N
N

N

HAL

open science

Boundary multifractal behaviour for harmonic functions
in the ball

Frédéric Bayart, Yanick Heurteaux

» To cite this version:

Frédéric Bayart, Yanick Heurteaux. Boundary multifractal behaviour for harmonic functions in the
ball. Potential Analysis, 2013, 38 (2), pp.499-514. hal-00635997v2

HAL Id: hal-00635997
https://hal.science/hal-00635997v2

Submitted on 22 Mar 2012

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00635997v2
https://hal.archives-ouvertes.fr

Noname manuscript No.
(will be inserted by the editor)

Boundary multifractal behaviour for harmonic functions in
the ball

Frédéric Bayart - Yanick Heurteaux

Received: date / Accepted: date

Abstract It is well known that if / is a nonnegative harmonic function in the ball
of RY*! or if & is harmonic in the ball with integrable boundary values, then the
radial limit of % exists at almost every point of the boundary. In this paper, we are
interested in the exceptional set of points of divergence and in the speed of divergence
at these points. In particular, we prove that for generic harmonic functions and for any
B €10,d], the Hausdorff dimension of the set of points & on the sphere such that i(r&)
looks like (1 — )78 is equal to d — 3.
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Mathematics Subject Classification (2000) 31B25 - 35C15

1 Introduction

The story of this paper begins in 1906, when P. Fatou proved in [9] that bounded har-
monic functions in the unit disk have nontangential limits almost everywhere on the
circle. Later on, this result was improved by Hardy and Littlewood in dimension 2,
and by Wiener, Bochner and many others in arbitrary dimension (a complete histori-
cal account can be found in [13]). Let us also mention R. Hunt and R. Wheeden who
proved that a similar result holds for nonnegative harmonic functions in Lipschitz
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domains ([10, 11]). To state the result of the nontangential convergence of harmonic
functions in the ball, we need to introduce some terminology.

Let d > 1 and let ., (resp. B;11) be the (euclidean) unit sphere (resp. the unit
ball) in R?*!. The euclidean norm in R?*! will be denoted by || - ||. For u € .# (%),
the set of complex Borel measures on .#;, the Poisson integral of t, denoted by P[],
is the function on B | defined by

P = [, Px&)au(8).

where P(x, ) is the Poisson kernel,

1 [lx)?

PoS) = g

When f is a function in L'(.#;), we denote simply by P[f] the function P[fdc].
Here and elsewhere, do denotes the normalized Lebesgue measure on .#;. For any
u e # (<), P[u] is a harmonic function in B4 and it is well known that, for
instance, every bounded harmonic function in B, is the Poisson integral P[f] of a
certain f € L™(.%;). It is also well known that every nonnegative harmonic function
in B, 1 is the Poisson integral P[u] of a positive finite measure u € .# (7).

The Fatou theorem for Poisson integrals of L!-functions says that, given a func-
tion f € L'(.#;), then P[f](ry) tends to f(y) for almost every y € .#; when r increases
to 1. More generally, if u € .#(.#;), P[u](ry) tends to Z—ﬁ (y) almost everywhere and
in fact, the limit exists for nontangential access.

In this paper, we are interested in the radial behaviour on exceptional sets, and es-
pecially in the following questions. How quickly can P[f](ry) grow? For a prescribed
growth 7(r), how big can be the sets of y € ., such that limsup,_, |P[f](ry)|/T(r) =
+o0? It is easy to see that the growth cannot be too fast. Indeed, the Poisson kernel
satisfies, for any y, & € .7,

P(ry,) < =

so that for any f € L!(.%), for any y € ., and any r € (0,1),

Pt < G

This motivates us to introduce, for a fixed B € (0,d) and any f € L'(.#), the excep-
tional set
P
g(ﬁvf) = {y ISBZB limsupM — +°°} ,

r—1 (1 - r)iﬁ

and we ask for the size of & (B, f). To measure the size of subsets of ., we shall use
the notion of Hausdorff dimension (see Section 2 for precise definitions). Our first
main result is the following.
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Theorem 1 Let B € [0,d] and let f € L'(.%). Then dim - (& (B, f)) <d — B. Con-
versely, given a subset E of #; such that diim s (E) < d — B, there exists f € L' (.%)
such that E C &(B, ).

The first part of Theorem 1 has already been obtained by D. Armitage in [1] in the
context of Poisson integrals on the upper half-space (see also [14] for analogous re-
sults regarding solutions of the heat equation). However, we will produce a complete
proof of Theorem 1. Our method of proof differs substantially from that of [1]. More-
over, it provides a more general result (see Theorem 3 below). It seems that this last
statement cannot be obtained from Armitage’s work without adding assumptions on
¢ and 7.

Our second task is to perform a multifractal analysis of the radial behaviour of
harmonic functions, as is done in [4], [S] for the divergence of Fourier series. For a
given function f € L' (.#;) and a given y € .#};, we define the real number f3(y) as the
infimum of the real numbers 8 such that |P[f](ry)| = O ((1—r)"P). The level sets
of the function 3 are defined by

EB.f)={ye S Bly) =B}
_ {yEYd; limsup log|P[f](ry)| B}-

r—1 —lOg(l _r)

We can ask for which values of 8 the sets E(f, f) are non-empty. This set of val-
ues will be called the domain of definition of the spectrum of singularities of f.
If B belongs to the domain of definition of the spectrum of singularities, it is also
interesting to estimate the Hausdorff dimension of the sets E(f, f). The function
B — dim - (E(B, f)) will be called the spectrum of singularities of the function f.

Theorem 1 ensures that dim_»(E(B, f)) < d — 8 and our second main result is
that a fypical function f € L'(.7;) satisfies dim_»(E(B,f)) = d — B for any B €
[0,d]. In particular, such a function f has a multifractal behavior, in the sense that
the domain of definition of its spectrum of singularities contains an interval with
non-empty interior.

Theorem 2 For quasi-all functions f € L' (.7,), for any B € [0,d],
dim (E(B,f)) =d - B.

The terminology “quasi-all” used here is relative to the Baire category theorem. It
means that this property is true for a residual set of functions in L' (.%).

NOTATIONS. Throughout the paper, N = (0,...,0, 1) will denote the north pole of
4. The letter C will denote a positive constant whose value may change from line
to line. This value may depend on the dimension d, but it will never depend on the
other parameters which are involved.

ACKNOWLEDGEMENTS. We thank the referee for his/her careful reading and for
having provided to us references [1] and [14].



4 Frédéric Bayart, Yanick Heurteaux

2 Preliminaries

In this section, we survey some results regarding Hausdorff measures. We refer to [8]
and to [12] for more on this subject. Let (X,d) be a metric space such that, for every
p > 0, the space X can be covered by a countable number of balls with diameter less
than p. If B=B(x,r) is a ball in X and A > 0, | B| denotes the diameter of B and AB
denotes the ball B scaled by a factor 4, i.e. AB = B(x,Ar).

A dimension function ¢ : R; — R is a continuous nondecreasing function sat-
isfying ¢(0) = 0. Given E C X, the ¢-Hausdorff outer measure of E is defined by

¢ T .
HOE) = limy inf, 3, 9(1BD),

where R¢ (E) is the set of countable coverings of E with balls B with diameter |B| < €.
When ¢;(x) = x*, we write for short ¢ instead of ¢ % The Hausdorff dimension
of aset E is

dimyy (E) := sup{s > 0; J°(E) > 0} = inf{s > 0; S*(E) = 0}.

We will need to construct on .¥; a family of subsets with prescribed Hausdorff
dimension. For this we shall use results of [6]. Recall that a function ¢ : Ry — R,
is doubling provided there exists A > 1 such that, for any x > 0, ¢(2x) < A¢(x).
From now on, we suppose that the metric space (X,d) supports a doubling dimension
function ¢ such that

é¢(|3|)§%¢(3) < Co(|B])

where C is a positive constant independent of B.

The previous assumption is satisfied when X = .%;, endowed with the distance
inherited from R4+, and ¢ (x) = x7.

Given a dimension function y and a ball B = B(x,r), we denote by BY the ball
BY = B(x,y o ¢(r)). The following mass transference principle of [6] will be used.

Lemma 1 (The mass transference principle) Let (B;) be a sequence of balls in
X whose radii go to zero. Let ¥ be a dimension function such that y(x)/¢(x) is
monotonic and suppose that, for any ball B in X,

A0 (BﬂlimsupBi) = (B).
i—vfoo
Then, for any ball Bin X,
AV <BﬂlimsupB;’/> =Y (B).
i—too
Finally, the following basic covering lemma due to Vitali will be required (see
[12]).

Lemma 2 (The 5r-covering lemma) Every family .7 of balls with uniformly bounded
diameters in a separable metric space (X ,d) contains a disjoint subfamily 4 such

that
U Bc Uss

Be 7 BeY
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3 Majorisation of the Hausdorff dimension

Let f € L'(.#;). We intend to show that P[f](r-) cannot grow too fast on sets with
large Hausdorff dimension. More generally, we shall do this for 4 € .#(#;) and
P[u] instead of P[f]. If y € /4 and 6 > 0, we introduce

k(y,8) = {& € Sus |E—yll < 8}

the open spherical cap on .#; with center y and radius § > 0. The set x(y,d) is just
the ball with center y and radius & in the metric space (-4, || - ||). Let us also define
the slice

L (3,81,8) ={& € Sy 8 <|I§ -y < &}

where 0 < §; < 6.
The starting point of our argument is a result linking the radial behaviour of P[u]
to the Hardy-Littlewood maximal function. More precisely, it is well known that if

y € %y, then
|u|(x(y, 6))
sup |Plu|(ry)| < sup ———55-
re(o,1)| a2 )‘ 5>0 0(x(y,6))

(see for example [3]). Our aim is to control, for a fixed r close to 1, the minimal size
of the caps which come into play on the right-hand side.

Lemma 3 Let p € A4 (%), r€(0,1) andy € #,. There exists 8 > 1 — r such that

|u|(x(y,6))
o(k(y,6))

where C is a constant independent of |, r and y.

|Plul(ry)| <€

Proof Replacing u by |u|, we may assume that u is positive. Moreover, without loss
of generality, we may assume that y = N is the north pole. Observe that

PLION) = [ PON.&)au(?),

with
1 —r2
PON,E) = —
(N.¢) = R g
1—72
(=21 4 )

Observe also that ||€ — N||> = 2(1 — &) if & € .%. In particular, P(rN, &) just
depends on ||& — N|| and r. Moreover, P(rN, &) decreases when ||& — N|| increases,
& keeping on .¥;.

We shall approximate & — P(rN, &) by functions which are constant on slices.
The function & — P(rN, &) is harmonic and nonnegative in the ball

{EeR™E-N[<1-r}.



6 Frédéric Bayart, Yanick Heurteaux

By the Harnack inequality, there exists Cy > 0 (which does not depend on r) such
that, for any & € R4*H! with || —N|| < (1—-7)/2,

P(rN,&) > CoP(rN,N).

Necessarily, Cy belongs to (0, 1). We then define an integer k > 0 and a finite sequence
50, ceey 6k by

- 8 =0;

-8 =(1-r)/2;

- 841 (ifitexists) is the real number in [8;,2] such that P(rN, /1) = CoP(rN, &)
where &/ (resp. £/11) is an arbitrary point of .%; such that ||/ — N|| = §; (resp.
|E/+1 —NJ|| = §;+1) (remember that P(rN, &) ;

— 0j+1 =2 and k = j+ 1 otherwise.

Observe that the sequence is well defined and that, by compactness, the process ends
up after a finite number of steps. We set ¢; = P(rN,&7), 0 < j <k —1 where &/ is
an arbitrary point in .%; such that [N —&/|| = §;. Let us also remark that, if § € .7,

&#-N,

k=1 k-1
Co ) cilyNs;s,.0)(8) SPINE) <Y cilons, s, ()
=0 =0

The sequence (c;) j>o is decreasing. Thus, we can rewrite the step function using only
caps as

—1 k
Y clomss) = X dilkns)
j=0 j=1
where the real numbers d; are positive. In fact, dj = co and d; = cj_; —c; if j > 2.
Then we get

k
COZdleN5)<PrN§ gz (1)
= i

We integrate the right-hand inequality with respect to u to obtain

k
PIION) < Y. dj(x(N.§)))

su N(K(Nvaj)) a ) ]
< 5P e,y & Yo KN8)
u(x(N.5,))

<!

sup KNG [ p(rN, €)do ()
i=1,..k 6(k(N,68;)) J#,

where the last inequality is obtained by integrating the left part of (1) over ., with
respect to the surface measure o. This yields the lemma, since [, P(rN,§)do(§) =
1, except that we have found a cap with radius greater than (1 — r)/2 instead of 1 —r.
Fortunately, it is easy to dispense with the factor 1/2. Indeed,

p(x(N,8)) . m(k(N.6)) _ u(x(N28))
G(K(N,S)) ~ " 0(k(N,28)) — o(x(N,28))"
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The previous lemma is the main step to obtain an upper bound of the Hausdorff
dimension of the sets where P[u](r-) behaves badly.

Theorem 3 Let € .# (%) and let T : (0,1) — (0,+o0) be nonincreasing, with
lim,_,o+ T(x) = +oo. Let us define

E(t,u) = {yeﬁﬂd; lierPpw - +°°}.

Let ¢ : (0,+00) — (0, +o0) be a dimension function satisfying ¢ (s) = O(t(s)s?). Then
A0 (& (T 1)) =0.
Proof For any M > 1, we introduce

P
Em = {y SRR limsupM > M}.
r—1 T(l - r)
Let € > 0 and y € &y. The definition of &), and Lemma 3 ensure that we can find
ry € (0,1), as close to 1 as we want, and a cap k, = k(y,d,) such that 6, > 1 —r,
satisfying

Me(1— 1) < P[] (ryy)| < L) @

o(ky)
Observe that Clul(.
o) < CHIZD)
Mrt(1—ry)
It follows that 8, — 0 when r, — 1. We can then always ensure that |x,| < €. The
family (k;)yeq, is an e-covering of &y. By the 5r-covering lemma, one can extract
from it a countable family of disjoint caps (k,);cn such that &y C |J; 5k;,. Inequality
(2) implies that
MY t(1-rn,)0(k,) < Cllu].
i

If we remark that |5x,,| > 8,, > 1 — ry,, we can conclude that

L e(skliskl’ < 71ul
Our assumption on ¢ ensures that 2% (&) < C(¢,1)/M. The result follows from
the equality & (7, 1) = Ny>1 Em-
Applying this to the function 7(s) = 5B, we get the first half of Theorem 1.
Corollary 1 Forany B € [0,d), for any i € 4 (7y), dimy (8(B, 1)) < d — .

Remark 1 The corresponding result for the divergence of Fourier series was obtained
in [2] using the Carleson-Hunt theorem (see also [5] for the Ll-case). Our proof in
this context is much more elementary, since we do not need the maximal inequality
for the Hardy-Littlewood maximal function.
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4 Minorisation of the Hausdorff dimension

In this section, we prove the converse part of Theorem 1. We first need a technical
lemma on the Poisson kernel.

Lemma 4 There exists a constant C > 0 such that, for any r € (1/2,1) and any
NS

[ PovuoE) =c
K(y,1—r)

Proof We may assume y = N. Let p = 1 —r. A generic point x = (x,--,X44+1) €
R4*! will be denoted by x = (x,x41) with x’ € R?. In particular, x € k(N, p) if and
only if ['||*+x7,, =1 and ||¥'||* 4 (1 —x411)* < p*. Let € be the cylinder

@ = {xe R )2 < p?/2and 1 —2p < xgs; < 1}.

It is not hard to show that ., N% C k(N,p) when 1/2 < r < 1. We now define
two harmonic functions: % is the harmonic function in € such that h(x) = 1 if x €
06 N{xz41 =1} and h(x) = 0if x € € N {x441 < 1}; u is the harmonic function
in By, such that u =1 on x(N,p) and u = 0 elsewhere on ./, (h and u are the
Perron-Wiener-Brelot solutions of the Dirichlet problem with the given boundary
data). We claim that 2 < u on d(4¢ N By, 1). Indeed, we can decompose 9 (€ NByy1)
into EUF, with E C S4N% and F C 9% N{xgs1 < 1}. Now, u =1 > h on E and
u>0=hon F.By the maximum principle in € N By, 1, we deduce that u(x) > h(x)
for any x € € N B, 1. In particular this holds for x = (1 — p)N = rN, so that

/ PN, E)do(E) > h(rN).
K(N,p)

On the other hand, ¥ is just the translation and dilation of a fixed domain : € =
N+ p%, where

U = {xE]RdH WP < 1/2and —2 < xg44 <0}.

Thus the quantity 4(rN) is strictly positive and independent of r. We can then take
C = h(rN).
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Here is the converse part of Theorem 1.

Theorem 4 Let E C %, let ¢ be a dimension function and let T : (0,1) — (0, +o0)
be nonincreasing with lim,_, o+ T(x) = +oo. Suppose that 7? (E) = 0 and that T(s) =
O(s¢(s)). Then there exists f € L' (%) such that, for any y € E,

o PU(y)
S

A remarkable feature of Theorem 3 and Theorem 4 is that they are sharp: if ¢(s) =
7(s)s¢ is a dimension function and

= +oo

éa(raf) = {y €. 1imsup|P[‘]1(‘]iy)| — _|_°°},

r—1 T( - }")
then
1. forany f € L'(7), #9(&(7,f)) =0;
2. if E is a set satisfying /¢ (E) =0, we can find f € L' (.#;) such that & (t, f) D E.

Proof (Proof of Theorem 4) Let j > 1. Since #?(E) = 0, we can find a covering
Zj of E by caps with diameter less than 27/ and such that ¥ xc, ¢(|k[) <27/. We
collect together the caps with approximately the same size. Precisely, if n > 1, let

Cn = {K‘E U2 27 < k| < 2"}.

J

Let also E, = Uyxeg, K so that E C limsup,, E,, and

Y Youh<Y Y ok <1.

n>1x€%, J>1keZ;
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In particular, there exists a sequence (@ ),> tending to infinity such that

Y Y @up(x]) < oo

n>1k€e%,

For any n > 1, let x,,1,...,X,m,, be the centers of the caps appearing in %, and let
Kni = K(xp,2-27"). We deﬁne

my,

f= LY ot )y,

n>li=

f belongs to L' (.#). Indeed,

Hf||1<CZan !
n>1i=

my

chZaw

n>1i=

<c) Z @, 9 (|K|) < +oo.

n>1xe%,

Moreover, let y € E, and let r = 1 —27". Let also &, = K(xp.i,0y,;) € €, such that y
belongs to k;. It is clear that ||y — x| < 8,; < 27" so that k(y,27") C K. By the
positivity of f and of the Poisson kernel,

PAY = [ @s@")PE)do(E)
k(327"
> Ca,t(l—r)
where C is the constant that appears in Lemma 4. Thus, provided y belongs to limsup,, E,,,
we get

limsup ———= =
r—1 T(l - }")

which is exactly what we need.

5 Construction of saturating functions

In this section, we turn to the construction of functions in L' (.#;) having multifractal
behaviour. Our first step is a construction of a sequence of nets in .%; which play the
same role as dyadic numbers in the interval.

Lemma 5 There exists a sequence (%n)n>1 of finite subsets of . 4 satisfying

- %n C %,H,],'

= Usem, K(x,27") = Sy;

- card (%,) < C2";

— Forany x,y in %y, x £y, then |x —y| > 27"
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Proof Let Zy = @ and let us explain how to construct %, from %,. %, is a
maximal subset of .%; containing %, and such that any distinct points in %, have

their distance greater than or equal to 2~ ") Then U,e s, | ¥ (x, 2’("“)) =.%; by

maximality of %, . Then, taking the surface and using that the caps k (x, 2’(”“)) ,
X € X1, are pairwise disjoint, we get

card (%4 1) x €272 <

From now on, we fix a sequence (%5 ),>0 as in the previous lemma. Our sets with big
Hausdorff dimension will be based on open caps centered at points of Z,,. Precisely,
let o > 1 and let N, o = [n/a] + 1 where [n/ ] denotes the integer part of n/o.. We

introduce
Dn’a = U K (.x,zin) .
XGQNM.(X

Lemma 6 Let o > 1 and let (ny)x>0 be a sequence of integers growing to infinity.
Then

Y (lim supan’a) = o0,
k—-oo

Proof This follows from an application of the mass transference principle (Lemma
1), applied with the function y(x) = x¥/%* and ¢ (x) = x?. The key points are that

U K (x,Z*N'W) =9

xE%Nn,a
and that & (x,27") D Kk (x,y~ ' 0 ¢(27Va)) since AN, o > n.
We now construct saturating functions step by step.

Lemma 7 Let n > 1. There exists a nonnegative fonction f, € L'(.7;), satisfying
[ fulli = 1, such that, for any @ > 1, for any y € Dy, 4,

L (ry) > SotnNncd,
n

where 1 —r, =27", Ny o = [n/a] + 1 and C is independent of n and «.
Proof We define f, by
5 1 ntl

S Y ) 2("7N)d1x(x,2-27")-

n+1 N=1xe%y

The triangle inequality ensures that

~ C n+1 B B
||fn||1 S —1 Z Card(%N)Z(" N)dz nd
n+ 135

<C.
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Let y € D, o and let x € Zy, , such that y € k(x,27"). Observe that k (y,27") C
K (x,2.27"). Moreover, 1 < Np.o < n+ 1. Using the positivity of the Poisson kernel,

we get
2 (n—Np,a)d

PRI 2 [ S P ) ),

Lemma 4 ensures that

. C
P[f)(ray) > ——=2(1=Nna)d
[l (ray) 2 =

and it suffices to take f;, = ﬁ

We are now ready for the proof of our second main theorem.
Proof (Proof of Theorem 2) Let (g,)n>1 be a dense sequence of L'(.#;) such that

each g, is continuous and ||g,|| < n. The maximum principle ensures that for any
r € (0,1) and for any & € .7,

|Plgal (r§)| < n.

Let (f,,) be the sequence given by Lemma 7 and let us set
1
hn = gn+ = fa-
n

(hy)n>1 remains dense in L' (.#;). Moreover, if r, =1 —27", o> 1 and y € D, o,

(n—Nuo)d
Plh)(ray) > €5 —n

z(ann‘a)d
>C————
- 2n?
provided n is sufficiently large. Let us finally consider &, > 0 sufficiently small such
that

[P/ )leo <1 F [ f]l1 < S0
The residual set we will consider is the dense Gg-set

A= UBL (7, 6).

1>1n>1

Pick any f € A. One can find an increasing sequence of integers (n;) such that f €
Bii(hy,, 6y, for any k. Let & > 1 and let y € limsup; Dy, o =: Dg(f). Then we can
find integers n, picked in the sequence (1 )i>1, as large as we want such that

2(”71\7)1.06)(1
P[f](ray) = Plhn](ray) — 1> CT 1.
Observe that for such values of n,
log [P[f](ray)] . (1= Noa)d ol1)

—log(1—ry) n
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Hence,
log |P N, 1
timsup PEPVIODL S (M) (2L,
o1 —log(1—r) =~ noie n o

Furthermore, Lemma 6 tells us that %/ (D¢, (f)) = +eo. We divide Dy (f) into two
parts:

Dy (f) = {y € Da(f): hrgsyp% (1 - é) d}

Dg)(f){yeDa(f);lirrnj}lpw < é)d}

—_—
\
~—

Let (B4)u>0 be a sequence of real numbers such that
Bn> |1 ] d d lim B,=|1 : d
> (1mg)d ma gim = (15 )d

< U & B f)

n>0

Then

Observe that 4 > d — 8. Then, by Corollary 1, AU E (B, f)) = 0. We get

AUUDG () =0 and AVHUDY(f)) = +oo.

E ((1 - é) d,f) S5 D)
o1 o

By Corollary 1 again, this inequality is necessarily an equality, and we conclude that
f satisfies the conclusion of Theorem 2 by setting

<1l>d Be—L_y_p

Finally,

and

OC

One can also ask whether the Poisson integral of a typical Borel measure on .7
has a multifractal behaviour. Here, we have to take care of the topology on .# (.%;).
We endow it with the weak-star topology, which turns the unit ball B 4, of the
dual space . () into a compact space. We need the following folklore lemma:

Lemma 8 The set of measures fdo, with f € € (%), is weak-star dense in M (F).
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Proof The set of measures with finite support is weak-star dense in .# (%) (see for
instance [7]). Thus, let & € .7, let € > 0 and let g1,...,8, € € (). It suffices to
prove that one can find f € € (%) such that, for any € > 0, forany i € {1,...,n},

gi(i)—/yd gi(y)f(y)dﬁ(y)’ <E.

Since each g; is continuous at &, one can find 6 > 0 such that | — y| < & implies
lgi(§) — gi(y)| < €. Let f be a continuous and nonnegative function on .#; with
support in k(&,8) and whose integral is equal to 1. Then

56~ [ w0000 < [ ) -tl0)do0)
Zu k(&,9)
<e.
Mimicking the proof of Theorem 2, we can prove the following result.
Theorem S For quasi-all measures L € B 4 (), for any B €[0,d],
dim - (E(B,1)) =d — B.
Proof Let (g,)n>1 be a dense sequence of the unit ball of €' (.%;) such that || g || <
1-— % The sequence (g,d0),>1 is weak-star dense in B (). Let (fu)n>1 be the
sequence given by Lemma 7 and let us set
1
hn=gn+ —fn
n

so that (h,do),>; lives in the unit ball B (5, and is always a weak-star dense
sequence in B (). Forany o > 1 and any y € Dy «,

9 (n—Nua)d

P[hn](rny) > CT —1

with r, = 1 —27". The function (y, &) — P(r,y,&) is uniformly continuous on . x
%4 In particular, using the compactness of ., one may find yy,...,ys € %, such
that, for any y € %, there exists j € {1,...,s} satisfying

vgeyda ’P(rﬂyvg)_P(rnyjaé)IS]
Let %, be the following weak-star open neighbourhood of 1,d6 in B_(.,):

U, = {u €B 4, forall je{1,...,s},

’/yd Pl &)an— [ P<rnyj,5>hn<5>dc] < 1}.

Za
By the triangle inequality, for any y € .%; and any u € %,,
|Plp = hpda]|(ray)| < 3.

We now define A = (> U,>; % which is a dense Gs-subset of B (), and we
conclude as in the proof of Theorem 2.
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If we remember that 4 — P[u] is a bijection between the set of nonnegative finite
measures on the sphere .#; and the set of nonnegative harmonic functions in the ball
B,41 we can also obtain the following result.

Theorem 6 For quasi-all nonnegative harmonic functions h in the unit ball B, , for
any B € [0,d),
dim - (E(B.h)) =d — B

logh
where E(B,h) is defined here by E(B,h) =1y € Sy ; limsupL(ry) =f,.
P Tlog(i—1)
The set 777 (B4y1) of nonnegative harmonic functions in the unit ball By, is en-
dowed with the topology of the locally uniform convergence. It is a closed cone in
the complete vector space of all continous functions in the ball. So it satisfies the
Baire’s property.

Proof (Proof of Theorem 6.) We begin with the following lemma.

Lemma 9 The set of nonnegative functions which are continuous in the closed unit
ball By, 1 and harmonic in the open ball B, is dense in 7.

Proof Let h € 77" and p, < 1 be a sequence of real number that increases to 1. Set
fa(&) =h(p,&) if & € . and hy(x) = h(pnx) = P[fn](x) if x € B4 1. The functions
hy, are nonnegative, harmonic and continuous on the closed ball B, ;. Moreover, let
p < 1. The uniform continuity of / in the closed ball B(0,p) = {x; ||x|| < p} ensures
that &, converges uniformly to 4 in the compact set B(0,p).

We can now prove Theorem 6, using the same way as in Theorem 2. Let (gn)n>1
be a dense sequence in the set of nonnegative continuous functions in .#;. Lemma 9
ensures that the sequence (P[g,]),>1 is dense in 7. Moreover, we can suppose that
|lgn]le < n so that by the maximum principle, 0 < P[g,]|(x) < n for any x € B;. Let
(fn)n>1 be the sequence given by Lemma 7 and observe that if ||x|| < p,

1 2 2

;P[ n](x)‘ < m”ﬁ;”l = m-

It follows that %P[ 2] goes to 0 in 77", Define

hy = P[g”] + %P[fn]

so that (hy,),>1 is always dense in #". Leta > 1,y € D, g and r, = 1 —27". Lemma
7 ensures that
9 (n—Nua)d
ha(rny) > CT —n.

We can define

A= {he%*; sup |h(x) — hy(x)| < 1}

1>1n>1 [[x[ <rn

which is a dense Gg-set in 27" and we can conclude as in the proof of Theorem 2.
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