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Abstract

We consider in this paper a Gaussian sequence model of observations Y;, i > 1
having mean (or signal) §; and variance o; which is growing polynomially like 77,
~v > 0. This model describes a large panel of inverse problems. We estimate the
quadratic functional of the unknown signal > .., 67 when the signal belongs to
ellipsoids of both finite smoothness functions (p(;lynomial weights 1%, « > 0) and
infinite smoothness (exponential weights e, 3 > 0, 0 < r < 2). We propose
a Pinsker type projection estimator in each case and study its quadratic risk.
When the signal is sufficiently smoother than the difficulty of the inverse problem
(o > v+ 1/4 or in the case of exponential weights), we obtain the parametric rate
and the efficiency constant associated to it. Moreover, we give upper bounds of the
second order term in the risk and conjecture that they are asymptotically sharp
minimax. When the signal is finitely smooth with o < 7 4 1/4, we compute non
parametric upper bounds of the risk of and we presume also that the constant is

asymptotically sharp.
Mathematics Subject Classifications 2000: 62F12, 62G05, 62G10, 62G20
Key Words: Gaussian sequence model, inverse problem, minimax upper bounds,

parametric rate, Pinsker estimator, projection estimator, quadratic functional, second

order risk.



1 Introduction

We observe {Y;}i=1..n

Y, =0,+¢¢ Vi=1---n (1)
where ¢ are independent identically distributed (i.i.d.) random variables, having a
Gaussian law with zero mean and variance 02-2 = 427 for some fixed v > 0. Let us

mention that in case {o;};>1 is a bounded sequence the problem is direct and when
o; — oo the problem is an inverse problem. We say that the problem is ill-posed when
o; increases polynomially and severely ill-posed when it increases exponentially.

We want to estimate the quadratic functional Q(0) = >_5°, 02, where 0 = {0;};>1

belongs to the fs-ellipsoid
z_{ezza%SL}, (2)
i=1

where a; is a non decreasing sequence of positive real numbers and L > 0. We consider
both polynomial sequence a; = i® where we say that the signal is (ordinary) smooth
and exponential sequence a; = exp(3i") where we say that the signal is super-smooth,
a,>0and 0 <r <2.

It is known that this model can be deduced from a linear operator equation with
noisy observations Y = Ax + €&, where A : H — H is a known linear operator on
the Hilbert space H, x belongs to H is the signal of interest and £ is a standard white
Gaussian noise. By considering an orthonormal basis {p;}i>1 of H, we consider only
the sequence of values Y; := Y (¢;)/b;, where b7 are the eigenvalues of AA* for i > 1.
For more details and examples of inverse problems that can be written in the form
(1) we refer the reader to Cavalier et al.[4], [5] and references therein. We mention
as particular examples the convolution operator, the Radon transform in the case of

tomography or problems described by partial differential equations.

Estimation of # in the inverse problem (1) with a quadratic risk was thoroughly
studied in the literature from the minimax point of view. Let us only mention a
few minimax adaptive results: oracle inequalities in Cavalier et al. [5], sharp adaptive
estimation by block thresholding in Cavalier et al. [4] and adaptive estimators defined
by penalized empirical risk in Golubev [9] .

Estimation of quadratic functionals in inverse problems was studied in two par-
ticular problems (specified operators). Butucea [1] considered the convolution density
model and studied the rates of a kernel type estimator. Méziani [14] estimates the pu-
rity of a quantum state, which corresponds mathematically to a quadratic functional of

a bivariate function of mass 1, in a double inverse problem: tomography and convolu-



tion with Gaussian noise. Our model allows to consider more general inverse problems,
i.e. various operators A.

Quadratic functionals were much more studied in the direct problem (o; bounded
for all j) since first results given by Ibragimov and Has'minskii [10] and Ibragimov et
al. [11]. Fan [8] gave minimax rates over hyperrectangles and Sobolev-type ellipsoids.
Donoho and Nussbaum [6] gave Pinsker sharp minimax estimators in this model and in
the equivalent models of fixed equidistant design regression and Gaussian white noise
model. Fore more general bodies which are not quadratically convex, Cai and Low [2]
showed that nonquadratic estimators attain the minimax rate of the quadratic func-
tional. For adaptive estimators over hyperrectangles we cite Efromovich and Low [7].
Sharp or nearly sharp adaptive estimators over [,-bodies were found by Klemeld [12].
Adaptive estimators over more general Besov and [, bodies were given by Cai and
Low [3]. In the density model, let us mention adaptive estimators via model selection
by Laurent [13].

Let us underline the difference between estimating ((f) in our model and that
of estimating from direct data EBl j279]2- for v € N as it was done, e.g., by Fan [§],
Donoho and Nussbaum [6] and Klemel4 [12]. In our case, the variance of our estimators
is slower. When estimating the quadratic functional of a derivative, the bias is smaller,

so the rates and constants are different.

Here, we give a Pinsker-type projection estimator which automatically attains the
parametric rate and the efficiency constant for all super-smooth signals and for the
smooth signals when o > « 4 1/4. Moreover, in this case we give nonparametric
minimax upper bounds of the second order term in the quadratic risk. Our estimator
attains the expected minimax nonparametric rate in the case of smooth signals with
a < 7+ 1/4. We conjecture that the asymptotic constant in the nonparametric upper
bound of the risk is sharp. The proofs of sharp lower bounds will make the object of
future work.

Let us mention that our method can be easily adapted for severely ill posed inverse
problems, i.e. o; increases as an exponential. The case where o; = e’ is of particular
interest in practice and hasn’t been studied for estimating the signal {6;};>1 either.
Future developments should concern adaptive estimation of the quadratic functional.

In Section 2 we describe the estimator and the precise choice of tuning parameters
and give asymptotic upper bounds rates of convergence and associated constant. We

postpone the proofs to the Section 3 and the Appendix.



2 Estimation procedure and results

Let us define the estimator

Zh 2 0?), (3)

where {h;}i>1 is a sequence between 0 and 1. We shall actually see that the optimal
sequence is truncated, i.e. h; = 0 for all ¢ > W and that the optimal value of W tends
to infinity when e — 0.

Let us first consider the case of smooth signal: 6 € ¥(«, L), where a; = i*.

Theorem 1 Let observations Y1,...,Yy, ... satisfy model (1). Then the estimator @
in (3) with parameters {h;}i>1 and W defined by

b= <1_(I;/)2“)+ o

o {<L2(4’y+4a+1)(4’y+2a+1)>4a+‘1“+1 _4J

€ 4da+4vy+1
da

1s such that

sw B(@-00)] = o neEE o),

0eX(a,L)

ifa<y+q,

sup F
9% (e, L)

(Q Q6 ) — 4¢? 20292] = C(a, v, L)eﬁ‘gﬂ(l +o(1)),

if >V+%, where

L2t T (20 4 4y + 1
Clasy, L) = ( v

(47 + 1) dov

We find a known phenomenon in quadratic functional estimation literature, i.e. the

da+4y+1 4y+1
) (da + 4y + 1) Tat09F1. (4)

existence of two cases: a regular one, where the rate is parametric e 2, and an irregular
case when the rate is significantly slower. We conjecture that Theorem 1 exhibits sharp
asymptotic constant in this last case.

In the regular case (when the underlying signal is smoother than the ’difficulty’ of
the operator A), Theorem 1 says actually two things. One of them is that, for each 6
in the set X the quadratic risk of our estimator is of parametric rate and attains the

efficiency constant in our model:

[(Q QU )}_43202921% ),



as € — 0. Secondly, the quadratic risk is decomposed and the second order risk is
optimized for our choice of parameters and equals the risk in the non parametric case.

Note also, that the rates are not surprising when compared to the results of Bu-
tucea [1] for the convolution density model. No second order terms were evaluated
there, nor constants associated to the nonparametric rate. The efficiency constant is

naturally different for the density model.

Let us now consider the case of super-smooth signal: 6 € X(3, r, L), where a; =

exp(Bi").

Theorem 2 Let observations Yi,...,Y,, ... satisfy model (1). Let the estimator @ mn
(3) be defined with parameters {h;}i>1 given by

o260
he = (1 - )
e2BW N
and W solution of the equation
WO exp(AW" = 26r W o)) = (8,77, L),

with the constant ¢ = c(B,r,v, L) = 28rL? if 0 < r < 1, ¢ = L2(e* — 1)/(2¢*) if
r=1,c=1%/2if1<r<2andc=L*/(2e*) if r = 2. Then

(@—Q<e>)2—462§0393] _ <1°g“/6))(47+w<1+o<1>>.
=1

sup F

0es(B,r,L) 4y +1 B

We note that in this case, the signal is always smoother than the difficulty of the
inverse problem, so there is always a parametric rate term in the quadratic risk. Our
estimator also optimizes the upper bounds for the second order term in the quadratic
risk. In this last term, the bias term is always smaller than the variance term for

super-smooth signals.

3 Proofs

- 2
Proof of Theorem 1. We decompose as usually the quadratic risk F [(Q — Q(G)) }

into bias plus variance. The bias term can be written
2 [e.9] oo 2
(ElQ1-Q®)" = (Z B[V = of] =3 93)
i=1 i=1
= (Z hit — ZG?> = (Ze?u - m)) : (5)
i=1 i=1 i=1



The variance term is decomposed as follows

p[(@-p@)] - E_@hi( g Zh92>]

= E (Zh — 2072 92)>2].

Since Y; are independent and &; are independent Gaussian random variables:

p|(@-r@)’| - Zh2 ~ o — 2)?]

= Z hiE [(260,¢ — 07 + €€7)°]
i=1

= th {64E [fﬂ — 202 [512] +420?F & ] + elo] }

Now, use the facts that E[¢?] = 02 and E[¢}] = 307 to get

E [(@—E[@]f] = 4622h12 129124—264%}%20';1

= 4 Z 0207 — 4¢ Z Vo207 + 2¢* i hic}
i=1

Thus by (5) and (7) we get
~ 2
E {(Q - Q(e)) } = Ag(h,0) + Ay(h) + Ax(8) — As(h,0),

where

0o 2
Ag(h,0) = Ay = <Z€?(1—hi)> :

Ai(h) = A = 2642111 o,
Ay(0) = Ay = 4820393,
As(h,0) = Ay = 432 )o 202

If we note T'(h,0) := Ag(h,0) + A1(h) = Ao + A1, then we want to find

inf supT'(h,0) < supT'(h,0) < sup T'(h,0)
h gex 3> 0€o%

(7)



where the infimum is taken with respect to all sequences h such that 0 < h; < 1 for all

7 > 1 and with

{9 Z a26? = } (9)

Let us define F'(h,0) = T'(h,0) —k
the optimal A and 6 have to verify

0

(325, a262 — L) with 5 > 0. Then for all j € N*

F(h,0) = 0.

hi))+ = _%a?)Jr’

We get
ho= (1- )
T 232,070
o 264U4h‘
(9]‘) =

S ()

20

where £ > 0. Let us write h; = (1 — e

(10)

) where W — oo when € — 0.
+

Recall that ¥ = S(a, L) = {6:3.7°,i**0? < L} then for 8* € 0%(a, L) we can

write both

iezﬁ(l _ hz) — W2a 20*2 20 + Z 9*2
=1

IN

and

\%

0o w

0:2(1 — hy) > ! 0322
Z W2a
i=1 =1

o0

1 *2 -2
Z WQaZOi Za_

i=1

Therefore Ay = L?

2¢ 0'4W2a

1
W2a Z 02{21120[ +
=1

i>W

W2a Z@j ZaS W2a

i>W

1 42 20 L
e D 0 = g (L= o(1)),

i>W

W=49(1 + o(1)), as € — 0. This means also that we can write

052 = —2

_j2a>
2
W ),

Let us now compute the optimal W, using again the fact that 6* € 9X(«, L) which

is equivalent to

S i) =
=1



This is further equivalent to

w .\ 4y+2a -\ 2o 2
W4a+4’y+1i Z K2 T _ L~
w w w et

i=1
giving
2aw4a+47+1 (1+ (1)) _ L2
(47 + 4o+ 1) (4y + 20+ 1) =
Therefore
12 m _ 4
where B(a,7) = (47+4a+f§?47+2a+1) and we’ll take W to be the integer part of the

dominant term. From now on, we denote B := B(a, 7).

We have to evaluate the term defined in (8). For aw <y + 1, we have

o 2
Ay = (Zef(1-h,~)> = L*W (1 + 0(1))
=1

1
(L2(47+1)B4o¢> Ty F4a+l 64#373“ (1+0(1)),

4i 472 Aypray1 L % i\" i)
A = 2 othy =2 Wh Tt — () 1- (> )
i=1 W=\ w

1602t W4+l 1+o(1
(47+1)(47+4a+1)(47+20‘+1)( W
S
= (e i) T i 1o,
Y

[e%] w . 6 . 2c
866”767+2a+1 1 i Y i
Ay = 4é E 0= E () (1— <> )
i=1 L i=1

16aeﬁw6’y+2a+1
= (1+0(1))
L(6y+1)(6y+2a+1)

— O(1)emtin1 (1 4 o(1)) = o(1) A1,

as € — 0. As h; € [0,1] for all i € N, the term Az = 4e? Y 20, (1 — h?)o?0? < Ay. Then
the quadratic risk is such that
~ 2
£|(@-a®)] = o+ aya+on)

1
(L2(47+1)B4a) et 7471 4f1+ ! o (1+0(1)),
g

as € — 0 and this explains the constant C'(a,y, L) in (4).



Let us note that if a > ~ + %, we can estimate the quadratic functional at the
parametric rate as A, is the dominant term in the risk and is of order €. More

precisely
£l (@-e0)’] - 4 20202 o(1)) = Aal1 + (1),
as € — 0. Indeed, it is easy to see that in this case
Apg+ Ay = C(a,y,L)e%(l +0(1)) = 0(Ag)

and, moreover,

20\ 2
Ay = 4622 [1 — ( W2a> ] 107 + 46 Y 207

i>W
2 2ot 2 2092
a o
< 4e Z Ti72a + 4e Zz o 0;
i=1 i>W
w Z 27 w
< 462W2(7—Q>Z<W> 2207 + 4W2070) Y " 27
i=1 i=1

< AEWR2OOL = O(1)eierintt = o(Ag + Ar),

ase—0. m

Proof of Theorem 2. We follow the lines of proof of Theorem 1. In this case,
there is always a parametric term and we do the computations of the second order term
in the quadratic risk.

We solve the same optimisation problem and find

b <1 0281 > )2 2¢'o}h; 12)
T W) o 2301‘912( —hi)

Then for 6* € 0X(8, L,r) we get

o0
2‘9;2(1 —hi) = ezgwr Z o 0;% + Z 0;?
i=1 i>W
1 2Bi w2 1 281" 2 L
2B Ze N0+ 2B Z et 0" = 2B
i—1 W

and

i 0:%(1 — hy
=1

v

L
28i" nx2
2B Ze o
i—1
L

I & o 1
- - 3 *2 - 2,@ *2 _
= e 20— g D 0 = o (1-0(1)),
i=1 i>W



Therefore
Ag = L% W (1 4+ 0(1)), as e — 0.

. . *2 26404 QﬁWT Zﬁ o
By (12), this gives 6;* = — (e —eP )Jr
To compute optimal W, we also use the fact 6* € 9%(5, L, ).

00 w-1 w-1 72
Z 207 (95)2 = [ o 2O Z A7 281 _ Z A ABT o

€
=1 =1 =1

By using Lemmata 1 and 2, we have W solution of the following equation

WHABW =2BrW = — =4 if ] < < 2,
WHeW = ce 4, ifr=1, (13)
WA=+ ABWT — et if0<r<l,
as € — 0, with the constant ¢ = ¢(3,~, L) defined in Theorem 2.
We evaluate Ag + Ap: in each of the previous cases, the bias term Ag is infinitely
smaller than the variance term A; and the main term in A; can be given for

Indeed, by using Lemmata 1 and 2,
4 472 4 4 20\
A = 2 Zah = 2¢ Z 7( ZﬁW”)

el A [log(1/e)\ @D/
= m“*o(l”ﬂjﬂ(l g%”) (1+0(1)) = o(Ay).

As Ay = o(A;) it is easy to see that in this case

4 (4y+1)/r
Ao =2 (BT o) = o)

as € — 0.
The last thing to check is that A3 = o(Ag + Al) as e — 0:

‘7‘

'l
Az = 4é Z h)o20;% < 8¢ Z 3w i2707% + 4¢? Z i*767*
i>W

w

’Y
8e2 W 201" 2 2 2 € 2
< e2ﬂWTE 0;° + 8¢ g 26V9Z
i>W

w
w2 - w2 -
2 231" nx2 2 231" nx2
S 86 W Z e 01 + 86 GQﬁWT Z e 01
=1 i>W
1
W2’y+1€2€2ﬁwr :

82— W=

ZIBWT L O( )W4'y+164

10



So, we can write that
1

A3 = O(Al)m

By (13), we easily see that

W2IHL2BWT =W 2 ey i ] < < 2,
W2HLe2BWe2 — /e W, if r =1,
W2r+128W 2 ﬁw(1+r)/2’ ifo<r<l,

Then, as W — oo, we get for all r €]0,2], A3 = 0(4;) as € — 0.

4 Appendix

Lemma 1 Foralla, b, s >0 andv >0

v . Ua—s—i—lebvs
/ 2% dr = ———— (14 0(1)),
0 bS

as v — O0.

Lemma 2 Fora>0,b>0, andr >0 as N — o0

N NeebN" (14 o(1)) if r > 1,
Zi“ebir — %N“Jrl_reb]w(l +o(1) if0<r<1,
i=1 (ebl_l)Naeb(NH)(l +0(1)) if r=1 and a # 0.

Proof of Lemma 2. e Whenr > 1
N N-1
Z iaebir _ NaebNT _ Z ,iaebir < (N _ 1)a+1eb(N—1)T
i=1 i=1

N“ebNrO(N)e_bTNP1 = o(1)N%"N",

IN

as N — oo.
e WhenO0<r<1

Use Lemma 1 and the fact that
N+1 B N i
/ 2% da :/ 2% dz(1 + o(1).
1 0

e When r = 1 we write both
N

N-1
§ :,L-aebz — NaebN + 2 : iaebz
i=1 =1

11



and

As the sums SV % and SN 1 (i4-1)%€” have equivalent general terms and diverge,

than they are equivalent to Sy_1, say. We get that, for large IV,

Naeb(N+1)

Sn = ﬁ(l +o(1)).
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