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NON-ISOTHERMAL SMOLUCHOWSKI-POISSON EQUATIONS
AS A SINGULAR LIMIT OF THE
NAVIER-STOKES-FOURIER-POISSON SYSTEM

EDUARD FEIREISL AND PHILIPPE LAURENCOT

ABSTRACT. The convergence of weak solutions to the compressible Navier-Sto-
kes-Fourier-Poisson system with a friction term is studied in the high friction
limit, the pressure law including that corresponding to Fermi-Dirac particles.
The limit is shown to be a weak solution of a non-isothermal Smoluchowski-
Poisson system with a time-dependent and spatially homogeneous temperature
determined by the conservation of the total energy.

1. INTRODUCTION

There are many equations and systems studied in mathematical fluid mechanics
that can be obtained, mostly formally, as singular limits of the complete system
of equations describing the motion of a general, compressible, viscous, and heat
conducting fluid. The best known examples are the geostrophic system arising
in meteorology, various models of the turbulence phenomena considered as low
Reynolds number limits of a viscous flow, and the classical Navier-Stokes system
describing the motion of an incompressible fluid that can be viewed as a low Mach
number limit of the full Navier-Stokes-Fourier system (see, for instance, the mono-
graph of ZEYTOUNIAN [17]). Problems of this type are characterized by multiple
space and time scales, where a careful asymptotic analysis is not only of significant
theoretical interest but proved to be an efficient tool in numerical experiments (see
KLEIN et al. [14]).

Pursuing this strategy we consider the Smoluchowski equation

Oro + divyJ =0, (1.1)

where the density ¢ = o(¢,z) > 0, and the current J = J(¢, ) are functions of the
time t € (0,T) and the spatial position x € Q C R3, satisfying the conservative
boundary conditions

J -n|pq =0. (1.3)
The scalar potential ® = ®(t, z:) obeys the Poisson equation
A® =1gpin (0,T) x R?, (1.4)

Key words and phrases. Compressible Navier-Stokes-Fourier-Poisson equations; high friction;
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while the absolute temperature ¥ = ¥(t) > 0 is a spatially homogeneous function
determined through the total energy balance relation

1
/ (gep(g, ) + 5@@) dz = Ey for t € (0,T). (1.5)
Q
Given the initial distribution of the density,
0(0,x) = go(x) for z € Q, (1.6)
the quantities J9 = ¥(0) and Ey are interrelated through
1
/ <QO€F(907190) + 5@0‘1)0) dz = Ep (1.7)
Q

with A®y = 1gpg to be satisfied in R3.

The pressure pr and the (specific) internal energy ep obey the perfect gas state
equation

2
pr(e,¥) = geer(e,9), (1.8)
supplemented with Gibbs’ relation

¥Dsp(0,9) = Der(o,9) + pr(o,9)D (%) ) (1.9)

where the symbol sp stands for the specific entropy and D = (9,, 9y). It is easy to
see that, necessarily,

pr(o,9) = 0°/%Pp (193—9/2) for a certain function Pp : [0,00) — R. (1.10)

As far as we know, a system similar to (1.1 - 1.5) has been introduced in [6]
where it is derived by formal asymptotic expansions from a Vlasov-Fokker-Planck-
Poisson kinetic equation modelling the statistical mechanics of collisionless stellar
systems. The derivation performed in [6] actually involves two steps: first, taking
the moments of order zero, one and two of the solutions to the kinetic equation and
using a closure method yield a Euler-Poisson system [6, Eqns. (5.10)-(5.12)]. A high
friction limit then leads to non-isothermal Smoluchowski-Poisson equations similar
o (1.1 - 1.5) (still at a formal level), the pressure Pp being either Pp(Z) = Z or

Pr(Z) =(2/3) (13/2 o 11_/12) (Z), where I, denotes the Fermi integral

oo Ta
Ia Z = d 5 > _13
(2) /0 14+ Zer roa

and I ! its inverse function. This approach has further been developed in [3] in a
more general setting, allowing for other pressure laws pp.

The purpose of this work is then an attempt to give a rigorous proof of the second
step, the high friction limit, the starting point being not the Euler-Poisson system
but the Navier-Stokes-Fourier-Poisson system. Also, the friction term introduced
below is simpler than the one arising from [6].

More precisely, as an hydrodynamics counterpart to (1.1 - 1.5), we consider the
Navier-Stokes-Fourier-Poisson system:

e0¢o + div,(ou) = 0, (1.11)
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1
edi(ou) + divy(pu @ u) + Vyp = div,S — Jeu— oV, (1.12)
A® = 1q0, (1.13)
edi(ps) + divy(esu) + div, (3)
Vmﬂ 1

> - 1.14
> L (5w ST L), (114)

1, 1
—olul* + ge + =p® | dz = Ey, (1.15)

o \2 2

supplemented with the conservative boundary conditions:
u - 1’1|aQ = 0, (Sn) X n|39 = 0, q- n|39 =0. (1.16)

Here, the viscous (deviatoric) stress tensor S obeys Newton’s rheological law:
2
S = () (qu +Vut — gdivzuﬂ), (1.17)

the shear viscosity coefficient p being a continuously differentiable function of the
absolute temperature .
Similarly, the heat flux q is determined by Fourier’s law:

q=—k(0V, k(¥) = e+ kp(v), (1.18)

with the heat conductivity coefficient xp € C*([0,00)).
Finally, we assume that the pressure p, the internal energy e, and the entropy s
are continuously differentiable for o, ¥ > 0 and satisfy

€ 94
p(o,9) = 5194 +pr(0.9), e(0,9) = et er(0,9),

(1.19)
4e 93
S(Qv 19) = EE? + SF(Qv 19)5
where pr, ep, and sy are the same as in (1.8 - 1.10).

The system (1.11 - 1.15) can be viewed as a simple model of a self-gravitating fluid
subjected to high temperature radiation effects expressed through the e—dependent
quantities appearing in the constitutive relations (1.18), (1.19) (see [12]). Further-
more, the parameter ¢ scaling the time derivatives corresponds to a (small) value
of the Strouhal number while the quantity gu/e in the momentum equation (1.12)
can be interpreted as a “friction” term due to the surrounding medium at rest.

The main goal of the present paper is to show that the Smoluchowski-Poisson
system (1.1 - 1.5) can be obtained as the asymptotic limit for e — 0 of (1.11 - 1.19).
Explicitly, we claim the following result.

Theorem 1.1. Let Q C R? be a bounded domain with Lipschitz boundary. Assume
that p, e, and s are given by (1.19), where pr, er, and sp obey (1.9), (1.10), with
Pr € C([0,00)) such that

PL(Z
Pr(0) =0, Pp(Z) >0 for all Z >0, Jim £:a>0,
Z—
(1.20)

Qr(2)
0< T

< Cy with Qp(Z) = gPF(Z) — Pp(2)Z for all Z > 0.
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We also require that

> 0. (1.21)

either sp s bounded from below or énfo
>

Qr(2)
A

Furthermore, suppose that u and kp belong to C1([0,00)) and satisfy

0 < pd < p(¥) < F(L+9) for all 9 > 0,
(1.22)
0<c(1+9) <kp() <EQA+9I) for all ¥ > 0.

For e € (0,1) let (0c,uc,9:) be a variational solution to (1.11 - 1.16) in the
sense of Definition 2.2 below satisfying, in addition,

/ 0:(0) de = M > 0, sup Ep . < 00, essliminf/ 0:8(0e,9:) doe > Sy, (1.23)
Q >0 t=0+ Jo

with M, Sy independent of €, and there are a non-negative function ¢ € L*(Q) and
a positive function 9 € L*(Q) such that

So>/@8(@,1§) dz. (1.24)

Then, passing to a subsequence if necessary, we have

0- = 0 in C((0,T]; L2 () N LY((0,T) x ),

weak
1
J. = —p.u. — J weakly in L3/2(0,T;L90/77(Q;R3)),
€

9o — 9 in LP((0,T) x ), V0. — 0 in LP((0,T) x 4 R?) for any 1 < p < 2,
Ep,. — Epy,
where the limit quantities o, J, 9, and Eq represent a weak (distributional) solution

of the Smoluchowski-Poisson system (1.1 - 1.5) (cf. Definition 2.1 below). In addi-
tion, pr(0,9) € LY¥/13(0,T; WH15/13(Q)) and both ¥ and 1/9 belong to L>°(0,T).

Remark 1.2. The last stipulation in (1.20) is equivalent, conformably with (1.9),
to the requirement of strict positivity and boundedness of the specific heat at constant
volume

Oer(0,9
co(0,9) = 7%(5 ),
The choices Pr(Z) = Z 4 Z°/3 or Pr(Z) = (2/3) (13/2 011_/12) (Z) fulfil this as-

sumption and (1.21). Indeed, concerning the latter, the positivity of Qp follows
from [2, Lemma 5.3] while we have Qp(Z) ~ c¢ZY3 as Z — oo by the well-known
Sommerfeld representation of the Fermi integrals with o half an odd integer (see,
e.g., [7, Egs. (6)-(7)]). This property implies the boundedness of Z — Qr(Z)/Z
and that sp is bounded from below. For Pp(Z) = Z+Z°/3, we have Qp(Z) = 27/3
which clearly fulfils the second requirement of (1.21).

The existence of global-in-time solutions to system (1.11 - 1.16) (with the no-
slip boundary conditions imposed on the velocity field u) was established in [12,
Theorem 2.4] (see also [11] for the necessary modifications to accommodate the
growth conditions (1.22)). Note that, in accordance with the general philosophy
discussed in [11], the energy balance equation has been substituted with the entropy
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inequality (1.14) together with the total energy conservation principle expressed
through (1.15).

Besides proving the convergence as ¢ — 0, Theorem 1.1 also provides the
existence of a weak solution to the non-isothermal Smoluchowski-Poisson equa-
tions (1.1-1.6) for pressure laws satisfying (1.20) and for non-negative initial data
00 € L?/3(Q) with an arbitrary large mass M and total energy Fy complying with
the relation (1.7). To our knowledge this existence result is also new, a related
existence result having been obtained in [16] for the non-isothermal Smoluchowski-
Poisson equations derived in [6] for initial data gy with a sufficiently small mass.
Actually, it is mainly the non-isothermal Smoluchowski-Poisson equations with
pr(0,9) = p¢ which has been studied recently [1, 4, 9]: in that particular case,
global existence of solutions is known to hold true for initial data with small mass
while finite time blow-up occurs for initial data with large mass. Such a phenome-
non does not take place for pressure laws satisfying (1.20). At a formal level, these
results have been extended to pressure laws pp(o,9) = 907, v € (0,00), in [5].

The rest of the paper is devoted to the proof of Theorem 1.1. After some prelim-
inary material discussed in Section 2, we establish uniform bounds on the family
{0c,uc, V¢ }es0, independent of the parameter £ > 0 (see Section 3).

In Section 4, having identified all available estimates, we pass to the limit in the
field equations (1.11 - 1.16) in order to obtain (1.1), (1.4).

Sections 5 and 6 are devoted to the proof of the strong (pointwise) convergence
of {0c}e>0, {Uec}e>0, respectively, necessary to establish the constitutive relation
(1.2). This is the most delicate part of the proof because of insufficient uniform
bounds on the sequence {oc}eso. For the system (1.11 - 1.16), the “standard” way
to deal with this problem is to introduce the renormalized continuity equation

£0,b(0) + diva(b(o)u) + (b'(g)g - b(g))dmu —0, (1.25)

replacing o = b(p), where b is a suitable bounded function. In the present setting,
however, the time derivative 9;b(p) expressed through (1.25) contains a singular
term

% (b'(g)e - b(@))divmu,

which is not (known to be) bounded uniformly with respect to €. Consequently,
instead of using (1.25), our approach is based on the concept of oscillation defect
measure introduced in the existence theory developed in [11].

The proof of Theorem 1.1 is completed in Section 7.

2. VARIATIONAL FORMULATION

In this section, we collect some preliminary material concerning the concept of
variational (distributional) solutions to problems (1.1 - 1.5) and (1.11 - 1.16). We
start with the Smoluchowski-Poisson system.

Definition 2.1. We shall say that o, J, ®, and ¥ represent a variational solution
to problem (1.1 - 1.5) if

0 0>0, 0 LY((0,T) x Q), J € L'((0,T) x 4 R%)), and

/OT/Q (Qat80+J~Vzga) de dt =0
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for any ¢ € D((0,T) x Q);
e the potential ® = A~1[plq)] is determined through the integral identity

1 t
O(t,x) = —— oty) dy for a.a. (t,x) € (0,T) x
T Jao |z —yl
o the temperature ¥ = 9(t) is a non-negative spatially homogeneous function
such that ¥ € L*(0,T), pr(o,9) € LY((0,T) x Q), oV.® € L' ((0,T) x
O R3), and

/ /J pdx dt = / / pr(0,9) divye — oV, - )dzdt
Q Q

for any ¢ € D((0,T) x Q;R3);

1
/ (gep(g, 9) + 5@@) dz = Ey for a.a. t € (0,T).
)

In a similar way, the variational solutions to the Navier-Stokes-Fourier-Poisson
system are defined as follows.

Definition 2.2. We shall say that o, u, and ¢ represent a variational solution to
problem (1.11 - 1.16) if
e the density 0 > 0, 0 € L'((0,T)xQ) and the velocityu € L*(0,T; WH(Q; R3))
are such that ou € L*((0,T)x$;R?) and satisfy the renormalized continuity
equation expressed through the integral identity

T
/0 /Q (EQB(Q)@t(p + 0B(o)u- Vo —b(o) (divmu)tp) de dt=0 (2.1)
to hold for any ¢ € D((0,T) x Q), b € BC(]0,00)), where
B(o) = B(0) + /19 @ dz; (2.2)

o ouxu € L1((0,T)xQ;R3*3), the pressure p = p(p, 1) is given by (1.19), p €
LY((0,T)xQ), the viscous stress S satisfies (1.17), S € L*((0,T)x ; R3%3),
oV, ® € LY((0,T) x Q;R?), and

T
/ / (sgu “Op+ou®u]: Voo +p divxcp) dz dt (2.3)
0o Jo

T 1
=/ /(S:Vmw+—eu-w+gvz¢-w) dz dt
0o Jo €

for any ¢ € D((0,T) x (4 R?) satisfying ¢ - nlaq = 0;

[ ]
L [ oty
Cdr o e -y
e ¥ >0 ae in(0,T)x 8, the specific entropy s = s(p, ) is given by (1.19),
0s € LY((0,T) x Q), osu € LY((0,T) x ;R3), 9 € L1 (0, T; WH1(Q)), q is
determined by (1.18), q/¥ € L*((0,T) x Q;R3),

(S: Veu+ (1/e)oul® — (q- Vu0)/9) /9 € L'((0,T) x Q),

O(t,x) = dy for a.a. (t,x) € (0,T) x (2.4)
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and .
V.,
/ / (Egsatcp +osu-V,p+ u) dz dt < (2.5)
o Ja v

T
1/q-V,0 1
/0 /95( 3 fS.Vzu75g|u| )gpdzdt

for any ¢ € D((0,T) x ), ¢ > 0;
e the specific internal energy e = e(o,9) is given by (1.19), oe € L*((0,T) x
Q), and the total energy balance

/Q (%Q|u|2 + oe + %gq)) dx = Ey holds for a.a. t € (0,T); (2.6)
e the impermeability boundary conditions u - nlgpg = 0 hold in the sense that
/Qdivz(gau) dz =0 a.a. on (0,7T) (2.7)

for any ¢ € D(Q).

3. UNIFORM ESTIMATES

The proof of Theorem 1.1 is based on uniform estimates on the sequence of
variational solutions {g., u., ¥ }c>0 to be derived in this section. These represent
a direct consequence of the underlying physical principles, namely the conservation
of the mass, the momentum, and the total energy. In addition, a useful piece
of information is obtained from the dissipativity properties of the Navier-Stokes-
Fourier system expressed through the production term in the entropy balance (2.5).

3.1. Total mass conservation. Let {o.,u.,J:}.~0 be a family of variational so-
lutions satisfying the hypotheses of Theorem 1.1. It follows directly from (2.1) that
the total mass

M = /QQE dz (3.1)

is a constant of motion. As the densities g. are non-negative, we get immediately
that

{0:}e>0 is bounded in L>(0,T; L*(Q)). (3.2)
Furthermore, the standard elliptic estimates applied to (2.4) give rise to
[®< ()]l Lsr2(0) < clloe(t)llLr(o) for t € [0,T]; (3.3)

whence, in accordance with (3.2),
{®.}es0 is bounded in L>(0,T; L%/2(Q)). (3.4)
3.2. Energy estimates. By virtue of hypotheses (1.8), (1.10), (1.19), the internal

energy density can be written in the form

oe(o,9) = et + 2195/2PF(193—9/2),
where, in accordance with (1.20), there are C' > ¢ > 0 such that
o(Z + Z°/3) < Pp(Z) < O(Z + Z°/3) for all Z > 0. (3.5)
Consequently,

oce(0:,Ve) > 6193 +c (98195 + 92/3) )
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Taking estimate (3.4) into account, we can use the total energy balance (2.6) to-
gether with the hypothesis (1.23) in order to conclude that

{0-}es0 is bounded in L>(0,T; L5/3(Q)), (3.6)
{\/0=u.}e>0 is bounded in L>(0,T; L*(Q; R?)), (3.7)
{e¥/*9.} 250 is bounded in L*(0,T; L*(12)), (3.8)
{0:0: Yoo is bounded in L>°(0,T; L*(Q)), (3.9)

and
EO,e — EO
passing to a subsequence as the case may be.

3.3. Dissipation estimates. Gibb’s relation (1.9), (1.8), and (1.10) yield

dsp 1 9pr 2 Oer _ 32 0
8—9(9’ )__?W(g’ )__B_QW(Q’ )——Q—QQQF (W)’
dsp 1 der 99!/ 4
LE ) = 29y = 2 £
the function Qr being defined in (1.20). Owing to (1.19) we may write

493 2 dsp(z,0) Y sk (1, 2)
s(0,9) €3 . + sp(1, )+/1 90 dz+/1 59 dz

and use (1.20) to obtain

asF(z,ﬂ)‘ . /max{ﬁ,l} dsp(1,2) "
1

493 !
< -2
sed) < 3 rspn)+ [ £ 5

3 0 min {p,1}

4 3
< 5519_ +sp(1,1) — —ng log(min {o,1}) + —9?} log(max {¢,1})
0
493 3C, 9C,
< 3, +sr(1,1) + llog(o)| + log(9)] ", (3.10)

where [r]T = max {r,0} denotes the positive part of the real number r. We then
infer from the energy estimates (3.2), (3.6), (3.8), and (3.9) that

/ 0:8(0s,0:) dz < ¢ for a.a. t € (0,7). (3.11)
Q

Consequently, choosing a suitable spatially homogeneous test function in the en-
tropy inequality (2.5) and utilizing the hypothesis (1.23) together with the estimate
(3.11), we get a uniform bound on the entropy production rate:

T 2

1 0, 20 1

/ / —(SE :Veu, + MCAINELA + —g€|u5|2) dz dt < ec.
0 Q 198 195 g

In particular, by virtue of hypotheses (1.18) and (1.22), we obtain

{% (%)ug} is bounded in L*((0,T) x Q;R?), (3.12)
N e>0

together with

1 2
{— (Vzu‘E + Vmué — —divzug]l)} is  bounded in
\/E 3 e>0

L2((0,T) x ;R3S ),

sym

(3.13)
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{Vmﬁg/Q} is bounded in L2((0,T) x Q; R%), (3.14)

e>0
and

1 1

— VU, and { —=V, log(d. are bounded in
Al } gk )} (3.15)
L%((0,T) x ;R3).

In order to continue, we shall need the following “weighted” version of the
Poincaré inequality [10, Lemma 3.2]:

Lemma 3.1. Let Q C R3 be a bounded reqular domain and M and K be two
positive real numbers. Assume that o is a non-negative function such that

0<M:/gdz and/g5/3d:c§K. (3.16)
Q Q
Then there exists a constant ¢ = ¢(M, K, p) such that

1
w—M/ngdx

for any w € WHP(Q) if p > 15/11.

< oM, K, p)||Vawl| Lro;r2)
LP(Q)

Proof: Assuming the contrary there are a sequence {w,}52; C WH?(Q) and a
sequence {0,152, C L%/3(Q) such that

W, Onwy, dz > nl|Vown | Lemrsy > 0,

L (Q)

_MQ

where p,, satisfies (3.16) for each n > 1.
Consequently, setting

1 1
Zn = (wn — M/anwn dz> Hwn — M/anwn dx

we readily get

-1

Lr(Q)

2z, — z in WHP(Q),

where z is a constant function, specifically, z = |Q|~1/?.
Furthermore, as p > 15/11, the Sobolev space W1?(Q) is compactly imbedded
into L%/2(Q); therefore we can assume

on — 0 weakly in L5/3(Q), / odx = M; z, — z strongly in Ls/Q(Q),
Q

and, consequently,

OZ/ann dx—)/gz dx:M|Q|_1/p,
Q Q

whence a contradiction. O
In a similar way, one can establish a more standard result:

Lemma 3.2. Let Q C R? be a bounded reqular domain and M, K and A be positive
real numbers with A € (0,1]. Furthermore, assume that ¢ is a non-negative function
such that

0< M= gdzand/gs/gdng.
Q Q
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Then there exists a constant ¢ = ¢(M, K) such that

1/A
[Wllwr2rsy < (M, K) (/{ olwl[? d:c>
2

2
+ ¢(M,K) H (Vzw + Vwh — gdivmw]l)

L2(QR3ym)

for any w € WH2(Q;R3)). In particular,

1/A
||’LUHW1,2(Q) S C(M,K) [(/ g|’w|A dx) + |Vmw||L2(Q;R3)]
Q

for any w € W12(Q).
Now, Lemma 3.2 with A = 2/3 together with estimates (3.1), (3.6), (3.9), (3.14),

give rise to

{9%/%} .~ is bounded in L2(0,T; W12(Q)).

1/2
/ 0:9Y/? dz < (/ 0:0¢ d:c) (/ 0c dx) <c
Q Q Q

by (3.2) and (3.9), another use of Lemma 3.2 with A =1 and (3.15) entail that

Next, since

{01/2} .~ is bounded in L2(0,T; Wh2(Q)).
By a simple interpolation argument we end up with
{99/2} .~ is bounded in L?(0,T; WH2(£2)) for any 1 < a < 3. (3.17)

In particular, it readily follows from (3.17) (with @ = 3) and the embedding of
W12(Q) in L(Q) that

{9:}e>0 is bounded in L*(0,T; L2()). (3.18)

Moreover, writing

1 1 /o
—0eUe = — EU—E V 0:V¢
€ e\l V.

one can use (3.9), (3.12) to obtain that
1
{—ggug} is bounded in L?(0,T; L*(;R?)) (3.19)
€ e>0
while (3.6), (3.12), and (3.17) (with a = 3) yield
1
{gggug} is bounded in L*2(0, T; L7 (Q; R?)). (3.20)
e>0

Finally, with (3.13), (3.19) at hand , another application of Lemma 3.2 (with
A =1) gives rise to

1
{Tus} is bounded in L?(0,T; W'2(Q; R?)). (3.21)
€ e>0
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3.4. Pressure estimates. The pressure estimates can be deduced formally “com-
puting” the pressure p in the momentum equation (2.3) and using the energy esti-
mates established above. More precisely, consider the operator A defined by

Alw] = VAL {w - ﬁ/ﬂw dz]

where Ay denotes the Laplace operator supplemented with homogeneous Neumann
boundary conditions on 9. For g € C*([0,00)) such that g and z — 2¢'(z) are
bounded, the function g(p.) satisfies the renormalized equation (2.1). It then follows
from [8, Theorem II.1] that, if ns = ns(z) is a family of regularizing kernels, then

ns * g(0c) solves
€0¢(ns * g(0c)) + diva (775 * g(@s)“s) + 15 * ((g’(gs)@s - g(@e))divzus) =75
in D'((0,T) x §2), where
res — 0in L2((0,T) x Q) as § — 0.

Note that, in accordance with Definition 2.2, equation (2.1) holds in D’((0, T') x R?)
provided p. = lgo. and the velocity u. is extended to a function belonging to
L2(0,T; WH2(R3; R3)).

We next take o(t,z) = ¥(t)A[ns * g(o:)] as test function in (2.3) where ¢» > 0
belongs to D(0,T") and use the previous equation for 75 * g(0-) to obtain

/0 / ednboen. - Alns * g(o2)] dadt (= Fi(e.8)

T

+ /0 A 10U -A[r&g — div,(ns * g(ga)ua)} dz dt (= Fa(e,9))

+ [ [ oo alnsx (ste) ~ g (0o divon] dadt (= Fa(e.5)
T

+ / Yo [ue @uc] : Vo Ans * g(oe)] do dt (= Fu(e,9)) (3.22)
0 Q

[ [ untecoo s oo - o [ e aten) aa] arat (= Fy(e.5)
T

= /0 A ¥Se : Vi Alns x g(oc)] de dt (= Fs(e,9))

o [ [ ofzer s 0] A« glon)] do (= Fr(e.5))

We now assume further that ¢ is such that
0 < g(o) +leg' (o) < Ca'?, 0>0, (3.23)
for some C > 0. We infer from (3.6) and (3.23) that

[Sup] {lIms = g(oe) | L1s () + lIms * (g(0e) — 029" (0e)) | L1500y } < e (3.24)
0,T
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Now, by (3.6), (3.7), (3.24), and classical elliptic estimates, we have
[F1 (e, 0)]

T
< 5/ |0 ||\/Q€u€||L2(Q;]R3) v QsHLm/z(Q) [ Alns *Q(Qs)]”LS(Q;RS) dt
0

<ce ||3t1/’||L1(0,T) :
It next follows from (3.6), (3.21), (3.24), and classical elliptic estimates that
|F2 (e, 0)]
T
< ||7/)||L°°(O,T) / ||Q€u€||L30/23(Q;]R3) ||A[r€,5]||L30/7((2;R3) dt
0
T
bl [ 1AL s * geyulsor ey e
0
T
< ||7/)||Loo(0,T)/ ||Qs||L5/3(Q) ||u€||L6(Q;]R3) ||7’s,6||L2(Q) dt
0

T
+||1/]||L°°(O,T)/O ”QellLs/s(Q) ||u8||L6(Q;RS) 75 * g(@e)uaHLSON(Q;Rz) dt

T
< eVl L=o.1) /
0

Uc

Vz
< eVElllz= o) [I7esll paomyxay + VE]

e ez + el |
W1.2(Q;R?

Similar arguments also yield that
|Fs(e, 0)| < eVe[[¢llpo(o,1)-
Using once more (3.6), (3.21) and (3.24), we obtain
|[Fa(e, )]

T
2
< éll 0.1 / el 52y I 2 oy [ATs * g0 el s ey dt

< 05||1/’||L°°(0,T)-

We next infer from (1.22), (3.13) and (3.18) that
||S€||L6/5(O,T;L18/11(Q;Rg‘;ﬁ)) <cve (3.25)

Consequently, thanks to (3.24) and classical elliptic estimates,

|[F6(e,9)]

IN

T
[limoy [ 18ellsar anzsay s = e om0
C\/g ||1/’||L°°(0,T)-

IN
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Finally, by (3.4), (3.6), (3.19), (3.24), the Calderon-Zygmund inequality and the
embedding of W25/3(Q) in WH15/4(Q), we have

|Fr7(e,0)]
T
< ¢l o.1) /

T
+||1/’HL°°(0,T)/O ||Qe||L5/3(Q) HVI(I)&HLS/?(Q;]RL") | Alns *9(96)]||L°°(Q;]R3) dt

T
< 0.1 /

T
bl 0.1 / 10y ey A * 90Nl sz dt

< clbllze=(o,m),
while (3.5), (3.8), (3.18), and (3.24) ensure that

[ [ovteto [ [ nev oo ar] asat

T
< CWHLw(o,T)/ /p(ge,ﬂe) dz dt
0 Q

< ¥l Lo (o,1)-

A5 * g(0)]ll L= (sms) At
L1 (;R3)

—0cUc
15

L1(R3) ADs * g(0e)lllw 10 me) At

—0cU¢
1S

Collecting these information, one can deduce from (3.22) that

/oT /Q ¥p(ee; 9e)ns * g(ee) dz

<c (||7»/1HL°°(0,T) + ||<9t7/)||L1(0,T)) (1 + HTE,(S”LZ((O’T)XQ)) )

provided g satisfies (3.23), where the bound is independent of both £ and §. We
may then let 6 — 0, 1) — 1o ) and g(o) — 0'/9 to conclude, in view of (3.5), that

{0:}e>0 is bounded in L'%/°((0,T) x Q). (3.26)

Remark 3.3. Similar estimates were established locally in Q by LIONS [15] and
extended to the whole domain Q with the no-slip boundary conditions for u in [13].
In both cases, g(o) ~ 0, with 0 = (2v/3) — 1 provided o € L>=(0,T;L"(R)). Thus
the value @ = 1/9 corresponds to v = 5/3 in agreement with (3.6).

4. THE SINGULAR LIMIT

With the estimates obtained in Section 3, it is easy to pass to the limit for ¢ — 0
in the system of equations (1.11 - 1.13). After a straightforward manipulation, we
deduce from (1.11), (3.20) that

0- = 0/in C([0,T]; Ly/2,(Q), (4.1)

weak

1
J. = Zp.u. — J weakly in L3/2(0,T; L% (Q; R®)). (4.2)
€
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We may thus pass to the limit as ¢ — 0 in (1.11) (or (2.1) with B = 1) to obtain

T
/ / (00rp +J - Vo) do dt =0 (4.3)
o Ja

for any ¢ € D((0,T) x Q).
Furthermore, a simple interpolation argument yields

e /40 sy < =190 ey e 40e sy (4.4)
therefore, (3.8) and (3.18) give rise to
e — 0in L'73((0,T) x Q). (4.5)
It also follows from (3.5), (3.18), and (3.26) that
pr(0e,9:) = pr(o,0) weakly in L*¥/43((0,T) x Q). (4.6)
Next, on the one hand, by (3.6) and classical elliptic estimates,
{Vo®.}eso is bounded in L=(0,T; LY*/*(; R?)) N L>=(0, T; WH/3(Q; R?)).

On the other hand, we infer from (1.11), (3.6) and (3.20) that {g:}e>0 is bounded
in L°°(0,T; L°/3(Q)) while

{010 Yeso is bounded in L3/2(0, T; W~1/77(Q)). (4.7)
We are then in a position to apply [15, Lemma 5.1] to conclude that
0.V, ®. — oV, ® weakly in L¥/13((0,T) x O;R?). (4.8)

We can now pass to the limit as e — 0 in (1.12) (or (2.3)) and (1.13) (or (2.4)) with
the help of (3.6), (3.21), (3.25), (4.6), and (4.8) and obtain

T T
/ / pr(0,9) divyp dz dt = / / (J+ oV.®) - p dx dt (4.9)
0o Jo o Ja

for any ¢ € D((0,T) x Q;R3), V¢ - n|sq = 0, and
A® =1gpin (0,T) x R?, (4.10)
In particular, relation (4.9) implies that
pr(0,0) € L'/13(0, T, wh13/13(Q)),
and
J = —V.pr(0,9) — oV, . (4.11)

Consequently, in order to complete the proof of Theorem 1.1, it is enough to
show the strong (pointwise) convergence of the sequences {o:}c~0 and {9:}eso0.

In the remaining sections, we use the following notation: if f : [0,00)? — R is
a function such that the sequence {f:(0:,Y:)}e>0 is weakly relatively compact in
LY((0,T) x ), we denote by f(o,9) its weak limit (after possible extraction of a
subsequence).
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5. STRONG CONVERGENCE OF THE DENSITY

As already pointed out in Section 1, the strong convergence of {o.}.~0 repre-
sents a rather delicate issue mainly because of the fact that, strangely enough, the
renormalized equation (2.1) contains a singular term.

Let g € C1([0,0)) be a bounded function such that z — zg’(2) is also bounded.
Owing to the analysis of Section 3.4, F;(e,6) — 0 as d,e — 0 for i € {1,2,3,4,6}
and we may let first § — 0 and then £ — 0 in (3.22) to obtain

iy [ [ eteevo) (ste0 - o [ atoas) awar= G
iy [ [ @4 0:9.00) - Alg(on)] @

Owing to (2.4), (4.7) and the boundedness of g, classical elliptic estimates ensure
that {A[g(0:)]}e>0 is bounded in L>(0,T; W (Q)) and {9;V,®. }.~0 is bounded
in L3/2(0,T; W=19/77(Q; R%)). Applying [15, Lemma 5.1] we get

V@ - Alg(o:)] = V@ - A [g(g)} weakly in  L*/4((0,T) x Q;R?).
Next, in accordance with the standard elliptic estimates, we have
{de)s ~A[g(gg)]} is bounded in L(0, T; W5/3(Q)),
e>0

which, together with (3.6) and (4.7) allow us to use again [15, Lemma 5.1] in order
to obtain

T T
lim/ / 0-V2®. - Alg(0.)] dz dt = / / oV, ® - A [g(g)} dedt.  (5.2)
=0Jo Ja 0o Ja

Now, taking ¢ = A [@} in (4.9), and making use of (5.1), (5.2), we get

shi%/ / pr (0=, 9)g(0z) — pr(e,v) (0)} dz dt

= e [ [ oo >d:c/ oo o~ [ pead) do [ 50 ae] a

+;i§5//JAgg dxdtf// ﬁdzdt

= i [ [peenv) s [ [ote) -5 anat (53)
;grg)/oT/ﬂJs-A[g(@e)@} dad.

At this stage, we introduce the cut-off functions Ty, € C*°(R), k > 1, satisfying
Ti(z) =z for 0 < z <k,

T}, is concave and strictly increasing for z € [0, 00),

Tk (z) < 2k for all z € [0, 00),

Tr(2) = —Tk(—2) for all z € (—o0,0),
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together with the quantities (defect measures)

T
o =timsup [ [ [Tio) - Tul@) do dt. k21
0 Q

e—0

(cf. [10, Chapter 6]). It is easy to check that

p/q

1
Th(2) — 2|l Laga) < =07 | ||Lp(Q for any 1 < g < p < oo.

In particular,

| (o) - o) aa| <

IN

’ Tk(@) B Q’ L1(Q)

lim inf ||7; - t
121;151 7% (0e) — 0cllL Q)]

s sup {loel
s (e
Consequently, observing that
[ (11400 -T@)] o= [ [1ue) - o+ 0~ Tilg)] da
Q Q
by (3.1) and (4.1), one can use (5.3) (with g = T}) to obtain

lim /T/Q [pp(gg,ﬁg)Tk(gg) — pr(0,9) T(g)} dz dt < (5.5)

e—0 0

+hm/T/QJ8-A{Tk(Qg)—T(Q)} de dt.

k2/3 e—0
where c is independent of k.
Now, we write

T [
/ / J.- A [Tk(gs) — Tk(g)} dz dt = G1(e, k,m) + Ga(e, k,m)
0 Q
with

c:l(e,k,m)/T/ Js—Tmas)) A[Ti(o) ~Tel@)] e at,

2(e, k,m) / / Tk(gs) T(g)} da dt,

where we have set . '
T,J)' =T,(J"), i=1,2,3.
In accordance with the standard Sobolev imbedding theorem, we have

|Gy (e, k,m)]|

T
< C/o [Je = Tm(Ja)HL24/23(Q;R3)

4 [Tie) - T |

Wl,S/S(Q;]RS)

’Tk(gs) *T(@)’ ;

T
< J.—T,(J 24/23 (R
<o [ = Tl p

whence

timsup |G (=, k,m)| < sup 3. — T (3 )l Ls/5 0 727 sy Wa
E—>

Next, the standard interpolation argument can be used to show

1/3
HJa - Tm(JE)HLM/??'(Q;R?') < c||J5 - T ( )HLl(Q RB)HJE -T (Ja HL/8/7(Q ]Rs)a
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therefore, by virtue of the uniform estimates (3.19) and (3.20),

e = T @)l zizourss sy <

2/3
cf[Je = Ty (J )||L/2 0,T;L' (;R3)) 1Je = T (J )HL16/11 0,T;L3/7(%; R3))
1/3 —1/132
1/132”'] HLQO/77 ((0,T)x Q;R3) < cm /
from which we conclude that
limsup |G1 (g, k,m)| < cm71/132w2/8. (5.6)
e—0

Furthermore, by virtue of (4.1),
lim sup Ga(e, k,m) =

e—0

1imsup/ / A[Tk (0:) — 0c] dz dt+/ / ngk( )} dz dt <
e—=0

msup su Tk ( - 1 c—;
€>%)t€(0%){|‘ k(0:)(t) —0:(V)L (Q)} e

Thanks to (5.6) and the previous estimate, (5.5) transforms to

lim /T/Q [pp(gg,ﬁg)Tk(gg) —pr(0,9) T(g)} dz dt < (5.7)

e—=0 Jo
c((l +m)k~23 4 m_1/132w2/8) for any k,m > 1.

Next, using (1.20), one can write

pr(0,9) = aod®” + q(0,9), (5.8)
for some ag € (0,a) where
¥
% > 0 for all p,9 > 0. (5.9)
0

Now, proceeding as in the proof of [10, Proposition 6.2] and using the concavity

of Ty, and the convexity of z — 2°/3, one can check that
T _
ti [ [ (2°Tilor) - 7 @) do de > e (510)
e—0 0 Q

whence (5.7) reduces to

agey + lim / / (0=, 9=)Ti(02) — 4(0,9) T()| da dlt < (5.11)
Q

c((l +m)k~2/3 4 m_1/132w2/8) for any k,m > 1.

We next set
hy, = (Tk( ))

By virtue of (5.9), ¢ is non- decreasmg in g, and, consequently,

&11_13%/ /Q q(02,9:)Ti(0:) —q ﬁ)Tk@)}dwdtZ

lim nf / [ fo(r @ten. o) ~o(7 (7)) 0.

[E—"
=
s}
)
=
s

i

o
8

o
~
+
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hgggf/OT /Qq (i ( T(g)) 02) [Tilo) - Ti()] dar i >

liminf/ / h, 0. Tk(gg) —Tk(g)} dz dt. (5.12)
e—0
Invoking estimates (3.15) and (3.18), we have
fL‘ E
Vel a2 RS = < cv/e
Vel par2(0,1)xm2) Ve M oorsomyxanms)
whence, by virtue of (3.17),
V.. — 0in LP((0,T) x Q;R3) for any 1 < p < 2. (5.13)
Introducing
Xe = Xs M / 0:Vc du, (514)
and recalling Lemma 3.1 we deduce from (3.6), (3.18), and (5.13) that
(195 - xg) 0 in LP((0,T) x Q) for any 1 < p < 3, (5.15)
and
Xe — x weakly -(*) in L*>°(0,T). (5.16)

In addition, in accordance with (5.8) and hypothesis (1.20), we have 0 < dyq(0,9) =
Ovpr(0,9) < 3Cy,p/2, so that

o) (e )

the inequality hx < p being a consequence of the concavity of T} (guaranteeing that
Ti(0) < Ti(0)) and the monotonicity of T} ! Integrating the previous inequality
over (0,T) x Q and using (3.6) and (5.15) lead us to

la(ha0.) = a(hexc)

3
< §Cv|\9||Lw(o,T;L5/3(Q))Ws - X€||L5/2((O,T)><Q) H—>00-

< chg|de = x:| < colde — X:l,

L1((0,T) %)

This makes possible to rewrite (5.12) as

i [ [ [atee00070t00) ~ @) Tol@)] o ar > (517)

e—=0 Jg

lim inf /OT/Qq(hk,Xa) (Tk(gg) —T(Q)) dz dt.

e—0

We also note at this point that the above mentioned inequality hy < o, (3.6), (3.26)
and (4.1) imply that

||hk||L°°(O,T;L5/3(Q)) + HthLIG/Q((O,T)XQ) S C uniformly in k Z 1. (518)

Now, we write

nggf/:/ﬂq(hk,xE) (Tk(gg) —T(g)) de dt >

tmigt [ [ (ahnoe) —athe0) (Ti(er) ~TiGa)) dr s
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imigt [ [ o) (Thle:) ~Tof@)) o at

Similarly to above, we have

thHP// q(hk, xe) — q(hi, X HTk o) )‘ de dt <
{hk>m}

e—0

e—0

climsup// hi ’Tk(gg) - Tk(g)‘ dz dt <
{hrx>m}

3/8 _ 3/8
5D {|[1gn, 2 my bl ors 0.1y ) w® < em™0uw)®,

where we have used estimates (5.18). Consequently,

1iminf/ / hk,XE Tk(ga) Telo )) da dt > (5.19)

e—0

e—0

fcm_l/ng/8 + lim inf // q(hiy xe) (Tk(gg) - Tk(g)) dz dt.
{0<h,<m}

Finally, for each pair (m, k), we fix I_{m,k € D((0,T) x Q) such that

1

[ Hrm,k = Pkl 11 0,myx0) < NCYEYER

We can then estimate

//{0<hk<m} Q(hk;X€>(Tk(Qs> - T(g)) dz dt‘ _

‘//{Mh . T (hi), xo) (Ti(02) = Til0) ) da dt‘ <
4ksup/ /Q‘q(Tm(hk>aXs)*Q(Tm(Hm,k),xs)

e>0J0

’//{(Kh <m}Q(Tm(Hm,k),xs)(Tk(Qs) ~Ti(0)) da dt’.

As for the former expression, we infer from (1.20) and (5.8) that

dx dt+

T
s [ ] \q(mek),xa)—q(Tm<Hm,k>,x8> drdt<  (5.20)
e>0 Q
Ck(1+m2/3)||hk_ Hp kel 10,1y x0) < k

thanks to the choice H,, ;; while the latter can be treated as

imsup| [ [ () ) (o) - @) dedi] < (521)
e—0 {0<h,<m}
lim sup } // q(To(Hpm k), Xe)(Tk(Qe) —0:+o0— Tk(g)) dx dt}—i—
e—=0 0<hp<m}
timsup | // AT (), x)- — ) dr ] <
€0 {0<hy,<m}

e(a+m*) sup {I1(00) = ecls ey + o~ o)
E—r

}+
L1((0,T)x )
m>/3
{Ia(Tn (Hr ), ) }limsup 0. — o a(oy € Crr
SUP | 9(Tm (Hm,t)s Xe)ll 2 0 mown 2 g B SUP e = ell e o, mwr()+) = €27
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Thus relations (5.19 - 5.21) allow us to conclude that

1 md/3
hmlnf/ / hk,x8 Tk(gs) Tk (o )) dx dt > c< —-1/9 3/SJr v + IE ) .

Inserting the above lower bound in (5.17), we deduce that

m-+m

5/3
aown < ¢ (k:l + k23 4 m—1/132w2/8 + m*1/9w;z’/8 + 1278 ) for any m, k;

whence

T
lim sup (hmsup/ | Th(0:) — Ti(0)[¥? dz dt) =0,
0 Jo

k—o0 e—0

which yields the desired conclusion

0. — o (strongly) in L'((0,T) x Q). (5.22)

6. STRONG CONVERGENCE OF THE TEMPERATURE

Up to now, we have collected the following information concerning the sequence
{7-98}E>0:
e by virtue of (5.13),
V.9 — 0in LP((0,T) x Q;R?) for any 1 < p < 2; (6.1)

e the limit temperature distribution is spatially homogeneous, specifically, by
virtue of (5.14), (5.15), (5.16), and (6.1),

Ue = (Je = Xe) + Xey Xe = 9819 dz, (6.2)

1
M
and

(9 — x) — 0 strongly in LP(0,T; W1P(Q)) for any 1 <p < 2,

(6.3)
(798 - Xa) — 0 weakly in L2(0, T; Wl,Q(Q)),
Xe = x = weakly - (*) in L*=(0,T); (6.4)
e the radiation component of the internal energy vanishes asymptotically (see
(4.5)),
20! = 0 in L7/2((0,T) x ). (65)

In order to go on, we establish a positivity property for the temperature. More
specifically, we claim that there is g9 > 0

1
Xe = M/ 0¥ de >n >0 fora.a. te(0,7) and ¢ € (0,¢ep). (6.6)
Q

For that purpose we adapt the proof of the positivity property (4.8) in [11] and
first observe that, by virtue of Gibb’s relation (1.9), there is a function Sg such
that sp(0,9) = SF (919_3/2). Owing to the monotonicity of sp with respect to the
temperature, we may define

The scaling invariance of sp then implies that sp(g,0+) does not depend on p. We
therefore have either sp(p,0+) = —oo for all ¢ > 0 or sp(p,0+) = ¢ € R for all
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o > 0. Since sp is defined up to an additive constant, we may assume that £ = 0
in the latter case and Sp(1) =0 in the former. We thus have either

sp(p,0+) = éir% sp(p,9) = —oco forall ¢ >0, (6.7)
—
or

sp(0,04+) = 1%i_}mo sp(o,9) =0 for all o> 0. (6.8)

The next crucial observation is that, in accordance with (2.5), the total entropy
Se:it— / 0:8(0e,¥:) da is non-decreasing in (0,7)
Q

and bounded from above and from below by (1.23) and (3.11). Therefore, after
possibly extracting a subsequence, we deduce from Helly’s selection principle that
there is S € L*°(0,T) such that

S. — S in L'(0,7), (6.9)

and S¢(t) > Sy for a.a. t € (0,T) and € > 0. It next follows from (1.24) and (3.8)
that

/ 0:5F(0e,9) do > S :/ 0s(0, 9) da (6.10)
Q Q

for a.a. t € (0,T) and € € (0,e0) with g9 small enough. Now the claim (6.6) is a
straightforward consequence of (3.1), (3.6), (3.9), (6.10) and the following lemma.

Lemma 6.1. Consider Ry > 0. There exists a positive constant m > 0 depending
only on M, Ry and S such that, if o is a non-negative function in L5/3(Q) and
9 :Q — (0,00) is a positive and measurable function satisfying

lol35a (g + lledll @) < Ro,

(6.11)
/ odex =DM and / osr(0,9) de > S,
Q Q
then
/ o dz > m > 0.
Q

In order not to delay further the proof of the strong convergence of {¥.}.>0, we
postpone the proof of Lemma 6.1 to the end of the section.
Owing to (6.4), the positivity property (6.6) is also enjoyed by ¥ = x and thus

¥>n>0 foraa. te(0,T). (6.12)

The next consequence of (6.9), along with the strong convergence of the densities
established in (5.22) and (6.3), (6.4), is that

iig%) /OT /Q (983(98,195) — 058(95,19)) (195 - 19) dx dt = 0. (6.13)

Indeed one has

T
| [ (esstoeso) = oeston ) (v~ 0) do de = 5 + 115 + 15,
0 Q

Hi = /OT /Q (958(95,195) - 958(95719)) (198 - xg) dz dt

with
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and

T T
H; =/ (Xe —x) 8= dt, Hj =/ (X —x)(/ 0e5(0e, ) dw) dt.
0 0 Q

It readily follows from (5.4) and (6.9) that H5 — 0 as € — 0. Similarly, we deduce
from (5.22) and the positivity (6.12) of ¥ that {g:s(0e,?)}e>0 converges towards
0s(0,9) in L*((0,T) x Q) as € — 0, whence H§ — 0 as € — 0 by (5.4). Concerning
Hf, we first observe that, if s is bounded from below, the convergence of H to zero
as € — 0 is a straightforward consequence of (3.6), (3.8), (3.10), (3.18) and (6.3).
However, some difficulties arise when sp is not bounded below as we do not have
a uniform positive lower bound for ¥.. To remedy to this fact, we are going to use
the extra assumption (1.24) and thus consider the case where Qr(Z)/Z > a > 0
for all Z > 0. Then

3 9
sr(0,9) < ——alOgQ+ Zalogﬂ if o> 0%/2,

2
and we infer from (3.6), (3.8), (3.10), and (3.18) that
4 Yo 3a
< = - 3 —o.1 — —oc1
So < S, 35 ; 92 dx+/{g€>ﬁg/2} < 1 0: log ¥, 5 0 ogge) dx

3C, 9C,
s (s e posten + X o losoo) )
{o-<0?/?} 2 4

9o 3a
/ (IQE log ¥, — ?Qs log Q€> dz + C/ (Qs + Q?/B + 95195) dz
Q Q

9
< —Oé/g,glogﬂ‘E dz + c.
4 Jo

Combining the previous bound with (3.9) allows us to deduce that

/ 0:|log¥.| dz < c.
Q
Thanks to (3.15), we may now apply Lemma 3.1 to conclude that
{log¥.}.~0 is bounded in L*(0,T; W?(Q)). (6.14)
Using again (3.10) and the assumption (1.24), we have

3C, 9C,
QES(QE) 796) < SF(L 1)@8 + TQ& |10g(98)| + TQ& [IOg(ﬂa)]-i_

and
0:5(02,09:) > —c (0c |log(oz)| + 0 [log(Ve)]) ,
and (3.6), (3.8), (3.18) and (6.14) warrant that
{0:5(0e,9:)}es0 is bounded in L2(0,T; L3%/23(2)).

This last property, (3.18), and (6.3) finally allow us to conclude that H{ — 0 as
¢ — 0 and complete the proof of (6.13).
Moreover, writing

4e
S(Qv 19) = 3_9193 + SF(Qv 19)7

we get

lim /OT/Q (gESF(QE,ﬂE) — QESF(QE,ﬁ)) (19E — 19) dz dt = 0. (6.15)

e—0
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Now, for 6 € (0,1) and K > 1/n (the constant n being defined in (6.6)), we have

//{ ; |9. — 9* do dt < I1(K) + I? + I2(K) + I2(K),
o>

where
INK) = // |0, — 9 dz dt,
{Q£>K§195>K}
I? = // |9, — 9 dx dt,
{0:<8;0>8}
Ig(K)// |9, — 9 dx dt,
{5SQ£SK?1/KS0£SK}

and

INK) = // |9, — 9 dx dt.
{9:<1/K}

By (3.6) and (3.18) we have
lim sup{I}(K)} = 0.

K—00 >0
Moreover, as g. — ¢ a.e. in (0,T) x Q by (5.22),
lim 12 = 0.
e—0

Similarly, as (J: — xe) — 0 a.e. in (0,7) x Q by (6.3) and x. > n a.e. in (0,T) by
(6.6),

1
im 14 = — <.
ggla(K) 0 as soon as % S0

Finally, if o, € [0, K] and 9. € [1/K, K], we have

_ — 9 > i —9)2
(QESF(QEa 798) QESF(QE) 79)) (198 79) >0 {[J,K]gl[llr/lK,K] SF} (798 19)

and the strict positivity of sp in [0, K] x [1/K, K] and (6.15) entail that
lim I3(K) = 0 for any fixed K.
e—0

Consequently, for K > 1/7, we have

limsup// |9. — 9% do dt < sup{I{(K)}.
{o>6} e>0

e—0

Letting K — oo leads us to
Y. — 9 in L*({o > §}) for any 6 > 0,
which, combined with (6.3), (6.4) yields
e — ¥ in LP(0,T; WHP(Q)) for any 1 < p < 2. (6.16)
As a consequence of (4.6), (5.22), and (6.16), we have

pr(0,9) = pr(o,9).

Proof of Lemma 6.1: Assume for contradiction that the conclusion of the
lemma is false. Then there are a sequence of non-negative functions {g,},>1 in
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L°/3(Q) and a sequence of positive and measurable functions {Un}n>1 satisfying
(6.11) and

lim 0n¥y dx = 0.

Given j > 1 and k > 1, we infer from (3.10) that

/ QnSF(Qnaﬂn) dx
{Qngl/k}

3C, 9C,
<[ L)+ 25 howto) + 5 ox0,)]" o o
{on<1/k}

so that

1 logk
limsup/ 0n8F(0n,9n) dz < c (— + 8 ) <ck V2
{en<1/k} ko k

n—o0

Similarly, by (3.10) and (6.11) we have

/ QnSF(Qn;ﬂn) dz
{ank}

2/3 2/3
On 3C, on 9C, N
= /{QnZk} {SF(L 1)k2/3 T 9 k1/3 + 4 [log ()] on dz

1
Sc(m‘i‘/ggnﬂndx)a

limsup/ 0nSF(0n, ) dz < ck=1/3.
{ank}

n—o0

and thus

Using once more (3.10) and (6.11) we obtain

/ Q"SF(Qnaﬁn) dZE
{1/k<on<k;9n>1/(jk2/3)}

3C, 9C,
< (kst(l,l)—i— k:logk) / dz + / 0nVp dz
2 {endn21/(K5/2)} 4 Ja

< c(jk8/3+jk8/3logk+1) / ondn da,
Q

whence

lim sup 0n8F(0n, ) dz < 0.

n—oo /{1/k<gn<k;19n>1/(jk2/3)}
Finally, introducing g1 = @n1[1/k,k] (0n) and using the monotonicity of s, we get

1 1
/ 0nSF(0n,Vn) do < / On,kSF (_’ ; 2/3‘) dz
{1/k<on <kidn<1/(jk>/3)} {90 <1/(5k2/%)} kok

1
SF (13_)/ Qn,kdx
J7 J{en¥n<k!/3/5}
1
S| (1, —,) M.
J

IN

IN
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Summarizing, we have shown that

1
limsup/ onSF(on,0y) de < ck™/3 4 sp (1, —,) M
Q J

n—roo

for all k> 1 and j > 1. Letting ¥ — oo and using (6.11) we end up with

- 1
S < hrninf/ 0nSF(0n,9y) do < limsup/ 0nSF(0n,9n) dz < sp <1, —,> M.
Q Q J

n—00 n—00

At this stage, we have either (6.7) or (6.8). On the one hand, if sp fulfils (6.7) we
may let j — oo and find that S = —00 and a contradiction. On the other hand, if
(6.8) holds true, we obtain that S = 0 by passing to the limit as j — oo. The strict
monotonicity of sp with respect to the temperature then implies that ¥ = 0. But
this contradicts the positivity of J and completes the proof. (I

7. CONCLUSION

Summarizing the above considerations we infer that the limit quantities o, J
solve the problem
Oro + div,J =0, (7.1)
0(0) =00, J -mfoe =0 (7.2)
in the sense of distributions (cf. Definition 2.1).
Moreover, the current J is given by the constitutive equation

J = —Vaupr(o,9) — 0V, (7.3)
where
AD =1gpin (0,T) x R3. (7.4)
The temperature 1 is a spatially homogeneous function such that
1
Ey :/ (gep(g, 9) + 59@) dz a.e. in (0,7). (7.5)
Q
In addition, we have shown that the total entropy
St |—>/ osr(o,¥) da (7.6)
Q
is a non-decreasing function of time satisfying
im i > 5. .
ess htrgérﬁf S(t) > So (7.7)

Since ¥ and 1/9 belong to L>°(0,T) by virtue of (5.16) and (6.12), Theorem 1.1
has been proved.

REFERENCES

[1] P.Biler and T. Nadzieja. Global and exploding solutions in a model of self-gravitating systems.
Rep. Math. Phys., 52:205-225, 2003.

[2] P. Biler, T. Nadzieja, and R. Staniczy. Nonisothermal systems of self-attracting Fermi-Dirac
particles. in Nonlocal Elliptic and Parabolic Problems, 61-78, Banach Center Publ., 66, Polish
Acad. Sci., Warsaw, 2004.

[3] P.-H. Chavanis, Ph. Laurengot, and M. Lemou. Chapman-Enskog derivation of the generalized
Smoluchowski equation. Phys. A, 341:145-164, 2004.

[4] P.-H. Chavanis, C. Rosier, and C. Sire. Thermodynamics of self-gravitating systems. Phys.
Rev. E, 66:036105, 2002.

[5] P.-H. Chavanis and C. Sire. Anomalous diffusion and collapse of self-gravitating Langevin
particles in D dimensions. Phys. Rev. E, 69:016116, 2004.



26

EDUARD FEIREISL AND PHILIPPE LAURENCOT

[6] P.H. Chavanis, J. Sommeria, and R. Robert. Statistical mechanics of two-dimensional vortices

and collisionless stellar systems. Astroph. J., 471:385-399, 1996.

[7] W.J. Cody and H.C. Thacher, Jr. Rational Chebyshev approximations for Fermi-Dirac inte-

grals of orders —1/2, 1/2 and 3/2. Math. Comp., 21:30-40, 1967.

[8] R.J. DiPerna and P.-L. Lions. Ordinary differential equations, transport theory and Sobolev

spaces. Invent. Math., 98:511-547, 1989.

[9] C.J. van Duijn, I.A. Guerra, and M.A. Peletier. Global existence conditions for a non-local

problem arising in statistical mechanics. Adv. Differential Equations, 9:133-158, 2004.

[10] E. Feireisl. Dynamics of Viscous Compressible Fluids. Oxford University Press, Oxford, 2004.
[11] E. Feireisl. Mathematical theory of compressible, viscous, and heat conducting fluids. Comput.

Math. Appl., 53:461-490, 2007.

[12] E. Feireisl and A. Novotny. On a simple model of reacting compressible flows arising in

astrophysics. Proc. Roy. Soc. Edinburgh Sect. A, 135:1169-1194, 2005.

[13] E. Feireisl and H. Petzeltovd. On integrability up to the boundary of the weak solutions

of the Navier-Stokes equations of compressible flow. Comm. Partial Differential Equations,
25:755-767, 2000.

[14] R. Klein, N. Botta, T. Schneider, C.D. Munz, S. Roller, A. Meister, L. Hoffmann, and

T. Sonar. Asymptotic adaptive methods for multi-scale problems in fluid mechanics. J. Engrg.
Math., 39:261-343, 2001.

[15] P.-L. Lions. Mathematical Topics in Fluid Dynamics, Vol. 2, Compressible Models. Oxford

Science Publication, Oxford, 1998.

[16] R. Stariczy. On an evolution system describing self-gravitating particles in microcanonical

setting. preprint, 2006.

[17] R.Kh. Zeytounian. Theory and Applications of Viscous Fluid Flows. Springer-Verlag, Berlin,

2004.

MATHEMATICAL INSTITUTE AS CR, ZITNA 25, 115 67 PRAHA 1, CZECH REPUBLIC
E-mail address: feireisl@math.cas.cz

INSTITUT DE MATHEMATIQUES DE ToULOUSE, CNRS UMR 5219, UNIVERSITE PAUL SABATIER

(TouLousE III), 118 ROUTE DE NARBONNE, F-31062 TouLOUSE CEDEX 9, FRANCE

E-mail address: laurenco@mip.ups-tlse.fr



