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❙tr❛t❡❣②✮✱ ❛ ♥❡✇ ♥♦♥✲s❡q✉❡♥t✐❛❧ s❡❛r❝❤ str❛t❡❣② ✇❡ ❤❛✈❡
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❡st ❧✐♥❦✳ ❚❤✉s✱ ♠♦r❡ ❛♥❞ ♠♦r❡ ❛tt❡♥t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦
t❤❡ s♦❢t✇❛r❡ ✈❡r✐✜❝❛t✐♦♥ ♣r♦❝❡ss ❬✻❪✳ ❙♦❢t✇❛r❡ ✈❡r✐✜❝❛t✐♦♥
✐♥❝❧✉❞❡s ❢♦r♠❛❧ ♣r♦♦❢s ✭❛✉t♦♠❛t✐❝ ♦r s❡♠✐✲❛✉t♦♠❛t✐❝✮✱
❢✉♥❝t✐♦♥❛❧ ❛♥❞ str✉❝t✉r❛❧ t❡st✐♥❣✱ ♠❛♥✉❛❧ ❝♦❞❡ r❡✈✐❡✇
❛♥❞ ❛♥❛❧②s✐s✳ ■♥ ♣r❛❝t✐❝❡✱ ❢♦r♠❛❧ ♣r♦♦❢ ♠❡t❤♦❞s t❤❛t ❡♥✲
s✉r❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛❧❧ ❜✉❣s ✐♥ ❛ ❞❡s✐❣♥ ❛r❡ ✉s✉❛❧❧② t♦♦
❡①♣❡♥s✐✈❡✱ ♦r r❡q✉✐r❡ ♠❛♥✉❛❧ ❡✛♦rts✳ ❚❤✉s✱ ❛✉t♦♠❛t✐❝
❣❡♥❡r❛t✐♦♥ ♦❢ ❝♦✉♥t❡r❡①❛♠♣❧❡s ✈✐♦❧❛t✐♥❣ ❛ ♣r♦♣❡rt② ♦♥ ❛
❧✐♠✐t❡❞ ♠♦❞❡❧ ♦❢ t❤❡ ♣r♦❣r❛♠ ✐s ❛♥ ✐♠♣♦rt❛♥t ✐ss✉❡✳ ❚②♣✲
✐❝❛❧❧②✱ t❤✐s ✐s ❛♥ ♦♣❡♥ ❝❤❛❧❧❡♥❣❡ ✐♥ r❡❛❧ t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s
✇❤❡r❡ ❜✉❣s ♠✉st ❜❡ ❢♦✉♥❞ ❢♦r r❡❛❧✐st✐❝ t✐♠❡ ♣❡r✐♦❞s✳
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❜❡❡♥ ✇✐❞❡❧② ✉s❡❞ ✐♥ s❡♠✐❝♦♥❞✉❝t♦r ✐♥❞✉str② ❢♦r ✜♥❞✐♥❣
❞❡❡♣ ❜✉❣s ✐♥ ❤❛r❞✇❛r❡ ❞❡s✐❣♥s ❬✺❪ ❛♥❞ ❛r❡ ❛❧s♦ ❛♣♣❧✐❝❛❜❧❡
❢♦r s♦❢t✇❛r❡ ❬✶✻❪✳ ■♥ ❇▼❈✱ ❢❛❧s✐✜❝❛t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ♣r♦✲
❣r❛♠ ♣r♦♣❡rt② ✐s ❝❤❡❝❦❡❞ ❢♦r ❛ ❣✐✈❡♥ ❜♦✉♥❞ ❦✳ ❇▼❈ ❬✶✼❪
♠❛✐♥❧② tr❛♥s❢♦r♠s t❤❡ ✉♥✇♦✉♥❞ ♣r♦❣r❛♠ ❛♥❞ t❤❡ ♣r♦♣✲
❡rt② ✐♥t♦ ❛ ♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r♠✉❧❛ φ s✉❝❤ t❤❛t φ ✐s s❛t✐s✜✲
❛❜❧❡ iff t❤❡r❡ ❡①✐sts ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ ♦❢ ❞❡♣t❤ ❧❡ss t❤❛♥
❦✳ ❆ ❙❆❚✲s♦❧✈❡r ♦r ❙▼❚✲s♦❧✈❡r ✐s ✉s❡❞ ❢♦r ❝❤❡❝❦✐♥❣ t❤❡
s❛t✐s✜❛❜✐❧✐t② ♦❢ φ✳
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❲❡ ✐♥✈❡st✐❣❛t❡ ✐♥ t❤✐s ♣❛♣❡r t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ ❝♦♥str❛✐♥t✲
❜❛s❡❞ ❇▼❈ ❢♦r ♣r♦❣r❛♠ ✈❡r✐✜❝❛t✐♦♥ ❛♥❞ ❝♦✉♥t❡r❡①❛♠✲
♣❧❡ ❣❡♥❡r❛t✐♦♥ ♦♥ r❡❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ✈❡r✲
✐❢② t❤❡ ❝♦♥❢♦r♠✐t② ♦❢ ❛ ♣r♦❣r❛♠ ✇✐t❤ ✐ts s♣❡❝✐✜❝❛t✐♦♥✱
t❤❛t ✐s✱ t♦ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✐s ❛ ❝♦♥✲
s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r♦❣r❛♠ ✉♥❞❡r t❤❡ ❜♦✉♥❞❡❞♥❡ss r❡str✐❝✲
t✐♦♥s✳ ❚❤❡ ❦❡② ✐❞❡❛ ✐♥ ❝♦♥str❛✐♥t✲❜❛s❡❞ ❇▼❈ ✐s t♦ ✉s❡
❝♦♥str❛✐♥t st♦r❡s t♦ r❡♣r❡s❡♥t ❜♦t❤ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞
t❤❡ ♣r♦❣r❛♠✱ ❛♥❞ t♦ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝❛❧❧② ❡①♣❧♦r❡ ❡①✲
❡❝✉t✐♦♥ ♣❛t❤s ♦❢ ❜♦✉♥❞❡❞ ❧❡♥❣t❤ ♦✈❡r t❤❡s❡ ❝♦♥str❛✐♥t



✷ ❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤

st♦r❡s✳ ❚❤❡ ✐♥✐t✐❛❧ ❝♦♥str❛✐♥t st♦r❡ ❝♦♥s✐sts ♦❢ t❤❡ ♣r❡✲
❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡ ♥❡❣❛t✐♦♥ ♦❢ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✳ ❚❤❡
♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❝♦♥str❛✐♥t✲❜❛s❡❞ s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥
✐♥❝r❡♠❡♥t❛❧❧② r❡✜♥❡s t❤✐s ❝♦♥str❛✐♥t st♦r❡ ❜② ❛❞❞✐♥❣ ❝♦♥✲
str❛✐♥ts ❣❡♥❡r❛t❡❞ ❢r♦♠ ♣r♦❣r❛♠ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❛ss✐❣♥✲
♠❡♥ts✳ ▲✐❦❡ ✐♥ st❛♥❞❛r❞ ❇▼❈✱ ✇❡ ❛ss✉♠❡ ❛ ❜♦✉♥❞ ♦♥
t❤❡ ♣r♦❣r❛♠ ✐♥♣✉ts ✭❡✳❣✳✱ t❤❡ ❛rr❛② ❧❡♥❣t❤✱ t❤❡ s✐③❡ ♦❢
t❤❡ ✐♥t❡❣❡rs ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡ ✈❛❧✉❡s✮ ❛♥❞ ♦♥ t❤❡ ♥✉♠❜❡r
♦❢ ✐t❡r❛t✐♦♥s ❢♦r ❧♦♦♣s✳ ❇♦✉♥❞❡❞♥❡ss ❣✉❛r❛♥t❡❡s t❡r♠✐✲
♥❛t✐♦♥ ❜✉t ✐t ♠❛② ✐♥❞✉❝❡ ✐♥❝♦♠♣❧❡t❡♥❡ss✿ ✐♥❞❡❡❞✱ t❤❡
✈❡r✐✜❡r ✐s ✐♥❝♦♥❝❧✉s✐✈❡ ✐❢ ❡①❡❝✉t❛❜❧❡ ♣❛t❤s ✇✐t❤ ❛ ❧❡♥❣t❤
❣r❡❛t❡r t❤❛♥ t❤❡ s♣❡❝✐✜❡❞ ❜♦✉♥❞ ❡①✐st✳ ❚❤❡ ✐♥♣✉t ♣r♦✲
❣r❛♠ ✐s ❝♦rr❡❝t ✐❢ ❡❛❝❤ ❝♦♥str❛✐♥t st♦r❡ ♣r♦❞✉❝❡❞ ❜② t❤❡
s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥ ✐♠♣❧✐❡s t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡
❧♦♦♣ ✉♥✇✐♥❞✐♥❣ ❛ss❡rt✐♦♥ ✭t❡r♠✐♥❛t✐♥❣ ❛ ❧♦♦♣ ❡❛r❧②✮ ❞♦❡s
♥♦t ❢❛✐❧✳

❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝♦♥str❛✐♥t✲❜❛s❡❞ ❇▼❈
❛♥❞ st❛♥❞❛r❞ ❇▼❈ ✭✐✳❡✳✱ ❇▼❈ ❜❛s❡❞ ♦♥ ❙❆❚ ♦r ❙▼❚
s♦❧✈❡rs✮ ❬✶✻❪ ❧✐❡s ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ❛♥❞
t❤❡ ❛ss❡rt✐♦♥s✿ t❤❡ st❛♥❞❛r❞ ❇▼❈ ❛♣♣r♦❛❝❤ ❣❡♥❡r❛t❡s ❛
❜✐❣ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ ✇❤❡r❡❛s ✇❡ ❣❡♥❡r❛t❡ t❤❡ ❝♦♥str❛✐♥ts
♦♥ t❤❡ ✢②✳ ❲❡ ♣r♦♣♦s❡❞ ✐♥ ❛ ♣r❡✈✐♦✉s ✇♦r❦ ❛ ❝♦♥str❛✐♥t✲
❜❛s❡❞ ❇▼❈ ❢r❛♠❡✇♦r❦ ♥❛♠❡❞ ❈P❇P❱ ❬✾✱✶✵❪✳ ❈P❇P❱
✐s ❜❛s❡❞ ♦♥ ❛ ❞❡♣t❤ ✜rst s❡❛r❝❤ str❛t❡❣② t❤❛t ❡①♣❧♦r❡s
t❤❡ ❈♦♥tr♦❧ ❋❧♦✇ ●r❛♣❤ ✭❈❋●✮ ♦❢ ❛ ♣r♦❣r❛♠ st❛rt✐♥❣
❢r♦♠ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥✳ ❈P❇P❱ ✐♥❝r❡♠❡♥t❛❧❧② ❛❞❞s t❤❡
❝♦♥str❛✐♥ts ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♥♦❞❡s ♦❢ t❤❡ ❈❋●✱ ♣r✉♥✲
✐♥❣ ✉♥❢❡❛s✐❜❧❡ ♣❛t❤s ❛s ❡❛r❧② ❛s ♣♦ss✐❜❧❡✳ ❈P❇P❱ ❤❛s
❜❡❡♥ s✉❝❝❡ss❢✉❧ ♦♥ ❝❧❛ss✐❝❛❧ ❜❡♥❝❤♠❛r❦s✱ s✉❝❤ ❛s s♦rt✲
✐♥❣ ❛❧❣♦r✐t❤♠s ♦r t❤❡ ❜✐♥❛r② s❡❛r❝❤ ❛❧❣♦r✐t❤♠✳ ❍♦✇❡✈❡r✱
❈P❇P❱ ✇❛s ✉♥❛❜❧❡ t♦ ♣r♦✈❡ ♦r t♦ ❞✐s♣r♦✈❡ ❛♥② ♦❢ t❤❡
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ❛♣♣❧✐❝❛t✐♦♥✳ ❚❤❡r❡✲
❢♦r❡✱ ✇❡ ✐♥✈❡st✐❣❛t❡❞ ♥❡✇ s❡❛r❝❤ str❛t❡❣✐❡s ❛♥❞ ❞❡s✐❣♥❡❞
❉P❱❙ ✭❉②♥❛♠✐❝ P♦st✲❝♦♥❞✐t✐♦♥ ❱❛r✐❛❜❧❡ ❞r✐✈❡♥ ❙tr❛t✲
❡❣②✮✱ ❛ ♥♦♥✲s❡q✉❡♥t✐❛❧ ❜♦tt♦♠✲✉♣ s❡❛r❝❤ str❛t❡❣②✳ ❉P❱❙
st❛rts ❢r♦♠ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❛♥❞ ❝♦❧❧❡❝ts ❛s ♠✉❝❤ ✐♥❢♦r✲
♠❛t✐♦♥ ♦♥ t❤❡ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❛s ♣♦ss✐❜❧❡✱
t♦ ❞❡t❡❝t ✐♥❝♦♥s✐st❡♥❝✐❡s ❛s ❡❛r❧② ❛s ♣♦ss✐❜❧❡✳

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s t✇♦❢♦❧❞✿

✐✮ ❲❡ ♣r♦✈✐❞❡ ❛ ♥❡✇ ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ✇❤✐❝❤ ✐s
st✐❧❧ ❛ ❝❤❛❧❧❡♥❣❡ ❢♦r st❛t❡✲♦❢✲t❤❡✲❛rt ❜♦✉♥❞❡❞ ♠♦❞❡❧
❝❤❡❝❦❡rs✳ ❲❤✐❧❡ ❇▼❈ ❤❛s ✇✐❞❡❧② ❜❡❡♥ ❛♣♣❧✐❡❞ ♦♥
❞❡✈✐❝❡ ❞r✐✈❡rs✱ ❛s ✐❧❧✉str❛t❡❞ ❜② t❤❡ ✈❡r② s✉❝❝❡ss✲
❢✉❧ ❙▲❆▼ ♣r♦❥❡❝t ❬✸❪✱ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ❝♦♠❡s ❢r♦♠
t❤❡ ❛✉t♦♠♦t✐✈❡ ✐♥❞✉str②✳ ❚❤✐s ❝❧❛ss ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ✐s
❣❡♥❡r❛❧❧② s✐♠✉❧❛t❡❞ ♦r ✈❡r✐✜❡❞ ✉s✐♥❣ ♣❧❛t❢♦r♠s s✉❝❤
❛s ❙✐♠✉❧✐♥❦ ♦r ❙❈❆❉❊ ✱ ❜✉t ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡
❝♦rr❡❝t✐♦♥ ♦❢ t❤❡ ❈ ❝♦❞❡ ✇❤✐❝❤ ✐s ❛❝t✉❛❧❧② ❡♠❜❡❞✲
❞❡❞ ✐♥ t❤❡ ❝❛r ❝♦♠♣✉t❡r✶✳ ❆❧❧ t❤❡ s♦✉r❝❡ ❝♦❞❡ ♦❢ t❤✐s
♥❡✇ ❦✐♥❞ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ✐s ♣✉❜❧✐❝❧② ❛✈❛✐❧❛❜❧❡✳

✐✐✮ ❲❡ ✐♥tr♦❞✉❝❡ ❉P❱❙ ✿ ❛ ♥♦♥✲s❡q✉❡♥t✐❛❧ ❜♦tt♦♠✲✉♣
s❡❛r❝❤ str❛t❡❣②✳ ■t ❜❡❤❛✈❡s ✇❡❧❧ ♦♥ t❤✐s ❛♣♣❧✐❝❛t✐♦♥✿
❉P❱❙ ❛♥❞ ❈❇▼❈ ❤❛✈❡ s✐♠✐❧❛r ♣❡r❢♦r♠❛♥❝❡s ♦♥
t❤r❡❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ❜✉t ❉P❱❙

✶ ❖t❤❡r✇✐s❡✱ t❤❡ ❝♦♠♣✐❧❡r ❢r♦♠ ❙✐♠✉❧✐♥❦ t♦ ❈ s❤♦✉❧❞ ❜❡ ❢♦r✲
♠❛❧❧② ✈❡r✐✜❡❞✳

♦✉t♣❡r❢♦r♠s ❈❇▼❈ t♦ ✜♥❞ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ ❢♦r
t✇♦ ♦t❤❡r ♣r♦♣❡rt✐❡s✳

✶✳✷ ❖✉t❧✐♥❡ ♦❢ t❤❡ ♣❛♣❡r

❲❡ ✜rst r❡❝❛❧❧ t❤❡ ❜❛s✐❝s ♦♥ ❝♦♥str❛✐♥t✲❜❛s❡❞ ❜♦✉♥❞❡❞
♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳ ❚❤❡♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s❡❛r❝❤ str❛t✲
❡❣② ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ t♦ ❤❛♥❞❧❡ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r

❛♣♣❧✐❝❛t✐♦♥✳ ◆❡①t✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ❛♣✲
♣❧✐❝❛t✐♦♥✱ ❛ r❡❛❧ t✐♠❡ ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❢r♦♠ ❛ ❝❛r
♠❛♥✉❢❛❝t✉r❡r✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡ ❙✐♠✉❧✐♥❦ ♠♦❞✉❧❡ ♦❢ t❤❡
❋❧❛s❤❡r ▼❛♥❛❣❡r ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦✳
❲❡ ❛❧s♦ ❡①♣❧❛✐♥ ❤♦✇ t❤❡ ❙✐♠✉❧✐♥❦ ♠♦❞✉❧❡ ❛♥❞ t❤❡ ♣r♦♣✲
❡rt✐❡s ❤❛✈❡ ❜❡❡♥ tr❛♥s❧❛t❡❞ ✐♥t♦ ❈ ♣r♦❣r❛♠s ✇❤✐❝❤ ❛r❡
✉s❡❞ ❛s ✐♥♣✉ts t♦ t❤❡ ❜♦✉♥❞❡❞ ♠♦❞❡❧ ❝❤❡❝❦❡rs✳ ❋✐♥❛❧❧②✱
✇❡ r❡♣♦rt ❡①♣❡r✐♠❡♥ts ♦♥ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ❛♣♣❧✐❝❛✲
t✐♦♥ ✇✐t❤ ❉P❱❙ ❛♥❞ ✇✐t❤ ❈❇▼❈ ✳

✷ ❈♦♥str❛✐♥t✲❜❛s❡❞ ❇▼❈

❲❡ ✜rst r❡❝❛❧❧ s♦♠❡ ❜❛s✐❝s ♦♥ ❈♦♥str❛✐♥t Pr♦❣r❛♠♠✐♥❣
✭❈P✮ t❡❝❤♥✐q✉❡s ❬✷✺❪ t❤❛t ❛r❡ ✉s❡❢✉❧ t♦ ✉♥❞❡rst❛♥❞ t❤❡
r❡st ♦❢ t❤❡ ♣❛♣❡r❀ t❤❡ r❡❛❞❡r ❢❛♠✐❧✐❛r ✇✐t❤ ❈P t❡❝❤♥✐q✉❡s
❝❛♥ s❦✐♣ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳

■♥ ❛ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ✐♥tr♦❞✉❝❡ ❝♦♥str❛✐♥t✲❜❛s❡❞ ❇▼❈
❛♥❞ t❤❡ ❉P❱❙ str❛t❡❣②✳

✷✳✶ ❇❛s✐❝s ♦♥ ❈P

❈♦♥str❛✐♥t Pr♦❣r❛♠♠✐♥❣ ✭❈P✮ ✐s ❛ ✇❛② ♦❢ ♠♦❞❡❧✐♥❣ ❛♥❞

s♦❧✈✐♥❣ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❈P ❝♦♠✲
❜✐♥❡s t❡❝❤♥✐q✉❡s ❢r♦♠ ❛rt✐✜❝✐❛❧ ✐♥t❡❧❧✐❣❡♥❝❡✱ ❧♦❣✐❝ ♣r♦✲
❣r❛♠♠✐♥❣✱ ❛♥❞ ♦♣❡r❛t✐♦♥s r❡s❡❛r❝❤✳ ❙❡✈❡r❛❧ ✐♥❞✉str✐❛❧
s♦❧✈❡rs ✭❡✳❣✳✱ ■▲❖●✴■❇▼✷✱ ❈♦♠❡t✸✮ ❛♥❞ ❛❝❛❞❡♠✐❝ s♦❧✈❡rs
✭❡✳❣✳✱ ●❡❝♦❞❡✹✱ ❈❤♦❝♦✺✱ ▼✐♥✐♦♥✻✮ ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❚❤❡r❡ ❛r❡
♠❛♥② s✉❝❝❡ss❢✉❧ ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ❡✳❣✳✱ t✐♠❡t❛❜❧✐♥❣
✭❉✉t❝❤ r❛✐❧✇❛②✮✱ ❤❛r❞✇❛r❡ ✈❡r✐✜❝❛t✐♦♥ ✭■♥t❡❧✮✱ s❝❤❡❞✉❧✲
✐♥❣✱ ♣❧❛♥♥✐♥❣ ✭s❡❡ ❬✷✺❪✱ P❛rt ■■✮✳

❚❤❡ ❦❡② ❢❡❛t✉r❡s ♦❢ ❈P ❛r❡✿

✕ ❉♦♠❛✐♥ ✜❧t❡r✐♥❣ t❤❛t ❝♦♥s✐❞❡rs ❡❛❝❤ ❝♦♥str❛✐♥t s❡♣✲
❛r❛t❡❧② ❛♥❞ r❡♠♦✈❡s ✈❛❧✉❡s t❤❛t ❛r❡ tr✐✈✐❛❧❧② ✐♥❝♦♥✲

s✐st❡♥t❀
✕ ❙❡❛r❝❤ str❛t❡❣✐❡s t❤❛t tr② t♦ ❡①♣❧♦✐t t❤❡ str✉❝t✉r❡ ♦❢

t❤❡ ♣r♦❜❧❡♠❀
✕ ●❧♦❜❛❧ ❝♦♥str❛✐♥ts t❤❛t ✉s❡ ✭❡✣❝✐❡♥t✮ s♣❡❝✐✜❝ ♣♦❧②♥♦✲

♠✐❛❧ ❛❧❣♦r✐t❤♠s ❢♦r s♦♠❡ s✉❜❝❧❛ss❡s ♦❢ ❝♦♥str❛✐♥ts✳

❚♦ ✐❧❧✉str❛t❡ t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ ✏❞♦♠❛✐♥ ✜❧t❡r✐♥❣✑
❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✿

✷ ❤tt♣✿✴✴✇✇✇✲✵✶✳✐❜♠✳❝♦♠✴s♦❢t✇❛r❡✴✐♥t❡❣r❛t✐♦♥✴

♦♣t✐♠✐③❛t✐♦♥✴❝♣❧❡①✲♦♣t✐♠✐③❡r✴
✸ ❤tt♣✿✴✴✇✇✇✳❝♦♠❡t✲♦♥❧✐♥❡✳♦r❣
✹ ❤tt♣✿✴✴✇✇✇✳❣❡❝♦❞❡✳♦r❣
✺ ❤tt♣✿✴✴❝❤♦❝♦✳s♦✉r❝❡❢♦r❣❡✳♥❡t✴❛♣✐✴❝❤♦❝♦✴❙♦❧✈❡r✳❤t♠❧
✻ ❤tt♣✿✴✴♠✐♥✐♦♥✳s♦✉r❝❡❢♦r❣❡✳♥❡t



❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤ ✸

✕ ✈❛r✐❛❜❧❡s✴❞♦♠❛✐♥s✿
x1 ∈ {1, 2}✱ x2 ∈ {0, 1, 2, 3}✱ x3 ∈ {2, 3}❀

✕ ❝♦♥str❛✐♥ts✿
{x1 > x2, x1 + x2 = x3, alldifferent(x1, x2, x3)}✳

❆ ♥❛✐✈❡ s❡❛r❝❤ ♣r♦❝❡ss ✇♦✉❧❞ ❡①♣❧♦r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❡❡✱
st❛rt✐♥❣ ❜② ❛ss✐❣♥✐♥❣ ✶ t♦ ✈❛r✐❛❜❧❡ x1✿

❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❥✉st ❝♦♥s✐❞❡r ❝♦♥str❛✐♥t x1 > x2✱ ✇❡ ❝❛♥
r❡♠♦✈❡ ✈❛❧✉❡s {2, 3} ❢r♦♠ t❤❡ ❞♦♠❛✐♥ ♦❢ ✈❛r✐❛❜❧❡ x2✳
❚❤❛t ✐s ✇❤❛t ❞♦♠❛✐♥ ✜❧t❡r✐♥❣ ❞♦❡s ✐♥ t❤❡ ✜rst st❡♣✳ ❚❤❡♥✱
t❤❡ s❡❛r❝❤ ♣r♦❝❡ss st❛rts ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❞✉❝❡❞ s❡❛r❝❤
tr❡❡✿

❱❛❧✉❡ 1 ✐s ❛ss✐❣♥❡❞ t♦ ✈❛r✐❛❜❧❡ x1 ❛♥❞ t❤❡ ✜❧t❡r✐♥❣ ♣r♦❝❡ss
✐s r❡st❛rt❡❞✳ ◆♦✇✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r ❝♦♥str❛✐♥t x1+x2 = x3

t❤❡ ❞♦♠❛✐♥s ♦❢ ✈❛r✐❛❜❧❡s x2 ❛♥❞ x3 ❜❡❝♦♠❡ ❡♠♣t②✳ ❙♦✱
✇❡ ✇✐❧❧ ❜❛❝❦tr❛❝❦ ❛♥❞ ❛ss✐❣♥ ✈❛❧✉❡ ✷ t♦ ✈❛r✐❛❜❧❡ x2✳ ❚❤❡
✜❧t❡r✐♥❣ ♣r♦❝❡ss ✇✐❧❧ ✉s❡ ❛❣❛✐♥ ❝♦♥str❛✐♥t x1 + x2 = x3

t♦ r❡♠♦✈❡ ✈❛❧✉❡ 0 ❢r♦♠ t❤❡ ❞♦♠❛✐♥ ♦❢ ✈❛r✐❛❜❧❡ x2 ❛♥❞
t❤❡ ❣❧♦❜❛❧ ❝♦♥str❛✐♥t alldifferent t♦ r❡♠♦✈❡ ✈❛❧✉❡ 2 ❢r♦♠
t❤❡ ❞♦♠❛✐♥ ♦❢ ✈❛r✐❛❜❧❡ x3✳ ❚❤✉s✱ ✇❡ ♦♥❧② ♥❡❡❞❡❞ t✇♦
❛ss✐❣♥♠❡♥ts t♦ ✜♥❞ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❚❤❡ ✜♥❛❧ s❡❛r❝❤
tr❡❡ ✐s✿

●❧♦❜❛❧ ❈♦♥str❛✐♥ts ❛r❡ ✈❡r② ✐♠♣♦rt❛♥t t♦ s♦❧✈❡ ❞✐✣✲
❝✉❧t ♣r♦❜❧❡♠s✳ ❚❤❡ alldifferent ❣❧♦❜❛❧ ❝♦♥str❛✐♥t ❬✷✹❪ ✐s
♣r♦❜❛❜❧② ♦♥❡ ♦❢ t❤❡ ♠♦st ❢❛♠♦✉s ❣❧♦❜❛❧ ❝♦♥str❛✐♥t✳ ■t

✉s❡s ♠❛t❝❤✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r ❜✐♣❛rt✐t❡ ❣r❛♣❤ ❛♥❞ ♥❡t✲
✇♦r❦ ✢♦✇ ❛❧❣♦r✐t❤♠s t♦ ❤❛♥❞❧❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts ♦❢
t❤❡ ❢♦r♠ xi 6= xj ✳ ■♥ ♣r♦❣r❛♠ ✈❡r✐✜❝❛t✐♦♥✱ ✇❡ ❝❛♥ ✉s❡
❛ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ s♦❧✈❡r ✭▲P✮ ❛s ❛ ❣❧♦❜❛❧ ❝♦♥str❛✐♥t
❢♦r ❤❛♥❞❧✐♥❣ ❛ s❡t ♦❢ ❧✐♥❡❛r ❝♦♥str❛✐♥ts✳

❚❤❡ s♦❧✈❡r ❡✣❝✐❡♥❝② ❛❧s♦ ❤✐❣❤❧② ❞❡♣❡♥❞s ♦♥ s❡❛r❝❤
str❛t❡❣✐❡s✳ ❚❤❡s❡ str❛t❡❣✐❡s ✉s❡ ❤❡✉r✐st✐❝s ❢♦r ❝❤♦♦s✐♥❣
t❤❡ ✈❛r✐❛❜❧❡ t♦ ✐♥st❛♥t✐❛t❡ ❛♥❞ ❢♦r ❝❤♦♦s✐♥❣ t❤❡ ✈❛❧✉❡ ❢♦r
t❤❡ s❡❧❡❝t❡❞ ✈❛r✐❛❜❧❡✳ ❋✐rst ❢❛✐❧ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ♣♦♣✉❧❛r
❤❡✉r✐st✐❝✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ ❋✐rst ❢❛✐❧ ✐s✿ ✧t♦ s✉❝❝❡❡❞✱
tr② ✜rst ✇❤❡r❡ ②♦✉ ❛r❡ ♠♦st ❧✐❦❡❧② t♦ ❢❛✐❧✧✳

✷✳✷ ❈P ❢r❛♠❡✇♦r❦ ✫ ❇▼❈✿ ♦✈❡r✈✐❡✇

❚❤❡ ❣♦❛❧ ♦❢ ❇▼❈ ✐s t♦ ♠❡❝❤❛♥✐❝❛❧❧② ❝❤❡❝❦ ♣r♦♣❡rt✐❡s ♦❢
♠♦❞❡❧s✳ ■♥ ❇▼❈✱ t❤❡ ❢❛❧s✐✜❝❛t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ♣r♦♣❡rt② ✐s
❝❤❡❝❦❡❞ ❢♦r ❛ ❣✐✈❡♥ ❜♦✉♥❞ k✳ ❇▼❈ ♠❛✐♥❧② ✐♥✈♦❧✈❡s t❤r❡❡
st❡♣s✿

✶✳ ❚❤❡ ♣r♦❣r❛♠ ✐s ✉♥✇♦✉♥❞ k t✐♠❡s✳
✷✳ ❚❤❡ ✉♥✇♦✉♥❞ ♣r♦❣r❛♠ ❛♥❞ t❤❡ ♣r♦♣❡rt② ❛r❡ tr❛♥s✲

❧❛t❡❞ ✐♥t♦ ❛ ❜✐❣ ♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r♠✉❧❛ φ✳ φ ✐s s❛t✐s✜✲
❛❜❧❡ iff t❤❡r❡ ❡①✐sts ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ ♦❢ ❞❡♣t❤ ❧❡ss
t❤❛♥ k✳

✸✳ ❆ ❙❆❚✲s♦❧✈❡r ♦r ❙▼❚✲s♦❧✈❡r ✐s ✉s❡❞ ❢♦r ❝❤❡❝❦✐♥❣ t❤❡
s❛t✐s✜❛❜✐❧✐t② ♦❢ φ✳

■♥ ♦✉r ❈P ❢r❛♠❡✇♦r❦✱ t❤❡ ❢❛❧s✐✜❝❛t✐♦♥ ♦❢ ❛ ❣✐✈❡♥
♣r♦♣❡rt② ✐s ❛❧s♦ ❝❤❡❝❦❡❞ ❢♦r ❛ ❣✐✈❡♥ ❜♦✉♥❞ ❛♥❞ ❛❧s♦ ✐♥✲
✈♦❧✈❡s t❤r❡❡ st❡♣s✿

✶✳ ❚❤❡ ♣r♦❣r❛♠ ✐s ✉♥✇♦✉♥❞ k t✐♠❡s✳
✷✳ ❆♥ ❛♥♥♦t❛t❡❞ ❛♥❞ s✐♠♣❧✐✜❡❞ ❈❋● ✐s ❜✉✐❧t✳
✸✳ ❚❤✐s ❈❋● ❛♥❞ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❛r❡ tr❛♥s❧❛t❡❞ ✐♥t♦

❝♦♥str❛✐♥ts ♦♥ t❤❡ ✢②✳ ❯♥❢❡❛s✐❜❧❡ ♣❛t❤s ❛r❡ ♣r✉♥❡❞

❛s ❡❛r❧② ❛s ♣♦ss✐❜❧❡✳

❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s ❛r❡✿

✕ ❙t❛♥❞❛r❞ ❇▼❈ ❜✉✐❧❞s ❛ ❜✐❣ ♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r♠✉❧❛
✇❤❡r❡❛s ❈P✲❜❛s❡❞ ❇▼❈ ❣❡♥❡r❛t❡s ❝♦♥str❛✐♥ts ♦♥ t❤❡
✢②✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡①♣❧♦r❛t✐♦♥ str❛t❡❣② ♦❢ t❤❡ ❈❋●✳

✕ ❙t❛♥❞❛r❞ ❇▼❈ ✉s❡s ❡✣❝✐❡♥t ❙❆❚✲s♦❧✈❡rs ✭♦r ♠♦r❡
r❡❝❡♥t❧② ❙▼❚✲s♦❧✈❡rs✮ ✇❤❡r❡❛s ❈P✲❜❛s❡❞ ❇▼❈ ✉s❡s
❛ s❡t ♦❢ s♦❧✈❡rs✱ s♦♠❡ ♦❢ ✇❤✐❝❤ ❛r❡ ✇❡❧❧ s✉✐t❡❞ ❢♦r
❤❛♥❞❧✐♥❣ ♥✉♠❡r✐❝ ❡①♣r❡ss✐♦♥s✳

✷✳✸ ❈P ❢r❛♠❡✇♦r❦ ✫ ❇▼❈✿ ❞❡t❛✐❧s

▼♦r❡ ♣r❡❝✐s❡❧②✱ ❝♦♥s✐❞❡r ❛ ♣r♦❣r❛♠ P ✇✐t❤ ♣r❡✲❝♦♥❞✐t✐♦♥
pre✱ ♣♦st✲❝♦♥❞✐t✐♦♥ post ✇❤✐❝❤ ✐s ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ s♦♠❡
♣r♦♣❡rt✐❡s✱ ❛♥❞ ❛ ♣❛rt✐❝✉❧❛r ♣r♦♣❡rt② prop ❢r♦♠ post✼✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡✲♣r♦❝❡ss✐♥❣ st❡♣s ❛r❡ ✜rst ♣❡r❢♦r♠❡❞✿

✶✳ P ✐s ✉♥✇♦✉♥❞ k t✐♠❡s ②✐❡❧❞✐♥❣ ♣r♦❣r❛♠ Puw ❀

✼ post ✐s ❛ ❝♦♥❥✉♥❝t✐♦♥✱ s♦ ✐ts ♥❡❣❛t✐♦♥ ✭✇❤✐❝❤ ✐s ❛❞❞❡❞ ✐♥t♦ t❤❡
❝♦♥str❛✐♥t s②st❡♠✮ ✐s ❛ ❞✐s❥✉♥❝t✐♦♥✳ Pr❛❝t✐❝❛❧❧②✱ ✐t ✐s ♦❢t❡♥ ♠♦r❡
❡✣❝✐❡♥t t♦ ❤❛♥❞❧❡ ❡❛❝❤ ❝♦♥❥✉♥❝t ✐♥❞✐✈✐❞✉❛❧❧②✳



✹ ❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤

✷✳ Puw ✐s t❤❡♥ tr❛♥s❧❛t❡❞ ✐♥t♦ DSAPuw
✱ ✐ts ❉❙❆ ✭❉②✲

♥❛♠✐❝ ❙✐♥❣❧❡ ❆ss✐❣♥♠❡♥t✮ ❢♦r♠ ❬✹❪✱ ✇❤❡r❡ ❡❛❝❤ ✈❛r✐✲
❛❜❧❡ ✐s ❛ss✐❣♥❡❞ ❡①❛❝t❧② ♦♥❝❡ ♦♥ ❡❛❝❤ ♣r♦❣r❛♠ ♣❛t❤❀

✸✳ DSAPuw
✐s s✐♠♣❧✐✜❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s♣❡❝✐✜❝ ♣r♦♣✲

❡rt② prop ❜② ❛♣♣❧②✐♥❣ s❧✐❝✐♥❣ t❡❝❤♥✐q✉❡s❀
✹✳ t❤❡ ❈❋● ✭❝❛❧❧❡❞ G✮ ♦❢ t❤❡ s✐♠♣❧✐✜❡❞ DSAPuw

✐s ❜✉✐❧t❀
✺✳ t❤❡ ❞♦♠❛✐♥s ♦❢ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ♦❢ G ❛r❡ ✜❧t❡r❡❞ ❜②

♣r♦♣❛❣❛t✐♥❣ ❝♦♥st❛♥t ✈❛❧✉❡s ❛❧♦♥❣ G✳

❚❤❡♥ G ✐s ❡①♣❧♦r❡❞ ❛♥❞ ❛ ❝♦♥str❛✐♥t s②st❡♠ ✐s ❣❡♥✲
❡r❛t❡❞ ♦♥ t❤❡ ✢② ❛s ❢♦❧❧♦✇s✿

✶✳ ❆ ❝♦♥str❛✐♥t s②st❡♠ CS ✐s ❝r❡❛t❡❞ ❛♥❞ ✐♥✐t✐❛❧✐③❡❞
✇✐t❤ t❤❡ ❝♦♥str❛✐♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥
pre ❛♥❞ t❤❡ ♥❡❣❛t✐♦♥ ♦❢ t❤❡ ♣r♦♣❡rt② t♦ ❜❡ ♣r♦✈❡♥
¬prop✳

✷✳ ◆♦❞❡s ♦❢ G ❛r❡ tr❛♥s❧❛t❡❞ ❛♥❞ ❛❞❞❡❞ t♦ CS ♦♥ t❤❡
✢②✳ ■❢ t❤❡ ❝✉rr❡♥t ♥♦❞❡ n ✐s ♥♦♥✲❝♦♥❞✐t✐♦♥❛❧✱ t❤❡♥ ✐t ✐s
s✐♠♣❧② tr❛♥s❧❛t❡❞ ❛s ❛ ❝♦♥str❛✐♥t ❛♥❞ ❛❞❞❡❞ t♦ CS✳
■❢ n ✐s ❛ ❝♦♥❞✐t✐♦♥❛❧ ♥♦❞❡✱ t❤❡♥ ✐ts ❝♦♥❞✐t✐♦♥ ✐s t❡♠✲
♣♦r❛r✐❧② ❛❞❞❡❞ t♦ CS t♦ ❝❤❡❝❦ ✐ts ❢❡❛s✐❜✐❧✐t②✳ ■❢ ✐t ✐s
♥♦t ❝♦♥s✐st❡♥t ✇✐t❤ CS✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛t❤ ✐s
❝✉t✳

✸✳ ❲❤❡♥ t❤❡ ❡♥❞ ♦❢ ❛♥ ❡①❡❝✉t✐♦♥ ♣❛t❤ ❤❛s ❜❡❡♥ r❡❛❝❤❡❞✱
CS ✐s s♦❧✈❡❞✳ ■❢ ✐t ❤❛s ❛ s♦❧✉t✐♦♥✱ ✐t ✐s ❛ ❝♦✉♥t❡r❡①✲
❛♠♣❧❡✱ s✐♥❝❡ ✐t s❛t✐s✜❡s t❤❡ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ♣r❡✲
❝♦♥❞✐t✐♦♥✱ ♦❢ t❤❡ ♣r♦❣r❛♠ ♣❛t❤ ❛♥❞ t❤❡ ♥❡❣❛t✐♦♥ ♦❢
t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✳ ■❢ CS ❤❛s ♥♦ s♦❧✉t✐♦♥✱ t❤❡ ♣r♦✲
❣r❛♠ ✐s ❝♦rr❡❝t ❛❧♦♥❣ t❤✐s ♣❛t❤ ✭✉♥❞❡r t❤❡ ❜♦✉♥❞❡❞✲
♥❡ss ❤②♣♦t❤❡s✐s✮✳

❚♦ ✐♥❝r❡❛s❡ ♣❡r❢♦r♠❛♥❝❡s✱ ♦✉r ❝♦♥str❛✐♥t ❢r❛♠❡✇♦r❦
✐s ♣❛r❛♠❡tr✐③❡❞ ✇✐t❤ ❛ ❧✐st ♦❢ s♦❧✈❡rs ✇❤✐❝❤ ❛r❡ tr✐❡❞
✐♥ s❡q✉❡♥❝❡✱ st❛rt✐♥❣ ✇✐t❤ t❤❡ ❧❡❛st ❡①♣❡♥s✐✈❡ ❛♥❞ t❤❡
❧❡❛st ❣❡♥❡r❛❧ ♦♥❡✳ ❖✉r ♣r♦t♦t②♣❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉s❡s ❛
❧✐♥❡❛r ♣r♦❣r❛♠✐♥❣ s♦❧✈❡r✱ ❛ ♠✐①❡❞ ✐♥t❡❣❡r✲♣r♦❣r❛♠♠✐♥❣
s②st❡♠ ❛♥❞ ❛ ✜♥✐t❡ ❞♦♠❛✐♥ ❝♦♥str❛✐♥t s♦❧✈❡r✳ ❚❤❡ ❢❡❛✲
s✐❜✐❧✐t② ❝❤❡❝❦ ✐♥ t❤❡ ❛❜♦✈❡ st❡♣ ✷ ✐s ♦♥❧② ❛ ♣❛rt✐❛❧ ❝♦♥✲
s✐st❡♥❝② t❡st✿ ✐t ♠❛② ♥♦t ❞❡t❡❝t s♦♠❡ ✐♥❝♦♥s✐st❡♥❝✐❡s✳ ■♥
❝♦♥tr❛st✱ ✐♥ st❡♣ ✸✱ t❤❡ ❝♦♥str❛✐♥t s②st❡♠ s♦❧✈✐♥❣ r❡❧✐❡s
♦♥ ❛ ❝♦♠♣❧❡t❡ ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡✳

❆s ✇❡ ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤
st❛♥❞❛r❞ ❇▼❈ t❤❛t ✉s❡s ❛ ❙❆❚ ♦r ❙▼❚ s♦❧✈❡r ✐s t❤❛t ♦✉r
❝♦♥str❛✐♥t✲❜❛s❡❞ ❇▼❈ ❛♣♣r♦❛❝❤ ❜✉✐❧❞s t❤❡ ❝♦♥str❛✐♥t
s②st❡♠ ♦♥ t❤❡ ✢② ❞✉r✐♥❣ ❈❋● ❡①♣❧♦r❛t✐♦♥✳ ❆ ♠❛❥♦r ❧❡✈❡r
t♦ ✐♠♣r♦✈❡ ♦✉r ♠❡t❤♦❞ ✐s t❤❡r❡❢♦r❡ t❤❡ ✇❛② t❤❡ ❈❋● ✐s
❡①♣❧♦r❡❞✳ ❚❤✉s✱ ✇❡ ❞❡✈❡❧♦♣❡❞ s♦♠❡ s❡❛r❝❤ str❛t❡❣✐❡s t❤❛t
❜❡st ♠❡❡t t❤❡s❡ t✇♦ ♦❜❥❡❝t✐✈❡s✿

✶✳ ❝✉t ✉♥❢❡❛s✐❜❧❡ ♣❛t❤s ❛s ❡❛r❧② ❛s ♣♦ss✐❜❧❡❀
✷✳ ✇❤❡♥ t❤❡r❡ ✐s ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡✱ ❡①♣❧♦r❡ t❤❡ ❢❛✉❧t②

♣❛t❤ ❛s ❡❛r❧② ❛s ♣♦ss✐❜❧❡✳

❚❤❡ ✜rst str❛t❡❣② ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ✇❛s ❛ ♥❛✐✈❡
❞❡♣t❤ ✜rst s❡❛r❝❤ str❛t❡❣②✱ ❝❛❧❧❡❞ ❈P❇P❱ ❬✶✵❪✳ ❚❤✐s
str❛t❡❣② ✇❛s s✉❝❝❡ss❢✉❧ ♦♥ ❛❝❛❞❡♠✐❝ ❜❡♥❝❤♠❛r❦s✱ ✐♥ ♣❛r✲
t✐❝✉❧❛r ❢♦r ♣r♦❣r❛♠s ✇✐t❤ ❛ str♦♥❣ ♣r❡✲❝♦♥❞✐t✐♦♥ ✭❡✳❣✳✱
t❤❡ ❜✐♥❛r② s❡❛r❝❤ ♣r♦❣r❛♠✮✳ ❍♦✇❡✈❡r✱ t❤✐s str❛t❡❣② ❢❛✐❧s
♦♥ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ❛♣♣❧✐❝❛t✐♦♥ ❜❡❝❛✉s❡ ✐t ❤❛s ♥♦

♣r❡✲❝♦♥❞✐t✐♦♥ ❛♥❞ ✐ts ♠❛✐♥ ❢✉♥❝t✐♦♥ ♠❛♥❛❣❡s ♠❛♥② ❢✉♥❝✲
t✐♦♥❛❧✐t✐❡s ✇❤✐❧❡ t❤❡ ♣r♦♣❡rt✐❡s t♦ ❜❡ ♣r♦✈❡♥ ❝♦✈❡r ❛ s♠❛❧❧
s✉❜s❡t ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥❛❧✐t✐❡s ✭s❡❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✳ ✺✮✳

❲❡ ❤❛✈❡ t❤✉s ❞❡✈❡❧♦♣❡❞ t❤❡ ❉P❱❙ s❡❛r❝❤ str❛t❡❣②✱
t❤❛t t❛❦❡s ❜❡♥❡✜ts ♦❢ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ t♦ ❡①♣❧♦r❡ t❤❡
❈❋● ✐♥ ❛ ❜♦tt♦♠✲✉♣ ✇❛②✳ ❚❤✐s ✐s ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♥❡①t
s✉❜s❡❝t✐♦♥✳

✷✳✹ ❉P❱❙✿ ❛ ♥♦♥✲s❡q✉❡♥t✐❛❧ s❡❛r❝❤ str❛t❡❣②

❈♦♥tr❛r② t♦ ❈P❇P❱ ✱ ❉P❱❙ ✐s ❛ ♥♦♥✲s❡q✉❡♥t✐❛❧ ❜♦tt♦♠✲

✉♣ str❛t❡❣② ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❞❡s✐❣♥❡❞ t♦ ✜♥❞ ❝♦✉♥t❡r❡①✲
❛♠♣❧❡s ❢♦r ♣r♦❣r❛♠ ♣r♦♣❡rt✐❡s✳ ■♥ ❉P❱❙✱ t❤❡ ❡①♣❧♦r❛t✐♦♥
♦❢ G ✐s ❣✉✐❞❡❞ ❜② t❤❡ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ✜rst ❡①♣❧♦r❡❞ ♥♦❞❡
✐s t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✳ ❚❤❡ ♥❡①t ❡①♣❧♦r❡❞ ♥♦❞❡s ❛r❡ t❤❡
♥♦❞❡s t❤❛t ❞❡✜♥❡ t❤❡ ✈❛r✐❛❜❧❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣♦st✲
❝♦♥❞✐t✐♦♥✱ ❛♥❞ s♦ ♦♥✳ ❆t ❡❛❝❤ st❡♣✱ t❤❡ ❡①♣❧♦r❡❞ ♥♦❞❡
❞❡✜♥❡s ❛ ✈❛r✐❛❜❧❡ ❞✐r❡❝t❧② ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥
♦r ❛ ✈❛r✐❛❜❧❡ t❤❛t ✐s ✐♥❞✐r❡❝t❧② ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣♦st✲
❝♦♥❞✐t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ ♥♦❞❡s ❛r❡ ❡①♣❧♦r❡❞ ✐♥ ❛ ♥♦♥✲
s❡q✉❡♥t✐❛❧ ✇❛②✿ ❛ ✈❛r✐❛❜❧❡ ✐♥✈♦❧✈❡❞ ✐♥ ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ ❛
♥♦❞❡ ♦❢ ❞❡♣t❤ n ♠❛② ❜❡ ❞❡✜♥❡❞ ✐♥ ❛ ♥♦❞❡ ♦❢ ❞❡♣t❤ n− i✳

❚❤✐s str❛t❡❣② ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✿
✇❤❡♥ t❤❡ ♣r♦❣r❛♠ ✐s ✐♥ ❛♥ ❙❙❆✲❧✐❦❡ ❢♦r♠✽✱ ❛ ❢❛✉❧t② ♣❛t❤
❝❛♥ ❜❡ ❜✉✐❧t ✐♥ ❛ ❞②♥❛♠✐❝ ✇❛②✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❈❋●
❞♦❡s ♥♦t ❤❛✈❡ t♦ ❜❡ ❡①♣❧♦r❡❞ ✐♥ ❛ t♦♣✲❞♦✇♥ ✭♦r ❜♦tt♦♠✲
✉♣✮ s❡q✉❡♥t✐❛❧ ✇❛②✱ ❛♥❞ ❝♦♠♣❛t✐❜❧❡ ❜❧♦❝❦s ❝❛♥ ❥✉st ❜❡
❝♦❧❧❡❝t❡❞ ✐♥ ❛ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ✇❛②✳

◆❡①t s❡❝t✐♦♥ ❡①♣❧❛✐♥s ❤♦✇ ❉P❱❙ ✇♦r❦s ✐♥ ❛♥ ✐♥❢♦r✲
♠❛❧ ✇❛②✳

✷✳✹✳✶ ■♥❢♦r♠❛❧ ♣r❡s❡♥t❛t✐♦♥

❚❤❡ ❝♦♥str❛✐♥t ❜❛s❡❞ ❞②♥❛♠✐❝ ❡①♣❧♦r❛t✐♦♥ ♦❢ G ✇♦r❦s ❛s
❢♦❧❧♦✇s✳ ❉P❱❙ ✉s❡s ❛ ❝♦♥str❛✐♥t st♦r❡ S ❛♥❞ ❛ q✉❡✉❡ ♦❢
✈❛r✐❛❜❧❡s Q✳ Q ✐s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ t❤❡ ✈❛r✐❛❜❧❡s ✐♥ prop

✭✇r✐tt❡♥ V (prop) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✮✱ S ✐s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤
pre ❛♥❞ t❤❡ ♥❡❣❛t✐♦♥ ♦❢ prop✳ ❆s ❧♦♥❣ ❛s Q ✐s ♥♦t ❡♠♣t②✱
❉P❱❙ ❞❡q✉❡✉❡s t❤❡ ✜rst ✈❛r✐❛❜❧❡ v ❛♥❞ s❡❛r❝❤❡s ❢♦r ❛
♣r♦❣r❛♠ ❜❧♦❝❦ ✇❤❡r❡ ✈❛r✐❛❜❧❡ v ✐s ❞❡✜♥❡❞✳ ❆❧❧ ♥❡✇ ✈❛r✐✲
❛❜❧❡s ✭❡①❝❡♣t ✐♥♣✉t ✈❛r✐❛❜❧❡s✮ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡
v ❛r❡ ❡♥q✉❡✉❡❞ ♦♥ ◗✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡ v ❛s ✇❡❧❧
❛s ❛❧❧ ❝♦♥❞✐t✐♦♥s r❡q✉✐r❡❞ t♦ r❡❛❝❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ v

❛r❡ ❛❞❞❡❞ t♦ t❤❡ ❝♦♥str❛✐♥t st♦r❡ S✳ ■❢ S ✐s ✐♥❝♦♥s✐st❡♥t✱
❉P❱❙ ❜❛❝❦tr❛❝❦s ❛♥❞ s❡❛r❝❤❡s ❢♦r ❛♥♦t❤❡r ❞❡✜♥✐t✐♦♥❀
♦t❤❡r✇✐s❡✱ t❤❡ ❞✉❛❧ ❝♦♥❞✐t✐♦♥ t♦ t❤❡ ♦♥❡ ❛❞❞❡❞ t♦ S ✐s
❝✉t ♦✛ t♦ ♣r❡✈❡♥t ❉P❱❙ ❢r♦♠ ❧♦s✐♥❣ t✐♠❡ ✐♥ ❡①♣❧♦r✐♥❣
tr✐✈✐❛❧❧② ✐♥❝♦♥s✐st❡♥t ♣❛t❤s✳ ❲❤❡♥ Q ✐s ❡♠♣t②✱ t❤❡ ❝♦♥✲
str❛✐♥t s♦❧✈❡r s❡❛r❝❤❡s ❢♦r ❛♥ ✐♥st❛♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t
✈❛r✐❛❜❧❡s t❤❛t ✈✐♦❧❛t❡s t❤❡ ♣r♦♣❡rt②✱ t❤❛t ✐s t♦ s❛② ❛ ❝♦✉♥✲
t❡r❡①❛♠♣❧❡✳ ■❢ ♥♦ s♦❧✉t✐♦♥ ❡①✐sts✱ ❉P❱❙ ❜❛❝❦tr❛❝❦s✳

◆♦✇✱ ❧❡t ✉s ✐❧❧✉str❛t❡ t❤✐s ♣r♦❝❡ss ♦♥ ❛ ✈❡r② s♠❛❧❧
❡①❛♠♣❧❡✱ t❤❡ ♣r♦❣r❛♠ ❢♦♦ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✳ ✶✳ Pr♦❣r❛♠

✽ ❙❙❆ ✭❙t❛t✐❝ ❙✐♥❣❧❡ ❆ss✐❣♥♠❡♥t✮ ❢♦r♠ ✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ r❡♣✲
r❡s❡♥t❛t✐♦♥ ✉s❡❞ ✐♥ ❝♦♠♣✐❧❛t✐♦♥✿ ✐t ✐s ❛ s❡♠❛♥t✐❝s✲♣r❡s❡r✈✐♥❣ tr❛♥s✲
❢♦r♠❛t✐♦♥ ♦❢ ❛ ♣r♦❣r❛♠ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ✈❛r✐❛❜❧❡ ✐s ❛ss✐❣♥❡❞ ❡①❛❝t❧②
♦♥❝❡ ❬✶✹❪✳



❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤ ✺

✶ ✈♦✐❞ ❢♦♦✭✐♥t ❛✱ ✐♥t ❜✮

✷ ✐♥t ❝✱ ❞✱ ❡✱ ❢❀

✸ ✐❢✭❛ ❃❂ ✵✮ ④

✹ ✐❢✭❛ ❁ ✶✵✮ ④

✺ ❢ ❂ ❜✲✶❀

✻ ⑥

✼ ❡❧s❡ ④

✽ ❢ ❂ ❜ ✲ ❛❀

✾ ⑥

✶✵ ❝ ❂ ❛❀

✶✶ ✐❢✭❜ ❃❂ ✵✮ ④

✶✷ ❞ ❂ ❛❀ ❡ ❂ ❜❀

✶✸ ⑥

✶✹ ❡❧s❡ ④

✶✺ ❞ ❂ ❛❀ ❡ ❂ ✲❜❀

✶✻ ⑥

✶✼ ⑥

✶✽ ❡❧s❡ ④

✶✾ ❝ ❂ ❜❀ ❞ ❂ ✶❀ ❡ ❂ ✲❛❀

✷✵ ✐❢✭❛ ❃ ❜✮ ④

✷✶ ❢ ❂ ❜ ✰ ❡ ✰ ❛❀

✷✷ ⑥

✷✸ ❡❧s❡ ④

✷✹ ❢ ❂ ❡ ✯ ❛ ✲ ❜❀

✷✺ ⑥

✷✻ ⑥

✷✼ ❝ ❂ ❝ ✰ ❞ ✰ ❡❀

✷✽ ❛ss❡rt✭❝ ❃❂ ❞ ✰ ❡✮❀ ✴✴ ♣r♦♣❡rt② p1
✷✾ ❛ss❡rt✭❢ ❃❂ ✲❜ ✯ ❡✮❀ ✴✴ ♣r♦♣❡rt② p2
✸✵ ⑥

❋✐❣✳ ✶✳ Pr♦❣r❛♠ ❢♦♦

❢♦♦ ❤❛s t✇♦ ♣♦st✲❝♦♥❞✐t✐♦♥s✿ p1 : c >= d + e ❛♥❞ p2 :
f > −b ∗ e✳ ❆ss✉♠❡ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ ♣r♦♣❡rt② p1✳ ❋✐❣✲
✉r❡s ✷ ❛♥❞ ✸ ❞❡♣✐❝t t❤❡ ♣❛t❤s ❡①♣❧♦r❡❞ ❜② ❉P❱❙ ♦♥ t❤❡
s✐♠♣❧✐✜❡❞ ❈❋● ✭✐✳❡✳✱ t❤❡ ❈❋● ✇❤❡r❡ s❧✐❝✐♥❣ t❡❝❤♥✐q✉❡s
❤❛✈❡ r❡♠♦✈❡❞ ❧✐♥❡s ✹ t♦ ✾ ❛♥❞ ✷✵ t♦ ✷✺ ✇❤✐❝❤ ❤❛✈❡ ♥♦
✐♠♣❛❝t ♦♥ p1✮✳ ❆t t❤✐s st❡♣✱ S ✐s ❡q✉❛❧ t♦ c1 < d0 + e0✳
❚❤❡ s❡❛r❝❤ ♣r♦❝❡ss s❡❧❡❝ts ♥♦❞❡ (4)✾ ✇❤❡r❡ ✈❛r✐❛❜❧❡ c0
✐s ❞❡✜♥❡❞ ✭❢♦r s✐♠♣❧✐❝✐t② r❡❛s♦♥s✱ ✇❡ ♦♠✐t t❤❡ ✜rst st❡♣
✇❤❡r❡ c1 ✐s tr❡❛t❡❞✱ ❛♥❞ c0 ✐s tr✐✈✐❛❧❧② ❛❞❞❡❞ t♦ Q❀ s❡❡
❆❧❣♦r✐t❤♠ ✶ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳ ❚♦ r❡❛❝❤ ♥♦❞❡ (4)✱ t❤❡
❝♦♥❞✐t✐♦♥ ✐♥ ♥♦❞❡ 〈0〉 ♠✉st ❜❡ tr✉❡✳ ❚❤✉s✱ t❤✐s ❝♦♥❞✐t✐♦♥
✐s ❛❞❞❡❞ t♦ t❤❡ ❝♦♥str❛✐♥t st♦r❡ S ❛♥❞ t❤❡ ♦t❤❡r ❛❧t❡r✲
♥❛t✐✈❡ ✭a0 < 0✮ ✐s ❝✉t ♦✛✳ ❆t t❤✐s st❛❣❡ ✭s❡❡ ❋✐❣✳ ✷✮✱ S
❝♦♥t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts✿ {c1 < d0 + e0 ∧ c1 =
c0 + d0 + e0 ∧ c0 = a0 ∧ a0 ≥ 0} ✇❤✐❝❤ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞
t♦ {a0 < 0 ∧ a0 ≥ 0}✳ ❚❤✐s ❝♦♥str❛✐♥t st♦r❡ ✐s ✐♥❝♦♥✲
s✐st❡♥t ❛♥❞ t❤✉s ❉P❱❙ s❡❧❡❝ts ♥♦❞❡ (8) ✇❤❡r❡ ✈❛r✐❛❜❧❡
c0 ✐s ❛❧s♦ ❞❡✜♥❡❞✳ ❚♦ r❡❛❝❤ ♥♦❞❡ (8)✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥
♥♦❞❡ 〈0〉 ♠✉st ❜❡ ❢❛❧s❡✳ ❚❤✉s✱ t❤❡ ♥❡❣❛t✐♦♥ ♦❢ t❤✐s ❝♦♥✲
❞✐t✐♦♥ ✐s ❛❞❞❡❞ t♦ t❤❡ ❝♦♥str❛✐♥t st♦r❡ S ❛♥❞ t❤❡ ♦t❤❡r
❛❧t❡r♥❛t✐✈❡ ✐s ❝✉t ♦✛✳ ◆♦✇ ✭s❡❡ ❋✐❣✳ ✸✮✱ ❝♦♥str❛✐♥t st♦r❡
S ❝♦♥t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts✿ {c1 < d0+e0∧c1 =

✾ ◆♦t❛t✐♦♥ (n) ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r st❛t❡♠❡♥t ♥♦❞❡s✱ ❛♥❞ 〈n〉 ❢♦r
❝♦♥❞✐t✐♦♥❛❧ ♥♦❞❡s ✐♥ t❤❡ ❈❋● ♦❢ ❋✐❣✳ ✷ ❛♥❞ ✸✳

❋✐❣✳ ✷✳ ❙✐♠♣❧✐✜❡❞ ❈❋● ❢♦r p1✱ st❡♣ ✶

❋✐❣✳ ✸✳ ❙✐♠♣❧✐✜❡❞ ❈❋● ❢♦r p1✱ st❡♣ ✷

c0+d0+e0∧c0 = b0∧a0 < 0∧d0 = 1∧e0 = −a0} ✇❤✐❝❤
❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ t♦ {a0 < 0 ∧ b0 < 0}✳ ❚❤✐s ❝♦♥str❛✐♥t
st♦r❡ ✐s ❝♦♥s✐st❡♥t ❛♥❞ t❤❡ s♦❧✈❡r ✇✐❧❧ ❝♦♠♣✉t❡ ❛ s♦❧✉t✐♦♥✱
❡✳❣✳✱ {a0 = −1, b0 = −1}✳ ❚❤❡s❡ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥♣✉t ✈❛r✐✲
❛❜❧❡s ❛r❡ ❛ t❡st ❝❛s❡ t❤❛t ❞❡♠♦♥str❛t❡s t❤❛t ♣r♦❣r❛♠ foo

✈✐♦❧❛t❡s ♣r♦♣❡rt② p1✳ ❉P❱❙ ✇❛s ❛❜❧❡ t♦ ✜♥❞ t❤✐s ❝♦✉♥✲
t❡r❡①❛♠♣❧❡ ✇✐t❤♦✉t ❡✈❡r ✈✐s✐t✐♥❣ ♥♦❞❡s ✭✺✮✱ ✭✻✮ ❛♥❞ ✭✼✮✳

❚❤✐s s♠❛❧❧ ❡①❛♠♣❧❡ ✐❧❧✉str❛t❡s ❤♦✇ ❉P❱❙ ✇♦r❦s ✐♥ ❛
❣❡♥❡r❛❧ ✇❛②✳ ■t ❝❛♥ ❛❧s♦ ❤❡❧♣ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ✐♥t✉✐t✐♦♥
❜❡❤✐♥❞ t❤✐s ♥❡✇ str❛t❡❣②✿ ❉P❱❙ ❝♦❧❧❡❝ts ✐♥❝r❡♠❡♥t❛❧❧②
❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ✈❛r✐❛❜❧❡s t❤❛t ♦❝❝✉r ✐♥ ♣♦st✲
❝♦♥❞✐t✐♦♥ t♦ ❞❡t❡❝t ✐♥❝♦♥s✐st❡♥❝✐❡s ❛s ❡❛r❧② ❛s ♣♦ss✐❜❧❡❀
t❤✐s ✐s ❡s♣❡❝✐❛❧❧② ❡✣❝✐❡♥t ✇❤❡♥ ❛ s♠❛❧❧ s✉❜s❡t ♦❢ t❤❡ ❝♦♥✲
str❛✐♥t s②st❡♠ ✐s ✐♥❝♦♥s✐st❡♥t✳

◆❡①t s✉❜s❡❝t✐♦♥ ❞❡t❛✐❧s ❛❧❣♦r✐t❤♠ ❉P❱❙ ✳

✷✳✹✳✷ ❆❧❣♦r✐t❤♠

❆❧❣♦r✐t❤♠ ❉P❱❙ ✭s❡❡ ❆❧❣♦r✐t❤♠ ✶✮ ✐s ❝❛❧❧❡❞ ✇✐t❤ ❢♦✉r
♣❛r❛♠❡t❡rs✿



✻ ❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤

✕ S✿ t❤❡ ❝♦♥str❛✐♥t st♦r❡❀ S ✐s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ cst(pre ∧
¬(prop)) ✇❤❡r❡ cst ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t tr❛♥s❢♦r♠s ❛♥
❡①♣r❡ss✐♦♥ ✐♥ ❉❙❆ ❢♦r♠ ✐♥t♦ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts✳

✕ Q✿ t❤❡ ▲■❋❖ q✉❡✉❡ ♦❢ t❡♠♣♦r❛r② ✈❛r✐❛❜❧❡s❀ Q ✐s ✐♥✐✲
t✐❛❧✐③❡❞ ✇✐t❤ V (prop)✳

✕ M ✿ t❤❡ s❡t ♦❢ ♠❛r❦❡❞ ✈❛r✐❛❜❧❡s ✭❛ ✈❛r✐❛❜❧❡ ✐s ♠❛r❦❡❞
✐❢ ✐t ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ♣✉t ✐♥t♦ t❤❡ q✉❡✉❡✮❀ M ✐s ✐♥✐✲
t✐❛❧✐③❡❞ ✇✐t❤ V (prop) ✕t❤❡ ✈❛r✐❛❜❧❡s ♦❢ prop✕ ❛♥❞ t❤❡
✐♥♣✉t ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳

✕ color [v]✿ t❤❡ ❝♦❧♦r ♦❢ ❛ ♥♦❞❡✱ ✉s❡❞ t♦ ♠❛r❦ t❤❡ ♣❛t❤s✳
❆ ♥♦❞❡ ✐s Blank ✇❤❡♥ ✐t ❤❛s ♥♦t ❜❡❡♥ ❡①♣❧♦r❡❞✱ Red
✇❤❡♥ ✐t ❤❛s ❜❡❡♥ ❡①♣❧♦r❡❞ ❝♦♠✐♥❣ ❢r♦♠ ❧❡❢t ❛♥❞ Blue

❝♦♠✐♥❣ ❢r♦♠ r✐❣❤t✳

❆❧❣♦r✐t❤♠ ❉P❱❙ ❛❧s♦ ✉s❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛ str✉❝✲
t✉r❡s✿

✕ du[x]✿ t❤❡ s❡t ♦❢ ❜❧♦❝❦s ✇❤❡r❡ ✈❛r✐❛❜❧❡ x ✐s ❞❡✜♥❡❞✳
✕ ancc[u]✿ t❤❡ s❡t ♦❢ ❛♥❝❡st♦rs ♦❢ u t❤❛t ❛r❡ ❝♦♥❞✐t✐♦♥❛❧

♥♦❞❡s ✇❤♦s❡ ❝♦♥❞✐t✐♦♥ ✈❛❧✉❡ ❞❡t❡r♠✐♥❡s t❤❡ r❡❛❝❤❛✲
❜✐❧✐t② ♦❢ u✳

✕ dr [u, v]✿ ❛ ❇♦♦❧❡❛♥ ✇❤✐❝❤ ✐s tr✉❡ ✭r❡s♣✳ ❢❛❧s❡✮ ✇❤❡♥
t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❛♥❝❡st♦r v ♦❢ ♥♦❞❡ u ❤❛s t♦ ❜❡ tr✉❡
✭r❡s♣✳ ❢❛❧s❡✮ t♦ r❡❛❝❤ u✳

❉P❱❙ s❡❧❡❝ts ❛ ✈❛r✐❛❜❧❡ ✐♥ Q ❛♥❞ tr✐❡s t♦ ✜♥❞ ❛ ❝♦✉♥✲
t❡r❡①❛♠♣❧❡ ✇✐t❤ ✐ts ✜rst ❞❡✜♥✐t✐♦♥❀ ✐❢ ✐t ❢❛✐❧s✱ ✐t ✐t❡r❛t✐✈❡❧②
tr✐❡s ✇✐t❤ t❤❡ ♦t❤❡r ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ s❡❧❡❝t❡❞ ✈❛r✐❛❜❧❡✳

❉P❱❙ s❡ts t❤❡ ❝♦❧♦r ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ♥♦❞❡ u t♦ Red

✭r❡s♣✳ Blue✮ ✇❤❡♥ ❝♦♥❞✐t✐♦♥ ♦❢ u ✐s s❡t t♦ tr✉❡ ✭❢❛❧s❡✮ ✐♥
t❤❡ ❝✉rr❡♥t ♣❛t❤✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❤❡♥ t❤❡ ❝♦❧♦r ✐s s❡t
t♦ Red ✭r❡s♣✳ Blue✮ t❤❡ r✐❣❤t ✭r❡s♣✳ ❧❡❢t✮ s✉❝❝❡ss♦r ❧✐♥❦ ♦❢
u ✐s ❝✉t ♦✛✳ color [u] ✐s ✐♥✐t✐❛❧✐③❡❞ t♦ Blank ❢♦r ❛❧❧ ♥♦❞❡s✳

❉P❱❙ r❡t✉r♥s ❛♥ ✐♥st❛♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ✈❛r✐✲
❛❜❧❡s ♦❢ P s❛t✐s❢②✐♥❣ ❝♦♥str❛✐♥t s②st❡♠ S ♦r ✐t r❡t✉r♥s
∅ ✐❢ S ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② s♦❧✉t✐♦♥✳ ❙♦❧✉t✐♦♥s ❛r❡ ❝♦♠✲
♣✉t❡❞ ❜② ❢✉♥❝t✐♦♥ solve ✭❧✐♥❡ ✷✽✮✱ ✉s✐♥❣ t❤❡ ✜♥✐t❡ ❞♦♠❛✐♥
s♦❧✈❡r ✭❈P✮✳ ❋✉♥❝t✐♦♥ solve ✐s ❛ ❝♦♠♣❧❡t❡ ❞❡❝✐s✐♦♥ ♣r♦❝❡✲
❞✉r❡ ♦✈❡r t❤❡ ✜♥✐t❡ ❞♦♠❛✐♥s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❢✉♥❝t✐♦♥
isfeasible ✉s❡❞ ✐♥ ❧✐♥❡ ✸✸ ♦♥❧② ♣❡r❢♦r♠s ❛ ♣❛rt✐❛❧ ❝♦♥✲
s✐st❡♥❝② t❡st✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ❞❡t❡❝ts s♦♠❡ ✐♥❝♦♥s✐s✲
t❡♥❝✐❡s ❜✉t ♥♦t ❛❧❧ ♦❢ t❤❡♠✳ ❍♦✇❡✈❡r✱ ❢✉♥❝t✐♦♥ isfeasible

✐s ♠✉❝❤ ❢❛st❡r t❤❛♥ ❢✉♥❝t✐♦♥ solve❀ t❤✐s ✐s t❤❡ r❡❛s♦♥
✇❤② ✇❡ ❝❤♦s❡ t♦ ♣❡r❢♦r♠ ♦♥❧② t❤✐s t❡st ❡❛❝❤ t✐♠❡ t❤❡
❝♦♥str❛✐♥ts ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ✈❛r✐❛❜❧❡ ❛r❡
❛❞❞❡❞ t♦ t❤❡ ❝♦♥str❛✐♥t st♦r❡✳ ❚❤✐s ♣❛rt✐❛❧ ❝♦♥s✐st❡♥❝②
❝❤❡❝❦ ❝❛♥ ❡✐t❤❡r ❜❡ ❞♦♥❡ ✇✐t❤ t❤❡ ✜♥✐t❡ ❞♦♠❛✐♥ s♦❧✈❡r
✭❈P✮ ♦r ✇✐t❤ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ s♦❧✈❡r ✭▲P✮ ✕♦❢
❝♦✉rs❡✱ t❤❡ ▲P s♦❧✈❡r ❝❛♥ ♦♥❧② ✇♦r❦ ♦♥ ❛ ❧✐♥❡❛r r❡❧❛①✲
❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str❛✐♥t s②st❡♠✳ ❚❤✉s✱ t❤❡ solve ❢✉♥❝t✐♦♥
✐s ❝❛❧❧❡❞ ♦♥❧② ♦♥❝❡ ✇❤❡♥ t❤❡ ❡♥❞ ♦❢ ❛ ♣❛t❤ ❤❛s ❜❡❡♥
r❡❛❝❤❡❞✳

✷✳✹✳✸ ❙♦✉♥❞♥❡ss ♦❢ ❆❧❣♦r✐t❤♠ ✶

■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t Sol ✱ t❤❡ s♦❧✉t✐♦♥ ❝♦♠♣✉t❡❞ ❜②
❉P❱❙ ✱ ✐s ❛❝t✉❛❧❧② ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡✳ ■♥❞❡❡❞✱ t❤❡s❡ ✈❛❧✲
✉❡s ♦❢ t❤❡ ✐♥♣✉t ❞❛t❛ s❛t✐s❢② t❤❡ ❝♦♥str❛✐♥ts ❣❡♥❡r❛t❡❞
❢r♦♠✿

❆❧❣♦r✐t❤♠ ✶ ✿ ❉P❱❙

❋✉♥❝t✐♦♥ ❉P❱❙✭S,Q,M, color✮ r❡t✉r♥s ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡

❘❡q✉✐r❡✿ Q 6= ∅
✶✿ x← P❖P✭Q✮
✷✿ ❢♦r ❛❧❧ u ∈ du[x] ❞♦
✸✿ Cut ← ❢❛❧s❡❀ ❙❆❱❊✭S,Q,M, color✮
✹✿ S1 ← S∧ cst(def [x, u]✮

④✪ def [x, u] ❞❡♥♦t❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ x ✐♥ ❜❧♦❝❦ u⑥
✺✿ Vnew ← V (def [x, u]) \M
✻✿ P❯❙❍✭Q,Vnew ✮❀ ❛❞❞✭Vnew ,M✮
✼✿ ❢♦r ❛❧❧ v ∈ ancc[u] ❞♦
✽✿ ✐❢ ¬Cut t❤❡♥
✾✿ ✐❢ color [v] = Blank t❤❡♥ ④✪✜rst ✈✐s✐t ♦❢ v⑥

✶✵✿ Vnew ← V (condition[v]) \M
✶✶✿ P❯❙❍✭Q,Vnew ✮❀ ❛❞❞✭Vnew ,M✮
✶✷✿ ✐❢ dr [u, v] t❤❡♥ ④✪ ❈♦♥❞✐t✐♦♥ ♠✉st ❜❡ tr✉❡⑥
✶✸✿ S1 ← S1∧ cst(condition[v]))
✶✹✿ color [v]← Red ④✪ ❈✉t t❤❡ r✐❣❤t ❜r❛♥❝❤⑥
✶✺✿ ❡❧s❡ ④✪ ❈♦♥❞✐t✐♦♥ ♠✉st ❜❡ ❢❛❧s❡⑥
✶✻✿ S1 ← S1 ∧ ¬ cst(condition[v])
✶✼✿ color [v]← Blue ④✪ ❈✉t t❤❡ ❧❡❢t ❜r❛♥❝❤⑥
✶✽✿ ❡♥❞ ✐❢

✶✾✿ ❡❧s❡

✷✵✿ ✐❢ (color [v] = Red ∧ ¬dr [u, v])
∨ (color [v] = Blue ∧ dr [u, v]) t❤❡♥ ④✪♥♦

❜r❛♥❝❤ ✐s r❡❛❝❤❛❜❧❡⑥
✷✶✿ Cut ← tr✉❡

✷✷✿ ❡♥❞ ✐❢

✷✸✿ ❡♥❞ ✐❢

✷✹✿ ❡♥❞ ✐❢

✷✺✿ ❡♥❞ ❢♦r

✷✻✿ ✐❢ ¬Cut t❤❡♥
✷✼✿ ✐❢ Q = ∅ t❤❡♥ ④✪ ❡♥❞ ♦❢ ❛ ♣❛t❤ ⑥
✷✽✿ Sol ← s♦❧✈❡✭S1✮
✷✾✿ ✐❢ Sol 6= ∅ t❤❡♥
✸✵✿ r❡t✉r♥ Sol ④✪ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ ❤❛s ❜❡❡♥

❢♦✉♥❞⑥
✸✶✿ ❡♥❞ ✐❢

✸✷✿ ❡❧s❡

✸✸✿ ✐❢ isfeasible(S1) t❤❡♥ ④✪ ❝✉rr❡♥t ♣❛t❤ ✐s ❢❡❛s✐❜❧❡✱
s♦ r❡❝✉rs✐✈❡ ❝❛❧❧⑥

✸✹✿ Sol ← ❉P❱❙✭S1, Q,M, color✮
✸✺✿ ✐❢ Sol 6= ∅ t❤❡♥
✸✻✿ r❡t✉r♥ Sol ④✪ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ ❤❛s ❜❡❡♥

❢♦✉♥❞⑥
✸✼✿ ❡♥❞ ✐❢

✸✽✿ ❡♥❞ ✐❢

✸✾✿ ❡♥❞ ✐❢

✹✵✿ ❡♥❞ ✐❢

✹✶✿ ❘❊❙❚❖❘❊✭color ,M,Q, S✮
✹✷✿ ❡♥❞ ❢♦r

✹✸✿ r❡t✉r♥ ∅



❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤ ✼

✕ pre✱ t❤❡ r❡q✉✐r❡❞ ♣r❡✲❝♦♥❞✐t✐♦♥❀
✕ ¬prop✱ t❤❡ ♥❡❣❛t✐♦♥ ♦❢ ❛ ❝♦♥❥✉♥❝t ♦❢ t❤❡ ♣♦st✲❝♦♥❞✐✲

t✐♦♥❀
✕ ♦♥❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❧❧ ✈❛r✐❛❜❧❡s ✐♥ V (prop) ❛♥❞ ♦♥❡ ❞❡❢✲

✐♥✐t✐♦♥ ♦❢ ❛❧❧ ✈❛r✐❛❜❧❡s ✭❡①❝❡♣t t❤❡ ✐♥♣✉t ✈❛r✐❛❜❧❡s✮
✐♥tr♦❞✉❝❡❞ ❜② t❤❡s❡ ❞❡✜♥✐t✐♦♥s❀

✕ ❛❧❧ ❝♦♥❞✐t✐♦♥s r❡q✉✐r❡❞ t♦ r❡❛❝❤ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞
❞❡✜♥✐t✐♦♥s✳

❚❤✉s✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ❡①❡❝✉t❛❜❧❡ ♣❛t❤ ✇❤✐❝❤
t❛❦❡s ❛s ✐♥♣✉t ✈❛❧✉❡s Sol ❛♥❞ ❝♦♠♣✉t❡s ❛♥ ♦✉t♣✉t t❤❛t
✈✐♦❧❛t❡s t❤❡ ♣r♦♣❡rt② prop✳

❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ ✈✐♦❧❛t✐♥❣
prop✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ❡①❡❝✉t❛❜❧❡ ♣❛t❤ ✐♥ t❤❡
❈❋● ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s ❝❛s❡✳ ❆❧❣♦r✐t❤♠ ✶ ❣✉❛r❛♥t✐❡s
t❤❛t✿

✕ ❛♥② ♥♦❞❡ ✇✐t❤ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ✈❛r✐❛❜❧❡ ✐♥✈♦❧✈❡❞ ✐♥
prop ✐s ❡①♣❧♦r❡❞ ✭✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥str❛✐♥ts
❛❞❞❡❞ t♦ S✮❀

✕ ❛♥② ❝♦♥❞✐t✐♦♥❛❧ ♥♦❞❡ ❛♥❝❡st♦r ♦❢ ❛♥ ❡①♣❧♦r❡❞ ♥♦❞❡ ✐s
❝♦♥s✐❞❡r❡❞ ✇✐t❤ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♣r❡❞✐❝❛t❡ ❛❞❞❡❞ t♦
S❀

✕ ❛♥② ♥♦❞❡ ✇✐t❤ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ✈❛r✐❛❜❧❡ ✉s❡❞ ✐♥ ❛♥ ❡①✲
♣❧♦r❡❞ ♥♦❞❡ ✐s ❛❧s♦ ❡①♣❧♦r❡❞ ✭✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝♦♥str❛✐♥ts ❛❞❞❡❞ t♦ S✮✳

❈♦♥s❡q✉❡♥t❧②✱ ❛ ❝♦♥s✐st❡♥t ❝♦♥str❛✐♥t s②st❡♠ S ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ t❤❡ ❢❛✉❧t② ♣❛t❤ ❤❛s ❜❡❡♥ ❜✉✐❧t ❛♥❞ s♦❧✈❡❞
❜② ❆❧❣♦r✐t❤♠ ✶✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❝♦♥str❛✐♥t s②st❡♠
♣r♦✈✐❞❡s ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ ♦❢ prop✳

❖t❤❡r✇✐s❡✱ ✇❤❡♥ ♥♦ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞✱ ✇❡ ❝❛♥
st❛t❡ t❤❛t t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛♥② ✐♥♣✉t ✈❛❧✉❡s ✈✐♦❧❛t✐♥❣
♣r♦♣❡rt② prop❀ ✐♥ ♦t❤❡r ✇♦r❞s✱ ♥♦ ❝♦✉♥t❡r❡①❛♠♣❧❡ ❝❛♥ ❜❡
❢♦✉♥❞ ✇✐t❤ t❤❡ ❜♦✉♥❞❡❞♥❡ss ❤②♣♦t❤❡s✐s✳

✸ ❚❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ❛♣♣❧✐❝❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ❛♣♣❧✐✲
❝❛t✐♦♥✳

❚❤✐s r❡❛❧ t✐♠❡ ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❢r♦♠ ❛ ❝❛r ♠❛♥✲
✉❢❛❝t✉r❡r ❤❛s ❜❡❡♥ ♣r♦✈✐❞❡❞ ❜② ●❡❡♥s♦❢t ✴ ❉❛ss❛✉❧t

❙②st❡♠s✶✵✳ ❚❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ❛♣♣❧✐❝❛t✐♦♥ ✇❛s ❞❡✲
s✐❣♥❡❞ ❛♥❞ s✐♠✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❙✐♠✉❧✐♥❦ ♣❧❛t❢♦r♠✳ ■ts
s♣❡❝✐✜❝❛t✐♦♥ ✇❛s ❣✐✈❡♥ ❜② ●❡❡♥s♦❢t ❛♥❞ ❝♦♥s✐sts ♦❢ ❢♦✉r
♠❛✐♥ ♣r♦♣❡rt✐❡s✳ ❚❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ✐s ❝♦♥❝r❡t❡❧② ❡♠✲
❜❡❞❞❡❞ ❛s ❛ ❈ ♣r♦❣r❛♠ ✐♥ ❛ ❝❛r ❝♦♠♣✉t❡r✱ t❤✉s ♦✉r ❛✐♠
✐s t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❢♦✉r ♣r♦♣❡rt✐❡s ❛r❡ ♣r❡s❡r✈❡❞ ♦♥ t❤✐s
❈ ♣r♦❣r❛♠✳ ❚❤✐s ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣ s♦❢t✇❛r❡ ✈❡r✐✜❝❛t✐♦♥
♣r♦❜❧❡♠✿ ✐ts ❝♦♠♣❧❡①✐t② ❝♦♠❡s ❢r♦♠ t❤❡ s✐③❡ ♦❢ t❤❡ ❈

❢✉♥❝t✐♦♥ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ❙✐♠✉❧✐♥❦ ♠♦❞✉❧❡ ❛♥❞ ❢r♦♠
t❤❡ ♥✉♠❜❡r ♦❢ ❝❧♦❝❦ ❝②❝❧❡s r❡q✉✐r❡❞ ❢♦r ✈❡r✐❢②✐♥❣ ❡❛❝❤
♣r♦♣❡rt②✳

❲❡ ✜rst ❞❡s❝r✐❜❡ t❤❡ ❙✐♠✉❧✐♥❦ ♠♦❞✉❧❡ ♦❢ t❤❡ ❋❧❛s❤❡r
▼❛♥❛❣❡r ✱ t❤❡♥ t❤❡ ♣r♦♣❡rt✐❡s ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ ❛♥❞ ❧❛st✱
✇❡ ❡①♣❧❛✐♥ ❤♦✇ t❤❡ ❙✐♠✉❧✐♥❦ ♠♦❞✉❧❡ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s

✶✵ ❙❡❡ ❤tt♣✿✴✴✇✇✇✳❣❡❡♥s♦❢t✳❝♦♠✴❡♥

1

2

6

4

int32(1)

3

5
2

1
L

R

F

ULK

constant

Flasher Manager

LK

W
outR

outL

❋✐❣✳ ✹✳ ❙✐♠♣❧✐✜❡❞ ❙✐♠✉❧✐♥❦ ♠♦❞❡❧ ♦❢ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r

❤❛✈❡ ❜❡❡♥ tr❛♥s❧❛t❡❞ ❛s ❛ ❈ ♣r♦❣r❛♠ ✐♥ ♦r❞❡r t♦ ✉s❡ ❛
❜♦✉♥❞❡❞ ♠♦❞❡❧ ❝❤❡❝❦❡r ❢♦r t❤❡ ✈❡r✐✜❝❛t✐♦♥✳ ❆ ❞❡s❝r✐♣✲
t✐♦♥ ♦❢ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ✕✇✐t❤ ❛❧❧ s♦✉r❝❡ ❝♦❞❡✕ ❝❛♥ ❜❡
❢♦✉♥❞ ❛t ❤tt♣✿✴✴✉s❡rs✳♣♦❧②t❡❝❤✳✉♥✐❝❡✳❢r✴⑦r✉❡❤❡r✴
❇❡♥❝❤s✴❋▼✳

✸✳✶ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❙✐♠✉❧✐♥❦ ♠♦❞✉❧❡

❚❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ✐s ❛ ❝♦♥tr♦❧❧❡r t❤❛t ❞r✐✈❡s s❡✈❡r❛❧
❢✉♥❝t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ ✢❛s❤✐♥❣ ❧✐❣❤ts ♦❢ ❛ ❝❛r✳ ❊❛❝❤
❢✉♥❝t✐♦♥ ✐s ❡♥❛❜❧❡❞ ❜② s♦♠❡ ✐♥♣✉t ❝♦♠♠❛♥❞s✱ ❛❝t✐✈❛t❡s
♦♥❡ ♦r t✇♦ ✢❛s❤✐♥❣ ❧✐❣❤ts✱ ❛♥❞ ✐s ❞❡s❝r✐❜❡❞ ❜② ✐ts ❞✉r❛✲
t✐♦♥ ❛♥❞ ✐ts ✢❛s❤✐♥❣ ♣❡r✐♦❞ ✭✐✳❡✳✱ t✐♠❡✲✉♥✐ts r❡q✉✐r❡❞ t♦
♦s❝✐❧❧❛t❡ ❢r♦♠ 1 t♦ 0 ♦r 0 t♦ 1✮✳ ❚❤❡ ♥❡①t s✉❜s❡❝t✐♦♥s ❞❡✲
t❛✐❧ t❤❡s❡ ♣♦✐♥ts ❢♦r t❤❡ t❤r❡❡ ♠❛✐♥ ❢✉♥❝t✐♦♥❛❧✐t✐❡s ♦❢ t❤❡
❋❧❛s❤❡r ▼❛♥❛❣❡r ✳ ❋✐❣✉r❡ ✹ s❤♦✇s ❛ s✐♠♣❧✐✜❡❞ ❙✐♠✉❧✐♥❦

♠♦❞❡❧ ✭✐✳❡✳✱ ✐♥♣✉ts✴♦✉t♣✉ts✮ ❛♥❞ ❋✐❣✳ ✺ ♣r♦✈✐❞❡s ❛ ♠♦r❡
❞❡t❛✐❧❡❞ ♠♦❞❡❧✳

✸✳✶✳✶ ❉✐r❡❝t✐♦♥ ❝❤❛♥❣❡

❲❤❡♥ t❤❡ ❞r✐✈❡r ✐♥❞✐❝❛t❡s ❛ ❞✐r❡❝t✐♦♥ ❝❤❛♥❣❡✱ ❇♦♦❧❡❛♥
✐♥♣✉t ❘ ♦r ▲ r✐s❡s ❢r♦♠ 0 t♦ 1✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐❣❤t
✭r❡s♣❡❝t✐✈❡❧② ❞r✐✈❡♥ ❜② t❤❡ ♦✉t❘ ♦r ♦✉t▲ ♦✉t♣✉t✮ t❤❡♥
♦s❝✐❧❧❛t❡s ❜❡t✇❡❡♥ ♦♥✴♦✛ st❛t❡s ✇✐t❤ ❛ ♣❡r✐♦❞ ♦❢ 6 t✐♠❡✲
✉♥✐ts ✭t②♣✐❝❛❧❧② ✸ s❡❝♦♥❞s✮✳ ❚❤✉s✱ ❛♥ ♦✉t♣✉t s❡q✉❡♥❝❡
♦❢ t❤❡ ❢♦r♠ ❬✶✶✶✵✵✵❪ ✐s r❡♣❡❛t❡❞ ♦♥ ♦♥❡ ♦❢ t❤❡ ❧✐❣❤ts✳
❚❤❡♥✱ ✇❤❡♥ t❤❡ ✐♥♣✉t ❢❛❧❧s ❜❛❝❦ t♦ 0✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♦✉t♣✉t ❧✐❣❤t st♦♣s ✢❛s❤✐♥❣✳ ❚❤❡ ❧✐❣❤t st❛rts ♦s❝✐❧❧❛t✐♥❣
✐♠♠❡❞✐❛t❡❧② ✇❤❡♥ t❤❡ ❝♦♠♠❛♥❞ ✐s ❡♥❛❜❧❡❞✱ ❛♥❞ st♦♣s
✐♠♠❡❞✐❛t❡❧② ✇❤❡♥ t❤❡ ❝♦♠♠❛♥❞ ✐s ❞✐s❛❜❧❡❞✳ ❚❤❡s❡ ❛r❡
t❤❡ ❋❧❛s❤❡rs❴❧❡❢t ❛♥❞ ❋❧❛s❤❡rs❴r✐❣❤t ❢✉♥❝t✐♦♥s✳

✸✳✶✳✷ ▲♦❝❦ ❛♥❞ ✉♥❧♦❝❦ ♦❢ t❤❡ ❝❛r

❚❤❡ ❞r✐✈❡r ❤❛s t❤❡ ❛❜✐❧✐t② t♦ ❧♦❝❦ ❛♥❞ ✉♥❧♦❝❦ t❤❡ ❝❛r ❢r♦♠
t❤❡ ❞✐st❛♥❝❡ ✉s✐♥❣ ❛♥ ❘❋✲❦❡②✳ ❚❤❡ st❛t❡ ♦❢ t❤❡ ✉♥❧♦❝❦
❛♥❞ ❧♦❝❦ ❜✉tt♦♥s ♦❢ t❤❡ ❦❡② ✐s r❡♣♦rt❡❞ t♦ ❇♦♦❧❡❛♥ ✐♥♣✉ts
❯▲❑ ❛♥❞ ▲❑ r❡s♣❡❝t✐✈❡❧②✳

❲❤❡♥ ❛♥ ❘❋✲❦❡② ✐s ♣r❡ss❡❞✱ t❤❡ ♠❛♥❛❣❡r ✐♥❞✐❝❛t❡s
t❤❡ st❛t❡ ♦❢ t❤❡ ❞♦♦rs t♦ t❤❡ ✉s❡r ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥✈❡♥t✐♦♥✿

✕ ■❢ t❤❡ ✉♥❧♦❝❦ ❜✉tt♦♥ ✐s ♣r❡ss❡❞ ✇❤✐❧❡ t❤❡ ❝❛r ✐s ✉♥✲
❧♦❝❦❡❞✱ ♥♦t❤✐♥❣ s❤❛❧❧ ❤❛♣♣❡♥✳



✽ ❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤

Enable W_active

Switch6

W W_out

Warning

Switch1

Switch2

Switch

Switch3

2

outR

1

outL

L L_out

Flashers_left

Switch5

Off2

Boolean(0)

Off3

1

L

4

LK

AND

NOT

lock

unlock

lock state

doors_
unlocked

Switch7

OR

int32(20)

Duration tick 1

Input Rising edge

Input Rising edge

Enable

Duration

Activation

Delay for unlock

Enable

Duration

Activation

Delay for lock5

ULK

2

R

6

F

R R_out

Flashers_right

Switch4
Off1

ORW_fast

Warning_fast

W_fast_out

W_slow W_slow_out

Warning_slow
OR

int32(10)

Duration tick 2

3

W Edge detection

Rising edgeInput

data type conversion

Boolean

Front edge detection

Failing edge detection

❋✐❣✳ ✺✳ ❉❡t❛✐❧❡❞ ❙✐♠✉❧✐♥❦ ♠♦❞❡❧ ♦❢ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r

✕ ■❢ t❤❡ ✉♥❧♦❝❦ ❜✉tt♦♥ ✐s ♣r❡ss❡❞ ✇❤✐❧❡ t❤❡ ❝❛r ✐s ❧♦❝❦❡❞✱
❜♦t❤ ❧✐❣❤ts s❤❛❧❧ ✢❛s❤ ✇✐t❤ ❛ ♣❡r✐♦❞ ♦❢ 2 t✐♠❡✲✉♥✐ts
❞✉r✐♥❣ 20 t✐♠❡✲✉♥✐ts ✭❢❛st ✢❛s❤❡s ❢♦r ❛ s❤♦rt t✐♠❡✮✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❤❡♥ t❤❡ ❯▲❑ ✐♥♣✉t ✐s ❛❝t✐✈❛t❡❞✱ t❤❡
♦s❝✐❧❧❛t✐♦♥ st❛rts t✇♦ ❝②❝❧❡s ❛❢t❡r t❤❡ ❛❝t✐✈❛t✐♦♥✱ ♣r♦✲
❞✉❝❡s ❛♥ ♦✉t♣✉t s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦r♠ ❬✶✵✶✵✶✳✳✳✵✶✵❪

♦♥ ❜♦t❤ ❧✐❣❤ts ❛♥❞ st♦♣s ♦♥ t❤❡ ✷✷♥❞ ❝②❝❧❡ ❛❢t❡r t❤❡
❛❝t✐✈❛t✐♦♥✳ ❚❤✐s ✐s t❤❡ ❯♥❧♦❝❦❴❢❧❛s❤ ❢✉♥❝t✐♦♥✳

✕ ■❢ t❤❡ ❧♦❝❦ ❜✉tt♦♥ ✐s ♣r❡ss❡❞ ✇❤✐❧❡ t❤❡ ❝❛r ✐s ✉♥❧♦❝❦❡❞✱
❜♦t❤ ❧✐❣❤ts s❤❛❧❧ ❣♦ ♦♥ ❢♦r 10 t✐♠❡✲✉♥✐ts✱ ❛♥❞ t❤❡♥
s❤❛❧❧ ❣♦ ♦✛ ❢♦r ❛♥♦t❤❡r 10 t✐♠❡✲✉♥✐ts✱ ♣r♦❞✉❝✐♥❣ ❛♥
♦✉t♣✉t s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦r♠ ❬✶✶✶✶✶✶✶✶✶✶✵✵✵✵✵✵✵✵✵✵❪
♦♥ ❜♦t❤ ❧✐❣❤ts✳

✕ ■❢ t❤❡ ❧♦❝❦ ❜✉tt♦♥ ✐s ♣r❡ss❡❞ ✇❤✐❧❡ t❤❡ ❝❛r ✐s ❧♦❝❦❡❞✱
❜♦t❤ ❧✐❣❤ts s❤❛❧❧ ✢❛s❤ ❞✉r✐♥❣ 60 t✐♠❡✲✉♥✐ts ✇✐t❤ ❛
♣❡r✐♦❞ ♦❢ 2 t✐♠❡✲✉♥✐ts ✭❢❛st ✢❛s❤❡s ❢♦r ❛ ❧♦♥❣ t✐♠❡✮✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❤❡♥ t❤❡ ▲❑ ✐♥♣✉t ✐s ❛❝t✐✈❛t❡❞✱ t❤❡
♦s❝✐❧❧❛t✐♦♥ st❛rts t❤❡ ♥❡①t ❝②❝❧❡✱ ♣r♦❞✉❝❡s ❛♥ ♦✉t♣✉t
s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦r♠ ❬✶✵✶✵✶✳✳✳✵✶✵❪ ♦♥ ❜♦t❤ ❧✐❣❤ts t❤❛t

st♦♣s ♦♥ t❤❡ ✻✶st ❝②❝❧❡✳ ❚❤✐s ✐s t❤❡ ▲♦❝❦❴❢❧❛s❤ ❢✉♥❝✲
t✐♦♥✳ ■t ✐s t②♣✐❝❛❧❧② ✉s❡❞ t♦ ❧♦❝❛t❡ t❤❡ ❝❛r ✐♥ ❛♥ ♦✈❡r✲
✜❧❧❡❞ ♣❧❛❝❡✳

◆♦t❡ t❤❛t ✐♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡✱ t❤❡ ❞♦♦rs ❛r❡ ❧♦❝❦❡❞✳

✸✳✶✳✸ ❲❛r♥✐♥❣ ❢✉♥❝t✐♦♥

❋✐♥❛❧❧②✱ t❤❡ ❞r✐✈❡r ❤❛s t❤❡ ❛❜✐❧✐t② t♦ ♣r❡ss t❤❡ ✇❛r♥✐♥❣
❜✉tt♦♥✳ ❲❤❡♥ t❤❡ ✇❛r♥✐♥❣ ✐s ♦♥✱ ❜♦t❤ ❧✐❣❤ts ✢❛s❤ ✇✐t❤ ❛
♣❡r✐♦❞ ♦❢ 6 t✐♠❡✲✉♥✐ts ✭s❧♦✇ ✢❛s❤❡s✮✳ ❚❤✐s ✐s t❤❡ ❲❛r♥✐♥❣

❢✉♥❝t✐♦♥✳ ❚❤❡ ❲ ✐♥♣✉t ✐s ❛ ♣✉s❤✲❞♦✇♥ ❜✉tt♦♥✳ ■♥ t❤❡ ✐♥✐✲
t✐❛❧ st❛t❡ ♦❢ t❤❡ ♠❛♥❛❣❡r✱ t❤❡ ✇❛r♥✐♥❣ ✐s ♦✛✳ ❆ r✐s✐♥❣
❡❞❣❡ ♦❢ ❲ ❛❝t✐✈❛t❡s t❤❡ ✇❛r♥✐♥❣ ❛♥❞ t❤❡ ♥❡①t r✐s✐♥❣ ❡❞❣❡
♦❢ ❲ ❞❡❛❝t✐✈❛t❡s t❤❡ ✇❛r♥✐♥❣✳

✸✳✷ Pr♦♣❡rt✐❡s

❲❡ ❝❤❡❝❦❡❞ ❢♦✉r ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ♠♦❞✲
✉❧❡✳

Pr♦♣❡rt② ✶✿ ✧❲❛r♥✐♥❣ ❢✉♥❝t✐♦♥ ❤❛s ♣r✐♦r✐t② ♦✈❡r ♦t❤❡r
✢❛s❤✐♥❣ ❢✉♥❝t✐♦♥s✳✧

Pr♦♣❡rt② ✷✿ ✧❲❤❡♥ t❤❡ ✇❛r♥✐♥❣ ❜✉tt♦♥ ❤❛s ❜❡❡♥ ♣✉s❤❡❞
❛♥❞ t❤❡♥ r❡❧❡❛s❡❞✱ t❤❡ ❲❛r♥✐♥❣ ❢✉♥❝t✐♦♥ r❡s✉♠❡s t♦
t❤❡ ❋❧❛s❤❡rs❴❧❡❢t ✭♦r ❋❧❛s❤❡rs❴r✐❣❤t✮ ❢✉♥❝t✐♦♥✱ ✐❢
t❤✐s ❢✉♥❝t✐♦♥ ✇❛s ❛❝t✐✈❡ ✇❤❡♥ t❤❡ ✇❛r♥✐♥❣ ❜✉tt♦♥
✇❛s ♣✉s❤❡❞✳✧

Pr♦♣❡rt② ✸✿ ✧❲❤❡♥ t❤❡ ❋ s✐❣♥❛❧ ✭❢♦r ✢❛s❤❡r ❛❝t✐✈❡✮ ✐s ♦✛✱
t❤❡♥ t❤❡ ❋❧❛s❤❡rs❴❧❡❢t✱ ❋❧❛s❤❡rs❴r✐❣❤t ❛♥❞ ❲❛r♥✐♥❣

❢✉♥❝t✐♦♥s ❛r❡ ❞✐s❛❜❧❡❞✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❛❧❧ t❤❡ ❢✉♥❝✲
t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ ❧♦❝❦ ❛♥❞ ✉♥❧♦❝❦ ♦❢ t❤❡ ❝❛r ❛r❡
♠❛✐♥t❛✐♥❡❞✳✧

Pr♦♣❡rt② ✹✿ ✧▲✐❣❤ts s❤♦✉❧❞ ♥❡✈❡r r❡♠❛✐♥ ❧✐t ✐♥✜♥✐t❡❧②✳✧

❘❡str✐❝t✐♦♥s ❋♦r ❝❤❡❝❦✐♥❣ t❤❡ ❢♦✉r ♣r♦♣❡rt✐❡s✱ ✇❡ ✇✐❧❧
❛❞♦♣t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡str✐❝t✐♦♥s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡
❞❡s✐❣♥❡rs ♦❢ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ♠♦❞✉❧❡✿

✶✳ ▲ ❛♥❞ ❘ ✐♥♣✉ts ❝❛♥♥♦t ❜♦t❤ ❜❡ ❚❘❯❊ ♦♥ t❤❡ s❛♠❡ ❝②❝❧❡❀
✷✳ ▲❑ ❛♥❞ ❯▲❑ ✐♥♣✉ts ❝❛♥♥♦t ❜♦t❤ ❜❡ ❚❘❯❊ ♦♥ t❤❡ s❛♠❡

❝②❝❧❡✳



❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤ ✾

✶ ❛♥❞✶❴❛❂✭✭❙✇✐t❝❤✺❂❂❚❘❯❊✮

✷ ✫✫✭❚❘❯❊✦❂❯♥✐t❴❉❡❧❛②✸❴❛❴❉❙❚❆❚❊✮✮❀

✸ ✐❢ ✭✭❚❘❯❊❂❂✭✭❛♥❞✶❴❛✲❯♥✐t❴❉❡❧❛②❴❝❴❉❙❚❆❚❊✮✦❂ ✵✮✮✮ ④

✹ rt❜❴❙✇✐t❝❤❴❜❂✵❀

✺ ⑥

✻ ❡❧s❡ ④

✼ ❛❞❞❴❛ ❂ ✭✶✰❯♥✐t❴❉❡❧❛②✶❴❜❴❉❙❚❆❚❊✮❀

✽ rt❜❴❙✇✐t❝❤❴❜ ❂ ❛❞❞❴❛❀

✾ ⑥

✶✵ s✉♣❡r✐♦r❴❛ ❂ ✭rt❜❴❙✇✐t❝❤❴❜❃❂✸✮❀

❋✐❣✳ ✻✳ P✐❡❝❡ ♦❢ ❝♦❞❡ ♦❢ t❤❡ ❢✶ ❢✉♥❝t✐♦♥

❋✐rst r❡str✐❝t✐♦♥ ♠❡❛♥s t❤❛t ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ❛ ❞❡✲
❣r❛❞❡❞ ✉s❡ ✇❤❡♥ t❤❡ ❧❡✈❡r ♦❢ t❤❡ ✐♥❞✐❝❛t♦rs ✐s ❞❛♠❛❣❡❞✳
❙❡❝♦♥❞ r❡str✐❝t✐♦♥ ❡①❝❧✉❞❡s ❛ ♠✐s✉s❡ ♦❢ t❤❡ ❘❋✲❦❡②✳

❚❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ ❢♦✉r ♣r♦♣❡r✲
t✐❡s ❤❛✈❡ ❜❡❡♥ ♠♦❞❡❧❡❞ ❛s ❈ ♣r♦❣r❛♠s ✐♥ ♦r❞❡r t♦ ❜❡
❝❤❡❝❦❡❞ ✇✐t❤ ❜♦✉♥❞❡❞ ♠♦❞❡❧ ❝❤❡❝❦❡rs✳

✸✳✸ Pr♦❣r❛♠s ✉♥❞❡r ✈❡r✐✜❝❛t✐♦♥

❲❡ ✜rst ❞❡s❝r✐❜❡ t❤❡ ❈ ❢✉♥❝t✐♦♥ ❜✉✐❧t ❢r♦♠ t❤❡ ❙✐♠✉❧✐♥❦

♠♦❞❡❧✱ t❤❡♥ ✇❡ ❣✐✈❡ t❤❡ ❣❡♥❡r❛❧ ♣r✐♥❝✐♣❧❡s t♦ ♠♦❞❡❧ t❤❡
♣r♦♣❡rt✐❡s ❛s ❈ ♣r♦❣r❛♠s ✉s✐♥❣ t❤✐s ❢✉♥❝t✐♦♥✱ ❛♥❞ ❧❛st
✇❡ ❞❡t❛✐❧ ❡❛❝❤ ♣r♦♣❡rt②✳

✸✳✸✳✶ ❚❤❡ ❢✶ ❢✉♥❝t✐♦♥

❚❤❡ ❙✐♠✉❧✐♥❦ ♠♦❞❡❧ ♦❢ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ✇❛s ❛✉t♦✲
♠❛t✐❝❛❧❧② tr❛♥s❧❛t❡❞ ✐♥t♦ ❛ ❈ ❢✉♥❝t✐♦♥✱ ♥❛♠❡❞ ❢✶✱ ✉s✐♥❣
❛ ●❡❡♥s♦❢t ♣r♦♣r✐❡t❛r② t♦♦❧✳ ❚❤✐s ❢✉♥❝t✐♦♥ ❢✶✱ t♦❣❡t❤❡r
✇✐t❤ t❤❡ s❝❤❡♠❡ ♦❢ t❤❡ ❙✐♠✉❧✐♥❦ ♠♦❞❡❧ ❛♥❞ ❛♥ ✐♥❢♦r♠❛❧
t❡①t✉❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦❞✉❧❡✱ ✐s t❤❡
♠❛t❡r✐❛❧ t❤❛t ✇❛s ♣r♦✈✐❞❡❞ t♦ ✉s ❜② t❤❡ ❞❡s✐❣♥❡rs✳ ❋✉♥❝✲
t✐♦♥ ❢✶ ✐♥✈♦❧✈❡s 81 ❇♦♦❧❡❛♥ ✈❛r✐❛❜❧❡s ✐♥❝❧✉❞✐♥❣ 6 ✐♥♣✉ts
❛♥❞ 2 ♦✉t♣✉ts ❛♥❞ 28 ✐♥t❡❣❡r ✈❛r✐❛❜❧❡s✳ ■t ❝♦♥t❛✐♥s 300
❧✐♥❡s ♦❢ ❝♦❞❡ ❛♥❞ ♠❛✐♥❧② ❝♦♥s✐sts ♦❢ ♥❡st❡❞ ❝♦♥❞✐t✐♦♥❛❧s
✐♥❝❧✉❞✐♥❣ ❧✐♥❡❛r ♦♣❡r❛t✐♦♥s ❛♥❞ ❝♦♥st❛♥t ❛ss✐❣♥♠❡♥ts✱ ❛s
✐❧❧✉str❛t❡❞ ❜② t❤❡ ♣✐❡❝❡ ♦❢ ❝♦❞❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✳ ✻✳

❆ ❝❛❧❧ t♦ t❤❡ ❢✶ ❢✉♥❝t✐♦♥ s✐♠✉❧❛t❡s ♦♥❡ ❝②❝❧❡ ♦❢ t❤❡
❙✐♠✉❧✐♥❦ ♠♦❞✉❧❡✿ st❛t❡ ✈❛r✐❛❜❧❡s ❛♥❞ ♦✉t♣✉t ✈❛r✐❛❜❧❡s
❛r❡ ♠♦❞✐✜❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥♣✉t ✈❛r✐✲
❛❜❧❡s✳

✸✳✸✳✷ ▼♦❞❡❧✐♥❣ ❢♦r ❇▼❈

■♥ ♦r❞❡r t♦ ✈❡r✐❢② t❤❡ ♣r♦♣❡rt✐❡s ✉s✐♥❣ ❛ ❇▼❈ t♦♦❧✱ ✇❡
❛ss♦❝✐❛t❡ ❛ ❈ ♣r♦❣r❛♠ t♦ ❡❛❝❤ ♣r♦♣❡rt②✳ ❙✉❝❤ ❛ ♣r♦✲
❣r❛♠ st❛rts ✇✐t❤ ❛ ❝❛❧❧ t♦ t❤❡ ❢✉♥❝t✐♦♥ t❤❛t ✐♥✐t✐❛❧✐③❡s
t❤❡ ♠♦❞✉❧❡✱ ❛♥❞ t❤❡♥ ♠❛✐♥❧② ❝♦♥s✐sts ♦❢ ❛ ❧♦♦♣ t❤❛t✿

✶✳ r❡❛❞s t❤❡ ✐♥♣✉ts✱
✷✳ ❝❛❧❧s t❤❡ ❢✶ ❢✉♥❝t✐♦♥✱
✸✳ st❛t❡s s♦♠❡ ❛ss❡rt✐♦♥s ♦♥ t❤❡ ♦✉t♣✉ts❀ t❤❡s❡ ❛ss❡r✲

t✐♦♥s ♠❛② ❞❡♣❡♥❞ ♦♥ ❝✉rr❡♥t ❛♥❞ ♣r❡✈✐♦✉s ✈❛❧✉❡s✳

■♥ st❡♣ ✶✱ ✉♥❦♥♦✇♥ ✐♥♣✉t ✈❛❧✉❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛
❝❛❧❧ t♦ ❢✉♥❝t✐♦♥ ♥♦♥❞❡t❴✐♥✭✮✳ ❚❤✐s ✐s t❤❡ s②♥t❛① r❡q✉✐r❡❞
❜② t❤❡ ❇▼❈ t♦♦❧s ✇❡ ✉s❡✳ ❙t❛t❡♠❡♥t ✐♥t ✈❂♥♦♥❞❡t❴✐♥✭✮

✐s tr❛♥s❧❛t❡❞ ❜② ♦✉r ❇▼❈ t♦♦❧s ❛s t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛ ✈❛r✐✲
❛❜❧❡ ✈ ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❞♦♠❛✐♥ t❤❛t ❝♦♥t❛✐♥s t❤❡ ✇❤♦❧❡ s❡t
♦❢ ♠❛❝❤✐♥❡ ✐♥t❡❣❡rs ✭t❤❡ ✐♥t❡❣❡r ❢♦r♠❛t ❝❛♥ ❜❡ s❡t ❛s ❛♥
♦♣t✐♦♥ ♦❢ t❤❡ ❇▼❈ t♦♦❧s✮✳ ■♥ st❡♣ ✸✱ ✇❡ ✉s❡ s♦♠❡ ❛ss❡rt

st❛t❡♠❡♥ts ✇❤✐❝❤ ❛r❡ ❝❤❡❝❦❡❞ ✐♥ s❡q✉❡♥❝❡ ❜② t❤❡ ❇▼❈
t♦♦❧s✳

❋♦r ❡❛❝❤ ♣r♦♣❡rt②✱ t❤❡ ❧♦♦♣ ♠✉st ❜❡ ❝❤❡❝❦❡❞ ❢♦r ❛
♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s t❤❛t ✐s tr❛❝t❛❜❧❡✱ ❜✉t ♥❡✈❡rt❤❡❧❡ss
♠❡❛♥✐♥❣❢✉❧✳ ❇▼❈ t♦♦❧s ♠❛❦❡ ❛ ❜♦✉♥❞❡❞ ✈❡r✐✜❝❛t✐♦♥✳ ●❡♥✲
❡r❛❧❧②✱ t❤❡ ❜♦✉♥❞ ✐s ♣r♦❣r❡ss✐✈❡❧② ✐♥❝r❡❛s❡❞ ✉♥t✐❧ ❛♥ ❡rr♦r
✐s ❢♦✉♥❞✱ ♦r t❤❡ s✐③❡ ♦❢ t❤❡ ❢♦r♠✉❧❛ ✐s t♦♦ ❧❛r❣❡ ❛♥❞ ❡①✲
❝❡❡❞s t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ t♦♦❧✳ ❋♦r t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r

♠♦❞✉❧❡✱ t❤❡ ❧♦♥❣❡st ❢✉♥❝t✐♦♥ ✐s t❤❡ ▲♦❝❦❴❢❧❛s❤ ❢✉♥❝t✐♦♥✿
✐t r❡q✉✐r❡s 61 ❝②❝❧❡s✳ ❍♦✇❡✈❡r✱ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts ✭s❡❡
❙❡❝t✳ ✹✮✱ ♣r♦♣❡rt✐❡s ♦❢t❡♥ r❡q✉✐r❡ ♠✉❝❤ ♠♦r❡ ❝②❝❧❡s✳

✸✳✸✳✸ Pr♦♣❡rt② ✶

❚♦ ❝❤❡❝❦ t❤❡ ♣r♦♣❡rt② ✶✱ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ✇❤❛t❡✈❡r
✐♥♣✉t ❝♦♠♠❛♥❞s ❛r❡✱ ✐❢ t❤❡ ✇❛r♥✐♥❣ ✐s ♦♥✱ t❤❡ ❧✐❣❤ts ♠✉st
✢❛s❤ ❛s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❲❛r♥✐♥❣ ❢✉♥❝t✐♦♥✿ ❜♦t❤ ❧✐❣❤ts
s❤❛❧❧ ♦s❝✐❧❧❛t❡ ✇✐t❤ ❛ t✐♠❡ ♣❡r✐♦❞ ♦❢ 6 t✐♠❡✲✉♥✐ts✳ ❚❤❡
❈ ♣r♦❣r❛♠ ✉s❡❞ t♦ ♠♦❞❡❧ t❤✐s ♣r♦♣❡rt② ✭❝❛❧❧❡❞ ♣r♦♣✶✮ ✐s
s❤♦✇♥ ✐♥ ❋✐❣✳ ✼✿

✕ ❊❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ♠❛✐♥ ❧♦♦♣ ✭❧✐♥❡ ✽✮ ✐s ❛ ❝❧♦❝❦ ❝②✲
❝❧❡ ✇❤❡r❡ ✐♥♣✉t ✈❛❧✉❡s ❛r❡ r❡❛❞ ✭❧✐♥❡s ✾ t♦ ✶✺✮ ❛♥❞ ❢✶

❢✉♥❝t✐♦♥ ✐s ❝❛❧❧❡❞ ✭❧✐♥❡ ✷✺✮✳ ◆♦t❡ t❤❛t ❧✐♥❡s ✶✶ ❛♥❞ ✶✸
❛♣♣❧② t❤❡ r❡str✐❝t✐♦♥s ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✳ ✸✳✷✳

✕ ❚❤❡ ❝♦♠♠❛♥❞ ♦❢ t❤❡ ✇❛r♥✐♥❣ ✐s ❛ ♣✉s❤✲❞♦✇♥ ❜✉tt♦♥✳
❚❤✉s t❤❡ ✈❛r✐❛❜❧❡ ❲♦♥ ✐♥ t❤❡ ♣r♦❣r❛♠ ❜❡❝♦♠❡s ❚❘❯❊

♦♥❧② ✇❤❡♥ ✐t ✇❛s ❋❆▲❙❊ ❜❡❢♦r❡✱ ❛♥❞ t❤❡r❡ ✐s ❛ r✐s✐♥❣
❡❞❣❡ ♦❢ t❤❡ ✐♥♣✉t ❲ ✭❧✐♥❡s ✶✾ t♦ ✷✷✮✳

✕ ■❢ ❲♦♥ ✐s ❚❘❯❊✱ t❤❡♥ t❤❡ ❧✐❣❤ts s❤❛❧❧ ♦s❝✐❧❧❛t❡ ✇✐t❤ ❛
t✐♠❡ ♣❡r✐♦❞ ♦❢ 6 t✐♠❡✲✉♥✐ts✱ ♣r♦❞✉❝✐♥❣ ❛♥ ♦✉t♣✉t s❡✲
q✉❡♥❝❡ ♦❢ t❤❡ ❢♦r♠ ❬✶✶✶✵✵✵✶✶✶✵✵✵✳✳✳❪✳ ❲❡ ✉s❡ ❛ ✈❛r✐✲
❛❜❧❡ ❝♦✉♥t t❤❛t ❝♦✉♥ts t❤❡ ♥✉♠❜❡r ♦❢ ❝②❝❧❡s s✐♥❝❡ ❲♦♥

✐s tr✉❡✳ ❱❛❧✉❡ ♦❢ ✈❛r✐❛❜❧❡ ❝♦✉♥t ✐s s❡t t♦ 0 ♦♥ ❡❛❝❤ r✐s✲
✐♥❣ ❡❞❣❡ ♦❢ ❲ ✭❧✐♥❡ ✷✵✮✱ ❛♥❞ ✐s ✐♥❝r❡❛s❡❞ ✇❤❡♥ ❲♦♥ ✐s
tr✉❡ ✭❧✐♥❡ ✸✹✮✳ ❝♦✉♥t✴✸ ❜r✐♥❣s t❤❡ ♦s❝✐❧❧❛t✐♦♥ ❜❛❝❦ t♦ ❛
♦♥❡ t✐♠❡✲✉♥✐t ♦s❝✐❧❧❛t✐♦♥✳ ❙✐♥❝❡ t❤❡ ♦s❝✐❧❧❛t✐♦♥ st❛rts
✇✐t❤ ✶✱ t❤❡ ❧✐❣❤ts s❤❛❧❧ ❜❡ ❚❘❯❊ ✇❤❡♥ ✭❝♦✉♥t✴✸✮✪✷❂❂✵

❛♥❞ s❤❛❧❧ ❜❡ ❋❆▲❙❊ ✇❤❡♥ ✭❝♦✉♥t✴✸✮✪✷❂❂✶✳ ❚❤❡ ❛ss❡rt

st❛t❡♠❡♥ts ❛t ❧✐♥❡s ✸✶ ❛♥❞ ✸✸ ❛r❡ st❛t✐♥❣ t❤✐s✳

✸✳✸✳✹ Pr♦♣❡rt② ✷

Pr♦♣❡rt② ✷ ❝♦♥❝❡r♥s ❛ s❝❡♥❛r✐♦ t❤❛t ❤♦sts t❤r❡❡ s✉❝❝❡s✲
s✐✈❡ ❡✈❡♥ts✿ ❛ ❞✐r❡❝t✐♦♥ ❝❤❛♥❣❡✱ ❛ ✇❛r♥✐♥❣ ❛❝t✐✈❛t✐♦♥✱
❛♥❞ ❛ ✇❛r♥✐♥❣ ❞❡❛❝t✐✈❛t✐♦♥✳ ❙✐♥❝❡ Pr♦♣❡rt② ✶ ✐s ❢❛❧s❡
✭❜❡❝❛✉s❡ ❧♦❝❦ ❛♥❞ ✉♥❧♦❝❦ ❢✉♥❝t✐♦♥s ❤❛✈❡ ♣r✐♦r✐t② ♦♥ t❤❡
✇❛r♥✐♥❣✮✱ ✇❡ s❡t t❤❡ ❡♥tr✐❡s ▲❑ ❛♥❞ ❯▲❑ t♦ ❋❆▲❙❊ t♦ s✐♠✲
♣❧✐❢② t❤❡ ♠♦❞❡❧✐♥❣✶✶✳

✶✶ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✭s❡❡ ❙❡❝t✳ ✹✳✷✳✷✮ s❤♦✇ t❤❛t ❡✈❡♥ t❤✐s s✐♠✲
♣❧✐✜❡❞ ✈❡rs✐♦♥ ✐s ♥♦t tr❛❝t❛❜❧❡✳



✶✵ ❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤

✶ ✈♦✐❞ ♣r♦♣✶✭✐♥t ❞✮ ④

✷ ✐♥✐t✭✮❀ ❢✶✭✮ ✴✴ ♠♦❞✉❧❡ ✐♥✐t✐❛❧✐③❛t✐♦♥
✸ ❋❂❚❘❯❊❀ ✴✴ t❤❡ ✢❛s❤✐♥❣ ❢✉♥❝t✐♦♥ ✐s ❛❝t✐✈❡
✹ ❴❇♦♦❧ ♦❧❞❲❀ ✴✴ ♦❧❞ ✈❛❧✉❡ ♦❢ ✇❛r♥✐♥❣ ✐♥♣✉t
✺ ❴❇♦♦❧ ❲♦♥ ❂ ❋❆▲❙❊❀ ✴✴ tr✉❡ ✐❢ ✇❛r♥✐♥❣ ❢✉♥❝t✐♦♥ ✐s ♦♥
✻ ✐♥t ❝♦✉♥t❂✵❀✴✴ ♥✉♠❜❡r ♦❢ ❝②❝❧❡s ✇❤❡♥ ❲♦♥ ✇❛s ❚❘❯❊
✼ ✴✴ ❝♦♥s✐❞❡r ❞ t✐♠❡−✉♥✐ts
✽ ❢♦r ✭✐♥t ✐❂✵❀✐❁❞❀✐✰✰✮ ④

✾ ✴✴ ♥♦♥−❞❡t❡r♠✐♥✐st✐❝ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥♣✉ts
✶✵ ▲❂♥♦♥❞❡t❴✐♥✭✮❀

✶✶ ✐❢ ✭▲✮ ❘❂❋❆▲❙❊❀ ❡❧s❡ ❘❂♥♦♥❞❡t❴✐♥✭✮❀

✶✷ ▲❑❂♥♦♥❞❡t❴✐♥✭✮❀

✶✸ ✐❢ ✭▲❑✮ ❯▲❑❂❋❆▲❙❊❀ ❡❧s❡ ❯▲❑❂♥♦♥❞❡t❴✐♥✭✮❀

✶✹ ♦❧❞❲❂❲❀

✶✺ ❲❂♥♦♥❞❡t❴✐♥✭✮❀

✶✻ ✴✴ ✇❛r♥✐♥❣ ✐s ❛ ♣✉s❤−❞♦✇♥ ❜✉tt♦♥
✶✼ ✴✴ ❲♦♥ ✐s ❚❘❯❊ ✐❢ ✐t ✇❛s ❋❆▲❙❊ ❜❡❢♦r❡
✶✽ ✴✴ ❛♥❞ t❤❡r❡ ❤❛s ❜❡❡♥ ❛ r✐s✐♥❣ ❡❞❣❡ ♦❢ ✐♥♣✉t ❲
✶✾ ✐❢ ✭❲ ✫✫ ✦♦❧❞❲✮④

✷✵ ❝♦✉♥t❂✵❀

✷✶ ❲♦♥ ❂ ✦❲♦♥❀

✷✷ ⑥

✷✸ ✴✴ ❝❛❧❧ t♦ ❢✶ ✭✮ t♦ s✐♠✉❧❛t❡ ♦♥❡ ♣❛ss t❤r♦✉❣❤
✷✹ ✴✴ t❤❡ ♠♦❞✉❧❡
✷✺ ❢✶✭✮❀

✷✻ ✴✴ ✐❢ t❤❡ ✇❛r♥✐♥❣ ❢✉♥❝t✐♦♥ ✐s ♦♥✱ t❤❡ ✢❛s❤✐♥❣
✷✼ ✴✴ ❧✐❣❤ts s❤❛❧❧ ♦s❝✐❧❧❛t❡ ✇✐t❤ ❛ ♣❡r✐♦❞ ♦❢
✷✽ ✴✴ ✻ t✐♠❡−✉♥✐ts✱ st❛rt✐♥❣ ✇✐t❤ ✈❛❧✉❡ ✶
✷✾ ✐❢ ✭❲♦♥✮ ④

✸✵ ✐❢ ✭✭❝♦✉♥t✴✸✮✪✷❂❂✵✮

✸✶ ❛ss❡rt✭♦✉t▲❂❂❚❘❯❊ ✫✫ ♦✉t❘❂❂❚❘❯❊✮❀

✸✷ ❡❧s❡

✸✸ ❛ss❡rt✭♦✉t▲❂❂❋❆▲❙❊ ✫✫ ♦✉t❘❂❂❋❆▲❙❊✮❀

✸✹ ❝♦✉♥t✰✰❀

✸✺ ⑥

✸✻ ⑥

✸✼ ⑥

❋✐❣✳ ✼✳ ❋✉♥❝t✐♦♥ ✉♥❞❡r ✈❡r✐✜❝❛t✐♦♥ ❢♦r Pr♦♣❡rt② ✶

❚❤❡ ❈ ♣r♦❣r❛♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣r♦♣❡rt② ✷ ✭❝❛❧❧❡❞
♣r♦♣✷ ❛♥❞ s❤♦✇♥ ✐♥ ❋✐❣✳ ✽✮✱ ✇♦r❦s ❛s ❢♦❧❧♦✇s✿

✕ ■t ✉s❡s ❝♦✉♥t❡r ❝♦✉♥t❘ ✭r❡s♣✳ ❝♦✉♥t▲✮ t♦ ❝♦✉♥t t❤❡
♥✉♠❜❡r ♦❢ ❝②❝❧❡s s✐♥❝❡ ❘ ✭r❡s♣✳ ▲✮ ❤❛s ❜❡❡♥ ❚❘❯❊✳ ◆♦t❡
t❤❛t ❝♦✉♥t▲ ❤❛s t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ −2 ❜❡❝❛✉s❡ ❛ ❧❡❢t
❞✐r❡❝t✐♦♥ ❝❤❛♥❣❡ ❛❝t✐✈❛t❡s t❤❡ ❧❡❢t ❧✐❣❤t ♦♥ t❤❡ ♥❡①t
❝②❝❧❡ ♦❢ t❤❡ r✐s✐♥❣ ❡❞❣❡ ♦❢ ▲✳

✕ ❚❤❡ ✜rst ❧♦♦♣ ✭❧✐♥❡ ✶✶✮ ✐s ✉s❡❞ t♦ r❡♣❡❛t t❤❡ s❝❡♥❛r✐♦✳
✕ ❲❤❡♥ t❤❡ ✇❛r♥✐♥❣ ✐s ❛❝t✐✈❛t❡❞✱ ❛♥❞ ❛ r✐❣❤t ♦r ❧❡❢t

❞✐r❡❝t✐♦♥ ❝❤❛♥❣❡ ✐s ❛❧s♦ ❛❝t✐✈❡ ✭❧✐♥❡ ✷✷✮✱ t❤❡♥ ❛♥♦t❤❡r
❧♦♦♣ st❛rts ❛♥❞ st♦♣s ✇❤❡♥ t❤❡ ✇❛r♥✐♥❣ ✐s ❝✉t ❞♦✇♥
✭❧✐♥❡ ✷✹✮✳

✕ ❲❤❡♥ t❤❡ ✇❛r♥✐♥❣ ❤❛s ❜❡❡♥ ❝✉t ❛♥❞ ❛ r✐❣❤t ♦r ❧❡❢t ❞✐✲
r❡❝t✐♦♥ ❝❤❛♥❣❡ ✐s ❛❝t✐✈❡✱ t❤❡ ❧✐❣❤ts s❤❛❧❧ ❜❡❤❛✈❡ ❛s t❤❡
❋❧❛s❤❡rs❴❧❡❢t ♦r ❋❧❛s❤❡rs❴r✐❣❤t ❢✉♥❝t✐♦♥s ✭❧✐♥❡s ✸✽
t♦ ✹✾✮✳

✶ ✈♦✐❞ ♣r♦♣✷✭✐♥t ❞✮ ④

✷ ✐♥✐t✭✮❀

✸ ✴✴ ▲❑ ❛♥❞ ❯▲❑ ❛r❡ ♥♦t ❛❝t✐✈❡
✹ ▲❑❂❋❆▲❙❊❀ ❯▲❑❂❋❆▲❙❊❀

✺ ✴✴ t❤❡ ✢❛s❤✐♥❣ ❢✉♥❝t✐♦♥ ✐s ❛❝t✐✈❡
✻ ❋❂❚❘❯❊❀

✼ ❴❇♦♦❧ ♦❧❞❲❀ ✴✴ ♦❧❞ ✈❛❧✉❡ ♦❢ ❲ ✐♥♣✉t
✽ ❴❇♦♦❧ ❲♦♥ ❂ ❋❆▲❙❊❀ ✴✴ tr✉❡ ✐❢ ✇❛r♥✐♥❣ ❢✉♥❝t✐♦♥ ✐s ♦♥
✾ ✐♥t ❝♦✉♥t❘❂✲✶❀ ✴✴ ♥✉♠❜❡r ♦❢ ❝②❝❧❡s s✐♥❝❡ ❘ ✇❛s ❚❘❯❊

✶✵ ✐♥t ❝♦✉♥t▲❂✲✷❀ ✴✴ ♥✉♠❜❡r ♦❢ ❝②❝❧❡s s✐♥❝❡ ▲ ✇❛s ❚❘❯❊
✶✶ ❢♦r ✭✐♥t ✐❂✵❀✐❁❞❀✐✰✰✮ ④

✶✷ ✴✴ r❡❛❞ ♥♦♥ ❞❡t❡r♠✐♥✐st✐❝ ✐♥♣✉ts ✇✐t❤ r❡str✐❝t✐♦♥s
✶✸ ▲❂♥♦♥❞❡t❴✐♥✭✮❀

✶✹ ✐❢ ✭▲✮ ❘❂❋❆▲❙❊❀ ❡❧s❡ ❘❂♥♦♥❞❡t❴✐♥✭✮❀

✶✺ ✐❢ ✭❘✮ ❝♦✉♥t❘✰✰❀ ❡❧s❡ ❝♦✉♥t❘❂✲✶❀

✶✻ ✐❢ ✭▲✮ ❝♦✉♥t▲✰✰❀ ❡❧s❡ ❝♦✉♥t▲❂✲✷❀

✶✼ ♦❧❞❲❂❲❀ ❲❂♥♦♥❞❡t❴✐♥✭✮❀

✶✽ ✐❢ ✭❲ ✫✫ ✦♦❧❞❲✮ ❲♦♥ ❂ ✦❲♦♥❀

✶✾ ✴✴ ❝❛❧❧ t♦ t❤❡ ♠♦❞✉❧❡
✷✵ ❢✶✭✮❀

✷✶ ✴✴ ❘ ♦r ▲ ❤❛s ❜❡❡♥ ❛❝t✐✈❛t❡❞ ❧❛t❡r ✭♦r ❡q✉❛❧✮ t❤❛♥ ❲
✷✷ ✐❢ ✭✭❲♦♥ ✫✫ ❘✮ ⑤⑤ ✭❲♦♥ ✫✫ ▲✮✮ ④

✷✸ ✴✴ r❡❛❞ ✐♥♣✉ts ✉♥t✐❧ t❤❡ ✇❛r♥✐♥❣ ✐s r❡❧❡❛s❡❞
✷✹ ❢♦r ✭✐♥t ❥❂✵❀❥❁❞ ✫✫ ❲♦♥❀❥✰✰✮ ④

✷✺ ▲❂♥♦♥❞❡t❴✐♥✭✮❀

✷✻ ✐❢ ✭▲✮ ❘❂❋❆▲❙❊❀ ❡❧s❡ ❘❂♥♦♥❞❡t❴✐♥✭✮❀

✷✼ ✐❢ ✭❘✮ ❝♦✉♥t❘✰✰❀ ❡❧s❡ ❝♦✉♥t❘❂✲✶❀

✷✽ ✐❢ ✭▲✮ ❝♦✉♥t▲✰✰❀ ❡❧s❡ ❝♦✉♥t▲❂✲✷❀

✷✾ ♦❧❞❲❂❲❀ ❲❂♥♦♥❞❡t❴✐♥✭✮❀

✸✵ ✐❢ ✭❲ ✫✫ ✦♦❧❞❲✮ ❲♦♥ ❂ ✦❲♦♥❀

✸✶ ✴✴ ❝❛❧❧ t♦ t❤❡ ♠♦❞✉❧❡
✸✷ ❢✶✭✮❀

✸✸ ⑥

✸✹ ✴✴ ✐❢ t❤❡ ✇❛r♥✐♥❣ ❢✉♥❝t✐♦♥ ✐s r❡❧❡❛s❡❞
✸✺ ✴✴ ❛♥❞ ❛ ❞✐r❡❝t✐♦♥ ❝❤❛♥❣❡ ✐s st✐❧❧ ❛❝t✐✈❡ ✱
✸✻ ✴✴ t❤❡ ✢❛s❤❡r❴r✐❣❤t ♦r ✢❛s❤❡r❴❧❡❢t ❢✉♥❝t✐♦♥ ✐s
✸✼ ✴✴ ❛❝t✐✈❡
✸✽ ✐❢ ✭✦❲♦♥ ✫✫ ❘✮ ④

✸✾ ✐❢ ✭✭❝♦✉♥t❘✴✸✮✪✷❂❂✵✮

✹✵ ❛ss❡rt✭♦✉t▲❂❂❋❆▲❙❊ ✫✫ ♦✉t❘❂❂❚❘❯❊✮❀

✹✶ ❡❧s❡

✹✷ ❛ss❡rt✭♦✉t▲❂❂❋❆▲❙❊ ✫✫ ♦✉t❘❂❂❋❆▲❙❊✮❀

✹✸ ⑥

✹✹ ✐❢ ✭✦❲♦♥ ✫✫ ▲✮ ④

✹✺ ✐❢ ✭❝♦✉♥t▲❂❂✲✶ ⑤⑤ ✭❝♦✉♥t▲✴✸✮✪✷❂❂✵✮

✹✻ ❛ss❡rt✭♦✉t▲❂❂❚❘❯❊ ✫✫ ♦✉t❘❂❂❋❆▲❙❊✮❀

✹✼ ❡❧s❡

✹✽ ❛ss❡rt✭♦✉t▲❂❂❋❆▲❙❊ ✫✫ ♦✉t❘❂❂❋❆▲❙❊✮❀

✹✾ ⑥

✺✵ ⑥

✺✶ ⑥

❋✐❣✳ ✽✳ ❋✉♥❝t✐♦♥ ✉♥❞❡r ✈❡r✐✜❝❛t✐♦♥ ❢♦r Pr♦♣❡rt② ✷



❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤ ✶✶

✶ ✈♦✐❞ ♣r♦♣✸❜✭✐♥t ❞✮ ④

✷ ✐♥✐t✭✮❀

✸ ✴✴ ▲❑ ❛♥❞ ❯▲❑ ❛r❡ ♥♦t ❛❝t✐✈❡
✹ ▲❑❂❋❆▲❙❊❀

✺ ❯▲❑❂❋❆▲❙❊❀

✻ ❢♦r ✭✐♥t ✐❂✵❀✐❁❞❀✐✰✰✮ ④

✼ ✴✴ r❡❛❞ ♥♦♥ ❞❡t❡r♠✐♥✐st✐❝ ✐♥♣✉ts ✇✐t❤ r❡str✐❝t✐♦♥s
✽ ❋❂♥♦♥❞❡t❴✐♥✭✮❀

✾ ▲❂♥♦♥❞❡t❴✐♥✭✮❀

✶✵ ✐❢ ✭▲✮ ❘❂❋❆▲❙❊❀ ❡❧s❡ ❘❂♥♦♥❞❡t❴✐♥✭✮❀

✶✶ ❲❂♥♦♥❞❡t❴✐♥✭✮❀

✶✷ ❢✶✭✮❀

✶✸ ✴✴ ✐❢ ❋ ✐s ❞✐s❛❜❧❡❞ ✱ ❧❡❢t ✱ r✐❣❤t ❛♥❞
✶✹ ✴✴ ✇❛r♥✐♥❣ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡❛❝t✐✈❛t❡❞
✶✺ ✐❢ ✭✦❋✮ ④

✶✻ ❛ss❡rt✭♦✉t▲❂❂❋❆▲❙❊ ✫✫ ♦✉t❘❂❂❋❆▲❙❊✮❀

✶✼ ⑥

✶✽ ⑥

✶✾ ⑥

❋✐❣✳ ✾✳ ❋✉♥❝t✐♦♥ ✉♥❞❡r ✈❡r✐✜❝❛t✐♦♥ ❢♦r Pr♦♣❡rt② ✸❜✿ ❧❡❢t✱ r✐❣❤t ❛♥❞
✇❛r♥✐♥❣ ✢❛s❤✐♥❣ ❢✉♥❝t✐♦♥s

✸✳✸✳✺ Pr♦♣❡rt② ✸

Pr♦♣❡rt② ✸ ❝♦♥❝❡r♥s t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠♦❞✉❧❡ ✇❤❡♥
t❤❡ ✢❛s❤✐♥❣ ❢✉♥❝t✐♦♥ ✐s ❞❡❛❝t✐✈❛t❡❞✱ ✐✳❡✳✱ ✐♥♣✉t s✐❣♥❛❧ ❋
✐s ❋❆▲❙❊✳ ❲❡ ✇r♦t❡ t✇♦ ✈❡rs✐♦♥s ♦❢ t❤✐s ♣r♦♣❡rt②✿ Pr♦♣✲
❡rt✐❡s ✸❛ ❛♥❞ ✸❜✳ Pr♦♣❡rt② ✸❛ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♦r✐❣✐✲
♥❛❧ ♣r♦♣❡rt② ✇❤✐❝❤ st❛t❡s t❤❛t ❋=❋❆▲❙❊ ❞❡❛❝t✐✈❛t❡s t❤❡
❋❧❛s❤❡rs❴❧❡❢t✱ ❋❧❛s❤❡rs❴r✐❣❤t ❛♥❞ ❲❛r♥✐♥❣ ❢✉♥❝t✐♦♥s✱
❜✉t ❞♦❡s ♥♦t ❞❡❛❝t✐✈❛t❡ t❤❡ ❢✉♥❝t✐♦♥s r❡❧❛t❡❞ t♦ ❧♦❝❦ ❛♥❞
✉♥❧♦❝❦ ❝♦♠♠❛♥❞s✳ ❍♦✇❡✈❡r✱ ✇❡ r❡str✐❝t❡❞ ▲❑ ❛♥❞ ❯▲❑ ✐♥✲
♣✉ts s♦ t❤❛t t❤❡② ❛r❡ ✐❣♥♦r❡❞ ✇❤✐❧❡ ❛ ✢❛s❤✐♥❣ ❢✉♥❝t✐♦♥
❞✉❡ t♦ ❛ ♣r❡✈✐♦✉s ❧♦❝❦ ♦r ✉♥❧♦❝❦ ♦❢ t❤❡ ❝❛r ✐s ♥♦t ②❡t ❝♦♠✲
♣❧❡t❡❞✳ ❊✈❡♥ ✇✐t❤ t❤✐s r❡str✐❝t✐♦♥ ♦♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢
▲❑ ❛♥❞ ❯▲❑ ✐♥♣✉ts✱ Pr♦♣❡rt② ✸❛ ✐s ♥♦t tr❛❝t❛❜❧❡ ❜❡❝❛✉s❡
♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ❡①♣❧♦s✐♦♥ ✭s❡❡ ❙❡❝t✳ ✹✳✷✳✸✮✳ ❍❡♥❝❡✱ ✇❡
✐♥tr♦❞✉❝❡❞ Pr♦♣❡rt② ✸❜ ✇❤✐❝❤ ♦♥❧② ❞❡❛❧s ✇✐t❤ ❲❛r♥✐♥❣✱
❋❧❛s❤❡rs❴❧❡❢t ❛♥❞ ❋❧❛s❤❡rs❴r✐❣❤t ❢✉♥❝t✐♦♥s✿ ✉♥❧♦❝❦ ❛♥❞
❧♦❝❦ ✐♥♣✉ts ❛r❡ ❞✐s❛❜❧❡❞✳ ❲❡ ✜rst ❞❡s❝r✐❜❡ Pr♦♣❡rt② ✸❜✱
❛s ✐t ✐s ❛ s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ Pr♦♣❡rt② ✸❛❀ ♥❡①t✱ ✇❡ ❞❡t❛✐❧
Pr♦♣❡rt② ✸❛✳

❚❤❡ ❈ ♣r♦❣r❛♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Pr♦♣❡rt② ✸❜ ✕❝❛❧❧❡❞
♣r♦♣✸❜✕ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✾✳ ■t ♠❛✐♥❧② ❝♦♥s✐sts ✐♥ ❛ ❧♦♦♣
✇❤❡r❡ ✐♥♣✉ts ❛r❡ r❡❛❞ ✭❧✐♥❡s ✼ t♦ ✶✷✮✱ ❢✶ ❢✉♥❝t✐♦♥ ✐s ❝❛❧❧❡❞✱
❛♥❞ ❧✐❣❤ts ❛r❡ ❝❤❡❝❦❡❞ t♦ ❜❡ ♦✛ ❡❛❝❤ t✐♠❡ ❋ ✐s ❡q✉❛❧ t♦
❋❆▲❙❊ ✭❧✐♥❡ ✶✻✮✳

❚❤❡ ❈ ♣r♦❣r❛♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Pr♦♣❡rt② ✸❛ ✕❝❛❧❧❡❞
♣r♦♣✸❛✕ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✵ ❛♥❞ ✶✶✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t②
t♦ ♠♦❞❡❧ t❤✐s ♣r♦♣❡rt② ✐s t❤❛t t❤❡r❡ ❛r❡ ❢♦✉r ♣♦ss✐❜❧❡ s❝❡✲
♥❛r✐♦s✱ ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ t❤❡ ▲❑ ❛♥❞ ❯▲❑ ✐♥♣✉ts✱ ❛♥❞ ❛❧s♦
♦♥ t❤❡ st❛t❡ ♦❢ t❤❡ ❞♦♦rs ✭❝❧♦s❡❞ ♦r ♥♦t✮✳ ❋✉rt❤❡r♠♦r❡✱
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s r❡❧❛t❡❞ t♦ ❧♦❝❦✴✉♥❧♦❝❦ ♠✉st ❜❡
✐❣♥♦r❡❞✱ t❤✉s ♦♥❡ ❤❛s t♦ r❡❝♦r❞ ✐❢ ❛ ♣r❡✈✐♦✉s ❢✉♥❝t✐♦♥ ✐s
♥♦✇ ❝♦♠♣❧❡t❡✳ ♣r♦♣✸❛ ✇♦r❦s ❛s ❢♦❧❧♦✇s✿

✕ ▲✐♥❡s ✸ t♦ ✶✹ ✐♥✐t✐❛❧✐③❡ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡s r❡❧❛t❡❞ t♦
❧♦❝❦ ❛♥❞ ✉♥❧♦❝❦ ❢✉♥❝t✐♦♥s✳

✕ ▲✐♥❡s ✶✼ t♦ ✶✾ r❡❛❞ ✈❛❧✉❡s ♦❢ ✐♥♣✉ts ❋✱ ▲✱ ❘ ❛♥❞ ❲✳
✕ ▲✐♥❡s ✷✵ t♦ ✹✵ r❡❛❞ ✈❛❧✉❡s ♦❢ ✐♥♣✉ts ▲❑ ❛♥❞ ❯▲❑✱ ♦♥❧②

✐❢ ♥♦ ❧♦❝❦✴✉♥❧♦❝❦ ❢✉♥❝t✐♦♥ ✐s ❛❝t✐✈❡❀ st❛t❡ ✈❛r✐❛❜❧❡s
r❡❧❛t❡❞ t♦ ▲❑ ❛♥❞ ❯▲❑ ❛r❡ ❛❧s♦ ✉♣❞❛t❡❞✳

✕ ❆ss❡rt✐♦♥s ♠✉st ♦♥❧② ❜❡ ❝❤❡❝❦❡❞ ✇❤❡♥ ❋ ✐s ❋❆▲❙❊

✭❧✐♥❡ ✹✻✮✳
✕ ▲✐♥❡s ✹✼ t♦ ✹✾ ❝♦♥❝❡r♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ♥♦ ❢✉♥❝t✐♦♥

r❡❧❛t❡❞ t♦ ❧♦❝❦ ♦r ✉♥❧♦❝❦ ✐s ❛❝t✐✈❡✳ ❚❤✉s t❤❡ ❧✐❣❤ts
s❤❛❧❧ ❜❡ ♦✛✳

✕ ▲✐♥❡s ✺✵ t♦ ✻✹ ❝♦♥❝❡r♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛ ❢✉♥❝t✐♦♥ r❡✲
❧❛t❡❞ t♦ ❧♦❝❦ ✐s ❛❝t✐✈❡✳ ❚❤❡ ❛ss❡rt✐♦♥ t♦ ❜❡ ❝❤❡❝❦❡❞
❞❡♣❡♥❞s ♦♥ t❤❡ st❛t❡ ♦❢ t❤❡ ❞♦♦rs ✭♦♣❡♥❡❞ ♦r ♥♦t✮
✇❤❡♥ t❤❡ ❧♦❝❦ ✇❛s ❛❝t✐✈❛t❡❞✳

✕ ▲✐♥❡s ✻✺ t♦ ✼✻ ❝♦♥❝❡r♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛ ❢✉♥❝t✐♦♥ r❡✲
❧❛t❡❞ t♦ ✉♥❧♦❝❦ ✐s ❛❝t✐✈❡✳ ❍❡r❡ ❛❧s♦✱ t❤❡ ❛ss❡rt✐♦♥ t♦
❜❡ ❝❤❡❝❦❡❞ ❞❡♣❡♥❞s ♦♥ t❤❡ st❛t❡ ♦❢ t❤❡ ❞♦♦rs ✭♦♣❡♥❡❞
♦r ♥♦t✮ ✇❤❡♥ t❤❡ ✉♥❧♦❝❦ ✇❛s ❛❝t✐✈❛t❡❞✳

✕ ▲✐♥❡s ✽✵ t♦ ✽✼ ❛r❡ ✉s❡❞ t♦ s❡t ▲❑♦♥ ❛♥❞ ❯▲❑♦♥ t♦ ❋❆▲❙❊

✇❤❡♥ t❤❡ t❡r♠ ♦❢ t❤❡ ❝✉rr❡♥t ✢❛s❤✐♥❣ ❢✉♥❝t✐♦♥ ❤❛s
❡①♣✐r❡❞✳

✸✳✸✳✻ Pr♦♣❡rt② ✹

Pr♦♣❡rt② ✹ ♦❢ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ❝♦♥❝❡r♥s t❤❡ ❜❡❤❛✈✲
✐♦r ♦❢ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ❢♦r ❛♥ ✐♥✜♥✐t❡ t✐♠❡ ♣❡r✐♦❞✳
Pr❛❝t✐❝❛❧❧②✱ ✇❡ ❝❛♥ ♦♥❧② ❝❤❡❝❦ ❛ ❜♦✉♥❞❡❞ ✈❡rs✐♦♥ ♦❢ t❤✐s
♣r♦♣❡rt②✿ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ♣r♦♣❡rt② ✐s ✈✐♦❧❛t❡❞ ✇❤❡♥
t❤❡ ❧✐❣❤ts r❡♠❛✐♥ ♦♥ ❢♦r ❞ ❝♦♥s❡❝✉t✐✈❡ t✐♠❡ ♣❡r✐♦❞s✳ ❚❤❡
❈ ♣r♦❣r❛♠ ✉♥❞❡r ✈❡r✐✜❝❛t✐♦♥ ❢♦r t❤✐s ❜♦✉♥❞❡❞ ✈❡rs✐♦♥
♦❢ ♣r♦♣❡rt② ✹ ✐s ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✳ ✶✷✳ ❲❡ t❤✉s ✐♥tr♦❞✉❝❡
❛ ❧♦♦♣ ❜♦✉♥❞❡❞ ❜② ❞ ✭❧✐♥❡ ✾✮ t❤❛t ❝♦✉♥ts t❤❡ ♥✉♠❜❡r
♦❢ t✐♠❡s ✇❤❡♥ t❤❡ ♦✉t♣✉ts ♦❢ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ❤❛✈❡
❝♦♥s❡❝✉t✐✈❡❧② ❜❡❡♥ tr✉❡ ✭❧✐♥❡s ✷✻ t♦ ✸✾✮✳ ❆❢t❡r t❤❡ ❧♦♦♣✱ ✐❢
t❤❡s❡ ❝♦✉♥t❡rs ❛r❡ ❡q✉❛❧ t♦ ❞ ✭❧✐♥❡ ✹✸✮✱ t❤❡♥ t❤❡ ♣r♦♣❡rt②
✐s ✈✐♦❧❛t❡❞ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ♦✉t♣✉ts ❤❛✈❡ r❡♠❛✐♥❡❞
tr✉❡ ❞✉r✐♥❣ t❤❡ ✇❤♦❧❡ t✐♠❡ ♣❡r✐♦❞ t❤❛t ✇❛s ❝♦♥s✐❞❡r❡❞✳
❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❜♦✉♥❞ ❞ ✐s s❡t ❛s ❧❛r❣❡ ❛s ♣♦ss✐❜❧❡ ❛s
s❤♦✇♥ ✐♥ ❙❡❝t✳ ✹❀ ✐ts ♠❛①✐♠❛❧ ✈❛❧✉❡ ✐s ♠❛✐♥❧② ❞❡t❡r♠✐♥❡❞
❜② t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ t♦♦❧s✳

✹ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ♦✉r ❡①♣❡r✐♠❡♥ts ✇✐t❤ ❝♦♥str❛✐♥t✲
❜❛s❡❞ ❇▼❈ ❢♦r ❝❤❡❝❦✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❋❧❛s❤❡r

▼❛♥❛❣❡r ✭s❡❡ ❙❡❝t✳ ✸✳✷ ❛♥❞ ✸✳✸✮✳ ❋♦r ❡❛❝❤ ♣r♦♣❡rt②✱ ✇❡
❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ ❉P❱❙ ❬✶✶❪ t♦ t❤♦s❡
♦❜t❛✐♥❡❞ ✇✐t❤ ❈❇▼❈ ❬✽❪✱ ❛ st❛t❡✲♦❢✲t❤❡✲❛rt ❜♦✉♥❞❡❞ ♠♦✲
❞❡❧ ❝❤❡❝❦❡r✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❝♦♥tr✐❜✉✲
t✐♦♥ ♦❢ ❛ ❙❛t✐s✜❛❜✐❧✐t② ▼♦❞✉❧♦ ❚❤❡♦r✐❡s ✭❙▼❚✮ s♦❧✈❡r t♦
t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥str❛✐♥t ♣r♦❜❧❡♠s ✐ss✉❡❞ ❢r♦♠ ♦✉r
❡①♣❡r✐♠❡♥ts✳ ❚❤✉s✱ ❡❛❝❤ ❡①♣❡r✐♠❡♥t ✇❛s r❛♥ ✇✐t❤ t❤❡ ❞❡✲
❢❛✉❧t s♦❧✈❡r ♦❢ ❡❛❝❤ t♦♦❧ ❛♥❞ ✇✐t❤ t❤❡ ③✸ ❙▼❚ s♦❧✈❡r ❬✷✸❪
❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ s♦❧✈❡r✳



✶✷ ❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤

✶ ✈♦✐❞ ♣r♦♣✸❛✭✐♥t ❞✮④

✷ ✐♥✐t✭✮❀

✸ ❴❇♦♦❧ ❞♦♦rs▲♦❝❦❡❞❂❚❘❯❊❀ ✴✴ ❞♦♦rs ❛r❡ ❝❧♦s❡❞
✹ ✴✴ st❛t❡ ✈❛r✐❛❜❧❡s ❢♦r ❧♦❝❦ ❢✉♥❝t✐♦♥
✺ ❴❇♦♦❧ ♦❧❞▲❑❂❋❆▲❙❊❀ ✴✴ ♦❧❞ ✈❛❧✉❡ ♦❢ ▲❑
✻ ❴❇♦♦❧ ▲❑♦♥❂❋❆▲❙❊❀ ✴✴ ♥♦ ❛❝t✐✈❡ ❢✉♥❝t✐♦♥ r❡❧❛t❡❞ t♦ ❧♦❝❦
✼ ❴❇♦♦❧ ▲❑❴♦♥❴❧❦❞❂❚❘❯❊❀ ✴✴ ❧♦❝❦ ✇❤❡♥ ❞♦♦r ✐s ❝❧♦s❡❞
✽ ✐♥t ❝♦✉♥t▲❑❂✲✶❀ ✴✴ ♥✉♠❜❡r ♦❢ ❝②❝❧❡s s✐♥❝❡ ▲❑♦♥ ✐s tr✉❡
✾ ✴✴ st❛t❡ ✈❛r✐❛❜❧❡s ❢♦r ✉♥❧♦❝❦ ❢✉♥❝t✐♦♥

✶✵ ❴❇♦♦❧ ♦❧❞❯▲❑❂❋❆▲❙❊❀ ✴✴ ♦❧❞ ✈❛❧✉❡ ♦❢ ▲❑
✶✶ ❴❇♦♦❧ ❯▲❑♦♥❂❋❆▲❙❊❀ ✴✴ ♥♦ ❛❝t✐✈❡ ❢✉♥❝t✐♦♥ r❡❧❛t❡❞
✶✷ ✴✴ t♦ ✉♥❧♦❝❦
✶✸ ❴❇♦♦❧ ❯▲❑❴♦♥❴❧❦❞❂❚❘❯❊❀ ✴✴ ✉♥❧♦❝❦ ✇❤❡♥ ❞♦♦r ✐s ❝❧♦s❡❞
✶✹ ✐♥t ❝♦✉♥t❯▲❑❂✲✶❀ ✴✴ ♥✉♠❜❡r ♦❢ ❝②❝❧❡s s✐♥❝❡ ❯▲❑♦♥
✶✺ ✴✴ ✐s tr✉❡
✶✻ ❢♦r ✭✐♥t ✐❂✵❀✐❁❞❀✐✰✰✮ ④

✶✼ ✴✴ ✐♥♣✉t ✈❛❧✉❡s ✇❤✐❝❤ ❡①❝❧✉❞❡ ▲❂❘❂✶
✶✽ ❋❂♥♦♥❞❡t❴✐♥✭✮❀ ❲❂♥♦♥❞❡t❴✐♥✭✮❀ ▲❂♥♦♥❞❡t❴✐♥✭✮❀

✶✾ ✐❢ ✭▲✮ ❘❂❋❆▲❙❊❀ ❡❧s❡ ❘❂♥♦♥❞❡t❴✐♥✭✮❀

✷✵ ✴✴ ✐♥♣✉t ✈❛❧✉❡s ♦❢ ▲❑ ❛♥❞ ❯▲❑ ✇❤✐❝❤ ❡①❝❧✉❞❡
✷✶ ✴✴ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❧♦❝❦✴✉♥❧♦❝❦ ❢✉♥❝t✐♦♥s
✷✷ ✐❢ ✭✦▲❑♦♥ ✫✫ ✦❯▲❑♦♥✮ ④

✷✸ ♦❧❞▲❑❂▲❑❀ ▲❑❂♥♦♥❞❡t❴✐♥✭✮❀ ♦❧❞❯▲❑❂❯▲❑❀

✷✹ ✐❢ ✭▲❑✮ ❯▲❑❂❋❆▲❙❊❀ ❡❧s❡ ❯▲❑❂♥♦♥❞❡t❴✐♥✭✮❀

✷✺ ✴✴ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ st❛t❡ ✈❛r✐❛❜❧❡s
✷✻ ✐❢ ✭▲❑ ✫✫ ✦♦❧❞▲❑✮ ④✴✴ r✐s✐♥❣ ❡❞❣❡ ♦❢ ▲❑
✷✼ ▲❑♦♥❂❚❘❯❊❀ ❝♦✉♥t▲❑❂✲✶❀

✷✽ ✐❢ ✭✦❞♦♦rs▲♦❝❦❡❞✮ ④

✷✾ ▲❑❴♦♥❴❧❦❞❂❋❆▲❙❊❀ ❞♦♦rs▲♦❝❦❡❞❂❚❘❯❊❀

✸✵ ⑥

✸✶ ❡❧s❡ ▲❑❴♦♥❴❧❦❞❂❚❘❯❊❀

✸✷ ⑥

✸✸ ✐❢ ✭❯▲❑ ✫✫ ✦♦❧❞❯▲❑✮ ④✴✴ r✐s✐♥❣ ❡❞❣❡ ♦❢ ❯▲❑
✸✹ ❯▲❑♦♥❂❚❘❯❊❀ ❝♦✉♥t❯▲❑❂✲✶❀

✸✺ ✐❢ ✭✦❞♦♦rs▲♦❝❦❡❞✮ ❯▲❑❴♦♥❴❧❦❞❂❋❆▲❙❊❀

✸✻ ❡❧s❡ ④

✸✼ ❯▲❑❴♦♥❴❧❦❞❂❚❘❯❊❀ ❞♦♦rs▲♦❝❦❡❞❂❋❆▲❙❊❀

✸✽ ⑥

✸✾ ⑥

✹✵ ⑥

✹✶ ✴✴ ❝♦✉♥t❡rs ✉♣❞❛t❡
✹✷ ✐❢ ✭▲❑♦♥✮ ❝♦✉♥t▲❑✰✰❀

✹✸ ✐❢ ✭❯▲❑♦♥✮ ❝♦✉♥t❯▲❑✰✰❀

✹✹ ✴✴ ❝❛❧❧ t♦ ❢✶
✹✺ ❢✶✭✮❀

❋✐❣✳ ✶✵✳ ❋✉♥❝t✐♦♥ ✉♥❞❡r ✈❡r✐✜❝❛t✐♦♥ ❢♦r Pr♦♣❡rt② ✸❛✿ ❧♦❝❦ ❛♥❞
✉♥❧♦❝❦ ❢✉♥❝t✐♦♥s

❋✐rst✱ ✇❡ ♦✉t❧✐♥❡ ✐♥ ❙❡❝t✳ ✹✳✶ t❤❡ str❛t❡❣✐❡s ❛♥❞ t♦♦❧s
✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ t❤❡♥ ✇❡ ❞❡t❛✐❧ t❤❡ r❡s✉❧ts✱
♣r♦♣❡rt② ❜② ♣r♦♣❡rt②✱ ✐♥ ❙❡❝t✳ ✹✳✷✳

✹✳✶ ❙tr❛t❡❣✐❡s ❛♥❞ t♦♦❧s

❉P❱❙ ✐s ❛ str❛t❡❣② t❤❛t ✇❡ ❞❡✈✐s❡❞ ❢♦r ❝♦♥str❛✐♥t✲❜❛s❡❞
❜♦✉♥❞❡❞ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳ ❉P❱❙ ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ❞❡✲
t❛✐❧s ✐♥ ❙❡❝t✳ ✷✳✹❀ ❤❡r❡✱ ✇❡ ♦♥❧② ❣✐✈❡ ❛♥ ✐♥s✐❣❤t ✐♥t♦ t❤❡

✹✻ ✐❢ ✭✦❋✮ ④

✹✼ ✐❢ ✭✦▲❑♦♥ ✫✫ ✦❯▲❑♦♥ ✮

✹✽ ✴✴ ♥❡✐t❤❡r ❧♦❝❦ ♥♦r ✉♥❧♦❝❦ ✐s ❛❝t✐✈❡
✹✾ ❛ss❡rt✭♦✉t▲❂❂❋❆▲❙❊ ✫✫ ♦✉t❘❂❂❋❆▲❙❊✮❀

✺✵ ❡❧s❡ ④

✺✶ ✐❢ ✭▲❑♦♥✮ ④

✺✷ ✴✴ s❤♦✉❧❞ ❜❡ ✶✶✶✶✶✶✶✶✶✶✵✵✵✵✵✵✵✵✵✵
✺✸ ✐❢ ✭✦▲❑❴♦♥❴❧❦❞ ✫✫ ❝♦✉♥t▲❑❃❂✷✮④

✺✹ ✐❢ ✭❝♦✉♥t▲❑❁❂✶✶✮

✺✺ ❛ss❡rt✭♦✉t▲❂❂❚❘❯❊ ✫✫ ♦✉t❘❂❂❚❘❯❊✮❀

✺✻ ❡❧s❡ ❛ss❡rt✭♦✉t▲❂❂❋❆▲❙❊ ✫✫ ♦✉t❘❂❂❋❆▲❙❊✮❀

✺✼ ⑥

✺✽ ✴✴ s❤♦✉❧❞ ❜❡ ✶✵✶✵✶✵✳✳✳ ❞✉r✐♥❣ ✻✵ ❝②❝❧❡s
✺✾ ✐❢ ✭▲❑❴♦♥❴❧❦❞ ✫✫ ❝♦✉♥t▲❑❃❂✶✮④

✻✵ ✐❢ ✭❝♦✉♥t▲❑✪✷✦❂✵✮

✻✶ ❛ss❡rt✭♦✉t▲❂❂❚❘❯❊ ✫✫ ♦✉t❘❂❂❚❘❯❊✮❀

✻✷ ❡❧s❡ ❛ss❡rt✭♦✉t▲❂❂❋❆▲❙❊ ✫✫ ♦✉t❘❂❂❋❆▲❙❊✮❀

✻✸ ⑥

✻✹ ⑥

✻✺ ❡❧s❡ ④ ✴✴ ❯▲❑♦♥ ✐s tr✉❡
✻✻ ✴✴ ♥♦t❤✐♥❣ s❤❛❧❧ ❤❛♣♣❡♥
✻✼ ✐❢ ✭✦❯▲❑❴♦♥❴❧❦❞ ✫✫ ❝♦✉♥t❯▲❑❃❂✶✮

✻✽ ❛ss❡rt✭♦✉t▲❂❂❋❆▲❙❊ ✫✫ ♦✉t❘❂❂❋❆▲❙❊✮

✻✾ ✴✴ s❤♦✉❧❞ ❜❡ ✵✶✵✶✵✶✳✳✳ ❞✉r✐♥❣ ✷✵ ❝②❝❧❡s
✼✵ ✐❢ ✭❯▲❑❴♦♥❴❧❦❞ ✫✫ ❝♦✉♥t❯▲❑❃❂✶✮④

✼✶ ✐❢ ✭❝♦✉♥t❯▲❑✪✷❂❂✵✮

✼✷ ❛ss❡rt✭♦✉t▲❂❂❚❘❯❊ ✫✫ ♦✉t❘❂❂❚❘❯❊✮❀

✼✸ ❡❧s❡ ❛ss❡rt✭♦✉t▲❂❂❋❆▲❙❊ ✫✫ ♦✉t❘❂❂❋❆▲❙❊✮❀

✼✹ ⑥

✼✺ ⑥

✼✻ ⑥

✼✼ ⑥

✼✽ ✴✴ t♦ ✉♣❞❛t❡ ▲❑♦♥ ❛♥❞ ❯▲❑♦♥ ✇❤❡♥ t❤❡ ✢❛s❤✐♥❣
✼✾ ✴✴ ♣❡r✐♦❞ ✐s ✜♥✐s❤❡❞
✽✵ ✐❢ ✭▲❑♦♥✮ ④

✽✶ ✐❢ ✭✦▲❑❴♦♥❴❧❦❞ ✫✫ ❝♦✉♥t▲❑❂❂✷✷✮ ▲❑♦♥❂❋❆▲❙❊❀

✽✷ ✐❢ ✭▲❑❴♦♥❴❧❦❞ ✫✫ ❝♦✉♥t▲❑❂❂✻✵✮ ▲❑♦♥❂❋❆▲❙❊❀

✽✸ ⑥

✽✹ ✐❢ ✭❯▲❑♦♥✮ ④

✽✺ ✐❢ ✭✦❯▲❑❴♦♥❴❧❦❞ ✫✫ ❝♦✉♥t❯▲❑❂❂✷✮ ❯▲❑♦♥❂❋❆▲❙❊❀

✽✻ ✐❢ ✭❯▲❑❴♦♥❴❧❦❞ ✫✫ ❝♦✉♥t❯▲❑❂❂✷✵✮ ❯▲❑♦♥❂❋❆▲❙❊❀

✽✼ ⑥

✽✽ ⑥

✽✾ ⑥

❋✐❣✳ ✶✶✳ ❋✉♥❝t✐♦♥ ✉♥❞❡r ✈❡r✐✜❝❛t✐♦♥ ❢♦r Pr♦♣❡rt② ✸❛✿ ❧♦❝❦ ❛♥❞
✉♥❧♦❝❦ ❢✉♥❝t✐♦♥s ✭❝♦♥t✳✮

✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❲❡ ❛❧s♦ ❜r✐❡✢② r❡❝❛❧❧ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s
♦❢ ❈❇▼❈ ❛♥❞ ③✸✳

✹✳✶✳✶ ❉P❱❙

❉P❱❙ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈♦♠❡t ❬✷✷❪✿ ❛ ❤②❜r✐❞ ♦♣t✐♠✐③❛✲
t✐♦♥ ♣❧❛t❢♦r♠ ❢♦r s♦❧✈✐♥❣ ❝♦♠♣❧❡① ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐✲
♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❈♦♠❡t ❝♦♠❜✐♥❡s t❤❡ ♠❡t❤♦❞♦❧♦❣✐❡s
✉s❡❞ ❢♦r ❝♦♥str❛✐♥t ♣r♦❣r❛♠♠✐♥❣✱ ❧✐♥❡❛r ❛♥❞ ✐♥t❡❣❡r ♣r♦✲
❣r❛♠♠✐♥❣✱ ❝♦♥str❛✐♥t✲❜❛s❡❞ ❧♦❝❛❧ s❡❛r❝❤✱ ❛♥❞ ❞②♥❛♠✐❝



❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤ ✶✸

✶ ✈♦✐❞ ♣r♦♣✹✭✐♥t ❞✮ ④

✷ ✴✴ ♥✉♠❜❡r ♦❢ t✐♠❡ ✇❤❡r❡ t❤❡ ❧❡❢t ❧✐❣❤t ❤❛s ❜❡❡♥
✸ ✴✴ ❝♦♥s❡❝✉t✐✈❡❧② tr✉❡
✹ ✐♥t ❝♦✉♥t▲ ❂ ✵❀

✺ ✴✴ ♥✉♠❜❡r ♦❢ t✐♠❡ ✇❤❡r❡ t❤❡ r✐❣❤t ❧✐❣❤t ❤❛s ❜❡❡♥
✻ ✴✴ ❝♦♥s❡❝✉t✐✈❡❧② tr✉❡
✼ ✐♥t ❝♦✉♥t❘ ❂ ✵❀

✽ ✴✴ ❝♦♥s✐❞❡r ❞ ✉♥✐ts ♦❢ t✐♠❡
✾ ❢♦r✭✐♥t ✐❂✵❀✐❁❞❀✐✰✰✮ ④

✶✵ ✴✴ ♥♦♥−❞❡t❡r♠✐♥✐st✐❝ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥♣✉ts
✶✶ ▲❂♥♦♥❞❡t❴✐♥✭✮❀

✶✷ ✐❢ ✭▲✮

✶✸ ❘❂❋❆▲❙❊❀

✶✹ ❡❧s❡

✶✺ ❘❂♥♦♥❞❡t❴✐♥✭✮❀

✶✻ ❲❂♥♦♥❞❡t❴✐♥✭✮❀

✶✼ ▲❑❂♥♦♥❞❡t❴✐♥✭✮❀

✶✽ ✐❢ ✭▲❑✮

✶✾ ❯▲❑❂❋❆▲❙❊❀

✷✵ ❡❧s❡

✷✶ ❯▲❑❂♥♦♥❞❡t❴✐♥✭✮❀

✷✷ ❋❂♥♦♥❞❡t❴✐♥✭✮❀

✷✸ ✴✴ ❝❛❧❧ t♦ ❢✶ ✭✮ t♦ s✐♠✉❧❛t❡ ♦♥❡ ♣❛ss t❤r♦✉❣❤
✷✹ ✴✴ t❤❡ ♠♦❞✉❧❡
✷✺ ❢✶✭✮❀

✷✻ ✐❢ ✭♦✉t▲✮

✷✼ ✴✴ t❤❡ ❧❡❢t ❧✐❣❤t ❤❛s ❜❡❡♥ ❝♦♥s❡❝✉t✐✈❡❧② tr✉❡
✷✽ ✴✴ ♦♥❡ ♠♦r❡ t✐♠❡
✷✾ ❝♦✉♥t▲✰✰❀

✸✵ ❡❧s❡

✸✶ ✴✴ t❤❡ ❧❡❢t ❧✐❣❤t ❤❛s ♥♦t ❜❡❡♥ ❝♦♥s❡❝✉t✐✈❡❧② tr✉❡
✸✷ ❝♦✉♥t▲❂✵❀

✸✸ ✐❢ ✭♦✉t❘✮

✸✹ ✴✴ t❤❡ r✐❣❤t ❧✐❣❤t ❤❛s ❜❡❡♥ ❝♦♥s❡❝✉t✐✈❡❧② tr✉❡
✸✺ ✴✴ ♦♥❡ ♠♦r❡ t✐♠❡
✸✻ ❝♦✉♥t❘✰✰❀

✸✼ ❡❧s❡

✸✽ ✴✴ t❤❡ r✐❣❤t ❧✐❣❤t ❤❛s ♥♦t ❜❡❡♥ ❝♦♥s❡❝✉t✐✈❡❧② tr✉❡
✸✾ ❝♦✉♥t❘❂✵❀

✹✵ ⑥

✹✶ ✴✴ ✐❢ ❝♦✉♥t▲ ❛♥❞ ❝♦✉♥t❘ ❛r❡ ❧❡ss t❤❛♥ ❞✱
✹✷ ✴✴ t❤❡♥ t❤❡ ❧✐❣❤ts ❞✐❞ ♥♦t r❡♠❛✐♥ ❧✐t
✹✸ ❛ss❡rt ✭❝♦✉♥t▲❁❞ ✫✫ ❝♦✉♥t❘❁❞✮❀

✹✹ ⑥

❋✐❣✳ ✶✷✳ ❋✉♥❝t✐♦♥ ✉♥❞❡r ✈❡r✐✜❝❛t✐♦♥ ❢♦r Pr♦♣❡rt② ✹

st♦❝❤❛st✐❝ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ✇✐t❤ ❛ ❧❛♥❣✉❛❣❡
❢♦r ♠♦❞❡❧✐♥❣ ❛♥❞ s❡❛r❝❤✐♥❣✶✷✳

❖✉r ♣r♦t♦t②♣❡ ✇♦r❦s ❢r♦♠ ❛♥ ❳▼▲ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
✐♠♣❡r❛t✐✈❡ ♣r♦❣r❛♠s✳ ❚❤✐s ❛❧❧♦✇s ♦✉r t♦♦❧ ♥♦t t♦ ❜❡ t✐❡❞
t♦ ❛ s✐♥❣❧❡ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✳ ❙✐♠♣❧❡ tr❛♥s❧❛t♦rs
❢r♦♠ ❛❝t✉❛❧ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s ✐♥t♦ t❤❡ ❳▼▲ ❢♦r♠❛t
❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❡✳❣✳✱ ❢♦r ❈ ❛♥❞ ❏❛✈❛✳ ❚❤❡ ❝✉rr❡♥t ♣r♦t♦✲
t②♣❡ ✐♠♣♦s❡s ♠❛♥② r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❈ ♣r♦❣r❛♠s✳ ❊s✲
♣❡❝✐❛❧❧②✱ ✐♥♣✉t ❞❛t❛ ❛r❡ r❡str✐❝t❡❞ t♦ ❇♦♦❧❡❛♥s✱ ✐♥t❡❣❡rs
❛♥❞ ❛rr❛②s ♦❢ t❤❡s❡ ♣r✐♠✐t✐✈❡ t②♣❡s✳ ❘✉♥✲t✐♠❡ ❡rr♦rs ✕

✶✷ ❙❡❡ ❤tt♣✿✴✴❞②♥❛❞❡❝✳❝♦♠

❡✳❣✳✱ ❞✐✈✐s✐♦♥ ❜② ③❡r♦✕ ❛r❡ ♥♦t ❝❤❡❝❦❡❞ ❢♦r✳ ❍♦✇❡✈❡r✱ t❤❡
♣r♦t♦t②♣❡ ❤❛s ❛❧❧ t❤❡ ❈ ❧❛♥❣✉❛❣❡ ❢❡❛t✉r❡s r❡q✉✐r❡❞ ❢♦r
t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ♣r♦♣❡rt✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢✉♥❝t✐♦♥
❝❛❧❧s ❛r❡ ✐♥❧✐♥❡❞✳

❈♦♠❡t ❤❛s ❛ ❞❡❢❛✉❧t ✜♥✐t❡ ❞♦♠❛✐♥ ❝♦♥str❛✐♥t s♦❧✈❡r
✇❤✐❝❤ ✇❡ ✉s❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts❀ t❤✐s ❞❡❢❛✉❧t s♦❧✈❡r ✐s
❞❡♥♦t❡❞ ❜② ❈P ✐♥ t❤❡ r❡s✉❧ts✳ ❍♦✇❡✈❡r✱ ❈♦♠❡t ❛❧s♦ ❛❧✲
❧♦✇s t♦ ❝❛❧❧ ♦t❤❡r s♦❧✈❡rs ✐♥ t❤❡ ❢♦r♠ ♦❢ ❡①t❡r♥❛❧ ❧✐❜r❛r✐❡s✳
❚❤✉s✱ ✇❡ ❞❡✈❡❧♦♣❡❞ ❛♥ ✐♥t❡r❢❛❝❡ t♦ ❝❛❧❧ ③✸ ✐♥st❡❛❞ ♦❢
❈♦♠❡t✬s ❞❡❢❛✉❧t s♦❧✈❡r✳

✹✳✶✳✷ ❈❇▼❈

❈❇▼❈ ❬✽❪ ✐s ❛ st❛t❡✲♦❢✲t❤❡✲❛rt ❜♦✉♥❞❡❞ ♠♦❞❡❧ ❝❤❡❝❦❡r
❢♦r ❆◆❙■✲❈ ❛♥❞ ❈✰✰ ♣r♦❣r❛♠s✳ ■t ❛❧❧♦✇s t❤❡ ✈❡r✐✜❝❛✲
t✐♦♥ ♦❢ ❛rr❛② ❜♦✉♥❞s ✭❜✉✛❡r ♦✈❡r✢♦✇s✮✱ ♣♦✐♥t❡r s❛❢❡t②✱
❡①❝❡♣t✐♦♥s✱ ❛♥❞ ✉s❡r✲s♣❡❝✐✜❡❞ ❛ss❡rt✐♦♥s✳ ❈❇▼❈ ❜✉✐❧❞s
❛ ♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r♠✉❧❛ ✇❤♦s❡ ♠♦❞❡❧s ❝♦rr❡s♣♦♥❞ t♦ ❡①✲
❡❝✉t✐♦♥ ♣❛t❤s ♦❢ ❜♦✉♥❞❡❞ ❧❡♥❣t❤ k ✈✐♦❧❛t✐♥❣ s♦♠❡ ♣r♦♣✲
❡rt② ♦❢ ❛ ♣r♦❣r❛♠✳ ❚❤✐s ❢♦r♠✉❧❛ ✐s t❤❡♥ ❝❤❡❝❦❡❞ ❢♦r s❛t✐s✲
✜❛❜✐❧✐t② ✉s✐♥❣ ❛ ❙❆❚ s♦❧✈❡r✳ ■❢ t❤❡ ❢♦r♠✉❧❛ ✐s s❛t✐s✜❛❜❧❡✱
t❤❡ ❣✐✈❡♥ ♣r♦♣❡rt② ❞♦❡s ♥♦t ❤♦❧❞❀ ♦t❤❡r✇✐s❡✱ t❤❡ ♣r♦♣❡rt②
✐s ❣✉❛r❛♥t❡❡❞ t♦ ❤♦❧❞ ✉♣ t♦ k st❡♣s✳

❈❇▼❈ ❛❧s♦ ♦✛❡rs t❤❡ ♦♣t✐♦♥ t♦ ✉s❡ ③✸ ✐♥st❡❛❞ ♦❢ t❤❡
❡♠❜❡❞❞❡❞ ❙❆❚ s♦❧✈❡r✱ ❜✉t t❤✐s ✐s ②❡t ❛♥ ❡①♣❡r✐♠❡♥t❛❧
❢❡❛t✉r❡✳ ❋♦r t❤❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ✉s❡❞ ❈❇▼❈ ✈❡rs✐♦♥
✸✳✻ s✐♥❝❡ t❤✐s ✇❛s t❤❡ ❧❛t❡st ✈❡rs✐♦♥ t♦ ❝♦rr❡❝t❧② ✇♦r❦
✇✐t❤ ③✸✳

❈❇▼❈ ✇❛s ❝❛❧❧❡❞ ✇✐t❤♦✉t ❛♥② s♣❡❝✐✜❝ ♦♣t✐♦♥ ❡①❝❡♣t
❢♦r s♣❡❝✐❢②✐♥❣ t❤❡ ✉♥❢♦❧❞✐♥❣ ❜♦✉♥❞ ✇✐t❤ ✲✲✉♥✇✐♥❞ ❛♥❞
t❤❡ ❢✉♥❝t✐♦♥ t♦ ❝❤❡❝❦ ✇✐t❤ ✲✲❢✉♥❝t✐♦♥✳

✹✳✶✳✸ ③✸

❆ ❢✉♥❞❛♠❡♥t❛❧ ✐ss✉❡ ❢❛❝❡❞ ❜② ♠♦❞❡❧ ❝❤❡❝❦❡rs ✐s t❤❡ st❛t❡
s♣❛❝❡ ❡①♣❧♦s✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✳ ❙▼❚✲❜❛s❡❞ ♠♦❞❡❧ ❝❤❡❝❦✲
✐♥❣ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❙❆❚✲❜❛s❡❞
♠♦❞❡❧ ❝❤❡❝❦✐♥❣ t♦ ❛❞❞r❡ss t❤✐s ❝❤❛❧❧❡♥❣❡✳ ❚❤❡ ✐❞❡❛ ✐s
t❤❛t ♣❛rts ♦❢ t❤❡ ♠♦❞❡❧ ❝♦✉❧❞ ❜❡ ♠♦r❡ ❡❛s✐❧② ❡①♣r❡ss❡❞
❛♥❞ ♠♦r❡ ❡✣❝✐❡♥t❧② s♦❧✈❡❞ ✐♥ ♠♦r❡ ❣❡♥❡r❛❧✱ ❜✉t st✐❧❧ ❞❡✲
❝✐❞❛❜❧❡✱ t❤❡♦r✐❡s t❤❛♥ ♣r♦♣♦s✐t✐♦♥❛❧ ❧♦❣✐❝✳ ❙▼❚ s♦❧✈❡rs
✐♥t❡❣r❛t❡ ❞❡❞✐❝❛t❡❞ s♦❧✈❡rs ❢♦r t❤❡ ❞✐✛❡r❡♥t t❤❡♦r✐❡s ❛♥❞
s❤❛r❡ s♦♠❡ ♦❢ t❤❡ ♠♦t✐✈❛t✐♦♥s ♦❢ ❝♦♥str❛✐♥t ♣r♦❣r❛♠✲
♠✐♥❣✳ ❙▼❚✲❜❛s❡❞ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ✉s❡❞
✇✐t❤ s✉❝❝❡ss ✐♥ ❬✷✱✶✷❪✳

❋♦r t❤❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ✉s❡❞ t❤❡ ❙▼❚ ❬✷✸❪ s♦❧✈❡r ③✸
✈❡rs✐♦♥ ✷✳✶✾✱ ✇❤✐❝❤ s✉♣♣♦rts✿

✕ ❡q✉❛❧✐t② ♦✈❡r ❢r❡❡ ❢✉♥❝t✐♦♥ ❛♥❞ ♣r❡❞✐❝❛t❡ s②♠❜♦❧s❀
✕ r❡❛❧ ❛♥❞ ✐♥t❡❣❡r ❛r✐t❤♠❡t✐❝ ✭✇✐t❤ ❧✐♠✐t❡❞ s✉♣♣♦rt ❢♦r

♥♦♥✲❧✐♥❡❛r ❛r✐t❤♠❡t✐❝✮❀
✕ q✉❛♥t✐✜❡rs❀
✕ ❜✐t✲✈❡❝t♦rs❀
✕ ❛rr❛②s❀
✕ t✉♣❧❡ t②♣❡s ❛♥❞ ❛❧❣❡❜r❛✐❝ ❞❛t❛✲t②♣❡s✳



✶✹ ❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤

✹✳✷ ❘❡s✉❧ts

❲❡ r❡♣♦rt ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ♦♥ t❤❡ t✐♠❡ s♣❡♥t ❜②
t❤❡ t♦♦❧s t♦ ❝❤❡❝❦ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ♣r♦♣❡rt✐❡s✳ ❲❡
❣✐✈❡ ❜♦t❤ ♣r❡s♦❧✈✐♥❣ ❛♥❞ s❡❛r❝❤ t✐♠❡s ✇❤❡♥ r❡❧❡✈❛♥t✳

✕ ❋♦r ❉P❱❙ ✱ ♣r❡s♦❧✈✐♥❣ t✐♠❡ ✐s ✉s❡❞ ❢♦r ❜✉✐❧❞✐♥❣ t❤❡
s✐♠♣❧✐✜❡❞ ✉♥❢♦❧❞❡❞ ❝♦♥tr♦❧ ✢♦✇ ❣r❛♣❤ ❢r♦♠ t❤❡ ❳▼▲

r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ♦❢ ❛ ♣r♦♣❡rt②✳
❋♦r ❈❇▼❈ ✱ ♣r❡s♦❧✈✐♥❣ t✐♠❡ ✐s t❤❡ t✐♠❡ s♣❡♥t t♦
tr❛♥s❧❛t❡ t❤❡ ❈ ♣r♦❣r❛♠ ✐♥t♦ ❛ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛✳
Pr❡s♦❧✈✐♥❣ t✐♠❡ ❛❧s♦ ✐♥❝❧✉❞❡s ❛♣♣❧②✐♥❣ s❡✈❡r❛❧ s✐♠♣❧✐✲
✜❝❛t✐♦♥ t❡❝❤♥✐q✉❡s ✭❡✳❣✳✱ ❝♦♥❡ ♦❢ ✐♥✢✉❡♥❝❡✱ ❝♦♥st❛♥t
♣r♦♣❛❣❛t✐♦♥✮✱ ✇❤✐❝❤ ♠❛② ❞✐✛❡r ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t♦♦❧✳

✕ ❙❡❛r❝❤ t✐♠❡ ✐s t❤❡ t✐♠❡ ❛❝t✉❛❧❧② s♣❡♥t ❢♦r s❡❛r❝❤✐♥❣
❢♦r ❛ s♦❧✉t✐♦♥✱ t❤❛t ✐s t♦t❛❧ t✐♠❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t
♠✐♥✉s ♣r❡s♦❧✈✐♥❣ t✐♠❡✳ ❋♦r ❈❇▼❈ ✱ ✐t ❝♦rr❡s♣♦♥❞s t♦
t❤❡ t✐♠❡ s♣❡♥t ✐♥ t❤❡ s♦❧✈❡r ✭❙❆❚ ♦r ❙▼❚✮✱ ✇❤❡r❡❛s
❢♦r ❉P❱❙ ✐t ❝♦✈❡rs t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ❞②♥❛♠✐❝❛❧❧②
❡①♣❧♦r❡ t❤❡ ❝♦♥tr♦❧ ✢♦✇ ❣r❛♣❤ ❛♥❞ t♦ s♦❧✈❡ t❤❡ ❝♦♥✲
str❛✐♥t s②st❡♠s✳

❆ t✐♠❡ ❧✐♠✐t ♦❢ ✶✵ ♠✐♥✉t❡s ✇❛s ❛❧❧♦✇❡❞ ❢♦r ❡❛❝❤ ❡①♣❡r✐✲
♠❡♥t✱ ❜❡②♦♥❞ ✇❤✐❝❤ ✇❡ st♦♣♣❡❞ t❤❡ ❡①♣❡r✐♠❡♥t ❛♥❞ r❡✲
♣♦rt❡❞ ❛ t✐♠❡✲♦✉t ✭❚✳❖✳✮✳

❆❧❧ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts ❛r❡ ❡①♣r❡ss❡❞
❛s s❛❢❡t② ♣r♦♣❡rt✐❡s✳ ■♥ ❜♦✉♥❞❡❞ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✱ t❤❡
❣r❡❛t❡r ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❢♦❧❞✐♥❣s t❤❡ ♠♦r❡ ❝♦♥✜❞❡♥t
♦♥❡ ❝❛♥ ❜❡ t❤❛t t❤❡ ♣r♦♣❡rt② ❤♦❧❞s✳ ❋♦r t❤❡ ❡①♣❡r✐♠❡♥ts✱
✇❡ st❛rt❡❞ ✇✐t❤ ❛ ❜♦✉♥❞ ♦❢ ✶✵ ✉♥❢♦❧❞✐♥❣s ✇❤✐❝❤ ✇❡ ✐♥✲
❝r❡❛s❡❞ ♥❡①t ✉♥t✐❧ ✇❡ r❡❛❝❤❡❞ t❤❡ ❣✐✈❡♥ t✐♠❡ ❧✐♠✐t✳

❆❧❧ ❜❡♥❝❤♠❛r❦s ✇❡r❡ r✉♥ ♦♥ ❛ ✻✹✲❜✐t ▲✐♥✉① q✉❛❞✲❝♦r❡
■♥t❡❧ ❳❡♦♥ ✭✸✳✶✻ ●❍③✮ ♣❧❛t❢♦r♠ ✇✐t❤ ✶✻ ●❇ ♦❢ ❘❆▼✳
❍♦✇❡✈❡r✱ t♦♦❧s ✇❡r❡ r✉♥ ♦♥ ❛ s✐♥❣❧❡ ❝♦r❡ ❛♥❞ ❞✐❞ ♥♦t
t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ t❤r❡❡ s✉♣♣❧❡♠❡♥t❛r② ❝♦r❡s✳ ▼♦r❡✲
♦✈❡r✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❈❇▼❈ ✸✳✻ ♦♥❧② ❡①✐sts ✐♥ ✸✷✲❜✐t
✈❡rs✐♦♥✳

✹✳✷✳✶ Pr♦♣❡rt② ✶

Pr♦♣❡rt② ✶ st❛t❡s t❤❛t t❤❡ ✇❛r♥✐♥❣ ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ❤❛✈❡
♣r✐♦r✐t② ♦✈❡r t❤❡ ♦t❤❡r ✢❛s❤✐♥❣ ❢✉♥❝t✐♦♥s✳ ❚❤✐s ♣r♦♣✲
❡rt② ❞♦❡s ♥♦t ❤♦❧❞✿ t❤❡ ❧♦❝❦ ❛♥❞ ✉♥❧♦❝❦ ✢❛s❤✐♥❣ ❢✉♥❝✲
t✐♦♥s ❤❛✈❡ ♣r✐♦r✐t② ♦✈❡r t❤❡ ✇❛r♥✐♥❣ ❢✉♥❝t✐♦♥✳ ❆❧❧ t❤❡
t♦♦❧s ❢♦✉♥❞ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ ✇✐t❤ ♦✉r st❛rt✐♥❣ ❜♦✉♥❞
♦❢ ✶✵ ✉♥❢♦❧❞✐♥❣s✳ ❆❝t✉❛❧❧②✱ ✸ ✉♥❢♦❧❞✐♥❣s ❛r❡ ❡♥♦✉❣❤ ❢♦r
t❤❡ s❤♦rt❡st ❝♦✉♥t❡r❡①❛♠♣❧❡✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥
❚❛❜❧❡ ✶✳ ③✸ s✉❜s❝r✐♣ts ❞❡♥♦t❡ ✈❡rs✐♦♥s ♦❢ t❤❡ t♦♦❧s t❤❛t
✉s❡ ③✸ ✐♥st❡❛❞ ♦❢ t❤❡ ♥❛t✐✈❡ s♦❧✈❡rs ♦❢ t❤❡ t♦♦❧s✳

❈❇▼❈ ♣❡r❢♦r♠s ✈❡r② ✇❡❧❧ ♦♥ t❤✐s ♣r♦♣❡rt② ✇❤❡r❡ ❛
❝♦✉♥t❡r❡①❛♠♣❧❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✇✐t❤ ✈❡r② ❢❡✇ ✉♥❢♦❧❞✐♥❣s✳
❉P❱❙ ❜❡❤❛✈❡s ❛❧s♦ ✇❡❧❧✿ t❤❡ ♣r❡s♦❧✈✐♥❣ s✐♠♣❧✐✜❝❛t✐♦♥s
r❡q✉✐r❡ ♠♦r❡ t✐♠❡ ❜✉t t❤❡ s❡❛r❝❤ ♣r♦❝❡ss ✐s ✈❡r② ❢❛st✳
◆♦t❡ t❤❛t t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r❡s♦❧✈✐♥❣ ✐♥ ❉P❱❙

❤❛s ♥♦t ❜❡❡♥ ♦♣t✐♠✐③❡❞ ❛t ❛❧❧✳
❖♥ t❤✐s ♣r♦♣❡rt②✱ t❤❡ s❡❛r❝❤ t✐♠❡ ✐s ♠✉❝❤ ♠♦r❡ ✐♠✲

♣♦rt❛♥t ✇❤❡♥ ③✸ ✐s ✉s❡❞ ✐♥st❡❛❞ ♦❢ t❤❡ ♥❛t✐✈❡ s♦❧✈❡rs ♦❢
t❤❡ ❞✐✛❡r❡♥t s②st❡♠s✳

❚❛❜❧❡ ✶✳ Pr❡s♦❧✈✐♥❣✱ s❡❛r❝❤✱ ❛♥❞ t♦t❛❧ t✐♠❡s ✐♥ s❡❝♦♥❞s ❢♦r ❝❤❡❝❦✲
✐♥❣ Pr♦♣❡rt② ✶ ✇✐t❤ ✶✵ ✉♥❢♦❧❞✐♥❣s

❚♦♦❧ Pr❡s♦❧✈✐♥❣ ❙❡❛r❝❤ ❚♦t❛❧
❈❇▼❈ 0.89 0.23 1.12
❈❇▼❈ z3 0.85 2.7 3.55

❉P❱❙
3.89

0.08 3.97
❉P❱❙ z3 0.34 4.23

❚❛❜❧❡ ✷✳ ❚♦t❛❧ t✐♠❡ ✐♥ s❡❝♦♥❞s ❢♦r ❝❤❡❝❦✐♥❣ Pr♦♣❡rt② ✸❜ ✭✇✐t❤♦✉t
❧♦❝❦ ❛♥❞ ✉♥❧♦❝❦ ❢✉♥❝t✐♦♥s✮ ✇❤❡♥ ✈❛r②✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❢♦❧❞✐♥❣s

❯♥❢♦❧❞✐♥❣s ❈❇▼❈ ❈❇▼❈ z3 ❉P❱❙ ❉P❱❙ z3

✶✵ 0.56 0.7 3.04 3.44
✺✵ 6.56 7.11 16.59 21.02
✶✵✵ 44.71 53.72 37.47 55.92
✷✵✵ 202.18 288.76 94.8 155.33
✸✵✵ 510.91 ❚✳❖✳ 152.88 307.65
✹✵✵ ❚✳❖✳ ❚✳❖✳ 248.31 576.18

✹✳✷✳✷ Pr♦♣❡rt② ✷

❚❤✐s ♣r♦♣❡rt② ✐s ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ Pr♦♣❡rt② ✶✿
✐t ✐♥✈♦❧✈❡s ♥❡st❡❞ ❧♦♦♣s ❛♥❞ ♥✉♠❡r♦✉s ❝♦♥❞✐t✐♦♥❛❧ st❛t❡✲
♠❡♥ts ✇✐t❤ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❞✐s❥✉♥❝t✐♦♥s ❛♥❞ ❝♦♥❥✉♥❝✲
t✐♦♥s✳ ◆♦♥❡ ♦❢ t❤❡ ✉s❡❞ t♦♦❧s ❝♦✉❧❞ ❝❤❡❝❦ t❤❡ ♣r♦♣❡rt②
✇✐t❤✐♥ t❤❡ ✶✵✲♠✐♥✉t❡ t✐♠❡ ❧✐♠✐t✱ ❡✈❡♥ ❢♦r ✶✵ ✉♥❢♦❧❞✲
✐♥❣s✳ ❈❇▼❈ ❞✐❞ ♥♦t ✜♥✐s❤ ❜✉✐❧❞✐♥❣ t❤❡ ❇♦♦❧❡❛♥ ❢♦r✲
♠✉❧❛✳ ❉P❱❙ ❝♦✉❧❞ ❜✉✐❧❞ ❛♥❞ s✐♠♣❧✐❢② t❤❡ ❝♦♥tr♦❧ ✢♦✇
❣r❛♣❤ ✐♥ ❛r♦✉♥❞ 40 s✱ ❜✉t ✐t r❡❛❝❤❡❞ t❤❡ t✐♠❡ ❧✐♠✐t ❞✉r✲
✐♥❣ s❡❛r❝❤✳ ❚❤✐s ♣r♦♣❡rt② ✐s ♥♦t ❡❛s② t♦ r❡❢♦r♠✉❧❛t❡ ✐♥
❛ ♠♦r❡ tr❛❝t❛❜❧❡ ❢♦r♠ ✇✐t❤♦✉t ❧♦s✐♥❣ ✐ts s❡♠❛♥t✐❝s✳ ■t
s❤♦✇s t❤❛t ❛ r❡❧❛t✐✈❡❧② s✐♠♣❧❡ ❛♣♣❧✐❝❛t✐♦♥ ❛s t❤❡ ❋❧❛s❤❡r
▼❛♥❛❣❡r ✐s st✐❧❧ ❝❤❛❧❧❡♥❣✐♥❣ ❢♦r ♠♦❞❡r♥ ❜♦✉♥❞❡❞ ♠♦❞❡❧
❝❤❡❝❦✐♥❣ t♦♦❧s✳

✹✳✷✳✸ Pr♦♣❡rt② ✸

❚❤❡ ✉♥r❡str✐❝t❡❞ ✈❡rs✐♦♥ ♦❢ Pr♦♣❡rt② ✸✱ Pr♦♣❡rt② ✸❛✱
❝♦✉❧❞ ♥♦t ❜❡ ❝❤❡❝❦❡❞ ✇✐t❤✐♥ t❤❡ ✶✵✲♠✐♥✉t❡ t✐♠❡ ❧✐♠✐t✳ ❆t
❧❡❛st ✶✷✵ ✉♥❢♦❧❞✐♥❣s ❛r❡ r❡q✉✐r❡❞ t♦ ✐♥❝❧✉❞❡ ♦♥❡ s❡q✉❡♥❝❡
♦❢ ❛❧❧ t❤❡ ❧♦❝❦ ❛♥❞ ✉♥❧♦❝❦ r❡❧❛t❡❞ ❢✉♥❝t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❢♦r
✶✵✵ ✉♥❢♦❧❞✐♥❣s✱ ❈❇▼❈ ❢❛✐❧s t♦ ❜✉✐❧❞ t❤❡ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛
✇✐t❤✐♥ t❤❡ t✐♠❡ ❧✐♠✐t✳ ❖✉r t♦♦❧ ❝♦✉❧❞ ❜✉✐❧❞ ❛♥❞ s✐♠♣❧✐❢②
✇✐t❤✐♥ t❤❡ t✐♠❡ ❧✐♠✐t t❤❡ ❝♦♥tr♦❧ ✢♦✇ ❣r❛♣❤ ❢♦r ✶✵✵ ✉♥✲
❢♦❧❞✐♥❣s ❜✉t ❉P❱❙ ❢❛✐❧❡❞ t♦ ✜♥✐s❤ t❤❡ ❣r❛♣❤ ❡①♣❧♦r❛t✐♦♥✳

❚❤❡r❡ ❛r❡ ❧❡ss ❝♦♠❜✐♥❛t✐♦♥s ♦♥ t❤❡ ✐♥♣✉ts ❢♦r Pr♦♣✲
❡rt② ✸❜ s✐♥❝❡ ❧♦❝❦ ❛♥❞ ✉♥❧♦❝❦ ✐♥♣✉ts ❛r❡ s❡t t♦ ❢❛❧s❡✳
❋✐❣✉r❡ ✶✸ s❤♦✇s t❤❛t ❉P❱❙ ❛♥❞ ❈❇▼❈ ❝♦✉❧❞ ❝❤❡❝❦
t❤❡ ♣r♦♣❡rt② ✉♣ t♦ ✸✵✵ ✉♥❢♦❧❞✐♥❣s ✇✐t❤✐♥ t❤❡ t✐♠❡ ❧✐♠✐t✳
❖♥ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ✉♥❢♦❧❞✐♥❣s✱ ❈❇▼❈ ♣❡r❢♦r♠s ❜❡t✲
t❡r t❤❛♥ ❉P❱❙ ✱ ❜✉t ❉P❱❙ s❝❛❧❡s ❜❡tt❡r t❤❛♥ ❈❇▼❈ ✿
❛t ❛r♦✉♥❞ ✶✵✵ ✉♥❢♦❧❞✐♥❣s ❛♥❞ ❛❜♦✈❡✱ ❉P❱❙ ✐s ❢❛st❡r✳
❉P❱❙ ❝♦✉❧❞ ❡✈❡♥ ❝❤❡❝❦ t❤❡ ♣r♦♣❡rt② ❢♦r ✹✵✵ ✉♥❢♦❧❞✐♥❣s✳
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❉P❱❙

❈❇▼❈

❋✐❣✳ ✶✹✳ ❚♦t❛❧ t✐♠❡ ✐♥ s❡❝♦♥❞s ❢♦r ❝❤❡❝❦✐♥❣ Pr♦♣❡rt② ✹ ✇❤❡♥ ✈❛r②✲
✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❢♦❧❞✐♥❣s

❆s ✇✐t❤ Pr♦♣❡rt② ✶✱ t❤❡ ✉s❡ ♦❢ ③✸ ✐♥❝r❡❛s❡s t❤❡ s❡❛r❝❤
t✐♠❡ ❜② ❛ ❢❛❝t♦r r❛♥❣✐♥❣ ❢r♦♠ ✷ t♦ ✹✳

◆❡✐t❤❡r ❉P❱❙ ♥♦r ❈❇▼❈ ❢♦✉♥❞ ❛♥② ❝♦✉♥t❡r❡①❛♠✲
♣❧❡ ✇✐t❤✐♥ t❤❡ ✉♥❢♦❧❞✐♥❣ ❜♦✉♥❞s✳ ❚❤✐s ♠❡❛♥s t❤❛t ❉P❱❙
❤❛❞ t♦ ❡①♣❧♦r❡ ❛❧❧ ❡①❡❝✉t❛❜❧❡ ♣❛t❤s r❡❧❡✈❛♥t t♦ t❤✐s ♣r♦♣✲
❡rt②✳

✹✳✷✳✹ Pr♦♣❡rt② ✹

Pr♦♣❡rt② ✹ ✐s ❢❛❧s❡ ✐❢ t❤❡r❡ ❛r❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✐♥♣✉ts
s♦ t❤❛t ♦♥❡ ♦❢ t❤❡ ❧✐❣❤t r❡♠❛✐♥s ❛❧✇❛②s ❧✐t✳ ❍♦✇❡✈❡r✱ ✐♥
❜♦✉♥❞❡❞ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✇❡ ❝❛♥♥♦t s❤♦✇ t❤❛t ❛ ❧✐❣❤t
✐s ❛❝t✉❛❧❧② ❛❧✇❛②s ❧✐t✳ ❲❡ ❝❛♥ ♦♥❧② ✐♥❝r❡❛s❡ ❛s ♠✉❝❤ ❛s
♣♦ss✐❜❧❡ t❤❡ ✉♥❢♦❧❞✐♥❣ ❜♦✉♥❞ ❛♥❞ s❤♦✇ t❤❛t ♦♥ t❤❡ ❝♦r✲
r❡s♣♦♥❞✐♥❣ t✐♠❡ ❞✉r❛t✐♦♥ ❛ ❧✐❣❤t r❡♠❛✐♥s ❧✐t✳ ❋✐❣✉r❡ ✶✹
r❡♣♦rts t❤❡ ❈P❯ t✐♠❡ r❡q✉✐r❡❞ t♦ ✜♥❞ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡
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❉P❱❙ s❡❛r❝❤
❉P❱❙ ♣r❡s♦❧✈✐♥❣
❈❇▼❈ s❡❛r❝❤
❈❇▼❈ ♣r❡s♦❧✈✐♥❣

❋✐❣✳ ✶✺✳ Pr❡s♦❧✈✐♥❣ ❛♥❞ s❡❛r❝❤ t✐♠❡s ✐♥ s❡❝♦♥❞s ❢♦r ❝❤❡❝❦✐♥❣ Pr♦♣✲
❡rt② ✹ ✇❤❡♥ ✈❛r②✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❢♦❧❞✐♥❣s

t♦ Pr♦♣❡rt② ✹ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❢♦❧❞✐♥❣s ✐♥❝r❡❛s❡s✳
❉P❱❙ ♦✉t♣❡r❢♦r♠s ❈❇▼❈ ❢♦r t❤✐s ♣r♦♣❡rt②✳ ❉P❱❙ ❛❧✲
❧♦✇s t♦ r❡❛❝❤ ✉♣ t♦ ✶✻✵✵ ✉♥❢♦❧❞✐♥❣s ✇❤❡r❡❛s ❈❇▼❈ ❢❛✐❧s
❛t ✷✵✵ ✉♥❢♦❧❞✐♥❣s ✇✐t❤✐♥ t❤❡ ✶✵✲♠✐♥✉t❡ t✐♠❡ ❧✐♠✐t✳ ■♥
t②♣✐❝❛❧ s❡tt✐♥❣s✱ ✶✻✵✵ ❝②❝❧❡s ♦❢ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r ❝♦♥✲
tr♦❧ ❧♦♦♣ ❛r❡ ♠♦r❡ t❤❛♥ ✶✸ ♠✐♥✉t❡s ♦❢ ✇♦r❦✐♥❣✳

Pr❡s♦❧✈✐♥❣ ❛♥❞ s❡❛r❝❤ t✐♠❡s ❢♦r ❈❇▼❈ ❛♥❞ ❉P❱❙

❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✳ ✶✺✳ ❉P❱❙ s❡❛r❝❤ t✐♠❡ ✐s ✈❡r② ❧♦✇ ❝♦♠✲
♣❛r❡❞ t♦ ♣r❡s♦❧✈✐♥❣ t✐♠❡✳ ■♥ ❜♦✉♥❞❡❞ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✱
t❤❡ ❜♦✉♥❞ ✐s ✉s✉❛❧❧② ♣r♦❣r❡ss✐✈❡❧② ✐♥❝r❡❛s❡❞✳ ❙♦✱ ✐♥ ❛♥
♦♣t✐♠✐③❡❞ s②st❡♠ t❤❡ t♦t❛❧ ❝❤❡❝❦✐♥❣ t✐♠❡ ❝♦✉❧❞ ❜❡♥❡✜t
❢r♦♠ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ❜✉✐❧❞✐♥❣ ♦❢ t❤❡ ❝♦♥tr♦❧ ✢♦✇ ❣r❛♣❤
❢r♦♠ ♦♥❡ ✉♥❢♦❧❞✐♥❣ ❜♦✉♥❞ t♦ ❛♥♦t❤❡r✱ ✐♥st❡❛❞ ♦❢ r❡❜✉✐❧❞✲
✐♥❣ t❤❡ ❣r❛♣❤ ❢r♦♠ s❝r❛t❝❤ ❢♦r ❡❛❝❤ ❜♦✉♥❞ ❛s ❞♦♥❡ ❤❡r❡✳

✺ ❉✐s❝✉ss✐♦♥ ❛♥❞ r❡❧❛t❡❞ ✇♦r❦

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst ❛♥❛❧②③❡ t❤❡ ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞r❛✇✲
❜❛❝❦s ♦❢ t❤❡ ❞✐✛❡r❡♥t s❡❛r❝❤ str❛t❡❣✐❡s✱ t❤❡♥ ✇❡ ❞✐s❝✉ss
r❡❧❛t❡❞ ✇♦r❦✳

✺✳✶ ❉P❱❙ ✫ ❈P❇P❱

❲❡ ❞❡s✐❣♥❡❞ ❉P❱❙ ❜❡❝❛✉s❡ ❈P❇P❱ ✇❛s ♥♦t ❛❜❧❡ t♦
♣r♦✈❡ ♦r ❞✐s♣r♦✈❡ ❛♥② ♣r♦♣❡rt② ♦❢ t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r

❛♣♣❧✐❝❛t✐♦♥ ❛t ❛ r❡❛s♦♥❛❜❧❡ ❞❡♣t❤✳
❲❡ ❛❧s♦ t❡st❡❞ ❉P❱❙ ♦♥ ♦t❤❡r ✇❡❧❧ ❦♥♦✇♥ ❡①❛♠✲

♣❧❡s✿ t❤❡ ❚r✐t②♣❡ ♣r♦❣r❛♠ ❢♦r tr✐❛♥❣❧❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❬✶✵❪✱
t❤❡ ❚❈❆❙ ♣r♦❣r❛♠ ❢r♦♠ ❛✈✐♦♥✐❝s ❬✶✾❪✱ ❛♥❞ t❤❡ ❇✐♥❛r②

s❡❛r❝❤ t❤❛t ❞❡t❡r♠✐♥❡s ✇❤❡t❤❡r ❛ ✈❛❧✉❡ v ✐s ♣r❡s❡♥t ✐♥ ❛
s♦rt❡❞ ❛rr❛② t✳ ❉P❱❙ ❛♥❞ ❈P❇P❱ ❤❛✈❡ s✐♠✐❧❛r ♣❡r❢♦r✲
♠❛♥❝❡s ♦♥ t❤❡ t✇♦ ✜rst ❡①❛♠♣❧❡s✱ ❛♥❞ ❝♦♠♣❛r❡ ❢❛✈♦r❛❜❧②
✇✐t❤ ❈❇▼❈✳ ❚❤❡ ♠❛✐♥ ✐♠♣❛❝t ♦♥ ♣❡r❢♦r♠❛♥❝❡s ❢♦r ❜♦t❤
❉P❱❙ ❛♥❞ ❈P❇P❱ ✐s t❤❡ ✇❛② ✇❡ ❝♦♠❜✐♥❡ t❤❡ s♦❧✈❡rs
✭✐✳❡✳✱ ❈P ❛♥❞ ▲P s♦❧✈❡rs✮✳
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❚❛❜❧❡ ✸✳ Pr❡s♦❧✈✐♥❣✱ s❡❛r❝❤✱ ❛♥❞ t♦t❛❧ t✐♠❡s ✐♥ s❡❝♦♥❞s ❢♦r ❝❤❡❝❦✐♥❣ Pr♦♣❡rt② ✹ ✇❤❡♥ ✈❛r②✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❢♦❧❞✐♥❣s

❯♥❢♦❧❞✐♥❣s
❈❇▼❈ ❉P❱❙

Pr❡s♦❧✈✐♥❣ ❙❡❛r❝❤ ❚♦t❛❧ Pr❡s♦❧✈✐♥❣ ❙❡❛r❝❤ ❚♦t❛❧
✶✵ 0.84 0.15 0.99 2.02 0.09 2.11
✺✵ 12.72 8.08 20.8 7.19 0.5 7.69
✶✵✵ 96.21 58.52 154.73 14.9 1.11 16.01
✷✵✵ ❚✳❖✳ ❚✳❖✳ ❚✳❖✳ 48.99 1.7 50.69
✸✵✵ ❚✳❖✳ ❚✳❖✳ ❚✳❖✳ 53.42 4.27 57.68
✹✵✵ ❚✳❖✳ ❚✳❖✳ ❚✳❖✳ 83.81 3.83 87.64
✺✵✵ ❚✳❖✳ ❚✳❖✳ ❚✳❖✳ 127.97 6.13 134.09
✻✵✵ ❚✳❖✳ ❚✳❖✳ ❚✳❖✳ 132.97 9.62 142.59
✽✵✵ ❚✳❖✳ ❚✳❖✳ ❚✳❖✳ 218.15 9.35 227.5
✶✵✵✵ ❚✳❖✳ ❚✳❖✳ ❚✳❖✳ 277.47 13.91 291.39
✶✷✵✵ ❚✳❖✳ ❚✳❖✳ ❚✳❖✳ 356.93 21.4 378.33
✶✹✵✵ ❚✳❖✳ ❚✳❖✳ ❚✳❖✳ 433.82 36.24 470.05
✶✻✵✵ ❚✳❖✳ ❚✳❖✳ ❚✳❖✳ 531.82 26.2 558.02

❚❛❜❧❡ ✹✳ ❚✐♠❡ ✐♥ s❡❝♦♥❞s ❢♦r ❝❤❡❝❦✐♥❣ t❤❡ ❇✐♥❛r② s❡❛r❝❤ ❜❡♥❝❤✲
♠❛r❦ ✇❤❡♥ ✈❛r②✐♥❣ t❤❡ ❛rr❛② ❧❡♥❣t❤ ✭✇✐t❤ ✶✻✲❜✐t ✐♥t❡❣❡rs✮

❆rr❛② ❧❡♥❣t❤ ❈❇▼❈ ❉P❱❙ ❈P❇P❱

✹ ✺✳✼✸✷ ✵✳✺✷✾ ✵✳✶✵✼
✽ ✶✶✵✳✵✽✶ ✸✺✳✵✼✹ ✵✳✷✾✽
✶✻ ❚✳❖✳ ❚✳❖✳ ✶✳✶✹✾
✸✷ ❚✳❖✳ ❚✳❖✳ ✺✳✸✺✼
✻✹ ❚✳❖✳ ❚✳❖✳ ✷✼✳✼✶✹
✶✷✽ ❚✳❖✳ ❚✳❖✳ ✶✺✸✳✻✹✻

❖♥ t❤❡ ❝♦♥tr❛r②✱ ❉P❱❙ ❛♥❞ ❈P❇P❱ ❤❛✈❡ ✈❡r② ❞✐❢✲
❢❡r❡♥t ♣❡r❢♦r♠❛♥❝❡s ♦♥ t❤❡ ❇✐♥❛r② s❡❛r❝❤ ❡①❛♠♣❧❡✳ ❚❤❡
❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤✐s ❡①❛♠♣❧❡ ✐s t❤❛t ✐t ✐s ❝♦rr❡❝t✱ ✇❤✐❝❤
♠❡❛♥s t❤❛t ❛❧❧ ❡①❡❝✉t❛❜❧❡ ♣❛t❤s ♠✉st ❜❡ ❡①♣❧♦r❡❞✱ ❛♥❞
❛❜♦✈❡ ❛❧❧✱ ✐t ❤❛s ❛ ✈❡r② str♦♥❣ ♣r❡✲❝♦♥❞✐t✐♦♥✳ ❚❤✉s ❛ t♦♣✲
❞♦✇♥ str❛t❡❣② ❧✐❦❡ ❈P❇P❱ ✐s ✇❡❧❧ ❛❞❛♣t❡❞ t♦ t❛❦❡ ❛❞✲
✈❛♥t❛❣❡ ♦❢ t❤✐s ♣r❡✲❝♦♥❞✐t✐♦♥ ❢♦r ❝✉tt✐♥❣ ✉♥❢❡❛s✐❜❧❡ ♣❛t❤s
✭✐✳❡✳✱ ♣❛t❤s ✇❤❡r❡ t❤❡ ❛rr❛② ✐s ♥♦t s♦rt❡❞✮✳

❚❛❜❧❡ ✹ r❡♣♦rts t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts ♦♥ ❛
❝♦rr❡❝t ✈❡rs✐♦♥ ♦❢ t❤❡ ❇✐♥❛r② s❡❛r❝❤ ♣r♦❣r❛♠✳ ❈❇▼❈
❛♥❞ ❉P❱❙ ❞♦ ♥♦t ❤❛♥❞❧❡ t❤✐s ❜❡♥❝❤♠❛r❦✳ ❈❇▼❈ ✇❛st❡s
❛ ❧♦t ♦❢ t✐♠❡ ✐♥ ❜✉✐❧❞✐♥❣ ❛♥❞ ❡①♣❧♦r✐♥❣ t❤❡ ✇❤♦❧❡ ❢♦r✲
♠✉❧❛✳ ❉P❱❙ str❛t❡❣② ✐s ♥♦t ✇❡❧❧ ❛❞❛♣t❡❞ ❢♦r t❤✐s ✈❡r②
s♣❡❝✐✜❝ ♣r♦❣r❛♠✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ t♦♣✲❞♦✇♥ str❛t✲
❡❣② ✉s❡❞ ✐♥ ❈P❇P❱ ♦✉t♣❡r❢♦r♠s t❤❡ ♦t❤❡r ❝❤❡❝❦❡rs✳
❈P❇P❱ ✐♥❝r❡♠❡♥t❛❧❧② ❛❞❞s t❤❡ ❞❡❝✐s✐♦♥s t❛❦❡♥ ❛❧♦♥❣
❛ ♣❛t❤✳ ❚❤✐s ✐s ♣❛rt✐❝✉❧❛r❧② ✇❡❧❧ ❛❞❛♣t❡❞ ❢♦r t❤❡ ❇✐♥❛r②
s❡❛r❝❤ ♣r♦❣r❛♠ ✇❤✐❝❤ ❤❛s ❛ str♦♥❣ ♣r❡✲❝♦♥❞✐t✐♦♥✳ ❚❤✐s
♣r❡✲❝♦♥❞✐t✐♦♥ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❞❡❝✐s✐♦♥s t❛❦❡♥ ❛❧♦♥❣
❛ ♣❛t❤ ❤❛✈❡ ❛ str♦♥❣ ✐♠♣❛❝t ♦♥ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ♥❡①t
❝♦♥❞✐t✐♦♥s ❛♥❞ ❤❡❧♣ t♦ ♣r✉♥❡ ✐♥❢❡❛s✐❜❧❡ ♣❛t❤s✳

❚❤✐s ❜❡♥❝❤♠❛r❦ ❝❧❡❛r❧② s❤♦✇s t❤❛t ♥❡✐t❤❡r ❉P❱❙

♥♦r ❈❇▼❈ ✇♦r❦ ✇❡❧❧ ♦♥ ❛❧❧ ♣r♦❜❧❡♠s✳ ❖❢ ❝♦✉rs❡✱ t❤✐s
✐s ❞✉❡ t♦ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❝♦♠♣❧❡①✐t② ❜❡❤✐♥❞ t❤❡ ✉s❡❞
❛❧❣♦r✐t❤♠s✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ♣♦✐♥t ♦✉t t❤❛t ❉P❱❙ ❛♥❞
❈❇▼❈ ❛r❡ ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ❈P❇P❱ ❢♦r ✭♣❛r✲

t✐❛❧❧②✮ ♣r♦✈✐♥❣ ♣r♦♣❡rt✐❡s ♦♥ r❡❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤♦✉t ❛
❝♦♠♣❧❡t❡ ❢♦r♠❛❧ s♣❡❝✐✜❝❛t✐♦♥✳

✺✳✷ ❘❡❧❛t❡❞ ✇♦r❦

❙t❛♥❞❛r❞ ❜♦✉♥❞❡❞ ♠♦❞❡❧ ❝❤❡❝❦❡rs tr❛♥s❢♦r♠ ❛ ♣r♦❣r❛♠
❛♥❞ ❛ ♣r♦♣❡rt② ✐♥t♦ ❛ ❇✐❣ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ ❛♥❞ ✉s❡ ❙❆❚
s♦❧✈❡rs t♦ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦♣❡rt② ❤♦❧❞s ♦r t♦ ✜♥❞ ❛ ❝♦✉♥✲
t❡r❡①❛♠♣❧❡ ❬✶✻❪✳ ❙▼❚ s♦❧✈❡rs ❛r❡ ♥♦✇ ✉s❡❞ ✐♥ ♠♦st ♦❢ t❤❡
st❛t❡✲♦❢✲t❤❡✲❛rt ❇▼❈ t♦♦❧s t♦ ❞✐r❡❝t❧② ✇♦r❦ ♦♥ ❤✐❣❤✲❧❡✈❡❧
❢♦r♠✉❧❛ ✭s❡❡ ❬✷✱✶✼✱✶✸❪ ❛♥❞ ❈❇▼❈ ✮✳ ▼❛♥② ✐♠♣r♦✈❡♠❡♥ts
❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❢♦r ❤✐❣❤✲❧❡✈❡❧ ❇▼❈✱ s✉❝❤ ❛s t❤❡ ♦♥❡
♣r♦♣♦s❡❞ ✐♥ ❬✶✼❪✱ ✐♥ ♣❛rt✐❝✉❧❛r ❞✉r✐♥❣ t❤❡ ✉♥❢♦❧❞✐♥❣ st❡♣
❛♥❞ t♦ r❡✉s❡ ♣r❡✈✐♦✉s❧② ❧❡❛r♥❡❞ ❧❡♠♠❛s✳ ❇✉t t♦ t❤❡ ❜❡st
♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ❞♦ ♥♦t ❡①♣❧♦r❡ t❤❡
❈❋● ✐♥ ❛ ❞②♥❛♠✐❝ ❜♦tt♦♠✲✉♣ ❛♣♣r♦❛❝❤ t❤❛t ❝♦❧❧❡❝ts ♥♦♥
❝♦♥s❡❝✉t✐✈❡ ♣r♦❣r❛♠ ❜❧♦❝❦s✳

❈♦♥str❛✐♥t ▲♦❣✐❝ Pr♦❣r❛♠♠✐♥❣ ✭❈▲P✮ ✇❛s ✉s❡❞ ❢♦r
t❡st ❣❡♥❡r❛t✐♦♥ ♦❢ ♣r♦❣r❛♠s ✭❡✳❣✳✱ ❬✷✵✱✷✶✱✷✻✱✶❪✮ ❛♥❞ ♣r♦✲
✈✐❞❡s ❛ ♥✐❝❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t♦♦❧ ❡①t❡♥❞✐♥❣ s②♠❜♦❧✐❝ ❡①✲
❡❝✉t✐♦♥ t❡❝❤♥✐q✉❡s ❬✼❪✳ ●♦t❧✐❡❜ ❡t ❛❧✳ s❤♦✇❡❞ ❤♦✇ t♦ r❡♣✲
r❡s❡♥t ✐♠♣❡r❛t✐✈❡ ♣r♦❣r❛♠s ❛s ❝♦♥str❛✐♥t ❧♦❣✐❝ ♣r♦❣r❛♠s✿
■♥❑❛ ❬✷✵❪ ✇❛s ❛ ♣✐♦♥❡❡r ✐♥ t❤❡ ✉s❡ ♦❢ ❈▲P ❢♦r ❣❡♥❡r❛t✲
✐♥❣ t❡st ❞❛t❛ ❢♦r ❈ ♣r♦❣r❛♠s✳ ❉❡♥♠❛t ❡t ❛❧✳ ❞❡✈❡❧♦♣❡❞
❚❆❯P❖✱ ❛ s✉❝❝❡ss♦r ♦❢ ■♥❑❛ ✇❤✐❝❤ ✉s❡s ❞②♥❛♠✐❝ ❧✐♥❡❛r
r❡❧❛①❛t✐♦♥s ❬✶✺❪✳ ■t ✐♥❝r❡❛s❡s t❤❡ s♦❧✈✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s ♦❢
t❤❡ s♦❧✈❡r ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦♥✲❧✐♥❡❛r ❝♦♥str❛✐♥ts ❜✉t
t❤❡ ❛✉t❤♦rs ♦♥❧② ♣✉❜❧✐s❤❡❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢♦r ❛ ❢❡✇
❛❝❛❞❡♠✐❝ ❈ ♣r♦❣r❛♠s✳

❊✉❝❧✐❞❡ ❬✶✽❪ ✐s ❛❧s♦ ❛ s✉❝❝❡ss♦r ♦❢ ■♥❑❛✳ ■t ❤❛s t❤r❡❡
♠❛✐♥ ❢✉♥❝t✐♦♥s✿ str✉❝t✉r❛❧ t❡st ❞❛t❛ ❣❡♥❡r❛t✐♦♥✱ ❝♦✉♥✲
t❡r❡①❛♠♣❧❡ ❣❡♥❡r❛t✐♦♥ ❛♥❞ ♣❛rt✐❛❧ ♣r♦❣r❛♠ ♣r♦✈✐♥❣ ❢♦r
❝r✐t✐❝❛❧ ❈ ♣r♦❣r❛♠s✳ ❊✉❝❧✐❞❡ ❜✉✐❧❞s t❤❡ ❝♦♥str❛✐♥ts ✐♥ ❛♥
✐♥❝r❡♠❡♥t❛❧ ✇❛② ❛♥❞ ❝♦♠❜✐♥❡s st❛♥❞❛r❞ ❝♦♥str❛✐♥t ♣r♦✲
❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s ❛♥❞ s♣❡❝✐✜❝ t❡❝❤♥✐q✉❡s t♦ ❤❛♥❞❧❡
✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs ❛♥❞ ❧✐♥❡❛r ❝♦♥str❛✐♥ts✳



❍é❧è♥❡ ❈♦❧❧❛✈✐③③❛ ❡t ❛❧✳✿ ❈♦♥str❛✐♥t✲❇❛s❡❞ ❇▼❈✿ ❆ ❇❛❝❦✇❛r❞ ❆♣♣r♦❛❝❤ ✶✼

✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❉P❱❙✱ ❛ ❞②♥❛♠✐❝
❝♦♥str❛✐♥t ❜❛s❡❞ str❛t❡❣② ❢♦r ❜♦✉♥❞❡❞ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳
❊①♣❡r✐♠❡♥ts ✇✐t❤ ❉P❱❙ ❛r❡ ✈❡r② ❡♥❝♦✉r❛❣✐♥❣✿ ❉P❱❙
❜❡❤❛✈❡s ✈❡r② ✇❡❧❧ ♦♥ ❛ ♥♦♥ tr✐✈✐❛❧ r❡❛❧ ❛♣♣❧✐❝❛t✐♦♥✳ ●❡♥✲
❡r❛t✐♥❣ t❡st ❝❛s❡s ❢♦r r❡❛❧✐st✐❝ t✐♠❡ ♣❡r✐♦❞s ✐s ❛ ❝r✐t✐❝❛❧
✐ss✉❡ ✐♥ r❡❛❧ t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r t❤❡ ❋❧❛s❤❡r ▼❛♥❛❣❡r

❛♣♣❧✐❝❛t✐♦♥✱ ❉P❱❙ ❣❡♥❡r❛t❡❞ ❝♦✉♥t❡r❡①❛♠♣❧❡s ❢♦r ♠♦r❡
s✐❣♥✐✜❝❛♥t t✐♠❡ ♣❡r✐♦❞s t❤❛♥ ❈❇▼❈✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡
✐♠♣r❡ss✐✈❡ s✐♥❝❡ ❉P❱❙ ✐s st✐❧❧ ❛♥ ✉♥♦♣t✐♠✐③❡❞ ♣r♦t♦t②♣❡
✇❤❡r❡❛s ❈❇▼❈ ✐s ❛ st❛t❡✲♦❢✲t❤❡✲❛rt s♦❧✈❡r✳

❚❤❡ ♥♦♥✲s❡q✉❡♥t✐❛❧ str❛t❡❣② ♦❢ ❉P❱❙ ✐s ✈❡r② ✇❡❧❧
❛❞❛♣t❡❞ ❢♦r ♣r♦❜❧❡♠s ✇✐t❤ ❛ str♦♥❣ ♣♦st✲❝♦♥❞✐t✐♦♥✳ ■♥
❝♦♥tr❛st✱ t❤❡ t♦♣✲❞♦✇♥ str❛t❡❣② ♦❢ ❈P❇P❱ ✐s ♠✉❝❤ ♠♦r❡
❡✣❝✐❡♥t ❢♦r ♣r♦❜❧❡♠s ✇✐t❤ ❛ str♦♥❣ ♣r❡✲❝♦♥❞✐t✐♦♥✱ ❧✐❦❡
t❤❡ ❇✐♥❛r② s❡❛r❝❤ ❜❡♥❝❤♠❛r❦✳ ❈❧❡❛r❧②✱ ✐t ✇♦✉❧❞ ❜❡ ✇♦rt❤
✐♥✈❡st✐❣❛t✐♥❣ ♥❡✇ str❛t❡❣✐❡s ❝♦♠❜✐♥✐♥❣ t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢
❉P❱❙ ❛♥❞ ❈P❇P❱ ✳

❋✉t✉r❡ ✇♦r❦ ❛❧s♦ ❝♦♥❝❡r♥s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ♦✉r ♣r♦✲
t♦t②♣❡✳ ❲❡ ❛r❡ ✇♦r❦✐♥❣ ♦♥ ❛ ♥❡✇ ✈❡rs✐♦♥ ✇❤✐❝❤ ❤❛♥❞❧❡s
♣♦✐♥t❡rs ❛♥❞ ✇❤✐❝❤ ❤❛s ❛♥ ✐♥t❡r❢❛❝❡ ✇✐t❤ ❛ ✢♦❛t✐♥❣✲♣♦✐♥t
♥✉♠❜❡r s♦❧✈❡r ❬✼❪✱ t♦ ❜❡ ❛❜❧❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣r♦♣♦s❡❞
❛♣♣r♦❛❝❤ ♦♥ ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ♣r♦❣r❛♠s✳

❲❡ ❛r❡ ❛❧s♦ ✇♦r❦✐♥❣ ♦♥ ❛ s♦❧✈❡r ♠♦r❡ ❛❞❛♣t❡❞ t♦
s♦❢t✇❛r❡ ✈❡r✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠s✱ ❢♦r ✐♥st❛♥❝❡ ❛ s♦❧✈❡r t❤❛t
❤❛♥❞❧❡s ❞✐s❡q✉❛❧✐t✐❡s ✐♥ ❛ ♠♦r❡ ❡✣❝✐❡♥t ✇❛②✳ ▲❡t ✉s ❡①✲
♣❧❛✐♥ t❤✐s ♣♦✐♥t ♦♥ ❛ s♠❛❧❧ ❡①❛♠♣❧❡✳ ❈♦♥s✐❞❡r ❛ t❡st s✉❝❤
t❤❛t x == y✱ t❤❡ ♥❡❣❛t✐♦♥ ♦❢ t❤✐s t❡st ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❝♦♥str❛✐♥t x 6= y✳ ■❢ t❤❡ ❞♦♠❛✐♥s ❛r❡ ❧❛r❣❡✱ ❝♦♥s✐st❡♥❝②
❝❤❡❝❦s ✇✐t❤ ❈P ♠❛② ❜❡ ✈❡r② ❝♦st❧②❀ ✐❢ ✇❡ ✇❛♥t t♦ ✉s❡ ▲P✱
✇❡ ❤❛✈❡ t♦ ❝r❡❛t❡ t✇♦ ❝❤♦✐❝❡ ♣♦✐♥ts✿ x < y ❛♥❞ x > y✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ❛❧s♦ ♣r♦✈✐❞❡❞ ❛ ♥❡✇ ✐♥❞✉str✐❛❧
❝❛s❡ st✉❞②✳ ❲❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧s ♦❢ t❤❡ ❞✐✛❡r❡♥t
♣r♦♣❡rt✐❡s t♦ ♣r♦✈❡✶✸ ❛♥❞ ❡✈❛❧✉❛t❡❞ ❞✐✛❡r❡♥t t♦♦❧s ❛♥❞
str❛t❡❣✐❡s✳ ❆❧t❤♦✉❣❤ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ s❡❡♠s q✉✐t❡ s✐♠♣❧❡
✐♥ r❡❣❛r❞ t♦ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s ❧✐❦❡ ❆❇❙ ❝♦♥tr♦❧❧❡rs✱ s♦♠❡
♣r♦♣❡rt✐❡s ❝♦✉❧❞ ♥❡✐t❤❡r ❜❡ ♣r♦✈❡♥ ♥♦r ❞✐s♣r♦✈❡♥ ❜② t❤❡
t♦♦❧s ✇❡ ❡✈❛❧✉❛t❡❞✳ ❙♦✱ ✐t ✐s st✐❧❧ ❛ ❝❤❛❧❧❡♥❣❡ ❢♦r st❛t❡✲♦❢✲
t❤❡✲❛rt ❜♦✉♥❞❡❞ ♠♦❞❡❧ ❝❤❡❝❦❡rs✳
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✷✳ ❆r♠❛♥❞♦✱ ❆✳✱ ▼❛♥t♦✈❛♥✐✱ ❏✳✱ P❧❛t❛♥✐❛✱ ▲✳✿ ❇♦✉♥❞❡❞
♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦❢ s♦❢t✇❛r❡ ✉s✐♥❣ ❙▼❚ s♦❧✈❡rs ✐♥st❡❛❞
♦❢ ❙❆❚ s♦❧✈❡rs✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦♥ ❙♦❢t✇❛r❡ ❚♦♦❧s
❢♦r ❚❡❝❤♥♦❧♦❣② ❚r❛♥s❢❡r ✶✶✭✶✮✱ ✻✾✕✽✸ ✭✷✵✵✾✮

✸✳ ❇❛❧❧✱ ❚✳✱ ▲❡✈✐♥✱ ❱✳✱ ❘❛❥❛♠✐✱ ❙✳❑✳✿ ❆ ❉❡❝❛❞❡ ♦❢ ❙♦❢t✇❛r❡
▼♦❞❡❧ ❈❤❡❝❦✐♥❣ ✇✐t❤ ❙▲❆▼✳ ❈❆❈▼ ✺✹✭✼✮✱ ✻✽✕✼✻ ✭✷✵✶✶✮

✶✸ ❆❧❧ t❤❡s❡ ♣r♦❣r❛♠s✱ ❛s ✇❡❧❧ ❛s t❤❡ s♦✉r❝❡ ❝♦❞❡ ♦❢ t❤❡ ❋❧❛s❤❡r

▼❛♥❛❣❡r ❛♣♣❧✐❝❛t✐♦♥✱ ❛r❡ ♣✉❜❧✐❝❧② ❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴✉s❡rs✳

♣♦❧②t❡❝❤✳✉♥✐❝❡✳❢r✴⑦r✉❡❤❡r✴❇❡♥❝❤s✴❋▼✳

✹✳ ❇❛r♥❡tt✱ ▼✳✱ ▲❡✐♥♦✱ ❑✳❘✳▼✳✿ ❲❡❛❦❡st✲♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ✉♥✲
str✉❝t✉r❡❞ ♣r♦❣r❛♠s✳ ■♥❢♦r♠❛t✐♦♥ Pr♦❝❡ss✐♥❣ ▲❡tt❡rs
✾✸✭✻✮✱ ✷✽✶✕✷✽✽ ✭✷✵✵✺✮

✺✳ ❇✐❡r❡✱ ❆✳✱ ❈✐♠❛tt✐✱ ❆✳✱ ❈❧❛r❦❡✱ ❊✳▼✳✱ ❩❤✉✱ ❨✳✿ ❙②♠❜♦❧✐❝
♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✇✐t❤♦✉t ❜❞❞s✳ ■♥✿ ❚❆❈❆❙✱ ♣♣✳ ✶✾✸✕✷✵✼✳
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✻✳ ❇♦❝❤♦t✱ ❚✳✱ ❱✐r❡❧✐③✐❡r✱ P✳✱ ❲❛❡s❡❧②♥❝❦✱ ❍✳✱ ❲✐❡❧s✱ ❱✳✿
▼♦❞❡❧ ❝❤❡❝❦✐♥❣ ✢✐❣❤t ❝♦♥tr♦❧ s②st❡♠s✿ ❚❤❡ ❆✐r❜✉s ❡①✲
♣❡r✐❡♥❝❡✳ ■♥✿ ■❈❙❊ ✷✵✵✾ ✭✸✶st ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡
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