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Abstract

We focus on the supervised binary classification problem, which consists in guessing the
label Y associated to a co-variate X € R?, given a set of n independent and identically
distributed co-variates and associated labels (X;,Y;). We assume that the law of the
random vector (X,Y’) is unknown and the marginal law of X admits a density supported
on a set A. In the particular case of plug-in classifiers, solving the classification problem
boils down to the estimation of the regression function n(X) = E[Y|X]. Assuming first
A to be known, we show how it is possible to construct an estimator of n by localized
projections onto a multi-resolution analysis (MRA). In a second step, we show how this
estimation procedure generalizes to the case where A is unknown. Interestingly, this
novel estimation procedure presents similar theoretical performances as the celebrated
local-polynomial estimator (LPE). In addition, it benefits from the lattice structure of
the underlying MRA and thus outperforms the LPE from a computational standpoint,
which turns out to be a crucial feature in many practical applications. Finally, we prove
that the associated plug-in classifier can reach super-fast rates under a margin assumption.
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1 Introduction

1.1 Setting

The supervised binary classification problem is directly related to a wide range of applications
such as spam detection or assisted medical diagnosis (see [28, chap. 1] for more details). It can
be described as follows.

The supervised binary classification problem. Let £ stand for a subset of R? and write ) =
{0,1}. Assume we observe n co-variates X; € £ and associated labels Y; € ) such that the
elements of D,, = {(X;,Y:),i = 1,...,n} are n independent realizations of the random vector
(X,Y) € €xY of unknown law Px y. Given D,, and a new co-variate X,,;1, we want to predict
the associated label Y,, ;1 so as to minimize the probability of making a mistake.

In other words, we want to build a classifier h, : £ — ) upon the data D,,, which minimizes
P(h,(X) # Y|D,). It is well known that the Bayes classifier h*(7) := 1{r)>1/2y, where
n(t) :=E[Y|X =7] =P(Y = 1|X = 7) (unknown in practice), is optimal among all classifiers
since, for any other classifier h,, we have {(h,, h*) := P(h,(X) # Y|D,) —P(h*(X) #Y) >0
(see [15]). As a consequence, we measure the classification risk .7 (h,,) associated to a classifier
h,, as its average relative performance over all data sets D,,, 7 (h,,) = E®"¢(h,,, h*). As described
in [15, Chap. 7], there is no classifier h,, such that 7 (h,,) goes to zero with n at a specified rate
for all distributions Pxy. We therefore make the assumption that Py y belongs to a class of
distributions P (as large as possible) and aim at constructing a classifier h,, such that

inf sup 7(0,) < sup Z(h,) < (logn)inf sup 7 (6,), n>1, (1)

On IP’XA/E'P IP’XA/E'P On Px,ye'P

where the infinimum is taken over all measurable maps 6#,, from £ into ) and < means lesser
or equal up to a multiplicative constant factor independent of n. Any classifier h,, verifying
eq. (1) will be said to be (nearly) minimax optimal when 6 = 0 (6 > 0). P will stand for the
set of all distributions such that the marginal law Px of X admits a density x4 on £ and 71 be-
longs to a given smoothness class. Throughout the paper, we will denote by u the density of Px.

Many classifiers have been suggested in the literature, such as k-nearest neighbors, neural
networks, support vector machine (SVM) or decision trees (see [15, 28]). In this paper, we will
exclusively focus on plug-in classifiers h,(7) := 1y,,(-)>1/2}, where 7, stands for an estimator
of n. With such classifiers, it is shown in [52] that,

T (hn) < 2E5" B, (X) = n(X)], (2)

where the term on the rhs is known as the regression loss (of the estimator 7, of ) in L, (&, u)-
norm. Eq. (2) shows in particular that rates of convergence on the classification risk of a plug-in
classifier h,, can be readily derived from rates of convergence on the regression loss of 7,. This
prompts us to focus on the regression problem, which can be stated in full generality as follows.



The regression on a random design problem. Let £, stand for subsets of R? and R, respec-
tively. Assume we dispose of n co-variates X; € £ and associated observations Y; € ) such that
the elements of D,, = {(X;,Y;),i = 1,...,n} are n independent realizations of the random vec-
tor (X,Y) € €x Y of unknown law Py y. We define £ := Y —n(X), where n(7) := E[Y|X = 7],
so that by construction E[¢|X] = 0. Given D,, and under the assumption that Pxy belongs
to a large class of distributions P, we want to come up with an estimator 7, of n, which is as
accurate as possible for the wide range of losses .%,(1,) = E®"E|n, (X) — n(X)|?, p > 1.

As described previously, in the particular case where ) = {0, 1}, we fall back on the regression
problem associated to the classification problem with plug-in classifiers. In this case, £ is
bounded such that |{] < 1. Notice however that the regression on a random design problem
stated above permits for ) to be any subset of R (including R itself). To be more precise, and
by analogy with eq. (1), our aim is to build an estimator 7, of n such that, for all p > 1,

inf sup (0, S sup_ F(na) S (logn)inf sup_ % (0,), n>1,  (3)

On IP’XA/E'P PX,YG'P On Px’ye'P
where the infinimum is taken over all measurable maps 6,, from & into ). And 7, will be said
to be (nearly) minimax optimal when § =0 (6 > 0).

1.2 Motivations

Many estimators 7, of n have been suggested in the literature to solve the regression on a
random design problem. Among them, the celebrated local polynomial estimator (LPE) has
been praised for its flexibility and strong theoretical performances (see [48, 49]). As is well
known, the LPE is minimax optimal in any dimension d € N and for any .#,-loss, p € (0, o0},
over the set of laws P such that (i) u is bounded from above and below on its support A :=
Suppu = {7 : p(7) > 0}, (ii) n belongs to a Holder ball €°(E, M) of radius M and (iii) £ has
sub-Gaussian tails. As a drawback, the LPE is computationally expansive since it requires to
perform a new regression at every single point x € A where we want to estimate 7.
Computational efficiency is however of primary importance in many practical applications.
In this paper, we show that it is possible to construct a novel estimator 7, of n by localized
projections onto multi-resolution analysis (MRA) of Ly(R¢, \) (where A stands for the Lebesgue
measure on &), which presents similar theoretical performances and is computationally more
efficient than the LPE.

1.3 The hypotheses

In this section, we summarize the assumptions on pu, A, n and £ that will be used throughout
the paper.

Assumption on u. Let us denote by fimin, hmax tWo real numbers such that 0 < pipmin < fhmax <
00. As is standard in the regression on a random design setting, we assume that the density u
is bounded above and below on its support A.



(D1) pianin < p(7) < fimayx for all 7 € A.
This guarantees that we have enough information at each point z € A in order to estimate 7
with best accuracy. For a study with weaker assumptions on pu, the reader is referred to [20, 22],
for example, and the references therein.

Assumption on A. We first assume that,
(S1) A=€&=10,1]"

Therefore A is known under (S1). We will deal with the case where A is unknown in Section 9.

Assumption on 1. Fix r € N. In the sequel, we will assume that,

(HE) The regression function 7 belongs to the generalized Lipschitz ball .£*(&, M) of radius
M, for some s € (0,7).

Unless otherwise sated, s is unknown but belongs to the interval (0,r), where r is known.

For a detailed review of generalized Lipschitz classes, the reader is referred to Section 13.1 below.

Assumptions on the noise £. We will consider the two following assumptions,

(N1) Conditionally on X, the noise ¢ is uniformly bounded, meaning that there exists an
absolute constant K > 0 such that |[¢| < K.

(N2) The noise ¢ is independent of X and normally distributed with mean zero and variance
o2, which we will denote by & ~ ®(0, 02).

Assumption (N1) is adapted to the supervised binary classification setting, where ) = {0, 1},

while (N2) is more common in the regression on a random design setting, where ) = R.

Combination of assumptions. In the sequel, we will conveniently refer by (CS1) to the set of
assumptions (D1), (S1), (N1) or (N2). As detailed below in Section 3, configuration (CS1)
is comparable to what is customary in the regression on a random design setting.

2 Our results

Assuming at first A to be known, we introduce a novel nonparametric estimator n® of n built
upon local regressions against a multi-resolution analysis (MRA) of Ly(R% \) and show that,
under (CS1), it is adaptive nearly minimax optimal over a wide generalized Lipschitz scale
and across the wide range of losses L,(E, 1), p € [1,00). We subsequently show that these
results generalize to the case where A is unknown but belongs to a large class of (eventually
disconnected) subsets of R?, provided we modify the estimator 7 accordingly. We denote by
n® this latter estimator and prove that ¥ can be used to build an adaptive nearly minimax
optimal plug-in classifier, which can reach super-fast rates under a margin assumption. The
above results essentially hinge on an exponential upper-bound on the probability of deviation
of n® from 7 at a point, as detailed in Theorem 7.1. These results either improve on the current
literature or are interesting in their own right for the following reasons.



1) They show that it is possible to use MRAs to construct an adaptive nearly minimax optimal
estimator ® of n under the sole set of assumptions (CS1). More precisely, our results
(i) hold in any dimension d; (ii) over the wide range of L,(&, ut)-losses, p € [1,00); (iii) and
a large Lipschitz scale; (iv) and do not require any assumption on g beyond (D1). It
is noteworthy that, in contrary to most alternative MRA-based estimation methods, no
smoothness assumption on u is needed.

2) From a computational perspective, n® outperforms other estimators of  under (D1) since it
takes full advantage of the lattice structure of the underlying MRA. In particular it requires
at most as many regressions as there are data points to be computed everywhere on £, while
alternative kernel estimators must be recomputed at each single point of £. We illustrate
this latter feature through simulation.

3) Furthermore, and in contrary to alternative MRA-based estimators, the local nature of 7
allows to relax the assumption that A is known. This latter configuration allows for u to
cancel on £ as long as it remains bounded on its support A, which is particularly appropriate
to the supervised binary classification problem under a margin assumption.

4) In the regression on a random design setting, n® bridges in fact the gap between usual linear
wavelet estimators and alternative kernel estimators, such as the LPE. On the one hand, n®
inherits its computational efficiency from the lattice structure of the underlying MRA. On
the other hand, it features similar theoretical performances as the LPE in the random design
setting. In particular, it remains a (locally) linear estimator of the data (modulo a spectral
thresholding of the local regression matrix), and cannot discriminate finer smoothness than
the one described by (generalized) Lipschitz spaces.

Here is the paper layout. We start by a literature review in Section 3. We give a hand-waving
introduction to the main ideas that underpin the local multi-resolution estimation procedure in
Section 4. We define notations that will be used throughout the paper and introduce MRAs in
Section 5. Our actual estimation procedure is described in Section 6 and the results are detailed
in Section 7. We show how these results can be fine-tuned under additional assumptions in
Section 8. Assumption (S1) is relaxed and the properties of ¥ are detailed in Section 9. We
show how these latter results spread to the classification setting in Section 10. Results of a
simulation study with n© under (CS1) are given in Section 11. Proofs of the regression results
can be found in Section 12. The proofs of the classification results are simple modifications
of the proofs given in [4] and thus detailed in the Appendix in Section 13. In addition, the
Appendix contains a detailed review of generalized Lipschitz spaces and MRAs in Section 13.1
and Section 13.2, respectively.

3 Literature review

Both the regression on a random design problem and the classification problem have a long-
standing history in nonparametric statistics. We will therefore limit ourselves to a brief account
of the corresponding literature that is relevant to the present paper.



3.1 Classification with plug-in classifiers

Let us start with a review of some of the classification literature dedicated to plug-in classifiers.
The seminal work [40] showed that plug-in rules are asymptotically optimal. It has been
subsequently pointed out in [39] that the classification problem is in fact only sensitive to the
behavior of Py y near the boundary line .# := {7 € £ : n(7) = 1/2}. So that assumptions on
the behavior of Px y away from this boundary are in fact unnecessary. Subsequent works such
as [3] have shown that convex combinations of plug-in classifiers can reach fast rates (meaning
faster than n~/2, and thus faster than nonparametric estimation rates). More recently, it has
been shown in [4] that plug-in classifiers can reach super fast rates (that is faster than n=!) under
suitable conditions. All these results are derived under some sort of smoothness assumption on
the regression function 1 (see [54]) and a margin assumption (MA) (see Section 10 for details).
This latter assumption clarifies the behavior of Py y in a neighborhood of .# and kicks in
naturally through the computation

T (hn) < 6P(0 < [29(X) = 1] < 0) + Eno(X) = (X)) | Lfjn.(x)=n(x)>5} >

where ¢ is chosen such that it balances the two terms on the rhs. Finally, [4] exhibited optimal
convergence rates under smoothness and margin assumptions and showed that they are attained
with plug-in classifiers. Let us now turn to the regression on a random design problem.

3.2 Regression on a random design with wavelets

First results on multi-resolution analysis (MRA) and wavelet bases (see [37, 41]) emerged in
the nonparametric statistics literature in the early 1990’s (see [30, 17, 16, 18, 19]). It has been
proved that, under (CS1) and in the particular case where p is the uniform distribution on &,
thresholded wavelet estimators of 7 are nearly minimax optimal over a wide Besov scale and
range of L,(&, pu)-losses (see [13]). In order to leverage on the power of MRAs and associated
wavelet bases, several authors attempted to transpose these latter results to more general design
densities p. This, however, led to a considerable amount of difficulties.

The literature relative to the study of wavelet estimators on an unknown random design breaks
down into two main streams. (i) The first one aims at constructing new wavelet bases adapted
to the (empirical) measure of the design (see [32, 33, 12, 50]). (ii) The second one aims at
coming up with new algorithms to estimate the coefficients of the expansion of n on traditional
wavelet bases (see [2, 26, 34, 44, 47]). The present paper belongs to this second line of research.
As described in [26], the success of the LPE on a random design results from the fact that it is
built as a “ratio”, which cancels out most of the influence of the design. In a wavelet context,
a first suggestion has therefore been to use the ratio estimator of n (see [1, 45], for example),
well known from the statistics literature on orthogonal series decomposition (see [23, 24] and
[15, Chap. 17] and the references therein). Roughly speaking, the ratio estimator is the wavelet
equivalent of the Nadaraya-Watson estimator (see [43, 53]). It is elaborated on the simple
observation that n(z) = n(x)u(z)/u(z) for all z € A, where both g(.) = n(.)u(.) and p(.) are
easily estimated via traditional wavelet methods. The ratio estimator relies thus unfortunately
on the estimation of y itself and must therefore assume as much smoothness on p as on 7.
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To address that issue, an other approach has been introduced in [8, 31]. They work with d = 1
and take &£ to be the unit interval [0,1]. Their approach relies on the wavelet estimation of
noG~1, where G stands for the cumulative distribution of the design and G~ for its generalized
inverse. Results are therefore stated in term of regularity of foG~!. Unfortunately, this method
does not readily generalize to the the multi-dimensional case, where G admits no inverse.
Finally, [6] obtains adaptive near-minimax optimal wavelet estimators over a wide Besov scale
under (CS1) by means of model selection techniques. His results are hence valid for the
Lo (&, p)-loss only.

Other relevant references that proceed with hybrid estimators (LPE and kernel estimator or
LPE and wavelet estimator) are [21] and [55]. They both work under (CS1), with d = 1 and
assume that p is at least continuous.

4 A primer on local multi-resolution estimation under

(CS1)

S
S

H = 279[D, 1] 277,

Figure 1: Description of the localization cells H and their relations to the Suppy; .

In order to fix the ideas, let us now give a hand-waving introduction to the local multi-resolution
estimation method. Throughout the paper, we will work with 7-MRAs of Ly(R?, )), for some
r € N, consisting of nested approximation spaces V; C V;;1 built upon compactly supported
scaling functions (see Section 5.2 and [11, 38, 10, 27]). Under the assumption that 1 belongs to
the generalized Lipschitz ball £*(E, M) of radius M, the essential supremum of the remainder of
the orthogonal projection Z2;n of 1) onto V; decreases like 277% (see Section 13.1). The regression
function n can therefore be legitimately approximated by &;n. As an element of V;, &;n may
be written as an infinite linear combination of scaling functions at level j. In particular, there



exists a partition F; of £ into hypercubes of edge-length 277 such that, for all H € F; and
all z € H, we can write Z;n(x) = Zkesj(H) a;ppik(x), where S;(H) stands for a finite subset
of Z% (see Figure 1). This leaves us in turn with the estimation of coefficients (o x)res, )
for all H € F;, which is achieved by least-squares and provides us with the estimator né@ of
n on H. It is noteworthy that the local estimator 77]@ of n is exclusively built upon scaling
functions and does not require the estimation of wavelet coefficients. In particular, it does
not involve any sort of wavelet coefficient thresholding. To the best of the author knowledge,
this is the first time that this local estimation procedure is proposed and studied from both
a theoretical and computational perspective. In addition, we show that Lepski’s method (see
[35], for example) can be used to adaptively choose the resolution level j. Notice that Lepski’s
method has already been used in a MRA setting in [46]. In what follows, we detail the local
multi-resolution estimation method and establish the near minimax optimality of n°.

5 Notations

5.1 Preliminary notations

In the sequel, we will denote by B,(z, p) the closed £,-ball of R? of center z and radius p.
More generally, we adopt the following notations: for any subset S of a topological space &,
Closure(S) will stand for its closure, Inter(S) for its interior, S¢ for its complement in £ and
0S8 = Closure(S) N Inter(S)¢ for its boundary. Besides, for any two S;,S; C R?, we will
denote the relative complement of Sy in §; by §1\Ss (= §1NSS) and their symmetric difference
S1\S: US,\S; by SiAS,. For any subset S of R?, 2 € R? and 7 € R, we will write 2 + S and
78 to mean the sets {z +u : v € S} and {7u : u € S}, respectively. Finally, given a set (of
functions) R, SpanR will denote the set of finite linear combinations of elements of R.

For any p € N, vectors v of R” will be seen as elements of M, ;, that is matrix with p rows
and one column. For any two u,v € RP, (u,v) will denote their Euclidean scalar product. In
addition, for any p,q € N and M € M, ,, M* will stand for the transpose of M. For any two
matrices M, P, M - P will denote their matrix product when it makes sense. [M]g, and [M] .
will respectively stand for the element of M located at line k, column ¢ and the k™ row of M.
Finally, ||M||s will denote the spectral norm of M (see [29, §5.6.6]).

We denote by |z] the integer part of z € R defined as max{a € Z : a < z}. More generally,
given z € RY, we write |z] the integer part of z, meant in a coordinate-wise sense. In the same
way, we denote by [z] the smallest integer greater than z (in a coordinate-wise sense). We write
rhs (resp. lhs) to mean right- (resp. left-) hand-side and sometimes write := to mean equal
by definition. Throughout the paper, we will refer to constants independent of n as absolute
constants and ¢, C' will stand for absolute constants whose value may vary from line to line.
For any two sequences a,, b, of n, we will write a,, < b, to mean a,, < Cb, for some absolute
constant C' and a,, =~ b, to mean that there exist two constants ¢, C' independent of n such that
ch, < a, <Cb,.



5.2 The polynomial reproduction property

In what follows, we will exclusively consider MRAs built upon Daubechies’ scaling functions
@;r (see Section 13.2). Given a natural integer r, we will refer by -MRA to a MRA whose
nested approximation spaces V; reproduce polynomials up to order  — 1. Daubechies’ scaling
functions are appealing in the estimation framework since they are compactly supported and
have minimal volume supports among scaling functions that give rise to ~-MRAs. Recall that
a -MRA can explain Lipschitz smoothness s for any s € (0,7). Obviously, the usefulness of
the 1I-MRA, also known as the Haar MRA, is fairly limited when dealing with the estimation of
smooth functions. However, the simple geometry of the Haar scaling function brings a great deal
of simplification in the proofs, which will allow us to highlight the key points of our estimation
procedure and hopefully clarify our arguments. This is the unique reason why we have treated
the two cases r = 1 and r > 2 distinctly in the proofs. The reader is referred to the Appendix
in Section 13.2 for a detailed review of MRAs of R,

5.3 General notations

Consider the Daubechies’ r-MRA of Ly(R%, \) built upon Daubechies’ scaling function ¢, as
described in Section 13.2. We will denote by Suppy; = {7 € R?: ¢, (1) > 0} the support of
¢jx Recall that Suppy = [—(r — 1),7]%. To alleviate notations, we will write ¢;, in place of
vo and @, in place of ;. Notice that Closure(Suppy; ;) is in fact a closed hyper-cube of R?
whose corners lie on the lattice 279Z% (see Section 13.2). Moreover, for any = € A, write

S;(w) = {v € Z* : x € Suppy;,, }.

Furthermore, we write F; := 277((0, 1)+ Z*)NE. Tt defines a partition of £ into 2/¢ hypercubes
of edge length 277, modulo a A-null set. For the sake of concision, we write R = 2r — 1 in the
sequel. We have the following proposition, whose proof is straightforward and thus left to the
reader.

Proposition 5.1. S; verifies the following properties,

1. S; is constant on each element H € F;. We will denote by S;(H) its value on H.
2. Moreover, for any two Hy, Ha € F;, H1 # Ha, S;(H1) differs from S;(Hz2) by at least one
element.

8. Finally, for any H € F;, #S;(H) = R*

It is a direct consequence of Proposition 5.1 that in the case where r = 1, we have #S;(H) =1
for all H € F;. We denote its single element by v(#). It is in fact easy to show that v(H) =
|272| for any x € H. For any H € F;, we write

d
Oy = (Oéj,l/)l/GSj(H) S RR )
d
@H(-) = (@j,u(-)ﬂﬂ(-))uesj(ﬂ) e R™.

and denote by Yy = (Y;14(X;))1<i<n. Moreover, we write Zy; = {i : X; € H} and ny = #Zy,.
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6 Construction of the local estimator n®

Assume we are under (CS1) and work with the Daubechies’ -MRA of Ly(R% \) (see Sec-
tion 13.2). The estimation procedure is local, so that we start by selecting a point x € A (see
Section 13.3 for a technical remark). By construction, there exists H € F; such that z € H.
We want to estimate n at point x. As detailed in Section 13.2, an estimator of 1 can be reduced
to an estimator of the orthogonal projection &;n of n onto V;, modulo an error #;n, such that
|%;n| < M277% when n belongs to the generalized Lipschitz ball £*(€, M) of radius M. Now,
we can write

Z Oé]k(p]]g Z Oéj k(pjk <05H7907'l<x)>'

kezd keS;(

This leaves us with exactly R? coefficients «;,, v € S;(H) to estimate, which are valid for any
r € H. We evaluate these coefficients by least-squares. Denote by By € M, ga the matrix
whose rows are the vectors oy (X;)! for 1 < i < n. Let us denote by ki, ..., krs« the elements
of §;(#H). Then we choose

a5, € arg min Z Zatgoj e (X 14(X5)
acRR?
= arg mln Y3, — By - a||€2 (R")> (4)
acRE
where we set aj, = 0 if the argmin above contains more than one element. Let us write

Qu = Bj; - By/n € Mpga ga. As is well known, when Q is invertible, the argmin on the rhs
of eq. (4) admits one single element which writes as follows,

1
a5 = Qy' -~ By Yiu (5)

Naturally, we will denote the corresponding estimator of &;n at point z by 3,(x) = (o5, pu()).
We now introduce a thresholded version of 13, based on the spectral thresholding of Q3. We
denote by Ayin(Q7) the smallest eigenvalue of @3 in the case where r > 2, when @y, is actually
a matrix, and QQy itself in the case where r = 1, when it is a real number. Furthermore, we

define
?7%(1’) _ {O if ﬂgl > Amin(@?—l) (6)

ng,(x) otherwise ’

where 7, is a tuning parameter. In practice, and unless otherwise stated, we choose 7, = logn.
Moreover, we assume throughout the paper that n is large enough so that ! < min( g, 1),
where, for reasons that will clarified later, we have denoted,

Jmin ‘= HUminCmin, (7)

10



and cpi, stands for the strictly positive constant defined in the proof of Proposition 12.4.
Ultimately, the estimator né@ of #;n is defined as,

ni(@) = ) np(a) (), z ek (8)

’HEJ:J'

7 The results

Let r be a natural integer, denote by P the set of all distributions on £ x ) and write
P(CS1,HY) :={PecP: (CS1) and (H;) hold true}. (9)

Furthermore, we define j,, js, J and t(n) such that,

dr — LnT:LdJ’ s — LnﬁJj
274 = |nt(n)7?], t(n)? = kw2 logn,
where k is a positive real number to be chosen later. In addition, we write J,, = {j., jr +

1,...,J—1,J}. Notice that js strikes the balance between bias and variance in the sense that,
for logn > (2s + d)log2 and s € (0,7), one has got

n220a < 97, (10a)
95 < QrHEihn e, (10b)
9IS < 9Tk (10c)

Throughout the sequel, we assume that n is large enough so that the latter inequalities hold
true. Our first result gives an upper bound on the probability of deviation of 77]@ form n at a
point = € A.

Theorem 7.1. Fiz r € N and assume we are under (CS1) and (HE). Recall that 1" is
defined in eq. (8). Then, for all j € Ty, all § > 2M277° max(1, 37, R pimax) and all x € A, we
have got

sup PO (|n(z) — 115’ (x)] = 0)
PeP(CS1,HEL)

_ _.d
< 2R*exp [ —n277¢ T Lis<nry + RIA 02 ; (11)
- 2fbmax R + %RQdﬂ; 1 = 27, R4
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where A is defined as follows,

( n52
2 exp (— — ) , under (N1)
18K 2 fippax + 4K2720

0 =y {20l 20 (o )
oV2mn [imax + 29268

no>
+2exp | — — |, under (N2)
\ 2fbmax + §2J55

As a consequence of the above theorem, we can deduce the (near) minimax optimality of 77%
over generalized Lipschitz balls.

Corollary 7.1. Fiz r € N and assume we are under (CS1) and (HE). Then, for any
p € [l,00) and j € T, one has got

d\ P
. 2
sup E®n n— 7]@ P <C(p ﬂ_g max | 2775, 2= ’ 19
PEP(CS1,HE) | J H]Lp(&u) (p) Tn (12)

where nj@ and C(p) are defined in eq. (8) and Proposition 12.1 below, respectively. A fortiori,
when s is known, we can choose j = js and apply eq. (10a) and eq. (10c) above to obtain

n 'S — 5B
sup E® ln — 7];% ip(f,u) < C(p)2™PrPn~ 7+,

PeP(CS1,HE)

This, together with the lower-bound of Theorem 7.3, proves that nj@: is (nearly) minimaz optimal
over the generalized Lipschitz ball £*(E, M) of radius M.

The next Theorem shows that the approximation level j can be determined from the data D,,
so that we obtain adaptation over a wide generalized Lipschitz scale.

Theorem 7.2. Fizr € N and assume we are under (CS1) and (HE). We define

7% (2) = t{j € T : [0} (x) — i (0)] < g(5. k), Yk € Tosk > j}, z € A,

where 773@ is defined in eq. (8) and inf ) = max(7,) = J. If k is chosen large enough, meaning
K > 509_1, where Cy is defined in Proposition 12.2, then we obtain

n T — 2B
sup B gy () = (L, e, < 5727H(n) 0724
PeP(CS1,H})

So that nj%(_)(.) 1s a nearly minimazx adaptive estimator of n over the generalized Lipschitz scale

U 2 M.

0<s<r

12



Finally, we prove that n® is indeed (nearly) minimax optimal by giving the corresponding
lower-bound result.

Theorem 7.3. Assume we are under (CS1) and (HE). We write infy, the infinimum over
all estimators 0, of n, that is all measurable functions of the data D,,. Then, ford > 1, s > 0,
we have, for all 1 < p < oo,

. N P __Sp
inf  sup E®"|0, — 77||1Lp(6,u) > 2td,
On PeP(CS1,HE)

The next section shows how these results can be improved in the case where we benefit from
additional information on p or 7.

8 Refinement of the results

As can be seen from Corollary 7.1 and Theorem 7.2 above, m, appears as a multiplicative factor
in the upper-bounds and thus deteriorates them by a multiplicative logn term. However, this
needs not be the case, and under appropriate additional assumptions, m, can be chosen to be
a constant. Consider indeed the following two assumptions.

(O1) We know ;. € R, such that 0 < g5 < fimin-

(02) We know a finite positive real number M such that ||n{jL e < M.

Under (O1), we know a lower bound g . of pmin, and therefore a lower bound ¢*. of gmin
(see eq. (7)). Under (O1), we will thus choose 7! = min(g;‘%, 1). It is straightforward to
show that Theorem 7.1 is still valid with this new value of 7, (see Remark 12.1 in the proof
of Theorem 7.1), and thus all the subsequent results follow as well. Under (02), we know an
upper bound M of the essential supremum of 7 on €. In that case, we redefine

M32(2) = Tar (05 ()L (rnin(@00)>0) (13)

where, for any z € R, we have written Ty/(2) = 21y.<ay + Msign(z)1y. >3- Once again, it
is straightforward to show that Theorem 7.1 is now valid with 7,;" = min(22, 1) and 2M in
place of M in the indicator function on the rhs of eq. (11) (see Remark 12.1 in the proof of
Theorem 7.1), and thus all the subsequent results follow as well.

Notice that 7, is an absolute constant under (O1) and (O2), while it is an increasing sequence
of n to be fine-tuned by the statistician otherwise. Hence 7, appears to be the price to pay for
not knowing a lower bound of p,;, or an upper bound of the essential supremum of 7 on £.

9 Relaxation of assumption (S1)

9.1 The problem

Now, we would like to relax assumption (S1) and allow for A to be an unknown subset of
&, eventually disconnected. Under (CS1), the success of n® stems from the fact that it is

13



constructed upon an approximation grid of the form 277Z¢ N [0, 1]¢, whose edges coincide
exactly with the boundary of A. In the case where A is unknown, some cells of the lattice
might straddle the boundary of A and thus require a new treatment.

In order to handle this new configuration, we will need to make a smoothness assumption on
the boundary of A and allow for the estimation cells to move with the point at which we want
to estimate 1. Ultimately, we devise a new estimator 0¥ of n which is built upon a moving
approximation grid. In fact, this new estimation method ensures that the point x at which we
want to estimate 1 always belongs to a cell H of F; at resolution level j, whose center belongs
to A. This will ensure that local regressions performed on cells that straddle the boundary of
A are still meaningful.

The smoothness assumption we will make on A might be compared to the support assumption
made in [4, eq. (2.1)] in the classification context. In substance, it is assumed in [4] that A
is locally ball-shaped to be compatible with the ball-shaped support of the LPE kernel, which
they use to estimate 1. In our case, we perform estimation with multi-dimensional scaling
functions whose supports are cube-shaped and will thus assume that A is locally cube-shaped.

9.2 Smoothness assumption on A

Let us now make these informal arguments more precise. To that end we introduce assumption
(S2) as an alternative to (S1) above. Fix an absolute constant my € (0,1) and recall that

s = Lnﬁj With these notations, (S2) goes as follows,

N/

.

\

\ Boo(zw,m) \— )

4/

T~
)

OO(Z,M)

s}
.

Figure 2: (S2) allows for A to be non-convex and eventually disconnected.

(S2) £ =R and A belongs to 7, where

o, = {ACR:Tm > my,Vr € A,
3z, € R0 € Boo (2, m) C 275(A — 2)},

14



In words, (S2) means that if we zoom close enough to any = € A, we can find a hypercube
B (2:, m) that contains = and is a subset of .A. Notice readily that for all j; > j,, the component
of 272(A — x) that contains 0 is a subset of the component of 2/'(A — z) that contains 0, so
that o7, C ;. Therefore o7 grows with n and shrinks with s. Of course, (S1) is a particular
case of (S2). Setting (S2) allows A to be unknown and belong to a wide class of subsets of R,
eventually disconnected (see Figure 2).

In the sequel, we will conveniently refer by (CS2) to the set of assumptions (D1), (S2), (IN1)
or (N2).

9.3 Moving local estimation under (CS2)

As detailed above, ¥ is obtained by local regression on a moving approximation grid. Let us
describe the construction of 7 more precisely.

First of all, we split the sample into two pieces. For simplicity, let us assume that we dispose
of 2n data points. The first half of the sample points, which we denote by D!, = {(X],Y/),i =
1,...,n}, will be used to identify the support A of u, while the second half, which we denote
by D, = {(X;,Y;),i = 1,...,n}, will be used to estimate the scaling functions coefficients by
local regressions.

Let us denote by Hy the cell 277[0, 1] of the lattice 277Z¢ at resolution j. And denote by Ho(z)
the same cell centered in z, that is Ho(x) = 2 — 27971 +277[0,1]%. Then, the construction of
nF(z) at a point 2 € R? goes as follows. (i) If none of the design points (X) of the sample
D!, lie in Ho(z), then take n¥(z) = 0. (ii) If one or more design points of the sample D/, lie in
Ho(z), we select one of them and denote it by X (the selection procedure is of no importance
beyond computational considerations). By construction, = belongs to the cell Ho(X; ) centered
in X; € A. Since X; belongs to A, it makes sense to perform a local regression on Ho(X],)
with the sample points D,,, which gives rise to an estimator n¥ of 7 valid at any point of
Ho(X] ) N A. It is noteworthy that this procedure uses the sample D;, to identify the support
A of p.

Interestingly, the above estimation procedure requires at most as many regressions as there
are data points in D!, to return an estimator n* of n at every single point 2 € A. It is
therefore computationally more efficient than any other kernel estimator, such as the LPE. The
computational performance of n¥ can in fact be further improved in the sense that the local
regression on the cell Ho(X!) can be omitted if the cell Ho(X) is itself included in the union of
cells centered at other design points of D;,. In particular, we can choose X; to be a design point
X| of D/, that belongs to Ho(x) and for which a local regression has already been performed, if
it exists, or any one of the X/ that belong to Ho(z) otherwise.

Intuitively, the computational efficiency of n* stems from the fact that the design points (X7)
provide some valuable information on the unknown support A of u, which can be exploited
under (CS2). In particular, and as we will see below, (D1) guarantees that the design points
of D!, populate A densely enough so that, as long as j < J, the cells Ho(X]), 1 < i <mn, form
a cover of A, modulo a set whose p-measure decreases almost exponentially fast toward zero
with n.
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9.4 Construction of the local estimator 1™

Assume we are under (S2) and work with the Daubechies’ r-MRA of Ly(R% )\). Obviously,
shifting the approximation grid is equivalent to shifting the data points (X;) of D,, and keeping
the lattice fixed. For ease of notations and clarity, we adopt this second point of view. In
order to compute n at a point z € Ho(X! )N A, we want to shift the design points in such
a way that X; falls right in the middle of Hy. In other words, we want X to be shifted at
point 27771 € R? (whose coordinates are worth 279=! € R). This corresponds to the change of
variable X@ = X; — (X! —27771), where we have denoted by X; and )?, the representations of
a same data point in the canonical and shifted coordinate systems of R¢, respectively. In order
to compute 0 at point z € Ho(X;, ) NA, it is therefore enough to perform a local regression
on Hy against the shifted data points,

D, ={(X;,Y;),i=1,...,n}.

For the sake of concision, we will denote by v = u — (Xz,, — 27971 the coordinate representation
of a point v in the shifted coordinate system of R?. Let us denote by ki, ..., kgs the elements
of §;(Ho). With these notations, eq. (4) must be corrected and written as

2

o, € arg min Z Zatcp] ke (X 13(X)), (14)

a€RRY

where we set a3, = 0 if the argmin above contains more than one element. The notations
introduced in Section 5.3 can be updated to this new setting as follows. By, stands now for

the random matrix of M,, p« Wwhose rows are the ¢y, (X )4, i =1,...,n. In addition, we recall
that we have defined Qy, = B}, - By, /n € Mpa ga. Its coefﬁments Write thus as
[Qro)v = — Z e %u Xi>]17-lo<)?i>7 v,V € Sj(Ho).

Notice here that Sj(Ho) = {v € Z% : 27' € Suppy,}, which neither depends on j nor z.
Therefore, and for later reference, we denote

G :={rez': 27" ¢ Suppy,}, (15)

In addition, if we write Y3y, = (Yil, (X;))1<i<n, then eq. (5) still holds true when the solution
to eq. (14) is unique. So that, for all x € Ho(X;,) N A, we can write 13, (7) = (a3, P, (7))
Finally eq. (6) remains valid with X; replaced by )2, and H by H,, 77%0 redefined as 7750 and
Jmin redefined as

9min = HminCmin, (16)

where ¢, is the strictly positive constant defined in Lemma 12.1 below. So that ultimately,
the estimator n}x‘ of Z;n at a point z € R? writes as

0} (@) =, (@), r et (17)
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Notice that by contrast with eq. (8) above, the sum over the hypercubes of F; has disappeared.
This is due to the fact that the approximation grid moves with x so that we end up virtually
always performing estimation on the same hypercube H,.

9.5 The results

Interestingly, n™ still verifies similar results as the ones described in Section 7. To be more
precise, recall that we work with a sample of size 2n broken up into two pieces D,, and D!, of

size n. Let us redefine 7, so that J,, = {js,js +1,...,J — 1, J} where 2/s = Lnﬁj Then, we
obtain the following result in place of Theorem 7.1.

Theorem 9.1. Fiz r € N and assume we are under (CS2) and (HE). Recall that 1} is
defined in eq. (17). Then, for all j € Ty, all § > 2M277 max(1, 37, R imax) and all x € A, we
have got

sup P9 ([n(z) — ' (2)] = 6)
PeP(CS2,HE)

. 7'('*2
< 3R* exp (—n2jd " ) Tis<nry
2ftmax R + 3 R 1 =
52794
RN | ——
+ <27ran> ’

where A has been defined in Theorem 7.1.

Left aside the fact that ™ is constructed upon a sample of size 2n, the sole difference with the
result of Theorem 7.1 is that the leading constant in front of the exponential on the second line
has changed from 2R? to 3R?. Furthermore, it is straightforward to deduce from Theorem 9.1
results similar to Corollary 7.1, Theorem 7.2 and Theorem 7.3, and a fortiori the refined results
obtained in Section 8, for n”* under (CS2). The proofs of these results for ¥ under the set of
assumptions (CS2) follow, for the most part, exactly the same lines as the proofs given for 7
under (CS1). Details can be found in Section 12.2.

10 Classification via local multi-resolution projections

Recall from [4] that the margin assumption can be written as,
(MA) There exist constants C, > 0 and ¥ > 0 such that

PO < I2n(X) —1| <t) < C.t’, Vt>0.

The binary classification setting corresponds to (CS2), under assumptions (N1) and (O2).
Notice besides that we have K = 1 in (N1) and M = 1 in (Hf). Since we are under (O2),
it follows from Section 8 that m, = my = min(1, #3) is independent of n and n* is capped at
M =1 as in eq. (13). For the sake of coherence, we denote by j* the adaptive resolution level
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built upon ¥, as described in Theorem 7.2, and define P(CS2, HE) by analogy with eq. (9)
above. Finally, we recall that ¥ is built upon a sample of size 2n split into two sub-samples
D,, and D), of size n. In this context, we have the following Proposition.

Proposition 10.1. Fiz r € N and assume we are in the binary classification setting.
Assume moreover that (HE) holds true. Then, for all j € J,, allz € A and any1 > § > 2 277¢
max(1, 3mo R tmax ), we have got

sup  P¥(In(z) — 0 (z)] > 9)
PeP(CS2,HE) (18)
< 3R*1n "% 4 2R% exp(—Cioan (5)5%),

and for 1> 6 > 62"t(n)n" 7+,

sup P9 ([n(w) — i) (@)] > 0)
PeP(CS2,HE) (19)

< 11R2d(log n)Qn_’“C‘/5 + 2R? exp(—C’nn%cSQ),

where we have written a,(j) := n279% and the constants C§, C1,, Cho, C11 are all defined in the

proof, eq. (38) and eq. (39).

The proof of this latter result is a straightforward consequence of Theorem 7.1 and Theorem 7.2.
It is detailed in the Appendix. All the results that follow can be easily derived from [4]. Their
proofs are therefore not reported in this Section but delayed to the Appendix as well.

The first result derives an upper-bound on the classification loss from an upper bound on the
probability of deviation of a classifier 7, from 7 at a point z € A. It is similar to [4, Theorem 3.1]
in scope and proof.

Theorem 10.1. Fizr € N and assume we are in the binary classification setting. Assume
moreover that (HE) and (MA) hold true. Let n, be an estimator of n and assume there ezists
dn € (0,1) and strictly positive constants Cyy, C1a, Ch3 such that, for all1 > § > 6, and almost
all z € A, we have

sup P (I, (x) — n(z)| > 8) < Ciib, + Cio eXp(—C’lgan52), (20)
PeP(CS2,HI, MA)

for some positive sequences a,, and b,. Consider the plug-in classifier h,(.) := ﬂ{nn(-)zé}' Then,
we have got

sup T (hyn) < 20*571;”9 <1 + C'nbné;(lw)
PeP(CS2,H;,MA)
+ 012 Z 2k(1+19) exp(—Clgan(SiQQ(k_l))) .

k>1

As a consequence of Theorem 10.1, we can use the plug-in classifier built upon ¥ to obtain
similar results as the ones given in [4, Lemma 3.1] for LPE based plug-in classifiers.
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Corollary 10.1. Fizr € N and assume we are in the binary classification setting. Assume
moreover that (HY) and (MA) hold true. Consider the plug-in classifiers B (.) = L )51y
Js /=2

and h;I;() = 1{77;14(')(-)2%} . Then, we have

sup ﬂ(hz) < Cisn =7 a0 g soon as k> %, (21)
PeP(CS2,HE,MA)
149 s
sup T (W) < Cig(logn) 2 n e as soon as k> 1222, (22)

PEP(CS2,HL,MA)

where Cf, C, have been defined in Proposition 10.1 above and Cis, Cig are defined in the proof
in eq. (40) and eq. (42).

In addition, the lower bound of [4, Theorem 3.5] carries over to the present setting after minor
modifications. We have indeed the following Theorem.

Theorem 10.2. Fizr € N and assume we are in the binary classification setting. Assume
moreover that (HE) and (MA) hold true and s9 < d. Then there exists a constant ¢ > 0 such
that for any classifier 0,, that is any {0, 1}-valued measurable function 6, of the data D, we
have

sup T (0,) = n~ ),
PEP(CS2,HE,MA)

So that, under the above assumptions, the classifiers K defined in Corollary 10.1 are (nearly)
minimaz optimal.

11 Simulation study

In order to illustrate the performance of 775@@, we have carried out a simulation study in the
regression setting in the one-dimensional case, that is with d = 1. As detailed earlier, the sole
purpose of this simulation is to show that (1) n® can be easily implemented and is compu-
tationally efficient, (2) n® works well in practice in the case where the density of the design
p is discontinuous, (3) and to give an intuitive visual feel for n®, which is built upon the
juxtaposition of local regressions against a set of scaling functions. In particular, we run our
simulation against benchmark signals, which allows to compare them with the ones detailed
in the literature for alternative kernel estimators (see simulation study in [35], for example).
We have run them under (CS1), which corresponds to the case where nj@ can be completely
computed with exactly 27 regressions. We have in particular £ = [0,1] = A. We focus on the
functions 7 introduced in [17] and used as a benchmark in numerous subsequent simulation
studies. They are made available through the Wavelab850 library freely available at http://
www-stat.stanford.edu/~wavelab/. In addition we have chosen the noise £ to be standard
normal, that is we are working under (N2) with ¢ = 1. In all cases, we have chosen the
signal-to-noise ratio (SNR) to be equal to 7. To be more specific, we are working on a dyadic
grid G of [0, 1] of resolution 27'*. We compute the root-mean-squared-error (RMSE) of both
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the signal and the noise on that grid and rescale the signal so that its RMSE be seven times
bigger than the one of the noise.

Let us now give details about the simulation of the sample points and the computation of
the estimator. We divide the unit-interval into ten sub-segments A; := 107'[k,k + 1] for
kE=0,...,9. We define the density of X as follows.

u(@) = 3 peMA) M, (@),
k=0

We choose the pi’s at random. To that end, we denote by (ug)o<r<o ten realizations of the
uniform random variable on [.25, 1], write v = ug + ... + ug and set p, = uiv~!. Notice that
this guarantees that @ > ming<g<g 10pr > fimin = 0.25 on [0, 1]. We then simulate 3000 sample
points X; according to p. Finally, we bring the points back on the grid G by assimilating
them to their nearest grid node. Since the X;’s are supposed to be drawn from a law that is
absolutely continuous with respect to the Lebesgue measure on [0, 1], we must keep only one
data point per grid node. This reduces the number of data points from 3000 to the number
that is reported on top of each of the histograms.

In order to compute the adaptive estimator at sample points X;, we use the boundary-corrected
scaling functions coded into Wavelab850 for » = 3 and for which we must have 7 > 3. We set
J = [log(n/logn)/log2]. The elimination of redundant sample points on the grid removes
on average 150 points so that we obtain J = 10. We therefore have J, = {3,4,...,10}.
Notice interestingly that the computation of ng requires only 8 regressions and 7, requires
1,024 of them. This is much smaller than for the LPE whose computation necessitates as
many regressions as there are sample points at each resolution level. In practice, we compute
the minimum eigenvalues of all regression matrices across partitions and resolution levels and
choose 7,1 to be the first decile of this set of values. When proving theoretical results, we
have chosen 77;@ to be zero on the small probability event where the minimum eigenvalue of the
regression matrix is smaller than 7, !. In practice we can choose it to be an average value of
the nearby cells in order to get an estimator that is overall more appealing to the eye. In our
simulation, we in fact do not use that modification. Instead, we modify ;¢ to be the highest
j € 1{3,...,5% such that 77;@@ has been computed from a valid regression matrix, meaning a
regression matrix whose smallest eigenvalue is greater than the threshold 7 .

In practice, for a given signal, we generate p at random and compute 77?@ for 100 samples drawn

from p. We quantify the performance 77;@@ by its relative RMSE, meaning its RMSE computed
at sample points X; divided by the amplitude of the true signal, that is its maximal absolute
value on the underlying dyadic grid. We display results for “Doppler”, “HeaviSine”, “Bumps”
and “Blocks” corresponding to the median performance among the 100 trials. Each figure
displays four graphs. Clockwise from the top left corner, they display in turn, an histogram of
sample points X;; the adaptive level j© at sample points X;; the true signal (black dots) and
the estimator nj% at sample points X; (solid blue line) and its corresponding relative RMSE in
the title; and finally the original signal (solid blue line) with its noisy version at sample points

X; (red dots).
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12 Proofs

12.1 Proof of the upper-bound results under (CS1)
12.1.1 Proof of Corollary 7.1

Consider the term
1= /,4 Elln(z) — 1%(z) Plu(z)dz.

Now, apply Proposition 12.1 and notice that [ 4 H(x)dr =1 to show that I is upper-bounded
by the term that appears on the rhs of eq. (12) stated in Corollary 7.1. In particular, for all
1 < p < oo, we obtain I < C(p)rPt(n) P < C(p) < oco. This in turn proves that we can apply
the Fubini-Tonelli theorem to get

[Hﬁ 77] ”]LPS;L]

and concludes the proof. O

12.1.2 Proof of Theorem 7.1

Local estimation under (CS1) in the case where r = 1. Let z € A and j € J,. There
exists H € F; such that © € H. Recall that with Haar MRAs, we have S;(H) = {v(#)} so that
By, € M, 1 and for any i € Iy, [Buli = @500 (Xi) 1 (Xi) = 0,030 (X;) since H = Supp; v 2)-
So that

Z P 2”%”-

7 GIH

On {Qy > 7'}, we can divide by Q and thus write

o 2 Yipiuon(Xi) iz 2oim Yil(xiesuppg, 0} ]d/2
o) = S > =2 =27 Z Yi.
Zi:1 ‘Pj,V(H)(Xi) Zz 1 Lgx, €Suppy; (1) } H ety

On this event, the estimation error can hence be written as
| Pim(x) — 5y (2)| = 20 — OG?V(H)I

:_|Zajl’ )Piv(H ZY|

1€y 1€y

7 GIH

=—| Z Xi) + &)l

1€y
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2 jdj2 = ‘Z ©iv(H (Zin(Xs) + &)l
< 2j57rng| Z(%’,v(ﬁ) (Xi)(Zn(Xi) + &)l
i=1
since Q3" < m,. Write

——\Z i) (X)) (Zn(Xi) + &)l

By definition, we have 7 (x) = 7y;(x), so that we have

P([n(x) — 0y (2)| = 6) = P(In(z) — 0y ()] = 6,Qu = ")

+P(|n(z) — nsy(x)] > 6,Qn < m, ). (23)

By construction, 05 (z) = n3,(z) on the event {Qy > m, '} and 73 (x) = 0 on its complement.

So that we obtain |n(z) — ny(z)| = |n(x)] < M on the rhs of eq. (23). Notice in addition that
M277¢ > |Z;n(z)| under (HE) (see Section 13.1). Finally, we obtain, for £ > M279¢ > |%Z;n(z)|,

P(|n(x) —nj ()] > 6)
o 0 _ .
<P(|Zn(x) — ng(z)| > 57@?—[ > )+ P(Qu < m ) irss
<P(Wj0 > 279927 6m, ) + P(Qu < 70 ) Lpirsay-

where we have written M = M. The term on the rhs is tackled thanks to Proposition 12.5. Re-
garding the lhs, a direct application of Proposition 12.6 allows to write, for all § > 2M277° max(1, 37, fimax),

P(W; a0 > 272 6m 1) < A2795 1om, ).
This concludes the proof.

Remark 12.1. Under (02), we have |n5(z)| < M, and since n € £*(E, M), we obtain
In(x) —ng(x)] < 2M on the rhs of eq. (23). While on the lhs, it is straightforward that (see
[25, Chap. 10])

n(x) — ()] = n(x) = Tar (n3,(x))] < [n(x) — 15, ()]
Under (O1), the proof remains unchanged. So that the proof still holds with

_ {QM, under (02),
M pu

M,  otherwise.
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Local estimation under (CS1) in the case where r > 2. The proof follows the same
lines as above, except that ()3 is now a matrix. Let z € A and j € J,. There exists H € F;
such that z € H. Let us work on the set {A\pnin(Q%) > 7, '} on which Qy is invertible. On that

set, we can write
| Zin(x) — gy (2)| = [(an — oy, en(2))]
— 100 (2 (B~ V) ) conto)

n

_ Bj
< ”Qﬂl”S”TH (By -y — YH)”ﬁ(RRd)”‘PH(@H@(RR%

4, qd . B}
< RQQ]QAmin(QH) IHYH ’ (BH T O YH)H[?(RRd)-

Now, notice that for all X; € H, we have Y; = (ay, on(Xi)) + Zn(X;) + &. Write Zy =
(‘@J <X2)1H<XZ))1§ZSH and gH = (fz]lH(Xz))lgzgn Then, we have,

t

B B
Wi = =2 (B - ag = Ya)| = [ =24 - (n + )| € R
Thus, a direct application of Proposition 12.6 allows to write, for § > 2M277% max (1, 37, R%imax),
P(|n(a) — 13(2)] = 6, Amin(Q2) > 7,,)

52798
<R sup P [Wyl >
kES;(H) 7T

5277%
< RIA )
s R (27‘('an>

At last, using exactly the same arguments as in the case where r = 1 above, we obtain
P(|n(z) — nj' (x)] = 6) < P(In(x) — ng, ()] = & Mnin(@Q) = 7, ")
+ P(Amin(@Qn) < 7;1)1{59’4}7

where M has been defined in Remark 12.1. The term on the lhs has been dealt with above.
The term on the rhs is tackled using Proposition 12.3. This concludes the proof. O

< P(IWally,gray = 2701)

12.1.3 Proof of Theorem 7.2

This result is obtained after a slight modification of [35, Proposition 3.4]. In the same way
as in the proof of Theorem 7.1, we are brought back to controlling E|nj@@(x)(x) —n(x)|P for all
r € A. To that end, we split this term as follows
Elja (@) = 0(@)[” = Elnfa (@) = (@) P(Lyaw <) + Liyowsi))
=I+1I.
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Let us first deal with I. Notice that

2P g (@) = ()| < [ (2) = ()7 + g (@) = ()"

The last term is of the good order since

Eln;: () —n(z)|P < C(p)rh max (2183, 2\;)
C(p)

s p

— W (¢n 2”n*m> ,
(klogn)2 ( Q

according to Proposition 12.1, eq. (10a) and eq. (10c). Regarding the first term, notice that on

the event {j°(x) < j,}, one has got

[0y () = 052 ()] < 9(5%(2),4s) < sup  g(k, js)
Jow<k<js

- d
Js 5

< 2t(n)2"n " 2va,

< g(j57js) = Qt(n) n

where we have used eq. (10a) and eq. (10c) and which is of the good order too. Let us now
turn to /1. For any two j < k, we write

G(x,j, k) = {|n (2) = ' (@) > g(4, k)}.

Write J,,(j) = {k € J. : k > j}. Notice first that we have the following inclusions

{®@=itc UJ G(z.j-1k),

keTn(—1)
{i®@>jit= U "@»=itc U U G@i-1k)
JE€In(Js) JE€ITn(js) k€Tn(3—1)

Therefore, we can write

1< Y7 B @) = n(@)PLyew—)
JE€EIn(Js)

< Y Y Enf@) - n@l oo

JETn(js) kE€ETn(j—1)

Now, we notice that

[0 (@) = g ()] < [ () = ()] + [n(x) — g ()],
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So that
Gz, 4, k) = {|nj’ (x) = ni (x)| > g(j, k)}

- {\nﬁ-@(w) —n(z)| > ﬁt(n)} U {\mi@(x) —n(x)| > %j%t(n)} ,

jd

P@@J%»SPOf@%m@N>%%WO+W(ﬁ%@—n@ﬂ>2%m0-

So that a direct application of the Cauchy-Schwarz inequality leads to

1 . 1
Eln,’ (z) = (@) lg -1 < (Elny'(2) — n(@)[*)2P(G(x,j — 1, k)=
Now, a direct application of Proposition 12.1 for j, < 7 < J gets us

-d

(Elnf*(x) = n(@)?)7 < /C(2p)r} max <2js’ 2J_§) < VC(2p)(klogn)~=.

[MS]

vn

Besides, notice that for j, < j < k < J, we can apply Proposition 12.2 with x > gCg’l to
obtain

4 kg

P <|m@($) —n(x)| > ﬁt(n)> VP <|n§?($) — ()] > \/ﬁt(n)> <5R*n7.

To conclude the proof, it remains to notice that #.7,, < logn and remark that the multiplicative
constant in the upper-bound of Theorem 7.2 is indeed smaller than, say, 5 for n large enough. O
12.1.4 A few useful Propositions and Lemmas

Proposition 12.1. Fizr € N and assume we are under (CS1) and (HE). Then, For any
xeAandjeJ,, one has got

Q)P 7P max *jsﬁ !
Elln(z) —n; (2)["] < C(p)m, <2 \/ﬁ> :

where
C(p) = 3P MP max(1, R? fina )P + Cs(r,d, p, fimax: K, 0) + 2MPR*,
and Cs is made explicit in the proof at eq. (24).

Proof. Forany x € A, take § = 3M277¢ max(1, 3m, R imax). Notice first that max (1, 37, R imax) <
T, max(1, 3Rd,umax) since, by construction, 7, ' <1 in any case. Now, write

Elln(z) - n;' (2)"] = /]R+ Pt P(|n(x) — nj*(2)] > t)dt

+oo
<o [ B (nl) - i) 2 e
)
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As 0 has been fixed, we only need to tackle the rhs above, which we will denote by I1. Using
Theorem 7.1, we can write

-2

M
II < 2R*exp | —n277¢ T / P dt

[e%¢) —;a
+ R / oA (22
0 27, R4

Denote by I1; and 11, the lhs and rhs terms above, respectively. Now, recall that j < .J, where
274 < nt(n)=% and t(n)? = k72 logn. Therefore, as soon as

4
K > g <2umaxR4d + gRQdﬂgl) ,

we have IT; < 2MPR?n~5. Let us now turn to I1,. Assume first that we are working under
the bounded noise assumption, (N1). In that case, we have

o n2 - Jdt2 -2
11, < 2R* ! — n dt
2 > A p €xXp < 64K2R2dﬂmax + SKRdﬂ'Elt>

295 \"
S CQ(Ta dapa Nmaxa K) Wn% .

where the last inequality results from the change of variable u = /n27 %7?; 't together with
the fact that 2/¢ < n and we have written

') t2
Cy = 2R Pt — dt.
2= 2 /0 P exp( 64K2R2dumax+8KRdt)

Assume now that we are working under the Gaussian noise assumption (N2). In that case, we
have

> 20 R% (AR iy + 2t )2
I.[Q S Rd/ ptp—l 1A g 2( H = + Ty )2
0 tn12772+/27n

n2 iy 24252 J
— n t
exp ( ARy + 2Rd7r;1t>

00 nzfjdﬂ.f2t2
+ 2R4 / tPle — n dt.
0 P P 8 R fiyax + S R 1t

Denote by I13 and I, the first and second term, respectively. They can both be handled in
the exact same way as I, which leads to

215 \"
11y < Cy(r,d, p, fimax) (Wnﬁ> )
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where we have written

0 t2
Cy = 2Rd/ ! — dt,
! o U P\ TSR + SR

) p
b
where we have written

> 20 R (AR iy + 2t)2
03 — Rd/ ptpfl (1/\{ g ( K =+ )
0

and

(M]IoH

J

\)

[[3 S C3<T7 d7p7 Hmax; O') (ﬂ-n

B

t\ 2

t2o2 gt
P\ TiRed, T oRY '

To conclude, let us write

Cs(r, d, p, tmax, I under (N1
Colr.d. o i K r) = { 2 e 1) RO EY)
C3(r, d, p, prmax, @) + Ca(r, d, p, fmax) under (N2)
Therefore, we ultimately obtain
E[|n(z) — nj@(x)|p] < (3" MP max(1, 3R jumax )P + Cs + 2MPR*%)
2i%\"
Wﬁ max (2‘73, ﬁ) ,
which concludes the proof. O

Proposition 12.2. Fizr in N and assume we are under (CS1) and (HE). This means in
particular that s € (0,7). Let j be such that j, < j < J. Let t(n)* = kw2 logn, and define

Co(r, d, phmax, K, m,), under (N1)

C, 7d7 maxs naKa = 5
o(ryd, p i o) {C’G(r, d, fhmax, 0, Tn),  under (N2)

where Cg is defined in eq. (25) below. Then we have, for n large enough,

g

P <|77§@(x) — ()] > %tw) < 5R¥n .
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Proof. The proof relies on a direct application of Theorem 7.1. Write Cy = 2M max(1, 37, R fimax)
and notice indeed that the theorem applies since for j > j,, we get 2/ spT2 > 2 ()9 (see
eq. (10b)) and, as soon as n is large enough, we have ¢(n) > 2"+2C,. This leads us to

- d

P (Im@(ﬂf) —n(z)| > 2\/—%t(n)> < 2R exp <_n2—jd T, )

4 _
2,umaXR4d + §R2d7Tn 1

Let us denote the first term by I and the second one by II. I is easily tackled noticing that
for j < J, n279% > n277% > t(n)? = kr2logn. So that, we obtain I < 2R*n="C where we
have written

min(1, K2)
64 fimax B2 4+ 8 Rdmr -1

06(T7 d7 Hmax;, K, 7Tn) = (25)

Let us now turn to /7. Assume first we work under (N1). Then we can write

t(n)?m, 2

IT < 2R%exp

d
2d 172 d 1o ——12"2t(n)
64R* K2 ey + 8RIK T, NG

Notice first that 27 %t(n) < /n. Therefore, we obtain IT < 2R%n~"%._ Assume now that we
work under (N2). In that case, we obtain

;d
T 2R 0 (4R o + 27, 210 )
N t(n)m, 1 2m

t(n)?m 2072
exXp — =
4R2d,umax + 2Rdr—1 272t(n)

vn
t 2, —2
+ 2Rd exp . (’I’L) Ty i’
8 _1272¢(n)
Sdeﬂmax + §Rdﬂ-n 1 NG

We proceed exactly as under (N1). So that we obtain 1T < C;n="% where
min(1,07?)
Co(r, d pimass 0 Tn) = g —— 2Rir 1’
2R 0 (AR iy + 27, 1)2
t(n)m, 12w

C7<T7 d7 Hmax, Oy T, t(”f)) = Rd + 2Rd

So that C7 < 3R? for n large enough. Notice finally that Cs(r, d, fimax; t, ™) > Co(7, d, fimax, t, Tn).-
This concludes the proof. O
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Proposition 12.3. Fiz an integer r > 2 and assume we are under (CS1). Let v € A
and j € J,. By construction, there exists H € F; such that v € H. Recall besides that

#S;(H) = R4, where R = 2r—1 is obviously independent of both x and j. Write ||.| = -1, mre)
and assume there exists a strictly positive constant gnin independent of x and j such that
)\m1n<EQ7{> = min <u7 EQ?—L“) > Gmin- (26)

weREL: ||u||=1

Then, for any real number t such that 0 <t < 23 we have

. t°
2d —jd
POwin( Q) < 1) < 2B exp <_n2 ] 2ftmax R4 + %R%t) '

Proof. Under the assumption described in eq. (26), we get
Amin(@w) > min - (u,EQyuu) + min  (u, (Qn — EQu)u)

ueRR%:||u)|=1 ueRR: [ul|=1
>ot— 3 (@ — [BQuluw.
v,V'e€S;(H)

Write T; = ¢;,(X;)0j0 (Xi)13(Xi) — Ejn (X)) (X)13(X), so that ET; = 0, Varl; <
Umax2’? and |T;| < 279+1 A direct application of Bernstein inequality for any ¢ > 0 leads to

B(Qulwr — [BQulur| 2 5)
= B(1 D i (X0 esar (X)H(X) — By (X () 1()] 2 9

( n2774§2
< 2exp —74) .
2Mmax + §5

To conclude, we write

POuin(@n) <) <P( > |[Qulvwr — [BQauw| > 1)

vV eS;(H)

, t?
2d —jd
< 2R exp (—nz J R %Rth) .

O

Proposition 12.4. Fiz an integer r > 2 and assume we are under (CS1). For any z € A
and j € Jn, we denote by H the unique hypercube of F; such that x € H. Then, there exists
a strictly positive absolute constant gmi, independent of both x and j such that, for all j € T,
and all x € A, we have Apin(EQ2;) > gmin > 0.

Proof. For any u € RR' such that ||U||52(R3d) = 1, we can write

(w0, EQy - u) = / S wps(w)ly(w) | plw)dw

A \ves;(m)
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2

> i [ |30 wpnalw) | du, (27)
H

VESJ' (7‘[)

= Hmin /[;71]d (I/Z

€6

ul,<p,,(w)> dw, (28)

where & has been defined in eq. (15) and the last equality results from the fact that the value
of the integral on the rhs of eq. (27) is invariant with H, meaning that for any H € F; and
u € RRd,

2

p>

veS;(H

VES;(279[0,1]4)

[

€6

u ;i (w) | dw
)

ul,goy(w)> dw.

Let us denote by SR~ the unit-sphere of RE". As detailed in the proof of Lemma 12.1, the
map

2
u € SRd_l — 0.1 (Z uuwu(w)> dUJa
0,1

is absolutely continuous with respect to u on the compact subset SR'=1 of RR'. Tt therefore
reaches its minimum at some point u* € SE'~1. It is a direct consequence of the local linear
independence property of the scaling functions () (see Proposition 12.8) that

2
whp,(w) | dw = epin > 0,
[ (Zeo)

ved

where ¢, is a constant that is both independent from x and j. This concludes the proof with
9min = HUminCmin- U

Proposition 12.5. Fiz r = 1 and assume we are under (CS1). Let x € A, j € J, and
H € Fj such that x € H. Then, for any real numbert such that 0 <t < gr‘%, we have 2jd"7” >t
on the event QX5 ;) (t), where €2, (t) == {3 wiven(X,)? < t}. In addition, we have got

A +2
P(, ) <2 ) L —

Recall that the constant gmin has been defined in Proposition 12.4.
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Proof. Notice that

/goj,,,(q{) (w)Q,u(w)dw > fhmin > 2t. (29)

On 5, (t), we have

id TV 1 2
PR > = i (X)) >t
=1

For any 6 > 0, we write

1 n
C;(0) = {\ﬁzgoj,k<xi>2—moj,k<x>2| < 6}. (30)
=1
Notice now that
Q, t I, X;)? — Ep, Xi)? < =t} CCS oyt
w)(t) C {RZ%V(H)( i) @i (Xi)” < =t} CCj,ap(t),
=1

where C;,(3)(¢) is defined in eq. (30). Finally, it is straightforward that Cj,,(t) has very
small probability thanks to Bernstein inequality (see [27, p. 165] for example). Write indeed
T; = @jum)(Xi)? = Egj a0 (X)2 Then ET; = 0, VarT; < pumax2’® and |T;] < 274%1. Thus, we
can write

, 2
c —jd
P(C5 (1) < 2exp (‘712 ’ m) ;

which concludes the proof. O

..........

ables such that E({|X) = 0. Take any j > j.. Moreover, assume we are given a function Z;(.)
such that || 2;(.) L. < M277%, a subset H of € and a scaling function ¢; . Write

Wik = 3 ial X)X (,(X0) + ),

and define

( no>
2exp | — | under (N1)
18 K2 iy + 4K 2955

AB) =4 |y [ 200 + 2726)2 oxp (_ né2o=2 )
0V 2mn fmax + 2i%§

no>
+2exp | — — |, under (N2)
\ 2fimax + 52726
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Then, for all § > 3ptmax M273¢T2) | we have
B(W, > 5) < AGS).
Proof. Notice indeed that

Wik <[~ Z%k $)€ilay (X))

+ |— Z%k Xi) 1 (Xi) = Eopj (X)) 22;(X) 13, (X))
+ |E90j,k(X)9?j(X)1H(X)|
=1+ IT+1II.

So that we can write
(W, > 6) < B(I > §/3) + B(I1 > 6/3) + P > 6/3).

Now it is enough to notice that

[[[</|g0]k w) [Ty (w)p(w)dw

<:umaX/|§0jk |dw

< max|| @5k L1 0 H«@JHLOO(&A)
< fianax M27I6F2),

So that P(I1] > §/3) = 0 as soon as 6 > 3pmax M279(+2).

Now, turn to II and write [/ = |Y.T;/n| with T, = ¢;p(X)Z;(X:)1n(X;)
— Ep; x(X)Z;(X)14(X). Obviously ET;, = 0, VarT; < E(p;,(X)%Z;(X)1y(X))?
< pmax M?27%% and |T;| < M279527 3+, So that we can apply Bernstein inequality to get

22]'352
P(I1 >5/3) < 2exp (— - — )
18t M2 + 4N 275 2355
And finally, turn to I71. Assume first that the noise £ is bounded by K. We have obviously

Ep; (X)L (X5) = 0, Var(p;(X)&13(Xi)) < K2 jtmax and [9;1(Xi)&15(X5)| < K272+, 50
that

52
(2 6/3) < 2emp (-0 ).
18 K2ty + 4K 2936

Now, it is enough to notice that for all s > 0 and j such that j > %log2 % (which becomes a
constraint for K < M only),

n2%s§? no>

18tmax M2 + 4M2952355 18K iy + 4K 2058
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which concludes the proof under (N1). When j > Llog, 3M, the conclusion under (N2) is a
direct consequence of Proposition 12.7. U

Proposition 12.7. Let ¢, be a scaling function and H a subset of €. Define

ijk gzﬂ'H )

Assume now that the noise £ is conditionally Gaussian, that is we are under (N2). Then, we no-
tice that, conditionally on Xy, ..., Xy, I ~ ®(0,0p;x/v/n), where p5 = n=" 370 @;1(Xi)? 13 (X5).
Then, for all 6 > 0, one can write

20'<,Umax + 2j%5)% ( n52a_2 )
P(|I| >0) <1A —_——
1=0= { Vo i+ 2700

né>
+2exp | — yperadl B
2,umax + §2J§5

Proof. For any § > 0, we write

0) = {% Z ©ik( X)Ly (X;) — By (X)) 1 (X)| < 5} :

Notice first that
Cie(2726) C {024 < Hamax + 2956},
So that

Lirzay S Lzl o oty T Luzale, gy

S Lunzal e oot Tle s

The first term is handled thanks to a regular Gaussian tail inequality. Notice indeed that

id
{P?’k Sﬂmax+2j 2 5}

2 2
<1n ]2 [~y
5 27Tn pj k:0-2 {pj’kgﬂmax‘f‘QJQ(s}

20 (Jypax + 275 8)3 52072
0V 2mn fhmax + 2720

In addition, notice that Ep; ;(X)g(X) < ptmax2’® and | 1(X)? 1y (X;) —Ep; 1 (X)? 1y (X)] <
27441 5o that a direct application of Bernstein inequality leads to

. 2jd52 52
PCA240)) < 200 | s | = 2o |~ )
2]d(2umax + 52]55) Q,Umax + 52]55
which concludes the proof. 0
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12.2 Proof of the upper-bound results under (CS2)

Recall that under (CS2), we work with a sample of size 2n split into two pieces denoted
by D, and D). As detailed previously, similar results as the ones described in Section 7,
Section 8 and Section 12.1.4 are still valid with 7™ under (CS2). They in fact all stem from
Theorem 9.1. The proofs remain for the most part unchanged, with 7, redefined as 7, =
{jo,js+1,...,J —1,J} where 27s = Lnﬁj, n¥ in place of n®, X; in place of X; (where we
have written 4 = v — X/ 4 27/7!), and H, in place of H. The sole differences appear in the
proofs of Theorem 9.1, Proposition 12.4 and Proposition 12.5. Let us start with the proof of
Theorem 9.1.

Proof of Theorem 9.1. Assume we are under (CS2) and want to control the probability of
deviation of 77(z) from n(z) at a point © € A, for some j € J,. Recall that Ho(z) stands
for the cell Hy = 277]0,1]¢ centered in x at level j, that is Ho(x) = 2 — 27971 +279[0, 1]¢ and
denote by O, the event

O, ={#{i: X! € Ho(x)} > 1}.

We can write

P(|n(x) — 1} (z)| = 6) = P(jn(x) — 1} (z)| = 6,0,)
+P(In(z) — 0 (2)] 2 6,05).
Focus first on what happens on the event Of. The last term can be controlled easily since the

probability that no single design point X! of D!, belongs to Ho(z) decreases exponentially fast
with n. Notice indeed that, under (CS2),

P(O%) = (P(X] ¢ Ho(z)))"
= (1= P(X] € Ho()))"

(1o o)

(1= pmin2 7N (P (A —2) N [-271,271]))"
(1 = fmin2~?* min(2mg, 27 1)%4)"
€

XP(— fmin Min(2mg, 27 1) ¥n279%),

IAIA A

where the before last inequality is a direct consequence of (S2) and the last one comes from the
fact that for any € [0,1), In(1 — ) < —z. Now, recall that 7} (z) = 0 on OF and |n(z)| < M
since n € Z*(R? M). So that we obtain

P([n(x) = 1;'(2)] = 6,05) < exp(—pmin min(2mg, 271) 277 Lis<ary,

which is smaller than the first term in the upper-bound of Theorem 9.1. Now focus on what
happens on the event O,. We can write

P(|n(z) — 0} ()] 2 6,0,) = P(O)EP(|n(z) — 0} ()] = 6X7,)|O4]
< E[P(|n(z) — n}'(2)] = 6|1X],)|Oa].
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Therefore, it is enough to control the probability of deviation of nF(x) from n(x) on O,,
conditionally on X} . It is controlled in exactly the same way as the probability of deviation
of n{(x) from 7(z) under (CS1), except that we now work with conditional probabilities and
expectations with respect to X . Interestingly, the random variable X is independent of the
points of D,, since it is built upon the design points (X) of D!, which are themselves independent
of the points of D,,. This is a key feature that makes theoretical computations tractable under
(CS2) and allows to handle n* in a similar way as n® under (CS1). As announced above,
Proposition 12.4 and Proposition 12.5 are the sole results that are not obviously true under
(CS2). However we show below that they can indeed be extended to setting (CS2) without
much trouble. Ultimately, this proves that, on the event O, and conditionally on X; , the
probability of deviation of 7}'(z) from 7(z) verifies Theorem 7.1. So that finally, it remains to
put everything together to obtain the results announced in Theorem 9.1, which concludes the
proof. O

Let us now show how the proofs of Proposition 12.4 and Proposition 12.5 can be extended to
setting (CS2), thanks to the local linear independence property of the scaling functions
(see Proposition 12.8) and a compactness argument.

Proof of Proposition 12.4 under (CS2). The proof of Proposition 12.4 under (CS1) breaks
down under (CS2) at boundary points of A. Eq. (28) is indeed not valid anymore under
(CS2) since p eventually cancels on the cell Ho(X] ) centered in X; . Recall however that
S;j(Ho) =6 ={v € Z:27" € Suppyp,} is a set of indexes which is independent of both x and
J. Recall that all computations at point x are performed conditionally on X; under (CS2).
Recall that we write @ = w — X/ + 2771, Given the independence of X from the points of
D,,, we can write

<u7 E[QHO |Xz/z] ’ u>

-/, (Z uysoj,u@)ww)) plw)du

ved
2
Z ,umin/ Z uu2jd/2¢<2j<w - Xz/x> -+ 271 - I/) dw
Am’HO(Xl{x) ves
2
— Nmin/ Z o (w+271) | dw
2J'(A7X;I)m[72—1,2—1]d s

2
> fpin inf  inf / w0, (w4 271 dw
% m>mg z€B40(0,m) Boo (z;m)[—2-1,2-1]d <VEZG ¥ ( )

2
= Mmin inf inf / Uy P (W dw.

Thus, a direct application of Lemma 12.1 leads to Amin(E[Q24,]X].]) > fminCmin- This concludes
the proof with gmin = f4minCmin- OJ
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Proof of Proposition 12.5 under (CS2). Recall first that 7 € Hy = 279]0,1]¢ and v(Hy) = 0.
At points z located at the boundary of A, the cell Ho(X] ) = X| +277[—271 27 centered in
X, is eventually not a subset of A anymore, so that the proof of Proposition 12.5 breaks down
at the level of eq. (29). Using the independence of X; from the points of D,,, we can write

BlQu|X4) = [ ormou (@ (w)do
> ,umin/ 2jd(pu(7'lo)(2j<w - Xllz) + 271>2dw
A
_ Mmm/ o(w + 27 2dw
25 (A-X! )

> fimin Inf  inf / o(w+ 271 2dw
Boo (z,m)

m>mg z€Boo (0,m)

= fimin inf inf / o(w)*dw
Boo (z,m)

m>mo z€Boo (271,m)
Z HminCmin Z 2t7

where the before last inequality comes as a direct application of Lemma 12.1, eq. (32). The
end of the proof follows the same lines as previously, under setting (CS1). O

The updated proofs hinge on the following results.

Lemma 12.1. Let r € N. Let ¢ be the Daubechies’ scaling function of reqularity v and

S ={vezi:27' € Suppp,}. Then, there exists a strictly positive absolute constant cy, such
that

2
inf Hlf lnf / Uy W dw Z Cmin, 31
ueSRI—1 m2mo 2680 (271m) JB__ (2:m)n[0,1]¢ (Veze ¥ ( )> ( )
inf ll’lf v(W de > Cmin- 32
m>mo 2€Boo (271, m) /Boo(z,m) VEZG ¥ ( ) = ( )

Proof. The proof of eq. (32) follows the same lines as the one of eq. (31). Therefore, we will
only prove eq. (31). Now write u = (u,)yes and ¢s(.) = (¢u(.))ves. Denote by SE~! the unit
sphere of RE’. Consider the map defined by

fa Boo(271,m) x ST 5 R,

fu(z,u) = / (u, goe(w))de.
Boo (2,m)N[0,1]4

Notice first that, u being fixed, inf,cp_(2-1,m) fu(2,u) is an increasing function of m, since the
integrand is positive and for m; > my, for all 2; € B, (27, my), we can find 2, € B, (27!, my)
such that B (z2,mz) C Buo(z1,my). So that infpsm,inf.cgo-1,m) fm(2,u) reduces in fact to
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inf.cg_(2-1,mo) fmo(2,1). From now on, let us write f in place of fn, and prove that f is
continuous on its domain. We have indeed

| f (22, u2) — f21,u1)] < [f (22, u2) — f(21,u2)| + | f (21, u2) — f(21,u1)].
And

|f(z1,u2) = f(21,u1)| < / [(u2 — u1, pe(w))[|{ua + u1, ps(w))|dw

Boo (21,m0)N[0,1]4

< QRdHSOHH%OO(Rd)HW - Ul”%(RRd)-
Besides, noticing that

w—2z1+Mmy
2my

),

]1800(21,m0)<w) = ]1[0,2m0]d<w — 2+ mO) = ]1[0,1]‘1(
we can write
|f(22, Uz) - f(Zl, U2)|

< /[01]d |1Boo(z2,mo)<w> - ]lBoo(zl,mo)(UJ)KuQ, s (w))dw

my — 22

< Rd/2||<P||Loo(Rd>2m0/d Tjo,1je(w +
R
< 2R (||l |22 — 21|, ey,

where the last inequality comes as a direct application of Lemma 12.2. Since f is continuous
and its domain is compact, it is in particular lower bounded and reaches its lower bound in
(2%, u*) € Bso(271,mg) x S™. Now, since u* # 0, it is a direct consequence of the local linear
independence of the scaling functions (¢; x)reze described in Proposition 12.8 that f(z*,u*) > 0.
This concludes the proof. O

Proposition 12.8. Let m be a constant such that m > 0 and firx = € R? such that z €
Bo(27Y,m). Write &4 := {k € Z% : 271 € Suppp}, the set of indexes corresponding to the
scaling functions whose support Supppy. contains the point 271 € RY. The scaling functions

(¢r) werify the local linear independence property in the sense that ), s appr = 0 on
the domain By (z, m) if and only if ap =0 for all k € &.

Proof. The proof follows the same lines as the proof of Theorem 3.7.1 and Remark 3.7.1 in [10]
and relies on arguments detailed in [36] and the references therein. For completeness, we detail
the proof here.

In the one-dimensional case, the proof is given in [36, Corollaire 3]. Notice indeed that for
d =1, M(Suppyy) = R := 2r — 1 and UgeeSuppyy, = [-R+ 1, R]. Set 1j,;) = 0 and [a,b] =0
as soon as a > b. Now, Y, carpr = 0 on [z —m,z + m] implies that both restrictions
L pgte—m) Dopee @@k and L r) D ree @k belong to Vy, according to [36, Proposition 1].
However z € [1/2 —m,1/2+ m], therefore A([—R+1,z—m]) < R and A([z+m, R]) < R, which
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leads to a contradiction thanks to [36, Lemme 1, (ii)]. Therefore, both restrictions must be
zero as well, which leads to ), s arpr = 0 and thus aj, = 0 for all k£ € &, since the ()rez
have disjoint supports.

The generalization to the d-dimensional case follows by induction as in the proof of Theorem
3.7.1 in [10]. Assume the property holds in dimension d — 1 and let us work in dimension d.
Let z € Bo(271,m) and, for any z € R%, write © = (21,41, 24), where 2, 41 is the element of
R4 consisting of the first d — 1 coordinates of x and z, is its last coordinate. Assume now
that D) s, arpr(z) = 0 on B (z,m). We can integrate this latter expression against a test
function g(xy4-1) supported on Bu(21,4-1, m) along the first d — 1 dimensions. Using the fact

that for all x € R? and k € Z%, ¢y (z) = 901(;?1)1 (llfl,d—l)@&) (14), we obtain

0= Z akdgog(xd), on Boo(z4, m),

k€6,
Ak, = Z /a(m,kd)g(xl,d—1)¢£g_l)($17d—1)d$17d—1-
meSg_1

However, the linear independence property in one dimension triggers a;, = 0 for all k; € &;.
Since the test function ¢ is chosen arbitrarily, this latter result leads in turn to

Z a(m,kd)gogrll’d’l)(xm,l) =0, forall k;€ & and x14-1 € Boo(21,4-1, m).

meSg_1
Finally, using the induction hypothesis, we obtain oy = 0 for all k € &,. O

Lemma 12.2. Define the function f as follows
f:RY— RT,
f(y) é/ Liwiyepoyaydw.
R4

Then, f is Lipschitz-continuous on RY, such that, for any two y, z € R,

|f(y) — F(2)| < 2lly — 2o, mey-

Proof. The result is easily obtained by induction. We have indeed obviously for d = 1,
[f(y) = F(2)] < /Rlﬂ{wwe[ovu} ~ Liw+zepapp|dw
< A([[0,1] = y]A[[0,1] = 2]) < 2|y — z].

Now, write T(y) = [0,1]¢ — y and T;(y) = [0,1] — y; for 1 < i < d, where y; stands for the %
coordinate of y. In addition, for 1 < p < ¢ < d, we write

Tpaly) = H?:pgi (y)-
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Recall that, for any y, z € R? we have the following relationships

T(Y)AT(2) = (T(y) N F(2)) U (T(y)° N E(2)),
T(y) = (Tra-1(y) x R) N (R x Ty(y)),
(Tra—1(y) X R)* =F14-4(y)° x R,

R X Ty(y))® =R X Ty(y)©.

—~

Making a repeated use of them, we can write

T(YAT(2) = (Tra1(y) x ROART x Ty(y) A(Tra1(2) x RAR! x Ty(2))
= (T(y) N (FTra-1(2) x R)?) U (T(y) N (R x Ty(2))°)
U (T(2) N (Fra-1(y) x R)?) U (T(2) N (R x Ty(y))©)
R)) U (Z(y) N (R x Ty(2)9))
U (T(2) N (R x Ta(y)©))
= (T1,a-1(y) NTr,a-1(2)%) x Ta(y) U T1,a-1(y) x (Taly) N Ta(2)%)
U (Tra-1(2) NT1a-1(y)7) x Talz) UTra-1(2) x (Ta(z) N Ta(y)®).
Now remark that each of the four above sets define hyper-rectangles of R%. Denote by A\*

the Lebesgue measure of R* and notice that \*(T;x(y)) = MTk(y)) = 1 for all 1 < k < d.
Therefore, we obtain

M(T(Y)AT(2) < AT Tra-1(y) N Tra-1(2)%) + A(Taly) N Ta(2)°)

+ )\d_l(‘zl,d—l(z) N T1a-1(9)°) + A(Fa(z) N Ta(y)°)
= AN Z1a 1Y) AT a1 (2) + M(Za(y) ATu(2)).

Consequently, we obtain immediately by induction that

d

1F() = FEI <D 20y — 2l = 2lly — 2lle, o).

i=1

12.3 Proof of the lower-bound

In this section, we show that the proof of Theorem 7.3 under both settings (CS1) and (CS2)
hinges on the well-known arguments of the proof of the lower-bound in the uniform design case.
The arguments that follow are for the most part standard. Nonetheless, we report them here
for completeness.
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12.3.1 Preliminary results

First recall the definition of the Kullback-Leibler divergence for two probabilities P and Q on
some measurable space (2, F):

Iy log {%(w)} P(dw) if P < Q

H(P,Q) =
( ) {+oo otherwise

Here we use a version of Fano’s lemma that is due to [7]. It can be stated as follows

Theorem 12.1 (Fano’s Lemma). Let F be a o-algebra on the space Q. Let G; € F,i €
{0,1,...m} such that Vi # j,G; N G; = 0. Let {P;}i—0..m be probability measures on (£, F).
If we write

1
VN
H(Po, ce ,Pm) = leg}fm E i ‘ %(]P)Z, P]),
7]

3
e

then, with C' = e«,

Furthermore, we will need the following two Propositions that give upper bounds on the
Kullback-Leibler divergence under specific sets of assumptions.

Proposition 12.9. Assume we work under (S2) and the Gaussian noise hypothesis (N2).
Then, for any two (€, A(E))-measurable maps ny, 12, we have

1
‘%/(vapm) < 5”771 - n2||]%2(8,u)'

Proof. The proof is straightforward and can be found in [9, Lemma 3.3]. U

Proposition 12.10. Assume we work under any of the two settings (S1) and (S2) and

the bounded noise assumption (N1). Assume moreover £ to be independent of X and such that,
for any Borel subset B of |- K, K],

K
P € B) = CK/ e 2% du, Cit :/ e 2% du.

B K

Then for any two (£, B(E))-measurable maps ny,n2, we obtain
’%/G[Dmvpnz) < maX<47 QK)CK”TII - 772"L2(57M)7
where B(E) stands for the Borel o-field of €.

Proof. The proof is straightforward and hence reported to the Appendix. O
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12.3.2 Lower bound under setting (CS1)

We choose p(.) = 1, so that we are brought back to the case of a regression on a uniform
design. Notice that, under (S1), such a p verifies (D1) since fimin, ftmax Must be such that
fmin < 1 < pimax. In the case of a Gaussian noise such as under (N2), the proof of the lower-
bound is well known and can be found in [42, 5, 9], to quote a few. In the case of a bounded
noise, the same reasoning still applies thanks to Proposition 12.10 above.

12.3.3 Lower bound under setting (CS2)

In that case, a bit more work is needed. Let r € N and recall that 2/= = Lnﬁj Let us
write £ = ]Rd and denote by (V;);>o the Daubechies” r-MRA of Ly(R¢, \). For any subset X of
72, write V(X) := [{0, 1}\{(0,...,0)}] x X and V := V(Z?). We recall that the multivariate
Daubechles wavelets ¢, v € V assomated with the r-MRA above are supported on hypercubes
of volume R?. We define the grid

G2j< = {(k?l,...,k’d) : k’z € {O,..., LmQjSJ — 1}},

for some absolute constant m to be chosen later. Obviously, we have #Gy, = [m2% ]9 In
addition, we take

= | B m2JSJ b.

k€G,;,

Now, choose m such that 27:27!|m27: |~ > R, that is, say, m = (2R)~!. We assume that n
is large enough, that is 2* > 2R, so that the grid is not degenerate. It is immediate that A
verifies (S2). Now, define ji on R¢ to be

Z Is., (k,3 mstJfl)(-)-

keGyjs

By construction, we obtain [, i(w)dw = 1. And finally, fi verifies (D1) since pumin < 1 < fimax,
as desired. Let j > js. Notice now that for any k € Gyis, we can find a subset G of 74 such

that #G7, = = 2074 and such that for all v € V(G5 1), Supptyj,, C Boo(k, 5[m27+|71).

We write
U G

kEGQjS

In addition, we denote by @ := (a,),cv(g,) an element of {0, 1}V(©5) . With these notations, we
define

T(G)):=<{ne LR, M):n=n; Z a, Vi, a € {0, 1% 5 > ..
IJGV(G]')
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Now, we just need to remark that #V(G;) ~ 2/¢ and for any two 71,7, € Y(G;),

71— m2llL,e.n) = lm — n2llL, @a 0 (33)

This last result together with both Proposition 12.9 and Proposition 12.10 above allows us
to conclude once more using the well known arguments of the proof of the lower bound in a
uniform design, under both assumptions (N1) and (N2). For completeness, we detail the end
of the reasoning below. We denote by (Ind) the assumption that £ is independent of X and
write

P*(G;) = {Pe PR xR) :n € Y(G,), u = [i,(Ind) holds true}.

We denote by 7, the elements of Y(G;), where we write a € {0, 1}V(@) Tt appears that, for
770' e T<GJ)7

i a (st d
0]l 25 gy < Cl;127F2) sup a, < Oy 2762,
vev(G;)

where the first inequality is a direct application of eq. (37). Thus, in order to have 7, €
Z5(R4, M), it is enough to choose |v;| < CM27(+8) With this constraint on 7j, we obtain

P(CS2,HY) S P*(G)).

Besides, for any two a,a’ € {0,1}V( ) a direct application of [10, eq. (3.6.16)] leads to

P

170 — Nt 6.0 > clys 1279277 o —ayl| (34)

VEV(GJ')
The Varshamov-Gilbert Lemma (see [51, Lemma 2.9]) ensures there exists a subset V(A,) C
V(G;) such that #V(A;) > #V(G and 3, cva,) |a,, a,| > #V(G - Write I'; == {(ay)ev(q,)

a, € {0, 1eva,}}. Now, if we pick |y| = c279¢F2) and a,a’ € T}, eq. (34) together with the
latter results leads to

27d ~
e — el e > ey 2D (;) — (35)

Now we can write 0 := 2¢279° and G4 = {[|0 — nallL, .2 < 0}. It results from eq. (35) that,
for a € I';, the G,’s are mutually exclusive. Let us denote by P, ; the law of (X,Y’) under the
assumption that n = n, and y = g and E% z the corresponding expectation. We will add the
superscript ®n when dealing with their n* tensorial product. Thus we can apply Theorem 12.1
to obtain

p ®n _ p
S )EH@ ML o) = DX B 110 = TallL, (a0 (36)

> o7 ggjdp’?ffﬂ(ﬂe ~ Nall,em 2 9)
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= 6’ max P2". (GS)

acl’; Nt

{ ANC\2#li — 1e " (P’ )acr; }

In addition both Proposition 12.9 and Proposition 12.10 lead to
H (Pl Py ) = (P By, ) < Cnlltta — 1 1L e
=CnlylPll D (@ —a) ¥l en

veV(Aj)

<Cnly* > la, —a)|* < Cnly P2 = Cn27>",

VEV(AJ)
where the second equality makes use of eq. (33). As a consequence

\V/ Q#FJ — 16711(( ?a /L)GEF ) > 202]d 76”272]3.

In order to balance this last term, it is enough to choose j such that n2=%% = 274 which

leads to n ~2 = ¢279(+2), Combining this value with eq. (36) and the inclusion .#*(R?, M) >
T(G;) D T(A;) gives
sup  El0—n|f . > max EG b >0275p—cnm
L BNl e 2 e B 2 o27)
This concludes the proof of Theorem 7.3. O

13 Appendix

13.1 Generalized Lipschitz spaces

Here, we sum up relevant facts about Lipschitz and Besov spaces on R? as stated in [10, Chap. 3]
for any d € N and [14, Chap. 2, §9] for d = 1. Let us denote by € (R?) and € (R) the spaces
of continuous and absolutely continuous functions on R? respectively. Let us denote by |||
the Euclidean norm of R?, f a function defined on R? and write A}(f, ) = |f(x + h) — f(2)]
for any € R% For any r € N and all z € R?, we further define the r*-finite difference by
induction as follows,

AL(f x) = AR(ALTH(S 2)),
and the r**-modulus of smoothness of f € ¢ (R?) as follows

wr(fit)o = sup  [JAL(f, )L @)

0<|lhl[<t
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Write s > 0 and r = |s| + 1. The Besov space B3, , on R?, also known as the generalized

Lipschitz space .£¢(R%), is the collection of all functions f € € (R%) N L. (R%, \) such that the
semi-norm

| f|.zsmay := sup (t_swr(f, t)oo) ,
>0
is finite. The norm for .#*(R?) is subsequently defined as

[flls ey = ||l ey + | f].2sRa)-

Fix a real number M > 0. Throughout the paper, .Z*(R¢, M) refers to the ball of .Z*(R%) of
radius M. Obviously, the elements of .#*(R¢, M) are M-a.e. uniformly bounded by M on R<.
As described in [14, 10], there exists an alternative definition of Lipschitz spaces €*(R?), also
known as Holder spaces, which goes as follows. For any integer d, multi-index ¢ = (¢1,...,qq) €
Neand z = (21,...,24) € R? we define the differential operator 97 as usual by 99 := %.
For any positive integer s, €*(R?) consists of the functions f on R? such that 99f is bounded
and absolutely continuous on RY, for all ¢ € N¢ such that |g); = ¢ + ... + q2 < s. This
definition is extended to non-integer s as follows,

€*(RY) ;= {f € ERY NL(REN) : sup AL(f,2) < C|h[*}, 0<s<1,
zERY

€ (RY) := {f € €(RY) NLa(RE, N) :
If € €™(RY), gy =m}, m<s<m+1, meN.

It can be shown that, for all non-integer s > 0, ¢*(R?) = £*(R%), while €*(R?) is a strict
subset of .Z°(R?) when s € N (see [14, p. 52| for examples of functions that belong to .Z1([0, 1])
but not to €'([0,1]) in the particular case where d = 1).

Furthermore, we define these function spaces on the subset £ of R? as the restriction of their
elements to £. As explained in [10, Remark 3.2.4], function spaces on £ can be defined by
restriction or, alternatively, in an intrinsic way, and both definitions coincide for fairly general
domains & of R%.

Looking at function spaces on & as function spaces on RY restricted to & justifies the use of
MRASs of Ly(R% \) in our local analysis.

13.2 MRAs and smoothness analysis
13.2.1 Generalities

In order to estimate n on &, we will work with MRAs of Ly(R% \) built upon a compactly
supported scaling function ¢. Multivariate MRAs will always be assumed to be obtained from
a tensorial product of one-dimensional MRAs, as described in [10, §1.4, eq. (1.4.10)] and recalled
below. We will denote by ¢, x(.) = 2/%2p(27. — k) the translated and dilated version of ¢ with
k € Z% As usual, we denote V; = Closure(Span{y; s, k € Z%}), so that Closure(U;>oV;) =
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Ly(R%, \) (where the closures are taken with respect to the Ly(R? \)-metric). As we are
interested in finer and finer approximations of an objective function as the sample size grows,
we can in fact truncate the MRA at resolution scales 277, j > 0. In the sequel, we will still
refer to it as a MRA.

Here, let us simply recall that, for any k = (ky,..., k) € Z% and x = (x1,...,24) € R? the
multivariate scaling functions write as

©ik(T) = Qi (T1) - Pjirg(Ta)-

Let us denote by ¢ the univariate wavelet associated to the univariate scaling function ¢. Then
the multivariate wavelets v;, are indexed by j > 0 and the double index v = (¢,k) € V =
[{0, 1}\{(0,...,0)}] x Z* and write as

Vi () = ¥\ (@) 0l (),

where we have written () = o, () =) and € = (e1,...,&q).

13.2.2 Connection between MR As and generalized Lipschitz spaces

The r-MRAs defined in Section 5.2 are intimately connected with generalized Lipschitz spaces.
Assume we are given a -MRA with » € N and n € Z*(R? M), where s € (0,7) and M > 0.
Denote by &2;n the projection of n onto V; and by #;n = n — &;n the corresponding remain-
der. Then, we have for all x € RY, n(x) = Z;n(x) + %Z;n(x) where | Z;n||1. e < M277%, as
detailed in [10, Corollary 3.3.1]. It is noteworthy that the above approximation results remain
valid in the particular case where we work on the subset £ of R? and consider n to be the
restriction to £ of an element of #*(R?).

Let us denote by {¢, : k € Z}U{t;, : j > 0,v € V} the Daubechies’ wavelet basis associated
to a m-MRA (see Section 13.2 for notations and [11, Chap. 5, 6] for a detailed review of wavelet
bases and [10, §1.4,Remark 1.4.5] for the construction of their multi-dimensional isotropic ver-
sion). For any n € £*(R%), we write ay, := (n, ¢r)rywan and B, := (1, 1;,)1®e). Then, we
have the following well-known norm equivalence

17| .+ (ray & sup || + sup 27(5%2) sup |Bivl, s€(0,r). (37)
kezd j=0 veV

This latter result happens to be useful in the proof of the lower bound (see Section 12.3).

13.3 A technical comment relative to the lattice structure of the
MRA under (CS1)

Assume we work under (CS1) with the Daubechies’ -MRA of Ly(R%, ). Let z € [0, 1]¢. Notice
that the scaling functions ¢;x, k € Z¢ are supported on hypercubes of the form Suppy;; =
2‘j(N17k, Ny i), where Ny g, Noy € Z%. When doing estimation at point z at resolution 277, we
have to differentiate two cases according to whether x belongs to Inter(Suppy; ;) or OSuppy; k-
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This is due to the fact that #S; () is constant on each open hypercube of 277[Z4+ (0, 1)¢] while
it raises (r = 1) or drops (r > 2) at their boundary. However, notice that it is only necessary
to focus on the case where x € Inter(Suppyp; ), since we are interested in results that hold
Px-almost surely. Py is indeed absolutely continuous with respect to the Lebesgue measure A
on R? (with density u) and for any j > 0, k € Z%, \(OSuppy; ) = 0. Consequently

Px U OSuppy;r | =0.

§>0,kezZ

When working under (S1), we implicitly assume throughout the paper that

A=10,1" | 0Suppgjs.

§>0,kezs

Notice that this problem does not occur under (CS2) where, by construction, x is always
located inside Ho(X;, ).

13.4 Proof of Proposition 12.10

Proof of Proposition 12.10. For any two Borel subsets A and B of R and &, respectively, and
any (€, 24(€))-measurable map 7, a straightforward computation leads to

IP’n(YeA,XeB):/

B

w(z)dx / duClee™2@=n@)?
A

Therefore, for any two (€, %Z(€))-measurable maps 7, 72, one can write

H (P, Py,)

(o

=5 [ dant) [ il = o) — a0
=3/ dm@m(@) = m) [ I; duCye-Hom

+ [ dp(@)m(@) = m@) [ dnCifu—m()e i,

Now, notice first that

K
/ duCKe’%(”’m(m)F < QKCK

-K

48



In addition, notice that
K
|/ duC(u — m(x))ef%(ufm(m))j — CK“,;%(Kfm(:v))2 _ e*%(Kfm(m))ﬂ < 20%.
~K

Consequently, we end up with the desired result

H (P, Pr,) = 2Ck I = melluaie s + KCicllm = mallLace
< max(4, 2K)Ck||m — n2llLa(e,p0)-

13.5 Proof of the classification results

Proof of Proposition 10.1. Notice first that eq. (18) is a direct consequence of Theorem 9.1. The
proof of eq. (19) follows the same lines as the proof of Theorem 7.2. The reader is therefore
advised to read the latter proof before this one. Notice that

P(|n% ) () = n(z)| > 6) < P(|Inf(x) — n(x)| > 6/3)
+ P(|05 0 (2) = 5 (2)] > 6/3, 7% (x) < )
+ P(|n5 0 (x) — 1y (2)] > 6/3, 7% () > jis).

Let us denote the three terms on the rhs from top to bottom by [I,II and [1I. I is upper
bounded using eq. (18) above with j = j, and § > 6 277+ max(1, 3mo R timax ). This leads to

I < 3R*n "% 4 2R exp(—Cioan(js)5%),
where C}, and Cy¢ are such that

1 010 — CG (Ta d7 Hmax;, 17 7T0)
Aptimax R + SRy 22 ’

and Cy is defined in eq. (25). Now, recall from the proof of Theorem 7.2 that, on the event

{7 < 4.}, IT = 0 as soon as § > 6t(n)2js%n*%. Let us finally turn to 771. With the same
notations as in the proof of Theorem 7.2, we obtain

r< Y PG(x,j—1,k)

JE€ITn(js) k€T (3—1)
< (logn)*10R¥In~"C%
where the last inequality uses Proposition 12.2 and the fact that #.7, < logn. Denote moreover,
1
!

Cl = , Chy = 272"Chp, 39
0 644imax R4 + 8R2m; L H 0 (39)

and notice finally that C, A Cs > C4. Besides, recall from eq. (10¢) that 2795 < 2"n~ %%, so
that for n large enough, 6 277+ max(1, 3mg R imay) < 627t(n)n~ =+ and a direct application of
eq. (10c) leads to Cioan(js) > Cyyn7+a. This concludes the proof. O
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Proof of Theorem 10.1. Tt follows closely the proof of [4, Theorem 3.1]. Consider the sets A
defined as

1
AOI{TESO<‘7]<ZC’)_§|S5H}7

1
Api={r € £:2716, < |n(a) = 5| < 2.}, 1<k <k,

where we define k by 281 = [4-1]. Notice indeed that 28714, > 27! that is A, = @ for

k > k + 1. Therefore, we can write

R(h) = > B(20(X) = UL, x)2ne (x0) Lixea,)
0<k<k

< 26,P(0 < n(X) ~ 3| < 6.)

+ > E(120(X) = g, x02ne 01 Lixeay)-

1<k<k

Notice now that we have |n— 1| < |n, —n| on the event {h, # h*}. So that, for any 1 < k <k,
we obtain

E(12n(X) = 1L, 0200y Lixea))

< 2k+15nE(]l{|nn(X)_n(X)|22k*16n}1{0<\n(X)—%|§2k5n})

= 24716, EP®" (10 (X) — n(X)] = 2710, X) Loy 1 <otsn)

< 2k+15np(0 < |n(X) — %| < 2k5n>(011bn + Oy exp<—013an<2k715n)2))
< 20.(2%6,) 7 (C11by, + Crz exp(—Chza,(25715,)%)),

where the before last inequality uses eq. (20), which is possible since 2k=15, < 1 as long as
k < k, and the last one uses (MA). So that putting everything together, we obtain

R (hy) < 20,6147 420,04 (2%6,) 7,
+2C.C1z8,™ Z 25049 exp(—Ciza,022°F D).

1<k<k

It remains to notice that 286, < 1 to conclude the proof. U

Proof of Corollary 10.1. The proof of eq. (21) and eq. (22) are straightforward consequences of
Proposition 10.1 and Theorem 10.1. Start with eq. (21) and choose 6, = 3277** max(1, 3mo R timax )-
Notice first that eq. (10a) leads to

an(Js)02 > 9max(1, 3my R irnax )
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Besides, eq. (10c) leads to 277+* < 2'n~ 2%, Finally, notice that

5;(14‘19)”—/60{0 S Cnﬁ(lﬁ‘ﬂ)—ﬁcio

which goes to zero as soon as, say, & > 2%, This concludes the proof of eq. (21) with

207,

Cys5 = 20,C10or+9) (2 +2RT) 2k exp(—010012422<k1>)> , (40)
E>1

C14 = 3max(1, 37T0Rd,umax), (41)

where Cyq is defined in eq. (38) above. Let us now turn to eq. (22) and choose 6, = t(n)n~ %+4.
Notice now that

et 62 > t(n)?

and 2R* Y, | 2M047) exp(—C1yt(n)?2°*1) can be made as small as we want for n large enough.
Finally, notice that

(log n)25;(1+19)n—n0é < C(log n)2t(n)—(1+ﬂ)nﬁ(1+ﬁ)fﬁcé

which goes to zero as soon as, say, k > 1;51,9 This concludes the proof with
6
CIG = 20* (42)

0

Proof of Theorem 10.2. Notice first that for all s > 0, .Z*(R%) D €*(R%) so that we can rely
on the proof of [4, Theorem 3.5]. This latter proof carries over word for word to the present
setting after replacing f5-balls by f..-balls in the definition of the support of u. O
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