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1 Introduction

Chemotaxis is understood as a class of biological processes, where the movement of
mobile species is influenced by chemical substances. In 1970, KELLER and SEGEL
[13] proposed a model describing aggregation of cellular slime molds towards a higher
concentration of a chemical substance. With u = u(¢, z) denoting the species density,
and v = v(t,z) a rescaled chemical substance density, the relevant mathematical
problem consists of a system of partial differential equations which reads, after a
suitable normalization [6],

dpu(t, ) = divy (qu(t, z) — u(t, z)Vaul(t, z)), (1.1)

dv(t, ) = aAv(t,z) — Pu(t,z) + V(U(t, x) — 1) fort >0, z € Q, (1.2)
supplemented with the Neumann boundary conditions
Vaou(t,z) -n(z) = Vyu(t,z) -n(z) =0, t >0, x € 09, (1.3)

where 0 C R? is a bounded domain with smooth boundary, and «, 3, v are positive
constants.
Without loss of generality, we suppose |Q] = 1, and fix

/ u(t,z) de =1, / v(t,x) dez =0 for all ¢ > 0. (1.4)
Q Q

Various mathematical aspects of this model have been studied by many authors
(see the comprehensive survey by HORSTMANN [10, 11]). In particular, the question

of existence of solutions in various functional classes was studied by NAGAI et al.
[18] (see also GAJEWSKI and ZACHARIAS [6], BILER [1]).
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As a matter of fact, there is a common belief that many solutions of (1.1 - 1.3)
exhibit blow-up in a finite time but there are only a few rigorous results available (see
HERRERO et al. [9, 8], and the related results by HORSTMANN and WINKLER
[12], NAGAT et al. [17]). In this paper, we focus on the opposite situation, namely
the long-time behaviour of global-in-time solutions. The main result reads as follows:

Theorem 1.1 Let Q C R? be a bounded domain with smooth boundary and |Q] = 1.
Assume that (u,v) is a classical solution to (1.1 - 1.4) defined on the time interval
(0,00) such that

u(t,z) >0 for all t € (0,00), x € 0,

and
timsup (||u(t)|z= (o) + [0(@)l|z= () ) < o0 (15)
t—o00
Then _
u(t) — U, v(t) =V in C*(Q) as t — oo, (1.6)

where (U, V) is a solution to the stationary problem

div, (va(x) - U(m)VzV(x)) —0,
(1.7)
alAV (z) — BV (z) + W(U(:c) - 1) =0 forzeQ,

V.U(z) n(z) =V, V(z) n(z) =0 for x € 09, (1.8)

/QU(x) dz =1, /QV(x) dz =0, (1.9)

From the mathematical viewpoint, system (1.1 - 1.3) represents a truly “parabolic”
problem, for which smoothness of solutions follows as soon as uniform a priori bounds
are available. By the same token, the first component u of the solution stays positive
on its existence interval (see BILER [1], YAGI [21]). As far as the uniform estimates
are concerned, we refer to NAGAI et al. [18] or GAJEWSKI and ZACHARIAS [5].
Various generalizations with respect to the physical space dimension N as well as the
so-called chemotactic sensitivity function f = f(u) (the “diffusion” coefficient for v in
(1.1)) are possible (see HORSTMANN and WINKLER [12]). Here, we concentrated
on the mathematically “critical” case N = 2, f(u) = u. Note that there is no full
agreement on the question whether the biologically relevant space dimension is N = 2
or N =3.

It is well-known that problem (1.1 - 1.3) admits a Lyapunov function FE, more
specifically, the identity

Elu(tz), v(t2)] = Elu(ti),v
7_/ /|a,5@|2 da dt/tz/uW log(u) — Vou|* dz dt,  (1.10)

B2
%|v| —uv) dez, (1.11)

with

Elu,v] = /Q (ulog(u) + %|VIU|2 +



holds for any 0 < t; < ¢ (see [18, Lemma 3.3]). Accordingly, it is relatively easy
to observe that the w—limit set of each bounded trajectory is contained in the set of
stationary solutions satisfying (1.7 - 1.9).

On the other hand, however, the topology of the set of stationary solutions can
be non-trivial, in particular, there may be a continuum of stationary solutions even
when Q is a disc (see SENBA and SUZUKI [19], HARADA et al. [7]). In such
a situation, the question of convergence to one particular solution becomes rather
delicate. To the best of our knowledge, there is only one universal method available
to attack this kind of problems, namely the deep results of LOJASIEWICZ [15, 16]
adapted to the context of parabolic problems by SIMON [20]. These results, despite
their rather general character, should be viewed as a way of approach rather than
a universal tool, each particular application requiring often non-trivial modifications
of the existing theory. The relevant version used in this paper is based on the so-
called non-smooth variant proved in [2] modified in the spirit of GAJEWSKI and
GRIEPENTROG [4].

The paper is organized as follows. In Section 2, we review some basic facts con-
cerning the solutions of the stationary problem. In particular, we shall show that the
first component of all solutions belonging to a fixed w—limit set are bounded below
away from zero. In Section 3, we derive some suitable a priori estimates of “boot-
strap type”, in particular, we shall show that the uniform estimate (1.5) give rise to
compactness of trajectories in more regular spaces. Furthermore, it is shown that the
w—limit set of each particular trajectory consists of the stationary solutions having
the same “energy” E. In Section 4, we show a version of the Simon-Lojasiewicz theo-
rem adapted to the present problem. Finally, the proof of Theorem 1.1 is completed
in a routine manner in Section 5.

2 Stationary solutions

In this section, we review some basic properties of the solutions (U, V') to the station-
ary problem (1.7 - 1.9). More specifically, we focus on the class of regular solutions
(U, V) to (1.7), (1.8), we require that

U, VeC*Q), U >0, (2.1)

in addition to (1.9).
To begin with, observe that U is bounded from below by a positive constant, i.e.
there is U > 0 such that
U(z) >U>0for z € Q. (2.2)

Indeed, owing to the homogeneous Neumann boundary conditions (1.8), the first
equation of (1.7) also reads V,U = UV,V in Q, whence log(U) — V is constant
on each connected component of the open set {y € Q : U(y) > 0}. By (1.9) there
exists 29 €  such that U(xg) > 0 and the previous property implies that there is
M € R such that log(U(z)) = V() + M for each = belonging to the same connected
component (zg) of {y € Q : U(y) > 0} as xp. Since V is bounded, we conclude
that U(z) > eM-IVllie>@ > 0 for x € Q(x), from which we readily deduce that
Q(zg) = Q2 and the claim (2.2).

Furthermore, it follows from the classical elliptic regularity theory combined with
a straightforward bootstrap argument that the class of classical solutions to problem
(1.7), (1.8) satisfying (1.9) and (2.1) is closed in C(€Q).



3 A priori estimates

Using the approach of [18] and [5] we derive uniform bounds on global bounded
solutions that may be of independent interest.

Proposition 3.1 Let Q C R? be a bounded regular domain with |Q| = 1, and I C
(0,00) a bounded open interval. Assume that (u,v) is a classical solution to the
Keller-Segel system (1.1 - 1.4) in I x Q such that

u(t,z) >0 for allt €I, x € Q, (3.1)
/ Lu(®)log(u(t) + (Voo + o)} de <E forallte I, (32)
Q
and
// |0w|? do dt < E. (3.3)
I1JQ

Then, for any d > 0, there exists a constant K = K(E,|I|,d) such that
Fu®)l ey + 1 Olloaey + 10®llo + 100 o < KE L) (3.4)

whenever t € I, dist[t,dI] > 1/d.

Proof: The proof will be performed in several steps.

Step 1:
Multiplying (1.1) by log(u+1), integrating by parts, and making use of the bound-
ary conditions (1.3), we obtain

u

d
— [ (u+1log(u+1)dz+4 [ |Vovu+1)? dz:/ TVau - Vou da. (3.5)
Q S

de Q y U

On the other hand, one can take the product of (1.2) with u — log(u + 1) in order
to deduce

u
. = _ — 1 1 .
o /Q s 1vmu Vv dz /Q (6tv + BU) (u og(u + )) dz+ (3.6)

’y/Q (uf 1) (uflog(qu 1)) dz.

Thus combining (3.5), (3.6) with hypothesis (3.2) yields

% (u+1)log(u+1) dz +4/ |Vovu+ 12 dz < (3.7)
Q Q

cl(/ |u|? dx—l—/ |0v? dx) + K (E) in I.
Q Q

Now, by virtue of the Gagliardo-Nirenberg interpolation inequality and (1.4), we
have for A > 1

/Qu2 dggg/(2 ([W—A]++A)4dxg (3.8)



8l [Vu+1 = Aly [|74(0) +8A <
caoll [Vu+ 1= Aly 2ol [Va+1 = Al [[fyiaq) + 84 <

a1+ (/ Va1 = AR do)[Vav/a T 13| +8A°,
Q
where, in accordance with hypothesis (3.2), one can take A = A(E) large enough such

that
0103/[\/ u(t)+1— A]%r dx <3foranytel.
Q

Consequently, relations (3.7) together with (3.8) give rise to
% (u+1)log(u+1 dx—i—/ |Vovu + 112 dz < cl/ |0ww|? dz+ K1 (E) in I. (3.9)
Integrating (3.9) over I and using hypotheses (3.2), (3.3), we conclude

ST Ol e < KaE)1+ 1), (3.10)
Recalling (3.8) we further obtain
1Ol 0y at < K1 +11). (3.11)

and, in view of (1.2) and (3.3),

/IHAv(t)H%Z(Q) dt < K4(E)(1 + |1)). (3.12)

Step 2:

Lemma 3.1 For any e > 0, there is a constant K (e, E) such that
[wllFs ) < ellVawll7z(q) + K(e, E)

whenever w € W12(Q), w > 0, and

/ wlog(w) dr < E.
Q

Proof: Similarly to above, we can use the Gagliardo-Nirenberg interpolation
inequality and a Poincaré inequality to obtain, for A > 0,

lolo < ca(ll fw—Als I +A%) <es (Il [w = ALl oz + A%)

< 06(|| [w— Al @) I Vawl 20 + || fw = Al ][0 +A3),

N

where A = A(e, E) can be fixed in such a way that

coll [w—Al+llLro) <e



by the superlinearity of the function r — rlog(r) as r — oo. O

We now decompose the solution v to (1.2) as v = v + v2 where
O — alAvy + fu; =0, v1(inf{I}) = v(inf{1}),

Oyvg — alAvg + Bvg = y(u — 1), va(inf{l}) =0,

both equations being supplemented with homogeneous Neumann boundary condi-
tions. On the one hand, the LP — L7 estimates for the heat equation and (3.2) yield

[ Ay (t)]| 23 (e) < er(d)lo(inf{I})]|L2) < cs(d, E)
provided ¢ € I N [inf{I} 4 1/(2d), 00), while
t2 t2
[ 18l ae < eatny (14 [l at)

for (t1,t2) € I x I, t1 < to. On the other hand, by virtue of (3.11), there is 7 €
(inf{I} + 1/(2d), inf{I} 4+ 1/d) such that

w(P)|r20) < K5(E, |1],d).
Now, multiplying (1.1) by u and using the Young inequality, we get

1d 2 / 2 1 / 2
—— | u“dz+ Veulde = —= | vw*Av dx
2dt Jq Q | | 2 Ja

A

< 3(lullfs@ + 1800 )).  (313)

We next integrate (3.13) over (7, t2) for to € IN[inf{I}+1/d, o) and use the previous
bounds on u(7), Av; and Awvs to conclude that

ta

1 t2 —
slulE + [ IVl do < KaBlrld) (14 [ ol at).

A direct application of Lemma 3.1 yields a constant K7(FE, |I|,d) such that
t2 o
[u(t2)ll72q) +/ IVoul® dt < K+(E, |1],d)

for to € I'N[inf{I} + 1/d,o0). Since 7 < inf{I} + 1/d, we have thus proved that

— 1 1
lu(t)|| L2y < Ks(E, |I|,d) for all t € (inf{[} + E’SUP{I} - E> , (3.14)
sup{I}—1/d o
/ [l d < K(F 111,0). (3.15)
inf{I}+1/d
Step 3:
Now, one can use estimate (3.15) in (1.2) to obtain
sup{I}—1/d ) ) .
/ (100010 + 03z ) A < Ko(E,11,d),  (3.16)
inf{I}+1/d



which yields, together with a simple interpolation argument [14, Théoréme 3.1], that
v € C([inf{I} + 1/d,sup{I} — 1/d]; W?2(£2)). Consequently, there is € (0,1) such
that

— 1 1
[v®)llcn@) < Kio(E,|I],d) for all t € {inf{[} + E’SUP{I} - E} , (3.17)
and, for each r € [2,00),
— 1 1
IVav(t)||lLr ) < Ku(E, |I],d,r) for all t € [inf{[} + E’SUP{I} - E] . (3.18)

Next (1.1) also reads
O — Au = —ulAv —Vyu-Vyu =g,
where, by virtue of (3.14 - 3.16) and (3.18),
gl L2(nt {1341/ dsup(1}—1/dsLa()) < K12(E, 1|, d, q) for any g € (1,2).

We then deduce from classical parabolic regularity that

sup{I}—1/d —

/ {10y + 1l bt < Kas(B 111, d ) for all g € (1,2). (3.19)
inf{I}+1/d

Finally, a bootstrap argument yields
— 1 1
||U(t)||cu(ﬁ) < K14(E,|1|,d) for any inf{I}+ p <t <sup{l}-— 7 (3.20)

which, together with the standard regularity results for the heat equation, completes
the proof.
O

Corollary 3.1 Under the hypotheses of Theorem 1.1, we have

sup { lu(®)llcag@) + [0 lox @y + 10 ey + 190l } <o (3:21)

Finally, if (u,v) is a global classical solution to (1.1-1.4), we introduce the w—limit
set

wlu,v] = {(U,V) | there exists t, — oo such that u(t,) — U, v(t,) — V in C*(Q)}.

(3.22)

Thanks to the identity (1.10) and Corollary 3.1, a classical dynamical systems

argument (in the spirit of the proof of the LaSalle invariance principle) allows us to
conclude that

wlu,v] C {(U,V) | (U, V) solve (1.7), (1.8) and satisfy (1.9) }, (3.23)
and there is Fo, € R such that

ElU,V]=Ey = %g%E[u(t),v(t)] = lim Efu(t),v(t)], (3.24)

t—o00



the functional E being defined in (1.11). Moreover, by the analysis of Section 2 and
Corollary 3.1, there is a constant U such that

in?2 U(z) > U > 0 whenever (U, V) € wu,v]. (3.25)
1S

Owing to (3.22), (3.23) and (3.25), we may then assume without loss of generality
that

irelsflu(t,x) >U>0forallt>0 (3.26)

for a possibly smaller positive real number U.

4 A version of the Lojasiewicz-Simon theorem

Consider the functional

F(a,v) = /Q {% (a|VIU|2 + 61}2) + G(a) — fw} dz

defined on the space

X = {(a,u) ‘ veWh(Q), @ e L*(Q), / i dr = o}.
Q
We shall assume that
G € C*(R), G(0) = 0; (4.1)
0<G<G"(r) <G forallrecR; (4.2)
G is real analytic on an open interval (A, B). (4.3)

It is easy to check that under these hypotheses F' is continuously differentiable on
X and

o (@.0)lg.h) = |

1
[— (avmv -Vah+ th) —ah+ G'(a)g — vg| dz (4.4)
Q

Y

for all [g,h] € X.
The proof of Theorem 1.1 is based on the following version of the celebrated
Lojasiewicz-Simon result.

Proposition 4.1 Let Q C R? be a bounded regular domain with | = 1. Assume
that G complies with hypotheses (4.1 - 4.3). Furthermore, let (U,V) € X be such that

A <ess iI(lsz <esssupU < B. (4.5)
Q

Then there exist real numbers 0 € (0,1/2), m > 0, and ¢ > 0 (depending, in
general, on U, V) such that

|F(@1,v) — F(U, V)]0 < m||0F (i, v)|| x+ whenever ||(i,v) — (U, V)||x <e. (4.6)



Remark 4.1 It is worth noting there are two principal differences between Proposi-
tion 4.1 and the standard applications of the Lojasiewicz-Simon theory available in
the literature. First of all, as is well-known, the functional F' is not twice continuously
differentiable on X unless G is quadratic since the mapping 4 — G" (@) is not continu-
ous on L?(Q) with values in L°°(Q). Moreover, the gradient OF is of type “monotone
operator + linear compact perturbation” while the usual form is “linear isomorphism
+ (non-linear) compact perturbation”. Secondly, the differential operator associated to
the gradient OF in the sense of distribution does not map the underlying space X into
itself, more specifically, it does not conserve the (zero) mean of the first component.
The former problem was solved via a non-smooth version of the Lojasiewicz-Simon
theorem obtained in [2] while the latter obstacle was successfully attacked by GAJEW-
SKI and GRIEPENTROG [}]. The proof of Proposition 4.1 given below can be seen
as a combination of both approaches.

Remark 4.2 As a matter of fact, we shall use Proposition 4.1 with G(a) ~ (@ +
1)log(a+1). In general, the function G can be viewed as a primitive of the chemotactic
sensitivity function f considered in [12]. Accordingly, Theorem 1.1 holds in this case
as well and clarifies the situation described in [12, Corollary 4.1].

Proof:
Similarly to Proposition 3.1, the proof will be carried out by means of several
steps.

Step 1:

Apparently, as the functional F' is continuously differentiable on X, the result is
trivial if OF (U, V') # 0. It is thus to consider the case where (U, V) is a critical point
of F.

Clearly, if (U, V) is a critical point of F' on X, we have F(U,V) = 0 and the
function V is a weak solution to the equation

—aAV + BV —~U =0 in D'(Q) (4.7)

supplemented with homogeneous Neumann boundary conditions. By virtue of hy-
pothesis (4.5) and standard elliptic regularity results, we have

V e W*P(Q) for any 1 < p < 0o, V,V -nlsg = 0.

In addition, integration of (4.7) over 2 yields

Lvmﬁmz%éﬁuymzu

On the other hand, by the same token,

<ﬂm—vz/

Q

(@@yv)m:é@@m%

since |Q] = 1. Thus, in particular, U is Holder continuous together with its first
derivatives, and, consequently, V is a classical solution of (4.7). As a matter of fact,
as G is analytic on the range of U, both U and V' are smooth provided 012 is regular.

Step 2:



Let {e;}2, be the orthonormal system of eigenfunctions of the operator
70&A6i + ﬂei = /\iei, Vzei . Il|aQ = 0, 1= 0, 1, coeny
in L2(Q) with
ep =1, o= 0.

Furthermore, for N > 0, let Py : L?*(Q2) — span{eq,...,ex} be the corresponding
system of orthogonal projections.
Now we claim that there are positive numbers N > 0 and A > 0 such that

8[F(€L, v) + A [;, 3| Pyv|? dz| is maximal monotone: more specifically, there are 0 <

F < F < oo such that
E||(a1,v1) = (@12, v2)[[% <

< OF (1, v1) — OF (g, va), (i1, v1) — (@12, v2) >1x+x] +AI Py (v1 — v2)[[72(0) < (4.8)
Fl[(@,v1) = (2, v2)|[% for any (@, v;) € X, i =1,2.

To begin with, it is easy to see that the most right inequality in (4.8) follows
directly from (4.2). By the same token,

< 8F(ﬁ1, ’Ul) — 8F(’EL2,’UQ), (’(11,’01) — (ﬁg,’UQ) >= (49)
o 2 B 2 -2 U
;Hvz(vl*Uz)HLz(sz)Jr;HUl*02||L2(sz)+Q||U1*U2HL2(Q)*QA(U1*U2)(01*02) dz >

a B G, . 2
;va(vl - UQ)”%?(Q) + ;llm - U2||%2(Q) + 5”“1 - U2||%2(Q) - 5””1 - U2||%2(Q)-

On the other hand,

1
lvr = v2llZ2() < I1Pn(v1 = v2)ll720) + EHM —v2lliy12(0); (4.10)
where
Ay =min{\; | i > N} - oo as N — oo.

Thus (4.9), (4.10) give rise to (4.8) provided A > 2/G and N = N(«,,7) is
chosen large enough.
Consequently, we are allowed to conclude that the mapping

OF + APy : X — X*

is a Lipschitz homeomorphism together with its inverse (OF + AP5)~!. Here we have

use the symbol Py : X — X™ to denote the adjoint projection

< PX(u,v),[g,h] >= /

Pyv h dx = / Pyv Pyh dx
Q Q

Step 3:
We set, formally,
O[OF + APy : X — L[X, X7, (4.11)

< J[OF + APX|(a,v)[g, h], (w, 2) >=

10



/Q [G”(ﬂ)gw - hw} dz + /Q [% (avzh -Vaz + th) — gz + APxh z| dz.

Similarly to Step 2, making use of hypothesis (4.2), one can show that
O[OF + APy (a,v) € L|X, X¥) (4.12)

is a linear isomorphism of X onto X* for any fixed (@, v) € X and its norm is bounded
from above by F.
Consider the spaces

Y = Cn(Q) x W22(Q), Z = C.n(Q) x LA(Q),
where
W22(Q) = {v € W*3(Q) | Vov-nlag =0}, C.n(Q) = {0 € C(Q) | / @ dz = 0},
Q

together with a mapping H : Y — Z, H = 0F |y,

H(i,v) = (G'(a) . /Q(G’(a) — o) do,~2A0+ %U _ u)

Clearly, Y C X while Z can be continuously embedded into X* thanks to the
standard relation

Z C L*(Q) x L*(Q) =~ L*(Q)* x L*(Q)* via the Riesz representation theorem.

By virtue of our assumptions, there exists a neighbourhood U(U, V) of (U, V)
(defined in Step 1) in the space Y such that

H:UU,V)—=Z
is an analytic mapping. Consequently

[OF + APY)| = [H +APY]: (ii,v) €Y v H(i,v) + [0, APyv] € Z

is also analytic in U(U, V).
Recalling (4.11), O[H + AP}] : Y — L(Y, Z) is given by
OH + APy(a,v)[g,h] =

(G"(a)g —h-— /Q(G”(ﬂ)g —h) da, —%Ah + %h + APy — g)

Now, it is easy to see that O[H + APy is an isomorphism of Y onto Z for any fixed
(@,v) €Y (or even (@,v) € X). Indeed, since 9[OF + AP} |(@,v) is an isomorphism
of X onto X*, given (z1,22) € Z C X*, there is (g,h) € X such that O[0F +
APY(a,v)[g, h] = (21, 22) and

(g, M)l x < croll(z1, 22) [ x+ < ennl (21, 22)]l 2, (4.13)

the constants ¢19 and ¢11 depending neither on (g, h) nor on (21, 22). In fact, (g,h)

solves
G (i)g — h — /

A (G"(ﬂ)g — h) dz = 2, (4.14)

11



ngth éh+APNh:ng22, Vih-nlsq =0, (4.15)

0 Y
and the solution to (4.14) is given by

g:G%(a) Pﬁh/{ﬁ@(/ﬂ% dz)_l/QG%(a)(zﬁh/thz) dx}

(4.16)
Clearly, thanks to (4.2) and (4.13),

lgllr2) < e12 (21l z2) + 1Rl 22)) < asll(z1,22)] 2,

and classical elliptic regularity results and (4.15) entail that

[hllw220) < cia (llglle2) + lz2llz2)).
whence [|||w22(0) < c15]/(21, 22)|| z. Owing to the continuous embedding of W?2(Q)
in C(2), we use once more (4.2) and (4.16) to obtain that
l9llo@) < ci6 (Izlle@ + 1Rllo@) < arrll(z1,22)ll2,

and we end up with
(g, W)lly < casll(g, M)l z-
In particular, there exists an open neighbourhood V(0, APyV') of (0, APyV) in Z
(recall that we have assumed that H(U,V) = 0F (U, V) = 0) such that the mapping
[H + APY] - UU,V) = V(0,APNV)

is an analytic homeomorphism of U(U, V) C Y onto V(0,APNV) C Z.
Now, setting
Eyn = {0} x span{eg, ...,en} C Z,

one can see that the functional
F([H+AP§]™") : V(0,APNV)NEy — R

is analytic on V(0, APyV) N Eyx. Thus the classical Lojasiewicz theorem [15, 16]
ensures the existence of 6 € (0,1/2), m > 0 and € > 0 such that

’F([H +APE]7L(0, APN’U)) - F([H +APE]L(0, APNV)) ’1_9 < (4.17)

mHaF([H +APE7Y(0, APNv)) 8([H + APj{,]‘l) 0, APy0)||

L(EN,R)

for any [|v — Vw12 <e.

Step 4:
Now, we can write

Hc’)F([H +APE]TY(O, APNU))G([H + AP;V]—I) (0, APNU)HL(EN,R) <

<

HaF([H + APE]Y(0, APNU)) HX Ha([ﬂ n Apjv]—l) 0P|, <
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aF([H + APL]Y(0, APNv))

C12 H
X*
as O[H + APy|(@,v) is a (linear) homeomorphism of X onto X* for any (@,v) € X.
Furthermore,
HaF([H + AP0, APy0)) HX -

HaF([H +APE]TY(0, APNU)) — OF (i, v) + OF (@, U)HX* <
1OF (@, v)|| x- + HaF([H +APS) 710, APNU)) — 9F(a, U)H ,

X *
where

HaF([H +APS]L0, APNv)) = OF(@,v)|

HaF([H + APX] (0, APyv) ) — OF ([H + APX] ™ (H (i, v) + APyv)) ] ;

By virtue of (4.12), the mappings OF and [H + AP%]™! = [0F + AP}~ are
globally Lipschitz on £(X, X*), L(X™*, X), respectively; whence

H@F([H—i—APj{,]’l(O,APNu)) —6F([H+AP]{,]’1(H(11,U) +APNU))HX* < (4.18)

c13[|OF (i, v)| x+
Consequently, relation (4.17) reads

1-6
’F([H +APE7Y(0, APN’U)) - F([H +APE7Y(0, APNV)) ’ < (4.19)
m|0F (@, v)|| x+ provided [[v — V|ly1.2(q) <e.

Step 5:
Since OF(U,V) =0, we have [H + AP}|(U,V) = (0, APyV) and we can write

F([H + AP0, APNU)) - F([H + AP0, APNV)) -

F([H + APN]TY(0, APNv)) — F(U,V).

Next, for (@,v) € X, we can use (4.12) to conclude

‘F([@F +APL]Y(0, APNv)) - F(u v) <
|OF (@, v)||x~||[OF + AP}] ' (0, APNv) — [OF + APY] ™ (0F (@, v) + APyv) o
2
1| |[OF + AP TH (0, APyv) = [OF + APy] ™ (0F (i, v) + APyo)||_ <

c15]|0F (4, ) | %
Thus we have shown, taking (4.19) into account, that
_ ~ _ -0 _
|F(@,0) = F(U, V)| < e16 (10F @, 0) [ L7 + |0 (@, 0)][%- ) for o= Viwiz) < =,
which yields the desired conclusion provided || — U|| £2() is small enough because of

the Lipschitz continuity of F'.
O
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5 Proof of Theorem 1.1

We are now in a position to complete the proof of Theorem 1.1. We first recall that,
for any stationary solution (U, V) belonging to the w—limit set wlu, v], we have

E[U,V] = Esx = lim Elu(t),v(t)]

t—o00

by (3.24), the functional E being defined by (1.11). Accordingly, letting to — oo in
(1.10) gives rise to

/too /Q <%|8tv|2 + |V, log(u) — vm?) de ds = E[u(t),v(t)] — Ese.  (5.1)
To comply with the notations of Proposition 4.1, we set
a(t,x) = u(t,x) — 1, U(z) =U(z) — 1, G(@) = (i + 1) log(a + 1).
A direct application of Proposition 4.1 yields that, for every (U, V) € w(u,v], we have
Elu(t),v(t)] ~ Boo = F(a(t), v(t)) = F(U,V) < m|dFa(t), v@)[¥" " (5.2)
for some m > 0 and 6 € (0,1/2) whenever ¢ is such that
[u(t) = UllLz) + [v(t) = Viiwrz@) <e. (5-3)

Note that, in accordance with (3.25) and (3.26), one can modify G outside the range

of the trajectory {u(t)},~o, so that all hypotheses of Proposition 4.1 are satisfied.

Note also that, in general, the quantities m, 6, and € may depend on U and V.
Using equation (1.2) we get

10F (@, v)[|x+ = (5-4)

1
0w ey + sup [ (tostw) + 1= 0)g dz | lglzaoy =1, [ g do =0},
Q Q

where

sup{/Q (10g(u)+1—v)g d:c‘ lgll2) =1, /Qg dx:()} = (5.5)
H(log(u)—i—l—v) —/Q(log(u)—i—l —v) dx’

Consequently, relations (5.1 - 5.5), together with the Poincaré inequality, give rise

L2(Q)
to
- 1 2 2
(—|8tv| + u|V; log(u) — V| ) dz ds < (5.6)
t Q7

c{/Q (%latv(t)P + u(t)| V. log(u(t)) — Vzv(t)|2) dx}l/(Z(lfe))’ a0

for any time ¢ for which (5.3) holds.
At this stage, we use an auxiliary result proved in [3, Lemma 7.1].

14



Lemma 5.1 Let Z > 0 be a measurable function on (0,00) such that
VAS LQ(O, OO), ||ZHL2(O,oo) <Y.

Assume, moreover, that there exist a € (1,2), n > 0, and an open set M C (0,00)
such that

(/too Z(S)2 ds)a <n Z2(t) for a.a. t € M.

Then Z € LY(M) and there is a constant ¢ = c(a,n,Y) independent of M such
that
/ Z(s) ds < c.
M

Now, fix (U, V) € w[u,v] and set

M= U{J | J is an open interval on which (5.3) holds}.
J

Since [U, V] € wlu, v], M is non-empty. Combining (1.1), (5.6) with the conclusion of
Lemma 5.1 we obtain

[ 100z de+ [ 10w < (5.7)
M M

/ 100 ()| 22y dt + / |V/al®)V. (log(u) — v)(t) | 2(uze) = ([T, V]) < 0.
M M

Consequently, the uniform estimates established in Corollary 3.1 together with a
simple interpolation argument yield the existence of a time 7 > 0 such that
€

lu(t1) — ut2)|lL2() + lv(t1) — v(t2)|[wr2() < 3

whenever

Hu(t) — U||L2(Q) + ||’U(t) — Vle,z(Q) <eforallte (tl,tg) where 7 <t <ts.
(5.8)

Moreover, as (U, V) € wlu, v], 7 can be chosen so that
€

5 (5.9)

[u(r) = Ullrz2go) + [v(7) = Vilwr2(o) <
We claim that (5.8), (5.9) imply [r,00) C M. Indeed taking
t=inf{t > 7 | [Ju(t) = Ullrzq) + llv(t) = Vw2 > €},
we have £ > 7, and
lu(t) = UllL20) + Jo(t) = Vw12 > € if t is finite. (5.10)
On the other hand, by virtue of (5.8), (5.9),
[u®) = Ullrz2(o) + lv(t) = Vw2 <
[u(t) — w(T)l[L2) + lo(t) —v(T)lwr2) + lu(r) = Ullpz@) + [[v(7) = Vilwiz@) <
%5forall7’§ﬁ<f

which, together with (5.10), yields ¢ = co.
Thus (5.7) yields convergence of (u(t),v(t)) to (U,V) as t — co. Theorem 1.1 has
been proved.
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