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In the present article, we study the effect of estimating the vector of means and variance-covariance matrix in the performance of the MEWMA control chart. We show through simulation that the performance of the MEWMA control chart is affected when the parameters are estimated compared to the known parameters case. The control limit that achieves the desired in control ARL when estimating the parameters is computed in several cases and formulas used to find approximately its values are given. Finally, an optimal design strategy for the MEWMA chart with estimated parameters is presented.

Introduction

Control charts are a valuable tool for detecting an out of control process. During the last decades there is an increasing interest for multivariate control chart techniques due to the fact that many processes involve several quality characteristics (variables) that are correlated. One of the most known control charts that belongs to this category is the multivariate exponentially weighted moving average (MEWMA) chart. The MEWMA control chart was introduced by [START_REF] Lowry | A multivariate exponentially weighted moving average control chart[END_REF] and it is used to detect fast small to moderate shifts in a process. [START_REF] Prabhu | Designing a multivariate EWMA control chart[END_REF] showed how to design this chart.

Generally speaking, the monitoring of a multivariate process includes two phases: Phase I and Phase II. In Phase I, one checks the stability of the process and estimates the unknown parameters. However, the main purpose in Phase II is to detect out-ofcontrol conditions as quickly as possible. The performance of a Phase I control chart is measured in terms of the probability of chart signals. On the other hand, the performance of a Phase II control chart is usually measured in terms of the parameters of the run length, where the run length is defined as the number of samples taken until the chart produces a signal. In order to use the MEWMA control chart during a Phase II application, the existing procedures for designing it are based on the assumption of known process mean vector µ µ µ µ and variance covariance matrix Σ Σ Σ Σ. In practice, however, µ µ µ µ and Σ Σ Σ Σ are usually unknown and we have to estimate these parameters using a historical data set (Phase I). Using parameters estimates with design procedures intended for known parameters can result in significantly deteriorated chart performance since these estimators add extra variability in the process.

Several authors have dealt with this problem for different univariate control charts, see e.g., [START_REF] Chen | The mean and standard deviation of the run length distribution of X charts when control limits are estimated[END_REF] and [START_REF] Jones | The performance of exponentially weighted moving average charts with estimated parameters[END_REF][START_REF] Jones | The run length distribution of the CUSUM with estimated parameters[END_REF]. [START_REF] Quesenberry | The effect of sample size on estimated limits for X and X control charts[END_REF] studied the effect of parameter estimation on the performance of the univariate Shewhart chart. This researcher suggested that at least 100 Phase I subgroups with sample size of 5 observations is needed to achieve expected statistical performance of the Shewhart chart. [START_REF] Jones | The performance of exponentially weighted moving average charts with estimated parameters[END_REF] showed that a number of subgroups more than 100 is needed to achieve expected statistical performance of the univariate EWMA T chart [START_REF] Nedumaran | On constructing 2 T control charts for online process monitoring[END_REF] and [START_REF] Champ | Properties of the 2 T Control Chart when Parameters are Estimated[END_REF]). None of the previous studies investigated the effect of parameter estimation on the performance of the MEWMA chart. This has been pointed by [START_REF] Jensen | Effects of parameter estimation on control chart properties: A literature review[END_REF] along with the conjecture that no attention has been given to the multivariate EWMA chart a fact that motivated this work. Our main focus in this paper is to investigate the effect of estimating µ µ µ µ and Σ Σ Σ Σ from an in-control Phase I data set on the performance of the MEWMA control chart used to monitor the process mean vector µ µ µ µ.

In Section 2, we present the MEWMA chart and its main properties. The effect of estimating the parameters on the performance of the proposed scheme is given in Section 3. In Section 4, we present the control limits that give the desired in-control average run length (ARL) when m samples of size n are used for estimating the parameters of the p-variate MEWMA chart. Section 5 presents the way to design the MEWMA control chart. Finally some comments and concluding remarks are given in Section 6.

The MEWMA control chart

Let i X , i= 1,2,… be ( 1 × p ) random vectors taken at regular time intervals and assumed to follow a p-variate normal distribution ) , (

0 0 Σ µ p N
, where 0 µ is the known p-dimensional vector of means and 0 Σ is the known variance-covariance matrix. Each vector records the values of p correlated quality characteristics that we want to monitor simultaneously and we further assume that these s ' i X , i=1, 2,… are independent. The random vector i X can be either the sample mean vector or individual observation vector at time i. The main concern is to detect shifts in the process mean vector µ from the target vector 0 µ . We assume without loss of generality that 0 µ = 0. The multivariate EWMA control chart statistic given by Lowry Z is usually set equal to the in-control mean vector of the process (i.e., 0 0 µ Z = ). A straightforward note is that if R=I then the MEWMA control chart is equivalent to the T² Chart.
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the variance-covariance matrix of i Z and h is the control limit used to achieve the specified in-control ARL. The variance-covariance matrix of
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The MEWMA chart statistic is usually constructed in terms of the asymptotic covariance matrix

Σ Σ Z ) 2 ( r r i - = .
(2)

When µ µ µ µ 0 and Σ Σ Σ Σ 0 are unknown, then m in-control Phase I samples, each of size n are used to estimate them. The in-control process mean vector µ µ µ µ 0 is estimated by

m m j j ∑ = = 1 X X , (3) 
where j X is the j th sample mean vector. Also, the unknown variance-covariance

matrix Σ Σ Σ Σ is estimated by m m j j ∑ = = 1 S S , (4) 
where j S is the within sample variance-covariance matrix.

For simplicity, we consider only charts with equal smoothing parameters and chart statistic calculated based on the asymptotic covariance matrix in Eq. ( 2). Lowry (1992) showed that the MEWMA chart with equal smoothing parameters is directionally invariant. [START_REF] Champ | Properties of the 2 T Control Chart when Parameters are Estimated[END_REF] showed that the in-control run length distribution of the directionally invariant T 2 chart statistic does not depend on the unknown process parameters. The in-control run length distribution of the T 2 chart statistic depends only on the number of variables p, the number of Phase I groups m, and the sample size within each group n. The out-of-control run length distribution depends on these constants as well as the statistical distance between the in-control and out-of-control mean vectors. This distance is usually referred to as the noncentrality parameter. Thus, the performance analysis of the T 2 chart can be given without knowledge of the in-control values of the process parameters or their estimates. [START_REF] Lowry | A multivariate exponentially weighted moving average control chart[END_REF] showed that the ARL performance of the MEWMA control chart with equal smoothing parameters (i.e., r r r r p = = = = ..

) depends only on the non-centrality parameter. This means that the MEWMA chart has the property of directional invariance. The use of unequal weights cancels out this property since in this case the ARL depends on the direction of the shift. It can be shown that the run length distribution of the directionally invariant MEWMA control chart with estimated parameters depends only on the values of p, m, n, and the smoothing parameter r. The proof is given in [START_REF] Champ | Properties of Multivariate Control Chart with Estimated Parameters[END_REF]. Rigdon (1995a,b) gave an integral and a double integral equation for the calculation of in-control and out-of-control ARLs of the MEWMA chart. [START_REF] Runger | A Markov chain model for the multivariate EWMA control chart[END_REF] used a Markov chain approximation to determine the run length performance of the MEWMA chart. Evaluating the run length performance of the MEWMA chart using the double integral equations or Markov chain approximation when the parameters are estimated from m in-control Phase I samples is intractable.

Thus, the results we present in this paper are rather based on extensive Monte Carlo simulation. [START_REF] Prabhu | Designing a multivariate EWMA control chart[END_REF] provided recommendations for the selection of parameters for a MEWMA chart. To detect quickly small sustained shifts in the process mean vector, it is usually recommended that one design the MEWMA chart using small values of the smoothing parameter r; see [START_REF] Lowry | A multivariate exponentially weighted moving average control chart[END_REF]. To achieve robustness to violations of the multivariate normality assumption, [START_REF] Stoumbos | Robustness to non-normality of the multivariate EWMA control chart[END_REF] recommended the use of smoothing parameters in the range from 0.02-0.05 for the MEWMA chart. However, as mentioned in [START_REF] Mahmoud | A multivariate adaptive exponentially weighted moving average control chart[END_REF], a very large sudden shift in the process mean vector may not be detected immediately if small values of r are used. When using a small value of r, the current observation receives a small weight r, and an observation far from the target value may not result in an immediate out-of-control signal. Moreover, the MEWMA charts with small values of r can build up an arbitrary large amount of inertia; see for example [START_REF] Woodall | The inertial properties of quality control charts[END_REF] and [START_REF] Mahmoud | A multivariate adaptive exponentially weighted moving average control chart[END_REF]. In this paper, we investigate the performance of the MEWMA chart with some different recommended values of the smoothing parameters r=0.05, 0.10, and 0.20 when the incontrol parameters are estimated.

Effect of estimated parameters on the performance of the MEWMA chart

When estimates are used instead of unknown parameters, the sampling distribution of the MEWMA chart statistics should account for the variability in the estimators. If the researcher does not take this variability into account, the in-control and out-of-control performance of the control charts can be strongly affected. The direct result of not taking this variability into account is the significant increase of the number of false alarms, especially when the sample size of the phase I data set is small. As the sample size of the phase I data set increases, the estimation error decreases. In this section we investigate using simulation the performance of the MEWMA chart with estimated parameters.

As mentioned in Section 2, when the mean vector and the covariance matrix are unknown they are usually estimated using an in-control reference sample consisting of m subgroups of size n from an in-control ) , (

0 0 Σ µ p N where 1 ≥ m and p n m > -) 1 (
. Then the estimators used are X µ = 0 ˆ and S Σ 0 = ˆ, where X and S are as defined in Eqs ( 3) and (4), respectively. [START_REF] Anderson | An Introduction to Multivariate Statistical Analysis[END_REF] 

showed that if a random sample X 1 , X 2 , …, X n is taken from ) , ( 0 0 Σ µ p N
at sampling stage j, then the sample
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, where

) 1 , ( 0 - n Wishart p Σ
is the p-variate Wishart distribution with parameters 0 Σ and 1 n degrees of freedom. Accordingly, the in-control estimator of the process mean

vector X ~) , ( 0 0 nm N p Σ µ and the matrix [m(n-1) S ] ~)) 1 ( , ( 0 - n m Wishart p Σ .
As mentioned in Section 2, the in-control run length distribution of the MEWMA chart statistic depends only on p, m, n and r. Since the ARL performance of the MEWMA chart depends on the in-control parameters or their estimates only through the non-centrality parameter, we assume without loss of generality that 0 µ = 0 and I Σ = 0 . In our simulation studies we considered five different values for p (p=2, 3, 4, 5, or 6), nine values for m (m= 30, 40, 50, 70, 100, 150, 200, 300, or 500), four values for n (n= 3, 5, 10, or 15), and three values for r (r=0.05, 0.10, or 0.20). The values used for p, n, and m were chosen in order to represent small to large values of these parameters. The three selected values for the smoothing parameter r are the most recommended values in the literature.

In our simulation study, the procedure used to investigate the effect of p, m, n and r on the in-control ARL performance of the MEWMA chart can be described as follows:

1-Using 50,000 simulation runs, we first estimated the upper control limit h needed to produce an in-control ARL of 200 when different values of the smoothing parameter r is used in designing the MEWMA chart statistic with known parameters. The performance and design of a multivariate control charts based on an in-control ARL of 200 were studied by several researchers; see for example [START_REF] Lowry | A multivariate exponentially weighted moving average control chart[END_REF], [START_REF] Champ | Properties of the 2 T Control Chart when Parameters are Estimated[END_REF], and [START_REF] Mahmoud | A multivariate adaptive exponentially weighted moving average control chart[END_REF]. Table 1 gives the values of h according to different values of p and r. For example, when r=0.05 the upper control limit that gives the desired in-control ARL is h=7.36 in case of p=2, h=9.41 in case of p=3 and h=12.97 in case of p=5.

2-Then, we generated a random vector X from 3-Then we generated a random vector i X′ to represent the new Phase II process information observed at the i th sampling stage.

4-The MEWMA statistic defined in Eq. ( 1) was then calculated based on the estimated parameters X and S and compared to the upper control limit h calculated in Step 1.

5-Steps 3-4 are repeated until a signal is given. When the signal is given then we record the run length.

6-Steps 2-5 are repeated 50,000 times and the ARL is then calculated. The procedure IML in the statistical package SAS was used to generate the random vectors and matrices and to estimate the ARL values.

( [START_REF] Quesenberry | The effect of sample size on estimated limits for X and X control charts[END_REF] and [START_REF] Jones | The statistical design of the EWMA control charts with estimated parameters[END_REF]. Our simulation results show that the sufficient number of Phase I samples depends on the smoothing parameter r. These results show that larger number of Phase I samples are required when smaller smoothing constants are used. For example, while at least 2000 samples of size 5 is needed to achieve the expected statistical performance of the 2-variate MEWMA chart with estimated parameters when r=0.05, only 1400 and 1000 samples are sufficient to achieve it when r=0.10 and 0.20, respectively. As expected, monitoring a mean vector with a dimension more than 2 using the MEWMA chart with estimated parameters requires larger number of Phase I samples than those listed for p=2 to achieve the desired ARL performance. For example, when p=6 and r=0.20, more than 2500 samples of size 5 are needed so that the in-control ARL produced by the MEWMA chart is 200.

Corrected Limits for the MEWMA chart with estimated parameters

In some practical applications the data are plentiful and hence waiting until 1000 or more Phase I samples to accumulate is feasible. However, in most real-life on small number of samples, the statistical performance of the chart can be very poor.

On the other hand, waiting a long time to obtain the necessary data may result in the presence of undetected parameter shifts during this time. Therefore, several researchers have developed design procedures for some quality control charts that do not require the assumption of known parameters; see [START_REF] Quesenberry | The effect of sample size on estimated limits for X and X control charts[END_REF], [START_REF] Jones | The statistical design of the EWMA control charts with estimated parameters[END_REF], and [START_REF] Champ | Properties of the 2 T Control Chart when Parameters are Estimated[END_REF]. The main idea of these procedures was to use wider control limits for the chart in order to reflect the variability of the parameter estimates used in constructing the chart statistic. [START_REF] Champ | Properties of the 2 T Control Chart when Parameters are Estimated[END_REF] referred to these limits as the "corrected limits". In this section we develop using simulation the corrected limits of the MEWMA chart that give exactly an in-control ARL of 200 when m Phase I samples of size n are used in estimating the unknown parameters.

Tables 5-7 give the simulated corrected control limits for the p-variate MEWMA chart with parameters estimated from m samples of size n that give incontrol ARL of 200 when r=0.05, 0.10, and 0.20, respectively. These limits were obtained by the simulation algorithm (steps 2-6) described in Section 3. An additional binary search similar to that described in [START_REF] Champ | Properties of the 2 T Control Chart when Parameters are Estimated[END_REF] was used to obtain these limits. The main idea of the binary search was to adjust the limits until the desired ARL value was obtained.

(Insert Tables 5-7 about here)

The results in Tables 567show that the corrected limits depend on the size of m, n, p, and r. Smaller values m and/or n require wider corrected limits to achieve the desired in-control ARL. In practice, if m and/or n are different from the values given in Tables 567, the practitioner may use interpolation to determine an appropriate corrected control limit. Alternatively, we give estimated corrected limits for the pvariate MEWMA charts in Tables 8-10 when r=0.05, 0.10, and 0.20, respectively.

The linear equation models given in these tables are least squares estimates of the corrected limits using the logarithm of m (with base=10) as the independent variable in simple linear regression models. For example, when n=5, p=2, and r=0.05, Table 8 gives the estimate of the corrected limits as a linear function of the logarithm of m by: (5)

When n=5, p=2, and r=0.05, if m=210 samples are available, the estimated corrected limits calculated from Equation ( 5) is 8.14. Using 50,000 simulation runs, this estimated corrected limit produces an in-control ARL of 208. Each of the least squares estimates of the corrected limits listed in Tables 8-10 produced a coefficient of determination R 2 of at least 90%.

(Insert Tables 8-10 about here)

Optimal design of the MEWMA chart with estimated parameters

Although the corrected control limits given in Section 4 result in a chart with the desired in-control ARL, a subsequent increase in the out-of-control ARL of the MEWMA chart with estimated parameters over the chart with known parameters is expected. The optimal statistical design of an MEWMA chart requires not only determining the control limit h that satisfies the desired in-control ARL, but also the smoothing parameter r that minimizes the out-of-control ARL for a shift of a specified size measured in terms of the non-centrality parameter. As mentioned before, the out-of-control run length performance of the MEWMA chart does not depend on the parameters or their estimates. This performance rather depends on the values of m and n through the value of the corrected control limit, the smoothing parameter r, the number of monitored variables p, and the size of the shift measured in terms of the non-centrality parameter λ.

In this section, we compute the value of the smoothing parameter r and the corresponding corrected limit h that optimize the out-of-control performance of the p- 2. For each combination of r and h, a standardized shift in the non-centrality parameter of size n / δ is introduced and the out-of-control ARL is then estimated. This shift was made by changing the process mean vector from

µ =0 to 1 µ µ = such that 1 1 1 µ Σ µ - ′ = n / δ
. The optimal values of r and h are those that minimize the out-of-control ARL for the specified shift.

Tables 11 and12 give the optimal combination of r and h for different values of m and p when δ =0.5 and 1, respectively. The second column in both tables gives the optimal values of r in detecting shifts of various sizes for an in-control ARL of 200.

The following columns give the values of the upper control limit h that achieve the desired in-control ARL of 200 when m samples of size n=5 are used in estimating the unknown parameters and the out-of-control ARL corresponding to the specified shift.

The last two columns in these tables give the upper control limits and the out-ofcontrol ARLs when the MEWMA statistic is calculated based on known parameters.

(Insert Tables 11-12 about here)

Our simulation results show that the optimal value of r does not depend on the number m of Phase I samples or on whether the MEWMA chart statistic is calculated based on known or estimated parameters. Also, this optimal value does not vary much as p changes. The optimal values of r given in this paper are very close to the optimal values given in Table 2 in Lowry et al. (1992, p. 49).

The results in Tables 1112show that the out-of-control ARL performance improves significantly as the number of samples m increases. For example, when p=2, the out-of-control ARL for detecting a shift of size δ=0.5 decreases from 46.41 when m=30 to 29.72 when m=200. When known parameters are used in constructing the 2variate MEWMA chart statistic, the out-of-control ARL for detecting this size of shift is 26.50, as shown in Table 11. 

Conclusions

In this paper we have studied the effect of estimating the parameters on the MEWMA control chart. Specifically, we have shown through simulation that the performance of the MEWMA chart is seriously affected if the vector of means and the covariance matrix are estimated based on a small number of Phase I samples. The value of the control limit is computed for several combinations of the number of samples and sample size so that the in-control performance of the MEWMA chart in the case of known and estimated parameters is equivalent. Finally, an optimal design of the MEWMA chart is presented, providing to the practitioners the suitable smoothing parameter for fast detection of an out of control situation for different shift sizes. .13 14.22 14.77 13.24 13.12 12.35 12.28 11.86 11.76 11.23 11.10 4 0.13 17.22 16.58 15.87 14.82 14.67 13.63 14.00 12.88 13.19 11.99 Page 
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	ARL increases from 85.82 to 177.15. On the contrary, the number of false alarms
	produced by the MEWMA chart increases as p increases. Compared to the previous
	example, when m=30, n=3, r=0.05, and p=6, the in-control ARL produced by the
	MEWMA chart is reduced to 41.49.
	(Insert Tables 2-4 about here)

Insert Table 1 about here)

Tables 2-4 give the in-control ARL values of the MEWMA chart for different values of m, n, p, and r. As shown in these tables, the in-control performance of the MEWMA control chart with estimated parameters is strongly affected if the researcher uses the upper control limit h designed based on known parameters. For example, as shown in Table

2

, when the smoothing parameter r=0.05 and h= 7.36 are used in designing the MEWMA chart for monitoring bivariate quality characteristics (p=2) and the parameters are estimated using m=30 Phase I samples with n=3 observations, the in-control ARL produced by the chart is only 85.82. The in-control ARL of this chart when the parameters are known is 200. This example shows that the in-control run length distribution is seriously affected by ignoring the variability added by estimating the unknown parameters. As expected, as m and/or n increases, the number of false alarms produced by the MEWMA chart decreases, as shown in Tables

2-4

. For instance, in the previous example if m increases from affected, the number of Phase I samples m should increase to an appropriate level. For example,

[START_REF] Champ | Properties of the 2 T Control Chart when Parameters are Estimated[END_REF] 

recommended a number of Phase I samples m>900/n when designing the 2-variate 2

T control chart with estimated parameters. Several researchers gave the appropriate number of samples required to achieve a desired incontrol ARL when a control chart with estimated parameters is used when the sample size n=5; see for example

Table 1 :

 1 The upper control limit value that produce an in-control ARL of 200 when known parameters are used in constructing the MEWMA chart statistic, given for different values of p and r.

	r
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Table 2 :

 2 The ARL values when m Phase I samples with p variables, each of size n are used to estimate the unknown parameters and the UCL used is the one that gives incontrol ARL of 200 when the parameters are known. The smoothing parameter used in calculating the MEWMA chart statistic is r=0.05.

	m

Table 3 :

 3 The ARL values when m Phase I samples with p variables, each of size n are used to estimate the unknown parameters and the UCL used is the one that gives incontrol ARL of 200 when the parameters are known. The smoothing parameter used in calculating the MEWMA chart statistic is r=0.10.

	m

Table 4 :

 4 The ARL values when m Phase I samples with p variables, each of size n are used to estimate the unknown parameters and the UCL used is the one that gives incontrol ARL of 200 when the parameters are known. The smoothing parameter used in calculating the MEWMA chart statistic is r=0.20.

	m

Table 5 :

 5 The UCL values that produce in-control ARL of 200 when m Phase I samples with p variables, each of size n are used to estimate the unknown parameters.

	The smoothing parameter used in calculating the MEWMA chart statistic is r=0.05.	
	p	n				m				
		30	40	50	70	100	150	200	300	500
		3 10.25	9.82	9.45	8.98	8.62	8.28	8.08	7.85	7.66
	2	5 10.23	9.78	9.41	8.96	8.60	8.26	8.06	7.84	7.65
		10 10.20	9.74	9.37	8.96	8.60	8.26	8.06	7.83	7.65
		15 10.17	9.68	9.35	8.95	8.59	8.25	8.05	7.83	7.65
		3 14.17 13.25 12.70 11.95 11.30 10.75 10.45 10.13	9.86
	3	5 13.95 13.10 12.54 11.80 11.22 10.68 10.41 10.12	9.85
		10 13.73 12.95 12.40 11.68 11.21 10.65 10.39 10.11	9.85
		15 13.63 12.84 12.33 11.65 11.20 10.65 10.37 10.10	9.85
		3 18.10 16.63 15.80 14.70 13.85 13.10 12.65 12.23 11.85
	4	5 17.45 16.25 15.40 14.43 13.63 12.93 12.55 12.17 11.82
		10 17.00 15.97 15.26 14.35 13.57 12.90 12.53 12.15 11.80
		15 16.90 15.85 15.20 14.30 13.55 12.89 12.53 12.15 11.80
		3 21.97 20.00 18.73 17.40 16.23 15.27 14.70 14.10 13.70
	5	5 20.83 19.30 18.28 17.00 15.97 15.10 14.58 14.00 13.68
		10 20.31 18.88 18.10 16.80 15.85 14.98 14.53 13.98 13.65
		15 20.22 18.70 17.93 16.77 15.80 14.95 14.50 13.98 13.65
		3 25.95 23.40 21.65 20.00 18.61 17.33 16.72 16.05 15.48
	6	5 24.22 22.35 21.08 19.44 18.20 17.08 16.53 15.95 15.44
		10 23.45 21.75 20.65 19.15 18.00 16.97 16.44 15.93 15.43
		15 23.30 21.49 20.47 19.10 17.93 16.94 16.40 15.92 15.43

Table 6 :

 6 The UCL values that produce in-control ARL of 200 when m Phase I samples with p variables, each of size n are used to estimate the unknown parameters.

	The smoothing parameter used in calculating the MEWMA chart statistic is r=0.10.
	p	n				m			
		30	40	50	70	100	150	200	300	500
		3 10.84 10.44 10.17	9.84	9.58	9.30	9.13	8.99	8.86
	2	5 10.82 10.40 10.14	9.81	9.55	9.27	9.11	8.97	8.85
		10 10.81 10.37 10.12	9.79	9.53	9.26	9.10	8.97	8.85
		15 10.80 10.36 10.11	9.77	9.52	9.26	9.10	8.97	8.85
		3 14.47 13.72 13.25 12.70 12.18 11.81 11.53 11.29 11.10
	3	5 14.12 13.45 13.08 12.54 12.09 11.76 11.47 11.27 11.09
		10 13.93 13.36 12.98 12.48 12.04 11.72 11.46 11.26 11.09
		15 13.87 13.32 12.93 12.42 12.02 11.69 11.46 11.25 11.09
		3 18.00 16.75 16.12 15.30 14.62 14.03 13.70 13.40 13.14
	4	5 17.32 16.38 15.80 15.07 14.40 13.92 13.65 13.35 13.11
		10 16.88 16.12 15.56 14.92 14.33 13.86 13.63 13.32 13.10
		15 16.79 16.01 15.47 14.82 14.28 13.83 13.62 13.31 13.09
		3 21.37 19.80 18.94 17.86 16.91 16.18 15.77 15.39 15.10
	5	5 20.24 19.16 18.35 17.40 16.63 15.99 15.65 15.35 15.06
		10 19.73 18.70 18.02 17.15 16.46 15.90 15.62 15.32 15.03
		15 19.58 18.55 17.85 17.08 16.40 15.87 15.60 15.30 15.00
		3 24.85 22.91 21.75 20.25 19.17 18.27 17.77 17.27 16.90
	6	5 23.25 21.78 20.82 19.71 18.72 17.96 17.59 17.18 16.82
		10 22.41 21.10 20.31 19.28 18.48 17.82 17.53 17.14 16.77
		15 22.23 20.96 20.19 19.22 18.43 17.76 17.50 17.11 16.74

Table 7 :

 7 The UCL values that produce in-control ARL of 200 when m Phase I samples with p variables, each of size n are used to estimate the unknown parameters.The smoothing parameter used in calculating the MEWMA chart statistic is r=0.20.

	m

Table 8 :

 8 The least square estimate of the UCL as a function of the logarithm of m. The estimate produces in-control ARL close to 200 when the smoothing parameter used in calculating the p-variate MEWMA chart statistic is r=0.05.

	n

Table 9 :

 9 The least square estimate of the UCL as a function of the logarithm of m. The estimate produces in-control ARL close to 200 when the smoothing parameter used in calculating the p-variate MEWMA chart statistic is r=0.10.

	n

Table 10 :

 10 The least square estimate of the UCL as a function of the logarithm of m.The estimate produces in-control ARL close to 200 when the smoothing parameter used in calculating the p-variate MEWMA chart statistic is r=0.20.

	n
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Table 11 :

 11 The optimal value of the smoothing parameter r and the corresponding UCL that give an in-control ARL of 200 when using m samples of size n=5 in estimating the parameters of the p-variate MEWMA chart used to detect a sustained shift in the non-centrality parameter from λ to .3746.41 9.55 38.05 8.86 32.31 8.37 29.72 7.72 26.50 3 0.05 13.95 54.43 12.54 44.46 11.22 36.93 10.41 33.57 9.37 29.78 4 0.05 17.45 59.31 15.40 48.60 13.63 41.36 12.55 36.63 11.20 32.23 

	λ	+	5 . 0	/	n	.
	m				

Table 12 :

 12 The optimal value of the smoothing parameter r and the corresponding UCL that give an in-control ARL of 200 when using m samples of size n=5 in estimating the parameters of the p-variate MEWMA chart used to detect a sustained shift in the non-centrality parameter from λ to

	λ	+	1	/	n	.
	m				
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