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Abstract

We present a new algorithms to discretize a decoupled forward backward stochastic
differential equations driven by pure jump Lévy process (FBSDEL in short). The
method is built in two steps. Firstly, we approximate the FBSDEL by a forward
backward stochastic differential equations driven by a Brownian motion and Poisson
process (FBSDEBP in short), in which we replace the small jumps by a Brownian
motion. Then, we prove the convergence of the approximation when the size of small
jumps € goes to 0. In the second step, we obtain the LP Holder continuity of the solution
of FBSDEBP and we construct two numerical schemes for this FBSDEBP. Based on
the LP Holder estimate, we prove the convergence of the scheme when the number of
time steps n goes to infinity. Combining these two steps leads to prove the convergence
of numerical schemes to the solution of FBSDEL.
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1 Introduction and summary

In this paper, we are concerned by discretization of a system of decoupled forward-backward
stochastic differential equation (FBSDEs in short) driven by a pure jump Lévy process

(1.1)

{Xt = Xo+ Jy b(X0)dr + [§ [ B(X,-) M (de, dr),
Yo = g(Xr)+ [ f(©r)dr - [T [ ViM (de,dr)

Here © := (X.Y, [, p(e)Vev(de)) and M(E,t) = fEx[O 1 efi(de,dr) where fi(de,dr) :=
u(de, dr) —v(de)dr an independent compensated Poisson measure and p a Poisson random
measure on R x [0, T] with intensity v satisfying [ 1 A |e|?v(de) < .

Numerical discretization schemes for FBSDE have been studied by many authors. In the
no-jump case, Ma et al. [21] developed the first step algorithm to solve a class of general
forward-backward SDE. Douglas et al. [14] suggest a finite difference approximation of the
associated PDE. Other discrete scheme have been considered in [7], [8] and [11] mainly
based on approximation of the Brownian motion by some discrete process, Gobet et al.
[18] proposed an adapted Longstaff and Schwartz algorithm based on non-parametric re-
gressions. In the jump case, to our knowledge, there is only the work of Bouchard and Elie
[5] in which the authors propose a Monte-Carlo methods in the case when v(R) < oo.

The main motivation to study the numerical scheme of a systems of above form, is to treat
the case when v(R) = oo, which means the existence of an infinite number of jumps in every
interval of non-zero length a.s.. In this sense, we should mention the important work on
the approximation of stochastic differential equation studied by Kohatsu-Higa and Tankov
[20].

Since we are interested in the case of V(R) = oo, we will follow the idea of [20] to ap-
proximate (1.2) without cutoff the small jumps smaller than e, which should improve the
approximation scheme. Then by using the approximation result of Asmussen and Rosinski
[2] we replace the small jumps of the driven-Lévy process with o(e)WW where W is a stan-
dard Brownian motion and o?(¢) := [}. e?v(de).

In the aim to approximate (1.1), we cut the jumps at € as the following

{ Xe = Xo+ Jyb(Xo)dr + [y B(X,-)dR, + [y [5 B(X,)M(de,dr) (1.2)

Vi o= g(Xr)+ [ f(©n)dr — [T VedR, — [ [, ViNI(de, dr)

where Ry = [} f|e|<€ eM(de,dr), B¢ :={e € R, s.t [ le] <€}, BE. :={e €R, s.t / |e| > ¢}
and £ :=R = E°U E..

The idea we propose is to discretize the solution of (1.1) in two steps. In the first step, we
approximate (1.2) by the following FBSDE:

{Xf = X5+ JpoXDdr + [; BXDo)dW: + [y [, BX )M (deydr) ) o

Ve = g(X5)+ [ f5)dr — [ ZzaW, — [T [, Us(e)M(de, dr)



Here ©° := (XE Ye FE> and I'° := [, p(e)U%(e)ev(de). Further, we show that for a finite

measure m defined by m(E) := [}, e?v(de), our error
Err2(Y,V) = E |sup|Y; — sup / VidR, — / Zy ]
t<T t<T

E [ / ' /E V- Uﬁ<e>\2m<de>dr] 7

is controlled by o(£)?, which means that the solution of (1.3) converges to the solution of
(1.1), as the size of small jumps € goes to 0 (See Remark 2.1). We also derive the upper
bound

E |sup |X; — X[ [?
t<T

< Co(e)?. (1.4)

The second step consists of discretizating the approximated FBSDE (1.3) and studying its
convergence to (1.2). For this purpose we consider two numerical schemes, the first one is
based on discrete-time approximation of decoupled FBSDE derived by Bouchard and Elie
[5]. More precisely, for a fixed e, given a regular grid = = {¢t; = iT/n,i = 0,1,...,n.},
the authors approximate X¢ by its Euler scheme X™ and (Y, Z¢,T¢) by the discrete-time
process (Y;", ZT,['T)

Xio = X[+ 3b(XE) + B(X7)o(e) AW + [5, BIXE) M (de, (ti, tit1])

Zr = nE[V, AW/ (15)
7 ' i 1.5
[T = B[V, [, pe)N(de, (s ) 2

7= B[¥, /R LAY

on each interval [t;,;11), where the terminal value ¥;" := g(X7 ). Under Lipschitz conti-
nuity of the solution, the authors proved that the discretization error

T
Err S(YE,Z5.T°) = §1<1$E [ma—ifﬂ?] +/0 E[|Z; — 77 + \Ff—fﬂ?]dt (1.6)

achieves the optimal convergence rate n~/2. Finally, we derive the first main result of this
paper in Proposition 3.1 showing that the approximation-discretization error

t t
Err?n oY, V) = supE []Y} Y72+ ‘ / V,.dR, — / /T
’ t<T 0 0

2 B 2
]+ e = e

is bounded by C(n~! + o(£)?) and converges to 0 as (n,e) tends to (00,0), where I' :=
J B p(e)Vev(de) . Taking ¢ = n~1/2, our approximation-discretization achieves the optimal

convergence rate n~ /2,

The second numerical scheme has been inspired from the paper of Hu, Nualart and Song
[19]. Where the authors study a backward stochastic differential equation driven by a
Brownian motion with general terminal variable £&. They propose a new scheme using the



representation of Z¢ as the trace of the Malliavin derivatives of Y*. Their discretization
scheme is based on the LP-Holder continuity of the solution Z¢, to obtain an estimate of
the form

E|Zf — ZZ|P < K|t — 5|2,

which implies the existence of a y-Hdélder continuous version of the process Z° for any
v < % — ]%. In this sense, our article extend the work done in [19] to a forward-backward
stochastic differential equation with jumps and terminal value g(X5). Similarly to [19], we
obtain the following regularity of I'

p
BTy —T57 < Clt = |2,

which allows us to deduce the existence of a ~-Holder continuous version of the process

I'¢ for any v < % — ]%. Finally, on one hand, we use the representation of Z° and I'¢ as
the trace of Malliavin derivative of Y¢ to derive our a new extended discretization scheme
for the solution (Y¢,Z%,T¢) of (1.3). From other hand we approximate X¢ by X™ the

continuous-time version of the Euler scheme, that is for a fixed € > 0

XP = Xg o+ o(e)b(XE)(E — 0F) + 0()B(XT) (Wi — W) + [, BOXT,) M (de, (¢, 67]).
Y= B[V, + f(OF,,)Ali/F]

i1 tit1
Zf = E|€1,, ., 000(XP)DXF + Y0 €L, 00, 0nf (O, ) Dt XT Al /|
Fg = K fEe p(@) [gti’j:l Jtn Dt“eg(X%> + Z’Z;Zl Eteifl,tkﬂag,tkHDtueXt:HAtk] V(de)/ftz:|

(1.8)
with terminal values V" = g(X7), Z] = 0(¢)0:9(XT)B(XT) and UfT . = g(X] + B(XT)) —
9(X7F), where ¢}, £F , and &} are detailed in section 4.

The key-ingredient for computation of discretization error, is based on the LP-Holder con-
tinuity of the solution (Y¢, Z¢,T°¢). This allows us to prove that

Brrl(YS,25,T%) = Emax ||Vg - Y7 +12; - 27 + 1%, - T7 2],

0<i<n

1
longl‘

1—
is controlled by || . Then we obtain the second main result of this article in Theorem

4.3, which stating that

T n—1 2
2 L _yT|2 _ ™
Err, (Y,V) = Jmax te[?3£+l]E [1Y: - Y] +E /0 V,dR, ZZ_% Z{ AWy,

n—l oty
+ Z/ E|, — T7 dt,
i=0 't

1

1- 1
is of the order o(¢)? 4 |x| "™ and converges to 0 as the discretization step (£,7) tends
to (0, 00).



The importance of the above scheme, is it can be adapted to the case when the a terminal
value is not given by the forward diffusion equation X¢, as it ’s the case in [19]. However,
this scheme remains to be further investigated.

The two numerical schemes above are not directly implemented in practice and require an
important procedure to simulate the conditional expectation. However, there exist different
technics which can be adapted to our setting to compute this conditional expectation and
we shall only mention the papers: [3], [6] , [9] and [18].

The paper is organized as follows. In Section 2, we prove the convergence of the approxi-
mated scheme. In Section 3, we describe discrete-time scheme introduced in [5] and state
our first main convergence result. In section 4, we extend the new discrete scheme of [19]
and state our second main result. We also discuss a general case of BSDE. Section 5, is
devoted to Malliavin calculus for a class of FBSDE with jumps, we then get the LP-Holder
continuity of Z¢ and I'® via the trace of the Malliavin derivatives of Y¢.

2 Approximation of decoupled FBSDE driven by pure jump
Lévy processes

Let (Q, F,F = (F)i<7, P) be a stochastic basis such that Fy contains the P-null sets, Fr = F
and F satisfies the usual assumptions. We assume that [ is generated by a one-dimensional
Brownian motion W and an independent Poisson measure p on [0,7] x E. We denote
by FW = (FV)i<r (vesp. F* = (F!');<7) the P-augmentation of the natural filtration
of W (resp. p). As usual, we denote by B(X) the Borel set of topological set X. We
introduce the following subset: E° := {e € R, s.t / |e|] < e}, E. :={e € R, s.t / |e| > €},
E:=R=FE"UE..

The martingale measure j is the compensated measure corresponding to Poisson random
measure pu, such that p(de,dr) = p(de,dr) — v(de)dr, where v is a Lévy measure on E
endowed with its Borel tribe £. The Lévy measure v will be assumed to satisfy v(R) = oo
and [ |e|*v(de) < oo. Throughout this paper we deal with the measure M defined by

M(t,B) = / efi(dr, de), B e B(E)
[0,t]xB

which can be considered as a compensated Poisson random measure on [0,7] x E and
f[o X E ep(dr, de) is a compound Poisson random variable. We associate to M the o-finite
measure

m(B) = / u(de) B e B(E). (2.1)
B
In particular, we have o(g)? = m(E*).

The measure M is taken to drive the jump noise instead of fi, in the aim to adopt the
concept of Malliavin calculus on the canonical Lévy space from [12].

For some constant K > 0, we consider four K-Lipschitz functions with bounded derivatives
B:R—-R b:R—-R,g:R—-Rand f:Q2xRxRx L*E, & v,R) = R, where the first



derivative of b, 8 and g are bounded.

Define p to be a measurable function p : £ — R such that:

sup |p(e)| < K. (2.2)
ecekE

For any p > 2 we consider the following class of processes:
e SP is the set of real valued adapted rcll process Y such that:

1
P

|Y]sr :=E ( sup \Y}\p> < 0.
0<t<T

HP? is the set of progressively measurable R-valued processes Z such that:

T N
|\ Z||mr = (IE (/ \Zr|2dr) ) < 0.
0

LP? is the set of P ® £ measurable map U : 2 x [0,7] x E — R such that:

HWMF{ﬁAféumw%wa;<w.

The space BP := SP x HP x LP is endowed with the norm

1

10V 2,0l 2= (1Y 1 + 12105 + 1U1E)

M?P the class of square integrable random variable F of the form:

T T
F:EF—i—/ U, dW, +/ / Y(r,e)i(de,dr),
0 o JE

where u (resp. 1) is a progressively measurable (resp. measurable) process satisfying
sup;<7 Elug[P < 0o (resp. SUpthEfE [1(t, e)|Pr(de) < o0).

2.1 Approximation scheme

In this subsection, we show that the approximation error
sup

t t
/ V,dR, — / ZdW,
t<T |JO 0

IE [ /0 ' / V- U§<e>\2m<de>dr] ,

converges to 0 as € goes to 0.

Err2(Y,V) = E +E

sup [Y; — Y7
t<T

7



Theorem 2.1 Under the space (2, F,P),

1. There exist a solution X on [0,T] of

t t
X, = Xo—l—/ b(Xr)dr+/ B(X,-)dL,, (2.3)
0 0
where Xy € R.

2. There ezist a solution X¢ on [0,T] of

t t ¢ B
XF o= XS4 /0 b(XE)dr + /O B(XE)or()dW) + /0 [ Bxe )i, de). (2.4

where X§ € R.

Moreover

E( sup | Xy —Xf|2> < Co(e). (2.5)
0<t<T

For the proof, we state firstly the following Lemma

Lemma 2.1 On the space (2, F,P), fizing € > 0, we have for p > 2:

E(Sup \Xt\p> < o0. (2.6)

0<t<T

E[ sup |X;|P] < oo. (2.7)
0<t<T

Proof. We denote by C' a constant whose value may change from line to line. Using

Jensen’s inequality, Burkholder-Davis-Gundy inequality and Lipschitz property of b and 3

we have:

N

E sup |X|

e < Cawp (Eﬂ [|X0|p+ ( /0 ) b(XT)dr>p+ /0 ’ /E 6(XT)M(dr,de)r>

t
p
C<|X0|p+/ E|[b(Xo)| + 1X:| + | Xol dr
0

IN

+ /Ot/EE[W(XOH + | Xo| + |Xr|repu(de)dr>

IN

t
C<|X0|p+|b(X0)|p+|ﬁ(Xo)|p+ el s |Xu|pdr}),

o<u<r

where C' depends on ¢, b(Xp) and B(Xp). We conclude the first assertion by Gronwall’s
Lemma.

Following the same arguments, we obtain the second assertion. O

Proof of Theorem 2.1 The existence and uniqueness of such SDEs was already studied
in the literature see e.g. [17] and [1]. Then it remains to prove the estimate (2.5).



Using Jensen’s inequality leads to :

0<u<t

2
E sup | X, — XZ|? < C( [/ Ib(X. —bX5)|dr]

+E[/ B(X,) - <X§>|M<dr,de>r

s [(f [ peemaesn)'s ([ o))

By Burkholder-Davis-Gundy inequality, we get

B s [X,- X < (i@ [ 000 - wxar

0<u<t
e[ [ [ (B0) = AP e

+E [/Ot . ﬁ(XT)2m(de)dr] +CE Uot 5(X§)2a(a)2dr]> .

By Lipschitz property of b and

t
E sup | X, —X:|? < C(U E(XrXﬁ)2dr}
0<u<t 0

ro(e)E [ [50X0) + B20XE) + X7 + X,
< C [/OtIE [sup y(quy?} dr + 0(5)2] :

u<r

The result follows from Gronwall’s Lemma. O

Finally, we can now state the main result of this section.

Theorem 2.2 Under the space (2, F,P),

1. There exist a unique pair (Y,V) € 82 x H?, which solves the BSDE:
T T
Y, = g9(Xp) —|—/ f(©,)dr —/ VedL,, (2.8)
t t

where © := (X Y, [z p(e) Vey(de)>

2. For a fived ¢ > 0, There exist a unique solution (Y¢,Z%,U¢) € B? of the following
BSDE:

YF = g(X5) /f@‘f dr—/t ZEdW, — //U M(dr,de). (2.9)

with ©° := <X€,Y€,F5> and I'® := fEs p(e)U¢(e)ev(de).



Moreover, if sup,<p E|V;|? < oo, then there exist a constant C such that:
Err2(Y,V) < Co(e)?. (2.10)

Remark 2.1 Observe that

T
E |sup |V; — YF|?| + E sup/ /VTM(de,dr)
t<T t<T
2
- [z [ [ s |
< Er(Y,V)
< o(e)*

Which shows clearly the convergence of the approximated scheme (1.3) to (1.1).

Proof. of Theorem 2.2 Existence and uniqueness of the solutions of BSDEs (2.8) and
(2.9) was already proved, see e.g [4].

We are going to prove inequality (2.10). By Itd’s formula applied to |[§Y | := |V — Y*|?
yields :

16V:2 + / Z2dr +/ / (U (e m(de)dr
t €
= |g(X7)— g(X5)* +o(e )2/ Vzdr—/ §Y, ZEdW,
T —
+2/ Y, (f (©,) — £(69)) dr+2/ / 5Y + V)2 5Y;2_]M(de,dr)
t €
T —
9 / / (Y- + U (e) — V) — a¥2 | NI (de, dr). (2.11)
t e
Taking expectation in both hand-side of the above equality we get
E {51@2 - / Z2dr + / / (U (e (de)dr]
t €
T
~ B |loXr) ~ g ()P + o / Va2 [ oy, (70 - feD)ar].
t t
From Lemma 2.1, Lipschitz property of g and Jensen inequality we obtain:

E [m—Yf\M/ ZEerJr// (Ut(e (de)d}
t €

< (0@ +xE [ 0y X1 v
t

+KE | - [ perelve) = Vilutde | dr

+ KE /t ! [(YT —Y¥) / E p(e)vrey(de)}dr) .

9



Using the fact that ab < aa® + ébQ for some a > 0, yields to

E [m-m%/ Z52d7~+// (U (e (de)d]
t €

K T
< C <0(5)2 +K(1+a?++2+ nQ)E/ (Y, — Y5)2dr + onE/ | X, — XZ|%dr
t

t
K T
/ / PIUE(e) — Vi [Pm(de)dr + B / / p(€)2V2m(de)dr | |
e n t  Jo<le|<e

where a and v are two constants taken such that 52 = {5—23 % we then get

E||Y; - Y7 + / Zf%zwr// (US(e (de)dr}
t €

< C <0(6)2 + (K +2K? + 2KK*)E /T(n - Y,?)?dr> . (212)

Using Gronwall’s Lemma, we deduce that
E|Y; — Y|* < Co(e)* (2.13)

Plugging this estimate in the previous upper bound, we get
E/ ngdrw:/ / (U (e m(de)dr < Co(e)?, (2.14)
0 .
Then
T T
DA +E/ 2% + IE/ / (UZ(e) — Vi) mide)dr < Cor(e)2. (2.15)
0 0 e

Now using Burkholder-Davis-Gundy inequality, we have

Esup|5Yt12+1E/ Z52dr+E/ / (UE(e m(de)dr < Co(e)?. (2.16)
t<T .

From other side, it follows by Burkholder-Davis-Gundy inequality and (2.16) that:

2 2

t t t t 2
E |sup / Zder—/ V,.dR, < CE |sup / ZzdW,| + sup / V,.dR,
t<T |Jo 0 t<T |Jo t<T |Jo
T T
< CE [/ ZdeT—{—O'(EEQ)/ V,,er]
0 0
T
< E / 2%dr + Col(e?). (2.17)
0
The result now follows by combining (2.16) and (2.17). O

10



Remark 2.2 One can show that sup,<p E|V;|? < oo, following the same arguments as in
Remark 2.8 in [19].

Remark 2.3 In the BSDE (2.9), each time we change €, there exist a unique pair (Z¢,U*)
of predictable process, such that the BSDE (2.9) has a solution.

3 Forward-backward Euler scheme

In this section, we discretize the solution (X¢,Y¢, Z¢, 1) of (1.3) by (X™, Y™, Z™,I'™) de-
fined by induction in (3.3) and then we show the convergence of (X7, Y™, Z™,I'") to the
solution of (1.2). Thus let us recall some definition and notation.

For each t € [t;,t;11), we define:

_ tit1 7 _ tit1
Z, = nE [ / Zuds/F.|,  Ty=nE [ / Fsds/}'ti] , (3.1)
t; J t;
and
_ tir1 7 _ tit1
Z; = nE [/ ZTds/Fi, |, I =nE [/ ngs/]:ti] . (3.2)
t; i t;

The process Z;, and Ty, (resp. Zg and f‘g) can be interpreted as the best approximation
of Z;; and I'y; (vesp. Zf and I'},). We know from Bouchard and Elie [5], that FBSDE (2.8)
has a backward Euler scheme taking the form:

Xi = XE 4 3b(XE) +0(e)AWip + [, BOXT)M (de, (ti, tit])

Ztﬂ = nkE }7;5?+1AW7;+1/./_'.151} (3 3)

07 = nE|Y7, [y, p(e)M(de, (tistia]) /P, | |

vro = B[YTL /R + LY

for which the discretization error:
1
2
Errn (Y€, Z5,T°) = {SupE (Y7 =Y P+ 125 = Z7 |13 + IT° — F”ll?p}
t<T
< onl2 (3.4)

converges to 0 as the discretization step % tends to 0. Means that the discretization scheme
(3.3) achieves the optimal convergence rate n~'/2. The regularity of Z° and I'* has been
studied in L? sense in [5] when the terminal value is a functional of forward diffusion.

It is well known also that

sup ]Xé—XZ:\Q <cnV2,

te[ti7ti+1]

max E
<n

11



Our aim in this part, is to show that the approximation-discretization error between BSDE
) 2
Err, oY, V) = supE [Y; — | +supE

(1.2) and (3.3):
/VdR /Z”dW
t<T t<T

+HT - f”l!ip, (3.5)

converges to 0 as (g,n) — (0, 00).
The first main result of this paper is:

Proposition 3.1 Assuming Lipschitz property of coefficients b and 3, the approximation-
discretization error defined in (3.5) is bounded by:

Erre (V) <C (n72 4 0(e)). (3.6)

Means that:
E’I“T(ms) (Y, V) —

(n,e)—(00,0)

Proof. From (3.5), Jensen inequality and Burkholder-Davis-Gundy inequality, we have:

Brrin(V,V) < C(supE [IVi = Y7+ Y7 = WP 410 = T3 + 0° — T3
i<

t t
/ V,dR, — / ZEdW,
0 0

From other side, it follows from Holder inequality that:

2
+supE VzE — Zﬂuip). (3.7)
t<T

p(e)e(Vy — Us(e)v(de) < K (| (Vi — US(e)*m(de) : u(Eg)z. (3.8)
A (. )

Recalling that v(E.) < oo so that v has a.s. only a finite number of big jumps on [0, 7.
Combining the two last inequalities with (3.4) leads to:

t t 2
Err(n oY,V) < C|n” '+ supE [|Y; — Y£|?] +supE VdR / Z.dW,
t<T t<T 0
/ / E[V;|?m dedr+EU / US(e) (de)dD
By Theorem 2.2 we get:
Erro(VV) < C (72 +0(0)), (3.9)
where C depends on K. O

Remark 3.1 In the general case, as we neglect the small jump, the Brownian part in (1.3)
disappears. In this case the assertion (3.6) can be replaced by:

Errge(Y,V) < onY2,
Remark 3.2 Taking e = n~ Y2, we obtain the optimal convergence rate n=/% in (5.6),
Errge(Y,V) < Cn~1/2,

which is exactly the approximation error in [5].

12



4 A discrete scheme via Malliavin derivatives

In this section, we generalize the new discrete scheme recently introduced by Hu, Nualard
and Song [19] from a general BSDE, to our framework of decoupled forward-backward
SDEs with jumps. For this aim, we use the Malliavin derivatives of Y to derive the discrete
scheme. We first fix a regular grid 7 := {t; :== iT'/n,i =0, ...,n} on [0,T] and approximate
the forward SDE X¢ in (1.3) by its Euler scheme X™ already defined in (3.3). It’is hard
to prove existence and convergence of Malliavin derivatives of X7. However, to avoid this
problem, we can instead consider the continuous-time version of the Euler scheme, then we
define the function ¢ for each ¢ € [0, T:

¢y '=max{t;, i=0,...,n. [ t; <t} (4.1)
for which we associate:
X7 = XD+ o(e)b(XE)(E — 67) + o()B(XE) (Wi — W) + L BXE,) M (de, (1, 67).
It could be written as
t t t B
X7 = Xo —I—/ b(Xgn)dr + / o(e)B(Xgn)dW, —I—/ B(Xgn)M(de,dr).
0 0 0 JE.
It is well known that under Lipschitz property of the coefficients
1/p
E| sup |X;—XFP| <Cnl'/2 (4.2)
t€[0,T]

The Malliavin derivatives of the continuous-time version of Euler scheme for 6 < s a.e. are:

t t
Dy X[ /0 0ub(X) Do X fndr + /9 /E 02 B(X 3 ) Do X M(de, dr) + o(e)3(XF)

t
+ole) / 0, B(XT,) Dy X Ty d W,
0

t t t
Do XF — /9 Dy b(XT)dr + /9 [ Dy (X7 (dedr) +o(c) /9 Dy B(XT)AW,
+6(Xg)

We introduce some additional assumptions:
(A1) f(t,y,v) doesn’t depend on z.

(A2) The first derivative of b and 5 and g is a K-Lipschitz function
(@) = ' ()] + |8 () = B'(y)| +19'(z) — g'(y)] < K|z —yl.

(A3) f(t,y,7) is linear with respect to t, y and . Moreover, there exist three bounded
functions f1, fo and f3 such that :

fty,u) = [1(t) + fa(O)y + f3(2)7- (4.3)
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Lemma 4.1 Under Lipschitz continuity of b and 3, we have for any g > 1

sup supE | sup HDngrHQqI < oo, (4.4)
0<6<Tn>1  |6<t<T

sup supE | sup ]Dg,eXngQC’] < oo. (4.5)
0<6<Tn>1  |6<t<T

For the proof see the Appendix.

We then derive the following theorem

Theorem 4.1 Under assumption (A2), Lipschitz continuity of b and  and for any p > 2,
we have,

11/p
E | sup |DpX: — DgX[|P < Cpr'/2 (4.6)
t€[0,T] |
11/p
E | sup |Dg.X; — D X[|P < Cpmt/2, (4.7)
te[0,7) |

Proof. Using Burkholder-Davis-Gundy inequality, Jensen inequality, inequality (4.2)
and Lemma 4.1

p

t
E | sup ypexg—pang\p] < CE [ / 0ub(X ] ) Do X, — 0:b(X,) DpX:| dr
0

s€[0,¢]
t
).
0o JE.
t
+ oP(e) </
0

+ o ()| B(XF) - B(X)

pzx(de)dr

9 \P/2
dr)

0.8(X ) Do Xy — 0o B(X5) Dy X

0. B(X ) Do X7 — 0,B8(X5) Dy X5

]

which leads to
t
< B | [ D3P [[0:00X7) - 2:0(XE P + 10280 - 0,8(0X)ar
0
t
b [ 106X = DuX, ! [J0b(XE)P + 0:5(X )P ar
0
+1X7 - X517]

t
< G,E 7rp/2+/ sup |DpX;, — Do X[ |Pdr | .
0 wu€0,r]

We conclude by using Gronwall’s Lemma. Following the same arguments, we prove the
second assertion.
O

Now we derive the discrete scheme using the expression of Z° and U® as the trace of

14



Malliavin derivatives of Y. From equation (5.15) and (5.17), the two Malliavin derivatives
DgY; , Dy Y; could be expressed as:

T
DY; = E(et,Tame%)DaX% / 5t,r<9:cf(9§)DaXﬁd7“/ﬂ> (4.8)
t

T
DpYe — E(&%De,eg(xw / szrae,rDe,eder/ft) (4.9)
t

where

Etr = exp{/r<3f@€ /aﬂee (e)m(d ))du
//8f@5 (de,du)}
g, = ea:p{/t [agu—2a9u/ 2(e)m de du+/ /Eozgup M (de du)}

and
f(©5 + Dy 05) — f(©5)
D9 eXE + D9 eY + DG EF {DG X7 +Dp,YrtDp, T'r#0}-

gy

Thus, we define our discrete scheme for i =n —1,...,1,0. and t € [t;,t;+1) by induction

YT = E|Y[, +f( ?.H)Ati“/]—‘t}
ZZZ = E th+1 tna (X )DthW + ZZ : gt7,+1 tk+18 f(e)tkH)ththHAtk/]:t ]
N = fE [gtc;fl’t" e (XT) + 25— : gebjrrlvtk-&-latmtk+1Dtl eXiy 1Atk]y(de)/}-ti}

(4.10)
with terminal conditions

Yin =9(X7), 2], = 0(e)0g(X7)B(XT), U[ o =9(XT + B(X])) — 9(X7),

where for any 0 <1i < j <mn,

ea:p{Z/tk+l / d, f2( 2(e)m (de)}d
+Z /t o / o ( NI (de, dr)} (4.11)

]71 trt1 1
T 2
& = emp{ / |0t = 507 /E p2(e)m(de) | dr

/t:k“ / oF 1 p(€) M (de. dr)} (4.12)

0,7tk T DH,eXtﬂ]; + D67e)/;: + D97e]~—‘?—k {DG eX +D9 eY +D0 eF 750}’

™
gtiatj

and

Iy = /Ug;?ep(e)y(de),

€
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with ©F = (r, X, Y7, TT ).

We are going to compute the discretization error of our discrete scheme and prove the
convergence of the above scheme. We recall the expression of the error between the solution
of (1.3) and (4.10):

Err?(Ye,Z5,T°) = E max [|Yt§ - Y[ P+|z; - Z[|P + |15, — T ],

0<i<n
where, IT = [, p(e)Uf; .v(de).

We also recall the expression of discretization-approximation error between (1.2) and (4.10)

T n—1 2
2 L _vT2 _ o
Err, (Y,V) = Loax te;pfﬁ}l[ﬂ [Y; =Y’ + E /0 VrdR, EO Zj AW,
a5l i=

n—1 tiv1
+ Z/ E|l; — ['7|%dt.
i=0 7l
We conclude this section with the following Theorems whose proof are at the end of section
5.

Theorem 4.2 Under assumption 5.1, we assume the existence of a constant Ls > 0 such
that :

1
’f(tQ,y,U)—f(tl,y,'U,)’ SL3’t2_t1‘§' (413)

Then there exist a positive constant C independent of m such that:

p

p___ P
Eri? (Y, 25,T%) < Cyln|” 27, (4.14)

The second main result of this paper is summarized in the following theorem:

Theorem 4.3 Under the same assumptions as Theorem 4.2, we have

1

11
Errp (Y, V) <C <U(5) + ‘7"’2 210g"’> . (4.15)

Remark 4.1 The importance of the above scheme is it can be adapted to a backward SDE
when the generator does not depends on the terminal value of a forward equation.
Consider the following backward stochastic differential equation driven by pure jump Lévy
processes

Y, = é"‘/tTf(T,ﬁ«,/Ep(e)f/reV(de))d’F—/T V,dL, (4.16)

t

Which we approzimate by

Ve = é—l—/tTf(r,Yf,/EE p(e)meu(de))dr—/tTZ§dWS—/tT/Eﬁf(e)M(dr,de)
(4.17)
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We finally propose the below discrete time scheme, defined by terminal values f@: = £,
ZF = Dr¢ and UT = Dr &

Y/Zr = EYﬂ +f(A?+l)Ati+1/]:tv]

7 z+1
Zr = E|&F, . Dué+YrTher tma f( ka)Dt.Xt’;HAtk/}}}
P:‘/Ti = fE [56@47:1 tnth e§ + ZZ 7,+1 tk:+1 tzvthrlDt“ th+1 Atk] (de)/]:ti}

(4.18)
with (:)”,c = (7’, Yt’;,f?k)

Under the same assumptions of Theorem 4.2 we prove the convergence of the system (4.18)
to BSDE (4.16). Moreover, we obtain the upper bound
tz 1

/VdR ZZtAWt +Z/ E|T, — I'7 |*dt
0

<C <02(5) n |7r|1_l°gll3r> . (4.19)

max sup E[[V; — Y]] ] +E
0<i<n tE[tz,tH.ﬂ

5 Malliavin calculus for FBSDEs

For ease of notations, we shall denote throughout this section the process (X, Y*, Z¢ 1)
by (X,Y,Z,T).

In this section, we study some regularity properties of the solution (X,Y, Z,T'). We recall
the system (1.3) using the new notations

{ Xy = Xo+ [y b(Xr>dr+fot Jo(e)dW; +fo fE X, )M(dr de) (5.1)

Y, g(X7) + [ f(6,) ft ZdW S [ Un(e)M(dr, de)

In fact, there are many methods to develop Malliavin calculus for Lévy processes. In our

paper, we opt for the approach of Solé et al. [25], based on a chaos decomposition in terms
of multiple stochastic integrals with respect to the random measure M. Adopting notation

of [12], we will recall the suitable canonical space we adopt to our setting.

We start by introducing some additional notations and definitions. We assume that the
probability space (€2, F,P) is the product of two canonical spaces (Qw x €, Fiy X Fpu, Py %
IP,,) and the filtration F = (F¢).c[o,r) the canonical filtration completed for P (for details

concerning this construction, see Section 2 in [12]).

We consider the finite measure ¢ defined on [0,7] x R by
¢(B) = / dt +/ u(de)dt, B e B(0,T] x R),
B(0) '
where B(0) = {t € [0,T]; (¢,0) € B}, B = B—B(0) and the random measure Q € [0, T| xR:

Q(B) :/B(O) th+/B, eiildt,de), B e B([0,T] x R).

17



For n € N, a simple function h, = 1g,«..xE, With pairwise disjoints sets Ei,..., E, €
B([0,T] x R), we define:

In(hy) = / h((t1, €1), oy (tny €0))Q(dt1, der) - ... - Q(dtn, den).
([0, T xR)™

We Define the following spaces

2
L Ly ,n

R satisfying [|h[2, < oo, where
T,q,n

(R) the space of product measurable deterministic functions h : ([0,7] x R)" —

Hh”ig = |h((t1,e1), ..., (tn,en))|2q(dt1,del) e q(dty, dey).
Tsa,n ([0,T)xR)™

2. DY2(R) denote the space of F-measurable random variables H € L%(R) with the
representation H =Y >  I,(hy,) and satisfying

oo
2
Z nn!thH]L%vq,n < 0.
n=0

3. L2(R) denote the space of product measurable and F-adapted processes G : 2 x R —

E ( / |G<s,y>|2q<ds,dy>) <o
[0,T]xR
G(s,y) € DY*(R), for ¢ — a.e (s,y) € [0,T] x R

R satisfying

E (/ |Dt,zG(37 y)|2Q(dS7 dy)Q(dta dz)) < 0.
([0,T]xR)2

This space is endowed with the norm

1GIFre = E(/ IG(s,y)I%(ds,dy))
[0,TTxR

+ E (/ |Dt,zG(Say)|2q(dsvdy)q(dtadz)> .
([0,T]xR)?

We should mention that the derivative D; g coincide with D; the classical Malliavin deriva-
tive with respect to Brownian motion.

To study the regularity of Z and U, we shall also introduce the following assumption:
Assumption 5.1 For2<p<1

1. The generator f has continuous and uniformly bounded first and second order partial
derivative with respect to x, y and 7.
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2. For each (z,y,7) € R3, 0, £(©),9,f(0) and 0, f(O) belong to LY? and satisfy

T 3
sup E(/ |D96¢f(®r)|2d7“> < o0, (5.2)
0<6<T 0
T 3
sup sup E(/ |DuD98if(@r)dr\2> < oo, (5.3)
0<O<T 0<u<T oVu

where 1 := x,y,".
There exist a constant K > 0 such that for any e € (R —{0}), t € [0,T] and
0<O,u<t<T:

E|Dyg(Xr) — Dug(X7)P < K0 —ul5.
E|D969(XT) ueg(XT)‘ < K\H—UI%
T p
E(/ Dof(O,) - |2> < K6t (5.6)
t
T P
B ([ 1D0s(©) - Ducs©IF) < Kio—uff 57)
t

Additionally to Assumption 5.1, we assume that

Assumption 5.2 For any A > 0 and q > 1, we consider three progressive measurable
processes {ou Yo<t<T, {Bt}o<t<r and {vi}o<i<T such that:

T
gen( [ (181+0)0) <
0

sup E(|at|q+|%|q) < oo.
0<t<T

Proposition 5.1 Under Assumption 5.2, the discontinuous semi-martingale & :

dE, = Eprdt + Erv / p(e) VI (de, dt), (5.8)

€

has the following properties

1. E sup & < oo, for any n € R.
0<t<T

2. The process Zy = 5{1 satisfies the following linear SDE:

T (ot [ emeae)) = [ ote) e,

Moreover, we have for any p > 2:

E|Z, — Z,JP < C|t — s|P. (5.9)
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Proof. £ could be written as :

b= [ -3 et i+ | g E ool (dev )}

Under Assumption 5.2, we get the first assertion. The second assertion is deduced from
first one, Holder inequality and Burkholder-Davis-Gundy inequality. O
The following Theorem constitutes the main tool to prove Theorem 5.3.

Theorem 5.1 Suppose that Er X1 and f(;[ a, Do X, dr are in M>%. The following linear
BSDE

T

T
Y, = g(XT)XT + / [arXr + BrY:r + ’Y'rrr] dr — / ZpdW,
t

t
T
—/ U-(e)M(dr,de), 0<t<T (5.10)
t JE.
has a unique solution (Y, Z,U) and there is a constant C > 0 such that
EY; - Y’ < C|t —s|2  for all s,t € [0,T). (5.11)
Proof. Applying It6’s formula to &:Y;, we obtain

AEY) = —EnXpdt+EZ AW, + & / (Yivup(e) + Us(e)) M (de, d).

€

Then
T
V;=E <5t,T9(XT)XT +/ 5t,rarerT/ft> ;
¢

where gt,r == Zt(f:?«.
For 0 < s <t<T, we have:

EY; - Y|P < 3P7'EE(S79(X7)X1/Fi) — E(Esrg(Xr) X1/ Fs) P

T T
+3P7'E 'E ( / 5t7rarerr/]-"t> -E ( / Ssma,andr/]:s)
t s
= 31 + I). (5.12)

p

By adapting the argument of Theorem 2.3 in [19] and recall Remark 5.1, we can immediately
show that I; < C|t — s|? and I, < C|t — s|%. O

5.1 Malliavin calculus on the Forward SDE

In this section, we recall well-known properties on forwards SDEs, concerning the Malliavin
derivatives of the solution of a forward SDE with jump, stated in Nualart [22] in the case
of SDE without jumps and in Petrou [24] in case of a Lévy process. The following theorem
can be found in [24].
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Theorem 5.2
Let X be the solution of forward SDE (5.1). Then, for allt € [0,T] and (0,¢e) € [0,T] x
(R\{0}), the Malliavin derivatives of X satisfy

t t
DeX, — / 0,b(X,) Dy X, dr + / / 8, 8(X,) Dy X, M (dr, de)
0 0 5

t

+o(2)B(Xs) + o () / 0.B(X)DpX,dWy, 0<0<t<T. (513)
6
And
t t -
DuoXe = [ DaCtirs [ [ Doos(X) M (ar,de
0 0 JE.

t
+B(Xg) + o(e) / Do B(X,)dW,, 0<6<t<T. (5.14)

0

For all 0 > t, we have Dg Xy = DXy =0 a.s.

Remark 5.1 Using standard arguments as in the proof of Lemma 4.1, we can prove the

following a priori estimate:

sup E | sup DpX;| < o0,
0<6<T |0<t<T
sup  E | sup Dg.X;| < oo,
0<<T,ecR* |0<t<T
sup sup E | sup D,DyX;| < o0,
0<u<T 0<O<T  |0<t<T

sup sup K| sup DyDg.X:| < o0.
0<u<T 0<O<T,ecR* |0<t<T

5.2 Malliavin calculus on the Backward SDE

In this section, we recall some result of Malliavin derivatives applied to BSDE especially
established in [15] and [12] in the aim to generalize the result of Theorem 2.6 in [19].

Theorem 5.3 Assume that assumption 5.1 hold. There exist a unique solution

{(Y2, Zt, Ur(e)) Yo<i<T,ec(r—{0}y) of BSDE (5.1), such that:

1. The first version of Malliavin derivative {(DgY:, DoZt, DoUy(e))o<g <7 ec(r—{0}) Of
the solution {(Yz, Zy, Ur(e)) }o<t<Tecr—{0}y) Satisfies the following linear BSDE :

T T
DoY: = 0,9(Xr)DoXr + / (X0, Yy, T )dr — / DoZedW,  (5.15)
t t

T
—/ DU, (e)M(dr,de), 0<60<t<T
t E.
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where f%(0) := 8, f(©)Dp X, + 9y f(©) DYy + 0, f(0) DT,

Moreover (D:Yi)o<i<T is a version of (Zi)o<i<tT :

Zy = DY;. a.s. (5.16)

2. The second version of Malliavin derivative (Dg .Yy, Do . Z4, D(?,zUt(6))Ogo,th,(e,z)e(R—{o})Q
of the solution (Y, Zt, Ui(2))o<t<T,2e(R—{0}) Satisfies the following linear BSDE

T
D@,zY;f = Q(XT + DO,ZXT) - Q(XT) + / [f(er + D@,zer) - f(er)]dT (517)
t
T T B
_/ Dy . ZdWs — / DeyzUr(B)M(dT’, de), 0<O0<t<T.
t t E.

Moreover (DyeY:)o<i<T,ec(r—{0}) 5 a version of (Ui(2))o<i<rze(R—{0})*
Ui(z) = DYy a.s. (5.18)
And for (6,e) € [0,T] xR

Dy.Y, = Dg.Z = Dy Ui(z) =0, 0<t<0 (ez)€Rx(R—{0}).

3. There ezist a constant C' > 0 such that for all s,t € [0,T]:

E|Z, — ZJP < C|t—s|2 (5.19)
P
El, —T,P < Clt—s|2. (5.20)

Proof. Existence and uniqueness of solution is similar to Proposition 5.3 in [15] and
Theorem 4.1 in [12]. Then we focus our attention to prove inequalities (5.19) and (5.20).

B We first prove that E|Z, — Z,|P < C|t — s]g

Let C > 0 be a constant independent of s and ¢, whose value vary from line to line. From
(5.16) we have:

Zy — Zs = DiYy — DgYs.
Then

E|Z, — Z,|P < E|D,Y; — DYi|” + E|D.Y; — D,Y,|P.

Step 1: Estimate E|D;Y; — D,Y;|P.
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From Lemma (6.1), equation (5.15) and assumption (5.4)-(5.6), we obtain

P
2

T
E|D;Y; — DYl + E (/ |DiZy — DSZT\er)
t

P
2

+ E( /t ' 5 \DtUr(e)—DSUr(e)lzm(de)dr)

< CE(|Dtg(XT) - DsQ(XT)\p)

IS

T
+0E</’uzﬂnng@rm—zkﬂnX@yarme>
t

Clt — s|2. (5.21)

IN

Step 2: Estimate E|D,Y; — DsYs|P.

We recall the expression of &

&= exp{/ot [ﬁr - ;/ de dr—l—/ /efy,«p M (de dr)} (5.22)

Denote f, = 9,f(0,) and v, = 8,f(6,). For any 0 < 0 <t < T, we have:

Dot = {// )[0,0F(©,) D1, + 0., £(8)DsY, + 0, £(6,)Dal | M (de, dr)
/9 /E : 02y £ (1) = p*(€)7rOr [ (©,)] Do X,m(de)dr
/et / : [0y (©r) = p*(€)7,Oyr f(Or)] DpYrm(de)dr
/Gt / : (04 F(©r) = ()70, f(O,)] DgFrm(de)dr}.

From other side, by induction on chain rule:
Dy f2(©) = f*(© + Dy .0) — f*(0). (5.23)

Using this in the previous equality
t
Dy &y = & <€$P{/9 [ayf( r+ Dy cOr) — 0y f(O)
5 [ Ao +mﬁ»%ﬁ%wﬂm

+y0p(e / / r+ DpcOr) — %]M(dev d?“)} - 1> :

From Proposition 5.1, Assumption 5.1, Hoélder inequality and Burkholder-Davis-Gundy
inequality, we can show for any p < ¢ that:

sup [E sup [Dp &P < oo. (5.24)
0€l0,T],eecR 0<t<T
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Now, by Clark-Ocone formula (See Es-Sebaiy and Tudor [16]) on ErDpXr:
T
ErDoXr = E(ErDeXr)+ / E( Dy (ErDoXr)/F ) AW,
/ / D.o(ErDyX7)/F) M (dr,de)
= ]E(STDQXT)+/ U, dW +/ / dr de)
0 .

Where

Wl = IE(DTSTDQXT n 5’TDTD9XT/]-"T>

W = E(DreErDyXr + ErDyDoXr + DroErDy o DoXr/Fy ).
Thus it remains to prove that

sup sup |[ul]P < oo
0€[0,T] r€[0,T

sup  sup o/ P < oo

r.e
0€[0,T) r€[0,T],ecR

By Holder inequality

E|vf,e’p = E‘E<DT‘,GETD9XT + STDT,EDHXT + Dr,egTDr,eDGXT/FT) g

< 3p—1 <E|Dr,egTD0XT|p + E|£TDT,6D0XT‘p + E|Dr,egTDr,eD0XT|p)

D q9—p P

g1 <(E, DmgTy%)% (B1DoXr() " + (Eler|®™) * (EIDy.DoXr?)"

IN

a—p

2o\ 45* e
+ (EIDyc&717%) © (D, DyXgl?)" ).
< o0o. Fol-
lowing the same arguments we conclude that supgeo ) Sup,co,7] |ul|P < co. As consequence
ErDgXr belongs to M?P. Therefore, by Theorem 5.1 we conclude

Combining (5.24) and Remark 5.1, we deduce that supc(o 1) supre[o T],ecR \vr P

E|D,Y; — DY’ < CJt — s|. (5.25)
Now, combining (5.21) and (5.25), we finally obtain for some constant C' > 0

p
E|Z;, — Z,|? = E|D,Y; — D,Y,|? < C|t — s|=. (5.26)

p
B We prove that E|T';, — T's|P < C|t — s|2
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By Holder inequality

El, T, = E

p

/ p(€)(Us(e) — Us(e) v (de)

’ <</ Us(e) = Us(e)l” V(de)) </E |p(6)|pfly(de)>p_l>

IN

< E|Ui(e) — Us(e)|” v(de)
E.

= C E|DyeY: — Ds  Ys|F v(de)
E.

S O | E[ID1eYi = DooVil + |DoYi = Dy YilP | w(de).
Ee

Step 3.: We prove that E |D; . Y; — Ds V3P < C|t — s|g

Under assumption (5.5), (5.7) and from Lemma 6.1

E[Dy Y

T £
— D YiP + E(/ \DyeZy — D2,y |2>

+IE(/ /E|Dt6r - Ur(e)|2y(de)dt>g

S CE |Dte£ Dse§|p]
T 5
CE ( | 1Dt (0%,,0) = DS UT>|2dr>
t
< Clt—s|2.

Step 4.: We prove that E |D;.Y; — D, Y|P < C|t — s|g
We can write BSDE (5.17) as

(5.27)

T T
DuYe = GOXr)DoXr+ [ aus[DocX,+ Do, + Dol Jdr — [ Dauzeaw.
t t

where

T
_ / Do Un(e) M (dr, de),
t FE:

9(Xr + Dy X1) — 9(X7)

G(XT) = Dy X1 1{D0,5XT7AO}

Then, from Lipschitz continuity of f, we have supg<;<r Elag,

Qg

f(@r + D9,e@) - f(Gr) 1
DXy + Dy oYy + Dy Ly (Dot Dot Dol 208
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that &7 Dy . X1 belongs to M?P. In fact, by Clark-Ocone formula applied to £7Dg . X1:
T
ErDy Xy = E(ErDg.)+ / (Dr(gTDé),eXT)/fr> dw,

[ ] e B (Dre(€r Do X)) W, de)

= E(&rDy.Xr1)+ / aldw, + / / M (dr, de),
0 €

@ = E(DTSTDMXT+5TDTD976XT/}}>

with

f}f,e = E<Dr,egTD0,eXT + STD'I‘,EDQ,GXT + Dr,egTDr,eDG,eXT/-Fr) .
Following the same argument as Step 2 and using Remark (5.1) we prove that

sup E (Wf]p + ]ﬁfﬁ\p) < 0.
0€[0,T],ecR

Therefore, 7Dy . X1 belongs to M 2P Finally, we apply once again the result of Theorem
5.1 to BSDE (5.28) we get:

E|D,Y; — D, Ys| < Ot — s2. (5.29)

The result then follows. O

We now complete the proof of Section 3
Proof. of Theorem 4.2 We adapt the proof of Theorem 5.2 in [19].
Leti=n—-1,...,1,0.

Step 1. : We show that E [supg<;<,, [6Z7 [P] < Clx[P~1.
Denote

SZF = Zy, — 77
Combining (4.8) and (4.10)

02| < |E[€,10.9(X3)De X5 ~ EF 1, 0e9(XF) D XF | Fy, |

- ‘IE (0 ([009(X5) = 00g(XF)| DL XF + Dag(X7) | D X5 — Dy, XF] )

+ 0u9(XRD X [E 1~ E2a] /7|
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From Lemma 4.1, inequality (4.6) and Assumption (A2)

E sup [6Z]|P <
0<i<n !

_»_p-1
E( sup Dtixgs) ] [E(0.0(X5) ~ 00(x7))']

0<i<n

_p_p—1
+[E(ou0xn) ™| [B( s 107 - D7 )|

0<i<n

p
+E [ sup B |0,9(XF) Dy, XF(Er — €7.7) | F| }

0<i<n

IN

Cp <7Tp/2 +E sup |Ii]p) .

0<i<n

Using the fact that |e¥ — e¥| < (e® + e¥)|z — y/, leads to

< CE{ (D X7Ex+E7,,,)

/T [fz(?“) - ;/ [f3(7“)]2p2(€)m(de)] dr + /T f3(r)p(e) M (de, dr)

ti t; JEe

X

€

n—1 thi1 ~
-y /t ; f3(r)p(e) M (de, dr)

k=i+1
n—1 tri1
_ k¥1[k [fg(r)—i—;/Jgs[f:),(r)]?pz(e)m(de)}dr /]—"tl}

It follows that

I < C’E{DtiX% <5t,-7T+5” )

tit1,tn

/;Hl [f2(7“) - ;/€[f3(7’)]2p2(6)m(d6)] dr + /t;i“ 3 fa(r)p(e) M (de, dr)

X

JFu}

From Assumption (A.3), we have

‘DtiX%gti»T

T T
< |DtiX%\Texp{/tv fg(u)du—;/t‘ [ R em(de) v

. ! i (uole) VT (de. ) |

< c( sup \Dﬂ%\) <sup exp{ / ' f3<t>p<e>M<de,du>}>.
0<O<T 0<t<T t JE.

Similarly, we have:

T
| Dy, XTIEL +, < C’( sup ]DgX%]) < sup ea:p{/ fg(t)p(e)M(de,du)}>.
t E

0<0<T 0<t<T
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From other side, for any r > 0, we have by Hoélder inequality and Proposition 5.1:

o (g e ([[ ], womonian))
<w(en{o [ [ fg<><>z\‘4<de,dr>})é
<E (&?ETW{ o[ s >A‘4<de,dr>}>é
<E<exp{7“2/OT | PO Em(de)d > |
<o [ [ momontiaan} )

< Q.

r

Thus, for p’ € (p, )

P P
E sup I < CE (( sup DtiX%|) ( sup exp{/ / f3(t)p(e) M (de du)})
0<i<n—1 0<6<T 0<t<T

t¢+1 i+1 2 2
X [ sup / | fa(r )]dr+§ sup / / [fa(r m(de)dr
0<i<n—1Jt; 0<i<n-—1 -

/t;m s (de,dr)]

+ sup
0<i<n—1

, P
2pp” | 2(p"—p)

p'—p
E| sup |DyX7|
0<6<T

IN
Q

/

T 2PP 2(p'—p)
p’—p
X E( sup exp{/ fg(t)p(e)M(de,du)}>
0<t<T t Ee

tit1 P
<|E sup (/ |f2<r>rdr)
| 0<i<n—1 \Jy
i1 4
sup </ / (de)d)
0<z<n 1 \Jt
: p’]

s

+ E sup
0<i<n—1

/ U k) ple) M (de, dr)
t; E.

P

< C[I1+I2+13}p/
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We first estimate I3.

By Holder inequality for r > 1, Jensen inequality and Burkholder-Davis-Gundy inequality:

2 tit1 B rp' ol
g o= & sw | [ ] e edn)
0<i<n—1 |Jt; E.
_p_
tit1 _ o'\ P
< / )p(e)M (de, dr)
0<i<n—1 1%
, _p_
'L+1 g Tp/
< / [F5(r)[202(e)m(de)dr
0<7,<n 1
< C‘WPiTP/.

2log%
For 7 small enough, we take r = p,' L then

And

Consequently,

p
E sup [6Z7)P < Cln | - Bloopy
0<i<n

Step 2. We show that
E sup [6I7 [P < C|rP~,
0<i<n

where oI’} =T, — T'f. In fact,

p
TP _

E sup [T P = E sup

0<i<n 0<i<n

/¥ma&gwwa

IN

CE sup PP (e) }5Ut7;e|p v(de)
0<i<n JE.

< CE sup |6Ut7re’p
0<i<n

However, following exactly the same arguments as Step 1, we can prove that:

p
E sup 307 [P < Cla’ *H
0<i<n

and that

p

p
o
E sup |(5I‘t2.|p§0|7r|2 2OITa
0<i<n
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Step 3.: We show that

E sup |07 |P < Clm|P™ L

l n

‘We have

k=i+1

n—1
Y;tf = E (Q(X%) + Z f(@tk+1)Atk/‘Fti> .

k=i+1

Hence by adapted again the argument of [19] to our setting, we have for i = n—1,n—2, ..., 0.

|5Yt’Z|§E<Z 7(OF,,) — f aﬂnmmw+rag”<x%>\/fu)

k=i+1

where |0g7(X7)| = [9(X7) — g(XT)| and

| BT '/ f(©5)dr — Z |F(OF Al .

k=i+1
Forj=n—1,n—-2 ..
I5Y£!§E< Z [f(©F,,) = f(On,)|At, + sup IRZ|+I59”(X%)I/EJ->
k=i+1 0<t<T

Since we know from [19] that Esupg<,<p |RT|P < C|r|2Z, combining this with standard
estimate of . X™ and Lipschitz property of the generator f we have:

E sup |6V [P
0<j<n
p
< CE (Z | f(OF,,,) — (Gtm)mtk) + sup |Rg‘p+5g7r(XT)|P]
k=i+1 0<t<T
n p n p
< CE <Z |5xg;|Atk> + < > |5y;;;|mk> (Z 6T \Atk)
k=i+1 k=i+1 k=i+1

+ sup [RE [P+ [6g™ (X7)[? ]
0<t<T

p__
sc{@tm sup \5n:|p+(|w|2 T 4t )}

i+1<k<T

Using similar recursive methods of Theorem 4.2 in [19] we get estimate:

p

Eoiup Y IP < C |7r\ ooy (5.32)
<j<n
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Finally, combining (5.30)-(5.31) and (5.32) we close this proof. O

Proof. of Theorem 4.3.
For any i =n—1,n — 2,...,0. Observing that

max sup E[V-¥7P] < Camax  sup E[|V7 - Vil 4]V - i +[vi, - V7.
0§1Snt€ﬁu%+1} 0§1Snt€ﬁwh+ﬂ

Combining (2.10), (4.14) with Corollary 2.7 applied to our setting, we have:

1=ty
max  sup E[D@g—}QﬂQ] < CloEe)?+ x| "= . (5.33)

0<i<n te [ti ,ti+1]

Combining (2.10) and (5.30) we obtain

T n—1 2 T T 2
E/ VedRy =Y ZTAW,| < C E/ %dRT—/ ZEdW,

0 i—0 0 0

n—loti 2

+E Z/ |2; - zg]aw,
i=0 7t
— 11
< C(a(e)2+\7r\ l”W). (5.34)

Arguing as above, we obtain

« [ 2 « [ 2 2 2
Z/ E|T, - I7|%dt < Z/ E[|0y — D52 + |05 = T§ |2 + |T5, - T7|?] at.
i=0 i i=0 7

From (2.10), (5.20) and (5.31) we have:

n—1 tiv1 T 1— 11
Z/ BT, — T7[2dt < / E [T, — T[] dr + Cla| M
i=0 /'t Z 0
T T
< C(/ / E|W—Uf(e)]2m(de)dr+/ / E|V, [*m(de)dr
0 - 0 e
11
+ ‘7T| logli_)
1=ty
< Cloe)?+ x| "= . (5.35)
Combining (5.33), (5.34) and (5.35) we get the required results. O
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6 Appendix: A priori estimates

Proof. of Lemma 4.1
By Jensen inequality

S
sup || DgX[||* 3%~ sup || 8zb(X£?)D9X£pdrH2p
0<s<t 0<s<t 0

IN

+ 371 sup [|o(e) / OuB(X5) Dp X S d W, |
0<s<t 0

S
+ 3l gup ||/ / 0 B(X 3y ) Do X3y M (de, dr) ||
0<s<t 0 e

+ 377 o (e)B(XF)I*,

Taking expectation in both hand side and using Hélder inequality, we obtain:

t t p
E!sup ||D9Xf|]2p] < G, (E [/ ||D9X£?|]2pdr}+E[/ yDQX(;;;L\?dr]
0<s<t 0 6
T
+&| [ 1DaxglPrar] + B[ a0
0
t
< C<IE [/ \\DgxgnH?pdr] +B>
9 T
<

t
C (E [/ sup HDngnl2pdr] + B) ,
0 0<u<r “

where B := E [supg <7 [|B(XT)||?’]. Since the constant C' doesn’t depends on § and n,
we conclude by Gronwall lemma that E [supg<i<r [|DgXT||?"] is bounded and therefore
SupOSeST Supn21 E [SupegtST ||D9XZrH2p} is finite .

By the same arguments, we prove that

sup || Dy X[||*"
9<t<T

sup suplE
0<0<T n>1

< Q.

a

Lemma 6.1 Let& € L9(Q), f: Qx[0, TIxRxL?(E,&,v;R) — R be PxBxB(L*(E, &, v;R))
measurable, satisfies E fOT |£(t,0,0)|2dt < 0o and uniformly Lipschitz w.r.t (y, z), such that,
for some constant K > 0 we have:

|f(t g1, un) = f(ty2, u2)| < K(ly1 — yal + [Jur — uzl]),
for all y1,92, € R and uy,us € L*(E, &, v;R).

Then, there exist a unique triple (Y, Z,U) € B? solution to BSDEs (1.3). Moreover, For
q > 2, we have the following a priori estimate:

4 E(/()T|zt|2>g —|—E</OT/E|Ut(e)|qz/(de)dt>
< C (E\ﬂq +E (/OT |f(t,0,0)2dt) g) : (6.1)
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E| sup [Y3|9

0<t<T




Proof. Existence and uniqueness of solution of BSDEs with jump are proved in [4] and
the estimate (6.1) is a direct consequence of proposition 2.2 in the same reference, with

(f".Q) = (0,0). -
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