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BOUNDARY MULTIFRACTAL BEHAVIOUR FOR HARMONIC
FUNCTIONS IN THE BALL

FREDERIC BAYART, YANICK HEURTEAUX

ABSTRACT. It is well known that if h is a nonnegative harmonic function in the ball
of R or if A is harmonic in the ball with integrable boundary value, then the radial
limit of h exists at almost every point of the boundary. In this paper, we are interested
in the exceptional set of points of divergence and in the speed of divergence at these
points. In particular, we prove that for generic harmonic functions and for any g8 € [0, d],
the Hausdorff dimension of the set of points £ on the sphere such that h(r¢) looks like
(1—r)"#is equal to d — 3.

1. INTRODUCTION

The story of this paper begins in 1906, when P. Fatou proved in [8] that bounded harmonic
functions in the unit disk have nontangential limits almost everywhere on the circle. Later
on, this result was improved by Hardy and Littlewood in dimension 2, and by Wiener,
Bochner and many others in arbitrary dimension (a complete historical account can be
found in [12]). Let us also mention R. Hunt and R. Wheeden who proved that a similar
result holds for nonnegative harmonic functions in Lipschitz domains ([9, 10]). To state
the result of the nontangential convergence of harmonic functions in the ball, we need to
introduce some terminology.

Let d > 1 and let Sy (resp. Bgi1) be the (euclidean) unit sphere (resp. the unit ball) in
R¥*1. The euclidian norm in R will be denoted by | - ||. For p € M(S;), the set of
complex Borel measures on Sy, the Poisson integral of p, denoted by Plul, is the function
on By defined by

Pluj(z) = g Pz, §)dp(E),
where P(x,&) is the Poisson kernel,
’ [l — &[4+t

When f is a function in L'(Sy), we denote simply by P[f] the function P[fdc]. Here and
elsewhere, do denotes the normalized Lebesgue measure on Sy. For any u € M(Sy), P[y]
is a harmonic function in Bgiq and it is well-known that, for instance, every bounded
harmonic function in By is the Poisson integral P[f] of a certain f € L™(Sy). It is also
well known that every nonnegative harmonic function in Bgy; is the Poisson integral P|u]
of a positive finite measure p € M(Sy).

The Fatou theorem for Poisson integrals of L!-functions says that, given a function f €
LY(S,), then P[f](ry) tends to f(y) for almost every y € Sq when r increases to 1. More
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2 FREDERIC BAYART, YANICK HEURTEAUX

generally, if p € M(Sy), Plup](ry) tends to g—g‘(y) almost everywhere and in fact, the limit
exists for nontangential access.

In this paper, we are interested in the radial behaviour on exceptional sets, and especially
in the following questions. How quick can grow P[f](ry)? For a prescribed growth 7(r),
how big can be the sets of y € Sy such that limsup,_,; |P[f](ry)|/7(r) = +00? It is easy
to see that the growth cannot be too fast. Indeed, the Poisson kernel satisfies, for any

y7§ € Sd, 9
P <
so that for any f € L'(S,), for any y € Sy and any r € (0, 1),

2
Pl < 2L

This motivates us to introduce, for a fixed 8 € (0,d) and any f € L'(S,), the exceptional

set
EB, f) = {y € Sy; li?j?p% — —|—oo},

and we ask for the size of £(3, f). To measure the size of subsets of Sy, we shall use the

notion of Hausdorff dimension (see Section 2 for precise definitions). Our first main result
is the following.

Theorem 1.1. Let 3 € [0,d] and let f € L'(Sy). Then dimy ((8,f)) < d— B. Con-
versely, given a subset E of Sy such that dimy(FE) < d — 3, there exists f € L'(Sy) such
that E C E(B, f).

Our second task is to perform a multifractal analysis of the radial behaviour of harmonic
functions, as this is done in [3], [4] for the divergence of Fourier series. For a given function
f € LY(Sy) and a given y € S;, we define the real number 3(y) as the infimum of the
real numbers 3 such that |P[f](ry)| = O ((1 — r)~#). The level sets of the function 3 are
defined by
EB,f) = {yeSs Bly) =5}
= {y € Sy; limsupw = ﬁ} .
r—1 —log(l—r1)
We can ask for which values of 3 the sets E(f, f) are non-empty. This set of values will
be called the domain of definition of the spectrum of singularities of f. If 8 belongs to the
domain of definition of the spectrum of singularities, it is also interesting to estimate the
Hausdorff dimension of the sets E (3, f). The function 5 — dimy(E(S8, f)) will be called
the spectrum of singularities of the function f.
Theorem 1.1 ensures that dimy(E(8, f)) < d — f and our second main result is that
a typical function f € LY(S,) satisfies dimy(FE(B, f)) = d — B for any B € [0,d]. In
particular, such a function f has a multifractal behavior, in the sense that the domain of
definition of its spectrum of singularities contains an interval with non-empty interior.

Theorem 1.2. For quasi-all functions f € L'(Sy), for any B € [0,d],
dimy (E(8, f)) = d - B.
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The terminology ”quasi-all” used here is relative to the Baire category theorem. It means
that this property is true for a residual set of functions in L'(S,).

NoTATIONS. Throughout the paper, N = (0,...,0,1) will denote the north pole of Sy.
The letter C will denote a positive constant whose value may change from line to line. This
value may depend on the dimension d, but it will never depend on the other parameters
which are involved.

2. PRELIMINARIES

In this section, we survey some results regarding Hausdorff measures. We refer to [7] and
to [11] for more on this subject. Let (X, d) be a metric space such that, for every p > 0,
the space X can be covered by a countable number of balls with diameter less than p. If
B = B(z,r) is a ball in X and A > 0, |B| denotes the diameter of B whereas AB denotes
the ball B scaled by a factor A, i.e. AB = B(z, Ar).

A dimension function ¢ : Ry — Ry is a continuous nondecreasing function satisfying
#(0) = 0. Given E C X, the ¢-Hausdorff outer measure of E is defined by

¢ I .
W) =l ar, 57 o3,
where R.(F) is the set of countable coverings of E with balls B with diameter |B| < e.
When ¢,(z) = °, we write for short H* instead of H?s. The Hausdorff dimension of a set
Eis
dimy (E) :=sup{s > 0; H*(E) > 0} = inf{s > 0; H*(F) = 0}.

We will need to construct on S; a family of subsets with prescribed Hausdorff dimension.
To this intention, we shall use results of [5]. Recall that a function ¢ : Ry — Ry is
doubling provided there exists A > 1 such that, for any z > 0, ¢(2z) < A¢(x). From now
on, we suppose that the metric space (X,d) supports a doubling dimension function ¢
such that

é¢(|B|) <H?(B) < Co(|B])

where C is a positive constant independant of B.

The previous assumption is satisfied when X = Sy, endowed with the distance inherited
from R and ¢(z) = 2%

Given a dimension function v and a ball B = B(z,r), we denote by B¥ the ball BY =
B(x,1~1 o ¢(r)). The following mass transference principle of [5] will be used.

Lemma 2.1 (The mass transference principle). Let (B;) be a sequence of balls in X whose
radius goes to zero. Let 1 be a dimension function such that (x)/p(x) is monotonic and
suppose that, for any ball B in X,
H? <B N lim sup Bi> = H?(B).
i—>+00

Then, for any ball B in X,

HY (B N lim sup Bf) =H"(B).

i——+00

Finally, the following basic covering lemma due to Vitali will be required (see [11]).
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Lemma 2.2 (The 5r-covering lemma). Every family F of balls with uniformly bounded
diameter in a separable metric space (X,d) contains a disjoint subfamily G such that

3. MAJORATION OF THE HAUSDORFF DIMENSION

Let f € L'(S;). One intend to show that P[f](r-) cannot grow too fast on sets with large
Hausdorff dimension. More generally, we shall do this for u € M(S,;) and P[u] instead of
P[f]. If y € S and ¢ > 0, we introduce

R(y,0) = {€ € Sus € —yll < 3}

the open spherical cap on Sy with center y and radius § > 0. The set x(y,d) is nothing
else but the ball with center y and radius ¢ in the metric space (Sy,|| - ||). Let us also
define the slice

S(y,01,02) = {§ €Sq; < |IE—yll < 52}
where 0 < 1 < ds.
The starting point of our argument is a result linking the radial behaviour of P[u] to the
Hardy-Littlewood maximal function. More precisely, it is well known that if y € Sy, then

|p(k(y, 0))
sup | Plu](ry)| < sup —=—==s=
re(0,1) | | s>0 o(k(y,6))
(see for example [2]). Our aim is to control, for a fixed r close to 1, the minimal size of
the caps which come into play on the right handside.

Lemma 3.1. Let p € M(S;), r € (0,1) and y € S;. There exists 6 > 1 — r such that

|1l (k(y, 0))
o(k(y,0))

where C' is a constant independent of u, r and y.

|Pu](ry)] < C

Proof. Replacing u by |u], we may assume that p is positive. Moreover, without loss of
generality, we may assume that y = N is the north pole. Observe that

PLON) = [ PN du(e)
with
1— 2
PONG) = g
1 — 72

(1 — 2y + r2)(@HD/2°

Observe also that ||€ — N2 = 2(1 — £441) if € € Sy. In particular, P(rN, ) just depends
on [|[§ — NJ| and r. Moreover, P(rIN, &) decreases when ||£ — N|| increases, ¢ keeping on
S4.

We shall approach  — P(rN,¢) by functions which are constant on slices. The function
¢+ P(rN,¢) is harmonic and non negative in the ball {¢ € R¥!; ||¢ = N|| < 1—7r}. By
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the Harnack inequality, there exists Cp > 0 (which does not depend on r) such that, for
any & € R4 with [|€ — N|| < (1 —7)/2,

P(rN,&) > CoP(rN,N).

Necessarily, Cp belongs to (0,1). We then define an integer £ > 0 and a finite sequence
(507 ey 5k by

[ ] 50 = O;

e 5 =(1—-1)/2;

e ;41 (if it exists) is the real number in [§;, 2] such that P(rN, &) = CoP(rN, &)
where &7 (resp. &/T1) is an arbitrary point of S; such that ||¢&7 — NJ|| = §; (resp.
€71 — N|| = 6;41) (remember that P(rN,£) only depends on ||¢ — N||);

® 0jy1 =2and k= j+ 1 otherwise.

Observe that the sequence is well-defined and that, by compactness, the process ends up
after a finite number of steps. We set ¢; = P(rN,¢&/), 0 < j < k — 1 where & is an
arbitrary point in Sy such that |N —&7|| = ;. Let us also remark that, if £ € Sz, € # —N,

k—1 k—1
Cozcjls(N,éj,5j+1)(§) < P(rN,§) < ’1S(N,5j,5j+1)(§)-
j=0 j=0

The sequence (c;);j>0 is decreasing. Thus, we can rewrite the step function using only caps

as
k—1 k
Z Cj 1S(N76J76J+1) = Z djl“(Nv(Sj)
j=0 J=1
where the real numbers d; are positive. In fact, di = c¢p and d; = ¢j—1 — ¢ if j > 2. Then
we get
k
(1) COZdIN(N6)<PTN£ SZ K(N,;)-

J=1 g=1

We integrate the right inequality with respect to p to obtain

k
Plp}(rN) < Zdju(ﬂ(Nﬁj))

k
/<;
< sup E djo(k
j=1,...k "i J

1
Ct s < < )
O ik o(r(N,G))) (N 3;))
where the last inequality is obtained by integrating the left part of (1) over Sy with respect

IN

/ P(rN, €)do(€)

to the surface measure o. This yields the lemma, since de P(rN,{)do(&) = 1, except that
we have found a cap with radius greater than (1 —r)/2 instead of 1 — r. Fortunately, it is
easy to dispense with the factor 1/2. Indeed,

p(£(N,0)) p(k(N,0)) p(k(N, 26))
o(r(N,0)) = Coln(N,20)) = Co(w(N.20))°
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O

The previous lemma is the main step to obtain an upper bound of the Hausdorff dimension
of the sets where P[u](r-) behave badly.

Theorem 3.2. Let p € M(S;) and let 7 : (0,1) — (0,400) be nonincreasing, with
lim, .o+ 7(z) = +o00. Let us define

5(7’,#) = {y € Sy; limsupw - _|_OO} )
r—1 7'(1 — T’)
Let ¢ : (0,+00) — (0,4+00) be a dimension function satisfying ¢(s) = O(7(s)s?). Then
HO(E(r, 1)) = 0.

Proof. For any M > 1, we introduce
P
Ev = {yGSd; limsupM >M}.
r—1 T(l - T)
Let ¢ > 0 and y € &y. The definition of £y; and Lemma 3.1 ensure that we can find

ry € (0,1), as close to 1 as we want, and a cap ky, = k(y,d,) such that §, > 1 —ry
satisfying

® Mr(1 = 1,) < [Pl < O,
Observe that Clalls
o(ky) < #(_f}y)

It follows that §, — 0 when 7, — 1. We can then always ensure that |s,| < e. The family
(Ky)yecey is an e-covering of £yr. By the br-covering lemma, one can extract from it a
countable family of disjoint caps (ky,)icn such that £y C |, 5ky,. Inequality (2) implies
that

MY (1= ry)o(ky,) < Clul.
i
If we remark that |5k,,| > d,, > 1 —ry,, we can conclude that

c
> Tl < VAL

7

Our assumption on ¢ ensures that H?(Ey) < C(¢,u)/M. The result follows from the
equality E(7, 1) = (Va1 Em- O

Applying this to the function 7(s) = s77, we get the first half of Theorem 1.1.
Corollary 3.3. For any f8 € [0,d], for any p € M(Sq), dimy (£(8,p)) < d— .

Remark 3.4. The corresponding result for the divergence of Fourier series was obtained
in [1] using the Carleson-Hunt theorem (see also [4] for the L!-case). Our proof in this
context is much more elementary, since we do not need the maximal inequality for the
Hardy-Littlewood maximal function.
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4. MINORATION OF THE HAUSDORFF DIMENSION

In this section, we prove the converse part of Theorem 1.1. We first need a technical
lemma on the Poisson kernel. It is a quantitative way to express that it is an approximate
identity.

Lemma 4.1. There exists a constant C > 0 such that, for any r € (1/2,1) and any
y € Sa,

[ Peygise=c
k(y,1—r)

Proof. We may assume y = N. Let p =1 —r. A generic point = (21, -+ ,Z441) € RA+1
will be noted = (2/,2441) with 2’ € R% In particular, z € x(N,p) if and only if
[|#||1* + 23, =1 and ||#']|* + (1 — z441)* < p?. Let C be the cylinder

C= {x eRMLI2/)? < p?/2and 1 — 2p < xgyy < 1}.

It is not hard to show that S;NC C k(N, p) when 1/2 < r < 1. We now define two harmonic
functions. h is the harmonic function in C such that h(z) =1 if z € 0C N {x441 = 1} and
h(z) =0if x € 0C N{xgy1 < 1}; u is the harmonic function in Bgy; such that v =1 on
k(N, p) and u = 0 elsewhere on Sg. We claim that A < u on 9(C N Bgy1). Indeed, we can
decompose O(C N By, 1) into EUF, with E C S4NC and F C 9C N {r4;; < 1}. Now,
u=1>hon E and v > 0= h on F. By the maximum principle in C N By41, we deduce
that u(z) > h(z) for any x € C N Bgy1. This in particular the case if x = (1 — p)N = rN,
so that

/ P(rN,§)do(§) > h(rN).
£(N,p)

On the other hand, C is just the translation and dilation of a fixed domain : C = N + pl,
where

U = {x e R 2|2 < 1/2 and — 2 < 241 < o}.

Thus the quantity h(rIN) is strictly positive and independent of r. We can then take
C = h(rN).
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Here is the converse part of Theorem 1.1.

Theorem 4.2. Let E C Sy, let ¢ be a dimension function and let 7 : (0,1) — (0,+00)
be nonincreasing with lim, o+ 7(x) = +oo. Suppose that H®(E) = 0 and that 7(s) =
O(s“%(s)). Then there exists f € L'(Sy) such that, for any y € E,

ey PG L
fm e =y T

A remarkable feature of Theorem 3.2 and Theorem 4.2 is that they are sharp: if ¢(s) =

d

7(s)s® is a dimension function and

E(r, f)= {y € Sa; limsupw = —i—oo} ’
r—1 '7'(1 — ’I“)
then
(1) for any [ € L8, HO(€(r. 1)) =
(2) if £is a set satistying H*(E) = 0, we can find f € L'(Sy) such that £(7, /) > E.

Proof of Theorem 4.2. Let j > 1. Since H?(E) = 0, we can find a covering R;j of E by
caps with diameter less than 277 and such that ZKeRJ_ #(|x|) < 277. We collect together
the caps with approximatively the same size. Precisely, if n > 1, let

Cn = KGUR 2= (n ) < || < 27"

Let also Ey, = {J,cc, # s0 that E C limsup,, £, and

S olls) <30 Y ek <1

n>1keCn j>1 KER;
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In particular, there exists a sequence (wy,),>1 tending to infinity such that

Z Z Wn¢(|’£|) < Fo0.

n>1 kel

For any n > 1, let @y, 1,...,Tn,m, be the centers of the caps appearing in C, and let
Kn,i = ﬁ(mn,i, 2-27"). We define

f= Z annT(Q_")l,inyi.

n>1i=1

f belongs to L'(S;). Indeed,

1l < S war@ ™)@y

n>1 =1

C Z Zn Wn¢(2_n)

n>1i=1

O3 Y wndllnl) < +oc.

n>1keCn

IN

IN

Moreover, let y € E,, and let r = 1 —27". Let also ky = K(2pn4,0n,:) € Cp such that y
belongs to k,. It is clear that ||y — x| < 6, < 27" so that k(y,27") C Ky, By the
positivity of f and of the Poisson kernel,

Plfl(ry) > / wn (27 P(ry, €)do (€)
K(y,2—™)
> Cw,m(1—71)

where C' is the constant that appears in Lemma 4.1. Thus, provided y belongs to
limsup,, £, we get
P
msup PLLED)
r—1 T (1 — 7“)
what is exactly what we need. O

= +OO7

5. CONSTRUCTION OF SATURATING FUNCTIONS

In this section, we turn to the construction of functions in L'(S;) having multifractal
behaviour. Our first step is a construction of a sequence of nets in S; which play the same
role as dyadic numbers in the interval.

Lemma 5.1. There ezists a sequence (Ry)n>1 of finite subsets of S9 satisfying
Rn C RnJrl;'

User, 6(2,27") = Sq;

card(R,) < C2";

For any z,y in Ry, © # vy, then |x —y| > 27",

Proof. Let Ry = @ and let us explain how to construct R,1 from R,,. R,+1 is a maximal
subset of S; containing R, and such that any distinct points in R, 1 have their distance

greater than or equal to 2~ Then U K (x,2*("+1)) = Sy by maximality of

mG'Rn+1
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Rp+1- Then, taking the surface and using that the caps (w,?f(””)), z € Rpy1, are
pairwise disjoint, we get
card(Rpq1) x €2~ (24 < 1,
O
From now on, we fix a sequence (R, )n>0 as in the previous lemma. Our sets with big

Hausdorff dimension will be based on open caps centered at points of R,. Precisely, let
a > 1and let N, o = [n/a]+1 where [n/a] denotes the integer part of n/a. We introduce

Dy o = U K (3:, 27") .

JBERN%@

Lemma 5.2. Let o > 1 and let (ng)k>0 be a sequence of integers growing to infinity.
Then

H Y <lim sup an@) = 400.

k——+o00

Proof. This follows from an application of the mass transference principle (Lemma 2.1),
applied with the function ¢ (z) = z%® and ¢(x) = x?. The key points are that

U K (x,Q*N"vO‘) =38y

IG'RNma
and that £ (2,27") D k (2,971 o ¢(27Vme)) since ANy o > n. O
We now construct saturating functions step by step.

Lemma 5.3. Let n > 1. There erists a nonnegative fonction f, € L'(Sy), satisfying
| flli = 1, such that, for any o > 1, for any y € Dy, o,

Plfal(rny) > €2(n—Nn7a)d’
n
where 1 — 1, =27", Ny o = [n/a] + 1 and C is independant of n and c.
Proof. We define f, by

_ 1 n+1
Jni= n+1 Z Z 2(n_N)d1n(:v,2-2—n).
N=1zeRN
The triangle inequality ensures that
. n+1
Wnlr < 3 card(Ry)20n Ny
N=1
< C.

Let y € Dy and let x € Ry, , such that y € x(2,27"). Observe that x(y,27") C
k(2,2.27"). Moreover, 1 < N,, o, < n+ 1. Using the positivity of the Poisson kernel, we
get

_ 2(n7Nn7a)d
PRz [ Pl e )
K(y,277"
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Lemma 4.1 ensures that

C
P > —_o(n=Nn.a)d

and it suffices to take f, = ”ff”” . O
n|l1

We are now ready for the proof of our second main theorem.

Proof of Theorem 1.2. Let (gn)n>1 be a dense sequence of L!(S,) such that each g, is
continuous and ||gy|lcc < n. The maximum principle ensures that |P[g,](r¢)| < n for any
r € (0,1) and for any £ € S;. Let (f,,) be the sequence given by Lemma 5.3 and let us set

1
hy = gn + = fn.
n

(hy)n>1 remains dense in L'(S,). Moreover, if r, =1—2"" a > 1 and y € D, q,

9(n—Nn,a)d

P[hn](rny) > -—n

n2
2(n—Nn,a)d

2n?2
provided n is sufficiently large. Let us finally consider §,, > 0 sufficiently small such that

IPLf](rn oo <1 if [l f[l1 < 6n.

The residual set we will consider is the dense Gs-set

A=\ Br: (i, 6n).

1>1n>1

> C

Pick any f € A. One can find an increasing sequence of integers (nj) such that f €
Bri(hp,,0p,) for any k. Let a > 1 and let y € limsupy, Dy, o =: Do(f). Then we can
find integers n, picked in the sequence (ny)x>1, as large as we want such that

2(n—Nn,a)d
P[f](rny) > P[hn](rny) -1= CT -1
Observe that for such values of n,
1 AV«
og [PUAra)] | (= Noa)d |
—log(1 —ry,) n
Hence,
log | P N, 1
limsupmz lim (1-—"22)d=(1-=)d.
r1 —log(l—7r) ~ notoo n @
Furthermore, Lemma 5.2 tells us that H%%(Dy(f)) = 4+o00. We divide Do(f) into two
parts:
: log | P[f](ry)| 1
D = e D.(f); 1 — " =|1-=)d
o’ (f) {y (f); msup ) >
: log | P[f](ry)| 1
D) = Do (f); 1 1——)d}.
o (f) {ye (f); msup ) "

Let (8n)n>0 be a sequence of real numbers such that

ﬁn><1—l>d and  lim 5n:<1—l>d.
o n—-+00 o
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Then
DR(f) c | EBn, )

n>0

Observe that 4 > d—f3,. Then, by Corollary 3.3, H¥/*(E(B,, f)) = 0. We get ’Hd/O‘(D((f)(f)) =
0 and HY2(D(f)) = +oc. Finally,

E ((1 - é) d, f) > DY)
(o 21) 2

By Corollary 3.3 again, this inequality is necessarily an equality, and we conclude that f

and

satisfies the conclusion of Theorem 1.2 by setting
1 d
(1——>d:5 = —=d-p.
e o
O

One can also ask whether the Poisson integral of a typical Borel measure on S; has a
multifractal behaviour. Here, we have to take care of the topology on M(S;). We endow
it with the weak-star topology, which turns the unit ball B (s, of the dual space M(Sy)
into a compact space. We need the following folklore lemma;:

Lemma 5.4. The set of measures fdo, with f € C(Sy), is weak-star dense in M(Sy).

Proof. The set of measures with finite support is weak-star dense in M(S,;) (see for in-
stance [6]). Thus, let £ € Sy, let € > 0 and let g1, ..., g, € C(Sq). It suffices to prove that
one can find f € C(S;) such that, for any € > 0, for any i € {1,...,n},

g:(6) - /S gi<y>f<y>da<y>' -

Since each g; is continuous at £, one can find § > 0 such that | — y| < ¢ implies |g;(§) —
9i(y)| < e. Let f be a continuous and nonnegative function on Sg with support in (¢, 0)
and whose integral is equal to 1. Then

IN

9i(§) —/S gi(y)f(y)dff(y)' /(5 . 19i(€) = 9i(W)[f (y)do (y)

E.

IN

Mimicking the proof of Theorem 1.2, we can prove the following result.

Theorem 5.5. For quasi-all measures p € Byys,), for any 8 € [0,d],

dimy (E(8, 1)) = d — 6.
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Proof. Let (gn)n>1 be a dense sequence of the unit ball of C(S;) such that ||gn|lec <1—=

1
—_— n'

The sequence (gndo),>1 is weak-star dense in Byys,). Let (fn)n>1 be the sequence given
by Lemma 5.3 and let us set

1

hp = gn + —fn

n
so that (hndo),>1 lives in the unit ball B s,) and is always a weak-star dense sequence
in Bpys,)- For any a > 1 and any y € Dy, q,

2(n7Nn7a)d
Pl > 2

with 7, =1 — 27", The function (y,&) — P(r,y,§) is uniformly continuous on Sy X Sy.
In particular, using the compactness of Sy, one may find y1,...,ys € Sy such that, for any
y € Sy, there exists j € {1,..., s} satisfying

V€€ Sa,  |P(rny.€) — Plray;, §)] < 1.

Let Uy, be the following weak-star open neighbourhood of h,do in Byys,):

<1}.

We now define A = (5, U,>; U which is a dense Gs-subset of By(s,), and we conclude
like in the proof of Theorem 1.2. O

U, = {MEBM(Sd); for all j € {1,...,s},

Py €)dpi — / P(ruyj, €)hn(€)do

Sq Sq

By the triangle inequality, for any y € Sz and any p € U,
|P[:u - hndo-”(rny” < 3.

If we remember that p — P[u] is a bijection between the set of nonnegative finite measures
on the sphere Sy and the set of nonnegative harmonic functions in the ball By, we can
also obtain the following result.

Theorem 5.6. For quasi-all nonnegative harmonic functions h in the unit ball Byy1, for
any S € [0,d],
dimy, (E(8,h)) =d — 8
. . log h(ry)
where E(B,h) is defined here by E(B,h) =y € Sg ; limsup ———— = 7.
ro1 —log(l—7)

The set H(Bgy1) of nonnegative harmonic functions in the unit ball By, is endowed
with the topology of the locally uniform convergence. It is a closed cone in the complete
vector space of all continous functions in the ball. So it satisfies the Baire’s property.

Proof of Theorem 5.6. We begin with the following lemma.

Lemma 5.7. The set of nonnegative functions which are continuous in the closed unit
ball Byy1 and harmonic in the open ball By, is dense in H*.
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Proof. Let h € H* and p, < 1 be a sequence of real number that increases to 1. Set
fn(§) = h(ppé) it £ € S; and hy,(z) = h(ppx) = P[fn](x) if © € Bgy1. The functions h,,
are nonnegative, harmonic and continuous on the closed ball Bg,;. Moreover, let p < 1.
The uniform continuity of h in the closed ball B(0,p) = {x ; ||z|| < p} ensures that h,

converges uniformly to A in the compact set B(0, p). O

We can now prove Theorem 5.6, using the same way as in Theorem 1.2. Let (g, )n>1 be a
dense sequence in the set of nonnegative continuous functions in ;. Lemma 5.7 ensures
that the sequence (P[gn])n>1 is dense in H . Moreover, we can suppose that ||gnllcc < n
so that by the maximum principle, 0 < Plg,](z) < n for any x € Bgy1. Let (fn)n>1 be
the sequence given by Lemma 5.3 and observe that if ||z| < p,

~P{fal()] < —— -

< —=——gllfall =
n
It follows that 1 P[f,] goes to 0 in #*. Define

~n(l—p) (1=p)*

hyp = P[gn] + %P[fn]

so that (hy)n>1 is always dense in . Let > 1, y € Dy, o and 7, = 1 — 27 ™. Lemma
5.3 ensures that
2(n7Nn7a)d
hn(rny) > C——— —n.

We can define
A:ﬂU heH; sup |h(z)—hy(z)|] <1

1>1n>1 lell<rn

which is a dense Gg-set in H' and we can conclude like in the proof of Theorem 1.2. [
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