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Existence of global strong solution and vanishing
capillarity-viscosity limit in one dimension for the Korteweg
system

Frédéric Charve* Boris Haspot *

Abstract

In the first part of this paper, we prove the existence of global strong solution for
Korteweg system in one dimension. In the second part, motivated by the processes of
vanishing capillarity-viscosity limit in order to select the physically relevant solutions
for a hyperbolic system, we show that the global strong solution of the Korteweg
system converges in the case of a v law for the pressure (P(p) = ap”, v > 1) to
entropic solution of the compressible Euler equations. In particular it justifies that
the Korteweg system is suitable for selecting the physical solutions in the case where
the Euler system is strictly hyperbolic. The problem remains open for a Van der
Waals pressure because in this case the system is npt strictly hyperbolic and in
particular the classical theory of Lax and Glimm (see %ﬁ ) can not be used.

1 Introduction

We are concerned with compressible fluids endowed with internal capillarity. The model

fckomsider originates from the XIXth century work by Van der Waals and Korteweg
%%_22] and was actually ggr%gﬁdf' its modern form in the 1980s using the second gradient
theory, see for instance MThe first investigations begin with the Young-Laplace
theory which claims that the phases are separated by a hypersurface and that the jump in
the pressure across the hypersurface is proportional to the curvature of the hypersurface.
The main difficulty consists in describing the location and the movement of the interfaces.
Another major problem is to understand whether the interface behaves as a discontinuity
in the state space (sharp interface) or whether the phase boundary corresponds to a
more regular transition (diffuse interface, DI). The diffuse interface models have the
advantage to consider only one set of equations in a single spatial domain (the density
takes into account the different phases) which considerably simplifies the mathematical
and numerical study (indeed in the case of sharp interfaces, we have to treat a problem
with free boundary).
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Let us consider a fluid of density p > 0, velocity field v € R, we are now interested in the
following compressible capillary fluid model, which can be derived from a gghn—Hilliard

?k(ef ér(%gpelﬁgrgy (see the pioneering work by J.- E. Dunn and J. Serrin in [9] and also in

. The conservation of mass and of momentum write:

0

P+ 0z(pu) =0,

%t (1.1)
a(peue) + 0p(p°(u)?) — €Dz (pDpu) + Du(a(p)) = €0, K,

where the Korteweg tensor reads as following:

. 1 /
divK = 0 (0H(p)Daap + 5 (5(p%) + % (910w ") = s (5(p) (D0p)?).  (1.2)
K is the coefficient of capillarity and is a regular function of the form r(p) = €2p® with
a € R. In the sequel we shall assume that x(p) = %. The term 0, K allows to describe
the variation of density at the interfaces between two phases, generally a mixture liquid-
vapor. P = ap” with v > 1 is a general v law pressure term. e corresponds to the
controlling parameter on the ampl.itu gsogtte}&l% viscosity .and of the capillarity Yr\éhaen we
set v¢ = u + €0, (In p°), we can write (II.1) on the following form (we refer to f3 for the
computations):

0
(‘7/)6 + 0z (pv°) — €032p® = 0,
i (1.3)

a €, € € € € € € €
g P+ Ou(p(u) (%)) — €0a(p*02v°) + Bz (alpf)7) = 0,
1.1
We now consider the C ufhy problem of (h) when the fluid is away from vacuum.
Namely, we shall study (ﬁrK) with the following initial data:

p(0,z) = pj(x) > 0, ue(()?x) = US(.CC), (1'4)

such that:
lim  (p§(x), uh(z)) = (57, u™"), with p™ >0,

r—+,—00

1.1
We would like to study in the sequel the limit process of system (h) when € goes to 0
and to prove in particular that we obtain entropic solutions of the Euler system:

0
5/3 + ar(pv) =0,
4 (1.5)

P
5 (P0) + Oz (pv?) + Ox(ap”) = 0,

Let us now explain the interest of the capillary solutions for the hyperbolic systems of
conservation laws.
1.1 Viscosity capillarity processes of selection for the Euler system

In addition of modeling a liquid-vapour mixture, the Korteweg also shows purely the-
oretical interests consisting in the selection of the physically relevant solutions of the



Euler model (in particular when the system is not strictly hyperbolic). The typical case
corresponds to a Van der Waals pressure: indeed in this case the system is not strictly
hyperbolic in the elliptic region (which corresponds to the region where the phase change
occurs).
In the adiabatic pressure framework (P(p) = p? with v > 1), the system is strictly hy-
perbolic and the theory is classical. More precisely we are able to solve the Riemann
problem when the initial Heaviside data is small in the BV space. Indeed we are in the
context of the well known Lax result as the system is also genuinely nonlinear (we refer
toI%Zﬁ). It means we have existence of global C!-piecewise solutions which are unique in
the class of the entropic solutions.
This result as been extent by Glimm in the context of small initial data in the BV-space
by using a numerical scheme and approximating the initial BV data by a C!-piecewise
function (which implies to locally solve the Riemann problem via the Lax resu%z%. For
the uniqueness of the solution we refer to the work of Bianchini and Bressan ([2]) who
use a viscosity method.
In the setting of the Van der Waals pressure, the existence of global solutions and the
nature of physical relevant solutions remain completely open. Indeed the system is not
strictly hyperbolic anymore.

If we rewrite the compressible Euler system in Lagrangian coordinates by using the
specific volume 7 = 1/p in (3, 00) and the velocity u, the system satisfies in (0, +00) x R
the equations:

Oy — Ozu =0,
~ (1.6)
0w — 0z (P(7)) =0,
with the function P : (%, o0) — (0,00) given by:
~ 1
Pr)=P(2), € (5,)
The two eigenvalues of the system are:
M (7,0) = —\/=P'(7), Aa(r,v) = —\/—P'(1). (1.7)

The corresponding eigenvectors ry, ro are:

= . = : 1.8
wy(7,v) = < —ﬁl(T) >, wa(T,v) = < B _]3,(7_) ) (1.8)

Furthermore by calculus we obtain:

L N —P'(r)
2v/—P'(1) 24/ —P'(7)

We now recall the definition of a standard conservation law in the sense of Lax (it means
entropy solutions):

Vi (r,v) - wi(r,v) = Vo (1,v) - we(1,v) = (1.9)

e The system is strictly entropic if the eigenvalues are distinct and real.



e The characteristics fields are genuinely nonlinear if we have for all (7, v),

Vi (r,v) - wi(7,v) # 0 and VAg(1,v) - wa(r,v) # 0,

for more details we refer to ffif‘e The definition of genuine nonlinearity is some kind
of extension of the notion of convexity to vector-valued functions (in particular when
we consider the specific case of the traveling waves). The previous assu Ptlons m at
ensuring the existence and the uniqueness of the Riemann problem ( see%ﬁr» TFSB’];T

er\rAé nanls:’ is a Van der Waals pressure, we observe that the first conservation law
( %33, l(% ) is far from being a standard hyperbolic system, indeed:

e It is not hyperbolic (but elliptic) in (X, L) x R,

a1’ o

e the characteristic fields are not genuinely nonlinear in the hyperbolic part of the
state space.

Here the classical Lax-Glimm theory cannot be applied. In particular there doesn’t exist
any entropy-flux pair, which suggests that the entropy framework is not adapted for
selecting the physically relevant solutions. In order to deal with this problem, Van der
Waals and Korteweg began by considering the statj nary dpr)roblem with null velocity, and
solving VP(p) = 0. For more details we refer to L{%I%—[fconsists in minimizing in the
following admissible set

Ao={p € L'@)W(p) € '@, [ pla)ts = m),

= [ Wipta)is

Unfortunately this minimization problem has an infinity of solutions, and many of them
are physically irrelevant. In order to overcome this difficulty, Van der Waals in the XIX-
th century was the first to regularize the previous functional by adding a quadratic term
in the density gradient. More precisely he considered the following functional:

the following functionnal

2
€
Fia = | (W @) 5 95 ) e

with:
Alocal = Hl(Q) N Ao.

This variational problem has a unique solution and its limit (as e goes to zero) converge
to a physical solution of the equilibrium é)Fblem for the Euler system with Van der Waals
pressure, that was proved by Modica in [28] with the use of gamma-convergence.

By the Euler-Lagrange principle, the minimization of the Van der Waals functional
consists in solving the following stationary problem:

VP(p) = 1€ p VAP,

where the right-hand side can be expressed as the divergence of the capillarity tensor.

Heuristically, we also hope that the process of vanishing capillarity-viscosity limit
selects the physical relevant solutions as it does for the stationary system. This problem
actually remains open.



1.2 Existence of global entropic solutions for Euler system

Before presenting the results of this paper let us recall the results on this topic in these
last decades. We shall focus on the case of a v pressure law P(p) = ap? with v > 1
and a positive. Let us mention that these cases are the only ones well-known (essentially
because the system is strictly hyperbolic in this case and that we can exhibit many
entropy-flux pairs). Here the Lax-Glimm theory can be applied, however at the end of
the 70’s, one was interested in relaxing the conditions on the initial data by only assuming
po and ug in L.

In the beginning of the 80’s Di Perna initiated this program, consisting in obtaining

global entropi i§ol1]3‘gigons for L initial data. {3
Indeed in ]PFY,_S],—Di Perna prove the existence of global weak entropy solution of (h)
for v = 1+ %ﬂ and v = 2k + % + 1 (with £ > 2, d > 2 by using the so-called
” compen aécltled compactness” introduced by Tartar in [35]. This result was extende%g‘;)y
Chen in %Tn the case v € (1, 2] and by Lions et al in [26] in the case v € [3,00). In [25],
Lions et al ge %{alize this result to the general case v € (1, 3), and finally the case v =1
is treated by [I8]. We would like to mention that these results are obtained through a
vanishing artificial viscosity on both density and velocity.
The problem of vanishing physical viscosity limit of compressible Navier-Stokes equations
to compressibl g)uler equations was until recently an open problem. However Chen and
Perepelista in?ﬂ proved that the solutions of the compressible Navier-Stokes system
with constant viscosity coefficients converge to X tropic solution of the Euler system
with finite energy. This result was extended in%g to the case of viscosity coefficients
depending on the d ugity.
Iﬁ_.sgl)ired by [[5] and [T9], we would like to show that the solution of the Korteweg system
(T.3) converges to a entropic solution of the Euler system with finite energy when the
pressure is a vy law. To do this, we will prove for the first time up our knowledge the
existence of global strong solution for the Korteweg system in one dimension in the case
of Saint-Venant viscosity coefficients. By contrast, the problem of global strong solutions
for compressible Navier-Stokes equations remains open (indeed one of the main difficulties
consists in controlling the vacuum). This result justifies that the Korteweg system allows
us to select the relevant physical solutions of the compressible Euler system at least when
the pressure is adiabatic (P(p) = ap” with v > 1). The problem remains open in the
case of a Van der Waals pressure.

1.3 Results

Let us now describe our main result. In th? f}rst theorem we prove the existence of global
strong solution for the Korteweg system (T.3).

Theorem 1.1 Let p > 0. Assume that the initial data py and ug satisfy:
0 <mo<po< My< +o0,pg—p€ H'(R),vo € H' (R) N L®(R). (1.10)
Then there ezists a global strong solution (p,v) of (%_é’) on RT x R such that for every
T>0:
p—p e L(0,T, H'(R)), p € L(0,T, L(R)),
v e L(0,T, H (R)) N L*(0, T, H*(R)) and v € L>=(0,T, L°°(R)).



Finally this solution is unique in the class of weak solutions satisfying the usual energy
inequality.

Remark 1 We would like to point out that the pro fe{n remains open in the case of the
Saint-Venant system, which corresponds to system (I1.3) without capillarity.

In the following the?rem, we are interested in proving the conveﬁggnce of the global
solutions of system (h—S) to entropic solutions of the Euler system (II.5).

Theore 1.2 Let v > 3 and (p¢,v°) with me = p“o° be the global solution of the Cauchy
problem (1.3) with initial data (pf, v§) as in theorem .Then, when e — 0, there exists
a subsequence of (p¢,m*) that opverge almost everywhere to a finite entropy solution
(p, pv) to the Cauchy problem M) with initial data (po, povo)-

Remark 1 We would like to point out that Lions et al in %5] had obtained the existence
of global entropic solution for v > 1 by a wiscosity vanishing process, and the consid-
ered reqularizing system was exactly the Korteweg system modulo the introduction of the
effective velocity.

. . theol .
One importan 18as1s of our problem for theorem [T.2is the following compactness theorem
established in

10
Theorem 1.3 (Chen-Perepelitsa b?]) Let ¢ € C3(R), (1%, q?) be a weak entropy pair
generated by 1. Assume that the sequences (p(x,t),v(z,t)) defined on R x Ry with
me = pv¢, satisfies the following conditions:

1. For any —oo < a < b < +oo and all t > 0, it holds that:

/ / Y ldzdr < C(t,a,b), (1.11)

where C(t) > 0 is independent of e.
2. For any compact set K C R, it holds that

/ / N+ oo} dwdr < C(t, K), (1.12)
where C(t, K) > 0 is independent of e.

3. The sequence of entropy dissipation measures
n? (p°,m)e + ¢ (p°, m), are compact in H,H(RY). (1.13)

Then there is a subsequence of (p,m¢) (still denoted (pc,m*)) and a pair of mea-
surable functions (p, m) such that:

(pS,m) — (p,m), a.e as e — 0. (1.14)

Rem k 2 We would like to recall that the estimate 2ﬂ72) was ﬁrlz; derived by Lions et
al in b’?6] by relying the moment lemma introduced by Perthame in /

section2
The paper is arranged as follows. In section bmall some important results on the
notion of ent Py enrtopy- -fl X rP&ur gor Euler syst%m and on the kinetic fo mulatlgn of
Lions et t]h1 %;B In sectlon , we show theorem [I.T and in the last section g ["we prove
theorem

1.10

1.11



section2

2 Mathematical tools

Definition 2.1 A pair of functions (n(p,v), H ,q(p,m)) for m = pv,
1s called an entropy-entropy flux pair of system ) zf the followmg holds:

[77(,0a U)]t + [H(pv U)]Z =0,
1.3
for any smooth solution of h} Furthermore (n(p,v) is called a weak entropy if:
n(0,u) =0, for any fized v.

Definition 2.2 An entropy n(p,m) is convex if the Hessian V*n(p, m) is nonnegative
definite in the region under consideration.

Such 7 satisfy the wave equation:
8tt77 = 02p7738xa:77'

5
From EZB], we obtain an explicit representation of any weak entropy (7,q) under the
following form:

% (p,m) = /Rx(pﬁ — v)i(s)ds,
1 p.m) = [ 5+ (1= 0)ux(p.s = v)(s)ds,

where the kernel x is defined as follows:

(2.15)

3—7 1 v—1
20 o oy o=y 1 _
x(p,v) = [p vy, A 3= 1) > 5 and 0 5

and here:
ty =t* fort >0,

=0 fort¢ <0,

5
Proposition 2.1 (see %6/)

For instance, when ¢ (s) = %32, the entropy pair is the mechanical energy and the asso-

ciated flux:
2 m3

0" (p,m) = %H(p), ¢ (pm) = 55 +€ () (2.16)

where e(p) = ﬁ p7 represents the gas internal energy in physics.

In the sequel we will work far away of the vacuum that it why we shall introduce equi-
librium states such that we avoid the vacuum. Let (p(z),v(x)) be a pair of smooth
monotone functions satisfying (p(z),v(z)) = (p~F,v ") when — + x > Lg for some

1.1
large Ly > 0. The total mechanical energy for (h) in R with respect to the pair of
reference function (p(x),v(x)) is:

Elp, o](t) = /R (5ol 2ol 2) = o) + e (olt ), p(e))dw - (217)

7



/ 3 t
=e(p)e(p) —e (p(p— p) > 0. The total mechanical energy for system (.75.% P
is:

where e*(p,
with k(p) =

~

o=

Exlp,u(t) = / (5ol )t 2) — (o) P + ¢ (olt, ), o) + (0up?)P)dz (2.18)

1.1
and the total mechanical energy for system (I.3) is:

Eslp,v](t) = /R (5ot 0)olt,2) = 0(@) P + (ol ), p(e))dw - (219)

Definition 2.3 Let (po,vo) be given initial data with finite-energy with respect to the end
states: (p™,vT) at infinity, and Elpy,ve] < Fy < 4+00. A pair of measurable functj

taogs
(p,u) : RZ — R% is called a finite-energy entropy solution of the Cauchy problem 2(7?)
if the following properties hold:

1. The total energy is bounded in time such that there exists a bounded function
C(E,t), defined on RT x RT and continuous in t for each E € RT with for a.e
t>0:

Elp,v](t) < C(Eo,1).

2. The entropy inequality:
1% (p,0)e + ¢ (p,v) <0,
is satisfied in the sense of distributions for all test functions ¥(s) € {£1, +s, s%}.

3. The initial data (pg,vo) are obtained in the sense of distributions.
. . s s H C e 9
We now give our main conditions on the initial data (I[.4), which is inspired from )'%5]

Definition 2.4 Let (p(x),v(x)) be some pair of smooth monotone functions satisfying
(p(x),v(x)) = (p—F,v™") when —+x > Lqg for some large Ly > 0. For positive constant
Co, C1 and Cy independent of €, we say that the initial data (pf, v§) satisfy the condition
H if they verify the following properties:

o >0, fyp6(@)lup(x) —a()| < Co < +oo,

o The energy is finite:

/R (%pé(x)lvé(x) —0(2)? + e* (p§(2), p(x)))dz < C1 < +oo,

o [ 0P

dr < (Cy < .
w PG (z)5 20 T < Gy < 400

Int jls gection, we would like to e30a11 some properties on the pair of entropy for the
system (I.5). Smooth solutions of (h) satisfy the conservation laws:

Omn(p,u) + - H(p,u) =0,



if and only if:
P'(p)
Npp = o2 T - (2.20)

. glzdﬁgb e "
We supplement the equation 2. v giving initial conditions:

1(0,u) = 0,7,(0,u) = ¢ (u). (2.21)

5
We are now going to give a sequel of proposition on the properties of 7, we refer to EZB]
for more details.

Proposition 2.2 For p > 0, u,w € R,

d initial
e The fundamental solution of (02{129057—(121.121 Zl)azs the solution corresponding to 1,(0,u) =
d(u) is given by:

_ . 3—7
1 2\
x(p,w)=(p" " —w with \ = 2.22
des linitial
e The solution of (021.126275)-(121.121t217a15 given by:
n(p,u) = /R%/J(é)x(p,f—U)df, (2.23)
e 1) is convex in (p, pu) for all p, u if and only if g is convex.
o The entropy flux H associated with n is given by:
—1
Hip.w) = [ (06 + (1= )€lx(p,§ — e where =155 (220

5
We now give a important result on the entropy pair (see %6], lemma 4) .

Proposition 2.3 Taking (s) = %s\s\, then there exists a positive constant C' > 0,
depending only on v > 1, such that the entropy pair (0¥, HY) satisfies:

% (p,u)| < (plul® + p7),

(2.25)

We are now going Q give recent results on the entropy pair (7%, q%) generated by v €
C3(R) (we refer to [5] for more details).

Proposition 2.4 For a C? function v : R — R, compactly supported on the interval
[a, b], we have:

supp(nw), supp(qw) C {(p,m) = (p,pu): u-+ pg >a,u— po < b}: (2.26)

Furthermore, there exists a constant Cy, such that, for any p > 0 and v € R, we have:

ondes

entropie



cinetique

section3

e Forve (1,3],
7% (p,m)| + |g* (p,m)| < Cyp. (2.27)

e For~ € (3,+00),

" (p,m)| < Cyp, 1a”(p,m)| < Cy(p+ p"). (2:28)
o Ifn¥ is considered as a function of (p,m), m = pu then

(1 (0, )|+ |1t (P, m)| < Cg, (2.29)

and, if 77% is considered as a function of (p,u), then
g, (m,u)| + 1'%, (ps pu)| < Cy. (2.30)

1.3 5
We now would like to express the kinetic formulation of (h) introduced in (}'FZG])

Theorem 2.4 Let (p,pv) € L®(R*, LY (R)) have finite energy and p > 0, then it is an
entropy solution of (1.5) if and only if there exists a non-positive bounded measure m on
Rt x R? such that the function x(p,& — u) satisfies:

Orx + D:1(06 + (1~ 0)u)x] = dgem(t, ). (2.31)

‘theo

3 Proof of theorem 1.1

1
We would like to start with recalling an important result due to Solonnikov (see %1})
Let pg the initial density such that:

0<mgy < pg <My < 4oo. (332)
When the viscosity coefficient u(p) satisfies:
w(p) > c>0 for allp > 0, (3.33)

we have the existence of strong solution for small time. More exactly, we have:

. . initiald . visco
Proposition 3.5 Let (pg,vo) satisfy (3.32) and assume that p satisfies {5’15’3’7, then there
exists Ty > 0 depending on mg, Mo, ||po — pllg1 and ||vol| g1 such that (1.3) has a unique
solution (p,v) on (0,Ty) satisfying:

p—pEe LOO(HI(R)v 8tp € LQ((OaTl) X R)?
v € L*(0, Ty, H*(R)), 0w € L*((0,T1) x R)

for all'Th < Ty.

Remark 3 The main point in this theorem is that the time of existe {:elT o depends only
of the norms of py which gives us a low bounds on Ty of the system (1.3).

10

visco



In view of this proposition, we see that if we introduce a truncated viscosity coefficient

pn(p): 1
Mn(p) = max(p, 5)7

then the{e 1exists approximated solutio 5 éé)n,vn) defined for small time (0,7p) of the
system (h) In order to prove theorem [I.T ; we only have to show that (p,,v,) satisfies
the following bounds uniformly with respect to n and T large:

0<mp<py, < My<—+oo, Vte|0,T],
pn—p € LF(H'(R)), (3.34)
v, € L¥(HY(R)).

6
We are going to follow the method of Lions et al in %5}, indeed the main point is to

prove that we can extend t;e Ilé)th(Ial of Rlema%mvariant or more precisel 1tPe kinetic
formulation of proposition o the system (T.3). We recall that system (I.3) has the

following form:

0
apn + 8x(pnvn) - ﬁawmpn = 0;

9 (3.35) |1.1a
E(Pn?}n) + Oz (Pnvnvn) — €02(0zpnn) — €02(pnOzvn) + 0z(a(pn)” =0,
and we have finally:
0
67/)71 + 8x(pnvn) — €0zzpn = 0,
¢ (3.36) [1.1b

8
pnvn) + Oz (PnvnVn) — €0:0:(pnvn) + Oz(a(pn)” =0,

Following ;ZEFJ and settl = pnvy, we have for any pair of entropy flux (n(p,w), H(p,u))

defined by where n is a convex function of (p,, my). We write n =

pna mn

o+ 0, H = fﬁpaxa:pn + €Nm Oz,
= €0y — G(ﬁpp(azpn)g + 27pm (9. pn ) (Ozmn) + ﬁmm(axmn)z)-

Here we define p,, such that:
pn = Top(02n)” + 27pm (Dpn) (D) + Ty (D)
By proposition %&n check that p, > 0. We obtain then that:
On(pn,vn) + O H ((pn, Un) — €7p0zepn < 0 in R x (0,400).

cinetique
By applying the same method than for proving the theorem }2.14, We Obtain the following
kinetic formulation:

Bix + Da(10€ + (1 = 0)va)x) — ux = Beemy on B2 x (0,400),  (3.37)

11



section4d

where m,, is a nonpositive bounded measure qu - R2 (0,4+00). Finally we recover the
classical maximum principle by multiplying ( b 37i By the convex functions g(§) = (£ —
€0)+ and g(€) = (€ — &)_ and integrating over R? x (0, 400). Indeed as we have that:

—C < min(vg — pY) < max(vg + p§) < C,
xX x

and that:
suppé = [v — p”, v + p[d].
For & large enough, we can show that:

suppéo N suppy = 0.

We have obtain then that:
—C < min(v — p0) < vn — % < vn + b < max(vo + ph) < C.
In particular we obtained that p, and v, are uniformly bounded in L*°(0,T},, L>*(R)) or:

sup  (lpn(t, 2)] + |vn(t, 2)]) < Co, (3.38)
z€Rte(0,T})

‘theol
4 Proof of theorem 1.2

1.1
4.1 Uniform estimates for the solutions of (}1_3)

1.1
First we assume th Ehgpoe,ve) is the global solutions of Korteweg’s equations (h) con-

structed in theorem T.T and satisfying:

pS(t,x) > (), for some c(t) > 0, (4.39)
and
: € € + +
im0 (@ 8) = (0% 0, (4.40)

Here we are working around a non constant state (p, v) with:

lim (5,5)(x,1) = (p*,u).

r—300
1.8
It’1 1§ a snnple )6ten81on of theorem l Our go 1s now to check the properties ([.T1),
) and ( in order tq use the theorem I.S f Chen and Perepelista (see [b]) in

order to prove the theorem

For simplicity, throughout this section, we denote (p,v) = (p%, v¢) and C > 0 denote the
constant independent of e. -

We start with recalling the inequality energy for syste I(h—.fa{), indeed by the introduction
of the effective velocity we obtain new entropies (see %BﬁL

Lemma 1 Suppose that Ei[po,u] < Eg < +0o for some Ey > 0 independent of €. It
holds that:

sup Ei[p,u / /pu dxdr < C(t), (4.41)

0<r<t

12
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and:

t ¢
sup Esq[p,v](T) + e/ /pvgdajdv'—i— e/ /pVZpida:dT < C(t), (4.42)
0o JR 0o JR

0<r<t
where C(t) depends on Ey, t, p, and @ but not on e.

1.1
]Elrgof: It suffices to writes the energy inequalities for system (h) and from system
(T'5). More exactly we have:

d

5t [ (p.m) —n(p, pu)dz + 6/ puzdr = q(p~,m~) —q(pt,m"),
R R

with the entropy pair:

m2 m3 I

n(p,m) = % +e(p), alp,m) = 2,2 +me (p),

with e(p) = 727p7. Since we have:

e(p.p) > p(p” = p°)%, 0 = ——,
we can classically bootstrap on the left hand-side the term g(p~,m~) — q(p*, m™).

Remark 4 Since vacuum could occur in our solution, the inequality

t
/ /puiddeﬁC(f),
0o JrR
lemme2

. 2.3 . . Y .
mn 2(272) s much weaker than the corresponding one in 5’5] That is why lemma 12 will be
more tricky to obtain.

The following higher order integrability estimate is crucial in compactness argument.

lemmal
Lemma 2 If the conditions of lemma [T hold, then for any —oo < a < b < +00 and all
t > 0, it holds that:

t rb
/ / p " dxdr < C(t,a,b), (4.43) |2.21
0 Ja
where C(t) > 0 depends on Ey, a, b, v, t, p, u but not on €.

Remark 5 The proof follows the same ideas than in the case of compressible Navier-
St G equations when we wish to obtain a gain of integrability on the d Irllgszty We refer
to [[Z4] for more details. The proof is also inspired from Huang et al in [[19].

Proof. Choose w € C§°(R) such that:
0<w(z) <1, w(x)=1 forz € [a,b], and suppw = (a — 1,b+ 1).
1.1
By the momentum equation of (h) and by localizing, we have

(P(p)w)z = —(puvw); + (P(p) + puv)w, — (pv)iw + €(pvpw)y — €pUzwy. (4.44) |2.22

13



Integrating (4.44) with respect to spatial variable over (—oo, x), we obtain:

x x

P(p)w = —puvw + €(pvpw), — (/

—00 —00

Multiplying (h%) by pw, we have

T

pP(p)w? = — pPuvw? + ep?vw? — (pw/ pvwdy)y
—0o0
x

= (pu)zw( / ’ puwdy) + pw / [(puv + P(p))ws — €pvzw,]dz,

—00 —00
X x
=ep’vpw’ — (pw / pvwdy); — (puw / pvwdy)g

—00 — 00

+ puwy / pvwdy + pw/ [(puv 4+ P(p))wz — epugwy]de,

—0o0 — 00

2.24
We now integrate (hTIG) over (0,¢) x R and we get:

/ /ap”"'l 2dxd7'—e/ /p VW —/ pw/ pv wdy)dz
—i—/(pow/ povowdy)dx+/ /(puwx/ pvwdy)dzdr
R oo 0 JR —o0

t T
+ / / (pw/ [(puv + P(p))wy — epvgwy]da)dzdr.
0 JR —00
Let
A={z:p(t,x) > p}, where p=2max(p+,p—),
.3
then we have the following estimates by (hZ)

4] < @)

S @ep W

&U[S , for any (¢, ) there exists a point g = xo(t,x) such that |z — z¢| < d(t) and

( = p. Here we choose 8 = 141 > 0,

SUPPzesupp(w) epﬁ <t7 .%') < 685 + Suppxésupp(w)ﬂAGIOﬁ (tv .’E),

< 2686 + Suppx€supp(w)ﬂA|€p6(t7 x) - Epﬁ(tv $0)|a

xo+d(t) 51
< 2636 +Suppx€supp(w)ﬂA/ a(t) |5H6p B <t7x)Pz|d1'7
To—
g b+ 1+2d(t) oy .
< 2ep” + |Blp™ " dx + 6p 'plda,
a—1-2d(t)
b+1-+2d(t)
<C + / da,
a—1-2d(t)

< C(t).

14

pvwdy): + / [(puv + P(p))wz — €pvzwy.

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

2.23

2.24

2.25

2.26

2.27

2.28



Using ( m gyng inequalities and Holder’s inequalities, the first term on the right
hand side of h7[7 ) is treated as follows:

t
//p%xwzdxdr
t
/ / widzdr + = / / pv2dzdr,
=3 o Jr
< C’(t)+e/ /p3w2d$d7, (4.51)
0o Jr
t
t)—i—C(t)/ /p4’8w2d$d7,
0o Jr
t
t)+5/ /,07+1w2da:d7,
0o JR

lemmal
Here we have used the fact that v > % By lemma “and the Holder inequality, we obtain

\/ prwdy| S/ |pvldy,
—00 supp(w)

(4.52)
<O pab( gt <),
supp(w) supp(w)
Then:
‘/ (pw/ pvwdy)dx‘ +‘/ (pow/ povowdy)dx|
® - (4.53)

+‘/ / puwx/ pvwdy)da:dr‘ < C(t).
Similarly, we have:

| / / pw / (puv + P(p))wedy)dadr| < O(1), (4.54)

6‘// pw/ pvxwxdy)da:dﬂ
Se}/ /(pw/p|vz||wxdy)dmdr‘, (4.55)
<e}/ /pwdx /pvidy—l—/pwgdy)dﬂ,

R

< C(t).

and

. .29 [2.32 2.34 2.25 .
Substityting (1.5T), (4.53)-(#.55) into (4.47) and noticing the smallness of 4, we proved
%emm 2

lemma

. L . lemmal
Lemma 3 Suppose that (po(z),vo(x) satisfy the conditions in the lemmas [I.” Further-
more there exists My > 0 independent of €, such that

/Rpg(x)]vo(a:) —¥(z)|dx < My < 00, (4.56)
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then for any compact set K C R, it holds that:

t
| [+ plofydadr < cte.0), (1.57)
0 JK
where C(t, K) is independent of €.

2.36
Remark 6 In order to prove the inequality (1.57), we will use the same ingredients than
in I[26] where this inequality was obtained for the first time.

Proof. We are now working with the function ¢ of proposition 2.3. If we consider 7,

as a function depending of (p,v), we have for all p > 0 and v € R:

4 v)| < C
bl SO .
[Tmp(psv)| < Cp" .
For this weak entropy pair (n¥, H?), we observe that:
0
1.0 = 1 .0) = 0, HY(p,0) = 50 [ (1 72
and:
n% (p,0) = Bp’ with g = /R |s|[1 — %] ds.
By Taylor formula, we have:
n*(p,m) = Bp’m +r(p,m), (4.59)
with:
r(p,m) < Cpv?, (4.60)
for some constant C' > 0. Now we introduce a new entropy pair (7], H ) such that,
(p,m) =n(p,m—pv7), H(p,m)=H"(p,m—pv~)+v n"(p,m—pv7),
with m = pv which satisfies:
i(pym) = Bp" (v = v7) +r(p, plv —v7)), (461)
F(p, (o —v7)) < Cplv — ).
1.1 1.1
Integrating (h)l X 1p + (h_:{)g X T, over (0,t) X (—oo,x), we have:
x t
/ (A, m) — 7(po, mo))dy + / q*(p, p(v —v7)) + v 0" (p, plv — v7))dr
0 0 (4.62)
t t T :
—tq(70) ¢ [ Tmpudr = [ [ o + s )dydr
0 0 J—o0
2.38
By using (&FSS), we obtain:
t x t
‘6/ / ﬁmupvidydﬂ < Ce/ / pvidy dr < C(t), (4.63)
0 J-oo 0 JR
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t T t
{6/ / ﬁmpppzvzdydT‘ < CG/ /P91P|vax|dyd7' < C(t),
0

(4.64)
<Ce/ /pv2dyd7'+06/ / 22 dy dr < O(t).
2.37
Substituting (%63) and (4.64) into (%62) then integrating over K and using (2.25), we
obtain:
t
/ / P+ plo — v |Pdadr
0 JK
t t
<C(t)+ C’/ / In*(p, p(v —v7)|dzdT + C’e/ / plvl||vz|dzdr (4.65)
0 JK
t
C’e/ / p vy |dadr + 2 sup ‘/ / eta(p T),(pv)(y,T))dy)dx’.
0 JK T€[0,¢]
lemmal
Applying lemma T, we have:
/ / 7" (0 plv — v™)|dzdr < C(t). (4.66)
By Holder’s inequality and (&50) we get:
t t t
6/ / p1+0|vx|dxdT§C’e/ / pv%dwdT—i-C’e/ / p ¥ dxdr,
0 JK 0 JK 0 JK
t
<C) +C) / / P dadr, (4.67)
0 JK

We have now:
/t/ plvl|vg|dzdr < ! /t/ pvidadr + L /t/ pvidxd
€ " < —€ cdxdr + —€ T,
0 JK 2 Jo Jk 2 Jo Jk (4.68)
< C(t)

2.45 1.1
Now we are going to deal with the last term on the right hand side of (%65) (T.3) implies
that:

(pv — pv7)i + (pv? + P(p) — pun™ )y = €(pvy)s. (4.69)
2.49
Integrating (%69) over [0,t] X (—oo,z) for z € K, we get:
T T t
/ p(v—pv~)dy = / po(vo — pv~)dy — /0 (pv* + P(p) — puu™ — P(p7))

e e . (4.70)
+6/ PULAT.
0
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Furthermore:

| / ), (o) (w, 7))y

<| / i(ppv) = Bp" ™ (v — 0))dy| + | /x Bt (v —v))dy|

<| [ Gl +| [ 86~ 0t o) (471) [2.58

| " oo —9)dy.
iy " pw—0))dyl.

2.35 lemmal |l 0 2.51
By using (%56), lemma [T anc b,e i%f(l) and (4.71) we conclude the proof of the lemma.

4.2 H_

loc

'(R%) Compactness

In this section we are going to take profit of the uniform estimates obtained in the previous
section in order to prove the following lemma, which gives the H;__ (]R2 )-compactness of
the Korteweg solution sequence (p¢, v¢) on a entropy- entropy ﬂux pair.

Lemma 4 Let ) € C’g(R), nY, HY) be a weak entropy p qzr generated by 1. Then for the
solutions (p¢,v¢) with m® = p“v° of Korteweg system /+77? the following sequence:

n? (p°,m)e + ¢ (05, m), are compact in H,;(R?) (4.72)
lemme4d

1.1
Proof: Now e are going to prove the lemma. A direct computation on (h)l X
nif’(pﬂmﬁ) + (L.3)2 x U%(pe,mg) gives:

o (0 e+ H (0, m)e = e (0, m)(0°)05) — et (0, mY GO0 o 7]
— e (5, 1) (P05 5
ol
Let K C R be compact, using proposition B?ZLO (%.3()) and Holder inequality, we get:

t
¢ / / 0 (0 ) (05 (052 + e (0, ) (00 vt
< Ce/ / 2dacd7+Ce/ / N2 (pS)2dadr (4.74)

This shows that:

4

—enina (06, m) p (v5)? — €nin, (p, m)puspf, are bounded in L'([0,T] x K),  (4.75)

and thus it is compact in VVl;CLp ! (Ri), for 1 < p1 < 2. Moreover we observe that
|77'rdr)7,u(p€a P€U€)| < Cwa

18



BB1

, then we obtain:
¢ 4
|| tentator meyproc
0 JK

t
< [ oo tdsar
0 JK

4 ¢ 4 ¢
SCeiS/ / pe|v§\2d:cdt+063/ /(pe)2dazdt
0 JK 0 JK

t
< C(t, K)e% + Ces / / (p) T dadt —_y0 0.
0 JK

(4.76)

3.10 3.9
Using (%76) and (&E?E)), we obtain
n;‘)/’(pe,m€)t + lﬁfz;”(pﬁ,rrf)gC are compact in I/Vlgcl’p1 (R%) for some 1 < p; < 2. (4.77)

3.3 3.4 1chamte? |2.36
Furthermore by (b??)—(h8), lemma I—b and (&f{’ﬂ), we have:

n}’f(pe, me) + H;f(pe, m¢), are uniformly bounded in L}? (R%) for p3 > 2. (4.78)

where p3 = v+ 1 > 2 when v € (1, ’?ém%n%ﬁl p3 = YT”Lg > 2 when v > 3. By interpolation
we conclude the proof of the lemma &.

theol
5 Proof of theorem h

lemmal theo2
From lemmas [T, we have verified the gonditions (i)-(iii) of theorem I.3'or the sequence
of solutions (p¢,m¢). Using theorem .3, there exists a subsequence (p¢,m¢) and a pair
of measurable functions (p, m) such that

(pS,mc) — (p,m), a.ee— 0. (5.79)

It is easy fo, check that (p,m) is a finite-energy entropy solution (p,m) to the Cauchy
problem (h) with initial data (g, pguo) for the isentropic Euler equations with v > 5.
It achieves the proof of theorem T.2.
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