ ✇r✐t❡ ❛s ✉s✉❛❧ Xǩ[0,n]
= (Xk1

, ..., Xkn
, †, †...) ❛♥❞ Xǩ[0,f]

= (Xk1 , ..., Xkf
, †, †...)✳

❲❡ r❡♠❛r❦ t❤❛t

Xǩ[0,n]
= Xǩ[0,n]

◦ X[0,ǩn] = Xǩ[0,f]
◦ X[0,ǩn]

❛♥❞ t❤❛t
1{ǩn=t} = 1{ǩn=ζ} ◦ X[0,t]1{X[t,ζ]�Xt}

✶✶



❚❛❦❡ f ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ♦♥ Ω ❛♥❞ g ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ ♦♥ E†✳ ❲❡ ❤❛✈❡

Eα

[
f(Xǩ[0,n]

) 1{Xǩn
=x} g(Xǩn+1

)
]

= Eα

[ ∑

t

f(Xǩ[0,f]
)◦X[0,t] 1{ǩn=t}1{Xt=x} g(Xρ∗

)◦X[t,ζ]

]

= Eα

[ ∑

t

f(Xǩ[0,f]
)◦X[0,t] 1{ǩn=ζ}◦X[0,t] 1{Xt=x} 1{X[0,ζ]�x}◦X[t,ζ] g(Xρ∗)◦X[t,ζ]

]

= Eα

[ ∑

t

f(Xǩ[0,f]
)◦X[0,t] 1{ǩn=ζ}◦X[0,t] 1{Xt=x}

]
Ex

[
1{X[0,ζ]�x} g(Xρ∗

)
]

❲✐t❤ g = 1E†
✱ t❤❛t ❣✐✈❡s✿

Eα

[
f(Xǩ[0,n]

) 1{Xǩn
=x}

]

= Eα

[ ∑

t

f(Xǩ[0,f]
)◦X[0,t] 1{ǩn=ζ}◦X[0,t] 1{Xt=x}

]
Ex

[
1{X[0,ζ]�x}

]

❛♥❞ s♦

Eα

[
f(Xǩ[0,n]

) 1{Xǩn
=x} g(Xǩn+1

)
]

= Eα

[
f(Xǩ[0,n]

) 1{Xǩn
=x}

]
Ex

[
g(Xρ∗

)
/
X[0,ζ] � x

]

= Eα

[
f(Xǩ[0,n]

) 1{Xǩn
=x}

]
DkLg(x)

✇❤✐❝❤ ✐♥❞✐❝❛t❡ t❤❛t Xǩ ✐s ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ tr❛♥s✐t✐♦♥ ♠❛tr✐① DkL✳
▲❡t ✉s ❝♦♠♣✉t❡ t❤❡ ♣♦t❡♥t✐❛❧ ♠❛tr✐① ♦❢ Xǩ✳

Eα

[
1{Xǩ0

=x}

∑

n

1{Xǩn
=y}

]

= Eα

[
1{Xρ=x}

( ∑

n

1{Xǩn
=y}

)
◦ X[ρ,ζ]

]

=
∑

t

Eα

[
1{X[0,t[≻x}1{Xt=x}1{X[t,ζ]�x}

( ∑

n

1{Xǩn
=y}

)
◦ X[t,ζ]

]

=
∑

t

Eα

[
1{X[0,t[≻x}1{Xt=x}

]
Ex

[
1{X[0,ζ]�x}

∑

n

1{Xǩn
=y}

]

=
∑

t

Eα

[
1{X[0,t[≻x}1{Xt=x}

]
Ex

[
1{X[0,ζ]�x}

∑

t

1{Xt=y}1{X[t,ζ]�y}

]

=
∑

t

Eα

[
1{X[0,t[≻x}1{Xt=x}

]
Ex

[
1{X[0,ζ]�x}

∑

t<S

1{Xt=y}1{X[t,ζ]�y}

]
✭✶✷✮

=
∑

t

Eα

[
1{X[0,t[≻x}1{Xt=x}

]
Ex

[ ∑

t<S

1{Xt=y}1{X[t,ζ]≻y}

]
✭✶✸✮

=
∑

t

Eα

[
1{X[0,t[≻x}1{Xt=x}

]
Ex

[ ∑

t<S

1{Xt=y}

]
Py[X[0,ζ] � y]

✶✷



s♦
Eα

[ ∑

n

1{Xǩn
=y}

/
Xǩ0

= x
]

= DkW (x, y)

❍❡r❡ ✐s s♦♠❡ ❞❡t❛✐❧s ❢♦r t❤❡ ♣r❡✈✐♦✉s ❝♦♠♣✉t❛t✐♦♥✿
✭✶✷✮✿ ❇❡❝❛✉s❡ ♦♥ {X[0,ζ] � X0} ✇❡ ❤❛✈❡ S = ∞✳
✭✶✸✮✿ ❇❡❝❛✉s❡ ♦♥ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♦❢ {X[0,ζ] � X0}✱ ✇❡ ❛❧✇❛②s ❤❛✈❡∑

t<S 1{Xt=y}1{X[t,ζ]≻y} = 0✳

❚❤❡ ♣r✐♠❡ ✈❡rs✐♦♥ ✐s ✈❡r② s✐♠✐❧❛r✿ ❥✉st r❡♣❧❛❝❡ X[0,t[ ≻ x ❜② X[0,t] � x ❛♥❞
X[t,ζ] � y ❜② X]t,ζ] ≻ y✳ �

Pr♦♣♦s✐t✐♦♥ ✺✳✼ ❲❡ ❤❛✈❡✿

W =
∑

n

Ln

W ′ =
∑

n

L′
n

Pr♦♦❢✿ ⊲ ❋✐rst st❡♣✳ ❙✉♣♣♦s❡ t❤❛t P ✐s str✐❝t❧② s✉❜✲st♦❝❤❛st✐❝ ✐✳❡✳ P1E ≤ q < 1✳
❙♦✱ ❢r♦♠ ❧❡♠♠❛ ✺✳✶ ✇❡ ❤❛✈❡ k > 0✳ ❚❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ♦❢ Xǩ ✐s DkL ✇❤✐❧❡
✐ts ♣♦t❡♥t✐❛❧ ♠❛tr✐① ✐s DkW ✳ ❙♦ ✇❡ ❤❛✈❡ DkW =

∑
n(DkL)n =

∑
n Dk(Ln)✳

❙✐♠♣❧✐❢②✐♥❣ t❤❡ k ✇❡ ❞❡❞✉❝❡ t❤❡ ♣r♦♣♦s✐t✐♦♥✳
⊲ ❙❡❝♦♥❞ st❡♣✳ ❆♣♣❧②✐♥❣ t❤❡ ✜rst st❡♣ t♦ qP ✱ ✇✐t❤ q ∈]0, 1[✱ ✇❡ ❣❡t W[qP ] =∑

n Ln
[qP ]✳ ❚❤❡♥ ✇❡ ♠❛❦❡ q t❡♥❞s t♦ 1✳ ❚❤❡ ♣r✐♠❡ ✈❡rs✐♦♥ ✐s ♣r♦✈❡♥ ✐❞❡♥t✐❝❛❧❧②✳

�

✺✳✺ ❋❛❝t♦r✐③❛t✐♦♥s ♦❢ t❤❡ ❣❡♥❡r❛t♦r

❲❤❡♥ A,B ❛r❡ ✐♥✜♥✐t❡ ♠❛tr✐❝❡s ✇✐t❤ s✐❣♥❡❞ ❝♦❡✣❝✐❡♥ts✱ ✇❡ s❛② t❤❛t t❤❡ ♣r♦❞✉❝t
AB ✐s ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t ✇❤❡♥ t❤❡ ♣r♦❞✉❝t |A| |B| ✐s ✜♥✐t❡ ✭✇❤❡r❡ |A|, |B|
❛r❡ ♠❛tr✐❝❡s ✇✐t❤ ❝♦❡✣❝✐❡♥ts |A(x, y)|, |B(x, y)| ✮✳

Pr♦♣♦s✐t✐♦♥ ✺✳✽ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② ❜❡t✇❡❡♥ ♣♦s✐t✐✈❡ ♠❛tr✐❝❡s✿

P + LK = K + L ✭✶✹✮

P + L′K ′ = K ′ + L′ ✭✶✺✮

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t♦r✐③❛t✐♦♥✱ ✇✐t❤ ❛♥ ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t ♣r♦❞✉❝t✿

(I − P ) = (I − L)(I − K)

❲❤❡♥ L′ ✐s ✜♥✐t❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t♦r✐③❛t✐♦♥✱ ✇✐t❤ ❛ ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r✲
❣❡♥t ♣r♦❞✉❝t✿

(I − P ) = (I − L′)(I − K ′)

✶✸



Pr♦♦❢✿ ⊲ ❋✐rst st❡♣ ✿ ❆ss✉♠❡ P1 ≤ q < 1 ✭✐✳❡✳ P ✐s str✐❝t❧② s✉❜✲st♦❝❤❛st✐❝✮✳
❈♦♥s❡q✉❡♥t❧② k > 0 ♦♥ E ✭❧❡♠♠❛ ✺✳✶✮✳ ▼♦r❡♦✈❡r U1 ≤ 1

1−q
✳ ❋r♦♠ t❤❡✐r

❞❡✜♥✐t✐♦♥s✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ♠❛tr✐❝❡s K, V, L,W ❛r❡ ❞♦♠✐♥❛t❡❞ ❜② U ✳ ■♥ t❤✐s
s✐t✉❛t✐♦♥✱ ❛❧❧ ♦✉r ♠❛tr✐❝❡s ❝❛♥ ❜❡ s❡❡♥ ❛s ❜♦✉♥❞❡❞ ♦♣❡r❛t♦r ♦♥ ℓ∞(E)✳ ❊q✉❛t✐♦♥s
U =

∑
n Pn✱ V =

∑
n Kn✱ W =

∑
n Ln ✭♣r♦♣♦s✐t✐♦♥ ✺✳✼✮ s❤♦✇ t❤❛t U, V,W

❛r❡ t❤❡ ✐♥✈❡rs❡ ♦♣❡r❛t♦rs ♦❢ (I − P ), (I − K), (I − L)✳ ■♥✈❡rt✐♥❣ U = V W
❣✐✈❡s ✉s (I − P ) = (I − L)(I − K)✳ ❲❡ ❝❛♥ ❞❡✈❡❧♦♣ t❤✐s ❡q✉❛t✐♦♥ t♦ ♦❜t❛✐♥
P + LK = L + K✳ ❚❤❡ ♣r✐♠❡ ✈❡rs✐♦♥ ✐s t❤❡ s❛♠❡✳

⊲ ❙t❡♣ ✷✿ ❙✉♣♣♦s❡ P ✐s ❥✉st ❛ s✉❜✲st♦❝❤❛st✐❝ ♠❛tr✐①✳ ❲❡ ❝❛♥ ❛♣♣❧② t❤❡
♣r❡✈✐♦✉s ✇♦r❦ t♦ qP ✇✐t❤ q ∈]0, 1[✳ ❲❡ ♦❜t❛✐♥ qP + K[qP ]L[qP ] = K[qP ] +
L[qP ]✳ ❲❤❡♥ q → 1✱ ✇❡ ❤❛✈❡ K[qP ] ↑ K[P ] ❛♥❞ L[qP ] ↑ L[P ]✳ ❋r♦♠ ♠♦♥♦t♦♥❡
❝♦♥✈❡r❣❡♥❝❡ L[qP ]K[qP ] ↑ L[P ]K[P ] s♦ ✇❡ ❣❡t P + KL = K + L✳ Pr✐♠❡ ✈❡rs✐♦♥
✐s ✐❞❡♥t✐❝❛❧✳

⊲ ❙t❡♣ ✸✿ ❙✉♣♣♦s❡ ❛❣❛✐♥ t❤❛t P ✐s ❛♥② s✉❜✲st♦❝❤❛st✐❝ ♠❛tr✐①✳ ❇② ✐ts ❞❡✜♥✐✲
t✐♦♥✱ ✇❡ ❛❧✇❛②s ❤❛✈❡ L < ∞✳ ❋r♦♠ P + KL = K + L ✇❡ ❤❛✈❡ LK ≤ K + L
❛♥❞

|I − L| |I − K| ≤ I + L + K + LK ≤ I + 2L + 2K

❋r♦♠ t❤❡✐r ❞❡✜♥✐t✐♦♥ K, L ❛r❡ ✜♥✐t❡ s♦ t❤❡ ♣r♦❞✉❝t (I −L)(I −K) ✐s ❛❜s♦❧✉t❡❧②
❝♦♥✈❡r❣❡♥t✳ ❋✐♥❛❧❧② (I − L)(I − K) = I − K − L + KL = I − P ✳ ❚❤❡ ♣r✐♠❡
✈❡rs✐♦♥ ✐s t❤❡ s❛♠❡✱ ❡①❝❡♣t t❤❛t ✇❡ ❤❛✈❡ t♦ s✉♣♣♦s❡ ✜rst ♦❢ ❛❧❧ t❤❛t L′ < ∞✳
�

✻ ❆❜♦✉t ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥

❚❤❡ t❤❡♦r❡♠ ✺✳✽ ✐♥❞✐❝❛t❡s t❤❛t L′ < ∞ ✐s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ ❤❛✈❡ t❤❡
♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ (I − P ) = (I − L′)(I − K ′) ✇✐t❤ ❛♥ ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t
♣r♦❞✉❝t✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛❧s♦ s✉✣❝✐❡♥t ❜❡❝❛✉s❡ ✇❤❡♥ L′ ❝❛♥ t❛❦❡ t❤❡ ✈❛❧✉❡
+∞ t❤❡ ♣r♦❞✉❝t (I−L′)(I−K ′) ❝❛♥ ♥♦t ❜❡ ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t ✭❡①❝❡♣t ✇❤❡♥
✇❡ ❛❝❝❡♣t t❤❡ ❝♦♥✈❡♥t✐♦♥ +∞, 0 = 0✱ ✐♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ t♦ t❤✐♥❦ ♠♦r❡✮✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ✜♥✐t❡♥❡ss ♦❢ L′✳ ❲❡ r❡❝❛❧❧ t❤❛t L′(x, y) ✐s t❤❡
♠❡❛♥ ♥✉♠❜❡r ♦❢ ♦♣❧✐ts ♦♥ y st❛rt✐♥❣ ❢r♦♠ x ✭s❡❡ ❞❡✜♥✐t✐♦♥ ✺✳✸✮✳

✻✳✶ ❘❡❢♦r♠✉❧❛t✐♦♥ ♦❢ L
′
< ∞

❘❡❝❛❧❧ t❤❛t ✇❡ ✇r✐t❡ x y t♦ ✐♥❞✐❝❛t❡ t❤❛t x ❣♦❡s t♦ y ✐♥ t❤❡ ♦r✐❡♥t❡❞ ❣r❛♣❤ ♦❢
P ✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶ L′ < ∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❞♦❡s ♥♦t ❡①✐st ❛ st❛t❡ y ✇❤✐❝❤ ✐s ✐♥
t❤❡ s❛♠❡ t✐♠❡ ✿
✶✴ ❘❡❝✉rr❡♥t ✐✳❡✳ U(y, y) = ∞✳
✷✴ ◆♦t ❧❡❛✈❛❜❧❡ t♦ ❜❡❧♦✇ ✐✳❡✳ ∀z ≺ y : y  / z✳
✸✴ ❘❡❛❝❤❛❜❧❡ ❢r♦♠ ❜❡❧♦✇ ✐✳❡✳ ∃x ≺ y : x y✳

✶✹



Pr♦♦❢✿ ❙✉♣♣♦s❡ t❤❛t ✐t ❡①✐sts ❛ st❛t❡ y ✇❤✐❝❤ s❛t✐s❢② ✶✱ ✷ ✱✸✳ ▲❡t x ❜❡ ❛ st❛t❡
s✉❝❤ t❤❛t x ≺ y✳ ❲❡ ❤❛✈❡

L′(x, y) = Px{Ty < ∞}Ey

[ ∑

t

1{Xt=y,X]0,t]�y}

]

= Px{Ty < ∞}Ey

[ ∑

t

1{Xt=y}

]
= +∞

❈♦♥✈❡rs❡❧②✳ ❙✉♣♣♦s❡ t❤❛t ❡✐t❤❡r

• y ✐s tr❛♥s✐❡♥t✳ ❙♦✱ ❢♦r ❛♥② x✱ ✇❡ ❤❛✈❡ L(x, y) ≤ U(x, y) ≤ U(y, y) < ∞✳

• y ✐s ♥♦t r❡❛❝❤❛❜❧❡ ❢r♦♠ ❜❡❧♦✇✱ s♦ L′(x, y) = 0 ❢♦r ❛♥② x✳

• y ✐s ❧❡❛✈❛❜❧❡ t♦ ❜❡❧♦✇✳ ❙♦ t❤❡r❡ ❡①✐sts z ≺ y s✉❝❤ t❤❛t Py{Tz < ∞} > 0✳
❖♥❝❡ t❤❡ ♣r♦❝❡ss ♣❛ss ✉♥❞❡r y✱ t❤❡r❡ ❛r❡ ♥♦t ♣♦ss✐❜✐❧✐t② ♦❢ ♦♣❧✐t✳ ❙♦ t❤❡
♥✉♠❜❡r ♦❢ ♦♣❧✐ts ❛t y ✐s st♦❝❤❛st✐❝❛❧❧② ✐♥❢❡r✐♦r t♦ ❛ ❣❡♦♠❡tr✐❝ t✐♠❡s ✇✐t❤
♣❛r❛♠❡t❡r Py{Tz < ∞}✳ ❙♦ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤✐s ♥✉♠❜❡r ✐s ✜♥✐t❡✳

�

F ⊂ E ✐s ❝❛❧❧❡❞ ❛ ✧r❡❝✉rr❡♥t ❝❧❛ss✧ ✇❤❡♥ F ✐s ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ ✇❤❡♥ t❤❛t ❛❧❧
st❛t❡s ✐♥ F ❛r❡ r❡❝✉rr❡♥t✳ ❲❡ ✇r✐t❡ x ≺ F t♦ ✐♥❞✐❝❛t❡ t❤❛t ∀y ∈ F : x ≺ y✳ ❲❡
✇r✐t❡ x F t♦ ✐♥❞✐❝❛t❡ t❤❛t ∃y ∈ F : x F ✳

❈♦r♦❧❧❛r② ✻✳✷ ❙✉♣♣♦s❡ t❤❛t E ⊂ Z ❛♥❞ t❤❛t � ✐s ≤✳ ❚❤❡♥ L′ < ∞ ✐✛ ✐t ❞♦❡s
♥♦t ❡①✐st ❛ r❡❝✉rr❡♥t ❝❧❛ss F ❛♥❞ ❛ st❛t❡ x s✉❝❤ t❤❛t x ≺ F ❛♥❞ x F ✳

Pr♦♦❢✿ ❙✉♣♣♦s❡ t❤❛t L′ ✐s ♥♦t ✜♥✐t❡✳ ❙♦ t❤❡r❡ ❡①✐sts ❛ r❡❝✉rr❡♥t ♣♦✐♥t y ✇❤✐❝❤
✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ ❛ st❛t❡ x ≺ y ❛♥❞ ♥♦t ❧❡❛✈❛❜❧❡ t♦ ❜❡❧❧♦✇✳ ❇❡❝❛✉s❡ y ✐s ♥♦t
❧❡❛✈❛❜❧❡ t♦ ❜❡❧❧♦✇✱ ✇❡ ❤❛✈❡ y  / x✱ s♦ t❤❛t x ✐s tr❛♥s✐❡♥t✳ ▲❡t ✉s ✇r✐t❡ F t❤❡
r❡❝✉rr❡♥t ❝❧❛ss ❝♦♥t❛✐♥✐♥❣ y✳ ❲❡ ❤❛✈❡ x ≺ F ❛♥❞ x F ✳

❘❡❝✐♣r♦❝❛❧❧②✳ ❙✉♣♣♦s❡ t❤❛t ❡①✐sts ❛ r❡❝✉rr❡♥t ❝❧❛ss F ❛♥❞ ❛ st❛t❡ x s✉❝❤
t❤❛t x ≺ F ❛♥❞ x F ✳ ❙♦ F ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧❧♦✇ ❛♥❞ ✐t ❛❞♠✐ts ❛ s♠❛❧❧❡st
❡❧❡♠❡♥t y✳ ❚❤✐s st❛t❡ y ✐s r❡❝✉rr❡♥t✱ ♥♦t ❧❡❛✈❛❜❧❡ t♦ ❜❡❧❧♦✇ ❛♥❞ r❡❛❝❤❛❜❧❡ ❢r♦♠
❜❡❧❧♦✇ ✭❢r♦♠ x✮✳ ❙♦ L′ ✐s ♥♦t ✜♥✐t❡✳ �

✻✳✷ Pr✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ❢♦r ❛ ❝❤♦s❡♥ ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥

❖♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ✜① ❛♥ ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥ a ✇❤✐❝❤ ❛❧❧♦✇s ✉s
t♦ ❞❡✜♥❡ ♦✉r ♣r❡✲♦r❞❡r r❡❧❛t✐♦♥ �✳ ❚♦ ❝❤❛♥❣❡ a t♦ ❛♥ ♦t❤❡r ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥
b ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣❡r♠✉t❡ s✐♠✉❧t❛♥❡♦✉s❧② s♦♠❡ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ♦❢ (I − P )✳
❙✉❝❤ ♣❡r♠✉t❛t✐♦♥ ❝❛♥ ❤❡❧♣ t♦ ♣❡r❢♦r♠ t❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥✳ ▼❛tr✐❝❡s K, V...
❝♦♠♣✉t❡❞ ✇✐t❤ t❤✐s ♥❡✇ ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② K[b], V[b]...✳

Pr♦♣♦s✐t✐♦♥ ✻✳✸ ❚❤❡r❡ ❛❧✇❛②s ❡①✐sts ❛♥ ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥ b ♦♥ E s✉❝❤ t❤❛t
L′[b] < ∞✳ ❚❤✐s ❢✉♥❝t✐♦♥ b ❝❛♥ ❡✈❡♥ ❜❡ t❛❦❡♥ ✐♥❥❡❝t✐✈❡ ✭s♦ t❤❡ r❡❧❛t✐✈❡ ♣r❡✲♦r❞❡r

�b ✐s ❛♥ ♦r❞❡r✮✳

✶✺



Pr♦♦❢✿ ▲❡t Er ⊂ E ❜❡ t❤❡ s❡t ♦❢ r❡❝✉rr❡♥t st❛t❡s ❛♥❞ Et = E \ Er t❤❡ s❡t
♦❢ tr❛♥s✐❡♥t st❛t❡s✳ ▲❡t b ❜❡ ❛♥② ❢✉♥❝t✐♦♥ ❢r♦♠ E t♦ R ✇❤✐❝❤ ♠❛♣s Er ✐♥t♦
[0,∞[ ❛♥❞ Et ✐♥t♦ ] − ∞, 0[ ✭s✉❝❤ ❛ ❢✉♥❝t✐♦♥ ❝❛♥ ❡❛s✐❧② ❜❡❡♥ t❛❦❡♥ ✐♥❥❡❝t✐✈❡✮✳
▲❡t ✉s r❡❛s♦♥ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✿ ❙✉♣♣♦s❡ t❤❛t ✐t ❡①✐sts (x, y) s✉❝❤ t❤❛t y ✐s
r❡❝✉rr❡♥t✱ x ≺b y✱ x  y ❛♥❞ y  / x✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t x ✐s tr❛♥s✐❡♥t ✇❤✐❝❤
✐s ❛❜s✉r❞ ❜❡❝❛✉s❡✱ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ b✱ tr❛♥s✐❡♥t st❛t❡s ❛r❡ s✐t✉❛t❡❞ ❜❡❧♦✇
r❡❝✉rr❡♥t st❛t❡s✳ �

✻✳✸ Pr✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ❢♦r ❛❧❧ ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥s

Pr♦♣♦s✐t✐♦♥ ✻✳✹ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✳ ❋♦r ❛♥② ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥ b✱ ✇❡ ❤❛✈❡ L′[b] < ∞✳

✷✳ ■t ❞♦❡s ♥♦t ❡①✐st ❛ ❝♦✉♣❧❡ ♦❢ st❛t❡s (x, y) s✉❝❤ t❤❛t x ✐s tr❛♥s✐❡♥t✱ y r❡❝✉r✲
r❡♥t ❛♥❞ x y✳

✸✳ ❚❤❡r❡ ❡①✐sts ❛ ♠❡❛s✉r❡ µ : E 7→ R∗+ s✉❝❤ t❤❛t µP ≤ µ✳

c

b

a

1 1

1

a

c

b

1

1 1

❖♥ t❤❡ ❧❡❢t ✇❡ ❣✐✈❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ L′

[a]
< ∞✳

❇✉t ✇❤❡r❡ ✇❡ ❤❛✈❡ ❛ tr❛♥s✐❡♥t ♣♦✐♥t ✇❤✐❝❤

❝♦♠♠✉♥✐❝❛t❡s t♦ ❛ r❡❝✉rr❡♥t ♣♦✐♥t✳ ❖♥ t❤❡

r✐❣❤t ✇❡ ❝❤❛♥❣❡❞ t❤❡ ❛❧t✐t✉❞❡ s♦ t❤❛t L′

[b]
✐s

♥♦t ✜♥✐t❡✳

❲❤❡♥ P ✐s ✐rr❡❞✉❝✐❜❧❡✱ t❤❡♥ ❡✐t❤❡r ❛❧❧ st❛t❡s ❛r❡ r❡❝✉rr❡♥t✱ ♦r ❛❧❧ st❛t❡s ❛r❡
tr❛♥s✐❡♥t✳ ❋r♦♠ ♣♦✐♥t ✷ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ✇❡ ❞❡❞✉❝❡✿

❈♦r♦❧❧❛r② ✻✳✺ ❲❤❡♥ P ✐s ✐rr❡❞✉❝✐❜❧❡ t❤❡♥ ❢♦r ❛♥② ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥ b ✇❡
❤❛✈❡ L′[b] < ∞✳

Pr♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✻✳✹ ✐s ❝✉t ✐♥ ❧❡♠♠❛s✳

▲❡♠♠❛ ✻✳✻ ❋✐rst ❛♥❞ s❡❝♦♥❞ ♣♦✐♥ts ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✻✳✹ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

Pr♦♦❢✿ ❙✉♣♣♦s❡ t❤❛t t❤❡ ✜rst ♣♦✐♥t ✐s ❢❛❧s❡✳ ❙♦ ✐t ❡①✐sts ❛♥ ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥
b s✉❝❤ t❤❛t t❤❡r❡ ❡①✐st st❛t❡s x, y ❝❤❡❝❦✐♥❣✿ x ≺b y✱ x  y✱ y ✐s r❡❝✉rr❡♥t
❛♥❞ ♥♦t ❧❡❛✈❛❜❧❡ t♦ ❜❡❧♦✇✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❛t ✐♠♣❧✐❡s t❤❛t x ✐s tr❛♥s✐❡♥t ✇❤✐❝❤
❝♦♥tr❛❞✐❝ts t❤❡ s❡❝♦♥❞ ♣♦✐♥t✳

✶✻



❙✉♣♣♦s❡ t❤❡ s❡❝♦♥❞ ♣♦✐♥t ✐s ❢❛❧s❡✿ t❤❡r❡ ❡①✐st st❛t❡s x, y s✉❝❤ t❤❛t x  y✱
x ✐s tr❛♥s✐❡♥t ❛♥❞ y ✐s r❡❝✉rr❡♥t✳ ❚❛❦❡ t❤❡ ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥ b ✇❤✐❝❤ ♠❛♣s x
✐♥t♦ 0✱ y ✐♥t♦ 1✱ ❛♥❞ E \ {x, y} ✐♥t♦ ]1,∞[✳ ❈❧❡❛r❧②✱ ❢♦r t❤✐s ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥
✇❡ ❤❛✈❡ L′[b](x, y) = +∞✳ �

▲❡♠♠❛ ✻✳✼ ■❢ ❛❧❧ ♣♦✐♥ts ❛r❡ tr❛♥s✐❡♥t ♦r ✐❢ ❛❧❧ ♣♦✐♥ts ❛r❡ r❡❝✉rr❡♥t t❤❡♥ ✐t ❡①✐sts
❛ ♠❡❛s✉r❡ µ : E 7→ R∗+ s✉❝❤ t❤❛t µP ≤ µ✳

Pr♦♦❢✿ ■❢ ❛❧❧ ♣♦✐♥ts ❛r❡ tr❛♥s✐❡♥t t❤❡♥ ♣✐❝❦ ❛♥② ♣r♦❜❛❜✐❧✐t② α ✇❤♦s❡ s✉♣♣♦rt ✐s
t❤❡ ✇❤♦❧❡ E ❛♥❞ ❞❡✜♥❡ µ := αU ✳ ■❢ ❛❧❧ ♣♦✐♥ts ❛r❡ r❡❝✉rr❡♥t✱ t❤❡♥ t❤❡♦r❡♠ ✻✲✾
♣✳✶✸✺ ♦❢ ❬❑❙❑✻✻❪ ✐♥s✉r❡s ✉s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠❡❛s✉r❡ µ : E 7→ R∗+ s✉❝❤ t❤❛t
µP = µ✳ �

▲❡♠♠❛ ✻✳✽ P♦✐♥t t✇♦ ❛♥❞ ♣♦✐♥t t❤r❡❡ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✻✳✹ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

Pr♦♦❢✿ ❙✉♣♣♦s❡ t❤❛t ♣♦✐♥t t✇♦ ✐s tr✉❡✿ ❉❡♥♦t❡ ❜② Et t❤❡ s❡t ♦❢ tr❛♥s✐❡♥t ♣♦✐♥ts
❛♥❞ ❜② Er t❤❡ s❡t ♦❢ r❡❝✉rr❡♥t ♣♦✐♥ts✳ ❚❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✱ ❛♣♣❧✐❡❞ t♦ PEt

❛♥❞ PEs
✱ ❣✐✈❡s ✉s t✇♦ ♠❡❛s✉r❡s µt : Et 7→ R∗+ ❛♥❞ µr : Er 7→ R∗+ s✉❝❤ t❤❛t

µtPEt
≤ µt1Et

❛♥❞ µrPEr
≤ µr1Er

✳ ◆♦✇✱ ❜❡❝❛✉s❡ Et ❛♥❞ Er ❛r❡ ❞✐s❝♦♥♥❡❝t❡❞✱
✇❡ ❤❛✈❡ P = PEt

+ PEr
❛♥❞ t❤✉s t❤❡ ♠❡❛s✉r❡ µ = µt + µr ❝❤❡❝❦s µP ≤ µ✳

❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ ♣♦✐♥t t✇♦ ✐s ❢❛❧s❡ ❛♥❞ ♣♦✐♥t t❤r❡❡ ✐s tr✉❡✿ ❙♦ t❤❡r❡
❡①✐sts µ : E 7→ R∗+ s✉❝❤ t❤❛t µP = µ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ st❛t❡ x tr❛♥s✐❡♥t
✇❤✐❝❤ ❝♦♠♠✉♥✐❝❛t❡s t♦ ❛ st❛t❡ y r❡❝✉rr❡♥t✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♠❡❛s✉r❡ U(x, ·)
✇❤✐❝❤ ✐s ✜♥✐t❡ ❛t x ❛♥❞ ✐♥✜♥✐t❡ ❛t y✳ P✉t k = U(x, x)✳ ❲❡ ❝♦♥str✉❝t ❛♥ ♦t❤❡r
♠❡❛s✉r❡✿ ν(y) = k

µ(1)µ(y). ❚❤❡ ♠❡❛s✉r❡ ν ❛❧s♦ ❝❤❡❝❦s νP ≤ ν ❛♥❞ ♠♦r❡♦✈❡r ν

✐s ❣r❡❛t❡r t❤❛t U(x, ·) ❛t x ✭❜♦t❤ ❤❛s t❤❡ s❛♠❡ ✈❛❧✉❡ ❛t t❤✐s ♣♦✐♥t✮✳ ❇❡❝❛✉s❡ ♦❢
t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱ ν ✐s ❣r❡❛t❡r t❤❛t U(x, ·) ❡✈❡r②✇❤❡r❡✱ ✐♥ ♣❛rt✐❝✉❧❛r ❛t y✳
❚❤✐s ✐♠♣❧✐❡s ν(y) = µ(y) = ∞ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ❤②♣♦t❤❡s✐s ♦♥ µ✳ �

✻✳✹ ▲✐♥❦ ✇✐t❤ t❤❡ ❡①✐st✐♥❣ ❝r✐t❡r✐♦♥ ❢♦r M✲♠❛tr✐①

❆ M ✲♠❛tr✐① ✐s ❛ ✜♥✐t❡ ♠❛tr✐① A ♦❢ t❤❡ s❤❛♣❡ A = cst(I −Q) ✇❤❡r❡ Q ✐s ❛ ♠❛tr✐①
✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡ ❡♥tr✐❡s s✉❝❤ t❤❛t t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ♦❢ Q ✐s ❧❡ss ♦r ❡q✉❛❧ t❤❛t
1✳

❲❤❡♥ E ✐s ✜♥✐t❡✱ ▼❛r❦♦✈ ❝❤❛✐♥ ❣❡♥❡r❛t♦rs I − P ❛r❡ ♣❡❝✉❧✐❛r ❝❛s❡s ♦❢ M ✲
♠❛tr✐①✳

❋♦r ❛ M ✲♠❛tr✐① A✱ t❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥ ✐s ♣♦ss✐❜❧❡ ❢♦r ❛♥② ♦r❞❡r✐♥❣ ♦❢ ✐♥❞✐❝❡s
✭✐✳❡✳ ❢♦r ❛♥② ✐♥❥❡❝t✐✈❡ ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥✮

• ✐❢ A ✐s ✐♥✈❡rt✐❜❧❡ ✭❋✐❡❞❧❡r ❛♥❞ Pt❛❦✱ ✶✾✻✷✱ ❬❋P✻✷❪ ✮

• ✐❢ A ✐s ✐rr❡❞✉❝✐❜❧❡ ✭❑✉♦✱ ✶✾✼✼✱ ❬❑✉♦✼✼❪✮

• ✐❢ t❤❡r❡ ❡①✐sts µ : E 7→ R∗+ s✉❝❤ t❤❛t µA ≥ 0 ✭✐✳❡✳ µQ ≤ µ✮ ✭❋✉♥❞❡r❧✐❝ ❛♥❞
P❧❡♠♠♦♥s✱ ✶✾✽✶✱ ❬❋P✽✶❪✮✳

✶✼



• ■❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❡①✐sts µ : E 7→ R∗+ s✉❝❤ t❤❛t µA ≥ 0 ✭❱❛r❣❛ ❛♥❞ ❈❛✐✱ ✶✾✽✶✱
❬❱❈✽✷❪✮✳

❋✐♥❛❧②✱ ❱❛r❣❛ ❛♥❞ ❈❛✐ ❬❱❈✽✷❪ ❣❛✈❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❛
M ✲♠❛tr✐① t♦ ❛❞♠✐t ❛ LU✲❢❛❝t♦r✐③❛t✐♦♥ ❢♦r ❛ ✜①❡❞ ♦r❞❡r✐♥❣ ♦❢ ✐♥❞✐❝❡s✳ ❆♣♣❧②✐♥❣
t❤❡♦r❡♠ ✶ ♦❢ ❬❱❈✽✷❪ t♦ t❤❡ ♠❛tr✐① A = I − P ✱ ❛♥❞ ✇❡ ✜♥❞ ♦✉r ❝♦r♦❧❧❛r② ✻✳✷✳
❆♣♣❧②✐♥❣ t❤❡♦r❡♠ ✺ ♦❢ ❬❱❈✽✷❪ t♦ t❤❡ ♠❛tr✐① A = I − P ✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t
t❤❛t r❡❝✉rr❡♥t st❛t❡s ❛r❡ ❛❜s♦r❜✐♥❣✱ ✇❡ s❡❡ t❤❛t I − P ❛❧✇❛②s ❛❞♠✐ts ❛ LU✲
❢❛❝t♦r✐③❛t✐♦♥❀ ✇❤✐❝❤ ✇❡ s❛✇ ❜② I −P = (I −L)(I −K)✳ ❚♦ ❤❡❧♣ t❤❡ tr❛♥s❧❛t✐♦♥
❜❡t✇❡❡♥ t❤❡ ♣r❡s❡♥t ❛rt✐❝❧❡ ❛♥❞ ❛rt✐❝❧❡ ♦❢ ❱❛r❣❛ ❛♥❞ ❈❛✐✱ r❡♠❛r❦ t❤❛t✿ ❋✐rst❧②
✉♣ ❛♥❞ ❞♦✇♥ ❛r❡ ✐♥✈❡rt❡❞✳ ❙❡❝♦♥❞❧②✿ t♦ s❛② t❤❛t F ✐s ❛ r❡❝✉rr❡♥t ❝❧❛ss ❢♦r P ✐s
❡q✉✐✈❛❧❡♥t t♦ s❛② t❤❛t (IF − PF ) ✐s ❛ s✐♥❣✉❧❛r ✐rr❡❞✉❝✐❜❧❡ ♠❛tr✐①✳

✼ ▼♦r❡ ❢❛❝t♦r✐③❛t✐♦♥s

✼✳✶ ❚❤❡ t❤r❡❡ t❡r♠s LDU✲❢❛❝t♦r✐③❛t✐♦♥

❲❡ ❞❡♥♦t❡ ❜② S̃ = min{t ≥ 1 : Xt ∼ X0, X]0,t[ ≻ X0}✳ ❲❡ ✇r✐t❡ k̃ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ t✐♠❡✲❝❤❛♥❣❡✳ Pr♦♣♦s✐t✐♦♥ ✸✳✷ s❤♦✇s t❤❛t n 7→ X

k̃n
✐s ❛ ▼❛r❦♦✈

❝❤❛✐♥✳ ❲❡ ✇r✐t❡ K̃ ✐ts tr❛♥s✐t✐♦♥ ♠❛tr✐①✱ Ṽ ✐ts ♣♦t❡♥t✐❛❧ ♠❛tr✐①✳
■❢ A,B, C ❛r❡ ✐♥✜♥✐t❡ ♠❛tr✐❝❡s ✇✐t❤ s✐❣♥❡❞ ❝♦❡✣❝✐❡♥ts✱ ✇❡ s❛② t❤❛t t❤❡ t❤r❡❡

t❡r♠s ♣r♦❞✉❝t ABC ✐s ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t ✇❤❡♥ ✇❡ ❤❛✈❡ |A||B||C| < ∞✳
❋r♦♠ ❋✉❜✐♥✐ t❤❡♦r❡♠✱ s✉❝❤ ❛ ♣r♦❞✉❝t ✐s ❛ss♦❝✐❛t✐✈❡✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② ❜❡t✇❡❡♥ ♣♦s✐t✐✈❡ ♠❛tr✐❝❡s

V ′ = V Ṽ

U = V Ṽ W ′

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t♦r✐③❛t✐♦♥ ✇✐t❤ ❛♥ ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t ♣r♦❞✉❝t✿

(I − K ′) = (I − K̃)(I − K)

▼♦r❡♦✈❡r✱ ✇❤❡♥ L′ < ∞ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t♦r✐③❛t✐♦♥ ✇✐t❤ ❛♥ ❛❜s♦❧✉t❡❧②
❝♦♥✈❡r❣❡♥t t❤r❡❡ t❡r♠s ♣r♦❞✉❝t✿

(I − P ) = (I − L′)(I − K̃)(I − K)

Pr♦♦❢✿ ❆❧❧ t❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ t✇♦ ❢❛❝t♦r✐③❛t✐♦♥s U =
V W ❛♥❞ (I − P ) = (I − L)(I − K) ❜✉t st❛rt✐♥❣ ❢r♦♠ t❤❡ ♣r♦❝❡ss Xk′ ✐♥st❡❛❞
♦❢ X✳ ❲❡ ♥♦t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❥❡❝t♦r✐❛❧ ❢❛❝t✿

Xk ◦ Xk′ = Xk( ∑

t<S

1{Xt=y}

)
◦ Xk′ =

∑

n

1{X
k̃n

=y}

✶✽



❙♦ V[K′] = V[P ] ❛♥❞ W[K′] = Ṽ[P ] ❛♥❞ ✇❡ ❣❡t

V ′[P ] = U[K′] = V[K′]W[K′] = V[P ]Ṽ[P ]

◆♦✇ ✇❡ ❤❛✈❡ U = V ′W ′ = (V Ṽ )W ′ = V Ṽ W ′ ✭t❤❡ ❛ss♦❝✐❛t✐✈✐t② ✐s ✐♠♠❡❞✐❛t❡
❜❡❝❛✉s❡ ❛❧❧ t❡r♠s ❛r❡ ♣♦s✐t✐✈❡✮✳

❙✐♠✐❧❛r❧②

L[K](x, y)

= 1{x�y}Px[Xk′
1

= y] + 1{x�y}Px{Ty ◦ Xk′ ∈ [2,∞[, X]0,Ty[ ◦ Xk′ ≻ y}

= 1{x∼y}Px[X
k̃1

= y] + 0 = K̃(x, y)

❙♦ ✇❡ ❤❛✈❡ (I − K ′) = (I − K̃)(I − K)✳
◆♦✇ ✇❡ ❛ss✉♠❡ t❤❛t L′ < ∞✳ ❲❡ ❤❛✈❡✿

|I − L′| |I − K̃| |I − K| ≤ I + K + K̃ + K̃K + L′ + L′K + L′K̃ + L′K̃K

t❤❡ ♦♥❧② t❡r♠s t❤❛t ❛r❡ ♥♦t ♦❜✈✐♦✉s❧② ✜♥✐t❡ ❛r❡ L′K, L′K̃ ❛♥❞ L′K̃K✳ ❲❡ ❤❛✈❡✿

L′K(x, y) =
∑

a≻y

Ex

[ ∑

t

1{X]0,t]�a}1{Xt=a}1{Xk1
=y}

]

=
∑

a≻y

Px{Xρ′ ◦ X]0,Ty] = a} ≤ 1

❲❡ ❛❧s♦ ❤❛✈❡ L′K̃ ≤ L′✱ s♦ t❤❛t L′K̃K ≤ L′K < ∞✳
❈♦♥s❡q✉❡♥t❧②✱ t❤❡ t❤r❡❡ t❡r♠ ♣r♦❞✉❝t (I − L′)(I − K̃)(I − K) ✐s ❛❜s♦❧✉t❡❧②

❝♦♥✈❡r❣❡♥t✱ ❛♥❞ s♦ ❛ss♦❝✐❛t✐✈❡ ❛♥❞ ✇❡ ❣❡t (I − P ) = (I − L′)[I − K ′] = (I −
L′)[(I − K̃)(I − K)] = (I − L′)(I − K̃)(I − K)✳ �

✼✳✷ ▼✐①❡❞ ❢❛❝t♦r✐③❛t✐♦♥

Pr♦♣♦s✐t✐♦♥ ✼✳✷ ❲❡ ❤❛✈❡

V + L = I + PV

W + K = I + WP

U = V + UL

U = W + KU

❚❤❡s❡ ❡q✉❛❧✐t✐❡s st❛② tr✉❡ ❛❞❞✐♥❣ ♣r✐♠❡ ♦♥ K, V, L,W ✳

Pr♦♦❢✿ ❙✉♣♣♦s❡ ✜rst❧② t❤❛t P ✐s str✐❝t❧② s✉❜✲st♦❝❤❛st✐❝✱ s♦ ❛❧❧ t❤❡ ✐♥✈♦❧✈❡❞ ♠❛✲
tr✐❝❡s ❝❛♥ ❜❡ s❡❡♥ ❛s ❜♦✉♥❞❡❞ ♦♣❡r❛t♦rs ♦❢ ℓ∞(E)✳

▲❡t ✉s ❝♦♥s✐❞❡r❛t❡ (I −P ) = (I −L)(I −K)✳ ▼✉❧t✐♣❧②✐♥❣ ✐t ♦♥ t❤❡ r✐❣❤t ❜②
V ✇❡ ❣❡t t❤❡ ✜rst ❡q✉❛❧✐t②✳ ▼✉❧t✐♣❧②✐♥❣ ✐t ♦♥ t❤❡ ❧❡❢t ❜② W ✇❡ ❣❡t t❤❡ s❡❝♦♥❞
❡q✉❛❧✐t②✳

✶✾



▲❡t ✉s ❝♦♥s✐❞❡r❛t❡ U = V W ✳ ▼✉❧t✐♣❧②✐♥❣ ✐t ♦♥ t❤❡ r✐❣❤t ❜② (I − L) ✇❡
❣❡t t❤❡ t❤✐r❞ ❡q✉❛❧✐t②✳ ▼✉❧t✐♣❧②✐♥❣ ✐t ♦♥ t❤❡ ❧❡❢t ❜② (I − K) ✇❡ ❣❡t t❤❡ ❢♦✉rt❤
❡q✉❛❧✐t②✳

❚♦ ❣❡♥❡r❛❧✐③❡ t❤✐s t♦ ❛♥② s✉❜✲st♦❝❤❛st✐❝ P ✱ ✇❡ ❛♣♣❧② t❤❡ ♣r♦✈❡♥ ❡q✉❛❧✐t② t♦
qP ✇✐t❤ q ∈]0, 1[ ❛♥❞ ♠❛❦❡ q t❡♥❞s t♦ 1✳ �

❍❡r❡ ✐s ❛ ♣r♦❜❛❜✐❧✐st✐❝ ♣r♦♦❢ ❛♥❞ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❢❛❝t♦r✐③❛t✐♦♥
✐♥ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✼✳✷✳
⊲ ❋✐① x ≻ y✳ ❙♦ W (x, y) = 0✳ ❲❡ ❤❛✈❡

∀a ∈ E Px{XS−1 = a,XS = y} = Ex

[ ∑

t<S

1{Xt=a,Xt+1=y}

]
= W (x, a)P (a, y)

✭✶✻✮
❙✉♠♠✐♥❣ ♦✈❡r ❛❧❧ a ✇❡ ❣❡t K(x, y) = WP (x, y)✳
⊲ ❋✐① x � y✳ ❙♦ K(x, y) = 0✳ ▲❡t ✉s ✇r✐t❡ T1, T2, ... t❤❡ s✉❝❝❡ss✐✈❡ ♣❛ss❛❣❡s ❛t y✳
❙♦ {XTi

= y} ♠❡❛♥s t❤❛t t❤❡ ♣r♦❝❡ss ✈✐s✐ts ❛t ❧❡❛st i t✐♠❡s t❤❡ st❛t❡ y✳ ❯s✐♥❣
t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ ✇❡ ❤❛✈❡

∀a ∈ E Ex

[ ∑

i

1{XTi−1=a}1{XTi
=y}1{Ti<S}

]
= Ex

[ ∑

t<S

1{Xt=a}1{Xt+1=y}

]

= W (x, a)P (a, y)

❲✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t X−1 = †✳ ❙✉♠♠✐♥❣ ♦✈❡r ❛❧❧ a✱ ✇✐t❤ ❛ ♣❛rt✐❝✉❧❛r ❝❛r❡
t♦ t❤❡ ❝❛s❡ x = y✱ ✇❡ ❣❡t W (x, y) − 1{x=y} = WP (x, y)✳

❘❡♠❛r❦ ✼✳✸ ❚❤❡ q✉❛♥t✐t② XS − XS−1 ❛♣♣❡❛r✐♥❣ ✐♥ ✭✶✻✮ ✐s t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢
t❤❡ ❢❛♠♦✉s ✧✉♥❞❡r✲s❤♦♦t✧ ✐♥ t❤❡ ✢✉❝t✉❛t✐♦♥ t❤❡♦r② ♦❢ ▲❡✈② ♣r♦❝❡ss❡s✳ ❚❤❡
❡q✉❛t✐♦♥ K(x, y) = WP (x, y) ✐s t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ ✇❤✐❝❤ ✇❡ ❝❛❧❧❡❞ ✓❛♠✐❝❛❧❡
éq✉❛t✐♦♥ ✐♥✈❡rsé❡✔ ✐♥ ❬❱✐❣✵✷❪✱ s❡❡ ❛❧s♦ ❬❉♦♥✵✶❪✱ ❝❤❛♣✳ ✺✳

✽ ▼❛tr✐❝❡s ✇✐t❤ s♣❡❝tr❛❧ r❛❞✐✉s ❧❡ss t❤❛t ♦♥❡

◆♦t❛ ❇❡♥❡✿ ❊①❝❡♣t✐♦♥❛❧❧② ❞✉r✐♥❣ t❤✐s s❡❝t✐♦♥✱ ♦✉r ♠❛✐♥ ❞❛t❛ P ✐s ❛♥② ♠❛tr✐①
✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡ ❡♥tr✐❡s✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣❡♥❡r❛❧✐③❡ ♦✉r ❢❛❝t♦r✐③❛t✐♦♥s ❢r♦♠ t❤❡ ❝❧❛ss ♦❢ s✉❜✲st♦❝❤❛st✐❝
♠❛tr✐❝❡s t♦ t❤❡ ❝❧❛ss ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛tr✐❝❡s ✇✐t❤ s♣❡❝tr❛❧ r❛❞✐✉s ❧❡ss t❤❛t ♦♥❡✳
❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❧❛r❣❡r ❝❧❛ss✱ ✐s t❤❛t ✐t ✐s st❛❜❧❡ ❜② tr❛♥s♣♦s✐t✐♦♥✱ ✇❤✐❝❤
✇✐❧❧ ❤❡❧♣ ✉s t♦ ✉♥❞❡rst❛♥❞ s♦♠❡ t✐♠❡✲r❡✈❡rs❛❧ s②♠♠❡tr✐❡s ✭s❡❡ t❤❡ ♥❡①t s❡❝t✐♦♥✮✳

❚❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✇✐❧❧ ❜❡ str❛✐❣❤t❢♦r✇❛r❞✱ ❜✉t ❜❡❢♦r❡ ✇❡ ♥❡❡❞ t♦ r❡❞❡✜♥❡
K[P ], V[P ], L[P ],W[P ] ✭❛♥❞ ♣r✐♠❡ ✈❡rs✐♦♥s✮ ❢♦r ❛♥② ♠❛tr✐① P ✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡
❡♥tr✐❡s✳ ❲❡ ❛❧s♦ ❣✐✈❡ ❛ q✉✐❝❦ r❡❝❛❧❧ ❛❜♦✉t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s
❢♦r ✐♥✜♥✐t❡ ♠❛tr✐❝❡s✳

✷✵



✽✳✶ ❯♥♦r♠❛❧✐③❡❞ ❜r✐❞❣❡ ❛♥❞ ♦❝❝✉♣❛t✐♦♥ ♠❛tr✐❝❡s

❲❡ ❞❡✜♥❡ t❤❡ σ✲✜♥✐t❡ ♠❡❛s✉r❡ FP
x⊲z ♦♥ {ζ < ∞} ⊂ Ω ❛s ❢♦❧❧♦✇s✿ ∀ω =

(ω0, ω1, ..., ωn, †, †, ...)✿

FP
x⊲z{ω} = 1{x0=x}P (ω0, ω1)P (ω1, ω2)...P (ωn−1, ωn)1{ωn=z}

❋♦r f : Ω 7→ R+ ✇❡ ✇r✐t❡ FP
x⊲z[f] =

∑
ω f(ω)FP

x⊲z{ω}1{ζ(ω)<∞}✳
■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ P ✐s s✉❜✲st♦❝❤❛st✐❝ ✇❡ ❤❛✈❡

FP
x⊲z[f] = EP

x

[ ∑

t

f(X[0,t])1{Xt=y}

]
= EP

x⊲z[f]U(x, z)

❚❤❡ ❧❛st ❡q✉❛❧✐t② ❥✉st✐✜❡s t❤❡ ❢❛❝t t❤❛t FP
x⊲z ✐s ❝❛❧❧❡❞ t❤❡ ✧✉♥♦r♠❛❧✐③❡❞ ❜r✐❞❣❡✧

✭❢r♦♠ x t♦ z✮✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t ♥♦r♠❛❧✐③❡❞ ❛♥❞ ✉♥♦r♠❛❧✐③❡❞ ❜r✐❞❣❡s✱ s❡❡
❬❱✐❣✶✶❪✳

❲❡ ✇✐❧❧ ✇r✐t❡ s❤♦rt❧② h > 0 t♦ ✐♥❞✐❝❛t❡ t❤❛t h ✐s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ E t♦ R∗+✳
❍❡r❡ ✐s s♦♠❡ ❡❛s✐❧② ❝❤❡❝❦❛❜❧❡ ♣r♦♣❡rt✐❡s ♦❢ ✉♥♦r♠❛❧✐③❡❞ ❜r✐❞❣❡✿

∀h > 0 : F
(DhP )
x⊲z [f] =

h(z)

h(x)
FP

x⊲z[f] ✭✶✼✮

FP⊤

x⊲z[f] = FP
z⊲x[f(X

[
←−
0,ζ]

)] ✭✶✽✮

✭✶✾✮

▲❡t ✉s ❝❛❧❧ ✧♦❝❝✉♣❛t✐♦♥ ♠❛tr✐①✧ ✭r❡❧❛t✐✈❡ t♦ P ✮ ❛♥② ♠❛tr✐① A s✉❝❤ t❤❛t ✐ts
❡①✐sts f : Ω 7→ R+ s❛t✐s❢②✐♥❣ A(x, y) = FP

x⊲y[f]✳ ❚❤❡ r❡❛❞❡r ❝❛♥ ♣❧❛② t♦ ❝❤❡❝❦
t❤❛t t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ♦❝❝✉♣❛t✐♦♥ ♠❛tr✐❝❡s ✐s st✐❧❧ ❛♥ ♦❝❝✉♣❛t✐♦♥ ♠❛tr✐①✳

❖✉r tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s ❝❛♥ ❜❡ r❡❞❡✜♥❡❞ ❛s ♦❝❝✉♣❛t✐♦♥ ♠❛tr✐❝❡s r❡❧❛t✐✈❡ t♦
P ✿

❉❡✜♥✐t✐♦♥ ✽✳✶ ❲❡ ✇r✐t❡✿

K[P ](x, y) = FP
x⊲y[1{S=ζ}]

V[P ](x, y) = FP
x⊲y[1{ζ∈Rgk}] ✇❤❡r❡ Rgk = {t : ∃n : kt = n}

L[P ](x, y) = FP
x⊲y[1{X]0,ζ[≻Xζ�X0}]

W[P ](x, y) = FP
x⊲y[1{ζ<S}]

K ′[P ](x, y) = FP
x⊲y[1{S′=ζ}]

V ′[P ](x, y) = FP
x⊲y[1{ζ∈Rgk′}] ✇❤❡r❡ Rgk′ = {t : ∃n : k′t = n}

L′[P ](x, y) = FP
x⊲y[1{X]0,ζ]�Xζ≻X0}]

W ′
[P ](x, y) = FP

x⊲y[1{ζ<S′}]

✷✶



❖❢ ❝♦✉rs❡✱ ✇❤❡♥ P ✐s s✉❜✲st♦❝❤❛st✐❝✱ t❤✐s ♥❡✇ ❞❡✜♥✐t✐♦♥ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡
♦❧❞ ♦♥❡✱ ❡✳❣✳

K[P ](x, y) = EP
x [1{XS=y}] = EP

x

[ ∑

t

1{S=ζ} ◦ X[0,t] 1{Xt=y}

]
✭✷✵✮

= Fx⊲y[1{S=ζ}] ✭✷✶✮

L′[P ](x, y) = EP
x

[ ∑

t

1{X]0,ζ]�Xζ≻X0}

)
◦ X[0,t] 1{Xt=y}

]
✭✷✷✮

= Fx⊲y[1{X]0,ζ]�Xζ≻X0}] ✭✷✸✮

✽✳✷ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s

❲❡ r❡❝❛❧❧ s♦♠❡ ❢❛❝ts ❛❜♦✉t t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s✳ ❋♦r ❞❡t❛✐❧s s❡❡ ❬❱✐❣✶✶❪✳ ❙❡❡ ❛❧s♦
❲♦❡ss ❬❲♦❡✵✵❪ ❝❤❛♣✳✷ ♦r ❙❡♥❡t❛ ❬❙❡♥✼✸❪ ❝❤❛♣✳ ✻✳ ▲❡t ✉s ✇r✐t❡✿

Λ[P ] = {λ > 0 : U[ P
λ

] < ∞}

✐t ✐s ❝❧❡❛r❧② ❛♥ ✐♥t❡r✈❛❧ ♦❢ t②♣❡ ]R,∞[ ♦r [R,∞[ ❢♦r s♦♠❡ R ∈ R+∪{+∞}✳ ❚❤✐s R✱
❛❧s♦ ♥♦t❡❞ R[P ]✱ ✐s ❝❛❧❧❡❞ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ♦❢ P ✳ ❲❡ ❛r❡ t❡♠♣t❡❞ t♦ ❝♦♠♣❛r❡
Λ[P ] ✇✐t❤✿

Λ′[P ] := {λ ≥ 0 : ∃h > 0 : Ph ≤ λh}

❲❡ ❤❛✈❡ Λ′[P ] = Λ[P ] ♦r Λ′[P ] = Λ[P ] ∪ {R[P ]}✳

❲❡ ❛❧✇❛②s ❤❛✈❡ Λ[P ] = Λ[P⊤]✱ ❜✉t Λ′[P ] ❛♥❞ Λ′[P⊤] ❝❛♥ ❞✐✛❡r ❛t t❤❡✐r ❡①tr❡♠✲

✐t②✱ ❛s s❤♦✇♥ ❜② t❤❡ ❡①❛♠♣❧❡

P =

[
1 0

1/2 1/2

]

❖♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ P ✐s ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ R[P ] < ∞✱ ✇❡ ❤❛✈❡

Λ′[P ] = Λ′[P⊤] = [R[P ],∞[.

❲❤❡♥ E ✐s ✜♥✐t❡ ❛♥❞ P ✐rr❡❞✉❝✐❜❧❡✱ ❢r♦♠ P❡rr♦♥✲❋r♦❜❡♥✐✉s t❤❡♦r❡♠✱ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ R[P ] ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ s♣❡❝tr❛❧ r❛❞✐✉s ✭t❤❡
❧❛r❣❡st ❡✐❣❡♥ ✈❛❧✉❡s✮✳

❋✐♥✐t❡ ♠❛tr✐❝❡s ♦❢ t②♣❡ cst(I−P ) ✇✐t❤ R[P ] ≤ 1 ❛r❡ ✉s✉❛❧❧② ❝❛❧❧❡❞ M ✲♠❛tr✐❝❡s
✭❜✉t s♦♠❡ ❛✉t❤♦rs r❡q✉✐r❡ R[P ] < 1✮✳

❚❤❡ t❤r❡❡ ✐♠♣♦rt❛♥t ❢❛❝ts t♦ ♠❡♠♦r✐③❡ ❛❜♦✉t t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ❛r❡✿

• R[P ] = R[P T ]✳

• ■❢ R[P ] < 1 t❤❡♥ t❤❡r❡ ❡①✐sts h > 0 s✉❝❤ t❤❛t DhP ✐s s✉❜✲st♦❝❤❛st✐❝✳

• R[qP ] = qR[P ]

✷✷



✽✳✸ ●❡♥❡r❛❧✐③❡❞ ❢❛❝t♦r✐③❛t✐♦♥s

Pr♦♣♦s✐t✐♦♥ ✽✳✷ ▲❡t P ❜❡ s✉❝❤ t❤❛t R[P ] ≤ 1 t❤❡♥ ✇❡ ❤❛✈❡✿

U = V W

U = V ′W ′

P + LK = K + L

P + L′K ′ = K ′ + L′

❲❤❡♥ L < ∞ ❛♥❞ K < ∞ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t♦r✐③❛t✐♦♥ ✇✐t❤ ❛♥
❛❜s♦❧✉t❡ ❝♦♥✈❡r❣❡♥t ♣r♦❞✉❝t✿

(I − P ) = (I − L)(I − K)

❲❤❡♥ L′ < ∞ ❛♥❞ K ′ < ∞ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t♦r✐③❛t✐♦♥ ✇✐t❤ ❛♥
❛❜s♦❧✉t❡ ❝♦♥✈❡r❣❡♥t ♣r♦❞✉❝t✿

(I − P ) = (I − L′)(I − K ′)

Pr♦♦❢✿ ❋❛❝t♦r✐③❛t✐♦♥ ❜❡t✇❡❡♥ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛tr✐❝❡s✿ ❋✐rst✱ s✉♣♣♦s❡ t❤❛t R[P ] <
1✳ ❙♦ t❤❡r❡ ❡①✐sts h > 0 s✉❝❤ t❤❛t DhP ✐s s✉❜✲st♦❝❤❛st✐❝✳ ❚❤❡♥ ✇❡ ❝❛♥ ❛♣♣❧②
♦✉r ❦♥♦✇♥ ✐❞❡♥t✐t✐❡s t♦ DhP ❡✳❣✳ U[DhP ] = V[DhP ]W[DhP ]✱ ❜✉t ❛❧❧ t❤❡ ❉♦♦❜
tr❛♥s❢♦r♠s ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❛♥❞ ✇❡ ❣❡t t❤❡ ✹ ✜rst ❡q✉❛❧✐t②✳ ◆♦✇ s✉♣♣♦s❡
R[P ] = 1✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s ✇♦r❦ t♦ qP ✇✐t❤ q ∈]0, 1[ ❛♥❞ ♠❛❦❡ t❡♥❞s
q t♦ 1✳

❋❛❝t♦r✐③❛t✐♦♥ ❜❡t✇❡❡♥ s✐❣♥❡❞ ♠❛tr✐❝❡s✿ ❯s✐♥❣ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡✱ ✇❡ ✜rst❧②
❡st❛❜❧✐s❤ t❤❛t P + LK = K + L✱ ✇❤✐❝❤ ✐♠♣❧✐❡s LK ≤ K + L✳ ❚❤❡♥✱ ❛ss✉♠✐♥❣
L < ∞ ❛♥❞ K < ∞✱ ✇❡ ❤❛✈❡ |I−L||I−K| ≤ I+K+L+LK ≤ I+2K+2L < ∞✳
❚❤❡♥ ✇❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ❡❛s✐❧② ❛s ✐♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✽✳ �

❘❡♠❛r❦ ✽✳✸ ❋r♦♠ t❤❡✐r ♥❡✇ ❞❡✜♥✐t✐♦♥✱ L,K, V,W ❛♥❞ ♣r✐♠❡ ✈❡rs✐♦♥s ❛r❡ ♦❝✲
❝✉♣❛t✐♦♥s ♠❛tr✐❝❡s ♦❢ t②♣❡ F•⊲•[f] ✇✐t❤ f ❜♦✉♥❞❡❞ ❜② 1Ω✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
t❤❡② ❛r❡ ❞♦♠✐♥❛t❡❞ ❜② U = F•⊲•[1Ω]✳ ❙♦ t❤❡ tr❛♥s✐❡♥❝❡ ♦❢ P ✭✐✳❡✳ U[P ] < ∞✮
✐♠♣❧✐❡s t❤❛t R[P ] ≤ 1 ✭❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s✮ ❜✉t ✐♠♣❧✐❡s ❛❧s♦
t❤❡ ✜♥✐t❡♥❡ss ♦❢ ❛❧❧ ♦✉r ♠❛tr✐❝❡s✳

✽✳✹ ❖t❤❡r ❡①♣r❡ss✐♦♥s ❢♦r ♦✉r ♠❛tr✐❝❡s

❆❝t✉❛❧❧② ❛❧❧ ♦✉r ❜❧♦❝❦✲tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s ❝❛♥ ❜❡ ❡①♣r❡ss ❜② ♠✉❧t✐♣❧②✐♥❣ ♠❛tr✐❝❡s
U[PF ]✱ P ✱ IF ✇✐t❤ F = {� x}, {� y}, {≻ x}, {≻ y}✳ ❲❡ ❣✐✈❡ ❤❡r❡ ♦♥❧② t✇♦
❡①❛♠♣❧❡s ✇❤✐❝❤ ❛r❡ ✉s❡❢✉❧ ❢♦r t❤❡ s❡q✉❡❧✳

Pr♦♣♦s✐t✐♦♥ ✽✳✹ ❙✉♣♣♦s❡ t❤❛t R[P ] ≤ 1✳ ❲❡ ❤❛✈❡✿

K(x, y) = 1{x≻y}(U[P{�x}]P )(x, y) = (I{≻y}U[P{�x}]P )(x, y)

L′(x, y) = 1{x≺y}(PU[P{�y}])(x, y) = (I{≺y}PU[P{�y}])(x, y)

✷✸



Pr♦♦❢✿ ⊲ ❙t❡♣ ✶✳ ❙✉♣♣♦s❡ t❤❛t P ✐s s✉❜✲st♦❝❤❛st✐❝✱ t❤❡♥

K(x, y) = PP
x {Xk1

= y} = EP
x

[ ∑

t

1{X[0,t]�x}1{Xt=y}

]
1{y≺x}

= 1{y≺x}U[P{�x}]P (x, y)

L′(x, y) = EP
x

[ ∑

t

1{X]0,t]�y}1{Xt=y}

]
1{y≻x}

= 1{y≻x}PU[P{�y}](x, y)

⊲ ❙t❡♣ ✷✳ ❙✉♣♣♦s❡ t❤❛t R[P ] < 1✳ ❚❤❡♥ ✇❡ ❛♣♣❧② t❤❡ st❡♣ ✶ t♦ DhP ✇✐t❤
h > 0 ❝❤♦s❡♥ s✉❝❤ t❤❛t DhP ✐s s✉❜✲st♦❝❤❛st✐❝✳

⊲ ❙t❡♣ ✸✳ ❙✉♣♣♦s❡ t❤❛t R[P ] ≤ 1✳ ❚❤❡♥ ✇❡ ❛♣♣❧② st❡♣ ✷ t♦ qP ✇✐t❤ q ∈]0, 1[
❛♥❞ ♠❛❦❡ q t❡♥❞s t♦ 1✳ �

✾ ❚✐♠❡ r❡✈❡rs❛❧

✾✳✶ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ ❛♥❞ ✐ts s❤♦rt ♣r♦♦❢

Pr♦♣♦s✐t✐♦♥ ✾✳✶ ❙✉♣♣♦s❡ t❤❛t R[P ] ≤ 1✳ ❲❡ ❤❛✈❡✿

L′
⊤
[P ] = K[P⊤]

L⊤[P ] = K ′[P⊤]

Pr♦♦❢✿ ❋r♦♠ ♣r♦♣♦s✐t✐♦♥ ✽✳✹✿

L′[P ](y, x) = 1{y≺x}(PU[P{�x}])(y, x)

= 1{y≺x}(U
⊤
[P{�x}]P

⊤)(x, y)

= 1{y≺x}(U[P⊤
{�x}

]P
⊤)(x, y)

= K[P⊤](x, y)

❚❤❡ s❡❝♦♥❞ ❧✐♥❡ ✐s s✐♠✐❧❛r✳ �

❘❡♠❛r❦ ✾✳✷ ❊✈❡♥ ✐❢ ✇❡ st❛rt ✇✐t❤ P s✉❜✲st♦❝❤❛st✐❝✱ t❤❡ ♠❛tr✐① P⊤ ✐s ♥♦t
♥❡❝❡ss❛r② s✉❜✲st♦❝❤❛st✐❝✳ ❆ ♣✉r❡❧② s✉❜✲st♦❝❤❛st✐❝ st❛t❡♠❡♥t ♦❢ t❤❡ ♣r❡✈✐♦✉s
♣r♦♣♦s✐t✐♦♥ ✾✳✶ ❝❛♥ ❜❡ ✿ DπL′

⊤
[P ] = K[DπP⊤] ✇❤❡r❡ π > 0 ✐s ❛♥ ❡①❝❡ss✐✈❡ ♠❡❛s✉r❡

✭✇❤❡♥ ✐ts ❡①✐sts✮✳

✾✳✷ Pr♦❜❛❜✐❧✐st✐❝ ♣r♦♦❢ ❛♥❞ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♣r♦♣♦s✐t✐♦♥
✾✳✶

◆♦t❛ ❜❡♥❡✿ ❖✉r ♠❛✐♥ ❞❛t❛ P ✐s ♥♦✇ ❛❣❛✐♥ ❛ s✉❜✲st♦❝❤❛st✐❝ ♠❛tr✐①✳
❉✉r✐♥❣ t❤❡ ♣r❡✈✐♦✉s s✉❜✲s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ ♥♦t r❡❛❧❧② s❡❡♥ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥

♣r♦♣♦s✐t✐♦♥ ✾✳✶ ❛♥❞ t❤❡ t✐t❧❡ ♦❢ t❤✐s s❡❝t✐♦♥✳ ❖❢ ❝♦✉rs❡✱ t❤❡ t✇♦ tr❛♥s♣♦s✐t✐♦♥s
❛♣♣❡❛r✐♥❣ ✐♥ t❤✐s ♣r♦♣♦s✐t✐♦♥ ♠✐❣❤t ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t✇♦ t✐♠❡ r❡✈❡rs❛❧✳ ▲❡t ✉s
s❡❡ t❤✐s✳

✷✹



Pr♦♣♦s✐t✐♦♥ ✾✳✸ ❖♥ {ζ < ∞} ✇❡ ❤❛✈❡

(Xǩ′
f
, Xǩ′

f−1
, ..., Xǩ′

1
, Xǩ′

0
) = (Xk0 , Xk1 , ..., Xkf−1

, Xkf
) ◦ X

[
←−
0,ζ]

❚❤✐s tr❛❥❡❝t♦r✐❛❧ ❢❛❝t ❝♦♠❡s r❡❛❞✐❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ǩ′ ✐♥ s✉❜✲s❡❝t✐♦♥
✺✳✹✳ ❙❡❡ ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞r❛✇✐♥❣✳

0 1 2 3 f410 2 3 4 f

❚❤❡ ♥❡①t ❣❡♥❡r❛❧ ♣r♦♣♦s✐t✐♦♥ ✐s t❤❡ ❞✐s❝r❡t❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❚❛♥❛❦❛ t✐♠❡✲
r❡✈❡rs❛❧ ❞❡s❝r✐♣t✐♦♥✳ ❙❡❡ ❬❱✐❣✶✶❪ ❢♦r ❛ ♣r♦♦❢✳

Pr♦♣♦s✐t✐♦♥ ✾✳✹ ▲❡t Z = Z0, Z1, ..., Zf , †, †.. ❜❡ ❛ ❞②✐♥❣ ▼❛r❦♦✈ ❝❤❛✐♥ ✉♥✲
❞❡r ❛ ♣r♦❜❛❜✐❧✐t② Q ✱ ✇✐t❤ tr❛♥s✐t✐♦♥ ❦❡r♥❡❧ Q ❛♥❞ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ η(y) =∑

n Q{Zn = y}✳ ❚❤❡♥ t❤❡ r❡✈❡rs❡❞ ▼❛r❦♦✈ ❝❤❛✐♥ Zf , Zf−1, ..., Z1, Z0, †, †, ... ✐s
❛❧s♦ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ tr❛♥s✐t✐♦♥ ❦❡r♥❡❧ Dη(Q⊤) ✐✳❡✳

Q[Zf−1 = y/Zf = x] =
η(y)

η(x)
Q(y, x)1{η(x)>0} ✭✷✹✮

◆❡✇ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✾✳✶✿ ❋✐rst❧② ❛ss✉♠❡ t❤❛t P ✐s str✐❝t❧② s✉❜✲st♦❝❤❛st✐❝✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❞r✐✈❡♥ ❜② P ✐s ❞②✐♥❣✳ ❲❡ ✇r✐t❡ αU(y) =
Eα[

∑
t 1{Xt=y}] t❤❡ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ♦❢ X ✉♥❞❡rPα✱ s♦ t❤❡ ♠❛tr✐① DαU (P⊤) :=

P̂ ✐s t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ♦❢ X
[
←−
0,ζ]

✳ ❙♦ ✇❡ ❤❛✈❡ EP
α [f(X

[
←−
0,ζ]

)] = EP̂
β [f(X[0,ζ])]

✇❤❡r❡ β(z) = Pα{Xζ = z}✳ ❋r♦♠ ♣r♦♣♦s✐t✐♦♥ ✾✳✸✱ ✇❡ ❤❛✈❡

EP
α [f(Xǩ′

f
, ..., Xǩ′

0
)] = EP

α [f(Xk0 , ..., Xkf
) ◦ X

[
←−
0,ζ]

]

= EP̂
β [f(Xk0

, ..., Xkf
)]

❙♦

PP
α [Xǩ′

f−1
= y /Xǩ′

f
= x] = PP̂

β [Xk1=y / Xk0=x] = K
[P̂ ]

(x, y) ✭✷✺✮

❖t❤❡r✇✐s❡✱ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ Xǩ′ ✉♥❞❡r EP
α ✐s ❣✐✈❡♥

❜②

η(y) = EP
α

[ ∑

n

1{Xǩn
=y}

]
= EP

α

[ ∑

n

1{Xt=y}1{X]t,ζ]≻y}

]
= αU(y)k′(y) ✭✷✻✮

✷✺



❆♥❞ ✐❢ ✇❡ ❛♣♣❧② t❤❡ ❢♦r♠✉❧❛ ✭✷✹✮ ✇❡ ❣❡t

PP
α [Xǩ′

f−1
= y /Xǩ′

f
= x] =

αU(y)k′(y)

αU(x)k′(x)
(Dk′L′)⊤(x, y)

=
αU(y)k′(y)

αU(x)k′(x)

k′(x)

k′(y)
L′(y, x)

=
αU(y)

αU(x)
L′(y, x) ✭✷✼✮

●❛t❤❡r✐♥❣ ✭✷✻✮ ❛♥❞ ✭✷✼✮ ✇❡ ❣❡t K[DαU (P⊤)] = D[αU ]L
⊤
[P ]✱ t❤❡♥ ✇❡ s✐♠♣❧✐❢② ❉♦♦❜

tr❛♥s❢♦r♠❛t✐♦♥s✳
❙❡❝♦♥❞❧②✱ ✐❢ P ✐s ❥✉st s✉❜✲st♦❝❤❛st✐❝✱ ✇❡ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t t♦ qP ❛♥❞

♠❛❦❡ q t❡♥❞s t♦ ✶✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s s✐♠✐❧❛r✳
�

❘❡♠❛r❦ ✾✳✺ ❲✐t❤ t❤❡ t✇♦ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥s ✾✳✸ ❛♥❞ ✾✳✹✱ ✇❡ ❝❛♥ ♦❜t❛✐♥
❛ s❤♦rt s❡❝♦♥❞ ♣r♦♦❢ ♦❢ t❤❡ ▼❛r❦♦✈✐❛♥✐t② ♦r n 7→ Xǩn

✭♣r♦♣♦s✐t✐♦♥ ✺✳✻✮ ✐♥ t❤❡
♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ Pα{ζ < ∞} = 1✳ ❍❡r❡ ❛r❡ ❛r❣✉♠❡♥ts✿ ❯♥❞❡r Pα✱ X[0,ζ] ✐s
❛ ▼❛r❦♦✈ ❝❤❛✐♥✱ s♦ X

[
←−
0,ζ]

✐s ❛ ▼❛r❦♦✈ ❝❤❛✐♥✱ s♦ (Xk0
, ..., Xkf

)◦X
[
←−
0,ζ]

✐s ❛ ▼❛r❦♦✈

❝❤❛✐♥✱ s♦ (Xǩ′
f
, ..., Xǩ′

0
) ✐s ❛ ▼❛r❦♦✈ ❝❤❛✐♥✱ s♦ (Xǩ′

0
, ..., Xǩ′

f
) ✐s ❛ ▼❛r❦♦✈ ❝❤❛✐♥✳

✶✵ P❛rt✐❝✉❧❛r ❝❛s❡s

✶✵✳✶ ❙❦✐♣ ❢r❡❡

❲❡ s❛② t❤❛t ✇❡ ✇♦r❦ ♦♥ t❤❡ ✧s❦✐♣ ❢r❡❡ s✐t✉❛t✐♦♥✧ ✇❤❡♥ E = [a, b] ✐s ❛♥ ✜♥✐t❡
✐♥t❡r✈❛❧ ♦❢ Z✱ ✇❤❡♥ � ✐s ≤ ❛♥❞ ✇❤❡♥ P (x, y) > 0 ⇔ y ≥ x − 1✳ ❙♦ ✐♥ t❤✐s
s✐t✉❛t✐♦♥✱ ♦✉r ▼❛r❦♦✈ ❝❤❛✐♥ ❝❛♥ ♥♦t ♠❛❦❡ ♥❡❣❛t✐✈❡ ❥✉♠♣s str✐❝t❧② ❣r❡❛t❡r t❤❛t
1✳

❲❡ s❛② t❤❛t ✇❡ ✇♦r❦ ♦♥ t❤❡ ✧❝♦♥s❡r✈❛t✐✈❡ s❦✐♣ ❢r❡❡ s✐t✉❛t✐♦♥✧ ✇❤❡♥ ✇❡ ✇♦r❦
♦♥ t❤❡ s❦✐♣ ❢r❡❡ s✐t✉❛t✐♦♥ ❛♥❞ ✇❤❡♥ ♠♦r❡♦✈❡r P (x,E) = 1 ❢♦r ❛❧❧ x ∈ E✱ ❡①❝❡♣t
❡✈❡♥t✉❛❧❧② ❛t x = a✳

❖♥ t❤❡ ✧❝♦♥s❡r✈❛t✐✈❡ s❦✐♣ ❢r❡❡ s✐t✉❛t✐♦♥✧✱ ✇❡ ❝❛♥ ❣✐✈❡ ✇✐t❤♦✉t ❝♦♠♣✉t❛t✐♦♥
❛♥ ❡①♣r❡ss✐♦♥ ❢♦r K, K ′ ❢♦r ❛❧❧ x, y ∈ E✿

K(x, y) = 1{y=x−1}

K ′(x, y) = 1{y=x}P (x, {� x}) + 1{y=x−1}P (x, x − 1) ✭✷✽✮

✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t {� x} = {y : y � x} = {y : y ≥ x} s♦ P (x, {� x}) =∑
y�x P (x, y)✳ ❍❡r❡ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ✐♥✈♦❧✈✐♥❣ t❤❡ ❞❡t❡r♠✐♥❛♥t✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳✶ ❙✉♣♣♦s❡ t❤❛t ✇❡ ✇♦r❦ ♦♥ t❤❡ ❝♦♥s❡r✈❛t✐✈❡ s❦✐♣ ❢r❡❡ s✐t✉❛t✐♦♥✳
❚❤❡♥ ✇❡ ❤❛✈❡

det(I − P ) =
∏

x∈E

[1 − P (x, {� x})]

✷✻



Pr♦♦❢✿ ❲❡ ❤❛✈❡ (I − P ) = (I − L′)(I − K ′)✳ L′ ✐s tr✐❛♥❣✉❧❛r ✇✐t❤ ❡♥tr✐❡s ✶ ✐♥
✐ts ❞✐❛❣♦♥❛❧✱ s♦ det(I − P ) ✐s ❡q✉❛❧ t♦ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ t❡r♠s ♦❢ K ′

✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② ✭✷✽✮✳ �

❲❡ ❝❛♥ s❧✐❣❤t❧② ❣❡♥❡r❛❧✐③❡ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ❛s ❢♦❧❧♦✇s✿

Pr♦♣♦s✐t✐♦♥ ✶✵✳✷ ❙✉♣♣♦s❡ t❤❛t ✇❡ ✇♦r❦ ♦♥ t❤❡ s❦✐♣ ❢r❡❡ s✐t✉❛t✐♦♥✳ ❙✉♣♣♦s❡
♠♦r❡♦✈❡r t❤❛t P ✐s ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ tr❛♥s✐❡♥t✳ ❘❡❝❛❧❧ t❤❛t a = minE✳ ❚❤❡♥ ✇❡
❤❛✈❡

det(I − P ) =
∏

x∈E

[1 − DU(·,a)P (x, {� x})]

Pr♦♦❢✿ ❋r♦♠ ♦✉r ❤②♣♦t❤❡s✐s U(·, a) ∈ R∗+✳ ❚❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❞r✐✈❡♥ ❜② DU(·,a)P
❝❛♥ ♦♥❧② ❞✐❡ ❛t a✱ s♦ t❤✐s ❉♦♦❜ tr❛♥s❢♦r♠ ❝❛rr✐❡s ✉s t♦ t❤❡ ❝♦♥s❡r✈❛t✐✈❡ s❦✐♣ ❢r❡❡
s✐t✉❛t✐♦♥✳ ❆♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ✇❡ ❣❡t✿

det(I − DU(·,a)P ) =
∏

x∈E

[1 − DU(·,a)P (x, {� x})]

❇✉t det(I − DU(·,a)P ) = det(I − P )✳ �

✶✵✳✷ ❘❛♥❞♦♠ ✇❛❧❦ ❝❛s❡✳

■♥ t❤✐s s✉❜✲s❡❝t✐♦♥ ✇❡ ♣❧❛❝❡ ♦✉rs❡❧✈❡s ✐♥ t❤❡ ✧r❛♥❞♦♠ ✇❛❧❦ s✐t✉❛t✐♦♥✧ ✐✳❡✳

• ❚❤❡ st❛t❡ s♣❛❝❡ ✐s E = Zd✳

• ❖✉r tr❛♥s✐t✐♦♥ ♠❛tr✐① ✐s tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t✿ P (x + a, y + a) = P (x, y)✳
❙♦✱ ✇r✐t✐♥❣ P(a) = P (0, a)✱ ✇❡ ❤❛✈❡ P (x, y) = P(y − x)✳

• ❖✉r ♣r❡✲♦r❞❡r r❡❧❛t✐♦♥ ✐s tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t✿ x + a � y + a ⇔ x � y
✭✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥ a ✐s ❛ ❧✐♥❡❛r ❢♦r♠✮✳

❋r♦♠ t❤❡✐r ❞❡✜♥✐t✐♦♥ ✐t ✐s ♥♦t ❤❛r❞ t♦ s❡❡ t❤❛t ♠❛tr✐❝❡s U,K, V, L,W ❛♥❞ t❤❡✐r
♣r✐♠❡ ✈❡rs✐♦♥s ❛r❡ ❛❧s♦ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t✳ ❙♦ K(x, y) = K(y − x)✱ V (x, y) =
V(y − x)✱ L(x, y) = L(y − x)✱ W (x, y) = W(y − x)✳✳✳ ❛♥❞ ♦✉r ❢❛❝t♦r✐③❛t✐♦♥s
❜❡❝♦♠❡

U = V ∗W = V ′ ∗W ′

(δ − P) = (δ − L) ∗ (δ −K) = (δ − L′) ∗ (δ −K′)

✇❤❡r❡ ∗ ✐s t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♣r♦❞✉❝t ✭✇❤✐❝❤ ✐s ❝♦♠♠✉t❛t✐✈❡✮ ❛♥❞ δ(x) = 1{x=0}✳
❋✉♥❝t✐♦♥s k, k′ ❛r❡ ❝♦♥st❛♥t s♦ ✇❡ ❤❛✈❡ DkL = L✱ Dk′L′ s♦ L,L′ ❛r❡ s✉❜✲

st♦❝❤❛st✐❝✱ ✇❤✐❝❤ ✐s ♥♦t ♦❜✈✐♦✉s ❢r♦♠ t❤❡✐r ❞❡✜♥✐t✐♦♥✳ ❚❤❡ s❡q✉❡❧ ✇✐❧❧ ❛❧❧♦✇
✉s t♦ ✐♥t❡r♣r❡t L,L′ ❛s t❤❡ K ′,K ♠❛tr✐❝❡s ❜✉t r❡❧❛t✐✈❡ t♦ t❤❡ ♦♣♣♦s✐t❡ ♦❢ ♦✉r
❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥✳ ❙♦ ♥♦✇ ✇❡ ✇✐❧❧ ✇r✐t❡ K[P,a], L[P,a], ... t♦ ♣r❡❝✐s❡ ♦✉r t✇♦
❞❛t❛✳

✷✼



Pr♦♣♦s✐t✐♦♥ ✶✵✳✸ ■♥ t❤❡ r❛♥❞♦♠ ✇❛❧❦ s✐t✉❛t✐♦♥ ✇❡ ❤❛✈❡✿

L′[P,a] = K[P,−a]

L[P,a] = K ′[P,−a]

Pr♦♦❢✿ ❘❡♠❛r❦ ✜rst ♦❢ ❛❧❧ t❤❛t Xk ◦ (−X,−a) = −Xk ◦ (X, a)✳ ❯s✐♥❣ t❤✐s ❛♥❞
t❤❡ ❢❛❝t t❤❛t P⊤,K⊤ ❛r❡ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s ♦❢ −X,−Xk ✇❡ ❣❡t K[P⊤,−a] =

K⊤[P,a]✳ ❆♣♣❧②✐♥❣ t❤✐s ✇✐t❤ P := P⊤ ✇❡ ❣❡t K[P,−a] = K⊤[P⊤,a]✳ ❋✐♥❛❧❧②✱ ✇❡ ✉s❡

t❤❡ ♣r♦♣♦s✐t✐♦♥ ✾✳✶ t♦ s❡❡ t❤❛t t❤✐s ❧❛st ♠❛tr✐① ✐s ❛❧s♦ L′[P,a]✳
❚❤❡ s❡❝♦♥❞ ❧✐♥❡ ✐s s✐♠✐❧❛r✳ �

✶✵✳✸ LU ❜❡❝♦♠❡s WH ✭❲✐❡♥❡r✲❍♦♣❢✮✳

❲❡ st❛② ♦♥ t❤❡ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ♣r❡✈✐♦✉s s✉❜✲s❡❝t✐♦♥ ❜✉t✱ t♦ s✐♠♣❧✐❢② t❤❡
♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❛❞❞ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t E = Z1 ❛♥❞ a ✐s t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥
✭s♦ � ✐s ≤✮✳

▲❡t G ❜❡ ❛♥② ❢✉♥❝t✐♦♥ ❢r♦♠ E t♦ R✳ ❲❡ ❞❡✜♥❡ ✐ts ❋♦✉r✐❡r✴▲❛♣❧❛❝❡ tr❛♥s❢♦r♠
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡♥t✐♦♥✿

FG(z) =
∑

x

G(x)e−zx ❢♦r ❛❧❧ z ∈ C s✉❝❤ t❤❛t
∑

x

|G|(x)e−(ℜz)x < ∞

■♥ ♣❛rt✐❝✉❧❛r✱ ❜❡❝❛✉s❡ ❢✉♥❝t✐♦♥s K,L ❛r❡ s✉♠♠❛❜❧❡✱ t❤❡✐r ❋♦✉r✐❡r✴▲❛♣❧❛❝❡ tr❛♥s✲
❢♦r♠s ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ❛t ❧❡❛st ❢♦r z s✉❝❤ t❤❛t ℜz = 0✳ ❇✉t ✐t ✐s ✉s✉❛❧ t❤❛t r❛♥✲
❞♦♠ ✇❛❧❦s ❤❛✈❡ ❜♦✉♥❞❡❞ ❥✉♠♣s✱ t♦ t❤❛t K,L ❤❛✈❡ ❜♦✉♥❞❡❞ s✉♣♣♦rt ❛♥❞ t❤❡✐r
❋♦✉r✐❡r✴▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ✇❤♦❧❡ C✳ ❚❤❡ ❋♦✉r✐❡r✴▲❛♣❧❛❝❡
tr❛♥s❢♦r♠ t✉r♥s ❝♦♥✈♦❧✉t✐♦♥ ✐♥t♦ ♣r♦❞✉❝t✱ s♦ t❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥ ❜❡❝♦♠❡s✿

(
1 − FP

)
(z) =

(
1 − FL

)
(z)

(
1 − FK

)
(z) ❛t ❧❡❛st ❢♦r ℜz = 0 ✭✷✾✮

❚❤✐s ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❲✐❡♥❡r✲❍♦♣❢ ❢❛❝t♦r✐③❛t✐♦♥ ✭s❡❡ r❡♠❛r❦ ❜❡❧♦✇✮✳
❲❤❡♥ P ✐s str✐❝t❧② s✉❜✲st♦❝❤❛st✐❝ ✭✐✳❡✳

∑
a P(a) < 1✮ t❤❡♥ U ✐s ❛❧s♦ s✉♠♠❛❜❧❡✱

❛♥❞ t❤❡ LU✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ U ❝❛♥ ❜❡ tr❛♥s❢♦r♠ ✐♥t♦✿

FU(z) = FV(z) FW(z) ❛t ❧❡❛st ❢♦r ℜz = 0 ✭✸✵✮

❇✉t t❤✐s ❡q✉❛t✐♦♥ ✐s ❡①❛❝t❧② t❤❡ ♣r❡❝❡❞✐♥❣ ♦♥❡ ✭✷✾✮✱ ✇❤❡r❡ ②♦✉ ✐♥✈❡rs❡ ❡❛❝❤
t❡r♠s ✭✇❤✐❝❤ ❝❛♥♥♦t ❝❛♥❝❡❧ ✇❤❡♥ P ✐s str✐❝t❧② s✉❜✲st♦❝❤❛st✐❝✮✳

❘❡♠❛r❦ ✶✵✳✹ K ✐s s✉♣♣♦rt❡❞ ❜② Z− s♦ FK(z) ✐s ❞❡✜♥❡❞ ❛♥❞ ❛♥❛❧②t✐❝ ❛t ❧❡❛st
❢♦r ℜz ≤ 0✳ ❲❤✐❧❡ L ✐s s✉♣♣♦rt❡❞ ❜② Z+ s♦ FL(z) ✐s ❞❡✜♥❡❞ ❛♥❞ ❛♥❛❧②t✐❝ ❛t ❧❡❛st
❢♦r ℜz ≥ 0✳ ■♥ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞
♦♥ ❜❛♥❞ ♦❢ t②♣❡ ℜz ∈ [a, b] ✐♥t♦ t❤❡ ♣r♦❞✉❝t ♦r ✐♥t♦ t❤❡ s✉♠ ♦❢ ❛ ✜rst ❛♥❛❧②t✐❝
❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ ℜz ∈ [a,∞[ ❛♥❞ ❛ s❡❝♦♥❞ ♦♥❡ ❞❡✜♥❡❞ ♦♥ ℜz ∈] − ∞, a]
✐s ❝❛❧❧❡❞ ❲✐❡♥❡r✲❍♦♣❢ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭s❡❡ ❬❲✐❞✾✼❪✮✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ LU✲
❢❛❝t♦r✐③❛t✐♦♥ ♦❢ r❛♥❞♦♠ ✇❛❧❦ ✐s ❝❛❧❧❡❞ t❤❡ ❲✐❡♥❡r✲❍♦♣❢ ❢❛❝t♦r✐③❛t✐♦♥✳

✷✽



✶✵✳✹ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r t❤❡ r❡✈❡rs✐❜❧❡ ❝❛s❡

❚❤❡♦r❡♠ ✶✵✳✺ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥ a ✐s ✐♥❥❡❝t✐✈❡✳ ❙✉♣♣♦s❡
t❤❛t t❤❡r❡ ❡①✐sts ❛ ♠❡❛s✉r❡ π > 0 s✉❝❤ t❤❛t Dπ(P⊤) = P ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛
s✉❜✲st♦❝❤❛st✐❝ ♠❛tr✐① Q s✉❝❤ t❤❛t Q(x, y) > 0 ⇔ x � y ❛♥❞ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t♦r✐③❛t✐♦♥ ✇✐t❤ ❛♥ ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t ♣r♦❞✉❝t✿

I − P = Dπ(I − Q)⊤ (I − Q) .

Pr♦♦❢✿ ❇❡❝❛✉s❡ a ✐s ✐♥❥❡❝t✐✈❡✱ t❤❡ ♠❛tr✐① K̃ ✐s ❞✐❛❣♦♥❛❧ ✭✐✳❡✳ K̃(x, y) > 0 ⇔
x = y✮ ❛♥❞ ✐ts ❡♥tr✐❡s ❜❡❧♦♥❣ t♦ [0, 1]✳ ❚❤❡ ♠❛tr✐① I − K̃ ❤❛s s❛♠❡ ♣r♦♣❡rt✐❡s✳
▲❡t ✉s ❞❡✜♥❡ Z t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇❤♦s❡ ❡♥tr✐❡s ❛r❡ sq✉❛r❡ r♦♦ts ♦❢ t❤♦s❡ ♦❢
I − K̃[P ]✳

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡①❝❡ss✐✈❡ ♠❡❛s✉r❡ π > 0 ❡♥s✉r❡ ✉s t❤❛t L′[P ] < ∞✱ s♦
♣r♦♣♦s✐t✐♦♥ ✼✳✶ ❣✐✈❡s ✉s✿

(I − P ) = (I − L′[P ])(I − K̃[P ])(I − K ′[P ])

❇② ♣r♦♣♦s✐t✐♦♥ ✾✳✶ ✇❡ ❛❧s♦ ❤❛✈❡

L′[P ] = (K[P⊤])
⊤ = (D 1

π
K[DπP⊤])

⊤ = (D 1
π
K[P ])

⊤

❙♦ t❤❛t✿

I − P = (I − D 1
π
K)⊤ (I − K̃) (I − K)

= (I − D 1
π
K)⊤ Z⊤ Z (I − K)

= [Z(I − D 1
π
K)]⊤ [Z(I − K)]

= [I − (ZD 1
π
K + I − Z)]⊤ [I − (ZK + I − Z)]

= Dπ[I − (ZK + I − Z)]⊤ [I − (ZK + I − Z)]

◆♦✇ ✐t r❡♠❛✐♥s t♦ ✈❡r✐❢② t❤❛t Q := (ZK+I−Z) ❝❤❡❝❦s t❤❡ ❛♥♥♦✉♥❝❡❞ ♣r♦♣❡rt②✳
❈❧❡❛r❧② Q ❤❛s ♣♦s✐t✐✈❡ ❡♥tr✐❡s ❛♥❞ Q(x, y) > 0 ⇔ x � y✳ ▼♦r❡♦✈❡r ✇❡ ❤❛✈❡✿

Q1(x) =
∑

y

Z(x, x)K(x, y) + 1 − Z(x, x) ≤ Z(x, x) + 1 − Z(x, x) ≤ 1

❙♦ Q ✐s s✉❜✲st♦❝❤❛st✐❝✳ �

❘❡♠❛r❦ ✶✵✳✻ ✿

• ❆❢t❡r t❤✐s ♣r♦♣♦s✐t✐♦♥ ❛ ♥❛t✉r❛❧ q✉❡st✐♦♥ ❛r✐s❡s✿ ❲❤❛t ✐s t❤❡ ♣r♦❜❛❜✐❧✐st✐❝
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ Q❄ ❆❝t✉❛❧❧② Q ✐s t❤❡ tr❛♥s✐t✐♦♥ ▼❛tr✐① ♦❢ t❤❡ ▼❛r❦♦✈
❝❤❛✐♥ Xk t❤❛t ✇❡ s♣❡❡❞ ❞♦✇♥✳ ▲❡t ✉s ❡①♣❧❛✐♥ t❤✐s ❢❛❝t ✐♥ ✐ts ✇❤♦❧❡ ❣❡♥✲
❡r❛❧✐t②✿ ❈♦♥s✐❞❡r ❛♥② s✉❜✲st♦❝❤❛st✐❝ ♠❛tr✐① P ❛♥❞ ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① Z
✇✐t❤ ❡♥tr✐❡s ✐♥ [0, 1]✳ ▲❡t ✉s ❝♦♥s✐❞❡r X t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❞r✐✈❡♥ ❜② P ✳
❲❡ ❝♦♥str✉❝t t❤❡ s❧♦✇❡❞✲❞♦✇♥ ▼❛r❦♦✈ ❝❤❛✐♥ X ′ ❜②✿ ❊❛❝❤ t✐♠❡ X ′t ✐s ✐♥ ❛
st❛t❡ x✱ ✇❡ ♣❧❛② t♦ ❞✐❝❡✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − Z(x)✱ X ′t+1 st❛②s ❛t x✱ ✇✐t❤
♣r♦❜❛❜✐❧✐t② Z(x)✱ X ′t+1 ❥✉♠♣s ❛s t❤❡ ✐♥✐t✐❛❧ ♣r♦❝❡ss X t♦ ❛ st❛t❡ y ✇✐t❤
♣r♦❜❛❜✐❧✐t② P (x, y)✳ ❈❧❡❛r❧②✱ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ♦❢ X ′ ✐s ZP + (I − Z)✳

✷✾



• ❊✈❡♥ ✐♥ t❤❡ ♥♦♥✲r❡✈❡rs✐❜❧❡ ❝❛s❡✱ t❤❡ t❡❝❤♥✐❝ ✇❡ ✉s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦✲
s✐t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡✜♥❡ ♦t❤❡r LU✲❢❛❝t♦r✐③❛t✐♦♥s✱ ✇❤❡r❡ ✇❡ ❞♦ ♥♦t ✐♠✲
♣♦s❡ t♦ t❤❡ ✜rst ♥♦r t❤❡ t♦ s❡❝♦♥❞ ❢❛❝t♦rs t♦ ❤❛✈❡ ✶ ♦♥ t❤❡✐r ❞✐❛❣♦♥❛❧✳

✶✵✳✺ ❆ s♣❡❝✐❛❧ ❢♦r♠✉❧❛ ✇❤❡♥ E ⊂ Z✳

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ s✉♣♣♦s❡ t❤❛t E ⊂ Z ❛♥❞ � ✐s ≤✳ ❲❡ s✉♣♣♦s❡ ❛❧s♦ t❤❛t
U[P ] < ∞✳

❋r♦♠ ♣r♦♣♦s✐t✐♦♥ ✹✳✶ ✇❡ ❞❡❞✉❝❡ t❤❛t

U[PF ](x, z) = Ex

[ ∑

t

1{Xt∈F}1{Xt=z}

]

= Px⊲z{X[0,ζ] ⊂ F}U(x, z)

■♥ ♣❛rt✐❝✉❧❛r✱ ✇✐t❤ F = {� y} ✇❡ ❣❡t

U[P{�y}](x, z) = Px⊲z{X[0,ζ] � y}U(x, z) = Px⊲z{Xρ � y}U(x, z)

s♦ t❤❛t
Px⊲z{Xρ = y}U(x, z) = U[P�y](x, z) − U[P�y−1](x, z)

❈♦✉♣❧✐♥❣ t❤✐s ✇✐t❤ ♣r♦♣♦s✐t✐♦♥ ✹✳✷ ✇❡ ❣❡t ❛ ♥✐❝❡ ❢♦r♠✉❧❛✿

V (x, y)W (y, z) = U[P�y](x, z) − U[P�y−1](x, z)

✶✵✳✻ ❋❛❝t♦r✐③❛t✐♦♥ ✇✐t❤ t❤❡ r❡❞✉❝❡ ♦♣❡r❛t♦r

▲❡t ✉s t❛❦❡ F ⊂ E ❛♥❞ ✇r✐t❡ D = F c✳ ❙♦ E ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ D ✭t❤❡ ❞♦♠❛✐♥✮
❛♥❞ F ✭t❤❡ ❢r♦♥t✐❡r✮✳ ❲❡ ✇r✐t❡ TF = min{t ≥ 0 : Xt ∈ F} ❛♥❞

RF (x, y) = Px{XTF
= y}

▲❡t ✉s ❞❡✜♥❡ t❤❡ ❛❧t✐t✉❞✐♥❛❧ ❢✉♥❝t✐♦♥ a ❜② a(x) = 1 ♦♥ D ❛♥❞ a(x) = 0 ♦♥
F ✱ t❤❡♥ ✇❡ s❡❡ t❤❛t IDK = IDRF ❛♥❞ IDL = PD✳ ❙♦ t❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥ ♦❢
(I − P )✱ r❡str✐❝t❡❞ t♦ D ❣✐✈❡s✿

ID(I − P ) = (ID − PD)(ID − RF )

❇✉t t❤✐s ✐❞❡♥t✐t② ❝❛♥ ❛❧s♦ ❜❡ ♣r♦✈❡♥ ❞✐r❡❝t❧② ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥✿

RF (x, y) = 1{x=y∈F} + 1{x∈D}Ex

[ ∑

t

1{X[0,t]⊂D}1{Xt+1=y∈F}

]

= IF (x, y) + IDU[PD]PIF (x, y)

✸✵



✶✶ ❚♦ ❝♦♠♣✉t❡ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡

❚❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥ ✐s ✉s❡❞ ✐♥ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s t♦ s♦❧✈❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✳
❯s✐♥❣ t❤✐s ✐❞❡❛✱ ●r❛ss♠❛♥♥ ❬●r❛✽✼❪✱ ✇♦r❦✐♥❣ ✇✐t❤ P ✜♥✐t❡ ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ r❡✲
❝✉rr❡♥t ❣✐✈❡ ❛ ♠❡t❤♦❞ t♦ ❝♦♠♣✉t❡ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡✳ ❍❡②♠❛♥ ❬❍❡②✾✺❪
❣❡♥❡r❛❧✐③❡ t❤✐s t♦ E = N ❛♥❞ P ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ ♣♦s✐t✐✈❡ r❡❝✉rr❡♥t✳ ❇♦t❤ ❛✉✲
t❤♦rs ✇♦r❦ ✇✐t❤ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥✿ (I − P ) = (I − L′)(I − K ′) ✭❛❧✇❛②s
✈❛❧✐❞ ✐♥ t❤❡ ✐rr❡❞✉❝✐❜❧❡ ❝❛s❡✮✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①♣❧❛✐♥ ●r❛ss♠❛♥♥ ❛♥❞ ❍❡②♠❛♥ t❡❝❤♥✐q✉❡ ❛♥❞ ❛❧s♦ tr❛♥s✲
♣♦s❡ t❤✐s t❡❝❤♥✐q✉❡ ✇✐t❤ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ (I − P ) = (I − L)(I − K)✳

❲❡ s✉♣♣♦s❡ t❤❛t E = {1, 2, ..., n} ♦r E = {1, 2, ..., n, ...}✱ t❤❛t � ✐s ≤✱ ❛♥❞
t❤❛t P ✐s ✐rr❡❞✉❝✐❜❧❡✳ ■♥ t❤✐s s✐t✉❛t✐♦♥ L′ < ∞ ❛♥❞ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s
❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t ✭❝♦r♦❧❧❛r② ✻✳✺✮✳

❘❡❝❛❧❧ t❤❛t ❛ t❤r❡❡ t❡r♠s ♣r♦❞✉❝t ♦❢ ✐♥✜♥✐t❡ ♠❛tr✐❝❡s A.B.C ✐s ✧❛❜s♦❧✉t❡❧②
❝♦♥✈❡r❣❡♥t✧ ✇❤❡♥ |A||B||C| < ∞✳ ■♥ t❤✐s ❝❛s❡✱ ❢r♦♠ ❋✉❜✐♥✐ t❤❡♦r❡♠✱ t❤✐s
♣r♦❞✉❝t ✐s ❛ss♦❝✐❛t✐✈❡✳

▲❡♠♠❛ ✶✶✳✶ ▲❡t π ❜❡ ❛♥② ✜♥✐t❡ ♠❡❛s✉r❡✳ ❚❤r❡❡ t❡r♠ ♣r♦❞✉❝ts π(I−L)(I−K)
❛♥❞ π(I − L′)(I − K ′) ❛r❡ ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t✳

Pr♦♦❢✿ ❋r♦♠ ✭✶✹✮ ✇❡ ❤❛✈❡ LK ≤ K + L s♦

π |I − L| |I − K| ≤ π + πL + πK + πLK ≤ π + 2πL + 2πK.

❇❡❝❛✉s❡ K ✐s s✉❜✲st♦❝❤❛st✐❝ ✇❡ ❤❛✈❡ πK < ∞✳ ❚❤❡♥ ✇❡ ❤❛✈❡ πL(y) =∑
x π(x)L(x, y)1{x≤y} ✇❤✐❝❤ ✐s ✜♥✐t❡ ❜❡❝❛✉s❡ ✇❡ s✉♠ ✐s t❛❦❡♥ ♦♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r

♦❢ ✐♥❞✐❝❡s ✭ ❜❡❝❛✉s❡ E = N∗✮✳ ❚❤❡ ♣r✐♠❡ ✈❡rs✐♦♥ ✐s ✐❞❡♥t✐❝❛❧✳ �

Pr♦♣♦s✐t✐♦♥ ✶✶✳✷ ❙✉♣♣♦s❡ t❤❛t P ✐s ♣♦s✐t✐✈❡ r❡❝✉rr❡♥t ✭✐t ✐s t❤❡ ❝❛s❡ ✇❤❡♥ E
✐s ✜♥✐t❡ ❛♥❞ P ✐s st♦❝❤❛st✐❝✮✳ ❚❤❡♥ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡s ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞
r❡❝✉rs✐✈❡❧② ❜② ♦♥❡ ♦r t❤❡ ♦t❤❡r ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✿

π1 ✐s ❛r❜✐tr❛r② ❛♥❞ ❢♦r n ≥ 2✿ π(n) =

n−1∑

i=1

π(i)L′(i, n)

π1 ✐s ❛r❜✐tr❛r② ❛♥❞ ❢♦r n ≥ 2✿ π(n) =
1

1 − L(n, n)

n−1∑

i=1

π(i)L(i, n)

Pr♦♦❢✿ ❋r♦♠ t❤❡ ❛ss♦❝✐❛t✐✈✐t② ✭❧❡♠♠❛ ✶✶✳✶✮✱ t♦ ❝♦♠♣✉t❡ ❛❧❧ ♠❡❛s✉r❡s π s❛t✐s❢②✐♥❣
π(I − P ) = π(I −L′)(I −K ′) = 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝♦♠♣✉t❡ ❛❧❧ ♠❡❛s✉r❡s β s✉❝❤
t❤❛t β(I − K ′) = 0 ❛♥❞ t❤❡♥ ❛❧❧ ♠❡❛s✉r❡s π s✉❝❤ t❤❛t π(I − L′) = β✳

❋r♦♠ t❤❡ r❡❝✉rr❡♥❝❡ ❤②♣♦t❤❡s✐s✱ ✇❡ s❡❡ t❤❛t K ′(1, 1) = 1✳ ▲♦♦❦✐♥❣ ❛t t❤❡
tr✐❛♥❣✉❧❛r ❧✐♥❡❛r s②st❡♠ β(I − K ′) = 0 ✇❡ s❡❡ t❤❛t ❛❧❧ s♦❧✉t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②
π = (β1, 0, 0, ...) ✇❤❡r❡ β1 ✐s ❛r❜✐tr❛r②✳ ▲♦♦❦✐♥❣ ❛t t❤❡ tr✐❛♥❣✉❧❛r ❧✐♥❡❛r s②st❡♠
π(I − L′) = β ✇❡ ✜♥❞ t❤❡ ✜rst r❡❝✉rs✐✈❡ ❡①♣r❡ss✐♦♥✳

◆♦✇ ❧❡t ✉s ❧♦♦❦ t❤❡ ❡q✉❛t✐♦♥ π(I−P ) = π(I−L)(I−K) = 0✳ ▲♦♦❦✐♥❣ ❛t t❤❡
tr✐❛♥❣✉❧❛r ❧✐♥❡❛r s②st❡♠ β(I − K) = 0✱ ✇❡ s❡❡ t❤❛t t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ✐s β = 0✳
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❚❤❡♥✱ ❢r♦♠ t❤❡ ✈❡r② ❞❡✜♥✐t✐♦♥ ♦❢ L ✭s❡❡ ❡q✉❛t✐♦♥ ✭✾✮✮ ✇❡ ❤❛✈❡ L(1, 1) = 1 ❛♥❞
❧♦♦❦✐♥❣ ❛t t❤❡ tr✐❛♥❣✉❧❛r ❧✐♥❡❛r s②st❡♠ π(I−L) = 0 ✇❡ ✜♥❞ t❤❡ s❡❝♦♥❞ r❡❝✉rs✐✈❡
❡①♣r❡ss✐♦♥✳ �

❘❡♠❛r❦ ✶✶✳✸ ❚❤❡ r❡❛❞❡r ❝❛♥ ✇♦♥❞❡r ✇❤❛t ❜❡❝♦♠❡ t❤❡s❡ ❝❛❧❝✉❧✉s ✇❤❡♥ P ✐s
tr❛♥s✐❡♥t✳

❚❤✐s ✐♠♣❧✐❡s t❤❛t K ′(1, 1) < 1✳ ❙♦ t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ♦❢ β(I − K ′) = 0 ✐s
β = 0✳ ❆♥❞ t❤❡♥✱ t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ♦❢ π(I − L′) = 0 ✐s π = 0✳

❚❤✐s ✐♠♣❧✐❡s t❤❛t L(1, 1) < 1✳ ❙♦ t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ♦❢ π(I −L) = 0 ✐s π = 0✳

❘❡♠❛r❦ ✶✶✳✹ ❘❡♠❛r❦ t❤❛t t❤✐♥❣s ❛r❡ ❢❛r ♠✉❝❤ ❝♦♠♣❧✐❝❛t❡❞ ✇✐t❤ E = Z✳

✶✷ P❛t❤♦❧♦❣✐❡s

✶✷✳✶ ▲❛❝❦ ♦❢ ❛ss♦❝✐❛t✐✈✐t②

■♥ ♣r♦♣♦s✐t✐♦♥ ✶✶✳✷✱ ✇❡ s❛✇ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❛ t❤r❡❡ t✐♠❡ ♣r♦❞✉❝t π.(I−K)(I−
L) ✐s ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t✱ ❛♥❞ t❤✉s ❛ss♦❝✐❛t✐✈❡✳ ■♥ t❤✐s s✉❜✲s❡❝t✐♦♥✱ ✇❡ s❡❡ ❛
s✐♠♣❧❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ t❤r❡❡ t✐♠❡ ♣r♦❞✉❝t (I−K)(I−L)1E ✐s ♥♦t ❛ss♦❝✐❛t✐✈❡✱
❛♥❞ ✇❡ q✉❛♥t✐❢② t❤❡ ❧❛❝❦ ♦❢ ❛ss♦❝✐❛t✐✈✐t②✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✈❡♥ts✿

Rejection = {X1 6= † , X[0,ζ] � X0 , ρ∗ = +∞}

Rejection′ = {X1 6= † , X]0,ζ] ≻ X0 , ρ′∗ = +∞}

X
0

Time

S
p

ac
e

X 0

Time

S
p

ac
e

Rejection' but not Rejection Rejection' and Rejection

❚❤❡ ♣r❡✈✐♦✉s ❞r❛✇✐♥❣ ♦♥ t❤❡ ❧❡❢t s✉❣❣❡sts ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ ✇❡ ❤❛✈❡ Rejection′✱
Rejectionc✱ ❜✉t ❛❧s♦ ❛♥ ✐♥✜♥✐t② ♦❢ oplits ✭s♦ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ❞♦❡s ♥♦t ❡①✲
✐st✮✳ ■♥ t❤❡ ♥❡①t ❞r❛✇✐♥❣ ✇❡ s✉❣❣❡st ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ ✇❡ ❤❛✈❡ Rejection′✱
Rejectionc✱ ❛♥❞ ✇❤❡r❡ t❤❡ ♣r♦❝❡ss ✐s tr❛♥s✐❡♥t✳ ❚❤❡ st❛t❡ s♣❛❝❡ ✐s Z2 ❛♥❞ ✇❡
❞♦ ♥♦t ✇r✐t❡ t❤❡ t✐♠❡ ❛①✐s✳
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Altitude

Pr♦♣♦s✐t✐♦♥ ✶✷✳✶ ❲❡ ❤❛✈❡✿

k(x) = Lk(x) + Px{X1 = †} + Px{Rejection}

k′(x) = L′k′(x) + Px{X1 = †} + Px{Rejection′}

Pr♦♦❢✿ ❙✉♠♠✐♥❣ ♦✈❡r ❛❧❧ y ∈ E ✐♥ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✺✳✹ ✇❡ ✜♥❞
Lk(x) = Px{X[0,ζ] � x, ρ∗ < ∞} ❙♦

k(x) = Px{X[0,ζ] � x}

= Px{X1 = †} + Px{X1 6= †, X[0,ζ] � x, ρ∗ < ∞} + Px{X1 6= †, X[0,ζ] � x, ρ∗ < ∞}

= Px{X1 = †} + Lk(x) + Px{Rejection}

Pr✐♠❡ ✈❡rs✐♦♥ ✐s s✐♠✐❧❛r✳ �

❋✐♥❛❧❧②✱ ✇❤❡♥ t❤❡ r❡❥❡❝t✐♦♥ ♦❝❝✉rs ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✱ ✇❡ ❤❛✈❡ ❛ ❧❛❝❦
♦❢ ❛ss♦❝✐❛t✐✈✐t②✿

[(I − L)(I − K)]1E(x) = (I − P )1E(x) = Px{X1 = †}

✇❤✐❧❡

(I − L)[(I − K)1E ](x) = (I − L)k(x) = Px{X1 = †} + Px{Rejection}

❚❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥❛ ♦❝❝✉rs ✇✐t❤ t❤❡ ♣r✐♠❡ ❢❛❝t♦r✐③❛t✐♦♥ ✇❤❡♥ ✐t ❡①✐sts✳

❘❡♠❛r❦ ✶✷✳✷ ▲❡t Q ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛tr✐①✳ ▲❡t h ❜❡ ❛ Q✲❡①❝❡ss✐✈❡ ❢✉♥❝t✐♦♥
✭✐✳❡✳ h ≥ 0 ❛♥❞ Qh ≤ h✮✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❘✐❡③ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ h ✐s h = U[Q][(I −
Q)h] + Q∞h✳

❯s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ✶✷✳✶ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡
❘✐❡③ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ k ❛s ❛ L✲❡①❝❡ss✐✈❡ ❢✉♥❝t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♥ ❜❡
✇r✐tt❡♥ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t DkL ✐s t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥
Xǩ✿

(I − L)k(x) = Px{X1 = †} + Px{Rejection}

L∞k = Px{X[0,ζ] � x,Xǩ ♥❡✈❡r ❞✐❡s}
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✶✷✳✷ ❊①❛♠♣❧❡ ♦❢ ♥♦♥✲✉♥✐❝✐t②✿ ✜♥✐t❡ ❝❛s❡

❖✉r ❢❛❝t♦r✐③❛t✐♦♥s ✇❛s ♣❡r❢♦r♠❡❞ ❜② s♦♠❡ tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s K, Kg, V, V g

❡t❝✳ ✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ ✧❛✉t♦♠❛t✐❝❛❧❧②✧ ❢r♦♠ P ✳ ❇✉t✱ ✐t ✐s s♦♠❡t✐♠❡ ♣♦ss✐❜❧❡ t♦
❢❛❝t♦r✐③❡ I − P ❜② tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s ✇❤✐❝❤ ❛r❡ ♥♦t ♦✉r ♠❛tr✐❝❡s✳

▲❡t E = {a, b, c, d} ✇✐t❤ a ≺ b ≺ c ≺ d✳ P ✐s ❣✐✈❡♥ ❜② t❤❡ ❣r❛♣❤ ♦r ❜② t❤❡
❛rr❛② ❜❡❧♦✇✳ ❋♦r ❛♥② ♣❛r❛♠❡t❡r c1, c2 ✭✐♥ R✱ C ♦r ❛♥②t❤✐♥❣ ✇❤✐❝❤ ❝❛♥❝❡❧s ✐ts❡❧❢
✇❤❡♥ ②♦✉ ♠✉❧t✐♣❧② ✐t ❜② ③❡r♦✮✱ t❤❡ ♠❛tr✐① I − P ❝❛♥ ❜❡ ❢❛❝t♦r✐③❡❞ ❛s ❢♦❧❧♦✇✐♥❣✿

1/2 1/2

1/2

1/2

1/2 1/2

1/2

1/2a

b

c

d

I − P d c b a

d 1/2 −1/2 0 0

c −1/2 1/2 0 0

b 0 0 1/2 −1/2

a 0 0 −1/2 1/2

=

0

B

B

@

1 0 0 0

−1 1 0 0

0 c1 1 0

0 c2 −1 1

1

C

C

A

0

B

B

@

1/2 −1/2 0 0

0 0 0 0

0 0 1/2 −1/2

0 0 0 0

1

C

C

A

❚❤❡ ❝❤♦✐❝❡ c1 = c2 = 0 ❝♦rr❡s♣♦♥❞s t♦ ♦✉r ❢❛❝t♦r✐③❛t✐♦♥ (I − P ) = (I −
L′)(I − K ′)✳

■❢ ✇❡ ❛♣♣❧② tr❛♥s♣♦s✐t✐♦♥ t♦ ❜♦t❤ s✐❞❡s ♦❢ t❤✐s ❡q✉❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥ ❛ s❡❝♦♥❞
LU✲❢❛❝t♦r✐③❛t✐♦♥ ♦❢ (I−P ) ✇✐t❤ 1 ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠✳ ■♥ t❤✐s ❝❛s❡✱
t❤❡ ❝❤♦✐❝❡ c1 = c2 = 0 ❝♦rr❡s♣♦♥❞s t♦ ♦✉r ❢❛❝t♦r✐③❛t✐♦♥ (I−P ) = (I−L)(I−K)✳

❆♥ ♦t❤❡r ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡ ✐s P =

(
1 0
p 0

)
✇✐t❤ p ∈]0, 1]✳ ❲❡ ❤❛✈❡

(
∗ ∗
0 ∗

)

(
1 0
∗ 1

) (
0 0
−p 1

)
✐♠♣♦ss✐❜❧❡ ❢♦r ❛♥② ❝❤♦✐❝❡s ♦❢ ∗

❇✉t

(
1 a
0 1

)

(
0 0
−p b

) (
0 0
−p 1

)
♣♦ss✐❜❧❡ ❢♦r ❛♥② a, b s✉❝❤ t❤❛t − ap + b = 1

❘❡♠❛r❦ ✶✷✳✸ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t E ✐s ✜♥✐t❡ ❛♥❞ P ✐s ✐rr❡❞✉❝✐❜❧❡✳ ▲❡t t❛❦❡
F ( E✳ ❚❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❞r✐✈❡♥ ❜② t❤❡ r❡str✐❝t❡❞ ♠❛tr✐① PF ❞✐❡s✱ s♦ t❤❡
♠❛tr✐① IF −PF ✐s ✐♥✈❡rt✐❜❧❡ ✭✐ts ✐♥✈❡rs❡ ✐s IF +PF +P 2

F + ...✮✳ ■♥ ♦t❤❡r ✇♦r❞✱ ❛❧❧
t❤❡ ♠❛✐♥ ♠✐♥♦r ♦❢ t❤❡ ♠❛tr✐① P ❞♦❡s ♥♦t ✈❛♥✐s❤ ✇❤✐❝❤ ✐s t❤❡ ❝❧❛ss✐❝❛❧ ❝r✐t❡r✐♦♥
❢♦r ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐❝✐t② ♦❢ t❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥✳ ❖❢ ❝♦✉rs❡✱ ✐♥ ❡①❛♠♣❧❡ ❣✐✈❡♥
❛❜♦✈❡✱ P ✐s ♥♦t ✐rr❡❞✉❝✐❜❧❡✳
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✶✷✳✸ ◆♦♥✲✉♥✐❝✐t② ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ st❛t❡ s♣❛❝❡

❇② ♦♣♣♦s✐t✐♦♥ t♦ t❤❡ ✜♥✐t❡ ❝❛s❡✱ ✇❤❡♥ E ✐s ✐♥✜♥✐t❡✱ t❤❡ ♥♦♥✲✉♥✐❝✐t② ❝❛♥ ♦❝❝✉r
❡✈❡♥ ✇❤❡♥ P ✐s ✐rr❡❞✉❝✐❜❧❡✳ ▲❡t E = N ❛♥❞ � ✐s ≤✳

❋✐rst❧② ✐♠❛❣✐♥❡ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❝♦♥✈❡r❣❡s t♦ +∞✱ s♦ t❤❡
♣r♦❝❡ss n 7→ Xǩn

❞♦❡s ♥♦t ❞✐❡✱ s♦ Dk′L′ ✐s st♦❝❤❛st✐❝ ❛♥❞ s♦ (I − L′)k′ = 0✳
◆♦✇ ✇❡ ❝♦♥str✉❝t t❤❡ ♠❛tr✐① Γ′(x, y) = k′(x)1{y=0}✳ ❋♦r ❛❧❧ r ∈ R✱ ✇❡ ❤❛✈❡
K ′(x, y) + rΓ′(x, y) > 0 ⇔ x � y✱ s♦ t❤✐s ♠❛tr✐① ✐s tr✐❛♥❣✉❧❛r ❛♥❞ ✇❡ ❤❛✈❡

(I − L′)(I − K ′ + rΓ′) = (I − L′)(I − K ′) = (I − P )

✇❤✐❝❤ ❣✐✈❡s ✉s ❛♥ ❡①❛♠♣❧❡ ♦❢ ♥♦♥✲✉♥✐❝✐t② ♦❢ t❤❡ LU✲❢❛❝t♦r✐③❛t✐♦♥✳

✶✸ ❆ tr❛❥❡❝t♦r✐❛❧ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢

❆❝t✉❛❧❧②✱ ❛❧❧ ✐❞❡♥t✐t✐❡s ✇❡ ♠❡t ❜❡t✇❡❡♥ ♠❛tr✐❝❡s P,U,K, V, L,W ❛♥❞ ♣r✐♠❡
✈❡rs✐♦♥s✱ ❝❛♥ ❜❡❡♥ ♣r♦✈❡♥ ❛♥❞ ✐♥t❡r♣r❡t❡❞ ❜② tr❛❥❡❝t♦r✐❛❧ ♦❜s❡r✈❛t✐♦♥s✱ ✉s✐♥❣
♠❛✐♥❧② t❤❡ ♠❛r❦♦✈ ♣r♦♣❡rt②✳ ❙♦♠❡ ♦❢ t❤✐s ♣r♦♦❢ ❛s q✉✐t❡ s✐♠♣❧❡ ❛s t❤❡ ♣r♦♦❢
♦❢ U = V W = V ′W ′ ✭♣r♦♣♦s✐t✐♦♥ ✸✳✹✮ ♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♠✐①❡❞ ❢❛❝t♦r✐③❛t✐♦♥
W + K = I + WP t❤❛t ✇❡ ♠❛❞❡ ✐♥ s✉❜✲s❡❝t✐♦♥ ✼✳✷✳

❇✉t s♦♠❡ tr❛❥❡❝t♦r✐❛❧ ♣r♦♦❢s ❛r❡ q✉✐t❡ tr✐❝❦② ❛s t❤❡ ♣r♦♦❢ ♦❢

P + L′K ′ = L′ + K ′

t❤❛t ✇❡ ♣r♦❞✉❝❡ ♥♦✇✳
❘❡❝❛❧❧ t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥✱ ❛♥ ♦♣❧✐t ♦♥ z ✐s ❛ t✐♠❡ t s✉❝❤ t❤❛t Xt = z ≻ X0

❛♥❞ s✉❝❤ t❤❛t X[1,t] � z✳ ❲❡ ✇r✐t❡ oplitz t❤❡ s❡t ♦❢ ♦♣❧✐ts ♦♥ z✳

⊲ ❙t❡♣ ♦♥❡✿ ❲❡ ✜① x ❛♥❞ z s✉❝❤ t❤❛t x ≺ z✳
❆♣♣❧②✐♥❣ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② ❛t ❡❛❝❤ ♦♣❧✐t ♦♥ z✱ ✇❡ ❤❛✈❡

L′(x, z)K ′(z, z) = Ex[((♥✉♠❜❡r ♦❢ ♦♣❧✐ts ♦♥ z) − 1)∨ 0] ✭✸✶✮

❚❤❡ −1 ✐s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜rst ♦♣❧✐t ♦♥ z ✇❤✐❝❤ ✐s s❦✐♣♣❡❞✳ ❆♥❞ s♦

L′(x, z)K ′(z, z) = Ex[1{oplitz 6=∅}
(♯oplitz − 1)]

= Ex[♯oplitz] − Px{oplitz 6= ∅} ✭✸✷✮

■❢ ✇❡ ❛♣♣❧② t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② ❛t ❡❛❝❤ ♦♣❧✐t ♦♥ y ✇❡ ♦❜t❛✐♥✿

∀y ≻ z : L′(x, y)K ′(y, z) = Px{Tz ∈ [2,∞[ , Xρ′ ◦ X[1,Tz [ = y}

= Px{oplitz 6= ∅ , 1 /∈ oplitz , Xρ′ ◦ X[1,Tz [ = y}

❚❤✉s
∑

y≻z

L′(x, y)K ′(y, z) = Px{oplitz 6= ∅ , 1 /∈ oplitz} ✭✸✸✮

✸✺



y

z

x

❙✉♠♠✐♥❣ ✭✸✷✮ ❛♥❞ ✭✸✸✮ ✇❡ ❣❡t✿

L′K ′(x, z) =
∑

y�z

L′(x, y)K ′(y, z)

= Ex[♯oplitz] − Px{1 ∈ oplitz}

❲❡ ✇❡ r❡♠❛r❦ t❤❛t Px{1 ∈ oplitz} = P (x, z)✳ ❆❞❞ t♦ t❤❡ ❢❛❝t t❤❛t K ′(x, z) = 0
✇❡ ❣❡t P (x, z) + L′K ′(x, z) = L′(x, z) + K ′(x, z)✳

⊲ ❙t❡♣ t✇♦✳ ❲❡ ✜① x, z s✉❝❤ t❤❛t x � z✳ ❆♣♣❧②✐♥❣ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② ❛t
❡❛❝❤ ♦♣❧✐t ♦♥ y ≻ x✱ ✇❡ ❣❡t✱ ❛s ♣r❡✈✐♦✉s❧②✿

∀y ≻ x : L′(x, y)K ′(y, z) = Px{Tz ∈ [2,∞[ , Xρ′ ◦ X[1,Tz [ = y}✭✸✹✮

y

z

x

❚❤✉s

L′K ′(x, z) =
∑

y≻x

L′(x, y)K ′(y, z) = Px{Xk′
1

= z , k′1 ≥ 1] = K ′(x, z) − P (x, z)

❆❞❞✐♥❣ t♦ t❤❡ ❢❛❝t t❤❛t L′(x, z) = 0 ✇❡ ❣❡t✿ P (x, z) + L′K ′(x, z) = K ′(x, z) +
L′(x, z) �

✶✹ ●❡♥❡r❛❧ ❝♦♠♠❡♥ts

❆❜♦✉t ❝❛❧❝✉❧❛t✐♦♥ ♦❢ LU✲❢❛❝t♦rs✿ ❚♦ ❤❛✈❡ ❡①♣r❡ss✐♦♥s ♦❢ L,K, V,W... ❛❧❧♦✇s ✉s t♦
❤❛✈❡ ✐♥❢♦r♠❛t✐♦♥s ❛❜♦✉t ♦✉r ▼❛r❦♦✈ ❝❤❛✐♥✳ ❊①❛♠♣❧❡✿ ✐t ❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ t❤❡
❧❛✇ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ✭♣r♦♣♦s✐t✐♦♥ ✹✳✹✮✱ ♦r t♦ ❤❛✈❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ✐♥✈❛r✐❛♥t
♠❡❛s✉r❡ ✭♣r♦♣♦s✐t✐♦♥ ✶✶✳✷ ✮✳ ❇✉t ❤♦✇ ❝❛♥ ✇❡ ❝♦♠♣✉t❡ t❤❡s❡ ♠❛tr✐❝❡s❄ ❲❤❡♥ E
✐s ✜♥✐t❡✱ t❤❡ ❝❧❛ss✐❝❛❧ ❛❧❣♦r✐t❤♠ ♦❢ ●❛✉ss✲❡❧✐♠✐♥❛t✐♦♥ ✭s❡❡ ❡✳❣✳ ❬❈✐❛✽✷❪✮ ♣❡r♠✐ts

✸✻



t♦ ❝♦♠♣✉t❡ t❤❡ ❢❛❝t♦rs✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ✐♠♠❡❞✐❛t❡❧② ✧❡①t❡♥❞❡❞✧ t♦ t❤❡
❝❛s❡ ✇❤❡r❡ E = −N ❛♥❞ � ✐s ≤ ❀ ❜✉t ✐t ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞ ✇❤❡♥ E = N ❛♥❞ �
✐s ≤ ❜❡❝❛✉s❡ ✐t r❡q✉✐r❡ t♦ st❛rt t♦ t❤❡ ✉♣♣❡r ❧❡✈❡❧✳ ■♥ ❛♥② ❝❛s❡s✱ t❤✐s ❛❧❣♦r✐t❤♠
✐s r❡❝✉rs✐✈❡✱ ❛♥❞ ❞♦❡s ♥♦t ❢✉r♥✐s❤ ✉s ❝❧♦s❡❞ ❢♦r♠✉❧❛❡✳

❖♥ t❤❡ r❛♥❞♦♠ ✇❛❧❦s ❝❛s❡✱ t❤❡ ❲✐❡♥❡r✲❍♦♣❢ t❡❝❤♥✐q✉❡ ❛❧❧♦✇s t♦ tr❛♥s❢♦r♠
♦✉r ♣r♦❜❧❡♠ ✐♥t♦ ❛ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣❧❡① ❛♥❛❧②s✐s✿ ✇❡ ❤❛✈❡ t♦ ✜♥❞ ❢✉♥❝t✐♦♥s FL
❛♥❞ FK s✉❝❤ t❤❛t ✭✷✾✮ ❤♦❧❞s✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ s♦♠❡ ❝♦♥t♦✉r ✐♥t❡❣r❛❧
t❡❝❤♥✐q✉❡ ✭s❡❡ ❬❲✐❞✾✼❪✮✳ ❇✉t ♦♥❝❡ ❛❣❛✐♥✱ s✉❝❤ ❡①♣r❡ss✐♦♥ ❛r❡ ♥♦t ❛❧✇❛②s ✉s❡❢✉❧✳

❲❤❡♥ ✇❡ ✇♦r❦ ✇✐t❤ str✉❝t✉r❡❞ ▼❛r❦♦✈ ❝❤❛✐♥✱ ♠❛♥② t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥
✐♥✈❡♥t❡❞ t♦ ❛❝❝❡ss t❤❡s❡ ❢❛❝t♦rs✳ ▼♦st ♦❢ t❤❡♠ ❛r❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ▲✐✬s ❇♦♦❦
❬▲✐✶✵❪✳ ❙♦♠❡ ♦❢ t❤✐s t❡❝❤♥✐q✉❡ ❛♣♣❡❛❧ t❤❡ ❲✐❡♥❡r✲❍♦♣❢ t❡❝❤♥✐q✉❡✳

❆❜♦✉t ●❡♥❡r❛❧✐③❛t✐♦♥ t♦ t❤❡ ❝♦♥t✐♥✉♦✉s t✐♠❡✿ ❈♦♥t✐♥✉♦✉s t✐♠❡ ❡q✉✐✈❛❧❡♥t t♦
❘❛♥❞♦♠ ✇❛❧❦s ❛r❡ ▲é✈② ♣r♦❝❡ss❡s✳ ❋♦r s✉❝❤ ♣r♦❝❡ss❡s✱ t❤❡ ❲✐❡♥❡r✲❍♦♣❢ t❡❝❤✲
♥✐q✉❡ ✇❛s ❡①♣❧♦✐t❡❞ ❡✣❝✐❡♥t❧② t♦ ❝♦♠♣✉t❡ ❧❛✇ ❧✐♥❦❡❞ t♦ ♠✐♥✴♠❛①✱ ❜✉t ❛❧s♦ t♦
❤❛✈❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s♦♠❡ ✐♥✜♥✐t❡s✐♠❛❧ ❜❡❤❛✈✐♦r ♦❢ tr❛❥❡❝t♦r✐❡s✳ ✭ s❡❡ ❡✳❣✳
❇❡rt♦✐♥ ❬❇❡r✾✻❪ ✱ ❉♦♥❡② ❬❉♦♥✵✶❪✱ ❑②♣r✐❛♥♦✉ ❬❑②♣✵✻❪✱ ❱✐❣♦♥ ❬❱✐❣✵✷❪✱❬❱✐❣✵✸❪✮✳
■♥ ❝♦♥t✐♥✉♦✉s t✐♠❡✱ t♦ ✜♥❞ ❣♦♦❞ ❡①♣r❡ss✐♦♥s ❢♦r ❢❛❝t♦rs ✐s r❡❛❧❧② ❞✐✣❝✉❧t✳

❆❜♦✉t s♣❛❝❡✲t✐♠❡ ♣r♦❜❧❡♠✿ ❆♥ ❡✈❡♥ ❤❛r❞❡r ♣r♦❜❧❡♠ ✐s t♦ ♦❜t❛✐♥ ❡①♣r❡ss✐♦♥s
❢♦r q 7→ K[qP ] ❛♥❞ q 7→ L[qP ]✱ ✇❤✐❝❤ ❛❧s♦ ❣✐✈❡ s♦♠❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❧❛✇ ♦❢ t❤❡
t✐♠❡ ✇❤❡r❡ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ✐s r❡❛❝❤❡❞✳ ■♥ ❝♦♥t✐♥✉♦✉s t✐♠❡s✱ t♦ ❝♦♠♣✉t❡ t❤❡
s♣❛❝❡✴t✐♠❡ ❲✐❡♥❡r✲❍♦♣❢ ❢❛❝t♦r✐③❛t✐♦♥ ✐s s♦♠❡✇❤❡r❡ t❤❡ ●r❛✐❧ ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥
t❤❡♦r② ❢♦r ▲é✈② ♣r♦❝❡ss❡s✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥❝❡ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✇❛s ♠❛❞❡ ❜②
❋♦✉r❛t✐ ❬❋♦✉✶✵❪ ✇❤♦ s❤♦✇s ❤♦✇ t♦ ♦❜t❛✐♥ t❤❡s❡ ❜✐✈❛r✐❛t❡ ❢❛❝t♦rs ❛s s♦❧✉t✐♦♥s ♦❢
❛ ❘✐❡♠❛♥♥✲❍✐❧❜❡rt ♣r♦❜❧❡♠✳

❖t❤❡r ●❡♥❡r❛❧✐③❛t✐♦♥✿ ❆ ❲✐❡♥❡r✲❍♦♣❢ ❢❛❝t♦r✐③❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜②
❲✐❧❧✐❛♠s ❢♦r ❙②♠♠❡tr✐❝ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✱ ❜✉t✱ ❛s ✇❡ s❛✐❞ ✐♥ ✐♥tr♦❞✉❝t✐♦♥✱ t❤✐s ✐s
❛♥ ❛❧t❡r♥❛t✐✈❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✇❤✐❝❤ ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ t♦ ♦✉r LU✲❢❛❝t♦r✐③❛t✐♦♥✳

❉♦❡s LU✲❢❛❝t♦r✐③❛t✐♦♥ ✐s ❣❡♥❡r❛❧✐③❛❜❧❡ ❢♦r ❛♥② ▼❛r❦♦✈ ♣r♦❝❡ss❄ ❨❡s ✇❡ t❤✐♥❦✳
❋♦r r✐❣❤t ▼❛r❦♦✈ ♣r♦❝❡ss✱ t❤❡ ♣r♦❝❡ss t 7→ Xkt

❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ♣❛st✲
♠✐♥✐♠❛ ♣r♦❝❡ss ✐✳❡ inf{Xs : s ≤ t}✱ t❤❛t ✇❡ t✐♠❡✲❝❤❛♥❣❡ t♦ s✉♣♣r❡ss t❤❡ ❤♦r✐③♦♥✲
t❛❧ ♣❧❛t❡❛✉✳ ■t ✐s ♥♦t s♦ ❤❛r❞ t♦ s❡❡ t❤❛t t❤✐s ♣r♦❝❡ss ✐s ▼❛r❦♦✈✐❛♥✳ ❚❤❡ ♣r♦❝❡ss
t 7→ Xǩt

❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ♣♦st✲♠✐♥✐♠❛ ♣r♦❝❡ss ✐✳❡✳ inf{Xs : s ∈ [t, ζ]}✱
t❤❛t ✇❡ t✐♠❡✲❝❤❛♥❣❡ t♦ s✉♣♣r❡ss ❤♦r✐③♦♥t❛❧ ♣❧❛t❡❛✉ ✭s❡❡ ❋♦✉r❛t✐ ❬❋♦✉✾✽❪ ❢♦r t❤❡
♣r❡❝✐s❡ ❝♦♥str✉❝t✐♦♥✮✳ ❇✉t ❡✈❡♥ ♦♥ t❤❡ ▲é✈② ❝❛s❡✱ t❤✐s ♣r♦❝❡ss ✐s ♥♦t ❛❧✇❛②s
str♦♥❣❧② ▼❛r❦♦✈ ✭s❡❡ ❬❋♦✉✾✽❪✮✳ ■♥ t❤✐s ❛rt✐❝❧❡✱ ❋♦✉r❛t✐ ❡①♣❧❛✐♥s ❤♦✇ t❤✐s ♣r♦❝❡ss
✐s ❛♥②✇❛② ❛ ❣♦♦❞ ▼❛r❦♦✈ ♣r♦❝❡ss ✭✐✳❡✳ ▼❛r❦♦✈✐❛♥ ♦♥ ✐ts ♥❛t✉r❛❧ ♣❛st σ✲✜❡❧❞✮✳
❇✉t t❤❡ ❞✐✣❝✉❧t② ✐s t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ ❞♦♠❛✐♥s ♦❢ ❣❡♥❡r❛t♦rs ♦❢ X✱ Xk ❛♥❞ Xǩ

❛r❡ ❧✐♥❦❡❞ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ ♣r♦♣❡r❧② ❛ LU✲❢❛❝t♦r✐③❛t✐♦♥✳

❘❡❢❡r❡♥❝❡s

❬❆❙❲✽✻❪ ❑❡✈✐♥ ❚✳ ❆♥❞r❡✇s✱ P❤✐❧✐♣ ❲✳ ❙♠✐t❤✱ ❛♥❞ ❏♦s❡♣❤ ❉✳ ❲❛r❞✳ LU ✲
❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ♦♣❡r❛t♦rs ♦♥ l1✳ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✾✽✭✷✮✿✷✹✼✕
✷✺✷✱ ✶✾✽✻✳
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❬❆❲✽✻❪ ❑❡✈✐♥ ❚✳ ❆♥❞r❡✇s ❛♥❞ ❏♦s❡♣❤ ❉✳ ❲❛r❞✳ LU ✲❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ♦r❞❡r
❜♦✉♥❞❡❞ ♦♣❡r❛t♦rs ♦♥ ❇❛♥❛❝❤ s❡q✉❡♥❝❡ s♣❛❝❡s✳ ❏✳ ❆♣♣r♦①✳ ❚❤❡♦r②✱
✹✽✭✷✮✿✶✻✾✕✶✽✵✱ ✶✾✽✻✳

❬❇❡r✾✻❪ ❏❡❛♥ ❇❡rt♦✐♥✳ ▲é✈② ♣r♦❝❡ss❡s✱ ✈♦❧✉♠❡ ✶✷✶ ♦❢ ❈❛♠❜r✐❞❣❡ ❚r❛❝ts ✐♥
▼❛t❤❡♠❛t✐❝s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✶✾✾✻✳

❬❇❘❲✽✵❪ ▼✳ ❚✳ ❇❛r❧♦✇✱ ▲✳ ❈✳ ●✳ ❘♦❣❡rs✱ ❛♥❞ ❉❛✈✐❞ ❲✐❧❧✐❛♠s✳ ❲✐❡♥❡r✲❍♦♣❢
❢❛❝t♦r✐③❛t✐♦♥ ❢♦r ♠❛tr✐❝❡s✳ ■♥ ❙❡♠✐♥❛r ♦♥ Pr♦❜❛❜✐❧✐t②✱ ❳■❱ ✭P❛r✐s✱
✶✾✼✽✴✶✾✼✾✮ ✭❋r❡♥❝❤✮✱ ✈♦❧✉♠❡ ✼✽✹ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤✳✱ ♣❛❣❡s
✸✷✹✕✸✸✶✳ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✶✾✽✵✳

❬❈✐❛✽✷❪ P❤✐❧✐♣♣❡ ●✳ ❈✐❛r❧❡t✳ ■♥tr♦❞✉❝t✐♦♥ à ❧✬❛♥❛❧②s❡ ♥✉♠ér✐q✉❡ ♠❛tr✐❝✐❡❧❧❡
❡t à ❧✬♦♣t✐♠✐s❛t✐♦♥✳ ❈♦❧❧❡❝t✐♦♥ ▼❛t❤é♠❛t✐q✉❡s ❆♣♣❧✐q✉é❡s ♣♦✉r ❧❛
▼❛îtr✐s❡✳ ❬❈♦❧❧❡❝t✐♦♥ ♦❢ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❢♦r t❤❡ ▼❛st❡r✬s ❉❡❣r❡❡❪✳
▼❛ss♦♥✱ P❛r✐s✱ ✶✾✽✷✳

❬❉♦♥✵✶❪ ❘♦♥❛❧❞ ❉♦♥❡②✳ ❋❧✉❝t✉❛t✐♦♥ t❤❡♦r② ❢♦r ▲é✈② ♣r♦❝❡ss❡s✳ ■♥ ▲é✈② ♣r♦✲
❝❡ss❡s✱ ♣❛❣❡s ✺✼✕✻✻✳ ❇✐r❦❤ä✉s❡r ❇♦st♦♥✱ ❇♦st♦♥✱ ▼❆✱ ✷✵✵✶✳

❬❋❡❧✻✻❪ ❲✐❧❧✐❛♠ ❋❡❧❧❡r✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ♣r♦❜❛❜✐❧✐t② t❤❡♦r② ❛♥❞ ✐ts ❛♣♣❧✐❝❛✲
t✐♦♥s✳ ❱♦❧✳ ■■✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s ■♥❝✳✱ ◆❡✇ ❨♦r❦✱ ✶✾✻✻✳

❬❋♦✉✾✽❪ ❙✳ ❋♦✉r❛t✐✳ P♦✐♥ts ❞❡ ❝r♦✐ss❛♥❝❡ ❞❡s ♣r♦❝❡ss✉s ❞❡ ▲é✈② ❡t t❤é♦r✐❡
❣é♥ér❛❧❡ ❞❡s ♣r♦❝❡ss✉s✳ Pr♦❜❛❜✳ ❚❤❡♦r② ❘❡❧❛t❡❞ ❋✐❡❧❞s✱ ✶✶✵✭✶✮✿✶✸✕✹✾✱
✶✾✾✽✳

❬❋♦✉✶✵❪ ❙♦♥✐❛ ❋♦✉r❛t✐✳ ❋❧✉❝t✉❛t✐♦♥s ♦❢ ▲é✈② ♣r♦❝❡ss❡s ❛♥❞ s❝❛tt❡r✐♥❣ t❤❡♦r②✳
❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✸✻✷✭✶✮✿✹✹✶✕✹✼✺✱ ✷✵✶✵✳

❬❋P✻✷❪ ▼✐r♦s❧❛✈ ❋✐❡❞❧❡r ❛♥❞ ❱❧❛st✐♠✐❧ Ptá❦✳ ❖♥ ♠❛tr✐❝❡s ✇✐t❤ ♥♦♥✲♣♦s✐t✐✈❡
♦✛✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ❛♥❞ ♣♦s✐t✐✈❡ ♣r✐♥❝✐♣❛❧ ♠✐♥♦rs✳ ❈③❡❝❤♦s❧♦✈❛❦
▼❛t❤✳ ❏✳✱ ✶✷ ✭✽✼✮✿✸✽✷✕✹✵✵✱ ✶✾✻✷✳

❬❋P✽✶❪ ❘✳ ❊✳ ❋✉♥❞❡r❧✐❝ ❛♥❞ ❘✳ ❏✳ P❧❡♠♠♦♥s✳ LU ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ M ✲
♠❛tr✐❝❡s ❜② ❡❧✐♠✐♥❛t✐♦♥ ✇✐t❤♦✉t ♣✐✈♦t✐♥❣✳ ▲✐♥❡❛r ❆❧❣❡❜r❛ ❆♣♣❧✳✱
✹✶✿✾✾✕✶✶✵✱ ✶✾✽✶✳

❬●r❛✽✼❪ ❲✐♥❢r✐❡❞ ●r❛ss♠❛♥♥✳ ▼❡❛♥s ❛♥❞ ✈❛r✐❛♥❝❡s ♦❢ t✐♠❡ ❛✈❡r❛❣❡s ✐♥ ▼❛r❦♦✲
✈✐❛♥ ❡♥✈✐r♦♥♠❡♥ts✳ ❊✉r♦♣❡❛♥ ❏✳ ❖♣❡r✳ ❘❡s✳✱ ✸✶✭✶✮✿✶✸✷✕✶✸✾✱ ✶✾✽✼✳

❬❍❡②✾✺❪ ❉❛♥✐❡❧ P✳ ❍❡②♠❛♥✳ ❆ ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡♦r❡♠ ❢♦r ✐♥✜♥✐t❡ st♦❝❤❛st✐❝
♠❛tr✐❝❡s✳ ❏✳ ❆♣♣❧✳ Pr♦❜❛❜✳✱ ✸✷✭✹✮✿✽✾✸✕✾✵✶✱ ✶✾✾✺✳

❬❑❙❑✻✻❪ ❏♦❤♥ ●✳ ❑❡♠❡♥②✱ ❏✳ ▲❛✉r✐❡ ❙♥❡❧❧✱ ❛♥❞ ❆♥t❤♦♥② ❲✳ ❑♥❛♣♣✳ ❉❡♥✉✲
♠❡r❛❜❧❡ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❉✳ ❱❛♥ ◆♦str❛♥❞ ❈♦✳✱ ■♥❝✳✱ Pr✐♥❝❡t♦♥✱ ◆✳❏✳✲
❚♦r♦♥t♦✱ ❖♥t✳✲▲♦♥❞♦♥✱ ✶✾✻✻✳

❬❑✉♦✼✼❪ ■ ❲❡♥ ❑✉♦✳ ❆ ♥♦t❡ ♦♥ ❢❛❝t♦r✐③❛t✐♦♥s ♦❢ s✐♥❣✉❧❛r M ✲♠❛tr✐❝❡s✳ ▲✐♥❡❛r
❆❧❣❡❜r❛ ❛♥❞ ❆♣♣❧✳✱ ✶✻✭✸✮✿✷✶✼✕✷✷✵✱ ✶✾✼✼✳
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❬❑②♣✵✻❪ ❆♥❞r❡❛s ❊✳ ❑②♣r✐❛♥♦✉✳ ■♥tr♦❞✉❝t♦r② ❧❡❝t✉r❡s ♦♥ ✢✉❝t✉❛t✐♦♥s ♦❢ ▲é✈②
♣r♦❝❡ss❡s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s✳ ❯♥✐✈❡rs✐t❡①t✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱
✷✵✵✻✳

❬▲❈✵✹❪ ◗✉❛♥✲▲✐♥ ▲✐ ❛♥❞ ❏✐♥❤✉❛ ❈❛♦✳ ❚✇♦ t②♣❡s ♦❢ RG✲❢❛❝t♦r✐③❛t✐♦♥s ♦❢ q✉❛s✐✲
❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss❡s ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s t♦ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧
❢✉♥❝t✐♦♥❛❧s✳ ❙t♦❝❤✳ ▼♦❞❡❧s✱ ✷✵✭✸✮✿✷✾✾✕✸✹✵✱ ✷✵✵✹✳

❬▲✐✶✵❪ ◗✉❛♥✲▲✐♥ ▲✐✳ ❈♦♥str✉❝t✐✈❡ ❝♦♠♣✉t❛t✐♦♥ ✐♥ st♦❝❤❛st✐❝ ♠♦❞❡❧s ✇✐t❤
❛♣♣❧✐❝❛t✐♦♥s✳ ❚s✐♥❣❤✉❛ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❇❡✐❥✐♥❣✱ ✷✵✶✵✳ ❚❤❡ RG✲
❢❛❝t♦r✐③❛t✐♦♥✳

❬▲❩✵✷❪ ◗✉❛♥✲▲✐♥ ▲✐ ❛♥❞ ❨✐q✐❛♥❣ ❩❤❛♦✳ ❆ ❝♦♥str✉❝t✐✈❡ ♠❡t❤♦❞ ❢♦r ✜♥❞✐♥❣ β✲
✐♥✈❛r✐❛♥t ♠❡❛s✉r❡s ❢♦r tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s ♦❢ M/G/1 t②♣❡✳ ■♥ ▼❛tr✐①✲
❛♥❛❧②t✐❝ ♠❡t❤♦❞s ✭❆❞❡❧❛✐❞❡✱ ✷✵✵✷✮✱ ♣❛❣❡s ✷✸✼✕✷✻✸✳ ❲♦r❧❞ ❙❝✐✳ P✉❜❧✳✱
❘✐✈❡r ❊❞❣❡✱ ◆❏✱ ✷✵✵✷✳
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