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It is well known that quantum entanglement makes possible certain tasks in quantum information
theory. However, there are also quantum tasks that display the quantum advantage without entan-
glement. Distinguishing classical and quantum correlations in quantum systems is therefore of both
practical and fundamental importance. Realistic quantum systems are not closed and therefore it
is important to study the various correlations when the system loses its coherence due to interac-
tions with the environment. In this paper, we study in detail the dynamics of different kinds of
correlations, classical correlation, quantum discord, and entanglement in open quantum systems, in
particular a two-qubit system evolving under quantum dynamical semigroups of Kossakowski-type
of completely positive maps. In such an environment classical and quantum correlations can even
persist asymptotically. By analytic and numerical analysis, we find that the quantum discord is
larger than the classical correlation for asymptotic states. Furthermore, we show that the quantum
discord is more resistant to the action of the environment than the quantum entanglement and it
can persist even in the asymptotic long-time regime.

PACS numbers: 03.67.-a, 03.67.Mn, 03.65.Ud

I. INTRODUCTION

In the field of quantum information it is important to
distinguish between quantum and classical aspects of cor-
relation in a composite quantum state. It is well known
that many operations in various quantum information
processing tasks depend largely on special kind of quan-
tum correlation, that is, entanglement. Much work has
been performed in order to subdivide quantum states into
separable and entangled states [1–3]. However, there are
other nonclassical correlations apart from entanglement
[4–7] that can be of great importance to this field and
some of these have been verified experimentally [8, 9].
These correlations are more general and more fundamen-
tal than entanglement. Therefore, it is important to
study, characterize and quantify quantum and classical
correlations. Several measures of these quantum corre-
lations have been investigated in the literature [10–12],
and among them the quantum discord [10] has recently
received a great deal of attention [13–19]. Quantum dis-
cord has been proposed as the key resource present in cer-
tain quantum communication tasks and quantum compu-
tational models without containing much entanglement
[7, 20, 21]. The quantum discord quantifies nonclassi-
cal correlations of more general and more fundamental
type than entanglement because separable mixed states
(without entanglement) can have nonzero quantum dis-
cord. This indicates that classical communication can
give rise to quantum correlations due to the existence
of nonorthogonal quantum states. For pure entangled
states quantum discord coincides with the entanglement
entropy. However, for two-qubit mixed states, the rela-
tion between the classical and quantum correlations is
complicated and not yet clear.

For understanding and distinguishing between classical

and quantum correlations, it is important to assume that
the total correlation is a directly sum of the both corre-
lations. For a bipartite system ρab, it is largely accepted
that quantum information mutual measures its total cor-
relation (classical and quantum correlation) defined as
[22–25]

I
(
ρab

)
:= S (ρa) + S

(
ρb

)
− S

(
ρab

)
, (1)

where ρa and ρb are the reduced density matrices of the
bipartite state ρab and S (ρ) = −tr (ρ log2 ρ) is the von
Neumann entropy. However, the mutual quantum infor-
mation may be written as a sum of classical correlation
C

(
ρab

)
and quantum correlation, that is, quantum dis-

cord C
(
ρab

)
as

I
(
ρab

)
:= C

(
ρab

)
+ Q

(
ρab

)
. (2)

In order to quantify quantum discord contained in the bi-
partite state, Ollivier and Zurek [10] have proposed the
use of von Neumann type measurements, which consists
of a set of one-dimensional projectors that sum up to
the identity. The projective measurements on subsystem
remove all nonclassical correlations between the parts,
i.e., after a measurement on particular subsystem, all
quantum correlations are destroyed. If projector mea-
surements {Λj} are performed locally only on the sub-
system b, then the conditional density operator ρj with
the measurement result j is

ρab
j =

1
pj

(I ⊗ Λj) ρab (I ⊗ Λj) (3)

where pj = tr (I ⊗ Λj) ρab (I ⊗ Λj) is the probability for
the measurement of the jth state and I is the identity
operator of subsystem a. However, the density matrix
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ρab
j is considered as a conditional density operator and

we can define the quantum conditional entropy with the
respect of this measurement [25]

S
(
ρab|{Λj}

)
:=

∑

j

pjS (ρj) , (4)

and the related quantum mutual information of this mea-
surement is defined as

I
(
ρab|{Λj}

)
:= S (ρa) − S

(
ρab|{Λj}

)
. (5)

To derive classical correlation, since I
(
ρab|{Λj}

)
de-

pends on the projector operators {Λj}, we take the max-
imum of I

(
ρab|{Λj}

)
, taking into the all possible pro-

jectors. On other word, the classical part is defined as
the maximal information about subsystem a that can be
obtained by performing a measurement on the subsystem
b. The classical correlation between the two subsystems
a and b is defined as

C
(
ρab

)
:= sup

{Λj}
I

(
ρab|{Λj}

)
. (6)

= S (ρa) − min
{Λj}

[
S

(
ρab|{Λj}

)]
.

In this scenario, the quantum discord that measures the
nonclassical correlations between two subsystem, can be
introduced as a difference between the original quantum
mutual information in Eq. (1) and the the classical cor-
relation in Eq. (6) as

Q
(
ρab

)
:= I

(
ρab

)
− C

(
ρab

)
, (7)

which is always non-negative quantity by expressing mu-
tual information in terms of quantum relative entropy
and invoking the monotonicity property of the latter
[26, 27]. The zero-discord states are relatively well
study: Q

(
ρab

)
= 0 if and only if there exists a com-

plete orthonormal basis {|k〉} for the subsystem a and
some density operator ρb for the subsystem b such that
ρab =

∑
k pk|k〉〈k| ⊗ ρb. Recently various methods to de-

tect zero-discord [28–30] have been proposed for a given
state as well as for an unknown state [31]. Moreover, it
is found that vanishing quantum discord is related to the
complete positivity of a map [32] and the local broad-
casting of quantum correlations [15].

Besides the characterization and quantification of clas-
sical and quantum correlations, another important prob-
lem is the behavior of these correlations under the action
of decoherence. Every natural object is in contact with
its environment, so its dynamics is that of an open sys-
tem. Thus, the interaction between a composite quan-
tum system and its environment and understanding the
dynamics of different kinds of correlations has attracted
more interest. The problem of the formulation and char-
acterization of the dynamics correlations of open systems
in the quantum regime has a long and extensive history.
The quantum entanglement dynamics in open quantum

systems was broadly investigated in the literature. How-
ever few works dealt with the effect of the environment
on quantum discord [33–37].

On the other hand, the definition of quantum discord
in Eq. (7) exhibits an optimization problem. However, it
is usually intractable to determine the quantum discord
for generic cases. Even in the simplest bipartite quan-
tum states, an analytical expression for general two-qubit
state is still missing. The dynamics of the classical and
quantum correlations in the presence of an environment
has been studied for a certain class of high symmetrical
states [33, 34, 38]. For this reason the relation between
the dynamics of the different kinds of correlations is not
known for more general quantum system.

More recently M. Ali et al. [39] have developed an an-
alytic method to evaluate both classical correlations and
quantum discord for the complete set of two-qubit X
states depending on seven real-valued parameters in or-
der to deepen the understanding the relation between dif-
ferent kinds of correlations. Using this result, we present
a detailed analysis of the time evolution of classical and
quantum correlations for a large class of two-qubit states
in the case of a Lindblad-type master equation. This dy-
namics that exhibits a rich manifold of asymptotic states
that may be more or less classical and quantum corre-
lated with respect to the initial states they emerge from,
including maximally entangled Bell states, separable, and
nonseparable states. Analytical expressions are calcu-
lated and numerically represented, which exhibit the de-
pendence of the classical correlation and quantum discord
for asymptotic states. However, it is found that quan-
tum discord can be larger than classical correlation and
it can persist even in the asymptotic long-time regime.
Furthermore, the comparison between the dynamics of
quantum discord and quantum entanglement shown that
quantum discord behave differently under the effect of
environment. Our observations may have important im-
plications in exploiting these correlations in quantum in-
formation processing and transmission.

The paper is organized as follows. In Sec. II, we study
the open dynamics of classical and quantum correlations
of two qubits in the present model. Analytic derivation
of the expression of different kinds of correlations are
presented. In Sec. III, we apply this result for a large
family of two-qubit states, studying the relation between
the dynamics of different kinds of correlations. Finally,
we conclude this work in Sec. IV.

II. DYNAMICS OF THE CLASSICAL AND
QUANTUM CORRELATION IN OPEN

BIPARTITE SYSTEMS

In this section, we describe the asymptotic dynamics of
two-qubit systems and we derive the classical correlation
and quantum discord for them.

Let us consider a bipartite system composed of two
qubits immersed in external environment via standard
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weak-coupling limit techniques [40]. The reduced irre-
versible dynamics is described by one-parameter semi-
group of linear maps, which called quantum dynamical
semigroups obtained from γ(t) = exp(tL)), and it is gov-

erned by the master equation: ∂tρ(t) = L[ρ(t)] where
the generator L takes care the effects of the environment
through the elements of the Kossakowski matrix [40–42].
Formally, we have

∂tρ(t) = L[ρ(t)] = −i
Ω
2

[
Σ3, ρ(t)

]
+

3∑

i,j=1

Aij

(
Σiρ(t)Σj −

1
2

{
ΣjΣi, ρ(t)

})
(8)

where Ω define the system frequency, Σi := σi⊗I+I⊗σi

is the 2×2 identity matrix, σi are the Pauli matrices and
the matrix

A = [Aij ] =




1 iα 0
−iα 1 0
0 0 1


 α ∈ R, α2 ≤ 1,

(9)
is positive semi-definite (elements of the Kossakowski ma-
trix) [42]. This shows that the semigroup generated by
the master equation consists of completely positive maps
γ(t) for all t ≥ 0.

By means of the single qubit Pauli matrices σ(1)
i =

σi⊗I and σ(2)
i = I⊗σi, we can write the purely dissipative

contribution to the generator

D[ρ(t)] =
3∑

i,j=1

Aij

2∑

a,b=1

(
σ

(a)
i ρ(t)σ(b)

j − 1
2
{σ(b)

j σ
(a)
i , ρ(t)}

)
.

(10)
In this way there are six Kraus operators σ(a)

i , a = 1, 2;
i = 1, 2, 3 and the 6 × 6 Kossakowski matrix reads

K =
[
K

(ab)
ij

]
=

(
K(11) K(12)

K(21) K(22)

)
=

(
A A
A A

)
. (11)

From the theory of open quantum systems [40, 41, 44],
the coefficients K

(ab)
ij in the Kossakowski matrix rel-

ative to the i-th Pauli matrix of the a-th qubit, re-
spectively the j-th Pauli matrix of the b-th qubit,
a, b = 1, 2; i, j = 1, 2, 3, are determined by the Fourier
transforms of the two-point time-correlation functions
with respect to an environment equilibrium state ω,
ω

(
B

(a)
i B

(b)
j (t)

)
, of the environment operators B(a)

i ap-
pearing in the system-environment interaction HI =∑3

i=1

(
σ

(1)
i ⊗B

(1)
i + σ

(2)
i ⊗B

(2)
i

)
. The symmetric form

of (3) thus results when both qubits are linearly coupled
to bath operators such that: B(1)

1,2,3 = B
(2)
1,2,3 = B1,2,3 and

ω (B1,2B3 (t)) = 0.
In the following, we are interested to the time evolution

of two-qubit system prepared initially in the form

ρ = a|1〉〈1|+ d|2〉〈2|+ b|3〉〈3|+ c|4〉〈4|+ e|1〉〈2|+ f |2〉〈1|.
(12)

where a, b, c and d are real constants satisfying the posi-
tive conditions and unit trace, that is, a+ b+ c+ d = 1,
and the set {|1〉, |2〉, |3〉, |4〉} form an orthonormal basis
related to two-qubit standard basis {|00〉, |01〉, |10〉, |11〉}
by

|1〉 = |00〉, |2〉 = |11〉, |3〉 =
|01〉 + |10〉√

2
, |4〉 =

|01〉 − |10〉√
2

.

(13)
The density matrix (12) is represented in standard basis
as

ρ =




a 0 0 e
0 b+c

2
b−c
2 0

0 b−c
2

b+c
2 0

f 0 0 d


 . (14)

Equation (14) describes a so-called quantum X state
that is entangled if and only if either (a+b)2

4 < e2 or

ad < (b−c)2

4 . Both conditions cannot hold simultane-
ously. The density operator (14) includes a very large
family of two-qubit states, including Bell states, Werner
states, Horodecki states, etc.

The evolution of the density operator ρ(t) initially pre-
pared in Eq. (12) can be obtained as

ρ(t) =a(t)|1〉〈1| + d(t)|2〉〈2| + b(t)|3〉〈3| + c(t)|4〉〈4|
+ e(t)|1〉〈2| + f(t)|2〉〈1|. (15)
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where

a(t) =
(1 − α)2

3 + α2
R+

2(1 + α)a− (1 − α)2(b+ d)
3 + α2

E+(t)

+
√

1 − α2
(1 + α)2 a− 2 (1 − α) d+ (1 + α)2 b

(1 + α) (3 + α2)
E−(t)

d(t) =
(1 + α)2

3 + α2
R− (1 + α)2a− 2(1 + α)d + (1 + α)2b

3 + α2
E+(t)

−
√

1 − α2
2 (1 + α) a− (1 − α)2 (b+ d)

(1 − α) (3 + α2)
E−(t)

b(t) =
(1 − α)2

3 + α2
R+

2(1 + α2)b− (1 − α2)(a+ d)
3 + α2

E+(t)

+
√

1 − α2
(1 + α)3 a+ (1 − α)3 d− 2

(
1 − α2

)
b

(1 − α2) (3 + α2)
E−(t)

c(t) = c

e(t) = e exp(−12t)
f(t) = f exp(−12t), (16)

with

R = a+ b+ d, E+(t) = e−8t cosh 4t
√

1 − α2,

E−(t) = e−8t sinh 4t
√

1− α2. (17)

It is known that in certain specific situations, coupling an
environment need not have destroy correlations between
subsystems, but can create them, even create correla-
tions that persist at arbitrary long times. This possibil-
ity depends on the form of the generator of the reduced
dynamics and initial states. Furthermore, in Ref. [43]
a necessary and sufficient condition has been obtained
for environmental-induced entanglement in an initially
separable states for two-qubit system. Starting from an
initially separable states, the correlations generated at
short times can persist asymptotically, and also starting
from initially entangled states, its entanglement content
asymptotically increase. This can happen in the present
case and the correlation generation capability of the en-
vironment is due to the Kossakowski-generator of the re-
duced dynamics (8).

Now, our primary aim is to evaluate the quantum dis-
cord dynamics Q (ρ(t)) defined by Eq. (7) corresponding
to above-mentioned cases. This requires us to derive the
quantum mutual information dynamics I (ρ(t)) defined
by Eq. (1) and classical correlation C (ρ(t)) defined by
Eq. (6).

Let us start by evaluating the total correlations, that
is quantum mutual information I (ρ(t)), contained in the
bipartite state (15). From Eq. (15), the eigenvalues of

the density matrix ρ(t) are given by

λ1(t) =
1
2

[
(a(t) + d(t)) +

√
(a(t) − d(t))2 + 4e(t)f(t)

]

λ2(t) =
1
2

[
(a(t) + d(t)) −

√
(a(t) − d(t))2 + 4e(t)f(t)

]

λ3(t) = b(t)
λ4(t) = c(t). (18)

The mutual quantum information is given by

I(ρ(t)) = S(ρa(t)) +S(ρb(t)) +
4∑

i=1

λi(t) log2 λi(t), (19)

where the quantities S(ρa(t)) and S(ρb(t)) are the
marginal entropies of density operator ρ(t). They have
the following form

S(ρa(t)) = −
(

1 + a(t) − d(t)
2

)
log2 (1 + a(t) − d(t))

−
(

1 + d(t) − a(t)
2

)
log2 (1 + d(t) − a(t))

= S(ρb(t)). (20)

After evaluating the total correlations I (ρ(t)), we shall
compute the evolution classical correlation C (ρ(t)) us-
ing von Neumann type measurements. It is known that
any von Neumann measurement for subsystem b can be
written as [25]

Λj = V ΠjV
† j = 0, 1, (21)

where Πj = |j〉〈j| is the local measurement for qubit
b along the computational base {|j〉} and V ∈ SU(2)
is an unitary operator with unit determinant. After the
measurement {Λj}, the bipartite state ρ(t) will change to
the ensemble {pj(t), ρj(t)}, that is 2×2 density matrices,
where

ρj(t) :=
1

pj(t)
(I ⊗ Λj) ρ(t) (I ⊗ Λj) (22)

and pj(t) = tr ((I ⊗ Λj) ρ(t) (I ⊗ Λj)) . The operator V
can be written, up to a constant phase, as

V = tI + i−→y −→.σ. (23)

With t, y1, y2, y3 ∈ R and t2 + y2
1 + y2

2 + y2
3 = 1. This im-

plies that these parameters, three among them indepen-
dent, assuming their values in the interval [−1, 1], that
is, t, yi ∈ [−1, 1].

In order to obtain the evolution of classical correlation,
We need to evaluate ρj(t) and pj(t). In this way, Eq.
(A1) can be rewritten as

pj(t)ρj(t) =
(
I ⊗

(
V ΠjV

†)) ρ(t)
(
I ⊗

(
VΠjV

†)) (24)
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and the minimization over von Neumann measurements
min{Λj} [S (ρ(t)|{Λj})] is straight forwardly derived by
the analytically method in Ref. [39] and is given as

min
{Λj}

[S (ρ(t)|{Λj})] = min
[
f 1

2 ,m (t) , f1,m (t)
]
. (25)

This result, which we prove in Appendix A, helps to ex-
plicitly solve the minimization problem. Then, the evo-
lution of the classical correlation can be expressed as

C(ρ(t)) = S(ρa(t)) − min
[
f 1

2 ,m (t) , f1,m (t)
]
. (26)

Therefore, the quantum discord dynamics can be written
as

Q(ρ(t)) = I(ρ(t)) − S(ρa(t)) + min
[
f 1

2 ,m (t) , f1,m (t)
]

(27)
where the amount of the total correlation I(ρ(t)) is given
in Eq. (19).

The above expression exhibits the time evolution of
the quantum discord for open bipartite quantum system
characterized by a quantum dynamical one-parameter
semigroup of completely positive linear maps.

In order to compare the quantum discord dynamics
with the entanglement dynamics in the present model,
we use the concurrence as a measure of entanglement.
For two-qubit states, the concurrence dynamics can be
given as [45]

C (ρ(t)) = max{θ1(t) − θ2(t) − θ3(t) − θ4(t), 0}, (28)

where θi (i = 1, 2, 3, 4) are the square roots of the eigen-
values of the non-Hermitian matrix ρ(t)ρ̃(t) in descending
order. Note that each θi(t) is a positive real number and
ρ̃(t) being the spin-flip operation of ρ(t) given by

ρ̃(t) = (σy ⊗ σy)ρ∗(t)(σy ⊗ σy)

where ρ∗(t) denotes the complex conjugate of ρ(t). For
a two-qubit with a structure defined as in Eq. (15) we
have

ρ̃(t) =




a(t) 0 0 e(t)
0 (b(t)+c(t)

2)
(b(t)−c(t)

2) 0

0 (b(t)−c(t)
2)

(b(t)+c(t)
2) 0

f(t) 0 0 d(t)


 , (29)

ρ(t)ρ̃(t) =




a(t)d(t) + e2(t) 0 0 a(t)f(t) + e(t)a(t)
0 b2(t)+c2(t)

2
b2(t)−c2(t)

2 0
0 b2(t)−c2(t)

2
b2(t)+c2(t)

2 0
f(t)d(t) + d(t)e(t) 0 0 a(t)d(t) + f2(t)


 . (30)

and therefore the corresponding concurrence can be given
as

C (ρ(t)) = max
{
0,Ξ1 (ρ(t)) ,Ξ2 (ρ(t))

}
, (31)

with Ξ1 (ρ(t)) = 2e(t) − b(t) − c(t) and Ξ2 (ρ(t)) =
|b(t) − c(t)| − 2

√
a(t)d(t).

In what follows one wants to inquire the relationship
between the dynamics of the classical and quantum cor-
relations. In particular, one wants to understand the
changes in behaviour in the asymptotic dynamics of dif-
ferent kinds of correlations.

III. RELATION BETWEEN CLASSICAL
CORRELATION, QUANTUM DISCORD AND

ENTANGLEMENT IN OPEN QUANTUM
SYSTEMS

In this section, we study in detail the relation be-
tween the asymptotic dynamics of the classical corre-
lation, quantum discord, and entanglement for a large
family of initial states.

To explore the influence of decoherence on the dynam-
ical behavior of the classical and quantum correlations in
the present model, we have plotted the time evolution of
C(ρ(t)), Q(ρ(t)), and C(ρ(t)) as a function of time t for
various values of parameter α in several classes of two-
qubit states. The choice of the range of the values for the
plot axes was made only for graphic reasons to make the
plot clear. Changing the values of the parameter α does
not alter the results of the evolution of the classical and
quantum correlations.

Case 1. As a first example, we consider an initial
pure separable state, that is, ρ = |1〉〈1|. The state ρ is
uncorrelated with zero classical and quantum correlations
and it goes into a mixed separable state (32):

ρ(∞) =
(1 − α)2

3 + α2
|1〉〈1|+ (1 + α)2

3 + α2
|2〉〈2|+ (1 − α2)

3 + α2
|3〉〈3|.

(32)
For this particular case, the different kinds of correlations
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are given as

C(ρ(∞)) = S(ρa(∞)) − f 1
2 ,0 (∞)

Q(ρ(∞)) = S(ρa(∞)) + f 1
2 ,0 (∞) − S(ρ(∞))

C(ρ(∞)) = 0, (33)

where the entropies S(ρa(∞)) and S(ρ(∞)) are given by
Eqs. (19) and (20) respectively, and the minimal value
of the function f reads

f 1
2 ,0 (∞) = −1 − Γ(∞)

2
log2

1 − Γ(∞)
2

− 1 + Γ(∞)
2

log2

1 + Γ(∞)
2

(34)

where

Γ(∞) =
[
(a(∞) − d(∞))2 + b2(∞)

] 1
2 . (35)

Figure 1 displays the asymptotic dynamics of the classical
correlation, quantum discord, and concurrence for the
pure state ρ for α = 0.5. The solid line presents the
dynamics of quantum discord, the dotted line is for the
classical correlation. It can be seen that the dissipative
time evolution is able to generate the quantum discord
and classical correlation for the state ρ, contrariwise the
quantum entanglement is zero at any time. Moreover,
quantum discord is observed to be larger than classical
correlation.
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FIG. 1. Asymptotic classical and quantum correlations. Quantum
discord (solid line) , Classical correlation (dotted line), and C = 0

with α = 0.5.

Case 2. We consider an initial maximally entan-
gled pure state, one of the four Bell states defined as
ρ+
1 = |φ+〉〈φ+| = 1/2 (|1〉〈1| + |2〉〈2| + |2〉〈1| + |1〉〈2|),
ρ−1 = |φ−〉〈φ−| = 1/2 (|1〉〈1| + |2〉〈2| − |2〉〈1| − |1〉〈2|),
ρ+
2 = |ψ+〉〈ψ+| = |3〉〈3|, and ρ−2 |ψ−〉〈ψ−| =

|4〉〈4|, with |φ±〉 = 1/
√

2 (|00〉 ± |11〉) and |ψ±〉 =
1/

√
2 (|01〉 ± |10〉). It is known that for any Bell states,

we have

C(ρ(0)) = Q(ρ(0)) = C(ρ(0)) = 1. (36)

For this example, classical correlation, quantum discord
and any measure of entanglement coincide and are equal
to the maximum value of the correlation between subsys-
tems.
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FIG. 2. Asymptotic classical and quantum correlations for Bell states.
Quantum discord (solid line), classical correlation (dotted line), and

concurrence (dashed line) with α = 0.5. (a) for ρ±
1 and (b) for ρ+

2 .

Under the irreversible time evolution, the initial max-
imal pure states ρ±1 and ρ+

2 go into an asymptotic mixed
separable state which is less classical and quantum cor-
related :

ρ(∞) =
(1 − α)2

3 + α2
|1〉〈1|+ (1 + α)2

3 + α2
|2〉〈2|+ (1 − α2)

3 + α2
|3〉〈3|.

(37)
In Fig. 2, we plot the dynamics of the correlations for the
Bell states ρ±1 and ρ+

2 . From the figure, the dissipative
time evolution shows a sudden death of quantum entan-
glement, that is, the concurrence vanishes at finite time.
On the other hand, as we can see, contrary to what hap-
pens to entanglement, the quantum discord may remain
constant for long times, that is the case when quantum
coherence is alive. This implies that quantum discord
is more resistant to noise than entanglement. Moreover,
we see that the discord is always greater than classical
correlation.

In contrast to previous maximal pure states, the clas-
sical and quantum correlations of the state ρ−2 are unaf-
fected under decoherence and we have

ρ−2 (∞) = |4〉〈4|, (38)

with the corresponding correlations

C(ρ−2 (t)) = Q(ρ−2 (t)) = C(ρ−2 (t)) = 1, ∀t ≥ 0. (39)

This is due to rotational invariance of |4〉.
Case 3. We take an initial mixed separable state,

that is, ρ = 1/2 (|3〉〈3| + |4〉〈4|), with vanishing values of
quantum correlations (Q(ρ(0)) = C(ρ(0) = 0) and maxi-
mal classical correlation (C(ρ(0)) = 1, all correlations are
classical). During the time evolution, the state ρ goes
into an asymptotic state with more quantum correlations
and less classical correlation :

ρ(∞) =
1
2

(1 − α)2

(3 + α2)
|1〉〈1| + 1

2
(1 + α)2

(3 + α2)
|2〉〈2|

+
1
2

(1 − α2)
(3 + α2)

|3〉〈3| + 1
2
|4〉〈4|, (40)
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with the corresponding correlations

C(ρ(∞)) = S(ρa(∞)) − f 1
2 ,0 (∞)

Q(ρ(∞)) = S(ρa(∞)) + f 1
2 ,0 (∞) − S(ρ(∞))

C(ρ(∞)) =
2α2

3 + α2
(41)

where the minimal value of the function f is obtained as

f 1
2 ,0 (∞) = − 1 − γ(∞)

2
log2

1 − γ(∞)
2

− 1 + γ(∞)
2

log2

1 + γ(∞)
2

(42)

with

γ(∞) =
[
(a(∞) − d(∞))2 + (b(∞) − c)2

] 1
2 . (43)

The dynamics of the classical correlation, quantum dis-
cord, and concurrence have been plotted in Fig. 3 for
ρ against t. The solid line is for quantum discord, the
dashed line is for concurrence, and dotted line is for clas-
sical correlation. Interestingly, in this particular case, we
note that the dissipative time evolution is able to gen-
erate the quantum correlations. However, we see that
the correlations have a different order as functions of t,
with classical correlation initially larger than discord and
concurrence, but after some time, discord becomes larger
than concurrence and classical correlation. Moreover, the
all correlations remain constant as time become large.
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FIG. 3. Asymptotic classical and quantum correlations. Quantum
discord (solid line), classical correlation (dotted line), and concurrence

(dashed line) with α = 0.5.

Case 4. Let us consider an initial mixed entan-
gled state, that is, ρ = 1/10 (3|2〉〈2| + |3〉〈3| + 6|4〉〈4|)
with concurrence grater than quantum discord and
classical correlation (C(ρ(0)) = 0.5,Q(ρ(0)) =
0.285829, and C(ρ(0)) = 0.286845). During the process
of decoherence, the state ρ goes into an asymptotic mixed
entangled state:

ρ(∞) =
2
5

(1 − α)2

(3 + α2)
|1〉〈1| + 2

5
(1 + α)2

(3 + α2)
|2〉〈2|

+
2
5

(1 − α2)
(3 + α2)

|3〉〈3| + 3
5
|4〉〈4|, (44)
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FIG. 4. Asymptotic classical and quantum correlations. Quantum
discord (solid line), classical correlation (dotted line), and concurrence

(dashed line). (a) for α = 0.5 and (b) for α = 0.9.

with the corresponding classical and quantum correla-
tions

C(ρ(∞)) = S(ρa(∞)) − f 1
2 ,0 (∞)

Q(ρ(∞)) = S(ρa(∞)) + f 1
2 ,0 (∞) − S(ρ(∞))

C(ρ(∞)) =
3(1 + 3α2)
5(3 + α2)

(45)

where

(46)

f 1
2 ,0 (∞) = − 1 − γ(∞)

2
log2

1 − γ(∞)
2

−
1 + γ(∞)

2
log2

1 + γ(∞)
2

(47)

with

γ(∞) =
[
(a(∞) − d(∞))2 + (b(∞) − c)2

] 1
2 . (48)

In Fig. 4 we depict the graphs of the dynamics of the
classical and quantum correlations for the state ρ. In
contrast to previous examples, the dynamic behavior of
the different kinds of correlations depends on the param-
eter α. As we can see in Fig. 4, the correlations of the
asymptotic state can be larger or smaller than initial one
depending on the parameter α. If we take for example
α = 0.5, then C(ρ(∞)) < 0.286845, Q(ρ(∞)) < 0.285829,
and C(ρ(∞)) < 0.5, i.e. the asymptotic state has less
correlation than the initial state (Fig. 4(a)). Whereas
for α = 0.9, the initial entanglement and classical corre-
lation first diminish and then increase again, leading to
an asymptotic state with more correlations than initial
one. Moreover, it can be seen that for this particular
initial state, quantum discord is always less than concur-
rence but always greater than the classical correlation
(Fig. 4(b)).

Case 5. We take an initial two-qubit mixed entan-
gled state, that is, ρ = 1/10 (5|2〉〈2|+ |3〉〈3| + 4|4〉〈4|),
with entanglement grater than quantum discord and
classical correlation (C(ρ(0)) = 0.3,Q(ρ(0)) =
0.139036, and C(ρ(0)) = 0.122556). During the time evo-
lution, the state ρ goes into an asymptotic mixed state
with less or more quantum correlations depending on the
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FIG. 5. Asymptotic classical and quantum correlations. Quantum
discord (solid line), classical correlation (dotted line), and concurrence

(dashed line). (a) for α = 0.5 and (b) for α = −0.9.

parameter α :

ρ(∞) =
3
5

(1 − α)2

(3 + α2)
|1〉〈1| +

3
5

(1 + α)2

(3 + α2)
|2〉〈2|

+
3
5

(1 − α2)
(3 + α2)

|3〉〈3| + 2
5
|4〉〈4|. (49)

with the corresponding correlations

C(ρ(∞)) = S(ρa(∞)) − f 1
2 ,0 (∞)

Q(ρ(∞)) = S(ρa(∞)) + f 1
2 ,0 (∞) − S(ρ(∞))





C(ρ(∞)) = 0 for α2 ≤ 3
11

C(ρ(∞)) = (11α2−3)
5(3+α2) for 3

11 < α2 ≤ 1,
(50)

where

f 1
2 ,0 (∞) = − 1 − γ(∞)

2
log2

1 − γ(∞)
2

− 1 + γ(∞)
2

log2

1 + γ(∞)
2

(51)

with

γ(∞) =
[
(a(∞) − d(∞))2 + (b(∞) − c)2

] 1
2 . (52)

In Fig. 5, we display the dynamics of the classical
correlation, quantum discord, and concurrence versus t
for different values of α. Depending on the choice of
α, we can see that the correlations go into a state with
less or more quantum correlations than initial one. On
other hand, the dissipative time evolution shows a sudden
death of the quantum entanglement, that is, the concur-
rence vanishes at finite time, and also it exhibits a sudden
birth (Fig. 5(b)). Contrary to what happens to entan-
glement, the discord remains constant for a long time.
More interestingly, the quantum discord dominates the
classical correlation in this limit.

Case 6. we consider an initial state, that is, Werner
state [46]

ρ = x|Ψ−〉〈Ψ−| + (1 − x)
4

I (53)

where |Ψ−〉 = 1/
√

2 (|01〉 − |10〉) is a maximally entan-
gled state and 0 ≤ x ≤ 1.

The parameters defined in the density matrix (14) are
given as

a = b = d =
1 − x

4

c =
1 + 3x

4
e = f = 0. (54)

The initial Werner state, has a particular property is that
the minimization of the function f does not depend on
the parameters k and m, and we have

C(ρ(0)) =
1 − x

2
log2(1 − x) +

1 − x

2
log2(1 − x)

Q(ρ(0)) =
1
4
[(1 − x) log2(1 − x) + (1 + 3x) log2(1 + 3x)

− 2(1 + x) log2(1 + x)]

C(ρ(0)) = max{0, 3x− 1
2

}. (55)

We display these correlations versus x for this state in
Fig. 6, we can see that the correlations have a different
order depending the parameter x with quantum discord
initially larger than concurrence and the classical corre-
lation when x . 0.5234, but for x > 0.5234 the con-
currence becomes larger than quantum discord and the
classical correlation.
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FIG. 6. Classical and quantum correlations for the initial Werner
state. Quantum discord (solid line), classical correlation (dotted line),

and concurrence (dashed line).

During the process of decoherence, the initial state
goes into an asymptotic mixed state with more corre-
lations depending on the parameters x and α:

ρ(∞) =
3
4

(1 + x)(1 − α)2

(3 + α2)
|1〉〈1| + 3

4
(1 + x)(1 + α)2

(3 + α2)
|2〉〈2|

+
3
4

(1 + x)(1 − α2)
(3 + α2)

|3〉〈3| + (1 + 3x)
4

|4〉〈4|,

(56)

with the corresponding classical and quantum correla-
tions

C(ρ(∞)) = S(ρa(∞)) − f 1
2 ,0 (∞)

Q(ρ(∞)) = S(ρa(∞)) + f 1
2 ,0 (∞) − S(ρ(∞))
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FIG. 7. Asymptotic classical and quantum correlations for the initial
Werner state with (a) α = 0.5; t = 0.2, (b) α = 0.5; t = 1, (c) α = 0.9;
t = 0.2, and (d) α = 0.9; t = 1. Quantum discord (solid line), classical

correlation (dotted line), and concurrence (dashed line).





C(ρ(∞)) = 0 for α2 ≤ 3−9x
5−3x

C(ρ(∞)) = (5−3x)α2+9x−3
2(3+α2) for 3−9x

5−3x < α2 ≤ 1,
(57)

where the minimal value of the function f is given by

f 1
2 ,0 (∞) = − 1 − γ(∞)

2
log2

1 − γ(∞)
2

− 1 + γ(∞)
2

log2

1 + γ(∞)
2

(58)

with

γ(∞) =
[
(a(∞) − d(∞))2 + (b(∞) − c)2

] 1
2 . (59)

In Fig. 7, we display the variation of different types of
correlations against x for different values of t. From the
figure it can be seen that for this particular initial state,
the behavior of the correlations is the same as the initial
ones. The correlations have different order depending on
the values of the parameter α and x.

In Fig. 8, we show the time evolution of classical and
quantum correlations for the initial Werner states with
different values of the parameters α and x. We can see
that the quantum discord can be smaller or larger than
quantum entanglement in the asymptotic limit. More-
over, the quantum discord is always greater than the
classical correlation.

Case 7. Finally we consider an initial Horodecki state
[47] defined as a mixture of a maximally entangled state,
say the Bell state |Ψ+〉 = 1/

√
2 (|00〉 + |11〉), and a sep-

arable state orthogonal to it, see |00〉:

ρ = x|Ψ+〉〈Ψ+| + (1 − x)|00〉〈00|, (60)

where the parameter x ∈ [0, 1]. The different elements in
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FIG. 8. Asymptotic classical and quantum correlations for the initial
Werner state with (a) α = 0.5; x = 0.3, (b) α = 0.5; x = 0.5, (c)

α = 0.9; x = 0.3, and (d) α = 0.9; x = 0.5. Quantum discord (solid
line), classical correlation (dotted line), and concurrence (dashed line).

the matrix (14) are given as

a = 1 − x

b = x

c = d = e = f = 0. (61)

In this case, the minimum of the function f is attained
for k = 1

2 , that is, f 1
2 ,0 (0) = f 1

2 , 14
(0). Therefore, The

different correlations are given as

C(ρ(0)) = S(ρa(0)) − f 1
2 ,0 (0)

Q(ρ(0)) = S(ρa(0)) + f 1
2 ,0 (0) − S(ρ(0))

C(ρ(0)) = x (62)

where

S(ρa(0)) = −x
2

log2

x

2
− 2 − x

2
log2

2 − x

2

f 1
2 ,0 (0) = −

1 −
√
x2 + (1 − x)2

2
log2

1 −
√
x2 + (1 − x)2

2

−
1 +

√
x2 + (1 − x)2

2
log2

1 +
√
x2 + (1 − x)2

2
S(ρ(0)) = −x log2 x− (1 − x) log(1 − x). (63)

In Fig. 9, we plot these correlations for various values of
x. We can see that for the initial Horodecki state, the
quantum discord is always greater than classical correla-
tion but always small than the concurrence.

During the time evolution, the initial Horodecki state
goes into an asymptotic mixed state with less correlations
than initial one:

ρ(∞) =
(1 − α)2

3 + α2
|1〉〈1|+

(1 + α)2

3 + α2
|2〉〈2|+

(1 − α2)
3 + α2

|3〉〈3|.
(64)
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FIG. 9. Classical and quantum correlations for the initial Horodecki
state. Quantum discord (solid line) , classical correlation (dotted

line), and concurrence (dashed line).

We display the classical correlation, quantum discord,
and concurrence versus t for this state in Fig. 10. Simi-
larly to the case 5, we can see that under decoherence the
concurrence exhibits sudden death, whereas the quantum
discord remains constant for asymptotic time. Moreover,
the discord is always larger than the classical correlation.
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FIG. 10. Asymptotic classical and quantum correlations for the initial
Horodecki state. Quantum discord (solid line) , classical correlation

(dotted line), and concurrence (dashed line) with α = 0.5 and x = 0.5.

IV. CONCLUDING REMARKS

In conclusion, we have studied the classical and quan-
tum correlation rates in open quantum systems. We
have focused on the dynamics of classical correlation,
quantum discord, and entanglement of two-qubit system
under dynamical semigroup generators of Kossakowski-
type, which exhibits a rich manifold of asymptotic states
that may be more or less correlated. Despite decoher-
ence, the presence of an environment need not have only
destructive effects in relation to classical and quantum
correlations; the correlations can even be asymptotically
increased with respect to the initial amount. This can
be happen in the present case and the correlations gen-
eration capability of the environment is due to the non-
Hamiltonian contribution (10) to the generator (8). In-
deed, the two-qubit Hamiltonian does not contain cou-
pling terms and can not be a source of correlations. this
can be true for (10) because the off-diagonal contribu-
tions in the Kossakowski matrix (11) couple the two

qubits. This is only necessary, but not sufficient to en-
sure correlations generation and their asymptotic persis-
tence. They indeed depend on a trade-off between the
off-diagonal couplings and the purely decohering diago-
nal terms in (11).

We have evaluated the different kinds of correlations
and obtained analytical expressions. The results are used
to illustrate the relation between the dynamics of corre-
lations in two-qubit sates including maximally states or
partially entangled states and mixed states. We have
shown that the quantum discord is more resistant to the
action of the environment than the quantum entangle-
ment and it can persist even in the asymptotic long-
time regime. On the other hand, the discord is always
larger than the classical correlation in this limit. Hence,
the results provide the description of the behavior of
the classical and quantum correlations and their robust-
ness under the decoherence process. In fact, the quan-
tum discord behavior between the two-qubit depends on
the minimization of the classical correlations during the
time evolution. This means that for initial conditions
and non-Hamiltonian contribution, we expect that von
Neumann measurements quantifying the classical corre-
lations are subjected to an initial change before persisting
unchanged later.

We have also noticed that, during the dissipative time
evolution even without quantum entanglement, the cor-
relations introduced by the environment are transferred
to the two-qubit, producing a finite quantum discord. In
fact, the quantum states with nonzero-discord are much
more common than entangled states and therefore they
will be easier to generate that entanglement. Further-
more, we have observed that, the classical and quantum
correlations can remain unaffected for certain classes of
states.
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APPENDIX A: CALCULATIONAL DETAILS OF
THE CLASSICAL CORRELATION

After the measurement {Λj}, the bipartite state ρ(t)
will change to the ensemble {pj(t), ρj(t)}, that is 2 × 2
density matrices, where

ρj(t) :=
1

pj(t)
(I ⊗ Λj) ρ(t) (I ⊗ Λj) (A1)
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with

pj(t) = tr ((I ⊗ Λj) ρ(t) (I ⊗ Λj)) . (A2)

In order to obtain the evolution of classical correla-
tion, We need to evaluate ρj(t) and pj(t). Using the von
Neumann measurement Λj = V ΠjV

†, we write

pj(t)ρj(t) =
(
I ⊗

(
V ΠjV

†)) ρ(t)
(
I ⊗

(
V ΠjV

†)) . (A3)

Through some calculations, we can obtain these density
matrices

4p0(t)ρ0(t) = [(1 + 3z3) a(t) + (1 − z3) (1 − d(t))] |0〉〈0|
+ [(1 + z3) (1− a(t)) + (1 − 3z3) d(t)] |1〉〈1|
+ [2 (z1 − iz2) f(t) + (z1 + iz2) (b(t) − c(t))] |1〉〈0|
+ [2 (z1 + iz2) e(t) + (z1 − iz2) (b(t) − c(t))] |0〉〈1|

(A4)

4p1(t)ρ1(t) = [(1 − 3z3) a(t) + (1 + z3) (1 − d(t))] |0〉〈0|
+ [(1 − z3) (1− a(t)) + (1 + 3z3) d(t)] |1〉〈1|
− [2 (z1 − iz2) f(t) + (z1 + iz2) (b(t) − c(t))] |1〉〈0|
− [2 (z1 + iz2) e(t) + (z1 − iz2) (b(t) − c(t))] |0〉〈1|,

(A5)

where

z1 := 2(−ty2+y1y3); z2 := 2(ty1+y2y3); z3 := t2+y2
3−y2

1−y2
2,

(A6)
with

z2
1 + z2

2 + z2
3 = 1. (A7)

According to Eqs. (A4) and (A5), it is straightforward
to obtain the eigenvalues characterizing the ensembles
{pj(t), ρj(t)} as follows

Γ± (ρ0(t)) =
1
2

[
1 ± γ(t)

]
(A8)

∆± (ρ1(t)) =
1
2

[
1 ± δ(t)

]
, (A9)

where we have defined γ(t) and δ(t) as

γ(t) =

[
[(a(t) −B(t)) k + (B(t) − d(t)) l]2 + C(t)

[(a(t) +B(t)) k + (B(t) + d(t)) l]2

] 1
2

(A10)

δ(t) =

[
[(a(t) −B(t)) l + (B(t) − d(t)) k]2 + C(t)

[(a(t) +B(t)) l+ (B(t) + d(t)) k]2

] 1
2

(A11)
where B(t) = (b(t) + c(t)) /2 and C(t) =
kl [2e(t) + b(t) − c(t)]2 − 8me(t) [b(t) − c(t)], and we
have introduced the coefficients k, l and m as

k − l = z3, k + l = 1, m =
z2
2

4
, (A12)

such that

k = t2 + y2
3 l = y2

1 + y2
2 .

The corresponding probabilities are given as

p0(t) =
1
2

[1 + (k − l) (a(t) − d(t))] (A13)

p1(t) =
1
2

[1 − (k − l) (a(t) − d(t))] . (A14)

The entropies of the ensembles {pk(t), ρk(t)} are written
as

S(ρ0(t)) = −1 − γ(t)
2

log2

1 − γ(t)
2

−1 + γ(t)
2

log2

1 + γ(t)
2

(A15)

S(ρ1(t)) = −1 − δ(t)
2

log2

1 − δ(t)
2

−1 + δ(t)
2

log2

1 + δ(t)
2

.

(A16)
Thus substituting Eqs. (A15) and (A16) into the quan-
tum conditional entropy expression in Eq. (4), we obtain

S (ρ(t)|{Λj}) = p0(t)S(ρ0(t)) + p1(t)S(ρ1(t)), (A17)

which leads to the classical correlation

C(ρ(t)) = S(ρa(t)) − min [p0(t)S(ρ0(t)) + p1(t)S(ρ1(t))] .
(A18)

The minimal value of the f(k,m) = S (ρ(t)|{Λj}) can
be easily done analytically by appropriate choice of the
parameter k, l, and m:

f (k,m) =





f 1
2 ,m (t) {m = 0, 1

4}

f1,m (t) m = 0,
(A19)

then the evolution of the classical correlation can be ex-
pressed as

C(ρ(t)) = S(ρa(t)) − min
[
f 1

2 ,m (t) , f1,m (t)
]
. (A20)

APPENDIX B: CLASSICAL AND QUANTUM
CORRELATIONS FOR ASYMPTOTIC STATES

In this Appendix, we give some details of the calcula-
tions of classical and quantum correlations for asymptotic
states.

When the time tends to infinity, the coefficients of the
asymptotic states resulting from the inial density matrix
(12) are given by

lim
t→∞

a(t) =
(1 − α)2

3 + α2
(1 − c), (B1)

lim
t→∞

b(t) =
(1 − α2)
3 + α2

(1 − c), (B2)

lim
t→∞

d(t) =
(1 + α)2

3 + α2
(1 − c), (B3)

lim
t→∞

e(t) = lim
t→∞

f(t) = 0. (B4)
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which leads to the following asymptotic states

ρ(∞) =
(1 − α)2

3 + α2
(1 − c)|1〉〈1| + (1 + α)2

3 + α2
(1 − c)|2〉〈2|

+
(1 − α2)
3 + α2

(1 − c)|3〉〈3| + c|4〉〈4|. (B5)

There is a one-parameter set {ρ(∞)}0≤c≤1 of asymptotic
states, where the initial states of the form (12) with the
same c go into the same ρ(∞). The corresponding con-
currence is given by

C (ρ(∞)) = max

{
0,

∣∣1 − α2 − 4c
∣∣ − 2(1− α2)(1 − c)
3 + α2

}
.

(B6)
Evaluation of the classical correlation given by Eq. (A18)
can obtained by taking the minimal value of the function
f , that is, min

[
f 1

2 ,0 (∞) , f 1
2 , 1

4
(∞) , f1,0 (∞)

]
.

For k = 1
2 , we have γ (∞) = δ (∞), and S (ρ0(∞)) =

S (ρ1(∞)) and the minimization of f is equal to the min-
imization of either S (ρ0(∞)) or S (ρ1(∞)) and is given
by

f 1
2 ,0 (∞) = f 1

2 , 14
(∞) = −

1− γ (∞)
2

log2

1 − γ (∞)
2

− 1 + γ (∞)
2

log2

1 + γ (∞)
2

(B7)

where

γ (∞) =
√

[a(∞) − d(∞)]2 + [b(∞) − c]2. (B8)

For k = 1, we have

f1,0 (∞) = p0(∞)S (ρ0(∞)) + p1(∞)S (ρ1(∞)) , (B9)

where

p0(∞) =
1
2

[1 + (a(∞) − d(∞))] , (B10)

p1(∞) =
1
2

[1 − (a(∞) − d(∞))] , (B11)

S (ρ0(∞)) = −1 − γ(∞)
2

log2

1 − γ(∞)
2

− 1 + γ(∞)
2

log2

1 + γ(∞)
2

, (B12)

and

S (ρ1(∞)) = −1− δ(∞)
2

log2

1 − δ(∞)
2

− 1 + δ(∞)
2

log2

1 + δ(∞)
2

, (B13)

with

γ (∞) =
|2a(∞) − b(∞) − c|
2a(∞) + b(∞) + c

, δ (∞) =
|b(∞) + c− 2d(∞)|
b(∞) + c+ 2d(∞)

.

(B14)
Based on this result, we are able to evaluate the clas-
sical correlation and quantum discord. We note that
f 1

2 ,0 (∞) ≤ f1,0 (∞), that is, min
[
f 1

2 ,0 (∞) , f1,0 (∞)
]

=
f 1

2 ,0 (∞).

The classical correlation is given by

C(ρ(∞)) = S(ρa(∞)) − f 1
2 ,0 (∞) (B15)

and the quantum discord is

Q(ρ(∞)) = S(ρa(∞)) + f 1
2 ,0 (∞) − S(ρ(∞)). (B16)
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