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Existence of global strong solutions for the shallow-water

equations with large initial data

Boris Haspot ∗

Abstract

This work is devoted to the study of a viscous shallow-water system with friction
and capillarity term. We prove in this paper the existence of global strong solutions
for this system with some choice of large initial data when N ≥ 2 in critical spaces for
the scaling of the equations. More precisely, we introduce as in [14] a new unknown,a
effective velocity v = u+µ∇ lnh (u is the classical velocity and h the depth variation
of the fluid) with µ the viscosity coefficient which simplifies the system and allow
us to cancel out the coupling between the velocity u and the depth variation h. We

obtain then the existence of global strong solution if m0 = h0v0 is small in B
N
2 −1
2,1

and (h0 − 1) large in B
N
2
2,1. In particular it implies that the classical momentum

m
′

0 = h0u0 can be large in B
N
2 −1
2,1 , but small when we project m

′

0 on the divergence
field. These solutions are in some sense purely compressible. We would like to point
out that the friction term term has a fundamental role in our work inasmuch as
coupling with the pressure term it creates a damping effect on the effective velocity.

1 Introduction

We consider the viscous shallow water model with friction and capillarity term. This
model is also called by the french community the Saint-Venant equations and is generally
used in oceanography. Indeed it allows to model vertically averaged flows in terms of the
horizontal mean velocity field u and the depth variation h due to the free surface. In the
rotating framework, the model is described by the following system:

∂

∂t
h+ div(hu) = 0,

∂

∂t
(hu) + div(hu⊗ u)− div(µh Du) +

∇h

Fr2
+ rhu = divK,

(1.1)

where divK is the free surface tension tensor which reads as follows:

divK = ∇
(
hκ(h)∆h+

1

2
(κ(h) + hκ

′
(h))|∇h|2

)
− div

(
κ(h)∇h⊗∇h

)
. (1.2)

κ is the coefficient of free surface tension and is a regular function of the form κ(h) = κhα

with α ∈ R. In the sequel we will assume that α = −1. Fr > 0 denotes the Froude
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number. System (1.1) is supplemented with initial conditions

h/t=0 = h0, (hu)/t=0 = m
′
0. (1.3)

This model is derived from the three-dimensional Navier-Stokes equations with free sur-
face, where the normal stress is determined from the air pressure and capillary effects.
The turbulent regime (r ≥ 0) is obtained from the friction condition on the bottom, see
[23]. µ is the viscosity coefficient and verifies µ > 0 and Du = (∇u+t∇u)/2 is the strain
tensor.
Several physical models arise as a particular case of system (1.1):

• when κ = r = 0, (1.1) represents compressible Navier-Stokes model with shallow-
water viscosity coefficients.

• when κ > 0 and r = 0, then (1.1) describes the Korteweg system which models
mixture liquid-vapor.

We would like to point out also the theoretical aspect of system (1.1). Indeed in the
case r = 0 the system (1.1) corresponds to the classical Korteweg system which models a
liquid-vapour mixture. Let us mention that the Korteweg system also is used in a purely
theoretical interest consisting in the selection of the physically relevant solutions of the
Euler model by a vanishing capillarity-viscosity limit (in particular when the system is
not strictly hyperbolic which is typically the case when the pressure is Van der Waals).
Indeed in this case at least when N = 1 it is not possible to apply the classical theory
of Lax for the Riemann problem (see [20]) and of Glimm (see [13]) with small initial
data in BV in order to obtain the existence of global entropic solution (we refer also
to the work of Bianchini and Bressan see [2] for the uniqueness). In particular in this
direction, recently in [5] with F. Charve we prove that the global strong solution of the
Korteweg system in one dimension (we obtain also in this paper the existence of global
strong solution in one dimension for Korteweg system) converges in the setting of a γ
law for the pressure (P (ρ) = aργ , γ > 1) to entropic solution of the compressible Euler
equations. In particular it justifies that the Korteweg system is suitable for selecting the
physical solutions in the case where the Euler system is strictly hyperbolic. The problem
remains however open for a Van der Waals pressure.
Now before investigating the problem of global strong solution for the system (1.1), we
would like to recall the energy inequalities associated to this system and in particular
describing some results about the existence of global weak solutions for the system (1.1).
Let h̄ > 0 be a constant depth variation (in the sequel we will assume that h̄ = 1), and
let Π be defined by:

Π(s) = s

(∫ s

h̄

P (z)

z2
dz − P (h̄)

h̄

)
,

so that P (s) = sΠ
′
(s) − Π(s) , Π

′
(h̄) = 0. Multiplying the equation of momentum

conservation in the system (1.1) by u and integrating by parts over RN , we obtain the
following estimate:∫

RN

(1

2
h|u|2 + (Π(h)−Π(h̄)) +

κ(h)

2
|∇h|2

)
(t)dx+

1

2

∫ t

0

∫
RN

µh|D(u)|2dxdt

≤
∫
RN

( |m′0|2
2h

+ (Π(h0)−Π(h̄)) +
κ(h0)

2
|∇h0|2

)
dx,

(1.4)
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Here we can observe that if we assume that the initial data are such that:

h0 ln(
h0

e
) ∈ L1,

√
κ(h0)∇h0 ∈ L2,√

h0|u0| ∈ L2(RN ),

(1.5)

then we have the following estimates:

h|u|2 ∈ L∞(L1), (Π(h)−Π(h̄)) ∈ L∞(L1),

κ(h)

2
|∇h|2 ∈ L∞(L1), Du ∈ L2(L2).

(1.6)

One of the main difficulty in order to obtain the existence of global weak solution consists
in dealing with the quadratic terms of the capillarity tensor. Indeed in order to have the
stability of a sequence (hn, un)n∈N of global weak solution for the system (1.1), it is
crucial to give a sense to the quadratic terms in the gradient of the depth variation
κ(hn)∇hn ⊗ ∇hn which are only uniformly bounded in L∞(L1(RN )). In particular it
implies only a convergence in the sense of the measure of κ(hn)∇hn ⊗∇hn which is not
sufficient to conclude by standard compactness argument. That is why the problem of
the existence of global weak solution remains open in the general case. Before stating
our main result on the existence of global strong solution, we would like to recall what
is known on the existence of global weak and strong solution in the different standard
configurations. And in particular we would like to emphasize on the results obtained in
[14, 15] where we have discovered new entropies on the Korteweg system (r = 0) for a
specific choice on the capillarity (κ(ρ) = κ

ρ with κ > 0), allowing in particular to prove
the existence of global weak solution. It is precisely with this type of capillarity that we
will work with in the sequel.

Existence of global weak solutions

Case κ = 0 and r = 0, the compressible Navier-Stokes system

When the viscosity coefficients are constant and the pressure is a γ law P (h) = ahγ , with
a > 0 and γ > 1, P-L. Lions in [21] proved the global existence of variational solutions
(h, u) to (1.1) with κ = r = 0 for γ > N

2 if N ≥ 4, γ ≥ 3N
N+2 if N = 2, 3 and initial data

(ρ0,m0) such that:

Π(h0)−Π(h̄),
|m0|2

h0
∈ L1(RN ).

These solutions are weak solutions in the classical sense for the equation of mass conser-
vation and for the equation of the momentum. Notice that the main difficulty for proving
Lions’ theorem consists in exhibiting strong compactness properties of the height h in
Lploc spaces required to pass to the limit in the pressure term P (h) = ahγ .
Let us mention that Feireisl in [10] generalized the result to γ > N

2 in establishing that we
can obtain renormalized solution without imposing that h ∈ L2

loc, for this he introduces
the concept of oscillation defect measure evaluating the lost of compactness.
Concerning the shallow-water system when µ(h) = µh, the main difficultywhen dealing
with vanishing viscosity coefficients on vacuum is that the velocity cannot even be defined
when the density vanishes. In particular we lose the information on∇u in L2((0, T )×RN ).
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The main difficulty, to prove the stability of the solutions, is to pass to the limit in the
term ρu⊗ u (which requires the strong convergence of

√
ρu). Mellet and Vasseur in [22]

obtain the stability of global weak solution by using new entropies on the velocity and
the density.

Case r = 0, Korteweg system

In the capillary case in contrast to the non capillary case, we can easily deal with the
pressure term in order to obtain stability results. However let us emphasize at this point
that the energy estimates do not provide any L∞ control on the density from below or
from above. Indeed, even in dimension N = 2, H1 functions are not necessarily locally
bounded. Thus, vacuum patches are likely to form in the fluid in spite of the presence of
capillary forces, which are expected to smooth out the density. It explains why it is so
difficult to obtaining the existence of global strong solution in dimension N = 2 and even
global weak solution. In [17],we obtain the existence of global weak solution for specific
choices of the capillary coefficients and with general viscosity coefficient but with small
initial data in the energy space. More recently in [14] and [15], we prove the existence
of global weak solution with large initial data for the Korteweg system (when κ(h) = 1

h)
with Saint-Venant viscosity coefficients. Indeed with this choice of capillarity coefficient
we are able to obtain new entropy inequalities. To do this, we introduce a new unknown
v = u+µ∇ ln ρ called effective velocity, and we are able to show some gain of integrability
on v which allow us to deal with the terms of the type ρu⊗ v (we refer to [15] for more
details).

Existence of global strong solutions

Case κ = 0 and r = 0, the compressible Navier-Stokes system

We refer to [18] for the existence of global strong solution with small initial data in critical

space for the scaling of the equations. More precisely (h0−1, u0) belongs to B
N
p

p,1×B
N
p1
−1

p1,1

for suitable chosen p and p1.

Case r = 0, Korteweg system

Let us mention briefly that the existence of global strong solutions in critical spaces for
the scaling of the equations for N ≥ 2 is known since the works by R. Danchin and B.
Desjardins (when the viscosity coefficient and the capillary coefficients are constant, see

also [16]) in [8] where the initial data (h0−1, h0u0) belong to the Besov spaces B
N
2

2,1×B
N
2
−1

2,1

and are chosen small enough. In [14], we improve this result by working in a larger space

of initial data, more precisely (h0 − 1, h0u0) is in the Besov space B
N
2

2,∞ ×B
N
2
−1

2,∞ . In this
paper for the same reason than in [15], we are working with specific capillary coefficient
κ(h) = 1

h because we are able to exhibit a specific structure on the unknown lnh. In
particular we are able to work with vortex initial data on the initial velocity in dimension
N = 2.
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1.1 Derivation of the model and non trivial explicit solutions

The choice of system (1.1) is motivated by its energetic consistency, which has been
stressed out from a physical point of view in [11]. Compared with the Korteweg system (
see [19]) we also take into account the friction term rhu physically justified to model the
friction condition on the bottom of the ocean ( see [12]). Naturally on a mathematical
point of view, the term rhu does not add any difficulties for obtaining global weak
solution or global strong solution with small initial data, however in our study this term
shall turn out to be essential to ensure the existence of global strong solution with large
initial data. Indeed coupled with the pressure term, he shall introduce a damping effect
on a new unknown called effective velocity and introduced in [14, 15]. Roughly speaking
this friction term allows to cancel out the coupling between the height h and this effective
velocity v, it is one of the main difficulty in order to obtain the existence of global strong
solution for compressible Navier-Stokes equation (see [4, 6, 18], in this case the coupling
is between the velocity and the density). Indeed in this last case, it is difficult to obtain
a damping effect on the density and the coupling between the velocity and the pressure
terms impose a smallness condition on the initial density. In our case the fact that with
the friction term we can rewrite the pressure term in some sense as a velocity, more
precisely as the effective velocity allows to avoid any condition of smallness on the initial
depth variation h0. We shall come back more in details on these considerations in the
proof of theorem 1.1, we now would like to introduce this notion of effective velocity
which is one crucial tool for the proof of our result.
More precisely we are going to explain why with specific choice on the capillarity, Froude
and friction coefficient (as in [14] and [15]) we can exhibit a new structure onthe system
via the introduction of this effective velocity v. In particular in [14, 15] we obtain new
entropies which allows us toprove the existence of global weak solutions. We are now
considering in the sequel the following physical coefficients:

κ(h) =
κ

h
, κ = µ2 and

1

Fr2
= rµ, (1.7)

with µ > 0. By computation (see [14]), we obtain the simplified system:{
∂th+ div(hv)− µ∆h = 0,

h∂tv + hu · ∇v − div(µh∇v) + r h v = 0,
(1.8)

with v = u + µ∇ lnh the effective velocity. For more details on the computation, we
refer to [15]. When we write the system (1.8) in function of the momentum m = hv, the
system reads as follows:{

∂th+ divm− µ∆h = 0,

∂tm+ div(
m

h
⊗m)− µ∆m + r m = 0,

(1.9)

In particular we can observe that m = 0 and h1 such that:{
∂th1 − µ∆h1 = 0,

h1(0, x) = h0(x).
(1.10)
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is a particular solution of (1.10). When we consider the system (1.1), it means that
(h1, u1 = µ∇ lnh1) is a non trivial solution. In particular this solution is purely com-
pressible as curlu1 = 0.
In the sequel we are going to work around this non trivial solution (h1, 0) for the system
(1.10). If we now consider the system (1.10), we can observe that the coupling between
the momentum m and the height h via the pressure term has disappeared. As we ex-
plained previously the friction term and the pressure introduce here a damping effect via
the new term rm. It is now possible to obtain the existence of global strong solution
when we assume only a condition of smallness on m0 in order to deal with the non linear
term div(mh ⊗m) and in particular to use smallness argument for the term m

h .

Results

Our main motivation concerns the existence of global strong solution with large initial
data on the height h0 but also on the initial velocity u0. More precisely we will obtain
global strong solution with a family of initial velocity u0 such that the projection on

gradient vector field has large norm in B
N
2
−1

2,1 .
We prove global well-posedness for system (1.10 ) in critical Besov space. To do this,
we shall work around a constant depth variation h̄ = 1, and to do this we introduce the
following definition.

Definition 1.1 We set:
q0 = h0 − 1.

We can then rewrite the system (1.10) in function of (q,m), it gives:{
∂tq + divm− µ∆q = 0,

∂tm+ div(
m

h
⊗m)− µ∆m + r m = 0,

(1.11)

Theorem 1.1 Suppose that we are under the conditions (1.7). Assume that m0 ∈ B
N
2
−1

2,1

and q0 ∈ B
N
2

2,1 with h0 ≥ c > 0. Then there exists a constant ε0 depending on 1
h0

such
that if:

‖m0‖
B
N
2 −1

2,1

≤ ε0,

then there exists a unique global solution (q,m) for system (1.11) with h bounded away
from zero and,

h ∈ C̃(R+, B
N
2

2,1) ∩ L1(R+, B
N
2

+2

2,1 ) and m ∈ C̃(R+;B
N
2
−1

2,1 ) ∩ L1(R+, B
N
2
−1

2,1 ∩B
N
2

+1

2,1 ).

Remark 1 In this theorem, for the first time up my knowledge we obtain a result on the
existence of global strong solution for a compressible system without assuming any small-
ness hypothesis on the density as it is classically the case (see [7, 4, 6, 18]). Furthermore

the physical moment m
′
0 = h0u0 is large in B

N
2
−1

2,1 , indeed we have:

m
′
0 = m0 − µ∇ρ0,
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and here m0 is small in B
N
2
−1

2,1 but ∇ρ0 could be arbitrary large. It means that for this

family of large initial data ( when m
′
0 is the sum of a small momentum and of the gradient

of the density), we have the existence of global strong solution. In particular the projection

on the divergence field issmall in B
N
2
−1

2,1 but the projection on the gradient field is large

in B
N
2
−1

2,1 . It is essentially related with the compressibility of the system.

Remark 2 In the same way than in [14], we could consider the unknown (lnh, u) and
in this case we could obtain the existence of global strong solution with small initial data

in (B
N
2

2,∞, B
N
2
−1

2,∞ ) which is a larger space than in theorem 1.1. In particular it allows
us to deal with the problem of vortex initial data, indeed in dimension N = 2 we could
choose initial velocity such that curlu0 is a bounded measure and in particular a Dirac
δ0. However it would be not clear how to get global solution without smallness hypothesis
on the initial density, indeed in the term u · ∇v that we write under the form v · ∇v −
µ∇ ln ρ · ∇v it is not clear how to deal with the quadratic term ∇ ln ρ · ∇v.

Remark 3 Our method may be adapted to the Lp framework (that is we now consider

q0 ∈ B
N
p

p,1, m0 ∈ B
N
p
−1

p,1 ) when 1 ≤ p < +∞ as in [8].

Our paper is structured as follows. In section 2, we give a few notation and briefly
introduce the basic Fourier analysis techniques needed to prove our result. In section 3,
we prove the theorems1.1.

2 Littlewood-Paley theory and Besov spaces

Throughout the paper, C stands for a constant whose exact meaning depends on the
context. The notation A . B means that A ≤ CB. For all Banach space X, we
denote by C([0, T ], X) the set of continuous functions on [0, T ] with values in X. For
p ∈ [1,+∞], the notation Lp(0, T,X) or LpT (X) stands for the set of measurable functions
on (0, T ) with values in X such that t→ ‖f(t)‖X belongs to Lp(0, T ). Littlewood-Paley
decomposition corresponds to a dyadic decomposition of the space in Fourier variables.
We can use for instance any ϕ ∈ C∞(RN ), supported in C = {ξ ∈ RN/3

4 ≤ |ξ| ≤
8
3} such

that: ∑
l∈Z

ϕ(2−lξ) = 1 if ξ 6= 0.

Denoting h = F−1ϕ, we then define the dyadic blocks by:

∆lu = ϕ(2−lD)u = 2lN
∫
RN

h(2ly)u(x− y)dy and Slu =
∑
k≤l−1

∆ku .

Formally, one can write that:

u =
∑
k∈Z

∆ku .

This decomposition is called homogeneous Littlewood-Paley decomposition. Let us ob-
serve that the above formal equality does not hold in S ′(RN ) for two reasons:
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1. The right hand-side does not necessarily converge in S ′(RN ).

2. Even if it does, the equality is not always true in S ′(RN ) (consider the case of the
polynomials).

2.1 Homogeneous Besov spaces and first properties

Definition 2.2 For s ∈ R, p ∈ [1,+∞], q ∈ [1,+∞], and u ∈ S ′(RN ) we set:

‖u‖Bsp,q = (
∑
l∈Z

(2ls‖∆lu‖Lp)q)
1
q .

The Besov space Bs
p,q is the set of temperate distribution u such that ‖u‖Bsp,q < +∞.

Remark 4 The above definition is a natural generalization of the nonhomogeneous Sobolev
and Hölder spaces: one can show that Bs

∞,∞ is the nonhomogeneous Hölder space Cs and
that Bs

2,2 is the nonhomogeneous space Hs.

Proposition 2.1 The following properties holds:

1. there exists a constant universal C such that:
C−1‖u‖Bsp,r ≤ ‖∇u‖Bs−1

p,r
≤ C‖u‖Bsp,r .

2. If p1 < p2 and r1 ≤ r2 then Bs
p1,r1 ↪→ B

s−N(1/p1−1/p2)
p2,r2 .

3. Bs
′

p,r1 ↪→ Bs
p,r if s

′
> s or if s = s

′
and r1 ≤ r.

Let now recall a few product laws in Besov spaces coming directly from the paradifferen-
tial calculus of J-M. Bony (see [3]) and rewrite on a generalized form in [?] by H. Abidi
and M. Paicu (in this article the results are written in the case of homogeneous sapces
but it can easily generalize for the nonhomogeneous Besov spaces).

Proposition 2.2 We have the following laws of product:

• For all s ∈ R, (p, r) ∈ [1,+∞]2 we have:

‖uv‖Bsp,r ≤ C(‖u‖L∞‖v‖Bsp,r + ‖v‖L∞‖u‖Bsp,r) . (2.12)

• Let (p, p1, p2, r, λ1, λ2) ∈ [1,+∞]2 such that:1
p ≤

1
p1

+ 1
p2

, p1 ≤ λ2, p2 ≤ λ1, 1
p ≤

1
p1

+ 1
λ1

and 1
p ≤

1
p2

+ 1
λ2

. We have then the following inequalities:

if s1 + s2 +N inf(0, 1− 1
p1
− 1

p2
) > 0, s1 + N

λ2
< N

p1
and s2 + N

λ1
< N

p2
then:

‖uv‖
B
s1+s2−N( 1

p1
+ 1
p2
− 1
p )

p,r

. ‖u‖Bs1p1,r‖v‖B
s2
p2,∞

, (2.13)

when s1 + N
λ2

= N
p1

(resp s2 + N
λ1

= N
p2

) we replace ‖u‖Bs1p1,r‖v‖B
s2
p2,∞

(resp ‖v‖Bs2p2,∞)

by ‖u‖Bs1p1,1
‖v‖Bs2p2,r (resp ‖v‖Bs2p2,∞∩L∞), if s1 + N

λ2
= N

p1
and s2 + N

λ1
= N

p2
we take

8



r = 1.
If s1 + s2 = 0, s1 ∈ (Nλ1 −

N
p2
, Np1 −

N
λ2

] and 1
p1

+ 1
p2
≤ 1 then:

‖uv‖
B
−N( 1

p1
+ 1
p2
− 1
p )

p,∞

. ‖u‖Bs1p1,1
‖v‖Bs2p2,∞ . (2.14)

If |s| < N
p for p ≥ 2 and −N

p′
< s < N

p else, we have:

‖uv‖Bsp,r ≤ C‖u‖Bsp,r‖v‖
B
N
p
p,∞∩L∞

. (2.15)

Remark 5 In the sequel p will be either p1 or p2 and in this case 1
λ = 1

p1
− 1

p2
if p1 ≤ p2,

resp 1
λ = 1

p2
− 1

p1
if p2 ≤ p1.

Corollary 1 Let r ∈ [1,+∞], 1 ≤ p ≤ p1 ≤ +∞ and s such that:

• s ∈ (−N
p1
, Np1 ) if 1

p + 1
p1
≤ 1,

• s ∈ (−N
p1

+N(1
p + 1

p1
− 1), Np1 ) if 1

p + 1
p1
> 1,

then we have if u ∈ Bs
p,r and v ∈ B

N
p1
p1,∞ ∩ L∞:

‖uv‖Bsp,r ≤ C‖u‖Bsp,r‖v‖
B
N
p1
p1,∞∩L∞

.

The study of non stationary PDE’s requires space of type Lρ(0, T,X) for appropriate
Banach spaces X. In our case, we expect X to be a Besov space, so that it is natural to
localize the equation through Littlewood-Payley decomposition. But, in doing so, we ob-
tain bounds in spaces which are not type Lρ(0, T,X) (except if r = p). We are now going
to define the spaces of Chemin-Lerner in which we will work, which are a refinement of the
spaces LρT (Bs

p,r).

Definition 2.3 Let ρ ∈ [1,+∞], T ∈ [1,+∞] and s1 ∈ R. We set:

‖u‖
L̃ρT (B

s1
p,r)

=
(∑
l∈Z

2lrs1‖∆lu(t)‖rLρ(Lp)

) 1
r .

We then define the space L̃ρT (Bs1
p,r) as the set of temperate distribution u over (0, T )×RN

such that ‖u‖
L̃ρT (B

s1
p,r)

< +∞.

We set C̃T (B̃s1
p,r) = L̃∞T (B̃s1

p,r) ∩ C([0, T ], Bs1
p,r). Let us emphasize that, according to

Minkowski inequality, we have:

‖u‖
L̃ρT (B

s1
p,r)
≤ ‖u‖LρT (B

s1
p,r)

if r ≥ ρ, ‖u‖
L̃ρT (B

s1
p,r)
≥ ‖u‖LρT (B

s1
p,r)

if r ≤ ρ.

Remark 6 It is easy to generalize proposition 2.2, to L̃ρT (Bs1
p,r) spaces. The indices s1,

p, r behave just as in the stationary case whereas the time exponent ρ behaves according
to Hölder inequality.

In the sequel we will need of composition lemma in L̃ρT (Bs
p,r) spaces.
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Lemma 1 Let s > 0, (p, r) ∈ [1,+∞] and u ∈ L̃ρT (Bs
p,r) ∩ L∞T (L∞).

1. Let F ∈W [s]+2,∞
loc (RN ) such that F (0) = 0. Then F (u) ∈ L̃ρT (Bs

p,r). More precisely
there exists a function C depending only on s, p, r, N and F such that:

‖F (u)‖
L̃ρT (Bsp,r)

≤ C(‖u‖L∞T (L∞))‖u‖L̃ρT (Bsp,r)
.

2. If v, u ∈ L̃ρT (Bs
p,r) ∩ L∞T (L∞) and G ∈ W [s]+3,∞

loc (RN ) then G(u)−G(v) belongs to

L̃ρT (Bs
p) and there exists a constant C depending only of s, p,N and G such that:

‖G(u)−G(v)‖
L̃ρT (Bsp,r)

≤ C(‖u‖L∞T (L∞), ‖v‖L∞T (L∞))
(
‖v − u‖

L̃ρT (Bsp,r)
(1 + ‖u‖L∞T (L∞)

+ ‖v‖L∞T (L∞)) + ‖v − u‖L∞T (L∞)(‖u‖L̃ρT (Bsp,r)
+ ‖v‖

L̃ρT (Bsp,r)
)
)
.

Now we give some result on the behavior of the Besov spaces via some pseudodifferential
operator (see [1]).

Definition 2.4 Let m ∈ R. A smooth function function f : RN → R is said to be a Sm
multiplier if for all muti-index α, there exists a constant Cα such that:

∀ξ ∈ RN , |∂αf(ξ)| ≤ Cα(1 + |ξ|)m−|α|.

Proposition 2.3 Let m ∈ R and f be a Sm multiplier. Then for all s ∈ R and 1 ≤
p, r ≤ +∞ the operator f(D) is continuous from Bs

p,r to Bs−m
p,r .

Let us now give some estimates for the heat equation:

Proposition 2.4 Let s ∈ R, (p, r) ∈ [1,+∞]2 and 1 ≤ ρ2 ≤ ρ1 ≤ +∞. Assume that

u0 ∈ Bs
p,r and f ∈ L̃ρ2T (B

s−2+2/ρ2
p,r ). Let u be a solution of:{

∂tu− µ∆u = f

ut=0 = u0 .

Then there exists C > 0 depending only on N,µ, ρ1 and ρ2 such that:

‖u‖
L̃
ρ1
T (B̃

s+2/ρ1
p,r )

≤ C
(
‖u0‖Bsp,r + µ

1
ρ2
−1‖f‖

L̃
ρ2
T (B

s−2+2/ρ2
p,r )

)
.

If in addition r is finite then u belongs to C([0, T ], Bs
p,r).

3 Proof of the theorem 1.1

The existence part of the theorem is proved by an iterative method. We define a sequence
(qn,mn) such that: 

∂tq
0 − µ∆q0 + rmdivm0 = 0,

∂tm
0 − µ∆m0 + rm0 = 0,

(q0,m0) = (q0,m0).

10



Assuming that (qn,mn) is in ET with:

ET =
(
C̃T (B

N
2

2,1) ∩ L1
T (B

N
2

+2

2,1 )
)
×
(
C̃T (B

N
2
−1

2,1 ) ∩ L1
T (B

N
2

+1

2,1 ∩B
N
2
−1

2,1 )
)N
,

we define then qn+1 = q0 + q̄n+1, mn+1 = m0 + m̄n+1 such that (q̄n+1, m̄n+1) be the
solution of the following system:

∂tq̄
n+1 − µ∆q̄n+1 + divm̄n+1 = 0,

∂tm̄
n+1 − µ∆m̄n+1 + rm̄n+1 = Gn,

(q̄n+1, m̄n+1)/t=0 = (0, 0),

with:

Gn =− div(
mn

hn
⊗mn)

We also set: hn = qn + 1.

1) First step, uniform bounds:

Let ε be a small parameter and by proposition 2.4, we have for any T > 0:

‖q0‖
L∞T (B

N
2
2,1)∩L1

T (B
N
2 +2

2,1 )
≤ C‖q0‖

B
N
2
2,1

,

‖m0‖
L∞T (B

N
2 −1

2,1 )∩L1
T (B

N
2 −1

2,1 ∩B
N
2 +1

2,1 )
≤ C‖m0‖

B
N
2 −1

2,1

.
(3.16)

We are going to show by induction that for ε > 0 small enough:

(Pn) ‖(q̄n, m̄n)‖FT ≤ ε.

As (q̄0, m̄0) = (0, 0) the result is true for n = 0. We suppose now (Pn) true and we are
going to show (Pn+1).
To begin with we are going to show that 1 + qn is positive. Indeed we have: h0 = h0

1 +h0
2

such that:
∂th

0
1 − µ∆h0

1 = 0,

(h0
1)/t=0 = h0.

and:
∂th

0
2 − µ∆h0

2 = −divm0,

(h0
1)/t=0 = h0.

By proposition (2.4) and (3.16) we have for any T > 0:

‖h0
2‖
L∞T (B

N
2
2,1)
≤ C‖m0‖

B
N
2 −1

2,1

. (3.17)

By maximum principle, we have for any t > 0:

h0
1(t, x) ≥ min

x∈RN
h0(x) ≥ c > 0.
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We deduce that for η = ‖m0‖
B
N
2 −1

2,1

(at least inferior to c
4C with the C of (3.17)) small

enough and any t > 0:

h0(t, x)/geq
3c

4
> 0,

and

q0(t, x) ≥ 3c

4
− 1.

and by definition of qn and the assumption ∩Pn that:

qn(t, x) ≥ 3c

4
− 1− ε.

In particular for ε small enough at least ε ≤ c
4 , we deduce that:

hn = 1 + qn ≥ c

2
> 0. (3.18)

In order to bound (q̄n, m̄n) in ET , we shall use proposition 2.4 and in particular estimating

Gn in L1
T (B

N
2
−1

2,1 ). By using proposition 2.2, (3.18) and lemma1, we obtain:

‖div(
mn

hn
⊗mn)‖

L1
T (B

N
2 −1

2,1 )
≤ ‖m

n

hn
⊗mn‖

L1
T (B

N
2 −1

2,1 )
,

≤ C‖mn‖2
L2
T (B

N
2
2,1)

(
‖ 1

1 + qn
− 1‖

L∞T (B
N
2
2,1)

+ 1
)
,

≤ C(‖m0‖2
L2
T (B

N
2
2,1)

+ ‖m̄n‖
L2
T (B

N
2
2,1)

)2(1 + C(‖ 1

hn
‖L∞T ))

(
‖qn‖

L∞T (B
N
2
2,1)

+ 1
)
,

≤ C(‖m0‖2
L2
T (B

N
2
2,1)

+ ‖m̄n‖
L2
T (B

N
2
2,1)

)2
(
‖q̄n‖

L∞T (B
N
2
2,1)

+ ‖q0‖
L∞T (B

N
2
2,1)

+ 1
)
,

(3.19)

Therefore by using (3.19), the proposition 2.4 and (Pn) we obtain for any T > 0:

‖(q̄n+1, m̄n+1)‖FT ≤ C(‖m0‖2
L2
T (B

N
2
2,1)

+ ε)2
(
ε+ ‖q0‖

L∞T (B
N
2
2,1)

+ 1
)
,

≤ C(η + ε)2
(
2 + ‖q0‖

L∞T (B
N
2
2,1)

) (3.20)

By choosing η = ε and ε ≤ 1
2C(2+‖q0‖

L∞
T

(B
N
2
2,1)

)
, this implies (P)n+1. We have shown by

induction that (qn,mn) is uniformly bounded in FT for any T > 0.

Second Step: Convergence of the sequence

We shall prove that (qn,mn) is a Cauchy sequence in the Banach space FT , hence con-
verges to some (q,m) ∈ FT .
Let:

δqn = qn+1 − qn and δmn = mn+1 −mn.

The system verified by (δqn, δmn) reads:
∂tδq

n − µ∆δqn + divδmn = 0,

∂tδm
n − µ∆δmn + rδmn = Gn −Gn− 1,

δqn(0) = 0 , δun(0) = 0.
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Applying propositions 2.4 and using (Pn), we get for any T > 0:

‖(δqn, δmn)‖FT ≤ C‖Gn −Gn−1‖L1
T (BN/2−1),

≤ C
(
‖δm

n

hn
⊗mn‖

L1
T (B

N/2
2,1 )

+ ‖δm
n

hn
⊗mn−1‖

L1
T (B

N/2
2,1 )

+ ‖mn ⊗mn−1(
1

hn
− 1

hn−1
)‖
L1
T (B

N/2
2,1 )

)
.

By using proposition 2.2 and lemma 1, we get:

‖(δqn, δmn)‖FT ≤ Cε‖(δq
n−1, δmn−1)‖FT .

So by taking ε enough small we have proved that (qn,mn) is a Cauchy sequence in FT
which is a Banach space. It implies that (qn,mn) converge to a limit (q,m) in FT . It is
easy to verify that (q,m) is a solution of the system (1.11).

3)Uniqueness of the solution:

The proof is similar to the proof of contraction, indeed we need the same type of estimates.
Let us consider two solutions in ET : (q1,m1) and (q2,m2) of the system (1.11) with the
same initial data. With no loss of generality, one can assume that (q1,m1) is the solution
found in the previous section. We thus have:

(H) q1(t, x) ≥ −1

2
.

We note:
δq = q2 − q1, δm = m2 −m1,

which verifies the system: ∂tδq − µ∆δq + divδm = 0,

∂tδm− µ∆δm+ rδm = −div(
m1

h1
⊗m1) + div(

m1

h1
⊗m1)

By using proposition 2.2, 2.4 and lemma 1 on [0, T1] with 0 < T we have:

‖(δq, δm)‖ET ≤ A(T )‖(δq, δm)‖ET ,

such that for T small enough A(T ) ≤ 1
2 . We thus obtain: δq = 0, δm = 0 on [0, T ]. And

we repeat the argument in order to prove that: δq = 0, δm = 0 on R+. This conclude
the proof of theorem 1.1. �
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Exactes Sér.

[20] P. Lax, Hyperbolic systems of conservation laws II. Comm. on Pure and Applied
Math., 10: 537-566, 1957. II, 6 :1-24, 1901.

[21] P.-L. Lions. Mathematical Topics in Fluid Mechanics, Vol 2, Compressible models,
Oxford University Press, (1998).

[22] A. Mellet and A. Vasseur, On the barotropic compressible Navier-Stokes equations.
Comm. Partial Differential Equations 32 (2007), no. 1-3, 431-452.

[23] J. Pedlosky, Geophysical Fluid Dynamics, Berlin Heidelberg-New York:Springer
Verlag : 1987.

[24] C. Rohde, Approximation of Solutions of Conservation Laws by Non- Local Regu-
larization and Discretization, Habilitation Thesis, University of Freiburg (2004).

[25] J.S. Rowlinson, Translation of J.D van der Waals. The thermodynamic theory of
capillarity under the hypothesis of a continuous variation of density. J.Statist. Phys.,
20(2): 197-244, 1979.

[26] C. Truedelland W. Noll. The nonlinear field theories of mechanics. Springer-Verlag,
Berlin, second edition, 1992.

[27] J.F Van der Waals. Thermodynamische Theorie der Kapillarität unter Vorausset-
zung stetiger Dichteänderung, Phys. Chem. 13, 657-725 (1894).

15


