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ORTHONORMAL BASES OF REGULAR WAVELETS IN SPACES OF
HOMOGENEOUS TYPE

PASCAL AUSCHER AND TUOMAS HYTONEN

ABsTRACT. Adapting the recently developed randomized dyadic structures, we introduce the
notion of spline function in geometrically doubling quasi-metric spaces. Such functions have
interpolation and reproducing properties as the linear splines in Euclidean spaces. They also
have Hélder regularity. This is used to build an orthonormal basis of Holder-continuous wavelets
with exponential decay in any space of homogeneous type. As in the classical theory, wavelet
bases provide a universal Calderén reproducing formula to study and develop function space
theory and singular integrals. We discuss the examples of LP spaces, BMO and apply this to
a proof of the T'(1) theorem. As no extra condition (like ‘reverse doubling’, ‘small boundary’
of balls, etc.) on the space of homogeneous type is required, our results extend a long line of
works on the subject.

1. INTRODUCTION

The main goals of this paper are two-fold: the construction of orthonormal, Holder-continuous
wavelet bases in general spaces of homogeneous type, and their applications in the theory of
singular integrals and function spaces in the same general set-up. Despite several existing results
of related nature, the scope of our theory is completely new in at least two respects:

First, as far as we are aware, it seems that we offer the first construction of an orthonormal
wavelet basis, as opposed to a frame, in this setting. Only relatively recently, Deng and Han wrote
[11, p. 40]: “Orthonormal wavelet bases are out of reach on a space of homogeneous type. Instead
the theory of frames will be used. Roughly speaking using a frame means that you tolerate a limited
amount of redundancy while redundancy is completely avoided with a basis.” Here, we build a
genuine basis, and so avoid this redundancy. Our construction starts from appropriate splines,
which also seem to be new on an abstract quasi-metric, even metric, space, and of independent
interest.

Second, we are careful not to impose any additional assumptions other than those defining a
space of homogeneous type in the sense of Coifman and Weiss [6]—that is, a set X equipped with
a quasi-distance d and a Borel measure p that is doubling on the quasi-metric balls—, and we
keep working with the original given d, without changing to an ‘equivalent’ one (see below). The
difficulty is that the quasi-distance, in contrast to a distance, may not be Holder-regular, and
quasi-metric balls might not be open, nor even Borel sets with respect to the topology defined by
the quasi-distance (openness is assumed in [6]). We merely assume that balls be Borel sets, but
even this assumption can be easily remedied by. See Section 5.

In contrast to this, we emphasize that a substantial part of the rich literature on analysis in
spaces of homogeneous type involves additional assumptions on the underlying space. Let us con-
sider in particular the existence of a Littlewood—Paley decomposition (or a Calderén reproducing
formula) with a regular kernel, which has been the object of numerous works. (Decompositions
with discontinuous kernels arising from martingale differences are well-known even in more general
set-ups; this is a different story.) Indeed, the regular Littlewood—Paley decomposition is the core
formula that allows the various characterizations of Hardy spaces, the development of function
spaces of Besov and Triebel-Lizorkin type, and the analysis of operators that act on them. (Here,
we have in mind a definition of Besov spaces linked with the modulus of continuity and thereby
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2 PASCAL AUSCHER AND TUOMAS HYTONEN

the (quasi-)metric of the underlying space; some other generalizations from the point-of-view of
abstract approximation spaces, as in [26], are yet another story.)

As far as we understand, there has always been some kind of further hypothesis either on X, d
or p. The seminal work in this context is the paper of David—-Journé-Semmes on the T'(b) theorem
[9]. The starting point of their theory is the existence of a new Holder-continuous quasi-metric
adapted to the measure p and topologically (but not geometrically) equivalent to the original d,
which is provided by work of Macias—Segovia [25, Theorems 2 and 3| (for more precise versions
of the Macias-Segovia results, see [34] and [31]). Their singular integrals are then defined relative
to this new quasi-metric, which leads to a possibly different class of Calderén—Zygmund operators
than those defined in terms of the original d and p. (Even then, [9] still needs some more technical
assumptions such as no point masses, infinite mass for X and even a “small boundary” property for
balls.) Working with this kind of new quasi-metric has become a common set-up in the literature.
The theory of function spaces under this assumption has been developed by Han—Sawyer [16], see
also the nice review by Han-Weiss [17].

By [25], Theorem 2 (for an elementary proof, see [34]), it is possible to only change the quasi-
metric to a metrically equivalent one that is Holder-regular. This does not change the classes of
singular integral operators (up to changing the Holder-exponents), but leaves another difficulty:
some estimates require a control from below for the growth of balls. See the discussion below
about (1.1). In several more recent papers [14, 15, 42, 43] on function spaces on (quasi-)metric
spaces, this issue is circumvented by assuming the ‘reverse doubling’” property

w(B(z,Cr)) > (1 +&)u(B(z, 1)), 0 <r <diam(X)/C,

which is equivalent to the non-emptyness of annuli: B(x, R) \ B(x,r) # @ whenever R/r is
large enough and r is at most a fraction of diam(X). This latter condition is another common
assumption; it was only recently eliminated from some results about positive integral operators
on metric spaces by Kairema [22].

The reverse doubling excludes in particular the presence of point masses (which is also frequently
assumed, even if empty annuli are otherwise tolerated), and therefore rules out some basic examples
like discrete groups Z or Z/pZ and the multidimensional analogs, the typical discrete metric
structures arising in theoretical computer science (trees, graphs, or strings from a finite alphabet),
Q, from arithmetics, or discrete approximations of other spaces of homogeneous type (like those
constructed in [2]), even if the original space did satisfy the reverse doubling property and some
ad hoc orthonormal (or bi-orthogonal) wavelet bases had been constructed. To mention a few
references in these directions, see [3], [35], [37]. We remark that even if Holder-regularity on
discrete structures might not be an issue at first glance, it becomes one thinking the discrete
structure as approximating a continuous one.

In contrast, we repeat, we do not make any such additional assumptions or changes to a different
quasi-metric.

Let us come to the construction of spline wavelets. Splines have a long history in approximation
theory, due in particular to the interpolation property and their polynomial nature, and were
popularized by early books in the 1960’s. (The first book listed from a MathSciNet title search
“spline” is [1] and the reviewer dates the appearance of the splines to Schoenberg’s work during
World War IT; see [36].) As for spline wavelets, they were first constructed on the real line and on
the 1-torus by Stromberg [38]. They were rediscovered independently by Battle [4] and Lemarié
[23] in Euclidean spaces. Using the Multiresolution Analysis scheme of Mallat [27] and Meyer [28],
it became clear that the existence of regular, compactly supported splines with the interpolation
property and reproducing formula leads to bases of regular spline wavelets. This was attempted
in other geometrical contexts. For example, splines and spline wavelets were constructed in [24]
on a stratified Lie group following a minimisation procedure using the existence of a sublaplacian,
and in [7] on compact manifolds like spheres. We do not claim to be exhaustive in this history.
Nevertheless, we have to follow a new route as there is no group structure attached, nor any local
coordinates to help. We rather use a probabilistic approach as described next.

Central to our analysis are the dyadic structures in a geometrically doubling quasi-metric space
as constructed by Christ [5] (a construction in Ahlfors-David spaces was done earlier by David
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[8]), and their randomized versions recently studied by the second author with Martikainen [21]
and Kairema [19]. (Another variant is due to Nazarov, Reznikov and Volberg [32].) We build the
splines as averages of the indicators of dyadic cubes under a random choice of the dyadic system.
This can be motivated by an appropriate point of view at the classical piecewise linear splines on
R, which are generated by the function

s(x) = w1 (x) + (2 — 2)1(1,2)(2).

Observe that random dyadic intervals of sidelength 1, in the sense of Nazarov, Treil and Volberg
[33, Sec. 9.1], can be defined by translating the standard intervals [k, & + 1) by a random number
u € [0,1). Thus the unit cube with left end at the origin, [0,1), is translated to [u,u + 1). It is
easy to check that the average of its indicator function 1(, ,41)(%) = 1jo,1)(z —u) over the uniform
random choice of u is precisely

1
/ Lo,ny(2 —uw)du = 1 1) * Ljp,1)(z) = s().
0

So one can indeed think of splines as averages of the indicators of random dyadic intervals. This
is the basic idea which will guide us in constructing splines for a quasi-metric space X.

Once the splines are available, and only at this point we add into our considerations the doubling
Borel measure, we can obtain the orthonormal bases of scaling functions and the wavelets by the
general procedure of Meyer. These will be Holder-continuous functions 1% with an exponential
localization in the §*-neighbourhood of a given point y*:

kYN a

[0h@)] < e exp (A5 2e))")

u(B(yk, o*)) 0
for some a € (0,1] that depends only on the quasi-triangle constant (with ¢ = 1 in the metric
case or when the quasi-distance is Lipschitz-continuous). The construction of boundedly supported
wavelets in this generality remains an open problem.

There is an important feature related to the collections of points % := {y*}, which index the
wavelets of the scale %. These collections arise as #*k = g k+1 \ 2k where --- C ZF C 2k C

- is an increasing sequence of point-sets, and each .2 is both §*-separated and (up to constant)
§F-dense in X. The important feature is that % can be much sparser than .2 **! in some regions
of the space, which reflects the ‘absence of the length scale 61’ in the local geometry of the
space. Accordingly, the distance d(z,#*) of a given element x € X to the nearest point y* ¢ #*
will be a significant quantity, which can in general be much larger that 6*.

This quantity appears in central technical estimates when bounding series of the following type,
which naturally arise in the context of function spaces:

(L) > wwaye () < ey

JEZL:6I >r

This (non-obvious but valid) estimate serves as a replacement of the following bound, which is
repeatedly applied by Han, Miiller and Yang in the reverse doubling context (cf. [15, Lemma 3.5]):

Z 1 - C
o w(B(5) = (Bl )
Indeed, this is a quick consequence of reverse doubling, but invalid in general spaces of homoge-
neous type. A typical cause to destroy this latter estimate is the presence of a large empty annulus
around z, but this then results in some large values of d(z, #7), which compensates for the failure
of u(B(x,87)) to grow fast enough in (1.1).

Although we do not develop the theory of function spaces in the detail of [15] here, it is clear
that our analysis involving the quantity d(z, #*) will extend to further related questions that we
do not explicitly deal with; we believe that it could be used to extend large parts of the recent
theory of ‘RD (reverse doubling) spaces’ to general spaces of homogeneous type. As an illustration,
we give a short treatment the 7'(1) theorem using our construction.
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Over the last decade or so, it has been discovered that several aspects of harmonic analysis
can even be pushed beyond the setting of doubling measures; see e.g. [33, 40, 41] for some of the
pioneering developments in the context of RY, and [20, 21] for recent developments in abstract
quasi-metric spaces. We do not address the non-doubling measures here, as it seems that our
regular splines and wavelets are most useful in the (already quite general) doubling situation. In
fact, while our splines are constructed completely independently of any underlying measure, it
turns out that they automatically have a good L? theory with respect to any doubling measure
on the space. This would not be the case for a non-doubling measure, and a successful wavelet
theory for such measures, if possible at all, should probably be adapted to the particular measure
in a more complicated manner, already at the early point, where we can manage with a purely
geometric construction.

About notation. We use C' to denote positive constants, whose value may change from one
occurrence to the next. We also abbreviate ‘< C x -+’ to just ‘<’. We use v in a similar role as a
positive exponent. In contrast to C, it typically decreases from one occurrence to the next. For the
measure (‘volume’) of balls B(x,r) := {y € X;d(x,y) < r}, we sometimes use the abbreviations

V(x,r) := p(B(x,r)), V(z,y) = V(x,d(x,y)).

Acknowledgements. This work started during a visit of the second author to Paris-Sud whose
support is gratefully acknowledged. The second author was also partially supported by the Acad-
emy of Finland, grants 130166, 133264 and 218148. We thank Detlef Miiller for answering our
questions on his work on function spaces on Reverse Doubling spaces, and the anonymous referee
for comments to improve the presentation.

2. PRELIMINARIES ON DYADIC SYSTEMS

Introduction and motivation. In this section we review the relevant-for-us parts of M. Christ’s
[5] construction of dyadic cubes in a space of homogeneous type, as well as its recent probabilistic
version from [19, 21|. For the convenience of the reader, and since we feel that we have managed to
slightly streamline the earlier presentations, we will give a self-contained treatment, even though
the actual novelty is only in certain details of the construction.

Christ’s cubes Q* (where k designates the generation or length scale of the cube, and « indexes
the cubes inside a given generation) are defined by two sets of auxiliary objects: the centre points
2% which determine the rough position of individual cubes, and a partial order < on the family
of the index pairs (k, ), which determines the set inclusions among different cubes.

In [19, 21], a systematic method of constructing several Christ-type families of dyadic cubes
QF (w) was introduced, where w belongs to a parameter space 2. Here (2 can be equipped with
a probability measure, which gives rise to a notion of random dyadic cubes. This allows us to
compute averages over a random choice of the cubes, and make probabilistic statements about
them. As usual, averaging has a smoothing effect, and the random cubes will ‘on average’ enjoy
better regularity properties than any fixed cubes would do. This is essential for our construction
of Holder-continuous splines.

Since the cubes QX are determined by the dyadic points z¥ and the partial order <, the
construction of the parametrized family of Q¥ (w) amounts to defining appropriate parameter-
dependent points z*(w) and a parameter-dependent partial order <. This is achieved by first
fixing the reference objects ¥ and < as in Christ’s original work, and constructing z* (w) and <,
as their parametrized perturbations.

All these constructions involve certain arbitrary choices, which all work equally well for the
applications considered in the earlier papers. A feature of our presentation here is that we are
going to insist on somewhat more specific, rather than arbitrary, choices in certain details of the
construction, as this will be a convenience later when using the dyadic cubes in the building of
our splines.

We now turn to the details.
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General assumptions. In what follows, X is a set equipped with a quasi-distance with quasi-
triangle constant Ag > 1, namely, d(x,y) = d(y,z) > 0, d(x,y) = 0 if and ouly if z = y, and d
satisfies the quasi-triangle inequality

d(z,y) < Ao(d(z, 2) +d(z,9))-

We assume that X has the geometric doubling property, namely that there exists a natural number
N such that any given ball contains no more than N points at quasi-distance exceeding half its
radius. This is a certain finite-dimensionality requirement on the space: for example, the infinite-
dimensional Hilbert space ¢? fails this property, since all the half-unit vectors %ek, k € N, belong
to the unit-ball, while their mutual distance is v/2/2 > 1/2. We do not need the doubling measure,
or in fact any underlying measure, at this stage.

Let us fix a small parameter § > 0. For example, it suffices to take § < TlooAa 19 Roughly
speaking, the point is that phenomena on the length scale 6**' should remain much smaller than
the length scale 0%, even after repeated use of the quasi-triangle inequality where we ‘lose’ the
constant Ag at every application. For example, if the points zq, z1, 7o . . . satisfy d(z;_1,z;) < ¢,
we can still conclude that d(zg, x,) is much less that §* for r < 10.

Reference dyadic points. For every k € Z, we choose a set of reference dyadic points z% as
follows: For k = 0, let 270 := {20}, be a maximal collection of 1-separated points. Inductively,
for k € Zy, let 2% = {2F}, D 2% 1 and 2% = {2%}, € 2~V be maximal ¢*- and
6 F-separated collections in X and in 2" ~*~1 respectively.

2.1. Lemma. For all k € Z and x € X, the reference dyadic points satisfy

d(z’;,z,’é) > 5" (a#p), d(z, 27%) = mind(z,z¥) < 2446".

Proof. The separation property is part of the construction. By maximality, it follows that for all
re X and k > 0,

d(z, %) = mind(z, z%) < 5",

Also, given x € X, we can recursively find points :I:go , x;ll, . ,:C;If such that
d@,al) <1, d@l,azl) <07 . dnTD,agk) < 67,
and hence
k : i+1 c—(k—j) Agd—* k
_ G+l e (k— _
d(.’L‘,.Tak)<jZOAO 1) < 1—71405 < 2Ap67 ", O

Note that 2% C 27¥*1 5o that every x* is also a point of the form zgﬂ, and thus of all the

finer levels. We denote &% := 2°%+1\ 2% and relabel these points as #* = {y*},. These points
will play an important role as a parameter set of our wavelets, to be constructed.

Reference partial order. We set up a partial order < among the pairs (k, «) as follows: Each
(k + 1, 8) satisfies (k + 1, 5) < (k, «) for exactly one (k, @), in such a way that

1

(2.2) d(x?rl,xi) < ﬁék = (k+1.05) <(k,a) = d(x?rl,:ci) < 2400%.
0

The pairs (k + 1, 8) with (k + 1, 5) < (k,«) are called the children of (k,«). Geometric doubling

implies that their number is uniformly bounded. So far, we have essentially followed the original

construction of M. Christ [5], a slight nuance being the choice of the point-sets 2% in such a way

as to have the nestedness 2% C 27*+! which was not required in [5, 19, 21].
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Labels for the points. For a successful perturbation argument to construct the parametrized
dyadic points z¥(w) below, we need certain book-keeping among the near-by dyadic points z¥ of
the same generation.

Points (k,«) and (k, ) are called neighbours, if they have children (k + 1,v) < (k,«) and
(k+1,n) < (k, B) such that d(z5+!, 25+1) < (249)~'6". In this case

d(mZ, :cﬂ) < Aod(x xkﬂ) + A2d( k+1,xf7+1) + A%d(xf7+1,xg)

[e'R) Y
< 2A36% + $Ag6" + 2A36" < 5AFS".

The number of neighbours that any point can have is also uniformly bounded.

We equip each pair (k, ) with two labels, which are chosen from a finite set but which still
locally distinguish between different pairs (k,«). The primary label, denoted by label;(k, «) €
{0,1,...,L}, where L is the maximal number of neighbours, is chosen in such a way that any
two neighbours have a different label. The secondary label, denoted by labels(k, o) € {1,..., M},
where M is the maximal number of children, is chosen in such a way that no two children of
the same parent have the same label. These labels were introduced in [19] with slightly different
notation.

Parametrized points and partial order. As described above, we now want to perform a
perturbation of the original ¥ and < so as to obtain a parametrized family of similar objects, on
which probabilistic statements can later be made. The parameter space will be

_ ({0,1,._.,L} x{i,...,M})Z,

with a typical point denoted by w = (wg)kez, where wy, = (¢, mi) € {0,1,..., L} x {1,...,M}.
The new dyadic points z¥ = 2k (wy) are defined by
L afthif labely (k,a) = £k, and (k+1,8) < (k, ), and labely(k + 1, 8) = my,
zk if label; (k, ) # L, or A(k+1,8) < (k,«) such that labels(k + 1, 8) = my

«

Zg 1=

A key feature of this definition is the following probabilistic statement, when € is equipped with
the natural probability measure P,,, which makes all coordinates wy, = (£, my,) are independent of
each other and uniformly distributed over the finite set {0,1,..., L} x{1,..., M} (in other words,
?j, is uniformly distributed over {0,1,..., L}, and my, over {1,..., M}, independently).

2.3. Lemma. Let (k+1,0) < (k,«) be fized. Then
1
Pw k _ o k+1 > -
(o =25") 2 Tmm
In other words, every old point on the level k + 1 has a positive (and bounded from below)

probability of being a new point on the level k.

Proof. A sufficient condition that 2% = x’é"’l is that £, = label; (k, o) (which has probability 1/(L+
1)) and that my, = labela(k + 1, 8) (which has probability 1/M). Multiplying the probabilities of
these independent events gives the claim. (I

The point of the next result is that the new points behave qualitatively like the reference points,
only with slightly weaker constants.

2.4. Lemma. The new points satisfy

1
d(zi,zﬁ) > mék main d(z, 28) < 4A%6".
Proof. Consider the second bound first. Note that, in either of the two possibilities for the new
point, we have zF = xgﬂ for some (k +1,8) < (k,); in particular, d(z%, 2%) < 2A4,6%, and thus

min d(z, zF) < min[AOd( xk) + Agd(2h, 28)] < 4426

Let us then estimate d(z¥, zﬂ) from below for a # . If (k,«) and (k, 8) are not neighbours,
then by definition this distance is at least (24) 6. So suppose that these pairs are neighbours.
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Then they have different primary labels, and hence at least one of the new dyadic points, say
2% must satisfy z¥ = 2%. On the other hand, if (k + 1 ) < (k,B), then (k+ 1,n7) £ (k, ),

('Rl

and we thus know that d(z}™, zk) > (240)~ 155, But zf will be one of these points z™!; thus
d(zﬂ, 2F) > (240)716%, as we claimed. O

The new partial order <,,, w = (wk)kez, is set up as follows. We declare that

d(:z:g"’l zk)y < A58 or

Eage

def
@25)  (k+LA<.ka) <= {w+Lﬁ><k@am,&/ﬂk“,><iAfW-

In other words, to find the new parent of (k + 1, ) for the new partial order <, we first check
whether the reference point xéﬂ is close (within distance iAa 25k) to some new dyadic point zX.
If yes, then the corresponding (k, ) will be the new parent of (k + 1,3). If no such close point
exists, then we simply use the original partial order < to decide the parent of (k 4+ 1, 3).

Properties of the new points and order.

2.6. Lemma. For any given k, «, B, the truth or falsity of the relation (k+1, ) <, (k,«) depends
only on the component wy of w.

Proof. In the defining conditions on the right of (2.5), the only dependence on w is via the new
dyadic points 2%, z';, and they depend only on wy by definition. O

This explicit definition of <, in terms of the geometric configuration of the points and the
original partial order < is a novelty of our construction, where [19, 21] required a condition similar
0 (2.2), which only specifies the relation up to certain degrees of freedom. For us, a condition
analogous to (2.2) is a consequence of the definition:

2.7. Lemma.

Azt 2h) < 2A7%0F = (k+1,8) <o (ko) = d(z5T,25) < 5A36".

Proof. Let first d(z k“, zk) < LAF?6%. Then

A, 25) < Aod(xly™, 25T) + Aod(z5T, 28) < 2450 + LAY < A%,
and hence (k + 1, 8) <, (k,«) by definition.
Let then (k+1,5) <, (k,@). If d(z}™", ) < $A;?6", then
d(z5t, 28) < Aod(z5t, 2l + Avd(at, 28) < 2450 + JAG 6N < 5A36".
Otherwise, we have (k + 1, 3) < (k, «), and hence

d(z5™, 2k) < ABd(25T, 2t + Ad(aft ah) + Agd(ak, 25)
< 2A30MT 424367 4 24307 < 5A36". 0

) oz

We can iterate this as follows:

2.8. Lemma. For all ¢ >k,
d(zh, 28) < LAFY" = (0,8) <u (k,a) = d(z5,2F) < 6AJ".
Proof. The second implication follows from the second implication of Lemma 2.7 with the triangle
inequality:

1—k—1 o

(6,8) <u (ko) = d(zh,28) < D 5AJMT . Al <

j=0

5A46*

Adsh

For the first implication, if £ = k, then the closeness of the points implies that g = a. If £ > k,
consider v such that (£, 5) <, (k+ 1,7). By what we just proved, d(zﬁ, k‘“) < 6A30% L, and
hence

5
thus (¢, 5) <, (k+1,7) <, (k,a), where the last step follows from Lemma 2.7. O

1
(251, 20y < AO( Agisk +6A46k+1) < 247",
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Dyadic cubes. With the auxiliary objects at hand, the dyadic cubes are easy to define. As in
[19], we introduce three families of these cubes—the preliminary, the closed, and the open:

Qh(w) = {z5(w) : (£, 8) <u (k,a)},

QF (w) == Q’&(w), QF (w) := interior Q% (w).
Note that Q’é(w), and hence Q¥ (w) and Q’;(w), only depends on wy for ¢ > k.

The rest of the section is concerned with the properties of these cubes. We first deal with
several properties valid for an arbitrary fixed choice of the parameter w € €2, and finally present
a probabilistic statement concerning a random choice of w under the natural product probability
measure on the set ().

2.9. Lemma. ~
Qa(w) C B(zg,6455%).
Proof. Let x € Q%(w). Then z is a limit of some points zf; with (¢,8) <., (k,«), and we may
choose a subsequence with (¢, 3) <, (k+1,v) <, (k,«) for some ~. Then
d(zF,x) < Apd(2F, 2FH1) + A%d(zlfrl, zé) + A%d(zg, x),

[e2Nade’]
where the sum of the first two terms, by Lemma 2.7 and (2) is < 5A30% + 6A55%+! < 6436%, and
the last term becomes arbitrarily small. O

2.10. Lemma. We have the following covering properties for each fized k € Z:
x=Jotw). @w= U .
o B:(k+1,6)<u (k,a)

Proof. Every x € X is the limit of points zgzm) where m — co. When m > k, we have (m,0(m)) <
(k, ) for some «, and hence | J,, QF (w) is dense in X. On the other hand, the uniform separation
of the centres 2%, the uniformly bounded diameter of the sets Q’é(w), and the geometric doubling
property imply that this union is locally finite. Hence the closure of the union is the union of the
closures. . R

Similarly, it is immediate that Q¥ (w) = Us:(k+1,8) <0 (ks00) Q’EH (w), and the second claim follows
by taking the closures, observing that the union is finite. O

2.11. Lemma. The closed and open cubes of the same generation are disjoint:

Qaw)NQiw) =2  (a#h).
In fact,

Qhw)” = |J Qf(w).
B#a

Proof. We first check the weaker statement that

AW NQw =2 (a#p)
Indeed, for contradiction, let z € Q¥ (w) N Qg(w) Thus z = z,‘; with (¢,7v) <., (k, (), and also
x = limy 00 24,y With (m,0(m)) < (k,a). For m large enough, we deduce that d(zy,,, 2 <
$A5*6" and thus, by Lemma 2.8, (m,6(m)) <., (¢,7) <. (k, B), a contradiction.

To prove the actual first claim, again by contradiction, let € Q¥ (w) N Qg(w) Hence z =
lim,,— 00 Tm With z,, € Q’;(w) Since Q’E(w) is open by definition and z,, — z, it follows that
T € Q’E(w) - Qg(w) for large enough m. So in fact z,, € Q’;(w) N Qg(w), but this is empty by
the first part of the proof. The claim follows. ) B

For the second claim, it is immediate from the first claim that QF(w) C Npa Qg(w)c =
(Uﬁia Qg (w)) =: 0*. On the other hand, by local finiteness, the union defining (€%)¢ is closed,

and therefore &% itself, open. Since X = Q% (w) U (0%)¢, we have 6% C Q¥ (w), and since Q¥ (w)
is the largest open set with this property, we get 0% C Q¥ (w). O
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2.12. Lemma.
B(z, $45°0%) € Qi (w).

Zar 6

Proof. Tt suffices to prove that B(zF, éA 5(5’“) is disjoint from each Q’E(w) with 8 # «a. For
contradiction, let x € B(zk, £ A5°6%) N Qf(w). Thus z = lim,, 00 2g(m) for some (m,6(m)) <.
(k,B). Then

(2, 28) < Aod(25(,y, ) + Aod(z, 25) < §A; 08
for large enough m, since the second term is strictly smaller than this bound, and the first term
tends to zero as m — oo. But then Lemma 2.8 says that (m,0(m)) <, (k,«), a contradiction
with (m,0(m)) <, (k,B). O

The following theorem summarizes the above properties of the dyadic cubes for a fixed param-
eter w, and supplements the key statement about their probabilistic behaviour under the random
choice of w € Q.

2.13. Theorem. For any fived w € Q := ({0,1,...,L} x {1,...,M})%, the cubes satisfy the
following relations: the covering properties

x={Jew, @w= U  @"ws
a Bi(k+1,8)<w(k,a)

the mutual disjointness property

Qaw)NQfw) =2 (a#p);
and the comparability with balls:
Blzg, §45°0%) C Qi(w) € Qh(w) C B(2f,6450%).

2o

Moreover, when ) is equipped with the natural probability measure P, we have for somen € (0, 1]
the small boundary layer property:

(2149)  Pu(velJoQhw) <Cem  (0.Qhw) = {y € Qh(w) : dly, “Qh(w)) < =0});

and in particular the negligible boundary property:

P(veJoQkw) =0 (0Qkw) = Qhw)\ Qhw)).
k,a

Henceforth, n will always designate the fixed positive constant provided by this
theorem. It will reappear as the Holder-regularity index of our splines and wavelets.

Proof. Tt only remains to check the probabilistic statements.
Let z € X, k € Z, and € > 0 be fixed. For every ¢ = k,k + 1,..., there is some v so that
d(z, z”l) < 2A 5”1. Now suppose that for some ¢, the point x”l is chosen as a new dyadic

point zﬁ, and recall that B(zﬁ, 6A 554 C Qe( ). Thus,
~ 1 ~ 1 1
cAl L cAyl L —6 L —6 50 k
(e, *Qh(w)) > 5-d(h, “Qh(w)) — dlar ) > ($40° —2406)0" > 245" > 26

provided that ¢ < k + log(7ASe)/logd. In particular, we have = € Qg(w) C QF(w)if (¢,8) <

(k,a), while d(z,“Qk (w)) > d(z, CQ%(W)) > 6. Thus © cannot be in |J, 9-Q% (w) in this case.
In other words, in order that z belongs to the union |J, 9.QF (w), it is necessary that none

of the points xﬁ“, where k < ¢ < k + log(7ASe)/logd, is chosen as a new dyadic point. But,

by Lemma 2.3, every xﬁl has a probability at least 7 := of being chosen. So the

1
M(L+1)
probability that szl is not chosen is at most 1 — 7. Moreover, these events for different levels

¢ are independent of each other. Hence the probability that none of the szl

k <0 <k+1log(7A§e)/logd, is at most
(1 _ T)log(?ASa)/logé — (7A8€)10g(1—7)/10g6 — CEU,

is chosen, for
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where 7 := log(1 — 7)/logd > 0 (since both §,1 — 7 € (0,1)) and C = (7A§)". This is exactly as
claimed.
The negligible boundary property follows from the small boundary property as ¢ — 0. O

We conclude this section with the observation that in our construction, the original dyadic point

x¥ may also be viewed as a ‘centre’ of the new dyadic cubes QF (w) for all w €

2.15. Lemma. B(zF,1A;36F) C QF (w) C B(xk,8436%) for any w € Q.

Tar 8
Proof. By Lemma 2.9, we have for any z € QF that
d(z,z%) < Agd(x, 2%) + Agd(2E, 2%) < 6A56"% 4+ 2A26% < 8AJ6",
which shows that Q% C B(zk,8A3%).
For the other inclusion, let d(z, z¥) < $A7?6". Since X = U, @ (w), we have z € Qi (w) C
B(aktt, 8A36% 1) for some 7. But then
d(aptt al) < Apd(a)th @) + Agd(x, al) < BAGS ! 4 AR < LATTSR.

By another application of (2.2), this implies that (k+ 1,7) < (k, ).

We want to prove that in fact (k4 1,7) <, (k,«), since then z € fo“(w) C Q% (w). By (2.5),
the only potential obstacle to this is that d(mf]H, z’j) < iAg%k for some v # «. So suppose this
is the case, and recall that zF = = 25* for some (k +1,0) < (k,7). Then

d(ag ™ w8) < Aod (2, ay ™) + Afd(wy ™ ) + Afd(w, x7)
< $A; T+ 8AGSTT 4+ LA 15k < 345 16",

and hence (k+ 1,0) < (k,«) by (2.2). But also (k+ 1,0) < (k,~v), hence v = a, a contradiction.

We have shown that an arbitrary z € B(zk, LAy 35’“) satisfies 2 € Q! (w) for some (k+1,7) <,

04’8

(k,a); thus z € QF (w). O

3. CONSTRUCTION OF SPLINES

The construction of splines on X, and the proof of their basic properties, is now an easy
consequence of the preparations from the previous section. For every (k, «), we define the spline
function

(3.1) sk (z) =P, (x e Q’;(w)).
3.2. Theorem. The splines (3.1) satisfy the following properties: bounded support

(33) 1B(I§%A535k)($) < st (®) < pen sagem (2);

the interpolation and reproducing properties

(3.4) si(zg) = da8, Zsi(x) =1, s Zpaﬁ SEJrl

(63

where {p’;B}g is a finitely nonzero set of nonnegative coeﬂicients with Zﬂ paﬂ = 1, and Hélder-
continuity

i) - shw)] < (2L

Regarding (3.3), remark that it is a bit unusual that a spline be a non-zero constant on part of
its support.

Proof. The relations (3.3) are immediate from Lemma 2.15, and this implies in particular that
se(zh) = L.
Since the boundaries have vanishing probability and X = J,, Q¥ (w), it follows that

(3.5) S sk (x) =B, (:c e X) ~1.

(03
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Since these functions are nonnegative and s* (z%) = 1, it must be that s® (m’é) =0 for 8 # «, and
hence in fact one has the interpolation property

(3.6) si(xg) = 0B-
From the identity

Qh(w) = U Q5 (),

B:(k+1,8)<w (k)

(and using again the vanishing probability of the boundaries) we also have

sk(x) =P, (:L' € U Qkﬂ( ))

B:(k+1,8)<w (k,a)

:Z]P’w({(k+1,ﬂ) <o (k)b {ze Qs @})
_ZIP (k—|—1 B) <w (k, )) (xEQ’““( ))
—Z]P’(k-Flﬁ (k’a)k-i-l Zpaﬂ Sk+1x’

where the key third step used the independence of the two events; namely, the event (k+ 1, 8) <,
(k,«) depends only on wy, while the cube QkH( ) depends on wy for £ > k + 1. The support
properties of the splines readily imply that only boundedly many of the coefficients p’; 5 are nonzero

The Holder-continuity of the splines follows from the probabilistic smallness of the bound-
ary regions, as expressed by (2.14). Indeed,

sk (@) = sk @)l = [Pu (v € Qh(w) —Pu (v € Qhw))

= ‘/Q (1w:x€Q§(w) - 1w:y€Q§(w)) dPW‘

for a given (k, ), so that span{st}, C span{sgﬂ}g.

/ (Lowe@t (@)wgah @) T loyeat ),ogak @) Pu
=P, (v € Qhw)y ¢ Qhw) +Pu(y € Qhlw).x ¢ Qh(w))
(90 € D)5+ QF (w )) + Py (?J € ad(m,y)zi*"@i(w))
oty a

4. AUXILIARY RESULTS ON QUASI-METRIC SPACES

IN

We include this intermediate section to collect some auxiliary material so as to streamline
the subsequent analysis. This section is mostly concerned with difficulties of a quasi-metric in
contrast to a metric. The results are mostly part of the folklore, but somewhat difficult to find
in the literature in full generality, since additional assumptions on the space are usually imposed.
(After completion of this work, we became aware of the recent preprint [31] where the density
result below is also proved in full generality by a completely different argument.)

For the beginning of this section, as above, we only assume that X is a geometrically doubling
quasi-metric space. Throughout, let > 0 denote the fixed positive constant from the
small boundary property of the dyadic cubes and the Holder regularity of the splines.
4.1. Lemma. Let ' C G C X be sets with

d(F,G°) := Ie%nyizc d(z,y) = A > 0.
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Then there exists a function ¢ : X — R with 1p < ¢ < 1g and

fola) — olw)] < (252",

Proof. Let k be the smallest integer so that 16 A56% < A. We set
P = Z sk
a:B(zk 8ASF)NF#D

Then ¢(z) = 1 for x € F, since > s%(z) = 1, and the sum defining ¢(z) contains all s%(z)
whose support intersects F. To prove that ¢(z) = 0 for z € G° we need to check that no
supp s& C B(xF,8A436%) appearing in ¢ can intersect G¢. To this end, let y € B(x*,8A456%) N F
(which exists by definition) and 2z € B(zX,8A456%) N G¢ (whose assumed existence should lead to
a contradiction). Then

d(F,G) < d(y, z) < Aod(y,z¥) + Agd(zF, 2) <240 - 8456% < A,

a contradiction indeed. So we have 1p < ¢ < 1, and it remains to check the Holder-continuity.
By geometric doubling, there are only boundedly many s*, whose support contains either = or y.
Each of these s satisfy the estimate

shia) — skl < o L2U)" < o( ATy

and hence so does their sum over boundedly many indices «. This completes the proof. O

4.2. Corollary. For every B(x,r), there exists a function ¢ : X — R with 1z < ¢ < 12240
and

d(z,y)
<
(@) — ey < o(F22)"

Proof. If y € B(x,r) and z € B(x,2A0r)¢, then

1

Ay, 2) = ~—d(z,2) — d(z,y) > 2 — 7 =1

A

thus d(B(z,r), B(z,2A07r)¢) > r, and the previous lemma applies. O

We formulate a quasi-metric version of a well-known covering lemma for metric spaces, cf. [18,
Theorem 1.2[; the quasi-metric extension is obtained mutatis mutandis.

4.3. Lemma. Let B be a family of balls B(x,r) in X, with bounded radii and contained in a
bounded set. Then there exists a pairwise disjoint subcollection {B;}32,, whose concentric expan-
sions 5A%B; cover all original B(z,r) € A.

4.4. Lemma. X is a countable union of bounded open sets.
Proof. Recall that the interior of a set E is the open set (E¢)¢ C E. It is easy to check that
B(x,r/Ap) C interior B(z, r);

hence, with any base point zy € X, the bounded open sets interior B(zg,n), n € N, provide the
required covering. O

So far everything has been based on the space geometry, i.e., the properties of the quasi-distance
only and geometric doubling. We next add a measure y into our considerations.

4.5. Proposition. Let i be a non-trivial Borel measure on X, finite on bounded Borel sets. Let
1 <p < 0. Then Hdlder-n-continuous functions of bounded support are dense in LP (1), where n
is the Hdélder exponent of the splines.
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Proof. By the density of simple functions due to general measure theory, it suffices to show that
for every bounded Borel set F and every € > 0, there exists a boundedly supported Holder-7-
continuous function ¢ with |15 — ¢||, < 2e. By a general result concerning Borel measures 12,
Theorem 2.2.2 (ii)]!, there is an open set G 2 F such that u(G \ E) < €?. For every = € G, we
choose a radius 7, small enough so that B(x,4A3r,) C G. The balls B(z,5 ' Ay *r,) cover G,
and hence there are pairwise disjoint balls B(x;, 5_1A52ri), ri 1= Ty, so that B(z;,r;) cover G.
As we have B(x,r) C B(z,r) C B(z,2Aor) for any ball, with B being the topological closure of
the ball B,

i=1 i=1
Thus
w(@) = nl;rr;u( gB(xi, rz-)) =: lim w(Gp).
Let us fix n so large that u(G \ G,,) < €?. We check that d(G,,G) > 0. Indeed, if 2 € G,,, then
x € B(z;,7;) C B(x;,2A0r;) for some i = 1,...,n, whereas B(x;,4A3r;) C G. Hence
d(Gp,G) >  min

% Ln

d(B(z;, 2A0ri),B(aci,4Agri)c) > ,_r{lin r; > 0.

.n

By Lemma 4.1, there exists a Holder-n-continuous ¢ with 1g, < ¢ < 1g. Hence ||[1¢ — ¢||, <
la — 1a,llp = #(G\ Gu)/? < ¢, and finally [[15 — g]l, < 2. O

5. L? THEORY AND MULTIRESOLUTION ANALYSIS

We now return to the development of the spline theory in the presence of a nontrivial Borel
measure 4 on (X,d). From now on, we assume that (X,d, u) is a space of homogeneous type in
the most general sense, namely that in addition to having a quasi-metric d we only assume the
doubling condition which reads: for all z € X and r > 0

0 < u(B(z,2r)) <C, - u(B(z,r)) < oo.

This inequality makes sense if balls are Borel sets. But this may not be the case. However,
their topological closures are (because they are closed sets by definition) and satisfy B(xz,r) C

B(z,r) C B(x,2A07). In that case, up to changing constants throughout, we may change balls
to their closures in the above definition of the doubling condition, thus avoiding to resort to the
outer measure associated to p. To simplify matters though, we assume that balls are Borel sets
and leave to the reader the modifications if not.

The doubling condition on (X,d, ) implies that (X, d) is geometrically doubling (see [6]),
so that the spline functions, built independently of measure considerations, are at our disposal.
We now show that they provide a multiresolution analysis of L?(u), essentially in the sense of
Sweldens [39, Definition 3.1], who considered the case of general measures on R™. This consist
of all properties of a classical multiresolution analysis of Meyer [30, Definition 2.1], to the extent
that this definition is meaningful in a quasi-metric space context: the classical postulates dealing
with translations and dilations, specific to the Euclidean space and the Lebesgue measure, are
now meaningless.

5.1. Theorem. Let V. be the closed linear span of {sk}, in L?(n). Then Vi C Viy1, and

T 0}, if X is unbounded,

keZ keZ Vi = {constants}, if X is bounded,

LThis result is stated in a metric space with an outer measure but the argument is valid for any topological space
for a Borel measure. Moreover, it is assumed that F can be covered by countably many open sets with bounded
measure which is granted from Lemma 4.4 and our assumptions on p.
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where ko is some integer. Moreover, the functions sk /\/uk form a Riesz basis of Vi: for all
sequences of numbers A\, we have the two-sided estimate

1/2
H Z/\asi L2 () ~ (Z |AG¢|2:U‘Z) )

with pig, = p(B(xg,,0%)).

Proof. The nesting property Vi, C Vi41 is immediate from the reproducing properties of the
splines.

The Riesz basis property. We use properties (3.3) and (3.4) of the splines. At any point z, the
values s¥ (z) are nonnegative and sum up to 1 (when « is the summation variable and k is fixed).

Hence
2
> dash @] <D MalPsh@) < D7 NalP sy sagon (@),
Thus

[ X resk @) duto) < 3 o Pk, 8435) < € 3 haPa(B(a} 8)

by the doubling property.
On the other hand, we also know that sg (x)=1forz € B(acg,

vanish on this set. Hence

2
[ nash@)] =l Ve e Bk, o),

ﬁék) and all other s¥, o # 3,

thus
2
Z k Z 2
‘ - Aasa(x)‘ Z o |Aa| 13(9521%‘%)7
and therefore

[ rasb@] duto) = 3 o BBk, 580 = & 3 P Pu(Bah, 54),

again by the doubling property.

T he union of the Vk If f is a Holder-n-continuous function with bounded support, the sum
fe(z) =3, f(@%)sk (2) defines an element of Vj, and using (3.4) we have

f(x) = fu(z) =Y (f(x) = f(25))sh(@)

«
so that

If = filloo <sup  sup  [f(x) = f(xg)| < O™
a geB(xzk 8ASSF)

Convergence in L?(p) follows from this and bounded support for f — f.

The intersection of the Vi. In case X is bounded, it is clear from definition that the sets {z%},
reduce to one point when k gets small. In that case, s*(z) = 1 for all z € X by (3.4). So we
choose ko as the largest integer such that this property holds.

If X is unbounded, then p(X) = co as u is doubling. (See remark after Lemma 8.1 for a proof
of this known fact.) If f € oz, Vi, then || f]13 ~ > [f(zk)[2uk for all k. Consider a fixed z € X.
Then f(z) = >, f(2F)sk(x), where the sum is over the boundedly (with respect to k) many «
such that z% € Bz, 8430%). Thus |f(@)] < Yo |F@)] S X Iflla/v/EE S IIfll2/V (2, 6%). This

tends to zero as k — —oo, and hence f(x) = 0. Since the point was arbitrary, we have f =0. O
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6. BIORTHOGONAL AND ORTHOGONAL SPLINE SYSTEMS

In this section, we use a classical algorithm (cf. [30, Sec. 2.3]) to construct two further bases of
the space Vj spanned by the splines {s*},. We use the abbreviations

pe = V(ag, 0%) = u(B(ay, 6%))

for these frequently appearing volumes.
6.1. Theorem. There exist a system of biorthogonal splines {35}, in Vi with
(6.2) (56 35)12() = aps
as well as an orthonormal basis { ¢~} of Vi, which satisfy the following estimates, where d(z,y) <
5k

k(5 @) + 1 Jih - 05 (2)] < Cexp (— 76~ *d(ak,2)°)

- - d(z,y)\" _ s
k- 185.0) — S5+ ik - 10 @) — 6k < O(LED) exp (— (5 Hdal )",

with s = (1 +logy Ag)~! or s =1 if d is a Lipschitz-continuous quasi-distance.

6.3. Remark. From the decay estimates and doubling, it readily follows that ég € LY(p). Summing
the biorthogonality relation (6.2) over all v and recalling that Y, sk (z) = 1, we deduce that

/é’gdu:l.

We begin the proof of Theorem 6.1. Fix k € Z. By abuse, we identify 2% = {z*}, and the set
of indices « corresponding to points x’; The previous section says that there is a linear, bounded,
injective map Uy, : £2(Z%) — L?(u) with closed range, defined by

Uih=> A:k sk

for A = {Aa}acas. Here, (2(27%) is equipped with counting measure. Let V. denote its range.
By the properties of the splines, the sum defining each element of Vi converges locally uniformly
and defines a Holder-n-continuous function. The inverse of Uy can be computed using (3.6) by

(Ux " o = F@b) Vi )

Let 6% be the canonical orthonormal basis element in ¢2(2°%). By construction Uyd* = \;"—k
HQ
Since Uy, is an isomorphism, this means that the splines s* form an unconditional basis of Vj. To
find a biorthogonal system 3% in Vj, that is a system such that

(sE,35)2(4) = 6ap:
we observe that if f = Ug), f/ = U\ then
(£ L2y = (MeA, N) 2200y
with M}, being the infinite matrix with entries

(sa Sg>L2(u)

N

Another reformulation of the isomorphism property of Uy is that M) is bounded and invertible
on (2(Z°F). Tt is also positive self-adjoint. So the biorthogonal system is uniquely defined by

\/ 1EsE = UM, TSk

If one wants an orthonormal basis of Vj, C L?(u), one defines instead

Mk(avﬂ) -

o = U 8%
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In other words,

k
Sk @ = 3 Mita 5L,
BEXF ,UE
k
BeX* ME

We now establish decay estimate of the coefficients Mk_l(a, B) and M;l/Q (o, B).

6.4. Proposition. There exist constants v > 0 and C' < oo, independent of k such that the entries
of Mk_1 and Mk_l/2 have upper bounds

Cexp ( - 7(5_kd(aa /3))5 )a
with s = (1 +logy Ag)™! or s = 1 if d is Lipschitz-continuous.

. . . . d(zdoh
If we introduce the induced normalized quasi-distance on 2% x 2%, di(a, B) := (mgk%),

have to prove uniform estimates on the entries of M, Lor M & 2 i1 terms of di. Note that for
this quasi-distance M, is a band-matrix, more precisely My (c, 8) = 0 if dy (v, ) > 16 A§ by (3.3),
hence it has exponential decay.

we

6.5. Lemma. Let = be a 1-separated set in a quasi-metric space (X, d) with quasi-triangle constant
Ao having the geometric doubling property with constant N. Then for all € > 0, there exists
c(e, Ag, N) < oo such that

sug)( exp (ed(ar, E)/Ao) Z exp (—ed(a, B)) < c(e, Ao, N).
aec BEE

Moreover, for any 0 < ¢ < c¢/Ay
Z exp ( — cd(a, 6)) exp ( —cd(B, 7)) < Cexp ( —dd(a, 7))
BEE

where C' does not depend on o,y € X.

Proof. Fix a point a € X. Pick any point 5’ € Z. We have
Z exp ( —ed(ay 6)) < exp ( —ed(a, ﬁ’)/AO) Z exp ( —ed(f, 6)/140).
BEE BEE

The number of points in = at quasi-distance at most 27 from ' is bounded by C7*! from some C
depending only on Ag and N but not 3’. Thus

> exp(—ed(B,8)/A0) <C+> > exp(—ed(B,B)/Ag) <Y CTexp (—27/Ag).
BeE Jj21B:d(p’,B8)~27 Jj=0

Taking the infimum over all 8 € Z proves the desired inequality.
The result for the matrix product coefficients follows analogously and we skip details. O

6.6. Lemma. Let = be a 1-separated set in a quasi-metric space (X, d) with quasi-triangle constant
Ao having the geometric doubling property with constant N. Consider a matriz M = (M (a, §))
indezed by = X Z such that there exists ¢ > 0 for which

C = sup exp (cd(a,ﬂ)) |[M(c, B)| < o0.
(,8)

Then M is bounded on ¢*(Z). If M is invertible, then there exists ¢ > 0 such that
sup exp (¢'(d(a, 8)* ) IM~ (o, B)] < o0

with s = (1 +1log, Ag)~! or s =1 if d is a Lipschitz-continuous quasi-distance. If, in addition, M
is positive self-adjoint, then the same conclusion holds for M~1/2.
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6.7. Remark. (i) Note that the exponent s = 1 for a usual distance is recovered as a special case
in two ways, either by setting Ag = 1 or using the Lipschitz-continuity.

(ii) The exponent s is in general optimal in this result. Namely, consider the band matrix
M indexed by Z with M(i,i) = 1 and M(i,i +1) = —A € (—1,0) for all i € Z, and all other
entries equal to zero. Then M ~1(i,j) = X\*~J if j > i and zero otherwise. Now equip Z with the
quasi-distance d(i,j) = |i — j|", where r > 1. Its quasi-triangle constant is Ag = 2"~!, and hence
the exponent given by the lemma is s = (1+1log, Ag) ™! = (1+7r—1)"1 = 1/r. This gives precisely
the correct decay of the matrix with respect to d, as

NI = exp(—c-|i — jl) = exp(—c- d(i,j)/"),  c=logA~".

Proof. If d is a genuine distance or a Lipschitz continuous quasi-distance, then this follows from
Theorem 5 in [24] and the remark that follows it, which extends an earlier result in [10] for
band-limited matrices (but we shall need the full result here), with s = 1. However, as said not
all quasi-distances are Lipschitz- or even Holder-continuous and we provide an argument in full
generality, which also recovers the mentioned special cases.

We begin with the following observation. For n > 1, let x,, be the best constant in the inequality

d(ag, an) < Ep(d(ag, a1) + d(ag,az) + ...+ d(an—1,an))

for every chain (ag,aq,...,a,) of n + 1 elements (not necessarily distinct) of =. It is clear that
(kn) is non-decreasing and k1 = 1, ko < Ag. Moreover, using d(ag, @min) < Ao(d(ag, am) +
d(Qmy Qmn)), it follows that kpyn < Ag- max{km, kn}. Thus ko, < Agk, and therefore, kg <
Al We conclude that , < Aé+log2n = Agn'°e240. Note also that if d is L-Lipshitz, then
d(ag, an) < d(ag, n—1) + Ld(c,—1, ), which by iteration gives x,, < L for all n.

Now assume that M is positive self-adjoint and invertible. In this case, one can write M =
(I — A) with h = (||M]| + ||M~|)/2 a positive real number and A a matrix with norm r =
(IM]] = | M= /(M| + [|M~Y]) < 1. Moreover, the coefficients of A have the same decay
as those of M. Without loss of generality, we normalize h = 1. Develop (I — A)~! in the
Neumann series Y A" and estimate the coefficients A" («, 8), n > 1, a # (3, in two ways. First
|A™ (v, B)] < ™. Second, we have

|A™ (e, B)] < Z C™exp ( — c(d(a, a1) + d(or, a2) + ... + d(an—1,8)))
(1)
<C"exp(-— id(a,ﬂ» Z exp (— g(d(al’%)+'--+d(an,1,ﬂ)))

~ c
<C"exp(— —d(a,3)),
< p( 2 B))

where we applied Lemma 6.5 n — 1 times with & = ¢/2, and C = C - ¢(e, Ag, N), in the notation of

that lemma. As k, is non decreasing, we have for any integer ng using the second estimate for

0 < n < ng and the first for n > ng,

¢

M~ (@, B)] < (ng +1)C™ exp (= ——d(a, B) + "1 (1 = 1)~

no

and (ng + 1)6’"0 < D™ for some large constant D > 0. Choosing ng as the first integer such that

the first term dominates, we see that d(a, 8) =~ ng-kn, S né/s, where s = 1/(141logy Ag) (or s =1

if d is Lipschitz-continuous, recalling that r,, < L in this case). Hence, for some constant ¢’ > 0,
(M, B)] S 7™ Sexp (—dd(a, B)*).

For M~'/2 we use the power series (I — A~ = Sen A" As 0 < ¢, S n'/2, the argument
is the same. Finally, if M is not positive self-adjoint, then we use M~ = M*(MM*)~! and the
remark that on a 1-separated set d > d°. O

Proof of Proposition 6.4 and Theorem 6.1. Lemma 6.6 gives us the desired decay for ]\4,6_1 and

M, Y 2, as claimed in Proposition 6.4, with uniform control of the constant with respect to k. The
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decay and regularity of the 3% and ¢*, as asserted by Theorem 6.1, then follow from the support
and regularity of the s* and the decay of the matrix coefficients. We skip details. O

6.8. Remark. Let 0 < s < 1. If d is a quasi-distance with quasi-triangle constant Ay, then d° is
a quasi-distance with quasi-triangle constant Af. If d is geometrically doubling with constant IV,
then so is d* with constant at most N /¢!, where [ ] is the ‘rounding-up’ to the next integer. If
i is a doubling measure with respect to the balls for d with constant c,, then it is with respect
to the balls for d® with constant at most cLl/ I Thus both previous lemmata apply to d° with
constants that depend only on the original constants and s. We shall use this remark later.

7. SPLINE WAVELETS

We are now prepared for the construction of an orthonormal basis of L?(u), consisting of
wavelets ¢* with similar decay and regularity properties as with the spline systems. We follow an
algorithm from Meyer [29].

Fix k € Z,k > kg, where kg is as in Theorem 5.1. Recall the operator

Ui = £ = {5 s s

is an isomorphism from V1 onto £2(.:2°%*1). Denote by Y, the inverse image of the subspace of
02(2F*+1) sequences vanishing on 2% this subspace is naturally identified with ¢2(#*), where
we recall the notation % := 2+ \ 2% Clearly, Vi, @ Yi, = Vi1 topologically. Consider the
orthogonal (in L?(11)) complement Wy, of Vi, in Vi1 1. Then the restriction to Y} of the orthogonal
projection Q) onto W, is an isomophism onto Wj. Now, identifying with #* the set of indices
B corresponding to xZH € XN\ 2% = ok the collection {sgﬂ}ﬁe@m forms an unconditional
basis of Y} and its image under Q) is an unconditional basis of Wj. A representation of @y f when
f € Vi is

(7'1) Qrf=1f— Z <f7 §§>L2(u)5§4 =f- Z <f7 S§>L2(u)§lo€u
ace Xk = AL

because the sum is the orthogonal projection of f onto Vi. Hence, the pre-wavelets
Tk k+1
Up(@) = Qusy (v)

have the L*>-normalized exponential decay C'exp ( — 7(5’kd(y’l§, z))* ), where ylg = xgﬂ c k.

(Remark that they are normalized as the splines SZ+1.) Finally, one can orthonormalize them in

L?(u) following the procedure of Section 6 applied to the positive self-adjoint matrix

Tk Tk
(o, ) =
Mo pp
indexed by #* x #*; that is, we define
Tk
- x

Uh(x) =Y M V(o) vpa)
Bewk HEJA

Note that with the notation y’g = zE“, we have ;LEH = u(B(yg, SFFL)) ~ M(?(yg, §)). The point-
set Z% is a 1-separated set for dj (z,y) := (6 *~'d(x,y))® and the matrix M has the exponential

decay, as required in Lemma 6.6, with respect to dj. By Lemma 6.6 and Remark 6.8, M~Y/2 has
decay

(M2 (a, B)| S exp (—+/dj(2F,25)%) = exp (— y(67 d(ak, 2))*F),

where § = (1 +logy A5)™! = (1 + (1 + logy Ag) "1 logy Ag) ™ = (1 + logy Ao)(1 + 2log, Ag) ™! or
§ = 1 if d is Lipschitz-continuous.
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This yields an orthonormal basis ’L/Jg (2), ylg € #'*, of W}, having the L? normalized exponential
decay

C
[k (2)] € ———=exp (— (6 Fd(yk, 2))*), a = ss.
’ p(B(ys,0%)) ( )

Gathering the construction for all k£ (and adding constants if X is bounded), one obtains an
orthonormal basis of L?(x) made of spline wavelets.

7.2. Theorem. Let (X,d, ) be any space of homogeneous type with quasi-triangle constant Ao,
and a = (1 + 2logy Ag)~! or a := 1 if d is Lipschitz-continuous. There exists an orthonormal
basis 1/12, ke€Z (and k > ko if X is bounded), ylg € &%, of L*(u) (or the orthogonal space to

constants if X is bounded) having exponential decay

C
W5(@)] € — e exp (— (5 2)"),
’ PETRTI )

Holder-regularity

(o) ~ )| < o (MY exp (g6 R ), d(ay) <0,

and vanishing mean

/Xwg@) dp(z) =0, k€ Zk>koyse@*

Proof. Tt remains to see vanishing mean and regularity.
Using [ 5% du=1and Y, sk =1, we deduce from (7.1) for f € L'(u) that

/QkfdMZ/fdu—z<f,83>/5’;du=/fdu—2/f8’;du=/fdu—/fdu=0-

Since the pre-wavelets 1/35 lie in the range of Q) by definition, we have f 1/35 dp = 0, and the same
result for the wavelets follows from the convergent series representation of ¢/* in terms of the 1/12.

As for the regularity, recall the smoothness of the splines: |sk(z) — sk (y)| < C(d(z,y)/5%)".
This implies for the pre-wavelets the estimate

[0 (@) = 95| < ls5™ (2) — 557 ( |+Z| (5t 50 lsa (@) — 56 (v

< C(d(?@y) )nlB(yg,cék)(‘r) + Z Cexp (- v(d(y’;?, zh)/6%)*) (d(;’cy) )nlB(zg,cak)(x)

< C’( (6ky))nexp ( — ’y(d(z,ylg)/ék)s )

For the wavelets, finally, we have
Y(d(ys, y5)/0)) |

exp (—y(d(y" )
[k (z) — vl () <05 22 105 (@) — 3h(y)]
e, JuBahey) Y

exp (—y(d(yF,yk) /ok+1)a T n
P (~7(dlya,¥5) /5" )(d(é];y)) exp (—(d(z, y5) /"))

¢ d(z,y)\" )
N(B(yii,&k))( o ) exp (—(d(z,y5)/6")").

Note that the value of v > 0 changes from line to line in these computations. Also we used that
a < s and a variant of Lemma 6.5 for the quasi-distance d(z,y)/d* on X. O
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7.3. Remark. The construction and also the next sections suggest that the label k£ + 1 would be
more appropriate than k for Wy, the wavelets 1% and their scale 6%, because its keeps closer to
the definition of the point sets Z'%, a subset of 27%*!, which will take an important role. We have
kept the wavelet community notation as in [30].

8. TECHNICAL ESTIMATES RELATED TO VANISHING ANNULI

We break the development of the wavelet theory with this technical section, which will provide
us with useful estimates to streamline the subsequent presentation. A basic difficulty related to
general spaces of homogeneous type, as opposed to those with the reverse doubling property, is
the possible existence of arbitrarily large empty annuli B(x, R) \ B(x,r) = &. This leads to a
certain dichotomy: locally, we either have the reverse doubling estimate, or the vanishing of a
certain annulus, both of which provide certain control, which we need to exploit in different ways.
This is quantified in the following. (The next result is well-known, cf. [14, Remark 1.2], but we
include it here for completeness, since we need it to derive some consequences which appear to be
new.)

8.1. Lemma. For every x € X and R > r > 0, at least one of the following alternatives holds:

w(B(z,R)) > (1 +&)u(B(z,7)) or B(z, ﬁR) \ B(x,2A0r) = @,

where ¢ := 1/C,,(3A3), and C,(t) is the smallest constant such that u(tB) < C,(t)u(B) for all
balls B C X.

In particular, as R — oo, we observe the following (again well-known fact): If there is a ball
B(z,r) such that p(X) < (1 + C,(343) " Y)u(B(z,r)), then X = B(x,240r). If u(X) < oo, such
a ball always exists, and hence diam(X) < oo.

Proof. Suppose that the annulus is nonempty, and let y € B(x R) \ B(x,2A0r). Let p :=

ﬁd(m,y) > r. We claim that

1
’ 2A0

B(y,p) C B(z, R) \ B(z,7).
Indeed, if z € B(y, p), then
d(z,z) < Aod(z,y) + Aod(y, z) < Aop + Aod(z,y) < R,

while

1 1 1
> _ — —p=— >
d(zx) > rd(y.x) — dy.2) > Jod(ey) —p = grd(a.y) > 1

We also claim that
B(z,r) C B(y,34A3p).
Indeed, if w € B(z, ), then
d(w,y) < Apd(w,z) + Agd(z,y) < Agr + 2A2%p < 3A3p.
Now it follows that

w(B(x, R)) — p(B(x,)) > n(B(y, p)) > muw@,sf&ap» > muw(m,m. O

The following lemma relates the mentioned dichotomy to the distribution of the dyadic point
sets @k

8.2. Lemma. For every x € X and r > 0, there exists a decreasing sequence, finite or infinite, of
integers {k;}7_, such that r < 6 < 6k < ... such that

V(z,68) > (1 +e)V(x,r) and d(z, @)+ 68 > 6%+ if by >k > Ky,

where we intepret ki1 := —oo if J < 0.
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Proof. Let k(0) be the largest integer with 8% > and let k(j 4+ 1) be the largest integer with

V (2, 6*0tD) > (14 )V (z,680)). (Note that the sequence terminates if and only if p(X) < 0c.)

Thus V(z, §FUTD+1) < (1 + &)V (x,8%0)), and hence

2%()5’6(]“”1) = B(x,2406F0)).

For k > k(j+1)+2, the ball on the left contains at least one element of 27%. For k < k(j) — 1, the

ball on the right contains at most one element of 27*. Since the balls are equal, for k(j +1) +2 <

k S k(j) — 1, the ball contains exactly one element of 2°*. So if k and k+ 1 are both in this range,
if k(5 4+ 1) +2 < k < k(j) — 2, then the intersections of the ball with 2% and 27%+! coincide;

hence there is no point of Z* = %’”1 \ 2% in the ball. Thus d(z,Z*) > 52=6 - §*UTD. On the

other hand, if k € {k(j + 1) — 1,k(j + 1), k(j + 1) + 1}, then clearly 6* > § - §*U*+1)  and hence

B(z,

5 ,
d(z, 7*) + 6% > ﬁakml) ifk(j+1)—1<k<k(j)—
0
Also, for k in the same range, we have
V(z,6%) > V(r,6"D) > (14 €)1V (z,6"0) > (1 + )V (x,r).
So the claim follows by relabeling kj+q := k(j) — 2 for j € N and ko := k(0). O
Sums of the following type appear in connection with the wavelets:

8.3. Lemma. For all x € X and r,v,a > 0, we have

Z V(z, %) exp (— (0 Fd(z,#")*) S V(x,r)™".

k:6k>r

Proof. Let k; be the sequence as provided by Lemma 8.2. Then

> Vi, ¥) ™ exp (= y(5 Fd(z, #F))")

k:6k>r

J
= Z Z V(x,6%) " exp (— (6 *d(z, #%))")

7=0 k;:kj Zk>kj+1

J
> (1+ )~V (2, 1)~ exp ( — ydeks+1—8))
=0 k:kj_k>kj+1

§V(x,r)”(zJ: 1+¢) j”)(Zexp v~ ma)SV(z,r)ﬂ’. O
7=0

9. TECHNICAL ESTIMATES INVOLVING THE WAVELETS

A

<

Actually, the estimates here are valid for any family of functions ¥* which satisfy the same
size and regularity estimates as the wavelets. This includes the condition that ¥* be concentrated
around the point y* € %% and the structure of the point sets #* is important for some of the
following estimates.

9.1. Lemma. Let a as in Theorem 7.2. For a fived k € Z,
C - a — a
Z |¢§($)1/J§(y)| < m exp ( - 7(5 kd(% @k)) ) exp ( - 7(5 kd(% y)) ),
a€Ay ’
and, for d(z,z'") < %d(m Y),
o (

>k )Y y)]

aEN

< ﬁmin{l, (P20) Y exp (96~ ¥da 7)) exp (— 265~ 1)),
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Note that if, instead, we have a family of functions ¢¥ corresponding to the points z% € 2%

instead of y* € % we get exactly the same estimate but with d(z, 27%) in place of d(z, Z*) in
the result. Since d(x, 27%) < 24,6, the first exponential factor is roughly 1, and may be dropped.

Proof. By the doubling condition and the quasi-triangle inequality, we estimate

|8 ()0 (y)] < ;H exp (= (07" d(z,y4))") A (=70 d(y,ys)")
< Jrg o (=0 )" ) exp (=25 dla ).

and the sum over a € Z'* of the second factor is dominated by exp (— (6 *d(z, %)) ).
If 6% > d(z, '), then

v4(e) = A <~ (F50) exp (=20 Hae )" exp (=28~ )"

V(fék) (d(ﬂg,kx/))" exp ( — 7(5_kd($, yZ))a) exp ( _ 7(5_kd(x,y))“ ),

and we may similarly sum over a € #*. For 6% < d(z,2") < d(x,y), we just use the quasi-triangle
inequality and the first estimate of the lemma to both terms. O

9.2. Lemma.

c
k k
S i < g

Proof. By Lemma 9.1, we have

SE@EWIS Y g e (— (e 84))
k,a ’

k:5k>d(z,y)

Y g e (- ),

k:6k <d(z,y)

where the first part has the correct bound by Lemma 8.3. For the second part, we have

Z V(;:v&k) eXp(*V(‘;ikd(zay))a)

k:6k<d(z,y)
C d(z,y)\M &
< Z Vi, y)( 5 ) exp ( (6~ *d(z,y))*)
k:5k<d(z,y)
5~ mM exp 5 ma) S c O

9.3. Lemma.

> lvk(e) — oA < C (Ut et < d(ey),
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Proof. By the second estimate of Lemma 9.1,

D IWh(@) = vh @]k ()]
k,«

© Y e (MY e (s tatn )

k:5k>d(z,y)

+ > % - (d(i;c;cy))Mﬂ(d(x’x/))nexp (= (6 d(z,y))*)

k:d(x,z’) <8k <d(z,y) d(z,y)

+ > - (d(iscz’cy))]w exp (= (07 d(z,y))* ).

k:6k<d(z,x’) V(SC, y)

The first two parts contain the factor (d(z,2’)/d(x,y))", and the rest is bounded by C/V (z,y)
according to Lemma 8.3 and > v §~™(M+1) exp(—y3~™?) < C. For the last term we even
obtain the bound C/V (z,y) exp( 7( (z,y)/d(z,2")*) < C/V(z,y)- (d(z,2")/d(z,y))¥ for any
K. (I

10. LITTLEWOOD—PALEY DECOMPOSITION AND LP THEORY

Recall that Qf is the orthogonal projector onto Wy and set also Pj the orthogonal projector
onto V. These operators will provide us with a new regular Littlewood—Paley decomposition for
spaces of homogeneous type. The following lemma describes the kernels of these operators:

10.1. Lemma. The kernel Py(x,y) of Py is symmetric in x,y and has estimates

C
Pi(z,y)] <
| (2, y)l Vi(B(z,6%)u(B(y, "))

d(y,yn)"(exp( <5*kd<x )’) |, exp(—7 <5kd<z,y’>>s>>

exp (— (67 d(x,y))*)

P 9 7P ’ ' SCV<
| P (z,y) e (2, 9] 5k \/M (2, 0%)) u(B(y, 0%)) \/M (x,85))u(B(y', 6%))

for some C,v and all z,y,y" € X and k € Z (with k > ko if X is bounded). Moreover

/X Py(z,y)du(z) = 1.

The kernel Qi (x,y) of Qk is symmetric in x,y and has similar estimates with s changed to a, the
additional exponential factor

exp (— (0 d(z, %)),
and the cancellation condition

/ Qr(z,y)du(x) = 0.
X

Note that there are many ways to express the denominator factors in the kernels up to chang-
ing the constants C,v in the numerator factors especially thanks to the exponential decay. In
particular, one possible expression shows that the system of operators Py is an ‘Approximation of
The Identity’ in the sense of [15, Definition 2.2| (this part of that paper does not use the Reverse
Doubling property), and the properties listed there hold.

10.2. Theorem. The spline-wavelet representation yields a decomposition of Littlewood-Paley type
with Holder-continuous kernels.

Proof. If X is unbounded and f € L?(X) the converging series

doQuf= ) Qif

k=—0c0 k=—c
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is an homogeneous Littlewood-Paley decomposition. Also one can truncate at any level since
Pyy1 = P, + Q and write for any ¢

o0
F=Pf+> Qif
k=t
which is an inhomogeneous Littlewood-Paley decomposition. This decomposition is the one used
if X is bounded with ¢ = k. In that case, the term P?f is a constant. O

Observe that the sum ), Q f can also be rewritten as a “discrete” Littlewood-Paley decompo-
sition ) kﬂ( f,vEVpE. From there, one can look at convergence for f in various topological spaces,
and develop the theory of function spaces. We restrict ourselves to LP spaces (and BMO in the
next section) and leave further developments to the interested reader.

The estimates in Section 9 immediately give the following result:

10.3. Proposition. Let c® be arbitrary complex coefficients bounded in absolute value by one.

Then the series
=D > k@i

kE€EZ acNy
converges absolutely for x # y and satisfies

c , C  yd(z,2’)\" ) 1
K@)l < g K@) - K@)l < o (Gat) s des) < gdy),

with a similar Holder-reqularity estimate in the second variable.
10.4. Corollary. The spline wavelets form an unconditional basis of LP(u) spaces when 1 < p < oo.

Proof. Completeness follows using the convergence properties of the Py in LP(u). It remains to
show that operators 7T, given T,.(¢%) = ck ¥ are uniformly bounded on all L?(u1) spaces whenever
¢ = (cF) is a sequence of complex numbers in the unit ball of C. These operators are contractions
in L?(u). Using the regularity of their kernels as proved in Proposition 10.3 and the Calderon—
Zygmund theorem, T, has weak type (1,1), with uniform bound with respect to c¢. Since T} = Tg,
the same applies to T7. We conclude by interpolation. ]

11. BMO THEORY

Recall that the space BMO(u) of functions of bounded mean oscillation consists of those
be L (1) with

loc
6]l BMoO(n) = Suplnf /Ib cldu < oo,

where the infimum is almost realized by ¢ = bB = u(B)~ f bdyp.  We do not incorporate
the norm of constants as a part of the BMO norm even if X is bounded, so that our BMO is a
Banach space modulo constants in both bounded and unbounded cases. These averages satisfy
the following useful estimate:

11.1. Lemma. Let B; = B(x;, 1), i = 1,2, be two balls in X. Then

r1 4 re +d(xq, 332))

br —be | <Ib (1 1
1bB, — bB,| < bllBMO(W (1 + log min{ry, o}

Proof. Suppose first that 71 < ry and By C By. Let BY := B; and B! be the smallest 27 B? such
that u(B™*') > C,u(B"); hence also u(B*) < C2u(BY). Tt is easy to check that [bg: — bpiti| <
[bllBMo(u)- Let BF be the first B® with radius bigger than that of B;. Then we also have
|ka — bB2| < HbHBMO(u)a and k <14 1Og7’2/7’1.

In the general case, we may choose an auxiliary ball Bs of radius r3 ~ 71 + 79 + d(z1, 22) which
contains both B and Bs, and apply the earlier consideration to

|b31 - bB2| < |bB1 - bBS| + |bBS - sz|' U
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11.2. Corollary. Let f be a function with exponential decay |f(x)| < Cexp(—c - d(x,x0)*) with
C,c,a >0, and b € BMO(u). Then the product f - b is integrable over X .

Proof. Let By, := B(xzg,n). Clearly f, and hence f -bp, is integrable, so we consider f - (b—bp,).
By Lemma 11.1,

/ b b du < / 1b— bs, | du+ u(Bu)lbs, — ba| < u(Ba)(1 + log n) bl maog,
B,

and p1(By) < n™ pu(Bo) by doubling. Hence |15, (b —bp,)||£1(,) grows at most polynomially in n,
whereas |[1p,\p,_, fllL=(4) decays exponentially in n. Thus f - (b—bg,) € L' (u). O

This implies in particular that the wavelet coefficients (b, k) = / b Yk dp are well-defined
for b € BMO(p). The following injectivity property is somewhat technical, and we postpone its
proof to Appendix A:

11.3. Proposition. Suppose that b € BMO(u) satisfies (b,0%) = 0 for all k € Z and o € Z*.
Then b is equal to a constant.

If X is bounded, one should mention that k > ko, but in fact, notice that Z'* = () and so ¥
does not even exist when k < kyg. We thus do not need to distinguish further between X bounded
or not.

Note that some nontrivial a priori size condition on b is in general necessary for such a conclusion.
For example, if the 1/* are regular wavelets on R?, then (%, P) = 0 for all polynomials P of degree
lower than the regularity of the wavelets.

We say that a sequence {bg}kez,ae@/k is a Carleson sequence if

/2
”{bZ}kAHCar =

1 1
@D S <

keZ,ack
(k+1,a)<(¢,8)

sup (
Lel,Be Xt

Pay attention to the fact that the supremum runs over all £ and 3 € 27, which index the dyadic
cubes Qé, whereas the sum runs over k and o € #* = 27%+1\ 2°F Via the wavelet decomposition,
we obtain an isomorphism between BMO functions and Carleson sequences:

11.4. Theorem. The spaces BMO(u)/C (BMO functions modulo constants) and Car are isomor-
phic. This isomorphism is realized via b — {(b, %)}, with inverse given by

(11.5) {85 e = D B (U = Lgiss5m0) (R0 (20)),
k,a

where the series converges in L2 () for every zo € X and ro > 0, and the choices of xo and rg

only alter the result by an additive constant.

The result and its proof are reasonably classical in spirit, but the lack of bounded support of
the wavelets somewhat complicates the matters. While exponential decay is intuitively almost as
good, one needs to go through certain technicalities if one wants to be careful with convergence
issues. We indicate the argument.

Note that we have formulated the recovery of the BMO function from its wavelet coefficients
using the “infra-red” renormalisation of the wavelet series (since the modification on the series
appears for large scales which corresponds to small frequencies in the classical Euclidean situation)
rather than the H'-BMO duality; this is in contrast to the statement in Meyer’s book [30], for
instance, but this other method would be certainly doable here as well.

Proof. Let us first see that b — {(b,9%)}; o maps BMO(u)/C into Carleson sequences. The
injectivity of this mapping is the content of Proposition 11.3. Given (k, @), we let B = B(z¥, C6%),
with some large C, be a ball such that d(QF, (BX)¢) > 6. We write

b=(b—bp)lz+(b—bp)lz +bs=:b"+b>+0.
Then
Do1OL P < IBY13 S Ibllsvogo#(@5)
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by orthogonality, John—Nirenberg inequality and doubling; (b2, wg) may be estimated by the decay
of the wavelets, and (b3,4%) = 0.

From Carleson sequences to BMO. Conversely, assume the Carleson condition. Given a ball
By = B(x1,71), we may rearrange 15, times the right side of (11.5) as

I D W LA VA NN SRR (AR VA S W (O DM EID)

k:6k<r; a:ykeCB; k:6F<r; a:yke(CBy)° k:dk>r; o
—lp, Y D bRk +1s, D Y bEyh(n)
kiro<dk<r; « kiri<6k<rg «@
k k k
+1Bl Z ba(wa(zl) 71/)(1(1'0))'
k:6F >roVry

Here the last three terms converge uniformly to 1p, times a constant, the first term converges
in L?(p) with norm bounded by u(B;)Y/? (use the Carleson condition after covering C'B; by
boundedly many dyadic cubes of sidelength ~ 1), and the second and third terms can be estimated
uniformly by the decay and regularity of the wavelets 1/*. This proves the L?(11) convergence on
By, and also the BMO estimate

115, (b = csy)ll2 S p(B1)'?,

where b stands for the function on the right of (11.5), and ¢p, is the constant produced by the
last three terms in the above expansion. Effectively, the same argument also shows the possibility
of replacing (x,70) in (11.5) by (x1,71), only changing the result by a constant.

Verifying that the two mappings are inverses to each other. This is the most technical part of the
argument. For a Carleson sequence {bf}1 o, let b denote the BMO(y) function (as shown in the
previous part) on the right of (11.5). We claim that (l;, ¥F) = bk which completes the proof.
Indeed, this also shows that if {b%}, . arose as b% = (b,9k) from some b € BMO(p), then the
function b produced by (11.5) satisfied (b — b,1*) = 0 and hence b = b 4 constant.

While the claim is formally obvious, due to the orthogonality

(VG — Lij505r01 (OV5(20), V) = Orebap,

we need to justify exchanging the order of summation and integration. To this end, let us reinves-
tigate the convergence of (11.5) where, since ¥ is orthogonal to constants, we may assume that
(w0,70) = (y&,0%). Then

b= 3 whwh S0 S bhWh - whyh) = b+ B
6 (£4+1,8)<(k+1,0) 0:5¢>5% 8

The second part converges pointwise absolutely to a limit of size < 1+ log, (d(z,y%)/6%). Since

¥* decays exponentially, this allows to exchange the summation and integration when computing

(b%,4%). Since 9 is orthogonal to wf; for ¢ > 6%, as well as to constants, we get (b%,9%) = 0.
For the first part, we have

bl —. ZB@ = 221Q§+150, ||1QJZ+1Z~79||2 < M(QIZJrl)exp (*7(5‘kd(x§+17x§+1>>a),
6 6 ¢

whereas

1geetlla S exp (— (0 (k! 2kt ))").
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Hence

;ngﬂfﬁﬂl = ZZ H1Q§+11~761/)§||1
SEX Qk“ Jexp (= 26~ d(ak ™ b )" ) exp ( —7(6~Hd(wkH 2 )0)
NZ\/ (QE)exp ( TR 2l T)) S s

This allows the first exchange in

Bl = b wh) =" > s vE) =Y > bidmdas =L,
6

0 (6+1,8)<(k+1,0) 0 (6+1,8)<(k+1,0)

where the second exchange follows from the convergence of Z(é-{-l 8)<(k+1,60) béwé in L?(u), and
from 1% € L?(u). Altogether, we get (b,1)%) = b¥ | as claimed. O

12. THE T'(1) THEOREM

To illustrate the power of the spline wavelets, we use them to sketch a proof of the T'(1) theorem
in any space of homogeneous type. Such a result is surely part of the folklore, but surprisingly
difficult to find spelled out in complete generality: the seminal paper of David—Journé—Semmes
[9] makes several assumptions on the space, like the small boundary property of balls, and many
recent references treat other special cases like Ahlfors-David [11] or reverse doubling spaces [15].

The technology to prove the T'(1) theorem in a general space of homogeneous type has certainly
existed since the work of M. Christ [5]. Indeed, a proof of the T'(1) theorem can be given by using
the Haar wavelets only, and these have been available since Christ’s construction of his dyadic
cubes with the small boundary property. In fact, Christ even formulates the general T'(1) theorem
[5, Theorem 8], but attributes it to [9], and proceeds to use it as a tool for proving a certain ‘local’
variant. However, Christ’s techniques would have clearly delivered a proof of the ‘global” T'(1)
theorem as well, without the restrictions imposed in [9].

So the regular wavelets are not strictly necessary for obtaining the 7'(1) theorem, but they
nevertheless provide a rather efficient tool for that purpose. We only indicate the argument,
which largely imitates the treatment in Euclidean cases given by Meyer [30].

We take as space of test functions the space Vs = C§(X) of functions with bounded support
and Holder-regularity s equipped with the usual topology, where s € (0,7) is arbitrary and we
recall that 7 is the regularity of the splines. The space Vs is dense in L?(u) by Proposition 4.5.
Let V! denotes its dual space. Recall the standard definition.

12.1. Definition. Let T': V5 — V. be a linear continuous operator. We say that T is associated
to a Calderon-Zygmund kernel of order s if the distributional kernel K (z,y) of T satisfies for some
constant C] < oo,

K (z,y)] S C1V (z,y)”"

when x # y and

KGe) ~ Ko/)) < 0 (S22) Vi)
when z,y,y’ € X with 0 < d(z,2") < d(z,y)/(240)
d(z,2')\° _1
i) Ve

when z, 2’y € X with 0 < d(z,2") < d(z,y)/(24p) and if furthermore, for any f € Vs, one has
the representation

(12.2) Tf(z) = / K (2, 9) f () duy)

for almost every x ¢ supp f.

K(,y) — K(e.y')] < C (
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Recall also the weak boundedness property and the meaning of 7'(1). A linear continuous
operator T : Vg — V. has weak boundedness property WBP (o) if

|(Tfag)| < COV(xa T)

whenever f,g € V,, with support in B(z,r) and are normalized by || f|ls + 77| f|l¢e < 1 and
similarly for g. It is well-known that W BP(o) and W BP(o’) are equivalent conditions whenever
s < 0,0’ < n when T is associated to a Calderon-Zygmund kernel of order s. As for T'(1), it is
defined as a continuous linear functional on the subspace of V, of functions f with mean value 0
by

(T(1), f) = (Tg, f) + /X (1 - g(2)) (TS (x) du(z)

with ¢ a function in Vs that is 1 on a ball B(zg,r) containing the support of f and 0 on the
complement of B(zg,2Agr) as in Corollary 4.2, as ‘T’ f is integrable away the support of f.

12.3. Theorem. Let (X, d, u) be any space of homogeneous type and T be associated to a Calderdn-
Zygmund kernel of order s. Then T has a bounded extension to L*(p) if and only if T has W BP(s),
T(1) € BMO(p),'T'(1) € BMO(p).

As usual it suffices to prove the converse. With our spline wavelets at hand, any of the stan-
dard wavelet proofs of the T'(1) theorem applies to our statement. For example, one can follow
almost line by line the wavelet proof given in [30, pp. 267-270]. The weak boundedness prop-
erty and the kernel representation allows to define (7'(1), %), whose absolute value has a bound
C\/1(B(yk,6%)). Then, one takes away the paraproducts and set U = T —IIp 1) — ‘Ilip(q) where

Taf = > (f,55) (B, 08wk
(k,a)

ck+1 k+1

with 85+1 the spline s¥*! normalized in L'(u). Recall that ¢* is localized near the point y* =

ol e gk = 2R\ 27k 5o that the Calderén-Zygmund estimates follow from the results in
Section 9 (see the initial comment there) when |(8,¢F)| < C+/u(B(yk,d%)). The paraproduct
is classically bounded on L2(y) if and only if the coefficients (3,%) form a Carleson sequence.
It uses the maximal function f*(z) = sup|(f,55*)| taken over all k € Z, 251 € 27**! such
that = € B(zF+!, C§**+1) which is clearly comparable to Hardy-Littlewood maximal function. By
Theorem 11.4, this is equivalent to 8 € BMO(u)/C. Thus U is associated to a Calderon-Zygmund
kernel of order s with, moreover, U(1) = 'U(1) = 0.

Next, by taking f, g as finite linear combination of the wavelets (which are L? dense), it suffices
to prove that the coefficients of U on the wavelet basis form a bounded matrix on ¢2. Here, using
only kernel regularity estimates (not the size, in fact), weak boundedness, U(1) = *U(1) = 0, one
makes sense of the coefficients (U, wé) and finds the estimate

Coolh= flfa + oMyl yﬁ W (4.0 (B(yg, 5))
with 0 < & < s and k A £ = inf(k, £). The version of the Schur lemma for the /2 boundedness is

S Wk ) u(BA. 05) < \/u(Blyh.5)

(k,a)

(12.4) [(UWs, ¥6)| S

uniformly in (¢, 5) and the symmetric estimate reversing the roles of (k, «), (¢, 3). Details are left
to the reader.

Strictly speaking, this argument works when p(X) = co. When p(X) < oo, one has to incor-
porate the following observation. First, the assumption that 7'(1) € BMO(u) implies in particular
that T'(1) is (identified to) a locally integrable function. Second, since X is bounded, it can be
regarded as a ball, and the constant function 1 is a smooth bump function associated with this
ball. Hence, the weak boundedness property implies that | [, T'(1) du| = [(T'(1),1)] < u(X), and
thus || 7(1)lemocu) + | [ T(1) du| < oo (recall that our BMO norm is the homogeneous norm).
By John-Nirenberg s inequality, this implies that T'(1) € L?(p) with |T(1)[|2 < |7°(1)lemo(u) +



WAVELETS IN SPACES OF HOMOGENEOUS TYPE 29

| [ T(1) dp|. Similarly [[*T(1)[l2 < I*T(1)|lBmo(u) +| thT )du| < co. The argument before can
be repeated and implies that 777 is bounded Where 7 is the orthogonal projection onto the sub-
space of functions in L?(u) with mean value 0 since the wavelets span this space. The boundedness
of T on L?(p) follows readily.

12.5. Remark. As in [30], estimate (12.4) is stable under matrix multiplication up to changing ¢ to
a smaller value. This algebra property furnishes a proof that Calderén-Zygmund operators with
T(1) ='T'(1) = 0 is an algebra for the composition. This was proved in [13| by working with a
new Holder-continuous quasi-distance as in [9], hence changing the class of singular integrals as
discussed in the Introduction.

13. REDUNDANCY OF THE SIZE ESTIMATE

It turns out that the size condition on the kernel is actually redundant in the 7'(1) theorem,
in that it already follows from regularity of the kernel and the weak boundedness property. To
our knowledge, this remark seems new even in the context of R? with the Lebesgue measure. We
came across this observation noticing that the regularity estimate of kernels like Y h¥ (x)RE (y)
with h¥ satisfying the size and regularity of spline or spline-wavelets is straightforward, while the
size estimate required the analysis in Section 9 based on the structure of the point sets %%, It is
also possible to develop the T'(1) theory without using the size estimate at all.

To be more precise, let us say that T : V, — V. is associated to a Calderon—Zygmund kernel
of order s in the relaxed sense, if in Definition 12.1 we leave out the condition that |K(z,y)| <
C1V(z,y)~ !, and only assume that K (z,y) is locally integrable away from the diagonal. This
condition could be further relaxed, by not assuming the a priori existence of a measurable kernel
at all, only that T is a weak limit of operators T,,, which are associated to relaxed kernels of order
s in a uniform way. However, we stick to the stated relaxation, for the simplicity of formulation.

13.1. Proposition. Suppose that T : Vs — V. is associated to a Calderon—Zygmund kernel of
order s in the relaxed sense, and that T satisfies W BP(o) for some o € [s,n]. Then T is actually
associated to a Calderon—Zygmund kernel of order s in the sense of Definition 12.1.

Proof. Recall that the paraproducts Il7 ;) and thT( 1) are associated to Calderon-Zygmund kernels
of order s under these assumptions. Thus it suffices to prove the claim for the operator U =
T — Tlp(1y — Ilep(q) in place of T'. The kernel of U is given by

K(z,y)= Y Uk v5)ek)vh(x),
k.l,a,f3

where the coefficients satisfy the estimate (12.4), as this estimate did not make use of the size of
the kernel.

We show that this series converges absolutely and satisfies the size estimate. By symmetry, it
suffices to consider the half of the sum with ¢ < k&, hence §¢ > 6%, and

(ULE, v5)0k (y)vh(2)|
S0 (1 4+ 5~ d(yk, x
~ (yﬁa 56) + V(yaa
§E=De(1+ 6~ d(y,x))~F
STV Ve P

)”*

¥/
2 exp (— (67 d(y, k)" ) exp (—v(6 " d(z, y5))")

)
)

V(6 d(y,yE))* ) exp (= v(6 7 d(z, y5))")

Hence

S IUBE ehvE v ()|

k:A<k a,B

(k—0)e —¢ xz))~¢
S V(x(léj)i‘j((z,x))) exp (= (0 d(y, &))" ) exp (— (5 d(x, #*))")
ke b:0<k ’ ’

ks T —5
Y Z Vot &P (= (6~ d(x, 7)) + 3 o d(w,y) ="

V(x
£:6¢>d(z,y) k: 6k<6l k,0:d(z,y) > 60> 6k ( ) y)
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where (1+0~*d(x,y))~* was dominated by 1 in the first sum, and by (§~‘d(z,y))™* = 6**d(x,y)~*
in the second. In the first part, we sum a geometric series in k, and then use the bound of
Lemma 8.3. In the second part, we simply sum up a geometric series in k producing the factor
6%, and then a geometric series in £. O

APPENDIX A. PROOF OF PROPOSITION 11.3

We begin with a technical estimate:

A.l. Lemma. For a any ball B = B(xo,r) and b € BMO(u) of norm one, we have

[(E, 1pe(b— bp))| S \/1(BE) x {1+10g((5’“+T+d(y§,wo))/min{5kar}) always,

e (r/6*)" if yk € ﬁB and 6% < r,
with B := B(y*, 6%).

Proof. By estimating |¢%| < Cu(BF)=1/2¢=70 ™" on 6™ Bk \ 6~ (™~ Bk and simply ignoring
the indicator, we estimate up by

(1whL1b=bs) < WZ 2 [ bl

where
[ bbaldns [ b= byl duct (0" B by b
5-mBE §—mBE
§~mSF + 1+ d(yk, x0)
<p(3mBR)(1+1 @
(o7 By 1+ log e )
8% + 1+ d(yk, xo)
< §—mM Bk 1 1 a
< 07 p(BE) (14 m + log ) ).
and hence

o 4+r+ d(y’oi,xo))

k o < k
(141,16 = bsl) < Cfu(BE) (1 + log — e

If y* € ﬁB, so that d(yk, B¢) 2 r, and §* < r, we make a similar estimate but exploiting the
fact that for 6™ B to touch B¢, we need 6-™¢* > r(B). Thus

(|1/)](§¢|7 1BC

—b - 6*75”"“/ b—bg|dpy,
Bl) < ﬁBk > 5me§| Bl du

m:é*mzr/ék

S e e B (14 m 4 log g—k)

<
M(Ba) m:6*m2r/6k

< O/ u(BE) - o (/85 |

We are ready for the proof of Proposition 11.3, which we recall here:

A.2. Proposition. Suppose that b € BMO(u) satisfies (4%,b) = 0 for all k,o. Then b is equal to
a constant.

Proof. We show for every ball B = B(xg,r) and € > 0 the following: there exists a constant ¢ such
that [[15(b — ¢)||e < e. This clearly suffices. We may assume for simplicity that ||b]|gno.) < 1.
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Given B, we take a large auxiliary B = B(xo,7). We use the fact that 15(b—bjz) € L?(u) can
be expanded in terms of the wavelets 1% :

Ipb=1pl5(b—bp) +1pbs =15 > Vh(WE 15(b—bs)) + 1sbs
k,«

(A3) =1p > > E@E150-bp)+1s Y D (0 —k(xe))(Wh, 15(b—bg))

k:dk<r’ « k:dk>r/ o
+lp Y > UE(we) @k, 150 —bg)) + 1nbs.
k:dk>r! «
Provided that everything converges (which we check in a moment), the terms on the last line give

15 times a constant, so it suffices to show that the second-to-last line becomes arbitrarily small
for properly chosen 7 > 7’ > r. For the convergence of the last line, note that

|98 (20) (Wa, 15(b = bg))| < [ (o)lllvallcll5(b —b)lh

< exp (= (6~ d(x0,y5))" )u(B),

1(BE)
and, by Lemma 8.3,
C — a
Z Z 2(BF) exp (— (6 d(xo,y5))")

k:sk>r «

c —k ky\a c
< e A——— — < —.
N Z V(anék) eXp( ,7(6 d(xo, 7 )) ) - V(SC(),T/)

k: 5k >r!
So the last line of (A.3) is a well-defined constant, as claimed, and it remains to see that the rest
of the right side of the same equation is small.

Part 6 < 7'. Since 1 is orthogonal to constants always, and to b by assumption, we have
(Ve 15(b = bp)) = —(¥, 15.(b — bp)),
1

and we may apply Lemma A.1 (with B in place of B) to estimate. If yk e (EB)C, then

(64 15 (b = bp))| S u(Bg)(ulogM)’

5k
whereas .
1105 oo S ———== exp (= v(6~*d(x0, y5))").
1(BE)

Hence

(A4)

> S sk @h 150 -bp)le S D > exp (= (6 Fd(xo, yk))*)
kiékST’a:y(’f‘G(ﬁB)c ki(skST'a:ygE(ﬁB)c
< Z e V(F/85) < g (7))

k:6k <r’

If, on the other hand, y* € ﬁé, then we have the estimates

—~(7/8F)e 1
(s Lpe(b—bp))| S \/u(BE)-e 700" gyl S Nk

PR DI I FUA A FICEU N DD DIl

ki5k§”a:y§€ﬁ3 ki5k§”a:y§€ﬁ3

< Y e gV < "
k:6k <r’

hence

(A.5)
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Part 6% > 1. As before, we have from Lemma A.1 (with B in place of B) that

§F + 7 4+ d(yk, zo)
F1gb—b3) < BF)(1+1 o
(5, 16— b)) /(BB (1 -+ 10g =t o)
5k T d(yg,iEO)
5\/M(ng)(lelog_F?+10g+6—k+10g+T),

and from the regularity of the wavelets that

1 T\ _ o
HlB(?/)Z*?/Ji(ZEo))HooSm(&—k) exp (— (0 *d(yk, x0))* ).
Hence
>0 T IB@E = k(o) (k150 — b))l
kidk>r’ o
r\" T 5F
S 3 (5r) (1 omy g +log, )
(A6) k:5k>r!

d(ys, o) —k g0,k a
XZ 1 +log, TNXP(*V((S d(yy,0))")-

Conclusion. Substituing (A4), (A.5) and (A 6) into (A.3), we have shown that: for any B =
B(zg,r), and 7 > 1’ > r, there exists a constant ¢ = ¢(B, 7, r’) such that

(b = )l £ e 4 ()" (14108 7).
'r'

If we now choose 1’ = tr, 7 = tr' = t?r, we get

115 = ca)lloe S €77 +77(1 + logt) — 0.

This concludes the proof. O
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